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We consider the Gauss-Bonnet corrected Bardeen black hole solution in 4D AdS space-time. The solution 
is obtained by the limiting procedure adopted by Glavan and Lin in 4D Einstein-Gauss-Bonnet gravity. The 
general form of first law of black hole thermodynamics is utilized to calculate various thermodynamics 
variables. The solution exhibits P-v criticality and belongs to the universality class of van-der Waals fluid. 
The effect of Gauss-Bonnet coupling is investigated on critical parameters and inversion temperature.
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1. Introduction

Black holes are singular solutions of General Theory of Rela-
tivity (GTR) and are completely dark objects according to laws of 
classical mechanics [1]. They are characterized by few parameters 
e.g. mass, charge and angular momentum. Application of laws of 
quantum mechanics opens up a new window to explore the black 
hole physics. The black holes seem to obey the laws of thermo-
dynamics and one can assign temperature and entropy to them 
[2–5]. The temperature of the black hole is related with surface 
gravity and entropy is proportional to the area of event horizon. 
These laws are tested by their applicability to black hole solutions 
in wide variety of theories and seem to be universal. The investi-
gation of microscopic degrees of freedom of some black holes in 
string theory also lends support to the area law of black hole en-
tropy.

The regular black holes [6–12] have attracted the attention of 
physics community recently and the study of these black holes 
may provide a new window of physics to understand the nature 
of black hole singularities [13,14]. Bardeen black hole belongs to
this class and it has been given the interpretation of magnetically 
charged black hole [7]. Thermodynamics of Bardeen black hole has 
posed further challenges and Smarr relation seems to be violated 
[15,16]. If one tries to obtain the correct relation, the area law of 
black hole entropy is not obeyed and the thermodynamics temper-
ature does not seem to be in agreement with Hawking tempera-
ture [17]. However, the problem can be rectified if one considers 
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the general form of first law of black hole thermodynamics and 
include the contribution of various parameters and conjugate po-
tentials carefully [18–22].

Bardeen-AdS black hole is a straightforward generalization of 
this black hole, if one considers the Einstein’s gravity in the pres-
ence of a negative cosmological constant. Black hole thermody-
namics can be studied in extended phase space, where Gauss-
Bonnet coupling is treated as an independent parameter and the 
cosmological constant as the pressure of the system [23–40] (see 
[37] for a review). It has been shown recently that Bardeen-
AdS black hole belongs to the universality class of RN-AdS Black 
hole and P-v isotherms are similar to a van-der Waals fluid [41]. 
The thermodynamics and inversion curves in the Joule-Thompson 
throttling process are also studied and lend support for the identi-
fication of black hole interior with a van-der Waals fluid [42–46]. 
The Bardeen type black hole solutions are also studied in de-Sitter 
space [47,48]. The Gauss-Bonnet generalizations of these solutions 
in higher dimensions have appeared in [49,50].

Recently, a 4-dimensional theory of gravity with Gauss-Bonnet 
correction is introduced by the re-scaling of Gauss-Bonnet cou-
pling α → α

D−4 and taking the limit (D − 4) → 0 [51]. The theory 
possesses all the ingredients of Einstein gravity and circumvent 
the Lovelock theorem about Gauss-Bonnet correction in 4D space-
time. The spherically symmetric black hole solutions are also ob-
tained in the same paper. The generalization to other black holes 
has also appeared [52–61]. The Gauss-Bonnet theory in 4-D ob-
tained by the limiting procedure may be related to the dimen-
sionally reduced theories from higher dimensions. A reduction of 
this form is already carried out in D=2 [62]. In that case, the so-
lutions of Gauss-Bonnet gravity may be related with the solutions 
of the dimensionally reduced theories. Here, we report the regular 
le under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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Bardeen-AdS type black hole solution with Gauss-Bonnet correc-
tions in 4D space-time.

We investigate the effect of the Gauss-Bonnet coupling on the 
thermodynamic of the these black holes. In higher dimensions, the 
entropy of the black hole solutions of the Gauss-Bonnet theory has 
corrections proportional to Gauss-Bonnet coupling. We shall see 
that the D = 4 theory also has similar corrections and they can 
also be obtained by taking D → 4 limit of black hole entropy in 
D = 4 +ε theory. We also calculate the critical constants and inver-
sion temperature and explore their dependence on Gauss-Bonnet 
coupling.

The paper is organized as follows. We present the Gauss-Bonnet 
corrected Bardeen-AdS black hole solution in next section. The 
black hole thermodynamics is introduced in section 3. The P-v 
criticality is discussed in section 4. We outline the summary and 
directions of future research in the concluding section.

2. Bardeen black hole solution in 4D EGB gravity

Consider the Einstein-Hilbert action coupled to nonlinear elec-
trodynamics in the presence of Einstein-Gauss-Bonnet gravity with 
negative cosmological constant;

S = 1

16π

∫
d4x

√−g (R − 2� + αLGB − 4Lm) , (1)

where R is the scalar curvature, � = −6/l2 is the cosmological 
constant and α is the re-scaled α → α

d−4 Gauss-Bonnet coupling 
constant.

Lm is the action of nonlinear matter field [7], given by;

Lm = 3

2sg2

[ √
2g2 F

1 + √
2g2 F

] 5
2

, (2)

where g is the magnetic monopole charge, F = Fμν F μν and Fμν

(∂μ Aν − ∂ν Aμ) is the electromagnetic field tensor. The parameter 
s will be fixed in terms of ADM mass of the black hole as s = g

2M .
We are interested to obtain the static spherically symmetric 

black hole solution of the theory described by EGB action cou-
pled with non-linear matter Lagrangian. Let us consider the metric 
ansatz consistent with spherical symmetry;

ds2 = − f (r)dt2 + 1

f (r)
dr2 + r2d�2, (3)

where d�2 is the metric of 2-sphere. The ansatz for the field 
strength is taken as,

Fθφ = g sinθ. (4)

Substituting the general form of metric and ansatz for electromag-
netic field strength into action, we obtain;

S = 1

2

∫
dt dr

(
− r( f (r) − 1) + α

( f (r) − 1)2

r
+ r3

l2

+ g

s

(
1 − r3

(r2 + g2)
3
2

))′
, (5)

where the prime denotes the derivative with respect to r. One can 
identify the integral of motion as ADM mass,

1
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(
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r
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= M. (6)
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e above equation is a quadratic equation in ( f (r) − 1) and can 
 solved easily to give,

r) = 1 + r2

2α

(
1 ±

√
1 + 4α

(
2M

(r2 + g2)3/2
− 1

l2

))
, (7)

ere we have used s = g
2M .

In the limit α → 0, the two branches of the solution behave as,

(r) = 1 + 2M

(r2 + g2)3/2
− r2

l2
+ r2

α
,

(r) = 1 − 2M

(r2 + g2)3/2
+ r2

l2
.

is obvious that the +ve branch does not have a smooth α → 0
it. For non-zero values of α, this branch is asymptotic to AdS 

ace in the limit M = 0 and 1/l2 = 0. The −ve branch is asymp-
ically flat in the same limit. If we consider M �= 0, the +ve 
nch corresponds to the AdS-Bardeen black hole solution with 

gative gravitational mass, whereas the −ve branch reduces to 
e Bardeen black hole solution with positive gravitational mass. It 
s been shown by Boulware and Deser [63] that the +ve branch 
the solution with negative gravitational mass is unstable and 
ds to graviton ghosts. Henceforth, we shall consider the −ve 
nch of the solution in the rest of the paper.
In the limit α → 0, this solution becomes the Bardeen-AdS 
ck hole. The limit g → 0 corresponds to Gauss-Bonnet AdS-

hwarzschild solution. The horizon of the black hole solution is 
tained as the root of the equation f (r) = 0,

r2

2α

(
1 ±

√
1 + 4α

(
2M

(r2 + g2)3/2
− 1

l2

))
= 0. (8)

is equation can be solved numerically and for suitable values of 
e parameters α and g the metric function, f (r) = 0 admits two 
lutions r± . The extremal EGB Bardeen-AdS black hole is obtained 
the two horizons become degenerate. Henceforth, we shall treat 
e outer horizon as event horizon of the black hole. The effect 
Gauss-Bonnet coupling on horizon location is shown in Fig. 1. 
e radius of the event horizon decreases with increase in Gauss-
nnet coupling and would be black hole may have no horizon at 
 for the large value of Gauss-Bonnet coupling.
The regularity of the black hole solution can be seen by the 

havior of the scalar invariants, which are given by,

0
R = 6

α

(√
1 + 8Mα

g3
− 4α

l2
− 1

)
,

0
Rμν Rμν = 18

α2
+ 18

α2

(
4αM

g3
− 2α

l2
−

√
1 + 8Mα

g3
− 4α

l2

)
,

0
Rμνρσ Rμνρσ

= 12

α2
+ 12

α2

(
4αM

g3
− 2α

l2
−

√
1 + 8Mα

g3
− 4α

l2

)
. (9)

ese invariants have smooth r → 0 limit and hence the space-
e is regular everywhere.

Thermodynamics

Thermodynamic quantities like energy, temperature, entropy 
. can be assigned to a black hole solution. The mass of the black 
le plays the role of enthalpy or heat energy of the black hole. 
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Fig. 1. Plot of metric function f (r) vs r for different values of black hole mass for fixed g = 1 and α = 0 (left) and for different values of Gauss-Bonnet coupling for fixed 
mass M = 1 and charge g = 1 (right) (and l = 20 in both figures).
Fig. 2. Plot of temperature T+ vs horizon radius r for different values of Gauss-
Bonnet coupling α with fixed value of charge g = 1 (and l = 20).

The solution of the horizon condition f (r+) = 0 gives the mass of 
the black hole in terms of its horizon radius.,

M = (g2 + r2+)3/2

2l2r4+

(
r4+ + l2(r2+ + α)

)
. (10)

The above expression reduces to the mass of the Bardeen-AdS 
black hole in the limit α → 0 as expected.

The black hole temperature, also known as Hawking tempera-
ture can be defined in terms of surface gravity of the black hole as, 
T H = κ/2π . The surface gravity can be evaluated using the metric 
function f (r) and is given by,

κ = 1

2
f ′(r) |r=r+ . (11)

Hence, the Hawking temperature for the EGB Bardeen-AdS black 
hole is obtained as;

T H = 1

4πr+
3r6+ − 2g2l2(r2+ + 2α) + r2+l2(r2+ − α)

l2(r2+ + 2α)(r2+ + g2)
. (12)

The above expression reduces to the temperature of the Bardeen-
AdS black hole in the limit α → 0. In Fig. 2 we plot the temper-
ature T as a function of horizon radius r+ for different values of 
Gauss-Bonnet coupling.

The thermodynamics of black holes solutions of non-linear elec-
trodynamics is subtle, particularly those in which the matter La-
grangian depends on the black hole mass [18]. The Bardeen black 
hole belongs to this class of solutions.
Let us first consider the simpler case with � = 0 and α = 0. 
One can easily verify that,

dM �= T H dS + �q dq; (13)

where, S is the Bekenstein-Hawking entropy of the black hole and 
�q is the potential conjugate of the charge q.

It means that the first law of black hole thermodynamics can 
not be applied in its simple form and some additional input is 
required. The problem was investigated by a number of authors 
[18–21] and can be cured, if one considers the general form of the 
first law of thermodynamics in the form,

dM = T dS + ψq dq + φai dai . (14)

Here, ai denote the parameters associated with non-linear electro-
dynamics Lagrangian density and φai are the corresponding conju-
gate potentials defined as,

φai = 1

4π

∫ (
∂Lm

∂ai

)
d3r. (15)

The non-linear Lagrangian density, Lm of the Bardeen solution 
contains two parameters, black hole mass M and the magnetic 
charge q = g and the first law can be written as [20],1

dM = T dS + �q dq + φM dM, (16)

which can be written in the form,

(1 − φM)dM = T dS + �q dq. (17)

This form of the first law was obtained by Ma et al. [18], who 
considered the contribution of non-linear electrodynamics stress-
tensor in the first law. The explicit form of, φM can be obtained 
using the definition (15) and is given by,

φM = 1 − r3+
(r2+ + g2)3/2

. (18)

Let us return to the case with � �= 0 and α �= 0. The general form 
of the first law applied to Bardeen-AdS black hole can be written 
in the form,

(1 − φM)dM = T dS + V dP + �q dq + �α dα ; (19)

1 In fact, this form can also be anticipated from the Euclidean version of the ac-
tion (5). The upper limit of radial integration gives the asymptotic mass M , and the 
lower limit gives the terms which can be identified with the entropy etc. and one 
additional term φM M .
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Fig. 3. Plot of specific heat C P vs horizon radius r+ for different values of Gauss-Bonnet coupling α with fixed value of charge g = 1 (left) Insat of the diagram on the left 
(right) (l = 20).

Fig. 4. Plot of pressure P vs specific volume v for different values of temperature for fixed value of magnetic charge g = 0.1 and Gauss-Bonnet couplings α = 0.1 (left) and 
α = 0.3 (right).
where, P = − �
8π and V and �α are the conjugate potentials of the 

pressure and Gauss-Bonnet coupling respectively.
The thermodynamics variables appearing in the above expres-

sion are given by,

T = 3r6+ − 2g2l2(r2+ + 2α) + r2+l2(r2+ − α)

4π l2r+(r2+ + 2α)(r2+ + g2)
; V = 4

3
πr3+ ;

P = 3

8π l2
;

S = πr2+ + πα + 2πα ln
r2+
L2

; �q = 3g(l2(r2+ + α) + r4+)

(r+l2(r2+ + g2)
;

�α = 1

2r+
− 2π T ln

r2+
L2

− πα T ; φM = 1 − r3+
(r2+ + g2)3/2

.

(20)

These variables obey the Smarr relation of the form,

M = 2T̃ S − 2Ṽ P + �̃q q + 2�̃α α; (21)

where, T̃ = T
(1−φM )

; Ṽ = V
(1−φM )

and �̃i = �i
(1−φM )

etc.
Here, few comments are due about the form of the entropy. 

The leading term gives the standard Bekenstein-Hawking area law. 
The other two terms can also be obtained from the regularized 
expression of entropy in D = 4 + ε dimensions in the limit ε → 0. 
The logarithmic term in the entropy has to be regulated by some 
length scale L. In quantum theory of gravity a natural candidate 
exists for this length scale and presumably, this may be identified 
with the Planck length, lP .

In order to analyze the local stability of the solutions, we con-
sider the heat capacity of the black hole given by,

C P = T

(
∂ S

∂T

)
P ,q,α

(22)

Using the expression of the entropy and temperature as above, the 
specific heat can be expressed in terms of r+ . The expression is too 
lengthy and we omit it here. In Fig. 3 we show the plot of C P as a 
function of horizon radius r+ for different values of Gauss-Bonnet 
coupling.

Let us discuss the stability of the solution for α = 0.1. The heat 
capacity is negative for r+ < 1.5 as the temperature becomes neg-
ative, which is unphysical and no black hole horizon exists. The 
upper limit corresponds to extremal black hole and has zero tem-
perature. In the range 1.5 < r+ < 3 the heat capacity is positive 
and it corresponds to the stable small black hole solution. The up-
per limit of r+ corresponds to maxima of temperature. The heat 
capacity becomes negative beyond this value until we reach the 
minima of the temperature for r+ = 11 approx. This region cor-
responds to unstable black hole solution with intermediate mass. 
Specific heat becomes positive beyond this value again and this 
region corresponds to stable large black hole solution. Thus, the 
system undergoes a first order phase transition from small black 
hole to large black hole. Similar considerations apply to other val-
ues of Gauss-Bonnet coupling as well.
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Fig. 5. Plot of Gibbs free energy G vs temperature T for magnetic charge g = 0.1, 0.2, 0.4 and Gauss-Bonnet couplings α = 0.1 (left) and α = 0.3 (right).
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4. P-v criticality

The charged AdS black hole (RN-AdS) is known to belong to the 
universality class of a van-der Walls gas and it undergoes a first or-
der phase transition similar to liquid-gas transition [26]. The P − v
isotherms are also similar and the ratio Pc vc

Tc
= 3

8 , agrees perfectly 
with the van-der Waals fluid. The volume used in this case is the 
specific volume v = 2r+l2P , where lP is the Planck length. We shall 
put l2P = 1 in all subsequent discussion. The Bardeen black hole 
isotherms are also studied recently and shown to be similar to a 
van-der Waals fluid [41].

Consider the equation of state written in terms of the specific 
volume,

P =
(

T

v
(1 + 4g2

v2
) + 1

2π v2
− 4g2

π v4

)

+ 8α

v2

(
T

v
(1 + 4g2

v2
) − 1

4π v2
− 4g2

π v4

)
(23)

The isotherms of EGB Bardeen-AdS black hole are shown in Fig. 4.
We also plot the Gibbs free energy as a function of black hole 

temperature for three different values of pressure. It shows a ‘swal-
low tail’ behavior below the critical pressure, a characteristic of 
first order phase transition. The non-linearity of the solution is 
controlled by the parameter s = g/2M . Here, we have taken M = 1
and plotted the free energy for different values of magnetic charge. 
The plots for different values of magnetic charge are qualitatively 
similar but the values of critical parameters change significantly. 
Similar observations can be made about the dependence on the 
Gauss-Bonnet coupling (Fig. 5).

Let us calculate the critical constants determined by the condi-
tions,(

∂ P

∂v

)
T

= 0 (24)

(
∂2 P

∂v2

)
T

= 0. (25)

In the absence of Gauss-Bonnet corrections, this gives,

Pc = 0.00116

g2
; vc = 7.94 g Tc = 0.025

g
. (26)

The ratio,

Pc vc

Tc
= 0.368, (27)

is slightly smaller than van-der Waals ratio 0.375. We have tab-
ulated the values of this ratio for different values of the Gauss-
Bonnet coupling below.

In the extended phase space, the comparison of the black hole 
with a van der Walls fluids gives reasonable answers as seen 
above. Let us consider the Joule-Thomson coefficient given by,

μ =
(

∂T

∂ P

)
H

= v

C P
(βT − 1) , (28)

where β is the coefficient of volume expansion. We can obtain the 
inversion temperature by setting μ = 0,

Ti = v

(
∂T

∂v

)
. (29)

The expression can be evaluated and can be expressed in terms of 
horizon radius r+ ,

Ti = 2g2(r2 + 2α)2 + r4 A + g2r2 B
2 2 2 2 2

, (30)

4πr(r + 2α) (r + g )
Table 1
The value of ratio Pc vc/Tc and Ti/Tc for different value 
of Gauss-Bonnet coupling α.

α Pc vc/Tc Ti/Tc

0 0.368 0. 6747
0.10 0.3679 0.6776
0.50 0.368 0.6831
1.0 0.3681 0.6870

where,

A = 8π Pr6 + 5r2α + 2α2 − r4(1 − 48π Pα), (31)

B = 24π Pr6 + 31r2α + 22α2 + r2(7 + 80π Pα). (32)

We tabulate the ratio between the minimum inversion temper-
ature and the critical temperature below for different values of the 
Gauss-Bonnet coupling. These values are less than the value for the 
van-der Wall fluid, Ti

Tc
= 0.75 (Table 1).

5. Summary

In this paper, we have studied the thermodynamics of EGB 
Bardeen-AdS black in 4D . The general solution is obtained and its 
horizon structure is analyzed as a function of Gauss-Bonnet cou-
pling. We have followed the procedure of [18,22] to obtain correct 
thermodynamic variables and this is contrary to the claims of en-
tropy and volume modification as reported in the literature. The 
analysis of heat capacity indicates the first order phase transition 
from small to large black hole. This is also confirmed by plot of 
Gibbs free energy as a function of black hole temperature. The P-
v criticality is used to obtain the critical constants for different 
Gauss-Bonnet coupling. The ratio of inversion temperature with 
critical temperature is also obtained. It would be interesting to ex-
plore the Pc vc/Tc and Ti/Tc ratio further and why do they differ 
from van-der Waals fluid.
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