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A B S T R AC T

For decades, highly charged ions (HCIs) have been the focus of extensive research
because of their importance for plasma and astrophysics, tests of quantum electro-
dynamics, searches of new physics, and many other applications. This theoretical
thesis investigates the potential of HCI spectroscopy for fundamental physics across
different experimental scenarios. These range from precision spectroscopy of ions in
Paul traps, to the interaction of synchrotron radiation with ions confined in elec-
tron beam ion traps (EBITs), up to the spectroscopy of HCIs stored in the Large
Hadron Collider at CERN. In particular, a King plot analysis is performed, including
isotope shift data from highly charged Ca14+. This analysis provides insights into
nuclear polarization effects on the electronic structure of ions and yields constraints
on the coupling of a hypothetical new boson to neutrons and electrons. Moreover,
the prospects of using the magnetic field in an EBIT to determine lifetimes of excited
states in HCIs via the Hanle effect are investigated. Such data are especially valuable
for diagnostics of laboratory and astrophysical plasmas. Finally, the spectroscopy of
HCIs stored at the Large Hadron Collider is explored within the framework of the
Gamma Factory project, which offers a wide range of applications in atomic, nuclear,
and particle physics. This thesis analyzes the case where a magnetic field is applied
in the collision zone, resulting in strong fields in the rest frame of the ion. Such fields
are particularly important for future studies, for instance, in atomic parity violation
and for measurements of polarizabilities in HCIs. The impact of these fields on the
scattering process offers additional applications for the Gamma Factory project, such
as resonance condition tuning, beam cooling and polarization control.
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Z U S A M M E N FA S S U N G

Hochgeladene Ionen stehen seit Jahrzehnten im Fokus intensiver Forschung, unter
anderem aufgrund ihrer essentiellen Bedeutung für Plasma- und Astrophysik als auch
für Tests der Quantenelektrodynamik und für die Suche nach neuer Physik. Diese
theoretische Arbeit untersucht das Potenzial von Spektroskopie hochgeladener Io-
nen für Fragestellungen der fundamentalen Physik in verschiedenen experimentellen
Szenarien. Diese reichen von Präzisionsspektroskopie von optischen Übergängen in Io-
nen über die Wechselwirkung von Synchrotronstrahlung mit in einer Electron Beam
Ion Trap (EBIT) gespeicherten Ionen bis hin zur Spektroskopie hochgeladener Io-
nen im Large Hadron Collider am CERN. Im Rahmen der Arbeit wird eine King-
Plot-Analyse von Isotopenverschiebungen in einfach geladenen Ca+- und hochgelade-
nen Ca14+-Ionen durchgeführt. Diese Analyse ermöglicht Einblicke in Kernpolarisa-
tionseffekte auf die elektronische Struktur der Ionen und erlaubt es, die mögliche
Kopplung eines hypothetischen neuen Bosons an Neutronen und Elektronen einzu-
schränken. Im zweiten Abschnitt dieser Arbeit wird der Einfluss von externen elek-
trischen und magnetischen Feldern auf die resonante Streuung von Photonen an
hochgeladenen Ionen untersucht. Insbesondere wird die Möglichkeit untersucht, das
Magnetfeld in einer EBIT zur Bestimmung von Lebensdauern angeregter Zustände in
hochgeladenen Ionen über den Hanle-Effekt zu nutzen. Solche Daten sind essentiell
für die Diagnostik von Labor- und astrophysikalischen Plasmen. Schließlich wird
die Spektroskopie hochgeladener Ionen im Large Hadron Collider im Rahmen des
Gamma-Factory-Projekts betrachtet. Diese Arbeit beschäftigt sich mit dem Szenario,
in dem die Ionen einem Magnetfeld im Kollisionsbereich ausgesetzt werden. Durch
die relativistischen Geschwindigkeiten der Ionen führt dies zu starken magnetischen
und elektrischen Feldern im Ruhesystem des Ions. Die Auswirkungen dieser Felder
auf den Streuprozess eröffnen Anwendungsmöglichkeiten im Kontext der Gamma
Factory, beispielsweise zur Feinjustierung der Resonanzbedingung, zur Kühlung des
Ionenstrahls sowie zur Kontrolle der Polarisation der gestreuten Photonen.

Schlagwörter : Hochgeladene Ionen, Isotopenverschiebung, Resonante Photonen-
streuung
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1
I N T RO D U C T I O N

The starting point in the history of highly charged ions dates back to the 19th cen-
tury, when spectral lines from the solar corona were observed that did not match the
spectra of any known element. However, it was only much later in the 20th century
that the source of these mysterious lines was correctly identified as highly charged
ions [1–3]. Since then, highly charged ions have been in the focus of numerous studies
to understand their structure and dynamics, which is crucial for the interpretation
of astrophysical observations as well as for several applications like ion-based atomic
clocks, lithography or plasma diagnostics in nuclear fusion research [4–8]. Moreover,
highly charged ions have also emerged as promising systems for testing the Standard
Model. For example, they enable studies of quantum electrodynamics in strong elec-
tric fields and serve as sensitive probes for variations of fundamental constants [9,10].
This thesis investigates the potential of highly charged ion spectroscopy for funda-
mental physics across different experimental scenarios, ranging from precision spec-
troscopy of optical transitions, to the interaction of synchrotron radiation with ions
confined in electron beam ion traps, up to the spectroscopy of highly charged ions
stored in the Large Hadron Collider at CERN.

This introductory chapter begins with general remarks about highly charged ions
and their basic properties. Afterwards, we briefly review the Standard Model of par-
ticle physics, its most famous limitations and some proposed extensions. Finally, we
provide an overview of different experimental approaches within atomic, molecular
and optical physics that aim to search for or constrain physics beyond the Standard
Model. The main part of this thesis is divided into two chapters. First, we focus on
the topic of isotope shifts and the so-called King plot analysis, which allows us to
use experimental isotope shift data to probe possible couplings of a hypothetical new
boson to neutrons and electrons. In particular, we perform a theoretical analysis of
new isotope shift data in singly charged and highly charged calcium ions, leading to
the most stringent King-plot-based bounds on new physics to date. While the first
part focuses on ion spectroscopy in the optical regime, the second main chapter will
explore the interaction of highly charged ions with x-ray photons. We investigate the
process of resonant photon scattering by highly charged ions, with a particular em-
phasis on the influence of static external electric and magnetic fields. In this context,
we consider two experimental scenarios. First, we focus on scattering experiments
with highly charged ions confined in electron beam ion traps and discuss how the

1



2 introduction

magnetic field of the ion trap can be used to determine lifetimes of excited ionic
states. Such data are particularly important for diagnostics of both astrophysical
and laboratory plasmas. Second, we turn to the novel proposal of the Gamma Fac-
tory project at CERN. The aim of this proposal is to use the process of resonant
photon scattering by ultra-relativistic beams of highly charged ions to generate high
intensity γ-rays [11]. This facility could offer promising applications in atomic and
nuclear physics and would provide a tool for various tests of the Standard Model or
searches for physics beyond it [12–15]. We show that applying static external fields
in the collision zone of photons and ions offers different applications for the Gamma
Factory setup like resonance condition tuning, beam cooling and polarization control.
Finally, in Chapter 4, we summarize the main results of this thesis and provide a
brief outlook for future studies.
Throughout this thesis, relativistic units (ℏ = c = me = 1) and the Heaviside charge
unit (α = e2/4π, e < 0) are used unless stated otherwise. Here, α denotes the fine
structure constant.
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Neutral atom Highly charged ion

Figure 1.1: Highly charged ions are atomic systems with multiple electrons stripped away.
The remaining electrons experience a very strong electric field and are closely
bound, leading to a large overlap of the electronic wave functions with the nucleus.

1.1 highly charged ions

Highly charged ions (HCIs) are atomic systems in which multiple electrons have
been stripped away, leaving behind a positively charged core with only a few bound
electrons or, in the extreme case of hydrogen-like ions, just one single electron, see
Fig. 1.1. Such ions naturally occur in hot and dense astrophysical plasmas, whose
diagnostics rely on the rich spectroscopic data from x-ray observatories like Chandra,
XMM-Newton and XRISM. Interpreting these complex spectra requires a detailed
understanding of the structure and dynamics of HCIs [1,4,16–18]. Therefore, precise
laboratory data are essential to support and improve theoretical models. There are
different methods available to generate HCIs for experiments. One option is the elec-
tron cyclotron resonance ion source (ECRIS), in which electrons in a magnetically
confined plasma are heated by microwave radiation and highly charged ions are pro-
duced due to electron impact ionization. Another option to achieve very high charge
states is to accelerate singly charged or moderately charged ions in storage rings
and collide them with thin stripping foils to remove more electrons. An opposite
approach is used in electron beam ion traps (EBITs), where, instead of accelerating
ions to high energies, the ions remain almost at rest in the laboratory frame, while
they get hit by highly energetic electron beams. It is possible to directly study HCIs
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Transition energy ∆En→n′ ∝ Z2

Fine structure splitting ∆Ep1/2−p3/2 ∝ Z4

Bohr radius a0 ∝ Z−1

Electric field strength ⟨E⟩ ∝ Z3

Table 1.1: The approximate Z-scalings in H-like ions for the transition energy between states
with different principal quantum number n, the fine structure splitting between
p1/2 and p3/2 states, the Bohr radius a0, and the expectation value of the electric
field strength experienced by an electron in the ground state ⟨E⟩.

in a storage ring or trapped in an EBIT. However, for high precision measurements,
such as g-factor determinations or spectroscopy for ion clocks, the ions can be de-
celerated, cooled and transferred to a Paul or Penning trap, where the ions can be
confined under highly controlled conditions [1, 4, 19–23]. In this thesis, we explore
HCI spectroscopy across different of these experimental setups, including precision
spectroscopy of ions in Paul traps as well as the interaction of x-ray photons with
HCIs confined in an EBIT or stored in the Large Hadron Collider.

Laboratory studies of HCIs are not only essential for the analysis of astrophysi-
cal data, but also offer valuable applications for fundamental physics. To highlight
this potential, it is helpful to discuss some general properties of HCIs in the follow-
ing, see Tab. 1.1. One characteristic of HCIs is their much smaller spatial extent
compared to neutral atoms. The remaining bound electrons in an HCI are very
closely bound to the nucleus. While the Bohr radius for a neutral hydrogen atom is
a
(Z=1)
0 ≈ 5 × 10−11 m, the Z-scaling of hydrogen-like systems reduces the analogous

radius to a(Z=92)
0 ≈ 5 × 10−13 m for hydrogen-like uranium [4], as shown in the left

panel of Fig. 1.2. Moreover, in the extreme case of hydrogen-like ions, the bound elec-
tron experiences the full unscreened Coulomb potential of the nucleus. This results
in an approximate Z3-scaling of the electric field strength at the electron’s posi-
tion. Consequently, the bound electrons in heavy highly charged ions are exposed
to extremely strong electric fields. For example, while the expectation value of the
electric field strength for an electron in the ground state of a neutral hydrogen atom
is ⟨E (Z=1)⟩ ∼ 1012 Vm−1, this increases to ⟨E (Z=20)⟩ ∼ 1016 Vm−1 in hydrogen-like
calcium and reaches even higher values for hydrogen-like uranium, ⟨E (Z=92)⟩ ∼ 1018

Vm−1 [24] [Ric5], as illustrated in the right panel of Fig. 1.2. Due to these strong
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Figure 1.2: The probability density |ψ(r)|2/Z (left) for an electron in the 1s1/2 ground

state in neutral hydrogen and hydrogen-like calcium and uranium. The density is
normalized by the nuclear charge number Z for better visibility. The expectation
value of the electric field strength (right) for an electron in the ground state in
hydrogen-like ions scales approximately with Z3.

electric fields and their comparatively simpler electronic structure, HCIs provide a
tremendous potential for testing quantum electrodynamics (QED) beyond leading
order corrections [9,25,26]. Moreover, HCIs are more resistant to external perturba-
tions due to the tight binding of the electrons, making them promising candidates for
atomic clocks. Indeed, an optical atomic clock based on the highly charged ion Ar13+

has been realized, achieving a relative uncertainty of 10−17 [5]. Additionally, the sig-
nificant overlap between the bound electron’s wave function and the nucleus makes
HCIs a sensitive probe of nuclear properties, such as nuclear deformations [27, 28].
Furthermore, HCIs are valuable systems for searches of new physics beyond the Stan-
dard Model, which we will highlight more in Sec 1.2.4.
Most electronic transitions in HCIs have very high energies, often reaching into

the x-ray domain. Returning once more to the example of hydrogenic systems, the
1s1/2 → 2s1/2 transition energy scales approximately as Z2. This results in transition
energies of E(Z=20)

1s1/2→2s1/2
≈ 4 keV for hydrogen-like calcium and E(Z=92)

1s1/2→2s1/2
≈ 100 keV

for hydrogen-like uranium, compared to E
(Z=1)
1s1/2→2s1/2

≈ 10 eV for neutral hydro-
gen [29], see the left panel of Fig. 1.3. Such photon energies can be achieved, for exam-
ple, with free electron lasers or synchrotron photon sources [30, 31]. Moreover, such
transitions are accessible by making use of the Doppler effect and ultra-relativistic
ion beams, as it is proposed in the Gamma Factory project at CERN. In fact, the
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Figure 1.3: The transition energy from the 1s1/2 groundstate to the excited 2s1/2 state in
hydrogen-like ions from Ref. [29] (left) and the transition energy from the 3P0
groundstate to the excited 3P1 state in carbonlike ions [35] (right)

high transition energies of HCIs are essential to the Gamma Factory concept, which
aims to generate high-intensity γ-rays via resonant photon scattering between laser
photons and counter-propagating ion beams [11]. We will discuss the Gamma Fac-
tory project in more detail in Section 3. However, since such high transition energies
are not achievable with conventional lasers, these transitions are not suitable for
high-precision spectroscopy as for optical atomic clocks. Nevertheless, HCIs can also
exhibit transitions in the optical frequency domain. For instance, fine- or hyperfine-
structure transitions, which would typically be in the microwave regime for neutral
atoms, can reach the optical frequency domain in HCIs. This is, for instance, the
case for the 3P0 → 3P1 transition in the carbon isoelectronic sequence, see the right
panel of Fig. 1.3. Moreover, level crossing of states with different electronic config-
urations can occur along an isoelectronic sequence, driven by the competition of
the Madelung ordering for neutral atoms and the Coulomb ordering in hydrogen-
like ions. Such crossings can give rise to transitions that fall within the range of
lasers [32]. Theoretical investigations have identified several narrow optical transi-
tions in HCIs which are suitable for ion clocks with projected uncertainties smaller
than 10−20 [33, 34].
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1.2 the standard model

A central theme of this thesis is the potential of HCIs to probe the Standard Model of
particle physics and search for possible extensions beyond it. Therefore, this section
provides a concise overview of the structure and key ingredients of the Standard
Model, along with its most prominent shortcomings. We then briefly review some
Standard Model extensions that aim to address these limitations. Finally, we give
a short overview of different experimental approaches within atomic, molecular and
optical physics that are used to test the Standard Model and explore possible new
physics.

1.2.1 Brief introduction to the Standard Model

The Standard Model of particle physics describes three of the four known funda-
mental interactions, namely the electromagnetic, weak and strong forces, within the
framework of relativistic quantum field theory. These forces are mediated by gauge
bosons, which couple to different fermionic matter particles called leptons and quarks.
Furthermore, the Higgs field, which was only discovered in 2012 [36, 37], causes the
process of electroweak symmetry breaking, giving masses to the weak gauge bosons
and the fermions. In this section, we briefly summarize the main components of the
Standard Model, following Refs. [38–41].

Gauge fields and coupling to fermionic matter

To understand the structure of the Standard Model, we begin by introducing its un-
derlying gauge symmetry, which dictates the types of interactions and the associated
gauge fields. The symmetry group of the Standard Model is given by

GSM = SU(3)C × SU(2)L ×U(1)Y , (1.1)

where each factor corresponds to the gauge symmetry of one fundamental interaction.
The SU(3)C group describes the strong interaction, which is the main building block
of quantum chromodynamics (QCD), while the electroweak interaction is governed by
the product group SU(2)L ×U (1)Y . Each of these gauge symmetries introduces a set
of gauge bosons as mediators of the force. The SU(3)C color gauge group corresponds
to the eight massless gluons Ga

µ (with a = 1, . . . , 8), which mediate the strong force
between quarks. The electroweak symmetry is governed by the SU(2)L × U(1)Y ,
with the gauge fields W i

µ (for i = 1, 2, 3) from the SU(2)L and Bµ from U(1)Y .
Indeed, U (1)Y corresponds to the hypercharge interaction and is not associated
to the photon. In fact, electromagnetism, the most relevant interaction for atomic
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physics, is still hidden within the electroweak group SU(2)L ×U(1)Y . Only after the
electroweak symmetry breaking, the photon emerges as a specific linear combination
of the W 3

µ and Bµ gauge fields, as we will discuss in Section 1.2.1. The Lagrangian
for the kinetic part of the gauge sector is given by

Lgauge = −1
4G

a
µνG

a µν − 1
4W

i
µνW

i µν − 1
4BµνB

µν , (1.2)

where the corresponding field strength tensors are defined as

Ga
µν = ∂µG

a
ν − ∂νG

a
µ + gsf

abcGb
µG

c
ν , (1.3a)

W i
µν = ∂µW

i
ν − ∂νW

i
µ + gϵijkW j

µW
k
ν , (1.3b)

Bµν = ∂µBν − ∂νBµ. (1.3c)

Here, gs and g are the coupling constants for the SU(3)C and SU(2)L groups, respec-
tively. Moreover, the coupling of the U(1)Y group is denoted by g′ and will appear
later.

These different gauge fields couple to different fermionic matter particles, which
are distinguished by their charges under the corresponding gauge groups. All of the
Standard Model fermions carry a hypercharge, which again should not be confused
with the electric charge. The relation between the hypercharge and the electric charge
will be discussed later. As indicated by the index L, the weak interaction couples
only to left-handed fermions. These transform in the fundamental representation of
the SU(2)L group and hence are written as doublets. In contrast, the right-handed
fermions are singlets under the SU(2)L. Finally, the strong interaction couples to
fermions which carry a color charge C. This is the case for the quarks, which trans-
form in the fundamental representation of SU(3)C , while the leptons do not carry
color charge and thus transform as singlets under SU(3)C . The left-handed quark
doublet consists of the left-handed up- and down-type quarks:

QL =

uL

dL

 ∼ (3, 2, 1
6 ), (1.4)

where we use the shorthand notation (SU(3)C ,SU(2)L,U (1)Y ) to denote the rep-
resentation under the gauge symmetry groups. Here, “3” and “2” refer to the fun-
damental representation of SU(3)C and SU(2)L, respectively, while “1” denotes the
singlet representation. The last entry gives the hypercharge of the particle. The
right-handed up- and down-type quarks are in this notation:

uR ∼ (3, 1, 2
3 ), dR ∼ (3, 1, −1

3 ). (1.5)
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Similarly, there is a left-handed lepton doublet, which consists of the left-handed
electron and electron-neutrino:

LL =

νL

eL

 ∼ (1, 2, −1
2 ). (1.6)

However, there is only a right-handed electron:

eR ∼ (1, 1, −1), (1.7)

but the Standard Model does not include a right-handed neutrino. However, moti-
vated by the discovery of neutrino oscillations, many extensions include right-handed
neutrinos νR ∼ (1, 1, 0). In fact, the fermionic sector of the Standard Model consists
of three generations, such that each of the particles introduced above has two heav-
ier siblings. These are: the charm and top quarks, as heavier counterparts of the
up quark, the strange and bottom quarks for the down quark, and the muon and
tau for the electron as well as their corresponding neutrinos. Nevertheless, since all
three generations of fermions couple identically to the gauge fields, we restrict our
discussion to a single generation for simplicity.

To combine the fermionic matter fields with the gauge sector, it is necessary to
introduce the covariant derivative. This ensures that the full Lagrangian remains
invariant under the different gauge transformations of the Standard Model. The
covariant derivative acting on a generic fermion field ψ takes the form

Dµψ =
(
∂µ + igsτ

aGa
µ + igτ iW i

µ + ig′Y Bµ

)
ψ, (1.8)

where τa and τ i are the generators of the respective gauge groups in the repre-
sentation of ψ, while Y denotes the hypercharge. Using this definition, the kinetic
Lagrangian for the Standard Model fermions can be written as

LFermi =iūRσ
µDµuR + id̄Rσ

µDµdR + iēRσ
µDµeR (1.9)

+ iQ̄Lσ̄
µDµQL + iL̄Lσ̄

µDµLL.

At this point, there is only one Standard Model field missing, which is the infamous
Higgs boson. We will explore the impact of this field on the gauge fields in the
following.

Electroweak symmetry breaking

So far, all gauge bosons in the Standard Model were introduced as massless, even
so experiments clearly show that the weak interaction is mediated by massive vector
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bosons, which are the W± and Z bosons. Moreover, the photon, the massless media-
tor of electromagnetism, has not yet emerged in our formulation. These phenomena
are explained by the mechanism known as electroweak symmetry breaking.

The last ingredient, which is responsible for this symmetry breaking, is the only
scalar boson in the Standard Model, known as the Higgs field:

H ∼ (1, 2,+ 1
2 ). (1.10)

The Lagrangian describing the dynamics of this field is given by the kinetic term
and the symmetry-breaking Higgs potential:

LHiggs = DµH
†DµH + λ

(
H†H − v2

2

)2

, (1.11)

where v denotes the vacuum expectation value (VEV) of the Higgs field. The po-
tential in Eq. (1.11) is constructed such that the Higgs field acquires a non-zero
VEV, spontaneously breaking the SU(2)L ×U(1)Y gauge symmetry down to a resid-
ual U(1)EM symmetry, which we will identify with electromagnetism. Usually, one
might expect from Goldstone’s theorem that the spontaneous symmetry breaking
would lead to three massless Goldstone bosons. However, such massless scalar par-
ticles are not observed in nature, but instead there are massive gauge bosons medi-
ating the weak force. To understand this we investigate the full Lagrangian of the
SU(2)L ×U(1)Y gauge fields with the Higgs field:

L = −1
4W

i
µνW

i µν − 1
4BµνB

µν +DµH
†DµH + λ

(
H†H − v2

2

)2

(1.12)

We can choose the ground state of the Higgs field as

⟨H⟩ = 1√
2

0
v

 , (1.13)

and then parametrize fluctuations around this vacuum configuration as

H =
1√
2
e−iξaT a

 0
v+ h

 . (1.14)

Here, the three real fields ξa and the field h represent the original four degrees of
freedom of the Higgs doublet, where the ξa correspond to the Goldstone modes.
Indeed, plugging this expression into the Lagrangian (1.12), the three Goldstone
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modes can be absorbed by a suitable gauge transformation. Thus, we can rewrite
the Lagrangian (1.12) in the unitary gauge and obtain

L = − 1
4W

i
µνW

i µν − 1
4BµνB

µν +DµhD
µh− λh2

(
v+

h

2

)2
(1.15)

+
1
8 (v+ h)2

(
g2
(
W 1

µ

)2
+ g2

(
W 2

µ

)2
+
(
gW 3

µ − g′Bµ

)2
)

. (1.16)

We see that only one of the four degrees of freedom of the Higgs doublet remains,
which is the physical Higgs boson h. From the Lagrangian (1.16) we can read off
its mass as Mh =

√
2λv. The three Goldstone modes were absorbed by the gauge

bosons giving rise to their masses. For W 1
µ and W 2

µ , the masses can be read off as
MW = gv/2. One can combine these two as W± = 1/

√
2
(
W 1

µ ∓ iW 2
µ

)
to obtain

the physical W± bosons with electric charge ±1. The situation is more interesting
for W 3

µ and Bµ, which are mixed in the Lagrangian (1.12). The mass matrix can be
diagonalized by defining

Zµ = cos θWW 3
µ − sin θWBµ, (1.17a)

Aµ = sin θWW 3
µ + cos θWBµ, (1.17b)

where the weak mixing angle or Weinberg angle is defined as

cos θW =
g√

g2 + g′2 or sin θW =
g′√

g2 + g′2 . (1.18)

Using these definitions, Zµ obtains the mass MZ = MW / cos θW while Aµ remains
massless. Finally, we can identify Aµ as the photon field, the mediator of the electro-
magnetic interaction, which forms the foundation of atomic physics.

The electric charge Q of a particle is related to its hypercharge Y by

Q = τ3 + Y , (1.19)

where, in the fundamental representation of the SU(2), τ3 can be written as

τ3 =
1
2

1 0
0 −1

 . (1.20)

Therefore, τ3 yields ±1/2 when acting on the upper or lower components of a left-
handed state and 0 when it acts on a right-handed state. Combining these values
with the hypercharges, we obtain for up-type quarks Qu = 2/3, for down-type quarks
Qd = −1/3, for neutrinos Qν = 0 and finally for the electron and its heavier siblings
Qe = −1.
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Yukawa couplings and fermion masses

Inspecting LFermi, one notices also for the fermions that mass terms are absent in
the Lagrangian. In fact, direct mass terms like mψ̄ψ would break the SU(2)L gauge
symmetry, since left- and right-handed fermions transform differently under it. Sim-
ilar as in the gauge sector, this issue is resolved by the Higgs field. Again restricting
ourselves to a single generation of fermions, the coupling of the fermions to the Higgs
field is given by

LYuk = −yeL̄LHeR − ydQ̄LHdR − yuQ̄LH̃uR + h.c., (1.21)

where we define H̃ = iσ2H
∗ and the yi are the Yukawa couplings. After the Higgs

field aquires a VEV and the spontaneous symmetry breaking, we obtain

Lmass = − v√
2
(yeēLeR + ydd̄LdR + yuūLuR) . (1.22)

From this Lagrangian one can directly read off the masses for all the fermions as
mi = vyi/

√
2, depending on the Higgs VEV and the respective Yukawa coupling.

Indeed, the situation becomes a bit more complicated, considering all three genera-
tions of fermions. In this case, we can write, for example, the left-handed quarks as:

Qi
L =

ui
L

di
L

 =

uL

dL

 ,

cL

sL

 ,

tL
bL

 (1.23)

and analogous for the right-handed quarks and the left- and right-handed leptons.
Plugging these vectors into Lmass, the Yukawa couplings become 3 × 3 matrices.
Diagonalizing these Yukawa coupling matrices for the up and down quarks yu

ij and
yd

ij , we would naturally end up with discussing the so-called CKM-matrix and enter
the field of flavour physics. However, this goes beyond the scope of this brief overview.
More details can be found, for example, in Refs. [38, 41–43]

Putting everything together, the full Lagrangian of the Standard Model is built
from the gauge, fermion , Yukawa and Higgs parts discussed above:

LSM = Lgauge + Lfermi + LYuk + LHiggs. (1.24)

Discrete symmetries: C, P and T

Finally, we briefly introduce three discrete symmetries, which are particularly impor-
tant in the Standard Model: charge conjugation (C), parity (P) and time reversal
(T).
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The parity transformation describes the inversion of the spatial coordinates:

P : (t, r) → (t, −r). (1.25)

In contrast, time reversal flips the sign of the time coordinate and leaves the spatial
coordinates unchanged:

T : (t, r) → (−t, r). (1.26)

The explicit action of these transformations on the different fields in the Standard
Model is discussed in detail in Refs. [38, 41].

Finally, charge conjugation can be understood as the exchange of a particle with
its anti particle. Its action on a Dirac spinor ψ is given by

C : ψ → −iγ2ψ∗. (1.27)

While each of these symmetries can be violated individually in the Standard Model,
as it is the case for P and C as well as for their combination CP, due to the weak
interaction, the combination of all three discrete symmetries, CPT, is preserved.
Indeed, the CPT theorem states that this is the case for all unitary, local, Lorentz-
covariant quantum field theories of point particles in flat Minkowski space [44,45].

1.2.2 Limitations of the Standard Model

The Standard Model has been thoroughly tested over the past decades and shows
remarkable agreement with experimental observations. Perhaps the most astonish-
ing example is the electron’s magnetic moment, for which experiment and theory
deviate by only about one part per trillion [46]. Despite its tremendous success, the
Standard Model is widely regarded as an incomplete theory. While it provides an
accurate description of particle interactions at currently accessible energies, it leaves
several theoretical questions unresolved. Notably, it does not include gravity within a
quantum framework, and the observed smallness of the Higgs boson mass compared
to the Planck scale gives rise to the so-called hierarchy problem. Loop corrections to
the Higgs mass depend quadratically on the cutoff scale Λ of the theory:

mH = m
(bare)
H + δmH , with δmH ∝ Λ2. (1.28)

Therefore, keeping the physical Higgs mass light requires a precise cancellation be-
tween the bare mass and the corrections, which might be considered as an apparent
fine-tuning [41,47,48]. Another issue that is often regarded as a fine-tuning problem
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is the strong CP problem. The Standard Model allows for an additional term, the
so-called θ-term, in the QCD Lagrangian,

Lθ = θ
g2

s

32π2 ϵ
µνρσGµνGρσ, (1.29)

which would lead to CP violation in the strong interaction. Experiments, such as
measurements of the neutron electric dipole moment, constrain this term to be ex-
tremely small and consistent with zero. However, there is no fundamental reason
within the Standard Model for it to vanish [49–51].

Moreover, the Standard Model fails to account for several well-established experi-
mental observations. In the following, we briefly review some of the most prominent
of these empirical shortcomings, namely, the existence of dark matter, the matter-
antimatter asymmetry of the Universe, and the phenomenon of neutrino oscillations.

Dark Matter

One of the most striking indications of physics beyond the Standard Model, the
seeming existence of dark matter, arises from astrophysical and cosmological obser-
vations.
Already in the 1930s, Fritz Zwicky proposed the presence of dark matter to explain
his observations of the Coma cluster [52]. In particular, he compared the total mass
inferred from the relative velocities of the galaxies in the Coma cluster with the
mass estimated from the measured luminosity. The latter appeared to be about 400
times smaller, leading him to argue for the existence of a large amount of non-visible
matter.
In the 1970s, further support for dark matter was delivered through studies of the
rotation curves of spiral galaxies [53]. As a matter of fact, the measured rotational
velocities of stars and gas in these galaxies do not match the dynamics expected from
only the visible luminous matter. Indeed, the observed velocities do not decrease for
large distances from the center of the galaxy, as one would expect from the visible
matter, but instead they stabilize or even slightly increase. This discrepancy, illus-
trated in the left panel of Fig. 1.4, can be resolved by introducing a dark matter
halo, which extends far beyond the visible matter.
Further evidence arises from the phenomenon of gravitational lensing. According to
general relativity, massive objects bend the path of light and thus can act similarly
to a lens when they are located between the light source and the observer. As a
result, the observer sees the light on a ring or an arc around the massive object, de-
pending on its mass distribution and the position of the light source, see right panel
of Fig. 1.4. In many cases, the gravitational lensing effect reveals a mass distribution
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Figure 1.4: The left panel shows a schematic illustration of a rotation curve of spiral galaxy.
The observed velocities do not match the prediction inferred from the visible
matter and suggest the presence of a dark matter halo. The right panel shows
the the gravitational lensing effect observed by the Euclid telescope around the
galaxy NGC 6505 (figure taken from Ref. [59])

that significantly deviates from the luminous matter [54–57].
On even larger scales, the cosmic microwave background provides further support
for dark matter. The small amplitude of its temperature fluctuations indicates that,
if only ordinary luminous matter were present, the density perturbations would not
have had enough time to grow into the structures observed today. Therefore, the
existence of dark matter is crucial for the formation of galaxies and large-scale struc-
tures [58].

Matter-antimatter asymmetry

Another well-established observation pointing to physics beyond the Standard Model
is the excess of matter over antimatter in the universe. The magnitude of this as-
symmetry is commonly quantified by the baryon-to-photon ratio η, which can be
inferred from calculations of big bang nucleosynthesis. In these, η enters as an input
parameter to estimate abundances of light elements in the early universe. Alterna-
tively, η can be obtained from the power spectrum of temperature fluctuations in
the cosmic microwave background. Indeed, both methods agree well and yield values
of the order η ∼ 6 × 10−10 [62, 63].
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To explain this baryon asymmetry, Andrey Sakharov formulated three conditions
that any theory must satisfy [39,60–64]:

(I) Baryon number violation: Necessary to generate an asymmetry between baryon
and antibaryon numbers

(II) C and CP violation: Needed so that the rates of processes producing baryons
and antibaryons are not identical.

(III) Out of thermal equilibrium: Otherwise any generated asymmetry would be
erased by CPT-invariance.

As a matter of fact, all three conditions are fulfilled in the Standard Model. The
Baryon number can be violated through so-called sphaleron processes. While both
C and P are violated in the weak interaction, also the combination CP is violated
through the CKM matrix. The third condition can be fulfilled during the electroweak
phase transition, which refers to the time in the early universe when the electroweak
symmetry was spontaneously broken due to the Higgs field acquiring a vacuum ex-
pectation value. However, calculations show that it is not possible to quantitatively
account for the observed matter-antimatter asymmetry within the Standard Model.
This is an indication that additional sources of CP violation are required, pointing
once again to physics beyond the Standard Model.

Neutrino oscillations

As mentioned in Section 1.2.1, the Standard Model does not include right-handed
neutrinos. As a consequence, we were not able to add a Yukawa term for the neutri-
nos in the Lagrangian (1.21), such that the neutrinos do not receive a mass through
the Higgs mechanism. However, the observation of neutrino oscillations provides
clear evidence that neutrinos do, in fact, have nonzero masses. Evidence for these
neutrino oscillations can be obtained by the detection of solar neutrinos, which has
been achieved already in 1968 [64,65]. In this experiment, the measured flux of elec-
tron neutrinos was smaller than expected. Neutrino oscillations were suggested as an
explanation of this finding. The idea was that the missing electron neutrinos were
transformed into other flavours, which were not detected by the experiment. Further
confirmation came from the Super-Kamiokande and the Sudbury Neutrino Observa-
tory experiments, which are both sensitive to neutrinos of all three generations and
were able to find the missing neutrinos [64,66–68]. These results strongly support the
idea of neutrino oscillations. Theoretically, this would require a non-diagonal mass
matrix, which would lead to flavour-mixing analogous to the CKM matrix for the
quark sector. However, the origin of neutrino masses still remains unknown. Possible



1.2 the standard model 17

solutions include the introduction of sterile right-handed neutrinos and the seesaw
mechanism, which is explained, for example, in Refs. [69, 70].

1.2.3 New physics beyond the Standard Model

A wide range of extensions to the Standard Model have been proposed to address one
or multiple of the shortcomings discussed above. These models cover a wide energy
scale, as for example possible dark matter candidates range from ultralight particles
with masses as small as 10−22 eV to primordial black holes with several solar masses,
see Fig. 1.5.
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Figure 1.5: Schematic mass range of dark matter candidates, from ultralight bosons to pri-
mordial black holes. Figure taken from Ref. [71].

Atomic physics experiments are particularly sensitive probes for particles with
smaller masses below the GeV scale. This offers a complementary strategy to high-
energy collider experiments, which are more sensitive to heavier particles. Indeed,
many extensions of the Standard Model introduce new light bosons with very weak
couplings to Standard Model particles. Especially light scalar particles can naturally
arise as pseudo-Goldstone bosons through the spontaneous breaking of approximate
global symmetries.

One of the most prominent examples of such light particles is the pseudoscalar
axion, originally introduced to resolve the strong CP problem. The Peccei–Quinn
mechanism introduces a new global U(1) symmetry that is spontaneously broken,
giving rise to the axion. Hereby, the main idea is that the axion promotes the θ-
parameter in the CP-violating term in the QCD Lagrangian to a dynamical variable
by replacing it with θeff = θ + a(x)/fa, where a is the axion field and fa is the
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axion decay constant. The axion potential is minimized at a = −θfa such that the
CP-violating term is effectively canceled [72–75]. Moreover, the axion would be a
viable dark matter candidate. As the original QCD axion has been increasingly con-
strained, more models emerged that introduce such light bosons which are usually
summarized as axion-like particles. Another more recently proposed example of such
a light pseudo-Goldstone boson is the scalar relaxion, which is also a dark matter
candidate and simultaneously addresses the electroweak hierarchy problem. The dy-
namics of the relaxion are governed by a linear potential, along which it rolls down
during the early universe. Due to its coupling to the Higgs field, the relaxion intro-
duces an effective Higgs mass term that changes over time as the relaxion evolves.
This scanning of the Higgs mass is stopped when the electroweak symmetry breaks
and the Higgs acquires the observed VEV. The stopping occurs due to an additional
periodic term in the relaxion potential which becomes significant at the electroweak
energy scale. This term causes the relaxion to become trapped in a local minimum,
causing the Higgs mass to stabilize near its observed value [76–79].

Another broad class of Standard Model extensions introduces new U(1) gauge
symmetries. One prominent example is the gauging of baryon minus lepton number
(B −L), which becomes anomaly-free through the introduction of right-handed neu-
trinos. Such a gauge symmetry would give rise to a new gauge boson A′

B−L, which
could directly couple to the Standard Model fermions [80–82].

Moreover, there are considerations of hidden dark sectors, consisting of particles
which are neutral under the Standard Model forces but might still interact with the
Standard Model particles through so-called portal interactions [83–85]. For example,
a scalar mediator ϕ can interact with the Standard Model through the so-called
Higgs portal, where the new scalar mixes with the Higgs [83–85]

L(H)
portal =

(
µϕ+ λϕ2

)
H†H. (1.30)

Moreover, a fermionic mediator N might interact with the Standard Model through
the neutrino portal via a Yukawa coupling to lepton doublets [83,85]

L(N)
portal = yL̄LHNR. (1.31)

The vector portal yields another example for a new gauge boson, the dark photon,
which could mediate between the Standard Model particles and a hidden dark sector.
In this case the dark photon A′ mixes in the kinetic term with the Standard Model
hypercharge boson [83–85]

L(A′)
portal ∝ BµνF

′µν , (1.32)

with F ′
µν = ∂µA

′
ν − ∂νA

′
µ. This would allow the dark photon to weakly interact with

Standard Model particles, even though they are not directly charged under the new
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U(1) symmetry group [86]. Finally, also a pseudoscalar a could take the role of a
mediator between the Standard Model and a Hidden sector through the axion portal.
In this case, couplings to different fields would be possible. For example, the coupling
to photons would take the form [83,85]

L(a)
portal =

a

2fa
ϵµνρσFµνFρσ. (1.33)

In contrast to the other three portals, the axion portal is a dimension-5 operator and
consequently has to be suppressed by a higher mass scale, which is given here by the
axion decay constant fa.

In the next section, we will explore how such Standard Model extensions can be
probed by the means of atomic, molecular and optical physics.

1.2.4 Precision tests of the Standard Model in atomic, molecular, and optical physics

In the last decades, atomic, molecular, and optical physics emerged as a powerful tool
in the search for new physics beyond the Standard Model. The exceptional precision
achievable in such laboratory experiments enables the probing of even tiny effects
from new physics, especially in the low-energy regime. This so-called precision fron-
tier offers a complementary approach to high-energy collider experiments, enabling a
wide range of Standard Model tests. The lack of newly discovered heavy particles at
the LHC has further motivated the exploration of light new particles, such as weakly
coupled bosons. As discussed in the previous section, these can naturally arise as
pseudo-Goldstone bosons, such as the axion or the relaxion [87].

Atomic parity violation

One of the first applications of precise atomic physics experiments to particle physics
was the study of atomic parity violation. It was first discussed already in the 1950s
by Zel’dovich, shortly after the first experimental confirmation that the weak interac-
tion violates parity [88–90]. In atoms, the weak interaction between the nucleus and
bound electrons, mediated by the Z boson, leads to the mixing of opposite-parity
atomic states. The measurement of such parity-violating effects in atoms allows the
extraction of the Weinberg angle at low energies, far below the scales accessible by
collider experiments. Furthermore, the comparison of the Standard Model predic-
tion to the experimental results allows to set constraints on possible beyond Stan-
dard Model physics, such as additional new Z ′ gauge bosons. In the 1970s, atomic
parity violation was reconsidered and eventually successfully observed via optical
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rotation of light propagating through bismuth vapor. Later experiments followed
in thallium, lead, cesium and ytterbium [91–97]. Among these, atomic parity viola-
tion in cesium remains the most precise low-energy measurement of the Weinberg
angle. Future experiments are discussed, for example, in dysprosium, francium as
the heavier analogue to cesium or in single ion experiments with singly charged ra-
dium or barium ions [98–102]. Moreover, there is ongoing process in molecules as
well as considerations for parity violation studies in highly charged ions and muonic
atoms [103–108] [Ric1]. HCIs and muonic atoms are particularly attractive due to the
large overlap between the electronic or muonic wavefunctions and the nucleus, which
enhances the parity-violating signal. Additionally, the occurrence of level crossings in
HCIs can lead to nearly degenerate opposite-parity states, which also amplifies the
parity-violating effects. Moreover, their relatively simple electronic structure simpli-
fies accurate atomic theory calculations, which are crucial for the interpretation of
atomic parity violation measurements.

P and T violation: EDM searches

Not only P violation, but also T violation can be probed with atomic and molecu-
lar systems. If CPT symmetry holds, which has been tested experimentally to high
precision [109–111], such breaking of T invariance directly implies CP violation. As
discussed in the previous section, the search for additional CP violation beyond
the Standard Model is especially important for the understanding of the matter-
antimatter asymmetry. A powerful tool for such an investigation is the search for
effects of permanent electric dipole moments in atoms and molecules. Such phenom-
ena can arise, for instance, from T and P violating interactions between the nucleus
and the bound electrons, from the existence of a non-zero electron electric dipole
moment or from a nuclear Schiff moment. Precise experiments have been performed,
for example, with Cs, Tl, Xe, Hg and Ra atoms or with polar molecules like TlF,
YbF, ThO and HfF+ [87, 112–115]. Additionally, there is progress in studies with
molecules including nuclei with a strong octopole deformation, such as RaF, which
can significantly enhance sensitivity to CP violating effects [116]. Moreover, there
are considerations for storage ring experiments with HCIs, which again are attrac-
tive because of the large overlap of electronic wavefunctions with the nucleus and
the occurrence of close-lying opposite-parity states [117].



1.2 the standard model 21

Axion searches

While the previous examples focused on the violation of discrete symmetries, other
experimental efforts explore specific couplings between new particles and Standard
Model fields. In the case of the axion or axion-like particles, many experiments in-
vestigate their coupling to photons, as, for example, the HAYSTAC experiment, or
so-called light-shining-through-a-wall setups [120–123]. The HAYSTACK experiment
searches for signals from axion-photon conversion via the inverse Primakoff effect by
placing a microwave cavity in an external magnetic field. In light-shining-through-a-
wall experiments, an opaque barrier is placed between a photon source and a detector.
While no photons could normally pass this barrier, the intermediate conversion of
photons into axion-like particles could effectively allow light to shine through the wall.
Especially, this latter approach can benefit from HCI physics, since HCIs may serve
as a source of high-energy photons for similar experiments, as it is considered within
the Gamma Factory project, to which we will return in Section 3.5. Moreover, such
couplings to photons are explored in the ABRACADABRA experiment [118, 119].
In addition to the photon coupling, interactions with gluons or fermions are also
studied, for example, in the CASPEr experiment [124–128].

Clock comparisons

Perhaps the most astonishing demonstration of the precision in atomic, molecular
and optical physics are atomic clocks, which now reach relative uncertainties below
10−18 [129]. One major application of this extraordinary precision is the search for
possible temporal or spatial variation of fundamental constants, like the proton to
electron mass ratio mp/me or the fine-structure constant α. As mentioned earlier,
the first optical atomic clock based on a HCI has already been realized, and theo-
retical investigations identified various suitable clock transitions in HCIs [5, 33, 34].
These systems are particularly promising for such studies, as they can exhibit high
sensitivity to variations of α [10]. Such variations would manifest as differential fre-
quency shifts in clocks based on different atomic species or transitions and hence can
be probed with clock comparison experiments [87,130–132]. Recently, the successful
laser excitation of the Th-229 nucleus presented a huge step towards the development
of the first nuclear clock [133–137]. Such a nuclear clock holds immense potential for
future clock comparison experiments, as it would also be sensitive to variations of
the QCD scale.
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Isotope shifts

Another example of the use of precision spectroscopy is the analysis of isotope shifts,
which are the energy differences of a given electronic transition across different iso-
topes of the same element. Such measurements have long been used to extract nuclear
parameters, such as the nuclear charge radius [138–141]. Recently, also their poten-
tial for the search of new physics have been in the focus, as isotope shifts are sensitive
to interactions between bound electrons and neutrons mediated by beyond Standard
Model bosons [142, 143]. In particular, isotope shift measurements in calcium and
ytterbium have been proven to be valuable tools to constrain such new boson cou-
plings [144–150]. Such studies generally require precise isotope shift measurements
across multiple transitions. Therefore, including HCIs in the analysis provides a no-
table advantage, as the variation of the ionic charge state can be used to enlarge the
set of available transitions [152]. In the next chapter, we will discuss the theory of
isotope shifts in more detail and present the results of an analysis that makes use of
a highly charged calcium ion.
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This chapter focuses on a powerful application of the extraordinary precision achieved
in modern atomic spectroscopy: the analysis of isotope shifts. Traditionally, isotope
shifts have been used to extract nuclear charge radii across different isotopes. How-
ever, more recently they have emerged as a valuable tool in the search for physics
beyond the Standard Model [142,143]. A key advantage of isotope shifts is that they
present a differential measurement, such that a large part of the Standard Model
background cancels in the measurement and does not need to be addressed theoret-
ically. This allows for the use of many-electron atomic systems, which are otherwise
difficult to treat with high theoretical accuracy, to probe new physics. In contrast, the
direct comparison of transition frequencies between theory and experiment requires
extremely precise theoretical calculations and is thus only possible in few-electron
systems [26,153–155]. In particular, isotope shifts are sensitive to new bosons in the
mass range from eV to MeV that couple to electrons and neutrons. Such particles
are predicted in a wide variety of extensions to the Standard Model [156]. These
include the ones discussed in the previous chapter, such as the relaxion, new gauge
bosons associated with a U(1)B−L symmetry or vector bosons mediating interac-
tions with hidden sectors via portal couplings, such as the dark photon. Additional
interest in such searches has arisen from the so-called beryllium anomaly, observed
as an unexpected feature in the angular distribution of e+e− pairs produced in a
nuclear transition of 8Be, which has been interpreted as an indication of a possible
new boson [157]. In particular, this observation can be explained by the introduction
of a protophobic vector gauge boson with a mass around 17 MeV. Protophobic refers
to the property that its coupling to protons is strongly suppressed relative to its
coupling to neutrons, making it an especially interesting candidate for isotope shift
studies [158, 159]. Follow-up studies by the same group revealed similar anomalies
for 12C and 4He nuclei, supporting the existence of a new 17 MeV boson [160, 161].
However, a more recent experiment using the MEG II detector at PSI did not re-
produce such an anomaly for the 8Be nucleus [162]. Interestingly, in Ref. [163] the
resonance of the new boson was searched via e+e− annihilation with the PADME
experiment, finding a 2σ deviation from the null hypothesis at an energy of approx-
imately 16.9 MeV.

Within the Standard Model, the leading-order contributions to isotope shifts pre-
dict a linear relation between the isotope shifts of two transitions. This can be il-

23
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lustrated in a so-called King plot, where the isotope shifts of the two transitions
are plotted against each other. However, a new boson coupling to electrons and neu-
trons could lead to deviations from this linear behavior. Consequently, if the King
plot remains linear within experimental uncertainties, bounds can be placed on the
allowed coupling strength of the hypothetical new boson [143]. This motivated a
number of precision isotope shift measurements, most notably in calcium and ytter-
bium [144–150]. While the calcium King plots remained linear, indeed the studies
in ytterbium revealed a notable nonlinearity [147–151]. However, nonlinearities in
King plots can also arise from higher-order Standard Model effects, such as nuclear
deformations, higher-order field and mass shift terms, or nuclear polarization [164].
Hence, the interpretation of a nonlinear King plot is not easy and possible Standard
Model sources have to be evaluated. In fact, the observed nonlinearities in ytterbium
were attributed to effects of the nuclear shape, rather than to new physics. However,
the possibility of a new physics contribution in addition to the nuclear shape effects
remains. This also highlights the dual use of the search for King plot nonlinearities,
as they can also serve as sensitive probes of nuclear effects.

In Section 2.1, we begin this chapter by reviewing the leading contributions to
isotope shifts, the mass shift and the field shift. We then summarize several higher-
order Standard Model effects that can give rise to King plot nonlinearities. Moreover,
we discuss how a hypothetical new boson would contribute to the isotope shift. Af-
terwards, we focus on the King plot formalism in Section 2.2. Here, we explain
how linear King plots can be used to place constraints on new bosons. However, as
mentioned above, the presence of Standard Model nonlinearities requires additional
effort. Therefore, we will describe the so-called generalized King plot, which allows us
to set limits on new physics even in the presence of Standard Model nonlinearities,
and the decomposition plot, which allows to distinguish between different sources
of nonlinearity. Finally, in Section 2.3, we present the results of a recent King plot
analysis that combines newly measured isotope shifts in singly charged calcium and
highly charged Ca14+. As we will see, this combination yields the most stringent
isotope-shift-based bounds on new physics to date.
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2.1 isotope shift theory

The term isotope shift refers to the difference in atomic energy levels between iso-
topes of the same element. Since different electronic states respond differently to
small changes in the nuclear properties, this leads to measurable shifts in atomic tran-
sition frequencies. In this section, we review the different contributions to the isotope
shift, illustrated in Fig. 2.1. We begin with the leading-order effects, which are the
first-order mass and field shifts, and then provide an overview of some higher-order
contributions. Finally, we will explore how a new boson interaction might contribute.

Mass shift Field shift Nuclear Deformation Nuclear Polarization

Figure 2.1: Schematic illustration of different isotope shift contributions. The mass shift de-
scribes the recoil correction to the kinetic energy part due to the finite mass of
the nucleus. The field shift describes the correction due to changes of the nuclear
radius. Nuclear deformation effects arise due to changes in the nuclear shape
and nuclear polarization takes the internal dynamic structure of the nucleus into
account.

2.1.1 Leading order effects

In first-order perturbation theory, there are two main contributions to the isotope
shift, namely the first-order field shift and mass shift. The field shift arises from the
finite size of the nucleus and accounts for the change in the nuclear charge radius
between isotopes. This effect becomes dominant in heavy atoms, where the electron
wave functions have significant overlap with the nucleus. In contrast, for lighter
systems the mass shift is the leading contribution. It originates from the change in
the recoil correction to the atomic energy levels due to the difference in nuclear mass
between isotopes [165].
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Mass shift

We begin our discussion with the recoil correction in the nonrelativistic hydrogen
atom. Although we use relativistic units throughout this thesis, in this section, we
keep the electron mass me explicitly, as it is essential for recoil corrections and the
resulting mass shift. The total Hamiltonian of a hydrogen-like system with a finite
nuclear mass is given by

H =
P 2

2M +
p2

2me
− Zα

|r − R|
(2.1)

where p, r and me denote the electron’s momentum, position and mass, while P ,
R and M refer to the momentum, position and mass of the nucleus. To analyze the
system in the center-of-mass frame, we define the center-of-mass coordinate

RCM =
MR +mer

M +me
, (2.2)

and the location of the electron relative to the nucleus

ρ = r − R. (2.3)

Using these definitions, the momenta in Eq. (2.1) transform as:

p = −iℏ∇r = −iℏ
(

me

M +me
∇RCM + ∇ρ

)
=

me

M +me
PCM + π, (2.4a)

P = −iℏ∇R = −iℏ
(

M

M +me
∇RCM − ∇ρ

)
=

M

M +me
PCM − π, (2.4b)

where PCM = −iℏ∇RCM denotes the momentum of the center of mass and π = −iℏ∇ρ

corresponds to the conjugated momentum of the relative coordinate ρ. Plugging these
expressions into the Hamiltonian (2.1), we obtain the expression

H =
P 2

CM
2 (M +me)

+
π2

2µ − Zα

|ρ|
, (2.5)

with the reduced mass

µ =
meM

me +M
. (2.6)

The first term in Eq. (2.5) describes the motion of the center of mass, which is
irrelevant for our analysis of the internal atomic structure. In the rest frame of the
center of mass, where PCM = 0, the Hamiltonian simplifies to [166–169]

HCM =
π2

2µ − Zα

ρ
. (2.7)
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This expression is identical to the well-known hydrogenic Hamiltonian for a nucleus
with infinite mass, except that the electron mass is replaced by the reduced mass.
We can separate this Hamiltonian into the infinite nuclear mass case H0 plus a
perturbation depending on the nuclear mass

HCM =
π2

2M +
π2

2me
− Zα

ρ
= H0 +

π2

2M . (2.8)

In first-order perturbation theory, the energy correction to a state |a⟩ is given by
the expectation value of the perturbation Hamiltonian

∆Ea =

〈
a

∣∣∣∣∣ π2

2M

∣∣∣∣∣ a
〉
=
me

M

〈
a

∣∣∣∣∣ π2

2me

∣∣∣∣∣ a
〉
= −me

M
E(0)

a , (2.9)

where E(0)
a is the unperturbed energy of the state |a⟩ . In the last step, we used

the virial theorem which relates the expectation values of the kinetic and potential
energies as 2⟨T ⟩ = ⟨V ⟩. With H = T + V , this leads to ⟨T ⟩ = −⟨H⟩ = −E [170].
Thus, the first-order mass shift of the state |a⟩ between the two isotopes A and A′

is given by

∆ENMS
a =

(
me

MA′
− me

MA

)
E(0)

a . (2.10)

This is called the normal mass shift (NMS). In the case of a many-electron atom, the
kinetic energy part of the Hamiltonian takes the form

T =
P 2

2M +
1

2me

∑
k

p2
k. (2.11)

Proceeding as before, we find the kinetic energy in the center-of-mass frame as [166–
169]

TCM =
1

2µ
∑

k

π2
k +

1
M

∑
k<l

πk · πl = T (0) + TNMS + T SMS. (2.12)

The first term contains both the unperturbed kinetic energy and the normal mass
shift correction. The last term, which does not arise in hydrogen-like systems, is
a two-body operator known as the specific mass shift (SMS). The full mass shift
operator can thus be written as

HMS =
1

2M

∑
k

π2
k +

∑
k ̸=l

πk · πl

 =
1

2M
∑
k,l

πk · πl, (2.13)
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and the first-order mass shift of a state |a⟩ is given by

∆EAA′,MS
a =

( 1
MA′

− 1
MA

)〈
a

∣∣∣∣∣∣ 1
2
∑
k,l

πk · πl

∣∣∣∣∣∣ a
〉

(2.14)

Accordingly, the mass shift of a transition i between the states |a⟩ and |b⟩ becomes

νAA′,MS
i =

( 1
MA′

− 1
MA

)〈b
∣∣∣∣∣∣ 1

2
∑
k,l

πk · πl

∣∣∣∣∣∣ b
〉

−
〈
a

∣∣∣∣∣∣ 1
2
∑
k,l

πk · πl

∣∣∣∣∣∣ a
〉

≡
( 1
MA′

− 1
MA

)
Ki, (2.15)

where the factor Ki captures the electronic structure contribution to the mass shift
for the specific transition i.

So far, we have restricted the discussion to a nonrelativistic description. However,
especially for heavy atoms and HCIs, relativistic effects must be taken into account
to achieve accurate results. A commonly used relativistic recoil operator for precise
calculations is given by [165,171,172]

Hrel
MS =

1
2M

∑
k,l

[
πk · πl − Zα

ρk

(
αk +

(αk · ρk)ρk

ρ2
k

)
· πl

]
, (2.16)

where αk denotes the vector of Dirac matrices, αi = γ0γi of the k-th electron. A full
derivation of this operator is beyond the scope of this work, and we refer the reader
to Refs. [171,172] for a detailed discussion.

Field shift

While we previously focused on the kinetic part of the Hamiltonian for recoil correc-
tions, the field shift arises from modifications of the potential due to the finite size of
the nucleus. In the simplest model, the nucleus is treated as a point charge, leading
to the Coulomb potential

VCoul(r) = −Zα

r
. (2.17)

However, especially for heavier atoms and HCIs, where electron wave functions have
a significant overlap with the nucleus, the finite nuclear size must be taken into ac-
count. A simple model replaces the point-like nucleus with a homogeneously charged
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sphere of radius R. The corresponding charge distribution and the resulting nuclear
potential are given by [167,173]

ϱ(r) =


3Zα
4πR3 , r ≤ R

0, r > R

→ VN (r) = Zα


1
R

(
r2

2R2 − 3
2

)
, r ≤ R

1
r

, r > R

(2.18)

To gain first insights into the effect of such a modified nuclear potential, we again
consider the example of nonrelativistic hydrogen. In first-order perturbation theory,
the energy correction to a state |a⟩ due to the potential (2.18) is

∆Esphere =
〈
a
∣∣∣V sphere(r) − V point(r)

∣∣∣ a〉 (2.19)

By using the well-known hydrogen solutions

ψnlm(r) = Y m
l (θ,ϕ)Rnl(r), (2.20)

the angular integral is trivially solved due to the orthonormality of the spherical
harmonics Y m

l , and the remaining radial integral can be written as [167]

∆Esphere =
Zα

2R

∫ R

0

(
r2

R2 +
2R
r

− 3
)

|Rnl(r)|2 r2 dr. (2.21)

As the integration is restricted to the small region within the nucleus, one can approx-
imate the radial wave function by its value at the origin. In this case, one obtains [167]

∆Esphere ≈ Zα
R2

10 |Rnl(0)|2 (2.22)

Since only s-states have a nonzero probability density at the origin, the finite nuclear
size correction is strongly suppressed for states with orbital angular momentum l > 0.
Eq. (2.22) reveals that the finite-size correction depends on the squared nuclear
radius.

A more realistic approach is the commonly used two-parameter Fermi distribu-
tion [173]

ϱ(r) =
ρ0

1 + exp
(

r−c
a

) , (2.23)

where c is the half-density radius, a characterizes the surface thickness, and ρ0 is a
normalization constant. An analytical expression of the resulting nuclear potential
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can be found in Ref. [173]. The size of the nucleus is typically quantified by the mean
square charge radius ⟨r2⟩, which is related to the charge distribution by

⟨r2⟩ =
∫
ϱ(r)r2dV∫
ϱ(r)dV (2.24)

As shown above, the potential of a finite-size nucleus deviates from the one of a
pointlike nucleus at small r and thus leads to a shift of the energy levels. The field
shift refers to the energy shift of an atomic level due to a change in the nuclear charge
distribution between different isotopes. In first-order perturbation theory, the field
shift of a state |a⟩ between isotopes A and A′ is given by

∆EFS
a =

〈
a
∣∣∣∆V AA′

∣∣∣ a〉 , (2.25)

where ∆V AA′ is the difference between the nuclear potentials of the two isotopes. As
seen from Eq. (2.22), this effect is primarily governed by the change in the mean
square radius, δ⟨r2⟩AA′

= ⟨r2⟩A′ − ⟨r2⟩A.
A standard approach in the literature is to define a field shift operator as the

derivative of the nuclear potential with respect to the mean square radius [164,174–
176]

OFS =
∂V

∂⟨r2⟩
(2.26)

As shown in Ref. [164] for isotope shift calculations in Ca+, the difference between
evaluating Eq. (2.25) directly and using the operator in Eq. (2.26) is typically a small
correction. Using the field shift operator OFS, the first-order field shift of a state |a⟩
is given by

∆EFS
a = δ⟨r2⟩AA′ 〈

a
∣∣∣OFS

∣∣∣ a〉 , (2.27)

and the corresponding shift of a transition i between the states |a⟩ and |b⟩ directly
follows as

νAA′,FS
i = δ⟨r2⟩AA′ (〈

b
∣∣∣OFS

∣∣∣ b〉−
〈
a
∣∣∣OFS

∣∣∣ a〉) ≡ δ⟨r2⟩AA′
Fi. (2.28)

Similar to the mass shift, the electronic structure contribution is encoded in the
coefficient Fi.

2.1.2 Higher order Standard Model contributions

While the leading contributions to isotope shifts are captured by the first-order
mass shift and field shift as written in Eqs. (2.15) and (2.28), today’s high precision
in atomic spectroscopy demands the inclusion of additional contributions. In the
following, we provide a brief overview of the most important higher-order effects.
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Higher-order mass and field shifts

In the previous section, we discussed the effects of the finite nuclear mass and size,
which lead to the mass and field shifts. The first-order results, Eqs. (2.15) and (2.28),
scale with the difference of the mean square nuclear radii δ⟨r2⟩ for the field shift
and with the difference of inverse nuclear masses 1/MA′ − 1/MA for the mass shift.
However, the corresponding perturbation Hamiltonians can also be treated in higher-
order perturbation theory. For instance, the second-order energy shift of a state |a⟩
due to a perturbation H ′ is given by

∆E(2)
a =

∑
n̸=a

|⟨a |H ′ |n⟩|2

E
(0)
a −E

(0)
n

. (2.29)

For the second-order mass and field shifts, this leads to additional contributions in
the form [164]

νAA′,MS(2)

i =

(
1

M2
A′

− 1
M2

A

)
K

(2)
i (2.30a)

νAA′,FS(2)

i =
(
δ⟨r2⟩

)2
F

(2)
i . (2.30b)

The quadratic field shift becomes important in heavy systems like ytterbium, while
the quadratic mass shift is more relevant in lighter systems like calcium [148, 164,
176]. Moreover, there exists a cross-term involving both field and mass shift effects.
According to Ref. [164], this effect can be approximately taken into account through
a nuclear mass-dependent modification of the electronic field shift coefficient:

Fi → Fi

(
1 − 3me

M
+ . . .

)
. (2.31)

Consequently, the correction to the isotope shift due to this cross term can be written
as [164]

νAA′,FS×MS
i ≈ −3

(
me

MA′
− me

MA

)
δ⟨r2⟩Fi. (2.32)

Nuclear deformation

So far, we restricted the analysis to spherically symmetric nuclear charge distribu-
tions, which only vary in the mean square radius between different isotopes, leading
to the conventional field shift discussed above. However, for a more sophisticated
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analysis, one can take nuclear deformations into account. A nonspherical nucleus
can be modeled by a deformed Fermi distribution, as for example [177–179]

ϱ(r, θ) = ρ0

1 + exp
(

r−c(1+β2Y 0
2 (θ))

a

) , (2.33)

where Y m
l denotes again spherical harmonics and β2 describes the deformation of

the charge distribution. In addition to the mean square radius, this distribution is
characterized by the intrinsic nuclear quadrupole moment [177]

Q0 = Ze

∫ (
3 cos2 θ

)
ϱ(r, θ)r2dV . (2.34)

The angle θ is defined with respect to the symmetry axis of the nucleus. Since the
nucleus does not possess a fixed orientation in the laboratory frame, this angular
dependence is averaged out to obtain an effective spherical symmetric nuclear poten-
tial, which is used to evaluate the corrections to the atomic energy levels. A detailed
analysis of the effects of such a charge distribution in hydrogen-like ions is provided
in Ref. [177]. The deformation can affect the radial moments ⟨rn⟩ of the nuclear dis-
tribution. In fact, the analysis of King plot nonlinearities in ytterbium suggests that
nuclear deformation is an important effect. In particular, it was shown that changes
in higher radial moments, especially ⟨r4⟩, can explain the observed deviations from
linearity [150,180].

Nuclear polarization

Above, we explored the effects of the size and shape of an otherwise static nuclear
charge distribution. However, the internal dynamic structure of the nucleus can also
affect electronic energy levels. Such effects on the electronic energy levels are known
as nuclear polarization. These so-called nuclear polarization effects are theoretically
challenging to evaluate and have been addressed in various studies [181–184]. A com-
prehensive treatment of nuclear polarization in hydrogen-like ions, including correc-
tions beyond the frequently used Coulomb approximation, is provided in Ref. [185].
The Coulomb approximation is based on the assumption that the velocities of nu-
clear dynamics can be treated nonrelativistically. In the Coulomb approximation,
the nuclear polarization correction to the energy of a state |a⟩ is given by [164,185]

∆Enp (a) = −α
∑

λLM

B(EL)λ

∑
n

∣∣∣⟨a|FLY
M

L |n⟩
∣∣∣2

En −Ea + sgn(En)ωλ
. (2.35)
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Here, B(EL)λ denotes the reduced transition probability for an electric multipole
of order L from an excited nuclear state |λ⟩ to the ground state, and ωλ is the
corresponding transition energy. The FL are radial functions, whose explicit form
for a solid-sphere nuclear model is given in Refs. [164, 185]. The isotope shift of a
state |a⟩ can be parametrized as

∆Enp (a)
AA′

= −F (a)
(
⟨r2⟩A′

gA′
a − ⟨r2⟩AgA

a

)
· 10−3, (2.36)

where F (a) is the electronic first-order field shift coefficient of the state |a⟩ and
the coefficients gA

a depend both on the electronic state as well as on the isotope.
Calculations in Ref. [185] demonstrate that corrections beyond this approximation

are non-negligible and should be considered. For many-electron systems, however,
it is typically not feasible to go beyond the Coulomb approximation. This makes
nuclear polarization effects a challenging systematic in the interpretation of isotope
shift measurements, as we will further discuss in Section 2.3.

Hyperfine structure

King plot analyses of isotope shifts usually focus on even-even isotopes with nuclear
spin I = 0 in order to avoid complications from hyperfine structure. However, as
there is only a limited number of stable even isotopes for a given element, also
isotopes with nonzero nuclear spin are used in some studies. In fact, an isotope shift
analysis in strontium, including three even isotopes and one isotope with nonzero
nuclear spin, revealed a nonlinear King plot [186]. The source of this deviation from
the linear isotope shift relation was suspected to be the second-order hyperfine shift.
Indeed, calculations in Ref. [187] demonstrated that subtracting this contribution
from the measured data restored the linearity of the King plot. This confirms that
the observed nonlinearity is compatible with hyperfine effects.

2.1.3 New physics

In addition to the Standard Model contributions discussed above, isotope shifts can
be affected by hypothetical new interactions beyond the Standard Model between
the nucleus and the bound electrons. In particular, they are sensitive to potential new
bosons that couple to electrons and neutrons inside the nucleus. Since the number
of protons remains constant across isotopes, any effects from couplings to protons
largely cancel in isotope shift measurements. Examples of such new bosons have been
briefly discussed in Section 1.2.3, including the scalar relaxion or new vector bosons
arising from gauging the B − L symmetry. In the following, we describe how these
new interactions can affect isotope shifts.
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Figure 2.2: Feynman diagram of the the interaction between electrons and neutrons mediated
by a new boson ϕ.

The exchange of a new boson ϕ between neutrons and electrons is illustrated in
Fig. 2.2. For the case of a scalar boson, the this Feynman diagram leads to the
amplitude

iM =
−iyeyn

q2 −m2
ϕ

ūe(p
′
e)ue(pe)ūn(p

′
n)un(pn) (2.37)

where ye and yn denote the couplings of the boson to electrons and neutrons, respec-
tively. As shown in Ref. [188], this amplitude leads in the nonrelativistic limit to the
potential

V (q) =
−yeyn

|q|2 +m2
ϕ

(2.38)

Taking the Fourier transform to position space yields the well-known Yukawa poten-
tial:

V (r) = −yeyn

4π
e−mϕr

r
. (2.39)

A similar calculation for a vector boson results in the same form, but with an
overall minus sign due to the boson’s spin. Thus, the general form of the potential
between an atomic electron and a nucleus, which contains A−Z neutrons, mediated
by a new boson can be written as [142,143,145,146]

VNP(r) = αNP (A−Z)
e−mϕr

r
(2.40)
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with the effective coupling

αNP = (−1)s yeyn

4π , (2.41)

where s is the spin of the mediator boson. The range of the potential is governed
by the mass mϕ of the boson. In the limit of a massless mediator, the potential
becomes Coulomb-like with a 1/r dependence. In contrast, for large mediator masses,
the interaction becomes short-ranged and approaches a contact interaction. We will
explore the dependence on mϕ in more detail in Section 2.3.

In first-order perturbation theory, the contribution of such a new interaction to
the isotope shift of transition i between atomic states |a⟩ and |b⟩ is given by

νAA′,NP
i = (A−A′) (⟨b |VNP(r) | b⟩ − ⟨a |VNP(r) | a⟩) ≡ (A−A′)Xi. (2.42)

As for the mass shift and field shift, the electronic structure contribution is captured
in the coefficient Xi.

In the next section, we will introduce the King plot formalism and explore how
precision isotope shift measurements can be used to constrain the coupling strength
αNP.

2.2 king plot analysis

Having discussed the various contributions to isotope shifts, we now turn to the
question, how experimental isotope shift data can be used to constrain possible new
physics couplings. To this end, we present the King plot formalism and examine how
effects beyond the first-order mass and field shifts give rise to so-called King nonlin-
earities. We then review how bounds on αNP can be extracted both in the case of
a linear King plot as well as in the more complicated scenario of significant Stan-
dard Model nonlinearities. In addition, we discuss the decomposition plot method,
which can serve as a powerful tool to distinguish different sources of nonlinearity. Fi-
nally, we provide a brief overview of how King plot based constraints on new physics
have evolved over the past years. This section is based on the overview provided in
Ref. [Ric6].

2.2.1 The linear King plot

As discussed in the previous section, the leading contributions to the isotope shift of
an atomic transition arise from the first-order field and mass shifts. Hence, by com-
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bining Eqs. (2.15) and (2.28) the isotope shift of a transition i can be approximated
as

νAA′
i ≈ Ki

( 1
MA′

− 1
MA

)
+ Fiδ⟨r2⟩AA′ . (2.43)

For the following analysis, it is helpful to define the modified isotope shift

ν̃AA′
i ≡ νAA′

i /δAA′
M , with δAA′

M ≡
( 1
MA′

− 1
MA

)
. (2.44)

One essential property of the first-order expression (2.43) is that both contributions
factorize into an electronic structure coefficient, which only depends on the chosen
transition, and a nuclear parameter, which depends on the isotope pair. Therefore,
when isotope shifts are measured in two different transitions, but in the same isotopes
A and A′, one can eliminate the change of the mean square radius δ⟨r2⟩AA′ and obtain
the linear King relation [189]

ν̃AA′
2 = K21 + F21ν̃

AA′
1 . (2.45)

Here, we defined F21 = F2/F1 and K21 = K2 − F21K1. This relation predicts a
linear dependence between the modified isotope shifts in two different transitions.
Consequently, when isotope shifts are measured in multiple isotope pairs and the data
is plotted with the modified isotope shifts ν̃AA′

1 on the x-axis and ν̃AA′
2 on the y-axis,

the data points should lie on a straight line within the experimental uncertainties.
The slope and the intercept of this line are given by the coefficients F21 and K21,
respectively. Such an illustration is called a King plot and is sketched in Fig. 2.3. If
there is a significant third contribution to the isotope shift, it may shift data points
away from this line, giving rise to what is known as King nonlinearity. Since any two
points can always be connected by a straight line, at least three different isotope
pairs are required to test for linearity. There are different methods to quantify the
nonlinearity in experimental data. One simple and intuitive approach is to define a
reference line using two data points and then use the perpendicular distance of the
third point from this line as a measure of nonlinearity. However, this method depends
on the choice of reference points. A more general approach involves fitting a line to
all data points and evaluating the deviations of each point from this best-fit line. For
this thesis, we use a different method, which, as we will see later, naturally emerges
from the algebraic framework to extract αNP. When measurements are available in
multiple different isotope pairs, which we denote with ai, one can rewrite Eq. (2.45)
as a vector equation:

ν̃2 = K211 + F21ν̃1 (2.46)
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Linear King plot

Nonlinear King plot

Figure 2.3: Schematic illustration of a King plot in which the modified isotope shifts ν̃1 and ν̃2
are presented on the x- and y-axis. Every data point in the King plot corresponds
to measurements of ν̃1 and ν̃2 in one isotope pair ai. In the linear case, when
Eq. (2.45) holds, the data points lie on a straight line within the experimental
uncertainties, which are shown by the transparent ellipses. Deviations from this
linear relation can be quantified by the distance of the data points from a fitted
line or by the area of the triangle defined by the data points.

where ν̃i = (ν̃a1
i , . . . , ν̃an

i ) and 1 = (1, . . . , 1) are vectors in the isotope pair space.
Their dimension depends on the available number of isotopes n. If the linear King
relation holds, the vector ν̃2 lies in the plane spanned by the vectors ν̃1 and 1. In
contrast, if there are significant additional contributions, ν̃2 might point out of this
King plane. In fact, this is the case when ν̃2, ν̃1 and 1 are linearly independent
vectors. Therefore, when n = 3 isotope pairs are available the determinant of the
(3 × 3)-matrix consisting of the vectors ν̃2, ν̃1 and 1 can be used as a measure of
nonlinearity:

Vexp = det (ν̃1, ν̃2, 1) . (2.47)
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Figure 2.4: Schematic illustration of the King plane, which is spanned by the vectors ν̃1
and 1. The King plot is nonlinear, if the vector ν̃2 points out of this plane. The
nonlinearity Vexp can be quantified as the volume of the parallelepiped defined
by the three vectors.

Geometrically, this corresponds to the volume of the parallelepiped spanned by the
three vectors ν̃1, ν̃2 and 1, see Fig. 2.4. Alternatively, Vexp/2 can also be interpreted
as the area of the triangle which is defined by the three data points in the King
plot [143,164,190], see Fig. 2.3.

2.2.2 Constraining new physics with linear King plots

As discussed in Section 2.1.3, a new boson coupling to electrons and neutrons induces
an additional contribution to the isotope shift, such that Eq. (2.43) becomes

νAA′
i = Ki

( 1
MA′

− 1
MA

)
+ Fiδ⟨r2⟩AA′

+ αNPXiγ
AA′ , (2.48)

with γAA′
= A′ − A. Consequently, the King relation for the isotope shift in two

transitions is modified to

ν̃AA′
2 = K21 + F21ν̃

AA′
1 + αNPX21γ̃

AA′ , (2.49)

with X21 ≡ X2 − F21X1 and ν̃AA′ ≡ γAA′
/δAA′

M . The last term in Eq. (2.49), which
encodes the deviation from the linear King relation due to new physics, may induce
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King nonlinearity. Thus, if the experimental data is linear within uncertainties, one
can place constraints on the allowed values of the coupling constant αNP. In the
following, we review three methods to quantify these constraints.

The minimal King plot

If isotope shift data is available for multiple isotope pairs, Eq. (2.49) again can be
written in vector form:

ν̃2 = K211 + F21ν̃1 + αNPX21γ̃. (2.50)

When isotope shifts are measured for three isotope pairs, Eq. (2.50) can be solved
for αNP [190]

αNP =
det (ν̃1, ν̃2, 1)

εijdet (Xiγ̃, ν̃j , 1) , (2.51)

where εij denotes the two-dimensional Levi Civita symbol.
We refer to this expression as the “minimal King plot” equation. The numerator

of this expression corresponds to the experimentally observed nonlinearity volume
Vexp, which was introduced earlier, while the denominator can be interpreted as the
theoretically predicted nonlinearity volume Vth for a coupling of αNP = 1. Hence,
the coupling can be expressed as the ratio

αNP =
Vexp
Vth

. (2.52)

Indeed, all methods to constrain αNP that we will discuss in this chapter will follow
this general structure, though the expressions for Vexp and Vth might vary. Another
important feature of the minimal King plot equation is the elimination of the elec-
tronic coefficients Kji and Fji. Therefore, the only theoretical input that is needed
are the electronic new physics coefficients Xi. However, to gain some insight into the
behaviour of Vth, it is helpful to insert Eq. (2.49) and split Vth into an electronic and
nuclear part. This yields the expression [190]

Vth = (F1X2 − F2X1)det
(
γ̃, ˜δ⟨r2⟩, 1

)
, (2.53)

with ˜δ⟨r2⟩ = (δ⟨r2⟩a1 /δa1
M , δ⟨r2⟩a2 /δa2

M , δ⟨r2⟩a3 /δa3
M ). This equation reveals that

there are possible alignments in the electronic and in the nuclear part, which would
lead to a vanishing nonlinearity volume Vth. The nuclear part is only nonzero when
the three vectors γ̃, ˜δ⟨r2⟩ and 1 are linearly independent. In the illustration in
Fig. 2.4, this would correspond to the new physics contribution pointing out of the
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plane defined by ν̃1 and 1. If the vectors are linearly dependent, the new physics con-
tribution can be absorbed into redefinitions of Ki and Fi in Eq. (2.45). The electronic
part vanishes when the ratio X2/X1 approaches F2/F1. As we will discuss further
in Section 2.3, this electronic part is crucial for understanding the dependence of the
resulting constraints on the mediator mass mϕ.

In the case of a linear King plot, which means that the observed nonlinearity Vexp
is smaller than its uncertainty σ [Vexp], the constraint on αNP is dominated by its
uncertainty σ[αNP]. This uncertainty arises from the experimental uncertainties in
the isotope shift frequencies νai

i and in the isotope masses, which enter through the
modified isotope shifts ν̃ai

i = µaiνai
i , and from the theoretical uncertainty on the

electronic new physics coefficients Xi. The evaluation of σ [αNP] can proceed via
linear error propagation

σ [αNP] ≈

√√√√√∑
i,ai

(
∂αNP
∂νai

i

σ [νai
i ]

)2

+
∑
A

(
∂αNP
∂MA

σ [MA]

)2
+
∑

i

(
∂αNP
∂Xi

σ [Xi]

)2

(2.54)

or via a Monte Carlo approach. In the latter case, αNP is sampled by drawing input
parameters from normal distributions that reflect the respective uncertainties, and
σ[αNP] is taken as the standard deviation of the sampled values. Throughout this
thesis, bounds on new physics are presented as 2σ limits: αNP ± 2σ[αNP]. Moreover,
Eq. (2.51) is sensitive to the sign of the preferred value of the coupling αNP. Since
even a small Vexp yields a nonzero central value of αNP, the bounds for positive and
negative αNP will in general differ. However, to be conservative, we always quote the
upper bound on the absolute value: |αNP| + 2σ[αNP].

The no-mass King plot

As discussed above, the uncertainty σ [αNP] is affected by the experimental uncer-
tainties in the isotope shift frequencies as well as in the isotope masses. When the
mass uncertainties are large, they might present a limiting factor for the constraints
on αNP. In such cases, it is useful to eliminate the dependence on the isotope masses
by including a third electronic transition. Analogous to how the nuclear charge ra-
dius differences δ⟨r2⟩ were eliminated by using a second transition, a third transition
can be used to replace the isotope masses. This leads to the relation [190]

ν3 = f31ν1 + f32ν2 + αNP (X3 − f31X1 − f32X2) γ, (2.55)

where the electronic coefficients are defined as

f31 ≡ K3F2 −K2F3
K1F2 −K2F1

and f32 ≡ K1F3 −K3F1
K1F2 −K2F1

. (2.56)
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Similar to the minimal King plot, one can solve this equation for αNP if measurements
are available for three different isotope pairs. The resulting expression for the “no-
mass King plot” (NMKP) takes the form

αNP
αEM

=
det (ν1, ν2, ν3)

1
2εijkdet (Xiγ, νj , νk)

. (2.57)

Analogous to the minimal King plot case, the numerator corresponds to the volume
of the parallelepiped spanned by the three isotope shift vectors ν1, ν2 and ν3, while
the denominator is the volume predicted for αNP = 1. The latter one can again be
separated into an electronic and a nuclear part

V NMKP
th =

1
2εijkKiFjXk det

(
δM , δ⟨r2⟩, γ

)
, (2.58)

revealing possible alignments of mass shift, field shift and new physics vectors which
would lead to a vanishing V NMKP

th .

Projection Method

The equations for the minimal King plot and the no-mass King plot include exactly
three isotope pairs. If measurements for even more isotope pairs are available, one
can create subsets of the data and perform the analysis for all possible combinations
of isotope pairs. An alternative formalism, which includes all isotope pairs simulta-
neously, is given by the “projection method” (PM) introduced in Ref. [145].

Having isotope shift data for n isotope pairs, such that all the vectors in isotope
pair space are n-vectors now, one can define the (n× 2) matrix

Dw ≡ (ν̃1, w) , (2.59)

where w is an arbitrary vector in isotope-pair space. This matrix allows to construct
the projection of the 1-vector onto the plane defined by ν̃1 and w. This projection
is given by

pw = Dw (D⊺
wDw)

−1D⊺
w1. (2.60)

Now, one obtains the volume of the parallelepiped spanned by the three vectors 1,
ν̃1 and w as

V PM (1, ν̃1, w) = |1 − pw|
√

|ν̃1|2|w|2 − (ν̃1 · w)2. (2.61)

With this, the new physics coupling αNP can be written as

|αNP| = V PM (1, ν̃1, ν̃2)

|X21|V PM (1, ν̃1, γ̃)
. (2.62)
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In the special case of three isotope pairs, this expression becomes equivalent to the
minimal King Plot approach described earlier in Eq.(2.51), with the caveat that the
magnitude of αNP is obtained, but not its sign.

2.2.3 The nonlinear King plot

In the previous section, we discussed how constraints on a possible new physics
coupling αNP can be extracted from isotope shift data, under the assumption that
the data are consistent with the linear King relation. However, we have not yet
addressed how to proceed when the King plot exhibits a significant deviation from
linearity, that is, when one finds Vexp > σ [Vexp]. While it might be tempting to
interpret such a nonlinearity as direct evidence for the existence of a new boson, this
conclusion would be too hasty, as there are also Standard Model effects that can
cause nonlinearities. We have already encountered some of these additional effects
in Section 2.1.

In the presence of several possible sources of nonlinearity, the isotope shift of the
transition i can be expressed in the form [190]

νi = KiδM + Fiδ⟨r2⟩ +
∑

l

Gi,lηl. (2.63)

where the first two terms correspond to the first-order mass and field shifts, as before.
The final sum includes all additional contributions. Each term in this sum is assumed
to factorize into an electronic coefficient Gi,l and a nuclear parameter ηl. In the
following, we refer to these as “nonlinear terms”. While this factorization is valid for
the higher-order mass and field shifts, this is not necessarily the case for every isotope
shift contribution. For instance, the nuclear polarization shift cannot, in general, be
expressed in such a simple form. Nevertheless, any isotope shift contribution can
always be decomposed into a sum of factorizable components, even if, in the worst
case, one must introduce a separate term for each isotope pair. In the following, we
address the question of how to identify the dominant sources of nonlinearity in a
given dataset.

The Nonlinearity Decomposition

The decomposition plot is a powerful tool to analyze the observed nonlinearity in
isotope shift data and to distinguish between different possible sources of nonlinearity.
The first concept of this approach was presented in Ref. [148]. The key idea is to
study the pattern of deviations of the data points from the best-fit line in the King
plot and compare these deviations to the patterns expected from known sources of
nonlinearity.



2.2 king plot analysis 43

“zigzag”-shape“c”-shape

Figure 2.5: Schematic illustration of the decomposition plot method introduced in Ref. [148].
Every pattern of deviations from the best-fit line can be decomposed into com-
binations of a “c”-shape and a “zigzag”-shape. Analysing these nonlinearity pat-
terns helps to distinguish different sources of nonlinearity.

For four isotope pairs, any deviation from linearity in the King plot can be decom-
posed into two orthogonal components: a "c"-shaped and a "zigzag"-shaped pattern,
which form a basis for all possible nonlinear patterns, see Fig. 2.5. This idea was
further developed in a more algebraic framework in Ref. [149]. If measurements are
available for four isotope pairs, the King relation with an arbitrary nonlinearity can
be written as

ν̃2 = K211 + F21ν̃1 + λ+21Λ+ + λ−
21Λ−, (2.64)

where we choose Λ+ and Λ− as two linearly independent vectors which point out
of the King plane defined by ν̃1 and 1. Therefore, the vectors Λ+ and Λ− span
the space of vectors deviating from the King plane. Thus, if there is any nonlinear
contribution to the isotope shift data, it can be decomposed into its projections on
these two basis vectors. One can define the basis vectors orthogonal to ν̃1 and 1 as

Λ+ ∼ (ν̃a3
1 − ν̃a2

1 , ν̃a1
1 − ν̃a4

1 , ν̃a4
1 − ν̃a1

1 , ν̃a2
1 − ν̃a3

1 ) , (2.65a)
Λ− ∼ (ν̃a4

1 − ν̃a2
1 , ν̃a1

1 − ν̃a3
1 , ν̃a2

1 − ν̃a4
1 , ν̃a3

1 − ν̃a1
1 ) . (2.65b)

These basis vectors now take the role of the c-shaped and zigzag-shaped deviation
patterns, in which the total nonlinearity can be decomposed. The coefficients λ±

21 for
the nonlinearity in the experimental data can be calculated asλ+21

λ−
21

 = (L⊺L)−1L⊺ν̃2⊥ , (2.66)
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New physics

Figure 2.6: Schematic illustration of a decomposition plot. The experimentally observed non-
linearity can be decomposed into its components λ± along the basis vectors Λ±,
see Eq. (2.64). Each data point in the two-dimensional decomposition plot corre-
sponds to the isotope shift measurement of one pair of transitions in four isotope
pairs. The nonlinearity induced by a nonlinear term, which is factorizable into
nuclear and electronic parts, corresponds to a line through the origin. If the ex-
perimental points do not lie on the line induced by new physics, the observed
nonlinearity cannot solely be explained by the presence of a new boson. When
the experimental points approximately lie on the fitted dashed line, the observed
nonlinearity likely stems from a single nonlinear term with a corresponding nu-
clear dependence.

where we define the (4 × 2) matrix L ≡
(
Λ+, Λ−) and ν̃2⊥ denotes the projection

of ν̃2 orthogonal to the King plane. Since the basis vectors Λ± are constructed to
be orthogonal to the King plane, we can replace ν̃2⊥ with ν̃2 and writeλ+21

λ−
21

 = (L⊺L)−1L⊺ν̃2 , (2.67)

The obtained coefficients λ±
21 characterize the shape and size of the nonlinearity

and define a point in the two-dimensional decomposition plot, see Fig. 2.6. In the
case of a linear King plot, the obtained (λ+,λ−)-point should coincide with the
origin within the experimental uncertainties. This decomposed nonlinearity can be
compared to the nonlinearity expected from a specific isotope shift contribution, by
replacing ν̃2 in Eq. (2.67) with the corresponding vector of this contribution. In
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particular, if a contribution can be factorized into an electronic and a nuclear part,
the decomposition coefficients becomeλ+21

λ−
21

 = G21(L
⊺L)−1L⊺η̃ . (2.68)

In this case, the ratio λ−/λ+ depends only on the nuclear parameter η̃, but not
on the electronic coefficient G21. Therefore, any factorizable source of nonlinearity
corresponds to a line through the origin in the decomposition plot, with its slope λ−

λ+

set by the isotope dependence of the contribution. Therefore, one can test whether
the observed nonlinearity is compatible with a specific effect, even without knowing
the electronic structure in detail. For example, if the experimental point does not
lie on the line associated with the new physics vector γ̃, the observed nonlinearity
cannot be attributed to the presence of a new boson alone, and other Standard Model
contributions must be considered.

Additional transitions ν̃j can be included by computing their corresponding coor-
dinates in the decomposition plot by replacing ν̃2 with ν̃j in Eq. (2.67) to obtain
additional experimental points in the same decomposition plot. This has proven par-
ticularly useful in the case of nonlinear King plots in ytterbium, where multiple tran-
sitions yielded points lying approximately along a common line through the origin.
This suggested a dominant source of nonlinearity with a specific isotope dependence,
which was identified as a contribution proportional to δ⟨r4⟩ [149,150].

When more isotope pairs are included in the analysis, the vector space orthogonal
to the King plane increases in dimension, and Eq. (2.64) can be generalized for the
case of n isotope pairs:

ν̃2 = K211 + F21ν̃1 + λ
(1)
21 Λ(1) + · · · + λ

(n−2)
21 Λ(n−2), (2.69)

In this case, Eq. (2.67) can still be used with the (n× (n− 2))-matrix
L =

(
Λ(1), . . . , Λ(n−2)

)
and the vector

(
λ
(1)
21 , . . . ,λ(n−2)

21

)
. Such a higher-dimensional

decomposition analysis can be advantageous when different sources of nonlinearity
are aligned in the two-dimensional decomposition plot and thus can not be dis-
tinguished. Adding another isotope pair, and therefore another dimension to the
decomposition space, may help resolve these contributions.

2.2.4 Constraining new physics with nonlinear King plots

Having discussed the decomposition plot as a tool to gain understanding of the origin
of an observed nonlinearity, the question remains whether it is still possible to extract
constraints on αNP from a nonlinear King plot.
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If the source of the nonlinearity is known and can be calculated with sufficient ac-
curacy, a natural strategy is to subtract the theoretical prediction of this contribution
from the experimental data. This leads to the expression

(ν̃2 −G2η̃) = K211 + F21 (ν̃1 −G1η̃) + αNPX21γ̃. (2.70)

Now, one can simply apply the methods presented in Section 2.2.2 with the substi-
tution ν̃i → (ν̃i −Giη̃). In this case, the uncertainties of the electronic coefficients
Gi and the nuclear parameters ηai must be properly included in the estimation of
σ [αNP]. We will return to such an approach in Section 2.3, where it will be particu-
larly important to account for the second-order mass shift. Before doing so, however,
we explore an alternative method to remove nonlinearities without relying on addi-
tional theoretical input.

The generalized King plot

In the following, we present a generalization of the minimal King plot method to
incorporate additional nonlinear terms, which was introduced in Ref. [190]. We start
with the case of only one significant nonlinear term. Including this contribution along
with the new physics term, the isotope shift of transition i can be written as

ν̃i = Ki1 + Fi
˜δ⟨r2⟩ +Giη̃ + αNPXiγ̃. (2.71)

As for the minimal King plot, we use a second transition to eliminate δ⟨r2⟩ai and
obtain

ν̃2 = K211 + F21ν̃1 +G21η̃ + αNPX21γ̃, (2.72)

with G21 = G2 − F21G1. In the same way, a third transition can be used to replace
ηai , yielding

ν̃3 = K321 + F321ν̃1 +G321ν̃2 + αNPX321γ̃ . (2.73)

Here, the more complicated electronic coefficients are defined as [149]

G321 ≡ G31/G21, (2.74a)
F321 ≡ G32/G12, (2.74b)
K321 ≡ K31 −G321K21, (2.74c)
X321 ≡ X31 −G321X21. (2.74d)

Having one additional electronic coefficient G321 compared to the minimal King
plot, also one additional isotope pair is needed to extract constraints on αNP. This
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also intuitively follows from geometrical considerations. In the minimal King plot,
two data points define a straight line and a third data point can be used to probe
deviations from this line. This idea can be promoted to a higher dimension, in which
three data points are needed to define a plane while the fourth data point can be
used to search for deviations from planarity. Assuming data for four isotope pairs
are available, one can solve Eq. (2.73) for αNP and obtain [190]

αNP =
det (ν̃1, ν̃2, ν̃3, 1)

1
2εi1,i2,i3 det (Xi1 γ̃, ν̃i2 , ν̃i3 , 1)

. (2.75)

The resulting expression follows a similar structure as the minimal King plot and
can again be interpreted as the ratio of the nonlinearity volume found in the exper-
imental data and the one theoretically predicted for αNP = 1. The same procedure
of eliminating additional nonlinear terms can be repeated by including more transi-
tions and the corresponding number of isotope pairs. For n isotope pairs and n− 1
transitions, one obtains the general expression

αNP =
V GKP

exp
V GKP

th
=

det (ν̃1, . . . , ν̃n−1, 1)
1

(n−2)!εi1...in−1 det
(
Xi1 γ̃, ν̃i2 , . . . , ν̃in−1 , 1

) . (2.76)

For n = 3 isotope pairs, this formula reproduces the minimal King plot equation.
Hence, this method is referred to as the “generalized King plot” (GKP). In summary,
the GKP allows us to account for n− 3 nonlinear terms when n isotope pairs and
n − 1 transitions are available. If all significant nonlinear contributions are taken
into account and the resulting generalized King plot is consistent with linearity, such
that V GKP

exp < σ
[
V GKP

exp

]
, then 2σ-bounds on αNP can be derived by estimating the

uncertainty σ [αNP] as described in Section 2.2.2.

The no-mass generalized King plot

As discussed in Section 2.2.2, when the uncertainty in the isotope masses limits the
resulting constraints on αNP, the no-mass King plot offers a solution by eliminating
the dependence on nuclear masses through the use of an additional transition. This
idea can also be extended to the generalized King plot [190]. In this case, the “no-
mass generalized King plot” (NMGKP) requires n isotope pairs and n transitions to
simultaneously eliminate the nuclear masses as well as n− 3 nonlinear terms. The
resulting vector equation can again be solved for αNP, yielding [Ric6]

αNP
αEM

=
V NMGKP

exp
V NMGKP

th
=

det (ν̃1, ν̃2, . . . , ν̃n)
1

(n−1)!εi1,i2,...,indet (Xi1γ, ν̃i2 , . . . , ν̃in)
. (2.77)
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The nuclear-input King plot

Finally, we consider the scenario in which the dominant source of nonlinearity is
identified and its associated nuclear parameter is known with sufficient precision. A
notable example is the second-order mass shift, which is expected to be a leading
nonlinear contribution in lighter atomic systems. Its nuclear parameter is given by
the difference of squared inverse nuclear masses,

δ
AA′(2)
M =

1
M ′2

A

− 1
M2

A

. (2.78)

Since the nuclear masses are already required for constructing the minimal King plot,
the parameter δAA′(2)

M is automatically known with high accuracy. In this case, the
second-order mass shift can be explicitly included in the King relation, yielding

ν̃2 = K211 + F21ν̃1 + αNPX21γ̃ +K
(2)
21 δ̃

(2)
M . (2.79)

Assuming measurements in four isotopes are available, we can solve this expression
for αNP and obtain the equation for the “nuclear-input King Plot” [Ric6]

αNP =
det

(
ν̃1, ν̃2, δ̃

(2)
M , 1

)
εij det

(
Xiγ̃, ν̃j , δ̃

(2)
M , 1

) , (2.80)

This equation presents the advantage that one nonlinear term can be taken into
account without adding a third transition to the analysis.

2.2.5 Existing constraints on new physics

Before presenting the results of the first King plot analysis, including a HCI, which
form the main result of this chapter, we give a brief overview of some existing bounds
on αNP. These constraints are illustrated in the exclusion plot in Fig. 2.7.

The three black lines represent limits from previous King plot analyses in Ca+.
The upper line corresponds to the first-ever King-plot-based bound on new physics
from Ref. [143]. In that analysis, the 2S1/2 → 2P1/2 and 2D3/2 → 2P1/2 transitions
were used, which were both measured with an uncertainty below 100 keV [191]. These
bounds were later significantly improved by using the narrow 2S1/2 → 2D5/2 and
2D3/2 → 2D5/2 transitions, measured with and uncertainty of about 20 Hz [145]. A
further improvement came from remeasuring these transitions with an uncertainty
of roughly 8 Hz, which tightened the resulting constraints on αNP [146]. Despite the
rapid increase in experimental precision, all Ca+ King plots remained linear.
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In contrast, King plot analyses in ytterbium have revealed a notable King non-
linearity. The first such King nonlinearity was observed using the 2S1/2 → 2D3/2
and 2S1/2 → 2D5/2 transitions in Yb+, which were measured with an uncertainty of
about 300 Hz [148]. This discovery was followed by additional isotope shift measure-
ments of the 2S1/2 → 2F7/2 transition in Yb+ [149, 150] as well as the 1S0 → 3P0
and 1S0 → 1D2 transitions in neutral Yb [147,151]. This large set of available transi-
tions allowed a thorough decomposition plot analysis, which identified the dominant
nonlinear term to be proportional to δ⟨r4⟩. By performing a generalized King plot
analysis, it was possible to extract constraints on αNP despite such nonlinearity. In
Fig. 2.7, we show only the most recent ytterbium bound from Ref. [150], indicated
by the blue line.

A different type of constraint, which is also based on isotope shift measurements, is
shown by the green solid and dashed lines. These bounds result from comparing the
measured isotope shift of the 1s1/2 → 2s1/2 transition in hydrogen and deuterium
with theoretical predictions. The theory calculations use nuclear radii inferred from
Lamb shift measurements in muonic atoms. Since these values would be affected by
the coupling of the new boson to muons, this has to be taken into account when eval-
uating the bounds on αNP. Assuming zero coupling to muons, yµ = 0, the resulting
constraint is shown by the purple dashed line [192]. By relaxing this assumption to
−ye < yµ < 100ye, the resulting bounds are weakened and shown by the purple solid
line [193].

An additional laboratory bound, which still remains stronger than those extracted
from King plot analyses, is shown by the blue shaded region. This constraint results
from a combination of (g − 2)e measurements [46], which constrain ye, and neu-
tron scattering experiments [194–196], which constrain yn. The other shaded regions
present constraints from stellar cooling [198,199], from observations of the supernova
SN1987A [197] and from fifth force searches via Casimir effect experiments [200,201].
Finally, the black cross denotes the preferred region for a new protophobic vector
boson to explain the beryllium anomaly [158].
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Figure 2.7: Bounds on the coupling of a hypothetical new boson to electrons and neutrons.
The bounds are shown in terms of yeyn as well as in terms of αNP = yeyn/(4π).
The dotted black, dashes and solid black lines show constraints resulting from
previous King plot analyses in Ca+ [143, 145, 146]. The blue line depicts the
most recent constraints from King plot analyses in Yb and Yb+ [150]. The pur-
ple dashed and solid lines show constraints from experimental and theoretical
isotope shift determinations in H and D. For the theoretical calculations, val-
ues of the nuclear charge radius are taken from Lamb shift (LS) measurements
in muonic atoms. The dashed line assumes zero coupling of the new boson to
muons [192], while the assumption −ye < yµ < 100ye results in the weaker solid
line [193]. Moreover, the blue shaded region shows a combination of constraints
on ye from (g− 2)e measurements [46] and constraints on yn from neutron scat-
tering experiments [194–196]. The orange shaded regions show bounds from fifth
force searches via Casimir effect experiments [200,201] and astrophysical bounds
from observations of the supernova SN 1987A and Stellar cooling [197–199]. Fi-
nally, the black cross shows the favoured region of the protophobic model to
explain the beryllium anomaly [158]. Figure adapted from Ref. [Ric4]
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2.3 results i: king plot analysis in singly charged and highly
charged calcium

The final section of this chapter presents the results of a new King plot analysis using
transitions in singly charged Ca+ and highly charged Ca14+ ions from Ref. [Ric4].
This study forms one of the main results of this thesis. In this work, new isotope shift
measurements of the ν729: 2S1/2 → 2D5/2 transition in Ca+ and the ν570: 3P0 → 3P1
transition in Ca14+ were performed with uncertainties below 1 Hz in the calcium
isotopes with A = 40, 42, 44, 46, 48. These results were combined with new nuclear
mass ratio measurements with a relative uncertainty smaller than 10−11. We show
the values of the newly measured data in Tables 2.1 and 2.2.

The contributions of this thesis focus on the analysis of the sensitivity of the
selected transitions to new physics, presented in Section 2.3.1, including the calcu-
lation of the relevant electronic coefficients Xi. Moreover, we analyze the observed
nonlinearity and perform a decomposition analysis to explore different sources of
nonlinearity. Finally, we discuss how the most stringent King-plot-based bounds on
new physics are obtained from a generalized King plot analysis by including the
νDD: 2D3/2 → 2D5/2 transition.

A ν570 ν729 νDD

42 539 088 421.24(12) 2 771 872 430.217(27) -3 519 944.6(60)a

44 1 030 447 731.64(11) 5 340 887 395.288(38) -6 792 440.1(59)a

46 1 481 135 946.74(14) 7 768 401 432.916(63) -9 901 524(21)b

48 1 894 297 294.53(14) 9 990 382 526.834(55) -12 746 588.2(57)a

a Calculated using δν729 from Ref. [Ric4] and δν732 from Ref. [146].
b Taken from Ref. [145].

Table 2.1: Isotope shift frequencies and their uncertainties in parentheses taken from
Ref. [Ric4]. The isotope shift of the 3P0 → 3P1 transition in Ca14+ is denoted as
ν570, while the IS of the 2S1/2 →2 D5/2 and 2D3/2 →2 D5/2 in Ca+ as ν729 and
νDD, respectively. The reference isotope is A = 40.
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A RAA′

42 1.049 961 066 498(15)

44 1.099 943 105 797(15)

46 1.149 958 773 895(30)

48 1.199 990 087 090(40)

Table 2.2: Nuclear mass ratios RAA′ and their uncertainties in parentheses taken from
Ref. [Ric4]. The reference isotope is A = 40.

2.3.1 Sensitivity to new physics

Before we analyze the experimental results, we explore the sensitivity of the measured
transitions to a hypothetical new boson. As discussed in Section 2.2.2, extracting
αNP from isotope shift data requires the calculation of the electronic new physics
coefficients Xi for the considered transitions. Moreover, the amount of nonlinearity
induced by new physics depends on the expression (F2X1 − F1X2), see Eq. (2.53).
To be able to extract bounds on αNP and to gain understanding of the expected
dependence of the bounds on the mediator mass mϕ, we calculate the electronic
coefficients Xi and Fi for the relevant transitions in Ca+ and Ca14+.

Electronic coefficients Xi of beyond-Standard-Model physics contribution

In this Section, we describe the calculation of the electronic coefficients Xi and Fi.
For this purpose, we follow the same approach as in Refs. [143,164]. In this method,
the new physics potential from Eq. (2.40) is directly added to the Dirac equation in
the many-body electronic structure calculations. By performing multiple calculations
while varying the value of αNP, the new physics coefficient of the transition i can be
extracted as the derivative of the transition energy Ei with respect to αNP

Xi =
1

A−Z

∂Ei

∂αNP

∣∣∣∣
αNP=0

. (2.81)

Similarly, the field shift coefficient can be evaluated by varying the mean square
radius of the nuclear charge distribution and taking the derivative of the transition
energy with respect to δ⟨r2⟩:

Fi =
∂Ei

∂δ⟨r2⟩

∣∣∣∣
δ⟨r2⟩=0

. (2.82)
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The electronic structure calculations are performed by using a combination of con-
figuration interaction (CI) and many-body perturbation theory (MBPT), as it is
implemented in the AMBiT code [203]. In the following, we give a brief overview of
the theoretical framework implemented in AMBiT and the specific parameters used
for the calculations in Ca+ and Ca14+.

CI+MBPT calculations with AMBiT

The basic theory of CI+MBPT calculations, as well as its implementation in the
AMBiT code, are thoroughly explained in Refs. [203–206].

The first step in such calculations is the generation of a basis of one-electron or-
bitals ψnκmj (r). For this purpose, a Dirac-Fock calculation is performed for a given
electronic configuration. This calculation can include all electrons of the ion or only
a subset. For instance, it is common to exclude the valence electrons from this pro-
cedure. From these calculations, one obtains the one-electron radial wave functions
of the Dirac-Fock core. The other basis orbitals, namely the remaining valence or-
bitals and additional excited virtual orbitals, are obtained as B-spline solutions of
the Dirac-Fock Hamiltonian HDF. B-splines are non-negative piecewise polynomial
functions with compact support, which can be used to construct a finite basis set in
which the Hamiltonian can be diagonalized. Further details about the explicit form
of B-splines and their usage for solving the radial Schrödinger and Dirac equations
are given in Refs. [207,208]. Corrections due to finite nuclear size, nuclear recoil, the
Breit interaction and QED can be included through modifications of HDF.

In the next step, configuration state functions (CSFs) Φk are constructed from
antisymmetrized products of one-electron orbitals as eigenfunctions of the angular
momentum operators J2 and Jz. The atomic state wavefunction (ASF) Ψ is then
expressed as a linear combination of the CSFs

Ψ =
∑

k

ckΦk. (2.83)

The expansion coefficients ck are determined through the eigenvalue problem of the
CI Hamiltonian HCI

∑
l

〈
Φk

∣∣∣HCI
∣∣∣Φl

〉
cl = Eck. (2.84)

In the particle-hole formalism, the CI Hamiltonian takes the form [203,206]

HCI =
∑

i

α · p + (β − 1) + Zα

ri
− eiV

core +
∑
i<j

eiej

|ri − rj |
. (2.85)
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where, ei = −1 for valence electron states and ei = +1 for core holes. The term
V core represents the mean field generated by the core electrons, and the two-body
term includes valence-valence interactions. The number of CSFs included in the CI
calculations is controlled by selecting one or multiple leading configurations from
which the CI space is built up by generating additional CSFs through electron exci-
tations from these leading configurations. The number of CSFs is typically limited
by specifying the number of excitations and a maximum principal quantum number
n and orbital angular momentum l of the included one-electron orbitals.

Since the CI-space and thus the needed computational resources can grow quickly,
it is common to include only a restricted CI space and account for additional correla-
tions, such as core-valence correlations, by using MBPT. Including MBPT corrections
modifies Eq. (2.84) as

∑
l

〈Φk

∣∣∣HCI
∣∣∣Φl

〉
+
∑
m

〈
Φk

∣∣∣HCI
∣∣∣Φm

〉〈
Φm

∣∣∣HCI
∣∣∣Φl

〉
E −Em

 cl = Eck, (2.86)

where the sum over the index m only includes CSFs that lie outside the CI space.
This MBPT space is similarly limited by specifying maximum values of n and l for
the included orbitals.

Calculations for Ca+ and Ca14+

We perform calculations using the AMBiT code for the ν570 transition in Ca14+ as
well as for the ν729 and νDD transitions in Ca+.

For Ca+, we exclude the single valence electron from the Dirac-Fock procedure.
Thus, the Dirac-Fock core consists of the 18 electrons in the 1s22s22p63s23p6 config-
uration. The CI-space was constructed by choosing the leading configurations 3p64s,
3p64p and 3p63d and allowing single-electron excitations of the valence electron to
orbitals with maximum n = 10 and l = 4. The MBPT-space includes orbitals up to
n = 30 and l = 4.

For Ca14+, we include all six electrons in the 1s22s22p2 configuration in the Dirac-
Fock calculations. Afterwards, the CI-space was generated from the leading configu-
ration 1s22s22p2 with single- and double-electron excitations of the valence electrons
to one-electron orbitals up to n = 12 and l = 3. In addition, single and double hole
excitations from the 2s shell were included. The 1s electrons are treated as the frozen
core, such that no hole excitations from the 1s shell are considered in the CI-space.
The MBPT corrections include one-electron orbitals up to n = 35 and l = 4. The
results of the Xi coefficients are shown in the left panel of Fig. 2.8 and in Tab. 2.3.
To estimate the uncertainty on the calculated electronic coefficients Xi, we vary the
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ν570 ν729 νDD

∆E (eV) 2.163 1.685 7.89 × 10−3

2.177 [202] 1.700 [202] 7.52 × 10−3 [202]

Fi (Hz/fm2) 8.7 × 106 −3.77 × 108 5.6 × 105

Xi(mϕ = 1 keV) (Hz) 1.96 × 1016 −9.73 × 1016 4.7 × 1014

Table 2.3: Our theoretical results of the transition energy ∆E, electronic field shift coefficient
Fi and electronic new physics coefficient Xi for the mediator mass mϕ = 1 keV.
The calculations were performed for the ν729 and νDD transitions in Ca+ as well
as for the ν570 transition in Ca14+ using the AMBiT code. The results of the
transition energies deviate from reference values from Ref. [202] not more than
5%. For the King plot analysis, we assume the uncertainty on the Xi coefficients
to be approximately 10%, see Tab. 2.4.

size of the basis included in the CI and MBPT calculations. In the following King
plot analysis, we assume a 10% uncertainty on the Xi, see Tab. 2.4.

Sensitivity to new physics and dependence on the boson mass mϕ

In Fig. 2.8, we observe that the Xi coefficients decrease for higher mediator masses
mϕ, since the range of the Yukawa potential becomes shorter and its overlap with
the electronic wave functions is reduced. In contrast, for low masses the Xi coeffi-
cients become constant. In this regime, the range of the Yukawa potential becomes
larger than the atomic scale, such that the overlap of the relevant electronic wave-
functions with the potential does not change significantly anymore. However, these
observations alone do not fully explain the mass dependence of the resulting bounds
on αNP. To understand the full behavior, we recall the King relation, including the
new physics contribution

ν̃2 = K21 + F21ν̃2 +X21γ, (2.87)

with X21 = X2 − F2
F 1X1. To gain some more understanding of the electronic part

of the new physics term we calculate the expression X21 for the combination of the
old calcium King plots ν729/νDD as well as for the new combination ν729/ν570. The
results are shown in the right panel of Fig. 2.8.

First of all, we observe that X21 approaches zero for heavy new bosons, as the ratio
X2/X1 approaches F2/F1 in the high mass regime. The reason for this behavior
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nCI
max 10 12 13 12 12

lCI
max 3 3 3 4 3

nMBPT
max 35 35 35 35 40

lMBPT
max 4 4 4 4 4

∆E570 (eV) 2.183 2.163 2.162 2.163 2.163

X570 (1016 Hz) 1.968 1.959 1.965 1.961 1.959

nCI
max 8 10 11 10 10

lCI
max 4 4 4 5 4

nMBPT
max 30 30 30 30 35

lMBPT
max 4 4 4 4 4

∆E729 (eV) 1.691 1.685 1.688 1.685 1.685

X729 (1016 Hz) −9.748 −9.728 −9.748 −9.728 −9.728

∆EDD (meV) 8.119 7.898 7.390 7.898 7.898

XDD (1014 Hz) 4.367 4.703 4.362 4.703 4.703

Table 2.4: The calculated electronic new physics coefficient Xi for a boson mass of mϕ =
1 keV and transition energy depending on the size of the CI and MBPT space.
The calculations are performed for the ν570 transition in Ca14+ (upper table) as
well as for the ν729 and νDD in Ca+ (lower table).

is that in the high mass limit, when the range of the Yukawa potential becomes
smaller than the nuclear size, the interaction between the electrons and neutrons in
the nucleus becomes effectively a contact interaction. In this limit, the new physics
coefficients become approximately proportional to the field shift coefficients

Xi ∝ Fi ∝ |Ψb(0)|2 − |Ψa(0)|2 , (2.88)

where |Ψa,b(r)|2 denotes the electron density of the two states involved in the tran-
sition i [143]. Because of this alignment X21, and thus also Vth, vanishes in the high
mass limit, leading to the loss of sensitivity for high masses. Moreover, for the com-
bination ν729/νDD we observe a zero crossing in the right panel of Fig. 2.8 around
mϕ ≈ 104 eV. Such accidental cancellations lead to the peaks in the King-plot-based
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Figure 2.8: The left panel shows the electronic new physics coefficients Xi for the transitions
ν729, ν570 and νDD. The right panel shows the coefficient X21 = X2 − F21X1 as
it appears in the King relation for the two combinations ν729/νDD and ν729/ν570.
Figure adapted from Ref. [Ric4]

bounds for specific masses in the exclusion plot in Fig. 2.7. In contrast, for the
combination of ν729 and ν570 no such cancellation occurs, and thus no peaks in the
exclusion plot are expected for this pair of transitions.

We also note that small deviations between the theoretically predicted ratio Fi/Fj

and the experimental slope (Fi/Fj)
exp extracted from the King plot can strongly af-

fect the bounds in the high mass regime. To correctly portray the high mass behavior,
we later rescale the Xi coefficients such that Xi/Xj approaches (Fi/Fj)

exp in the
high mass limit

X ′
i = Xi

(Fi/Fj)
exp

(Xi/Xj)|mϕ→∞
(2.89)

With this rescaling, we obtain the correct high mass behavior

X ′
i

Xj
→
(
Fi

Fj

)exp

for mϕ → ∞. (2.90)

Finally, we emphasize that the high mass behavior of the bounds based on the
hydrogen-deuterium isotope shift differs from the King-plot-based bounds. This is
because the direct comparison of the measured isotope shift frequency to its theoret-
ical prediction is not affected by the alignment of Xi and Fi. In that case, the mass
dependence is governed solely by the decrease of the Xi as a function of mϕ.
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Figure 2.9: The inverse of the electronic part of Vth as it appears in the minimal King plot
expression for αNP. Results are shown for the older King plot, combining the
ν729 and the νDD transitions in Ca+ as well as for the new combination of the
ν570 transition in Ca14+ with ν729.

Having understood the general mass behavior, we compare the expected sensitivi-
ties of the two transition combinations to set constraints on αNP. We recall from Sec-
tion 2.2.2 that the bounds on αNP depend on 1/Vth, while the electronic part of Vth
is given by (F2X1 − F1X2). Therefore we calculate the expression |FjXi − FiXj |−1

and show the results in Fig. 2.9 as a function of mϕ. We observe that the inclusion
of the HCI transition ν570 significantly improves sensitivity, such that more stringent
bounds on αNP can be expected from this combination of transitions.
2.3.2 King nonlinearities in calcium

In this section, we turn to the analysis of the new experimental data presented in
Ref. [Ric4], see Tables 2.1 and 2.2. To use the newly measured nuclear mass ratios
RAA′ =M ′

A/MA in the King plot formalism, we can rewrite the difference of inverse
nuclear masses as

δAA′
M =

1
MA

1 −RAA′

RAA′
, (2.91)

where MA is the nuclear mass of the reference isotope, which in this work will always
be 40Ca. The atomic mass M40 is given in Ref. [209]. To obtain the correct nuclear
mass from this value, one has to subtract the electron masses and account for the
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binding energies of the electrons. However, in the expression for αNP, the reference
mass MA will cancel, such that only the uncertainties on the mass ratios will affect
σ [αNP]. Using the formalism presented in Section 2.2, we analyze the experimen-
tal data and probe for King linearity. To quantify any nonlinearity in the data, we
use the minimal King plot expression Vexp = det(ν̃1, ν̃2, 1) for subsets of three iso-
tope pairs and calculate its significance with respect to the experimental uncertainty
Vexp/σ [Vexp]. The results for all three combinations of isotope pairs are shown in
Tab. 2.5 and we observe a large nonlinearity of approximately 103σ.

To gain a deeper understanding of the impact of the three new measurements, we
also show in Tab. 2.5 the nonlinearity significance for different combinations with
older isotope shift or isotope mass data. By combining old data of the ν729 and ν732
transitions from Refs. [144, 146] with either older mass data from Ref. [209] or with
the newly measured mass ratios, we obtain no significant nonlinearity Vexp/σ [Vexp] <

1. In the next step, we combine the newly measured isotope shift data of ν729 and
ν570 with the former mass values and already obtain and small nonlinearity with
Vexp/σ [Vexp] ≤ 3. Finally, combining the new isotope shift data with the new mass
ratios leads to the tremendous significance of Vexp/σ [Vexp] ≈ 103. In the following,
we will explore the origin of this nonlinearity.

Decomposition analysis

As discussed in Section 2.2.3, the decomposition plot serves as a powerful tool to
analyze King nonlinearities. With measurements in four isotope pairs, we can use
the two basis vectors Λ+ and Λ−, defined in Eq. (2.65).

The experimental nonlinearity is depicted by the black cross in the decomposition
plot shown in Fig. 2.10. The uncertainties in λ+ and λ− are evaluated using a Monte
Carlo approach. However, the experimental uncertainty is too small to be visible in
the decomposition plot.

We can compare the experimental nonlinearity to the prediction for a hypothetical
new boson. The new-physics-induced nonlinearity is represented by the cyan line in
Fig. 2.10, with its slope being determined by the nuclear parameter γ. Since the
experimental point does not lie on this line, the observed nonlinearity cannot be
attributed solely to the effect of a new boson. Therefore, higher-order Standard
Model contributions must be considered.

In Ca+, the dominant Standard Model sources of nonlinearity are predicted to be
the second-order mass shift and nuclear polarization, while other effects are expected
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Figure 2.10: Decomposition plot of the nonlinearity in the ν729/ν570 King plot. The observed
experimental nonlinearity is depicted by the black cross, where the uncertainty
is too small to be visible. The red dot shows the prediction for the second-order
mass shift. The orange dot shows the residual nonlinearity after subtracting
the second-order mass shift. The green dot depicts the nuclear polarization
contribution. However, the nuclear polarization contribution is subject to large
theoretical uncertainties, which are shown by the green shaded ellipses. Here,
the different ellipses represent theoretical uncertainties of 50%, 25% and 10% on
the g coefficients in Eq. (2.36). Finally, the cyan line presents the contribution
of a hypothetical new boson. Figure taken from Ref. [Ric4]

to be negligible [164]. The nuclear parameter of the second-order mass shift can be
expressed in terms of the nuclear mass ratios as

δ
AA′(2)
M =

1
M2

A

1 −R2
AA′

R2
AA′

. (2.92)

Using this isotope dependence, we obtain the red line in the decomposition plot.
Again, the experimental uncertainty is too small to be visible, but the uncertainty

in the nuclear mass ratios propagates to an uncertainty in the slope of the red line. As
the experimental point does not lie on this red line either, also the second-order mass
shift alone cannot explain the observed nonlinearity. To quantify its contribution to
the observed nonlinearity, the electronic coefficients K(2)

i are required. These were
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calculated for Ca14+ in Ref. [Ric4] with an estimated uncertainty of 10% and for Ca+
in Ref. [164], for which the uncertainty is conservatively set to 100%. The values are
given by K

(2)
729 = 0.59 GHz × amu2 and K

(2)
570 = 1.0 GHz × amu2. Using these, we

calculate the nonlinearity introduced by the second-order mass shift, shown as a red
dot in the decomposition plot. The associated uncertainty is again estimated with
a Monte Carlo approach. Importantly, since the theoretical uncertainty in the K(2)

i

coefficients is correlated across all isotope pairs, its impact on the overall nonlinearity
is significantly suppressed. Therefore, we can subtract the second-order mass shift
from the experimental data and obtain a residual nonlinearity, which is depicted by
the orange dot in the decomposition plot. According to the predictions of Ref. [164],
this residual nonlinearity likely stems from nuclear polarization. The corresponding
isotope shifts in Ca+ and Ca14+ were calculated using the Coulomb approximation in
Refs. [Ric4,164]. and the resulting nonlinearity is shown by the green dot in Fig. 2.10.
These calculations, however, do not match the residual nonlinearity. In fact, the
resulting nonlinearity has an opposite sign compared to the residual experimental
nonlinearity in the decomposition plot. However, nuclear polarization effects for a
single state in a single isotope are already challenging to compute accurately. As
a result, when evaluating differential quantities like the isotope shift between two
isotopes of a transition between two states, these uncertainties can grow even more.
Consequently, the predicted nonlinearity and its decomposition are also affected
by large theoretical uncertainties. In this analysis, we assume a 50% uncertainty
on the g coefficients in Eq. (2.36). The resulting uncertainty in the nonlinearity is
again evaluated using a Monte Carlo approach. Since the theoretical uncertainty
on the nuclear polarization shift stems mostly from the nuclear model, we treat
this uncertainty as fully correlated between the two transitions but uncorrelated
across the isotope pairs. This results in the largest green shaded ellipse shown in the
decomposition plot. The true nonlinearity induced by nuclear polarization is expected
to lie somewhere inside this ellipse. Since the point of the residual nonlinearity is
located within this ellipse, the observed nonlinearity is compatible with the Standard
Model contributions. An improvement of the theoretical uncertainty would help to
decide whether nuclear polarization fully accounts for the residual nonlinearity or if
other significant contributions must be taken into account. To illustrate the effect
of such a reduced uncertainty, we also show the corresponding ellipses for 25% and
10% uncertainty.
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2.3.3 Constraints on new physics

After gaining some insight into the origin of the observed nonlinearity and concluding
that it is likely caused by a combination of the second-order mass shift and nuclear
polarization, we finally turn to the question of wether the new isotope shift data can
improve the constraints on αNP.

In Section. 2.2.4, we introduced the generalized King plot method, which allows
one to set constraints on new physics even in the presence of King nonlinearities. To
perform such a generalized King plot analysis, at least four isotope pairs and three
transitions are required. While we already have data for four isotope pairs, we need
to include a third transition. Therefore, we combine the new ν570 and ν729 data with
the νDD transition obtained from earlier experiments [145,146], see Tab. 2.1.

Using the expression for the nonlinearity volume of the generalized King plot for
three transitions and four isotope pairs, V GKP

exp = det (ν̃1, ν̃2, ν̃3, 1), we can again
calculate the significance of the observed nonlinearity V GKP

exp /σ
[
V GKP

exp

]
. In this case,

we obtain a nonlinearity of approximately 4σ. Such a remaining nonlinearity is ex-
pected, as with three transitions, it is possible to eliminate one nonlinear term. How-
ever, there are at least two significant nonlinear terms. The second-order mass shift
introduces one term and the nuclear polarization introduces at least one more. Since
the nuclear polarization cannot be factorized from first principles, it is not possi-
ble to clearly predict how many significant nonlinear terms are introduced through
this effect. However, as we have already demonstrated in the decomposition plot,
we can subtract the second-order mass shift from the experimental data. After this
subtraction, the remaining nonlinearity likely stems from nuclear polarization. If this
residual nonlinearity is dominated by a single factorizable term, it can be treated
with the generalized King plot. For this purpose, we define the mass shift corrected
isotope shifts as

νMS(2)
i = νi −K

(2)
i δ

(2)
M . (2.93)

Replacing νi with νMS(2)
i in V GKP

exp , we obtain a nonlinearity significance of only
V GKP

exp /σ
[
V GKP

exp

]
≈ 0.6. Here, we again assume an uncertainty of 10% for the K(2)

i

in Ca14+ and 100% in Ca+. One might assume that the reduced significance arises
solely from the increased uncertainty σ

[
V GKP

exp

]
due to the theoretical uncertainty

in the K(2)
i coefficients. However, as in the decomposition analysis, it is crucial to

consider that the uncertainty in the K(2)
i is correlated along all isotope pairs. This

correlation strongly suppresses the impact on the overall uncertainty. As a result,
σ
[
V GKP

exp

]
increases only by a factor of approximately 1.3, while the nonlinearity
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volume itself is reduced by a factor of approximately 6 due to the subtraction of the
second-order mass shift. Even if we set the theoretical uncertainty on K

(2)
i to zero,

the resulting nonlinearity significance would be only V GKP
exp /σ

[
V GKP

exp

]
≈ 0.9.

Consequently, we can use the mass shift corrected isotope shifts νMS(2)
i and the

resulting linear generalized King plot to constrain αNP. Using Eq. (2.76), we obtain
the 2σ upper bounds on |αNP| depicted by the red line in the exclusion plot in
Fig. 2.11. In most of the mass range, this line slightly improves the previous ytterbium
bounds. Thus, for most of the considered mass range, this result presents the most
stringent King-plot-based constraint on a coupling of a new boson to electrons and
neutrons to date. The bounds from the most recent King plot analysis in ytterbium
remain stronger for boson masses between 103 and 104 keV.
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Transitions Masses Isotopes A Vexp/σ [Vexp]

ν732, ν729 [144,146] [209] 42, 44, 46 0.005

42, 44, 48 0.3

42, 46, 48 0.001

44, 46, 48 0.0002

ν732, ν729 [144,146] [Ric4] 42, 44, 46 0.005

42, 44, 48 0.3

42, 46, 48 0.001

44, 46, 48 0.0003

ν570, ν729 [Ric4] [209] 42, 44, 46 2.3

42, 44, 48 0.4

42, 46, 48 3.0

44, 46, 48 2.9

ν570, ν729 [Ric4] [Ric4] 42, 44, 46 897

42, 44, 48 808

42, 46, 48 5056

44, 46, 48 5070

ν570, ν729, νDD [Ric4] [Ric4] 42, 44, 46, 48 4.3

νMS(2)
570 , νMS(2)

729 , νMS(2)
DD [Ric4] [Ric4] 42, 44, 46, 48 0.6

νMS(2)
570 , νMS(2)

729 , νMS(2)
DD (σ[K

(2)
i = 0]) [Ric4] [Ric4] 42, 44, 46, 48 0.9

Table 2.5: The significance of nonlinearity Vexp/σ [Vexp] for different data sets with reference
isotope A = 40. Here, Vexp is defined as in Eqs. (2.57) and (2.76) either for two
transitions and three isotope pairs or for three transitions and four isotope pairs.
First, we combine older isotope shift data from Refs. [144, 146] either with the
former mass values from Ref. [209] or with our newly measured nuclear mass
ratios from [Ric4]. Afterwards, the different mass data are combined with the new
isotope shift data of the ν570 and ν729 transitions from [Ric4]. We include the νDD
transition within a GKP analysis and show the reduced nonlinearity significance
in the fifth row. The last two rows show the resulting nonlinearity significance of
the GKP after subtraction of the second-order mass shift from the experimental
isotope shift data. In the sixth row, we assume an uncertainty on the K(2)

i of 10%,
in Ca14+ and 100%, in Ca+. In the last row, we set the uncertainty on the K(2)

i
to zero. Table adapted from Ref. [Ric4]
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Figure 2.11: Bounds on the coupling of a hypothetical new boson to electrons and neu-
trons. The red line depicts the new bounds from the generalized King plot
analysis including the second-order mass shift corrected isotope shift data of
the 2S1/2 → 2D5/2 and 2D3/2 → 2D5/2 transitions in Ca+ as well as of the
3P0 → 3P1 transition in Ca14+. The bounds are shown in terms of yeyn as well
as in terms of αNP = yeyn/(4π). The dotted, dashed and solid black lines show
constraints resulting from previous King plot analyses in Ca+ [143, 145, 146].
The blue line depicts the most recent constraints from King plot analyses in
Yb and Yb+ [150]. Moreover, the blue shaded region shows a combination of
constraints on ye from (g − 2)e measurements [46] and constraints on yn from
neutron scattering experiments [194–196]. Finally, the black cross shows the fa-
vored region of the protophobic model to explain the beryllium anomaly [158].
Here, additional constraints, which are shown in Fig. 2.7, are omitted for better
visibility. Figure adapted from Ref. [Ric4]
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R E S O N A N T P H O T O N S C AT T E R I N G B Y H I G H LY C H A RG E D
I O N S I N T H E P R E S E N C E O F E X T E R N A L F I E L D S

In the previous chapter, we explored the great potential of precision spectroscopy
of optical transitions in HCIs to probe nuclear effects and to constrain new physics
beyond the Standard Model. In this chapter, we turn to a different energy regime
and focus on the interaction of HCIs with x-ray photons. Specifically, we investigate
the resonant scattering of photons by HCIs. We will discuss how this process serves
as a powerful tool to study properties of HCIs and may open pathways to various
different applications, including searches for physics beyond the Standard Model.

Indeed, the elastic scattering of photons on atoms or ions is one of the most
fundamental aspects of light-matter interactions. Therefore, it has been the subject
of various theoretical and experimental studies, and emerged as a powerful tool
within atomic, molecular and nuclear physics or material science [210–217].

In general, there are three different important channels, through which the elastic
scattering of x-rays by an atomic system can proceed, see Fig. 3.1. For instance, the
photon can directly scatter on the nucleus, which is referred to as nuclear Thomson
scattering. Moreover, the photon can scatter on the electric field of the nucleus via
the excitation of virtual electron-positron pairs. This process is called Delbrück scat-
tering and is particularly interesting as a test of QED [218–220]. Finally, the process
of interest in this chapter is the scattering by the bound electrons, which is known
as Rayleigh scattering. In particular, we will focus on a special case of Rayleigh scat-
tering, in which the energy of the incoming photon is tuned to closely match the
transition energy between the ground state and some excited state of the atom or
ion [221–223]. This resonance condition leads to a significant enhancement of the scat-
tering cross section and offers a variety of applications for HCI physics. For instance,
it is used in EBIT experiments to study dynamics of HCIs by measuring oscillator
strengths, delivering important data for the characterization of astrophysical and lab-
oratory plasmas [224]. Another novel application of resonant photon scattering by
HCIs arises through the proposal of the Gamma Factory project, which is supported
by the Physics Beyond Colliders studies at CERN [11]. The key idea of this project
is to store ultrarelativistic beams of HCIs in the Super Proton Synchrotron (SPS)
and Large Hadron Collider (LHC) rings at CERN and collide them with counter-
propagating laser photons. Due to the relativistic Doppler effect, the energy of the
emitted photons is strongly enhanced, such that this process can offer a source of
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Thomson Delbrück Rayleigh

Figure 3.1: The three channels for elastic scattering between x-rays and atoms or ions. The
photon can be scattered directly by the nucleus, which is called Thomson scat-
tering. The scattering in the field of the nucleus via the excitation of virtual
electron-positron pairs is known as Delbrück scattering. Here, we focus on the
scattering of photons by the bound electrons, which is referred to as Rayleigh
scattering.

high-intensity γ-rays. The Gamma Factory project would offer various applications
for atomic, nuclear and particle physics, including different possible experiments to
test the Standard Model [12–15], which we will briefly review in Section 3.5. In this
thesis, we will focus in particular on the effects of external electric and magnetic
fields on the process of resonant photon scattering, which will reveal applications for
both, EBIT experiments and the Gamma Factory project.

We start our analysis in Section 3.1 by reviewing the basic theory of elastic pho-
ton scattering with special emphasis on the resonant approximation. Afterwards, in
Section 3.2, we focus on the impact of the external fields on the electronic structure
of the ions, namely the Stark and Zeeman shifts. The effects of these shifts on the
scattering process will be analyzed in Section 3.3. In particular, we give an overview
of the Hanle effect, which describes the modification of the polarization and angular
distribution of scattered photons and will play a crucial role in this chapter [225,226].
Finally, we will turn to the two experimental scenarios. First, in Section 3.4, we con-
sider HCIs confined in an EBIT and explore how the EBIT’s magnetic field and the
resulting Hanle effect enable the determination of lifetimes of excited states through
resonant scattering experiments [Ric2, Ric3]. Afterwards, in Section 3.5, we turn to
the spectroscopy of HCIs in storage rings within the framework of the Gamma Fac-
tory project. Specifically, we consider a setup in which a magnet is placed in the
collision zone, leading to a strong magnetic and an additional electric field in the
rest frame of the ion. These external fields offer additional degrees of control, en-
abling resonance condition tuning, beam cooling, and polarization manipulation of
the emitted radiation [Ric5].
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3.1 theory of resonant elastic photon scattering

In this section, we present the general theoretical framework for resonant elastic pho-
ton scattering, which forms the foundation of the theoretical investigations discussed
in Refs. [Ric2,Ric3,Ric5].

We begin by outlining the basic geometry of the scattering process. We continue
with the core of the theoretical description, the scattering amplitude for Rayleigh
scattering, which is derived from the Lagrangian for bound-state QED. We then ex-
plore the resonant approximation, which becomes applicable when the photon energy
closely matches the transition energy between the ground state and an excited state
of the ion. In this regime, the scattering amplitude simplifies considerably, and spe-
cial attention is given to the role of the natural linewidth of the intermediate excited
state. Finally, we introduce the photon density matrix formalism, which provides a
convenient tool for analyzing polarization properties of the scattered photons.

3.1.1 Scattering geometry

Before we discuss the scattering theory, it is helpful to establish the geometry of the
process, which is shown in Fig. 3.2. The propagation directions of the incoming and
outgoing photons with momentum vectors ki,f are given by

k̂i,f =
ki,f
|ki,f |

= (sin θi,f cosϕi,f , sin θi,f sinϕi,f , cos θi,f ) . (3.1)

Here, the two scattering angles θi,f and ϕi,f are defined with respect to the quanti-
zation Z-axis and the X-Z-plane, respectively. In this simple case, the natural choice
is to define the Z-axis by the propagation direction of the incident radiation, such
that θi = ϕi = 0. The ultimate goal of this chapter is the analysis of the scattering
process in the presence of external electric and magnetic fields. In this case, the ge-
ometry becomes more complex and a different choice of the quantization axis, for
example, along the external magnetic field vector, becomes more suitable. However,
to present the basic theory of resonant photon scattering, the geometry presented in
Fig. 3.2 is sufficient and we will return to more advanced geometries when we discuss
external field effects. Moreover, the polarization of incoming and outgoing photons
is characterized by the vectors ϵi and ϵf . For the polarization analysis of the emitted
radiation, it will prove helpful to define the scattering plane, spanned by the vectors
k̂i and k̂f , see Fig. 3.2.
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X Z
Scattering plane

Figure 3.2: The general geometry of the resonant photon scattering process. The incoming
radiation propagates along the quantization Z-axis while the direction of the
emitted photons is defined by the angles θf and ϕf . The vectors k̂i and k̂f of
incoming and outgoing light define the so-called scattering plane.

3.1.2 Scattering amplitude for elastic photon scattering on bound electrons

The process of photon scattering by electrons can be best described within the frame-
work of QED. The QED Lagrangian is given by

LQED = −1
4F

µνFµν + ψ̄(iγµ∂µ −m)ψ− eψ̄γµAµψ, (3.2)

where ψ is the Dirac field and Aµ is the four-potential of the electromagnetic field
and Fµν = ∂µAν − ∂νAµ is the electromagnetic field tensor. The first term describes
the free electromagnetic field, the second and third terms correspond to the kinetic
and mass terms of the Dirac field and the last term reflects the interaction between
the Dirac and the photon fields.

However, this Lagrangian describes the interaction of photons and free electrons,
while we are interested in electrons bound in an atom or ion. The usual method in
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(a) Absorption-first (b) Emission-first

Figure 3.3: The process of elastic photon scattering on bound electrons is described in leading-
order by two Feynman diagrams, where the double line denotes the electron in
the electric field of the nucleus. The absorption-first diagram corresponds to the
first term in Eq. (3.7) and the emission-first diagram represents the second term.

bound-state QED is to use the so-called Furry picture [227–229]. In this approach,
the interaction with the nucleus is incorporated non-perturbatively by modifying the
Dirac part of the Lagrangian, while only the interaction with the external photon
field is treated as a perturbation. This leads to the modified QED Lagrangian of the
form:

LFurry = −1
4F

µνFµν + ψ̄(iγµ∂µ − eγ0A0 −m)ψ− eψ̄γµAµψ, (3.3)

where the term eγ0A0 reflects the static nuclear potential.
We consider the elastic photon scattering process e− + γ(ki, ϵi) → e− + γ(kf , ϵf ),

which in leading-order perturbation theory is described by the two Feynman dia-
grams shown in Fig. 3.3. Here, the electron states in the field of the nucleus are
denoted by double lines. These diagrams can be translated to the scattering ampli-
tude [228,229]

M = (3.4)

α

(∫
d4x1d4x2φ̄f (x2)γµ2ϵ

µ2∗
f eiωit2−ikf ·r2S(x2,x1)γµ1ϵ

µ1
i e−iωit1+iki·r1φi(x1)

+
∫

d4x1d4x2φ̄f (x2)γµ2ϵ
µ2
i e−iωit2+iki·r2S(x2,x1)γµ1ϵ

µ1∗
f eiωit1−ikf ·r1φi(x1)

)
,

where the first term corresponds to the absorption-first diagram and the second term
to the emission-first diagram of Fig. 3.3. Moreover, x1,2 = (r1,2, t1,2) denotes space-
time points and the φn(x1,2) = φn(r1,2)eiEnt1,2 are solutions of the Dirac equation
including the nuclear potential V (r) = eA0:

(−iα · ∂r + V (r) + β)φn(r) = Eφn(r) (3.5)
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In this expression, we used the common notation in atomic physics with α = γ0γ

and β = γ0. Moreover, the electron propagator in Eq. (3.4) is given by [228,229]

S(x2,x1) =
i

2π

∫
dω′e−iω′(t2−t1)

∑
n

φn(r2)φ̄n(r1)

ω′ −En(1 − iδ)
, (3.6)

with the infinitesimal shift δ. By performing the time and frequency integration and
employing the Dirac notation, one obtains the well-known scattering amplitude of
Rayleigh scattering [210,212,220,222,228]

MMf ,Mi = α
∑

ν

⟨f |R̂†(kf , ϵf )|ν⟩ ⟨ν|R̂(ki, ϵi)|i⟩
Ei −Eν + ωi

+
⟨f |R̂(ki, ϵi)|ν⟩ ⟨ν|R̂†(kf , ϵf )|i⟩

Ei −Eν − ωi
. (3.7)

Here, we write |i⟩ = |ξiJiMi⟩ , |ν⟩ = |ξνJνMν⟩ , and |f⟩ = |ξfJfMf ⟩ as the
initial, intermediate, and final states, respectively, with total angular momentum
J , its projection M and ξ denoting all remaining quantum numbers for a unique
characterization of the states. Moreover, the operators R̂ and R̂† were introduced as

R̂ = γ0γµϵ
µeik·r, (3.8)

which describe photon absorption and emission, respectively. We will describe these
operators in more detail later in Section 3.1.4. But first, we explore the resonant
approximation for the case of incoming photon energies that fulfill the resonance
condition ωi = Eν −Ei.

3.1.3 Resonant approximation

In general, the scattering amplitude given in Eq. (3.7) involves a sum over the entire
atomic spectrum, including discrete states as well as the positive and negative energy
continua. In this work, however, we are specifically interested in the case of resonant
photon scattering, schematically illustrated in Fig. 3.4. We assume that the energy ωi

of the incoming photon is close to the transition energy between the initial state |i⟩
and an intermediate excited state |ν⟩ of the ion, such that the resonance condition
ωi ≈ Eν −Ei is fulfilled. Under this condition, the scattering amplitude (3.7) can be
significantly simplified.

In the resonant approximation, only the first term of Eq. (3.7), corresponding to
the absorption-first diagram, contributes. Moreover, only a single intermediate state
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ωi
Ei
Eυ ωi

Γυ

Figure 3.4: Illustration of the resonant scattering of a photon on a bound electron. Due to
the absorption of the incoming photon with the energy ωi ≈ Eν −Ei, the electron
is excited to an intermediate state with the natural width Γν . Afterwards, the
electron decays again to the ground state and emits a photon with ωf = ωi.
Figure taken from Ref. [Ric5]

|ν⟩ , that satisfies the resonance condition, contributes, such that the sum reduces
to a sum over the degenerate magnetic sublevels of the state |ν⟩ . The resonant
scattering amplitude in this approximation can be written as [222,223]

Mres,(0)
Mf ,Mi

= α
∑
Mν

⟨f |R̂†(kf , ϵf )|ν⟩ ⟨ν|R̂(ki, ϵi)|i⟩
Ei −Eν + ωi

. (3.9)

It is evident that Eq. (3.9) exhibits a singularity, when the photon energy exactly
matches the transition energy, ωi = Eν −Ei. This unphysical divergence is usually
resolved by accounting for the finite lifetime τν of the intermediate excited state.
The resulting width of this level, Γν = 1/τν , is introduced via a complex energy
shift in the denominator, Eν → Eν − iΓν/2 and we obtain the resonant scattering
amplitude [210,222,223,230]

Mres
Mf ,Mi

= α
∑
Mν

⟨f |R̂†(kf , ϵf )|ν⟩ ⟨ν|R̂(ki, ϵi)|i⟩
Ei −Eν + ωi + iΓν/2 . (3.10)

For the evaluation of the resonant scattering process, the input parameter Γν can be
obtained either from experimental data of the lifetime or by calculating the transition
rates of all significant decay channels for the state |ν⟩ .
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(a) First order self energy

(b) Second order self energy

Figure 3.5: The first- and second-order self-energy corrections to the resonant photon scat-
tering. The resummation of all self-energy corrections leads to the occurrence of
the complex energy in the denominator of Eq. (3.10).

A more rigorous derivation of this complex energy denominator within a QED
framework is presented in Refs. [228, 229]. In this approach, the lifetime effects are
introduced by explicitly including self-energy corrections to the propagator of the
intermediate state. The first-order self-energy insertion, which is displayed in Fig. 3.5,
leads to a corrected scattering amplitude of the form

Mres,(1)
Mf ,Mi

= Mres,(0)
Mf ,Mi

(
Σ̂ (ωi +Ei)

)
νν

ωi +Ei −Eν
. (3.11)

Here,
(

Σ̂ (ωi +Ei)
)

νν
denotes the matrix elements of the self-energy operator whose

explicit form is given in Refs. [228,229]. Adding more self-energy insertions, as shown
in Fig. 3.5 for two loops, leads to a geometric progression. After resummation, one
finally obtains the scattering amplitude

Mres
Mf ,Mi

= α
∑
Mν

⟨f |R̂†(kf , ϵf )|ν⟩ ⟨ν|R̂(ki, ϵi)|i⟩
Ei − Ẽν + ωi

, (3.12)

with Ẽν = Eν +
(

Σ̂ (ωi +Ei)
)

νν
. To obtain the line shape, the self energy operator

is replaced by the first term of the Taylor expansion around Ei + ωi = Eν , which is
written as a sum of real and imaginary parts

(
Σ̂ (Eν)

)
νν

= ∆ESE + iΓSE
ν /2. Here,

∆ESE denotes the lowest-order electron self-energy contribution to the Lamb shift
and ΓSE

ν represents the lowest-order radiative width. Assuming that the real part
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of the self-energy correction is just absorbed into Eν , we finally arrive again at the
resonant scattering amplitude (3.10).

3.1.4 Multipole expansion

For further analysis of the resonant scattering amplitude (3.10), one needs to evaluate
the matrix elements of the photon absorption (R̂) and emission (R̂†) operators. The
absorption operator can be expressed as a sum of single-electron operators and in
Coulomb gauge, it takes the form [222,223]

R̂(k, ϵ) =
∑

q

αq · ϵeikrq , (3.13)

where the index q represents the qth-electron. To evaluate the matrix elements of
these operators, it is helpful to express the plane wave as a multipole expansion [222,
223,231]

αq · ϵie
ikirq = 4π

∑
pLM

iL−|p|
(
ϵi · Y

(p)∗
LM

(
k̂i

)) (
αq · a

(p)
LM (ωi; rq)

)
(3.14)

Here, a(0)LM and a(1)LM represent magnetic and electric multipole components and Y
(p)

LM

consists of vector spherical harmonics with the exact definition given in [231]. The
matrix elements of the multipole components can be evaluated using the Wigner-
Eckart theorem:

⟨f |α · ϵeikr|i⟩ (3.15)

=
4π√

2Jf + 1
∑

p,L,M
iL−|p|

(
ϵ · Y

(p)∗
LM (k̂)

)
(Ji,mi;L,M |Jf ,mf ) ⟨f ||α · a

(p)
L ||i⟩ .

Combining this with the resonant scattering amplitude from Eq. (3.10), we obtain:

Mres
Mf ,Mi

= (4π)2α
∑
Mν

∑
p1L1M1
p2L2M2

iL1−|p1|(−i)L2−|p2|
(
ϵ1 · Y

(p1)
L1M1

(k̂1)
) (

ϵ2 · Y
(p2)∗

L2M2
(k̂2)

)∗

× 1√
(2Jν + 1) (2Jf + 1)

(Ji,Mi;L1,M1 | Jν ,Mν) (Jν ,Mν ;L2,M2 | Jf ,Mf )

×
⟨f ||

∑
q αq · a

(p2)
L2,q||ν⟩ ⟨ν||

∑
q αq · a

(p1)
L1,q||i⟩

Eν −Ei − ω1 − iΓν/2 .

(3.16)
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This form highlights a key feature of the resonant scattering amplitude, which is
the factorization into angular and radial parts for each multipole channel. The radial
integrals are encoded in the reduced matrix elements, while the angular dependence
is determined by the Clebsch-Gordan coefficients and the vector spherical harmonics.
Consequently, if there is one dominant multipole component, which is usually the
case for electric dipole (E1) transitions, the angular distribution and polarization
properties of the scattered photons can be fully determined by evaluating these
angular functions, such that no detailed knowledge about the electronic structure is
needed. In contrast, the total scattering rate always requires the calculation of the
reduced matrix elements and energy levels.

3.1.5 Cross section and polarization

We now turn to the evaluation of physical observables of the scattering process,
such as the cross section or the polarization of the scattered photons, based on the
resonant scattering amplitude derived in Section 3.1.2. The differential cross section
for the process, where an incident photon with polarization ϵi is scattered into an
outgoing photon with polarization ϵf , is given by the absolute square of the scattering
amplitude, averaged over initial and summed over final magnetic sublevels:

dσ
dΩ (θf ,ϕf ,ωi, ϵi, ϵf ) =

1
2Ji + 1

∑
Mi,Mf

∣∣∣Mres
Mf ,Mi

∣∣∣2 . (3.17)

Here, we assumed an initially unpolarized target ion and no detection of the angular
momentum projection of the final state. While Eq. (3.17) allows to compute cross
sections for fixed photon polarizations, a more general treatment of polarization
properties is achieved by using the density matrix formalism [221,223,232].

The photon polarization can be characterized with the Stokes parameters, which
are given by

P1 =
I0◦ − I90◦

I0◦ + I90◦
, P2 =

I45◦ − I135◦

I45◦ + I135◦
, and P3 =

Iλ=+1 − Iλ=−1
Iλ=+1 + Iλ=−1

. (3.18)

Here, Iχ denotes the photon intensity of linearly polarized light, with the polarization
angle χ relative to the scattering plane, see Fig. 3.2, and Iλ=±1 corresponds to the
intensity of right- and left-circularly polarized light, respectively.
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The polarization state of a photon can be fully described by a 2 × 2 density matrix,
which can be expressed by the Stokes parameters. In the helicity basis, it takes the
form

ρλ,λ̃ ≡ ⟨kλ|ρ̂|kλ̃⟩ = N

 1 + P3 −P1 + iP2

−P1 − iP2 1 − P3

 , (3.19)

where λ, λ̃ ∈ {+1, −1} are the photon helicities and N is a normalization factor. For
the incoming radiation, we set N = 1, while for the scattered radiation, N = dσ/dΩ
encodes the differential cross section. If the density matrix of the outgoing photons
is known, the Stokes parameters of the scattered radiation are given by

P1 = −1
2
ρ
(f )
1,−1 + ρ

(f )
−1,1

ρ
(f )
1,1 + ρ

(f )
−1,−1

, (3.20a)

P2 = − i

2
ρ
(f )
1,−1 − ρ

(f )
−1,1

ρ
(f )
1,1 + ρ

(f )
−1,−1

, (3.20b)

P3 =
1
2
ρ
(f )
1,1 − ρ

(f )
−1,−1

ρ
(f )
1,1 + ρ

(f )
−1,−1

. (3.20c)

and the differential cross section can be calculated as the trace of the density matrix

dσ
dΩ

(θf ,ϕf ,ωi) =
∑

λ

ρ
(f )
λ,λ. (3.21)

Therefore, we have to relate the density matrix of the scattered photons to the
one of the incoming radiation. The evolution of the density matrix is governed by
the transition operator T̂ , which accounts for the resonant scattering process. The
final-state density matrix is then given by

ρ̂f = T̂ ρ̂iT̂
†. (3.22)

In the helicity representation, and again assuming an unpolarized target ion, the
matrix elements of the final photon density matrix become

⟨kf ,λf |ρ̂f |kf , λ̃f ⟩ = 1
2Ji + 1

∑
λi,λ̃i

∑
Mi,Mf

⟨ki,λi|ρ̂i|ki, λ̃i⟩

× Mres
Mf ,Mi

(λi,λf )Mres∗
Mf ,Mi

(λ̃i, λ̃f ). (3.23)

Here, Mres
Mf ,Mi

(λi,λf ) denotes the resonant scattering matrix element for the case
of circularly polarized incoming and outgoing photons.



78 resonant photon scattering by highly charged ions

3.2 effects of external fields

In the previous section, we gained the tools to describe resonant photon scattering by
atoms and ions. However, before we are able to explore the impact of static external
electric and magnetic fields on this process, we first have to understand how such
external fields affect the electronic structure of an ion. For an ion exposed to external
electric and magnetic fields, we can write the Hamiltonian [233]

H = H0 + Hel + Hmag = H0 +
∑

q

ϕ (rq) +
∑

q

cαqA (rq) , (3.24)

where the scalar potential ϕ and the vector potential A describe the static external
electric and magnetic fields. The effects of such fields on the electronic structure of
atoms and ions have been explored in various studies [233–236]. In the present work,
we will briefly revisit the basic theory of the dominant effects, namely the Stark shift
and the Zeeman shift.

3.2.1 Stark shift

To evaluate energy shifts due to the interaction with the external electric field, it is
useful to express Hel as a multipole expansion. The lowest-order contribution, which
affects transition energies, is the dipole contribution, leading to the well-known Stark
shift. The resulting Hamiltonian can be written as [233]

HS = d · E, (3.25)

where E is the external electric field and d the electric dipole operator. Treating
this Hamiltonian in perturbation theory, there is no energy shift in first-order. The
quadratic Stark shift for a state with total angular momentum J and projection MJ

along the Z-axis can be written as [235,236]

∆ES = −1
2α0E2 − 1

4α2
3M2

J − J(J + 1)
J(2J − 1) (3E2

z − E2). (3.26)

In this expression, α0 and α2 are the scalar and tensor polarizabilities. Since they
do not depend on the angular momentum projection MJ , only the second term in
Eq. (3.26) introduces a splitting of sublevels with different values of M2

J .
For a state |a⟩ , these polarizabilities can be expressed in terms of reduced matrix

elements of the electric dipole operator [235,236]:

α0 = − 2
3 (2Ja + 1)

∑
ν

(−1)(Jν−Ja) ⟨a||d||ν⟩ ⟨ν||d||a⟩
Ea −Eν

(3.27a)
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α2 = (−1)2Ja+1
√

40Ja (2Ja − 1)
3 (Ja + 1) (2Ja + 1) (2Ja + 3)

×
∑

ν


1 1 2

Ja Ja Jν


⟨a||d||ν⟩ ⟨ν||d||a⟩

Ea −Eν
. (3.27b)

Additional to Eq. (3.25), there are higher multipole contributions like the quadrupole
shift, which is, for example, investigated in Ref. [233] and depends on the electric
field gradient. However, in the present work, we restrict the analysis to homogeneous
electric fields, such that we only have to consider the Hamiltonian (3.25).

3.2.2 Zeeman shift

Similar to the Stark shift, the interaction of a bound electron, carrying a magnetic
moment µ, with a homogeneous and static external magnetic field B is described by
the operator [233]

ĤZ = (µ + ∆µ) · B. (3.28)

Here, ∆µ is a correction due to the anomalous magnetic moment of the electron.
Treating this interaction in first-order perturbation theory gives rise to a shift of the
atomic energy levels which is linear in the magnetic field strength B = |B|:

∆E(1)
Z = µBgBMJ . (3.29)

Here, µB is the Bohr magneton and g is the Landé g-factor [233]

g =
⟨a∥µ + ∆µ∥a⟩√

Ja (Ja + 1) (2Ja + 1)
. (3.30)

This first-order Zeeman shift causes a splitting of a state with total angular momen-
tum J into 2J + 1 substates. In second-order perturbation theory, the Hamiltonian
from Eq. (3.28) leads to the additional quadratic Zeeman shift

∆E(2)
Z = C2B

2, (3.31)

which is proportional to B2. The quadratic Zeeman shift coefficient C2 for a state
|a⟩ can be expressed in terms of reduced matrix elements of the magnetic dipole
operator

C2 =
1

2J + 1
∑

ν

|(JaMa; 10|JνMν)|2

Ea −Eν
|⟨ν∥µ + ∆µ∥a⟩|2 (3.32)

More details about the calculation of C2 can be found in Refs. [233,234].
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3.3 scattering in external fields and the hanle effect

The Stark and Zeeman shift caused by external electric and magnetic fields can have
a notable impact on the properties of the resonant scattering process. One famous
example of this impact, which will be important for the results of this thesis, is the
well-known Hanle effect. In this effect, the Zeeman splitting of the excited state in a
magnetic field leads to modifications in the polarization and angular distribution of
resonantly scattered photons. Therefore, we start this section with a short excursion
to the history of the Hanle effect and its classical and quantum mechanical interpre-
tation. Afterwards, we discuss how one can incorporate such effects of external fields
within the theoretical framework of resonant photon scattering.

3.3.1 History of the Hanle effect

The first experiments that initiated the discussion leading to the discovery of the
Hanle effect were already performed at the beginning of the 20th century. In the
following, we give a brief overview of the early experimental observations and its
theoretical interpretation, mainly based on Ref. [237].

One of the first experiments was performed by Robert W. Wood in 1912, in which
he studied the polarization properties of light scattered on mercury vapor [238]. He
observed that the emitted light is linearly polarized when the scattering occurs off
resonance, whereas the scattered radiation becomes unpolarized when the initial
photons are in resonance with the 254 nm, 1S0 → 3P1, line. Similarly, Lord Rayleigh
observed slight changes in the degree of linear polarization of the scattered light
in different setups without any clear explanation for this effect [237, 239]. We allow
ourselves the remark that, in this context, ‘Lord Rayleigh’ refers to Robert John
Strutt, 4th Baron Rayleigh, whereas the term ‘Rayleigh scattering’ is associated with
his father, John William Strutt, 3rd Baron Rayleigh. Later in 1923, Robert W. Wood
and Alexander Ellett revisited this issue [237,240]. They investigated the polarization
of the scattered radiation for linearly polarized incoming light and explored the effect
of a static external magnetic field on this scattering process. They observed that the
magnetic field has a notable impact and can reduce the degree of polarization of the
scattered light. Indeed, they noted that the varying polarization for slightly different
setups, which was observed earlier, can be explained by different orientations with
respect to the earth’s magnetic field and that the degree of linear polarization can
be enhanced by neutralizing the earth’s magnetic field.

Wilhelm Hanle published the first correct interpretation of this effect [225]. Before
we explore the quantum mechanical explanation, we briefly present the classical in-
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Figure 3.6: Schematic of a typical Hanle effect experiment. The incoming light is linearly
polarized along the X-axis. The polarization of the scattered photons is measured
for the emitted radiation in Z-direction.

terpretation. A simple schematic of a typical experimental setup to observe the Hanle
effect is shown in Fig. 3.6. The incoming light, polarized along the X-axis, leads to
a damped oscillation of the bound electron in X-direction. Therefore, in the absence
of any external magnetic field, the emitted radiation in Z-direction is also linearly
polarized in X-direction. This oscillation of the electron can be decomposed into two
counter-rotating circular motions, which would each cause circularly polarized light
emitted in Z-direction, such that in total linearly polarized light is observed [237].
Due to the Zeeman shift, the frequencies of the two circular motions are slightly
shifted by the Larmor frequency ωL, if an external magnetic field is introduced:

ω+ = ω0 + ωL, (3.33a)
ω− = ω0 − ωL. (3.33b)
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Figure 3.7: The electron in the X-Y-plane as expected from Eq. (3.34) for the classical in-
terpretation of the Hanle effect. (a) In the field free case, the electron oscillates
in X-direction. (b) For a nonzero magnetic field and a damping time τ much
larger than the precession time τL, which is related to the Larmor frequency ωL,
the electron performs a rosette-like motion. This leads to completely unpolarized
emitted radiation. (c) In the case of a nonzero magnetic field and damping time τ
and precession time τL of similar magnitude, the electron motion leads to partial
depolarization of the emitted radiation and a slight rotation of the polarization
vector.

This leads to a modified electron motion in the X-Y-plane [237]

X (t) = A0e
− t−t0

τ cos (ωL (t− t0)) cos (ω0 (t− t0)) , (3.34a)

Z (t) = A0e
− t−t0

τ sin (ωL (t− t0)) cos (ω0 (t− t0)) . (3.34b)

This altered electron motion results in depolarization and rotation of the polariza-
tion vector of the emitted radiation and is visualized in Fig. 3.7. The magnitude of
the effect depends on the damping time τ of the oscillation as well as on the external
magnetic field strength which determines the Larmor frequency.

In the quantum mechanical interpretation, differences in the degree of polarization
of the scattered radiation depend on whether the magnetic sublevels of the excited
state contribute coherently or incoherently. First, we consider the case of two mag-
netic sublevels, which are degenerate in the absence of any external magnetic field.
In this case, the sublevels contribute coherently, allowing the two circularly polarized
components of the emitted radiation to interfere, which results in linearly polarized
light. Applying an external magnetic field lifts the degeneracy, with the separation
between sublevels determined by the Zeeman shift. As this splitting becomes compa-
rable to the natural linewidth Γν = 1/τν of the excited state, the coherence between
the sublevels is reduced. Here, the excited-state lifetime τν plays the role of the
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damping time in the classical description. In the limit of complete separation, the
sublevels no longer interfere, and the emitted light becomes unpolarized.

The dependence of this effect on the widths and, hence, on the lifetime of the
excited state makes Hanle experiments a powerful tool for lifetime determinations,
which was studied and used in various experiments for different systems [241–243].
We will come back to such an application for the case of lifetime determination in
HCIs in Section 3.4.

As seen already in Section 3.2.1, also an electric field can lead to a splitting of
sublevels. Indeed, the electric Hanle effect will play a role again in Section 3.5, in
which we consider the scenario of resonant photon scattering in the Gamma Factory
setup, where the ions can be exposed to strong magnetic and electric fields.

3.3.2 Hanle effect in the framework of resonant photon scattering

Having discussed how the Zeeman or Stark shift can influence the scattering process,
we incorporate such external fields in the theoretical framework of resonant photon
scattering as presented in Section 3.1.
The amplitude (3.10) is typically used to describe resonant elastic photon scattering
in the absence of any external electric or magnetic fields [221–223]. However, the
Stark and Zeeman shifts can easily be included by modifying the ionic energy levels
in the denominator of Eq. (3.10) as [Ric5]

Ei = E
(0)
i + ∆EZ,i + ∆ES,i (3.35a)

Eν = E(0)
ν + ∆EZ,ν + ∆ES,ν . (3.35b)

Here E(0)
i,f denotes the unperturbed energies in the absence of external fields. Gen-

erally also the wave functions are affected by the external electric and magnetic
fields. For example, in first-order perturbation theory, the electric field also leads to
a mixture of opposite-parity states [Ric1]. Such mixing effects would allow additional
transition channels in the scattering amplitude. However, we expect such effects of
the external electric field on the wave functions to be quite small for the experimen-
tal scenarios that we will discuss in the next section. In these scenarios, we focus
on scattering processes which proceed via E1 transitions. Consequently, the mixing
of opposite-parity states would only lead to additional M1 contributions, which are
usually much weaker. Therefore, we only account for the modification of the energy
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levels and neglect any external field effects on the ionic wave functions. Hence, the
scattering amplitude can still be written in the form of Eq. (3.10) and we obtain

Mres
Mf ,Mi

= α
∑
Mν

⟨f |R̂†(kf , ϵf )|ν⟩ ⟨ν|R̂(ki, ϵi)|i⟩
E

(0)
i + ∆EZ,i + ∆ES,i −E

(0)
ν − ∆EZ,ν − ∆ES,ν + ωi + iΓν/2

.

(3.36)

A similar approach was used to study the Hanle effect in Refs. [244–246].
One consequence of this modification is that the separation of the angular and

polarization part, as described in Section 3.1, becomes more complicated in the pres-
ence of external fields. Indeed, the Zeeman and Stark shifts ∆EZ and ∆ES generally
depend on the angular momentum projections and hence have an impact on the
angular distribution and polarization properties. Moreover, when the magnetic sub-
levels of the intermediate state are not degenerate anymore, also the initial photon
energy ωi affects the angular distribution and polarization.

To gain some confidence in this approach, we consider a typical Hanle effect exper-
iment, as shown in Fig. 3.6. Using the scattering amplitude (3.16) and the modified
energies, we can calculate the Stokes parameters of the emitted radiation for the
considered geometry:

P
(f )
1 = 1 − 8 (gµBB)2

4 (gµBB)2 + 4∆ω2 + Γ2
, (3.37a)

P
(f )
2 =

4gµBBΓ
4 (gµBB)2 + 4∆ω2 + Γ2

, (3.37b)

P
(f )
3 = − 8gµBB∆ω

4 (gµBB)2 + 4∆ω2 + Γ2
. (3.37c)

Here, we introduced the detuning of the initial photon energy from the unperturbed
transition energy, ∆ω = E

(0)
ν − E

(0)
i − ωi. From these expressions, we can already

confirm some of the observations from the early Hanle effect experiments discussed
in the previous section. While the emitted radiation is completely linearly polarized
(P (f )

1 = 1) for the field-free case (B = 0), an increasing magnetic field strength leads
to a decrease of the degree of linear polarization. Moreover, P (f )

2 becomes nonzero,
corresponding to the slight rotation of the polarization vector, which was already
predicted by the classical picture illustrated in Fig. 3.7. These expressions were
derived for monochromatic incoming radiation, hence the Stokes parameters depend
on the detuning ∆ω. Especially, the Stokes parameter P (f )

3 is only nonzero for a
nonzero detuning. However, such experiments are often times performed for the case
of broad band excitation, when the width of the incoming radiation is much larger
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Figure 3.8: Stokes parameters of the scattered light for the experimental setup shown in
Fig. 3.6. As expected, a nonzero magnetic field leads to depolarization and a
rotation of the polarization vector.

than the Zeeman splitting of the excited state. Therefore, we integrate the cross
section over the incoming photon frequency, or in our notation, over the detuning

dσ̃
dΩ

=
∫ dσ

dΩ
(∆ω)

1
Γω

√
2π
e

− ∆ω2
2Γ2

ω d∆ω. (3.38)

Here, Γω denotes the width of the frequency distribution of the incoming radiation,
which is assumed to be much larger than ∆EZ and the level width Γν . The resulting
Stokes parameters are shown in Fig. 3.8. This figure reproduces the expected results,
showing complete linear polarization for the field-free case as well as depolarization
and slight rotation for an increasing magnetic field.



86 resonant photon scattering by highly charged ions

3.4 results i i: ebit experiments for lifetime determination

In this section, we turn to the first application of resonant photon scattering in the
presence of external fields presented in this thesis. In particular, we analyze the use
of the Hanle effect for lifetime determinations of excited states of HCIs confined
in EBITs. The following results are based on the theoretical analysis presented in
Refs. [Ric2, Ric3]. Such data of HCIs is essential for plasma diagnostics. In partic-
ular, we focus on He-like and Li-like ions, which naturally occur in astrophysical
plasmas [16,17].

We start with a short description of the considered geometry, which slightly differs
from the typical Hanle experiments shown in Fig. 3.6. This experimental setup allows
lifetime determinations of HCIs confined in an EBIT via resonant photon scattering
using linearly polarized synchrotron radiation. Afterwards, we analyze this approach
for different HCIs. First, we apply this method to the resonant photon scattering via
the transition from the 1s2 1S0 ground state to a 1snp 1P1 excited state in He-like N
ions. In this case, an experiment was performed in Ref. [Ric2], which enables us to
compare our theoretical predictions with experimental results. Afterwards, we turn
to the case of Li-like ions and discuss the prospects of future experiments for the
resonant scattering via 2P1/2 or 2P3/2 states [Ric3].

3.4.1 Geometry

We consider HCIs confined in an EBIT such that the ions are exposed to the external
magnetic field of the ion trap. The experimental geometry is shown in Fig. 3.9. The
external magnetic field defines the quantization Z-axis. The incoming light also prop-
agates in Z-direction and is linearly polarized along the X-direction. The scattered
photons are detected perpendicular to the incoming radiation, θf = 90◦, and either
within, ϕf = 0◦, or perpendicular, ϕf = 90◦, to the polarization plane of the incident
light. Here, we use the shorthand notation

σ⊥ (ωi) ≡ dσ
dΩ

(θf = 90◦,ϕf = 90◦,ωi) ,

σ∥ (ωi) ≡ dσ
dΩ

(θf = 90◦,ϕf = 0,ωi) .
(3.39)

In the following, we will explore how the external magnetic field alters the angular
distribution of the emitted photons and thus the ratio σ∥/σ⊥.
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Figure 3.9: The geometry of the scattering process for the lifetime determination of HCIs
confined in an EBIT. The incident radiation propagates parallel to the external
magnetic field in Z-direction and is linearly polarized along the X-axis. The scat-
tered photons are detected within and perpendicular to the polarization plane of
the incident light. Figure adapted from Ref. [Ric3]

3.4.2 Scattering via a Ji = 0 → Jν = 1 transition

In Ref. [Ric2], the setup discussed above was experimentally realized. In particular,
He-like N ions were confined in the PolarX-EBIT [21] and the ratio σ∥/σ⊥ was
measured using incoming soft x-rays from the Elettra synchrotron radiation facility.
In this experiment, the resonant scattering proceeded via the transition from the 1s2

1S0 ground state to an excited 1snp 1P1 state, where the measurement was repeated
for the principal quantum numbers of the excited electron 2 ≤ n ≤ 7. The transition
energies between the ground state and the different excited 1P1 states range from
431 eV for n = 2 up to 542 eV for n = 7 [Ric2]. The experimental results are depicted
by the black dots in Fig. 3.10. This figure shows that σ∥/σ⊥ is close to zero for
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n = 2, while it increases for higher excited states, such that the ratio approaches one
for n = 7. In the following, we provide a theoretical analysis of this behavior and
explore how these results are related to the lifetimes of the excited ionic states.

Using Eqs. (3.16) and (3.17), one can calculate the angular distribution for the
field-free case, B = 0 [223]

dσ
dΩ

(θf ,ϕf ,ωi) = σ0 (ωi) (3 + cos (2θf ) − 2 sin (θf ) cos (2ϕf )) . (3.40)

From this expression follows that in the absence of any external fields, no photons
are scattered parallel to the initial polarization vector. In this case, we would expect
the cross section ratio σ∥/σ⊥ = 0 to be independent of the quantum number n.

In the next step, we account for the EBIT’s magnetic field by applying the modified
scattering amplitude (3.36) and calculate the cross sections for photons scattered in
parallel or perpendicular directions to the polarization ϵi of the incoming light. By
defining the parameter κ = R2/

[
Γ2

ν + 4 (∆ω− gµBB)2
] [

Γ2
ν + 4 (∆ω+ gµBB)2

]
we

obtain the cross sections [Ric2]

σ∥ = 16κ (gµBB)2 , (3.41a)

σ⊥ = 4κ
(

Γ2
ν + 4∆ω2

)
. (3.41b)

Here, R = 2πα
∣∣⟨1snp1P1||âE1||1s21S0⟩

∣∣2 encodes the reduced E1 transition matrix
elements. Consequently, we obtain the cross section ratio

σ∥
σ⊥

=
4 (gµBB)2

Γ2
ν + 4∆ω2 . (3.42)

Indeed, this expression implies that a nonzero external magnetic field leads to a
nonzero cross section ratio σ∥/σ⊥, as observed in the experiment. However, the
external magnetic field remains constant throughout the whole experiment and can
therefore not explain the dependence of σ∥/σ⊥ on n. The origin of this behavior
is hidden in the level width Γν = 1/τν of the intermediate state. Therefore, we
calculate the lifetimes of the excited 1snp 1P1 states using the AMBiT code, which
we explained in Section 2.3.1, and present the results as the red dots in Fig. 3.11. This
figure shows that the lifetime strongly increases for the higher excited 1P1 states. For
example, the lifetime of the n = 7 state is about a factor 40 larger than the lifetime
for n = 2. This growth of the lifetime and the resulting decrease of the level width
Γν = 1/τν leads to the observed enhancement of the cross section ratio σ∥/σ⊥.

The discussion above provides a qualitative understanding of the experimental re-
sults. However, Eqs. (3.41) and (3.42) were derived for the idealized case of monochro-
matic incoming light and pointlike detectors. To account for realistic experimental
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Figure 3.10: The detected and calculated cross section ratios σ̃⊥/σ̃∥ of photons scattered
within or perpendicular to the polarization plane of the incoming radiation
for the 1s2 1S0 → 1snp 1P1 transition in He-like N ions. Figure taken from
Ref. [Ric2].

conditions and to provide a quantitative analysis, we average the cross section over
a Gaussian frequency distribution as in Eq. (3.38) and integrate over the solid angle
of the photon detectors

σ̃⊥,∥ =
∫

dΩ(det)
⊥,∥

∫
d∆ω

[
dσ
dΩ

(∆ω)
1

Γω

√
2π
e

− ∆ω2
2Γ2

ω

]
. (3.43)

Here, the width of the incoming synchrotron radiation is set to Γω = 0.1 eV.
Using the calculated lifetimes and the external magnetic field strength of the

PolarX-EBIT of B = 0.85 T, we obtain the predicted cross section ratio σ̃∥/σ̃⊥ shown
by the red dots in Fig. 3.10. Our theoretical predictions are in good agreement with
the experimental results, which verifies the assumption that the Zeeman splitting of
the excited states causes the observed change in the angular distribution. In fact, this
behavior is again rooted in the Hanle effect, even so the considered scheme differs
from typical Hanle effect experiments. As shown in Fig. 3.8, one usually varies the
external magnetic field strength, which leads to a change of the Zeeman splitting of
the excited state. Consequently, the overlap of the magnetic sublevels is modified,
which in turn affects the interference contribution between these sublevels. However,
in the scheme considered in this thesis, the external magnetic field is constant, but
the level width varies for the different excited states. For n = 2, the Zeeman shift
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Figure 3.11: The lifetimes τν = 1/Γν of the excited 1snp 1P1 states in He-like N. The
theoretical predictions are calculated with the AMBiT code and are shown by
the red diamonds. The results are in good agreement with the lifetimes extracted
from the experimental data, which are depicted by the black dots. Figure taken
from Ref. [Ric2].

is much smaller than the level width Γν , such that the external magnetic field has
no significant effect on the angular distribution and we obtain a cross section ratio
close to zero. For the higher excited states, the level width and consequently also the
overlap of the magnetic sublevels decrease. This leads to an increasing cross section
ratio up to the limiting case when the magnetic sublevels are fully separated and the
ratio σ̃∥/σ̃⊥ approaches one.

Having identified the Hanle effect as the source of the observed behavior, one can
use the experimental results of the ratio σ̃∥/σ̃⊥ to determine the lifetimes of the
excited states.

To extract the lifetime, the theoretical results of σ̃∥/σ̃⊥ were fitted to the experi-
mental results, where the level width Γν is treated as the only free input parameter.
The resulting lifetimes are shown as the black dots in Fig. 3.11 and are in good
agreement with our theoretical predictions.
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3.4.3 Scattering via a Ji = 1/2 → Jν = 1/2 transition

Having demonstrated the scheme for lifetime determinations on the example of He-
like ions, we want to expand this method to the case of Li-like ions [Ric3]. First, we
consider the resonant scattering via the transition from the 1s22s 2S1/2 ground state
to an excited 1s2np 2P1/2 state.

Using the resonant scattering theory, presented in the previous sections, it follows
that for Ji = Jν = 1/2 the angular distribution of scattered photons is isotropic
in the absence of an external magnetic field (B = 0) [223]. Consequently, the cross
section ratio is given by σ∥/σ⊥ = 1. Even in the presence of an external magnetic
field, this isotropy remains, such that also the ratio σ∥/σ⊥ = 1 is unchanged. There-
fore, the angular distribution of the emitted photons does not provide access to the
excited-state lifetimes [Ric3].
An alternative approach, which is similar to the typical Hanle experiment shown in
Fig. 3.6, enables lifetime determination also for Ji = 1/2 → Jν = 1/2 → Ji = 1/2
transitions through the Hanle effect [242, 243]. In this method, the incoming radia-
tion is circularly polarized, and only circularly polarized scattered light is detected.
Moreover, the measurement involves scanning the magnetic field strength to detect
the zero-field crossing of the excited magnetic sublevels. While such polarization con-
trol is routine in the visible range, producing and detecting circularly polarized light
in the EUV and X-ray domains remains considerably more challenging.

3.4.4 Scattering via a Ji = 1/2 → Jν = 3/2 transition

As the considered scheme does not allow lifetime determination for Ji = 1/2 → Jν =

1/2 → Ji = 1/2 transitions, we now turn to the case of excited states with total
angular momentum Jν = 3/2. In particular, we focus on the resonant scattering in
Li-like ions via transitions from the 1s22s 2S1/2 ground state to an excited 1s2np
2P3/2 state.

We again start by evaluating the angular distribution in the absence of external
fields. In this field-free case, the angle-differential cross section for linearly polarized
incoming light takes the form [223]:

dσ
dΩ

(θf ,ϕf ,ωi) = σ0 (ωi)
(
17 + 3 cos (2θf ) − 6 sin2 (θf ) cos (2ϕf )

)
. (3.44)

Consequently, we obtain the cross section ratio σ∥/σ⊥ = 2/5. In contrast to the case
of Jν = 1/2, we find that this angular distribution is affected by the presence of an
external magnetic field, such that one obtains a modified cross section ratio σ∥/σ⊥.
The analytical expression for σ∥/σ⊥ for Jν = 3/2 is much more complicated than
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Figure 3.12: The frequency averaged cross section ratio σ̃∥/σ̃⊥ for the 1s22s 2S1/2 → 1s2np
2P3/2 transition in Li-like ions as a function of the lifetime τν = 1/Γν of the
excited state. The results are shown for external magnetic field strengths of
B = 0.2 T (blue dashed line), B = 0.85 T (red solid line), and B = 6 T (green
dotted line). Moreover, the lifetimes of the 1s23p 2P3/2 state in Li-like O, Mg
and S ions are depicted by the vertical lines. Figure taken from Ref. [Ric3].

for the previous case of the Ji = 0 → Jν = 1 transition. The reason for this is that
for the Ji = 1/2 → Jν = 3/2 transition, more magnetic sublevels are involved in
the scattering process, and a Zeeman splitting occurs not only in the excited state
but also in the ground state. Therefore, we will not present the analytical expression
and restrict ourselves to a numerical analysis. As above, we average the cross section
over a Gaussian frequency distribution of the incident radiation and evaluate the
ratio σ̃∥/σ̃⊥. For the evaluation of the Zeeman shift, the g-factors of the involved
states are required. For low-Z ions, these are approximately given by g2S1/2 ≈ 2 and
g2P3/2 ≈ 4/3.

To identify suitable systems for lifetime determination, we calculate σ̃∥/σ̃⊥ as a
function of the lifetime τν = 1/Γν for different external magnetic field strengths.
The results are shown in Fig. 3.12 together with the lifetimes of the 1s23p 2P3/2
states in Li-like O, Mg, and S ions, depicted by the three vertical lines. The resulting
curve is similar to the one for the Ji = 0 → Jν = 1 transition. For small lifetimes,
the level width is larger than the Zeeman shift and the resulting cross section ratio
approaches the value of the field-free case σ̃∥/σ̃⊥ = 2/5. Larger lifetimes, and thus
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smaller Γν , lead to an increasing cross section ratio up to the limiting case in which
the sublevels are fully separated. In both of these limiting cases, the cross section ratio
does not significantly change anymore with variations of the lifetime τν . However, in
the intermediate regime σ̃∥/σ̃⊥ is very sensitive to the lifetime of the excited state.
This marks the favored region for lifetime determinations. For B = 0.85 T, which
corresponds to the field of the PolarX-EBIT, the results are shown by the solid red
line in Fig. 3.12. In this case, the regime for lifetime determinations is approximately
10−12 s ≤ τν ≤ 3 × 10−11 s, which corresponds to the lifetimes of the 1s23p 2P3/2
state of Li-like ions with 9 ≤ Z ≤ 16. A stronger magnetic field of B = 6 T, available
with FLASH-EBIT [247], would shift the favored region to smaller lifetimes with
approximately 10−13 ≤ τν ≤ 10−11 s. Similarly, a weaker magnetic field of B = 0.2 T
would shift the favored region to lifetimes within the range 5 × 10−12 ≤ τν ≤ 10−10.

Our analysis of the 2S1/2 → 2P3/2 scattering process has been carried out within
the electric dipole approximation in which the additional magnetic quadrupole chan-
nel was neglected. In Ref. [223], it was shown that this channel can modify the an-
gular distribution and polarization properties of the emitted photons by up to 15%
for high-Z ions. However, for low- and medium-Z ions the effect is not significant.
Depending on the achievable experimental precision, this effect has to be included
in future work.

Having observed the effects of an external magnetic field on the scattering process,
we go one step further in the next section and account for both magnetic and electric
external fields.
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3.5 results i i i: static external fields in the gamma factory
setup

Finally, we investigate the spectroscopy of transitions in the keV regime within the
framework of the Gamma Factory project. The Gamma Factory (GF) is a novel
proposal and part of the Physics Beyond Colliders studies at CERN [11, 248]. Its
goal is to generate high-intensity, narrow-band γ-ray beams. The key idea is to
exploit resonant scattering between ultrarelativistic beams of highly charged ions
and counter-propagating laser photons in the SPS and LHC rings at CERN.

Due to the relativistic Doppler effect, the photon energy in the ion rest frame is
boosted according to [12]

ωion ≈ 2γLωlab, (3.45)

where γL = 1/
√

1 − v2 is the Lorentz factor of the ion beam. This enables laser
excitation of transitions in heavy HCIs that would otherwise be inaccessible without
the Doppler boost. Therefore, the GF project not only offers a source of tunable
γ-rays, but also enables direct investigations of HCIs stored in the SPS or LHC
rings [12]. In the second step, the energy of the scattered photons is further boosted,
and their emission is strongly focused in a narrow cone along the ion beam direction
due to the Lorentz transformation back to the laboratory frame. This results in
photon beams with the energy [12]

ω′
lab ≈ 2γLωion ≈ 4γ2

Lωlab. (3.46)

This process is illustrated in Fig. 3.13. With Lorentz factors up to γL ≈ 3000, photon
energies of up to ∼ 400 MeV can be reached, with intensities of around 1017 photons
per second. This would present an improved intensity of several orders of magnitude
compared to current γ-ray sources [12].

Such tunable, high-intensity and narrow-band γ-rays, as well as the direct laser ex-
citation of heavy HCIs have tremendous potential for a wide range of experiments in
atomic, nuclear and particle physics [12,13]. Examples include tests of QED through
high-precision HCI spectroscopy [12], studies of Delbrück scattering [218–220, 249]
and vacuum birefringence [13, 250], atomic parity violation experiments [Ric1, 106],
potential measurements of ionic and nuclear electric dipole moments [12] and tests
of special relativity [12, 251, 252]. The GF can also serve as a tool for new parti-
cle searches, such as axion-like particles coupling to photons. Ref. [14] explores, for
instance, the prospects of using the generated γ-rays in setups similar to light-shining-
through-a-wall experiments and shows that the GF might improve constraints from
beam dump experiments in the mass range of approximately 1 MeV to 1 GeV. Other
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proposals include searches for dark photons or B−L gauge bosons via dark Compton
scattering [15]. In this scenario, the produced γ-ray beam is aimed at a fixed target
to produce a new boson A′ via the scattering γe− → A′e−. This new A′ boson is then
emitted under a certain angle and decays afterwards into an e+e− pair, which can
be detected. Furthermore, circularly polarized γ-rays can be used to generate longi-
tudinally polarized muon and positron beams, with intensities potentially exceeding
those of current sources by up to four orders of magnitude [253]. The first experimen-
tal steps, which are the production and storage of highly charged ions, have been
successfully demonstrated with hydrogen- and helium-like Pb and phosphorus-like
Xe in the SPS and LHC rings [254, 255]. The final proof of the GF concept will be
the proof of principle experiment at the SPS [256].

In this thesis, we focus on a particular scenario in which a dipole magnet is placed
in the collision zone of the HCI beam and laser photons. In the ion rest frame, the
Lorentz transformation leads to strong magnetic and electric fields. For velocities
much smaller than those achievable at the LHC, this approach of Doppler boosting
the photon frequency as well as the external electromagnetic fields is well-established
in atomic physics already since the 1970s [257–260]. Within the framework of the
GF project, such external fields are relevant for different applications. For instance,
combined electric and magnetic fields are crucial for studies of atomic parity viola-
tion using the Stark-interference method [Ric1]. Moreover, the strong electric field
would enable the measurement of polarizabilities of the HCIs [12]. In the following,
we apply the theory presented in the previous sections to analyze the influence of the
external electric and magnetic fields on the resonant scattering process. We examine
their effects on the scattering rate as well as on the angular distribution and polar-
ization properties of the scattered photons. Finally, we briefly discuss some technical
applications of these findings for the GF setup, such as resonance condition tuning,
beam cooling and polarization control. The results presented in this section are based
on Ref. [Ric5].

3.5.1 The Gamma Factory setup

Analogous to the previous scenarios, we have to start the analysis by defining the
geometry of the scattering process, which is shown in Fig 3.13, and discuss some
basic parameters of the considered experimental setup. As discussed above, the key
process of the Gamma Factory is the head-on collision between laser photons and
relativistic HCI beams. Here, the ion beam propagation defines the Y-axis, while
the photons move in the opposite direction. The emission direction of the scattered
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Figure 3.13: The considered geometry of the Gamma Factory setup. The ion propagates in
Y-direction while the laser photons move in the opposite direction. A magnet,
which is placed in the collision zone, generates a magnetic field, which defines the
quantization Z-axis in the laboratory frame. Due to the Lorentz transformation,
the magnetic field is enhanced in the ion rest frame and an electric field arises
in X-direction. The emission direction of the scattered photons is described by
the angles θf and ϕf . Figure taken from Ref. [Ric5]

photons is described by the polar angle θf relative to the Y-axis and the azimuthal
angle ϕf relative to the Y-Z-plane.

In the following sections, we will perform the calculations of the scattering process
in the rest frame of the ion. However, the measurements are always performed in
the laboratory frame. Therefore, we have to Lorentz transform our results using the
following relations [261]

cos θ(ion)
f =

cos θ(lab)
f − v

1 − v cos θ(lab)
f

, (3.47a)

dΩ(ion)

dΩ(lab) =
1 − v2(

1 − v cos θ(lab)
f

)2 . (3.47b)

The Lorentz transformation between the laboratory and ion frame not only affects
the scattering angles, but also the external electromagnetic fields. We consider the
scenario in which a dipole magnet is placed in the collision zone, introducing a static
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γL = 15 γL = 100 γL = 3000

Bion in T 15 100 3000

Eion in V m−1 4 × 109 3 × 1010 9 × 1011

Table 3.1: The electric and magnetic field strengths in the ion frame, resulting from the
Lorentz transformation (3.48) for a laboratory magnetic field strength of Blab =
1 T and different Lorentz factors γL. Table taken from Ref. [Ric5]

and homogeneous magnetic field along the quantization-Z-axis in the laboratory
frame. The Lorentz transformation to the ion frame is given by

Bion = γLBlab, (3.48a)
E ion = γL (v × Blab) . (3.48b)

Consequently, the magnetic field strength gets enhanced by a factor γL, while its
direction is unchanged. In addition, an electric field proportional to γL is introduced
along the X-axis in the ion rest frame. In Tab. 3.1, we show Bion and Eion for Lorentz
factors achievable at the SPS and LHC [12] and a laboratory magnetic field strengths
of Blab = 1 T. Even though the resulting electric and magnetic fields can reach quite
high values, we can treat them perturbatively for medium- and high-Z HCIs. For
example, the boosted electric field is more than three orders of magnitude weaker
than the Coulomb field in H-like calcium, see Fig. 1.2. Moreover, we can compare
the fine-structure splitting in H-like calcium, ∆E2p1/22p3/2 ≈ 7 eV, with the resulting
Zeeman shift for Blab = 1 T and γL = 3000, which is only ∆EZ ≈ 0.2 eV [Ric5].

In the following sections, we analyze the effects of the external electric and mag-
netic fields on the scattering process. For this purpose, we focus on resonant photon
scattering via the transition from the 1s2 1S0 ground state to the excited 1s2p 1P1
state in He-like calcium ions. As in Ref. [265], we consider initial laser photons with
the energy ωlab ≈ 0.815 eV and a Lorentz factor of γL ≈ 2395, such that the pho-
tons in the ion rest frame fulfill the resonance condition for the transition energy
∆E

(1S0 →1 P1
)

≈ 3902 eV

3.5.2 Stark and Zeeman shifts in He-like Ca

Before we can explore the effects on the cross section, angular distribution and
polarization of the scattered photons, we have to discuss the impact of the external
fields on the electronic structure of the ions through the Stark and Zeeman shifts.
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α0
(1S0

)
in a.u. α0

(1P1
)

in a.u. α2
(1P1

)
in a.u. τν

(1P1
)

in s

He 1.36 −5.99 × 101 2.23 × 102 5.57 × 10−10

1.38 [267] −6.00 × 101 [268] 2.24 × 102 [269] 5.51 × 10−10 [270]

Ca18+ 5.67 × 10−5 −2.27 × 10−2 2.38 × 10−2 6.11 × 10−15

6.09 × 10−15 [271]

Table 3.2: The scalar and tensor polarizabilities (in atomic units) and the lifetimes τν = 1/Γν

of the 1S0 and 1P1 states for neutral He and He-like Ca. Our results where obtained
by using the AMBiT code [203] and are in good agreement with reference data
from Refs. [267–271]. Table taken from Ref. [Ric5].

Using the general equations of the Zeeman and Stark shifts, as well as the Lorentz
transformation of the external fields, we can write the total energy shift ∆Etot =

∆EZ + ∆ES of the 1S0 and 1P1 states as

∆Etot
(

1S0
)
= −1

2α0
(

1S0
)
γ2

Lv
2B2

lab, (3.49a)

∆Etot
(

1P1
)
=

(
−1

2α0
(

1P1
)
+

3M2
ν − 2
4 α2

(
1P1

))
γ2

Lv
2B2

lab

+MνgµBγLBlab,

(3.49b)

Here, the second-order Zeeman effect is neglected, since for Blab = 1 T and the
considered Lorentz factor of γL = 2395, it is only about ∆E(2)

Z ≈ 10−5 eV and
thus multiple orders of magnitude smaller than the first-order Zeeman shift [Ric5],
see Tab. 3.3. To evaluate ∆Etot, we need the g-factor and the polarizabilities of the
involved states. While the g-factor of the 1S0 state is zero, the g-factor of the 1P1 state
is g ≈ 1 [266]. The scalar and tensor polarizabilities are evaluated by using Eq. (3.27),
where the reduced electric dipole matrix elements are obtained with the AMBiT code,
see Section 2.3.1. The polarizabilities and the lifetimes of the excited 1P1 state are
listed in Tab. 3.2. The resulting Zeeman and Stark shifts of the

∣∣1P1,Mν
〉

sublevels
for Blab = 1 T are presented in Tab. 3.3. The shifts of the 1S0 ground state are much
smaller and are not shown in this table. For the chosen parameters, the Stark shift
is the dominant contribution. This shift leads to a splitting of the excited state into
a
∣∣1P1,Mν = 0

〉
and a

∣∣1P1,Mν = ±1
〉

sublevel. Moreover, the Zeeman shift splits
the

∣∣1P1,Mν = +1
〉

and
∣∣1P1,Mν = −1

〉
sublevels. This structure of the magnetic

sublevels is illustrated in Fig. 3.14.
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MJ ∆ES in eV ∆E(1)
Z in eV ∆Etot in eV

0 −2.9 × 10−2 0 −2.9 × 10−2

1 9.2 × 10−1 1.4 × 10−1 10.6 × 10−1

−1 9.2 × 10−1 −1.4 × 10−1 7.8 × 10−1

Table 3.3: Calculated Zeeman and Stark shifts of
the excited

∣∣1P1,Mν

〉
sublevels in He-

like Ca for a laboratory magnetic field
strength of Blab = 1 T and a Lorentz
factor of γL = 2395. Table taken from
Ref. [Ric5]

Figure 3.14: Illustration of the Zee-
man and Stark shifts of
the 1s2 1S0 ground state
and the excited 1s2p 1P1
state. Figure taken from
Ref. [Ric5].

3.5.3 External field effects on resonant scattering at the Gamma Factory

Having analyzed the Stark and Zeeman shifts of the involved ionic states, we turn
now to the investigation of their impact on the properties of the 1S0 → 1P1 → 1S0
resonant scattering process. In particular, we explore the effect on the scattering
rate as well as on the angular distribution and polarization properties of the emitted
photons. We restrict this study to the case of circularly polarized incident radiation.
This case is of particular interest for the GF project, for example, in studies of atomic
parity violation [Ric1] or for the generation of circularly polarized γ-rays, which are
needed for the production of longitudinally polarized lepton beams [253].

Scattering rate

We begin the discussion of the scattering process by exploring the effect of the
external fields on the scattering rate. As we will see later, when we discuss the
angular distribution, the emitted photons are strongly focused in the propagation
direction of the ion beam, such that most photons are scattered within an opening
angle of θ(lab)

f ≤ 1 mrad. In the following, we investigate the effect of the external
fields on the photon rate, observed with a detector covering the corresponding solid
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angle. For this purpose, we integrate the angle-differential cross section over the
detector size [Ric5]

σdet (ωi,Blab) =
∫

Ωdet

dσ
dΩf

(θf ,ϕf ,ωi,Blab) dΩf , (3.50)

For zero detuning, the integrated cross section for the field-free case can be estimated
as σdet(ωi = Eν −Ei,Blab = 0) ≈ 4 × 108 barn.

Furthermore, we have to include the momentum spread of the ion beam, as it
leads to a Doppler broadening of the incident laser radiation, which we treat as
monochromatic in the laboratory frame. Similar to Eq. (3.38), we average the cross
section over a Gaussian frequency distribution

σ̃det (Blab) =
∫
σdet (ωi,Blab)

1√
2πΓ2

ω

e
− (ωi−ωion)2

2Γ2
ω dωi, (3.51)

where the width Γω reflects the momentum spread of the ion beam as Γω/ωion =

∆p/p. Here, the center of the frequency distribution in the ion frame is defined by
the Lorentz factor of the ion beam and the laser frequency in the laboratory frame
as ωion = 2γLωlab. The projected relative momentum spread for the GF setup is
∆p/p ≈ 2 × 10−4 [12,256]. In the following, we will refer to this case as the uncooled
beam scenario. Moreover, we consider additional beam cooling, which reduces the
momentum spread to ∆p/p ≈ 1 × 10−5 and refer to this case as the cooled beam
scenario [262–264]. The corresponding results of σ̃det (Blab) normalized to the result
for Blab = 0 are shown by the solid and dashed lines in the left panel of Fig. 3.15.

These results reveal that the photon rate is highly sensitive to the laboratory
magnetic field. For the cooled beam, the rate drops to σ̃det(Blab)/σ̃det(0) ≈ 0.15
as Blab increases from zero to 2 T. In the uncooled case, the rate also decreases,
however the decline is slower and the rate stabilizes around σ̃det(Blab)/σ̃det(0) ≈ 0.5
for Blab > 1.5 T.

To understand this behavior, it will prove helpful to analyze the separate contribu-
tions of the different

∣∣1P1,Mν
〉

sublevels. By employing the multipole expansion of
the photon absorption operator (3.14) and making use of some angular momentum al-
gebra, one can obtain the photo-excitation rate from the ground state

∣∣1S0,Mi = 0
〉

to one excited sublevel
∣∣1P1,Mν

〉
, which is proportional to the squared small Wigner-

d matrix [Ric5,272,273]

W1S0,Mi=0→1P1,Mν
∝
∣∣∣∣d1

Mνλ

(
θi − π

2

)∣∣∣∣2 ∣∣∣⟨1P1||âE1||1S0⟩
∣∣∣2 , (3.52)

where θi − π/2 = π/2 is the angle between the photon propagation direction and
the quantization Z-axis. From this expression follows that the Mν = ±1 sublevels
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Figure 3.15: The left panel shows the cross section for the scattering via the 1S0 → 1P1
transition in He-like Calcium of photons emitted in the propagation direction
of the ion beam within an opening angle of θ(lab)

f ≤ 1 mrad in the laboratory
frame. The cross section is shown as a function of the magnetic field strength
in the laboratory frame and is normalized by the result for the field-free case,
Blab = 0. The calculations were performed for the uncooled beam scenario
(black solid line), ∆p/p = 2 × 10−4, and for the cooled beam scenario (blue
dotted line), ∆p/p = 1 × 10−5.
The right panel shows the transition energies between the ground state and
the different excited

∣∣1P1,Mν

〉
sublevels as a function of Blab. Moreover, the

Doppler broadening of the incoming radiation is shown by the red and blue
dotted lines for the scenarios of uncooled (blue) and cooled (red) ion beams. The
natural line width Γν = 1/τν of the excited state is omitted in this illustration.
Both figures taken from Ref. [Ric5]

each contribute 25% of the total excitation rate, while the Mν = 0 sublevel accounts
for the remaining 50%.

By combining this knowledge with the right panel of Fig. 3.15, one can understand
the dependence of the photon rate on Blab. This figure shows the transition energies
from the ground state

∣∣1S0
〉

to the different excited sublevels
∣∣1P1,Mν

〉
as a function

of Blab and compares them with the Doppler broadening Γω. The Mν = ±1 sublevels
get quickly shifted out of resonance in the cooled beam scenario, and for a stronger
magnetic field also in the uncooled beam scenario. In this case, these sublevels do
not longer contribute to the scattering process, which explains the initial decrease of
the photon rate. However, while the Mν = 0 sublevel is also shifted out of resonance
for higher Blab values in the cooled beam scenario, it remains in resonance for the
uncooled beam because of the larger Doppler broadening. For this reason the photon
rate stabilizes at σ̃det(Blab)/σ̃det(0) ≈ 0.5.
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Figure 3.16: The cross section for the scattering via the 1S0 → 1P1 transition in He-like
Calcium of photons emitted in the propagation direction of the ion beam within
an opening angle of θ(lab)

f ≤ 1 mrad in the laboratory frame. The cross section
is normalized by the result for the field-free case, Blab = 0 and is shown as
a function of the Lorentz factor γL and the resulting photon energy in the
ion frame. The calculations were performed for the uncooled beam scenario
(left panel), ∆p/p = 2 × 10−4, and for the cooled beam scenario (right panel),
∆p/p = 1 × 10−5. Figure taken from Ref. [Ric5].

Finally, we also analyze the GF scenario, in which the photon energy in the ion
frame can be tuned by varying the Lorentz factor of the ion beam. In our formalism,
this is realized by adjusting ωion = 2γLωlab in Eq. (3.51). In Fig. 3.16 we show
the normalized cross section σ̃det as a function of γL for the uncooled and cooled
beam scenarios. As seen from this figure, in both cases the Stark splitting for Blab =

3 T between the
∣∣1P1,Mν = 0

〉
and

∣∣1P1,Mν = ±1
〉

sublevels is resolved, which
offers multiple applications for the GF, as we will further discuss in Section 3.5.4.
The additional Zeeman splitting of the

∣∣1P1,Mν = ±1
〉

sublevels, however, only
becomes visible for the cooled beam. The height of the peaks again reflects the
relative contribution of the different excited sublevels to the scattering process.

Angular Distribution

As we have already discussed in Section 3.4, an external magnetic field has an impact
on the angular distribution of the emitted photons. In the following, we explore this
effect for the considered GF setup.
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Figure 3.17: The emission patterns of the scattered photons in the ion frame and the labora-
tory frame for different values of Blab. Each angular distribution is normalized
by its value for θf = 0. Calculations were performed for the scattering via the
1s2 1S0 → 1s2p 1P1 transition in a He-like Ca ion and for a Lorentz factor of
the ion beam of γL = 2395. Figure taken from Ref. [Ric5].

We start again with the angular distribution in the field-free case, Blab = 0. For
the considered case of circularly polarized incident radiation, the angle-differential
cross section in the ion rest frame is given by [223]

dσ
dΩ

(
θ
(ion)
f ,ϕ(ion)

f ,ωi

)
= σ0 (ωi)

(
3 + cos 2θ(ion)

f

)
. (3.53)

As before, we account for the momentum spread of the ion beam and the resulting
Doppler broadening by averaging over the Gaussian frequency distribution. How-
ever, since for the field-free case (3.53) all magnetic sublevels are degenerate and
the energy dependence only appears in the prefactor σ0, the emission pattern is not
affected by this Doppler broadening. As shown by the solid black line in the upper
panels of Fig. 3.17, the angular distribution in the ion frame for Blab = 0 is symmet-
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ric with respect to θ(ion)
f = π/2 and does not depend on the azimuthal angle ϕ(ion)

f .
Moreover, we show in this figure calculations for nonzero magnetic field strengths in
the uncooled beam scenario. These results reveal a strong sensitivity of the emission
pattern on the laboratory magnetic field strength already for Blab ≈ 0.5 T. In partic-
ular, we observe that the azimuthal symmetry as well as the symmetry with respect
to θ(ion)

f = π/2 are broken due to the external magnetic and electric field in the ion
frame.

One of the reasons for this variation of the angular distribution with the labora-
tory magnetic field is the Hanle effect, discussed earlier. However, the behavior is not
uniform, as weak and strong fields lead to qualitatively different outcomes. For in-
stance, Fig. 3.17 shows that the emission pattern for ϕf = 0 becomes more isotropic
for Blab = 0.5 T, while for Blab ≥ 1 T we observe the opposite effect. For small Blab,
the Zeeman and Stark shifts are still much smaller than the Doppler broadening but
comparable to the natural width Γν , such that the angular distribution is altered
due to the Hanle effect. At higher fields, a different effect plays a role. As shown in
the right panel of Fig. 3.15, for Blab > 1 T the

∣∣1P1,Mν = ±1
〉

sublevels are shifted
out of resonance. In this case, the angular distribution is determined mainly by the
contribution of the

∣∣1P1,Mν = 0
〉

sublevel.
Finally, to relate our calculations to measurements, which are performed in the

laboratory frame, we have to Lorentz transform the results by using Eq. (3.47). The
emission patterns of scattered photons in the laboratory frame are shown in the
lower panels of Fig. 3.17. First of all, this figure reveals the expected focusing of the
scattered photons in the direction of the ion beam propagation. As stated earlier,
most of the photons are emitted within an opening angle of θ(lab)

f ≤ 1 mrad.
Interestingly, the influence of the laboratory magnetic field persists despite the

strong focusing and shows opposite trends for ϕ(lab)
f = 0 and ϕ

(lab)
f = π/2. For

ϕ
(lab)
f = 0, a field of Blab = 2 T enhances the forward focusing of the photons along

the ion beam compared to the field-free case. In contrast, at ϕ(lab)
f = π/2, the

magnetic field leads to a slight broadening of the angular distribution. The effect
is particularly pronounced in the interval 0.3 mrad ≤ θ

(lab)
f ≤ 0.6 mrad, where the

deviation from the field-free scenario becomes significant.

Polarization

As already discovered in the early Hanle effect experiments, an external magnetic or
electric field can have a notable impact on the polarization of scattered photons. To
analyze this effect in the GF framework, we again start with the field-free case. For
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Figure 3.18: The polarization of the emitted photons characterized by the three Stokes pa-
rameters P (f )

i in the laboratory frame for different laboratory magnetic field
strengths. Calculations were performed for the scattering via the 1s2 1S0 →
1s2p 1P1 transition in a He-like Ca ion and for circularly polarized incoming
light and a Lorentz factor of the ion beam of γL = 2395. Figure taken from
Ref. [Ric5]

Blab = 0 and circularly polarized incident radiation, the Stokes parameters of the
emitted photons in the ion frame can be written as [223]:

P
(f ),(ion)
1

(
θ
(ion)
f ,ϕ(ion)

f

)
=

−2 sin2 θ
(ion)
f

3 + cos 2θ(ion)
f

, (3.54a)

P
(f ),(ion)
2

(
θ
(ion)
f ,ϕ(ion)

f

)
= 0, (3.54b)

P
(f ),(ion)
3

(
θ
(ion)
f ,ϕ(ion)

f

)
=

−4 cos θ(ion)
f

3 + cos 2θ(ion)
f

. (3.54c)

In this case, the Lorentz transformation to the laboratory frame is given by the
simple relation

P
(f ),(ion)
1,2,3

(
θ
(ion)
f ,ϕ(ion)

f

)
= P

(f ),(lab)
1,2,3

(
θ
(lab)
f ,ϕ(lab)

f

)
, (3.55)

We again average the cross section over the frequency distribution for the un-
cooled beam and calculate the resulting Stokes parameters in the laboratory frame
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as a function of the scattering angle and for different Blab values. The results, shown
in Fig. 3.18, reveal a strong sensitivity of the Stokes parameters on the laboratory
magnetic field strength. For instance, the degree of circular polarization, character-
ized by P (f )

3 , is reduced by the external electric and magnetic fields. In contrast, the
Stokes parameter P (f )

2 , which is zero for all scattering angles in the field-free case,
becomes nonzero in the presence of external fields.

To highlight the effect of an increasing laboratory magnetic field strength, we show
in Fig. 3.19 the Stokes parameters P (f )

i for photons scattered in the direction of the
ion beam propagation, θ(ion)

f = θ
(lab)
f = 0, as a function of Blab. In the field-free case,

the emitted photons exhibit full circular polarization for the considered scenario of
circularly polarized incident radiation. This conversion of circularly polarized laser
photons to circularly polarized γ-rays is particularly interesting for the GF project,
as such polarized γ-rays can serve as a source of longitudinally polarized lepton
beams [253]. However, an increasing laboratory magnetic field strength reduces the
degree of circular polarization, while in turn the degree of linear polarization is en-
hanced. In the cooled beam scenario, already for Blab ≥ 0.5 T, the outgoing photons
are almost fully linearly polarized.

In the next section, we will discuss some applications of the observed sensitivity
of the scattering process to the laboratory magnetic field for the GF project.

3.5.4 Applications for the Gamma Factory

In the previous sections, we investigated the impact of external electric and magnetic
fields on the scattering rate, the angular distribution and the polarization of emitted
photons. In particular, we considered a scenario in which a magnet is placed in the
collision zone of laser photons and the ion beam within the GF setup. This magnet
would lead to strong electric and magnetic fields in the rest frame of the ions due to
the Lorentz transformation. The inclusion of such fields into the GF setup would be
important, for example, for atomic parity violation studies or for the determination
of polarizabilities of HCIs [Ric1,12]. In the following, we briefly discuss some possible
additional applications of the sensitivity of the scattering process to the laboratory
magnetic field, which was observed in the present work.

Resonance condition tuning

One application of the laboratory magnetic field is a possible simplification of the
search for the resonance peak. The current uncertainty of γL for beams at the SPS is
about 0.02 % and grows up to 0.1 % for the highest beam energies at the LHC [Ric5].
The usual procedure to find the γL value, which fulfills the resonance condition,



3.5 results i i i: static external fields in the gamma factory setup 107

0.0 0.5 1.0 1.5 2.0 2.5 3.0
Laboratory magnetic field strength Blab (T)

1.00

0.75

0.50

0.25

0.00

0.25

0.50

0.75

1.00

St
ok

es
 p

ar
am

et
er

s

Uncooled beam p/p = 2 × 10 4

P1
P2
P3

0.0 0.5 1.0 1.5 2.0 2.5 3.0
Laboratory magnetic field strength Blab (T)

1.00

0.75

0.50

0.25

0.00

0.25

0.50

0.75

1.00

St
ok

es
 p

ar
am

et
er

s

Cooled beam p/p = 1 × 10 5

P1
P2
P3

Figure 3.19: The three Stokes parameters P (f )
i of photons scattered in the direction of the ion

beam propagation, θ(lab)
f = ϕ

(lab)
f = 0, as a function of the laboratory magnetic

field strength. Calculations were performed for the scattering via the 1s2 1S0
→ 1s2p 1P1 transition in a He-like Ca ion and for circularly polarized incoming
light and a Lorentz factor of the ion beam of γL = 2395. Figure taken from
Ref. [Ric5]

requires a dedicated scan of the ion beam energy. For each γL step in this scan, the
beam optics along the entire storage ring would need to be adjusted. The results
of this work show that this demanding procedure can be simplified by introducing
a magnet to the collision zone in the GF setup. In particular, we observed that
the Stark splitting of the

∣∣1P1,Mν = 0
〉

and
∣∣1P1,Mν = ±1

〉
sublevels is clearly

resolved, see Fig. 3.16, and for Blab = 3 T about two times larger than the uncertainty
in γL. Consequently, the initial γL value can be chosen in between the resonances
for the

∣∣1P1,Mν = 0
〉

and
∣∣1P1,Mν = ±1

〉
sublevels. Afterwards, the laboratory

magnetic field strength can be reduced, such that the Stark splitting is reduced
and the

∣∣1P1,Mν = ±1
〉

sublevel is shifted into resonance. This replacement of
the variation of γL with a scan over Blab provides an easier method to find the
resonance peak. In this case, only the correction magnets close to the collision zone,
which account for the perturbation of the beam trajectory due to Blab, need to be
adjusted.
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Ion beam cooling

Besides the simplified resonance condition tuning, the variation of Blab can also be
used for ion beam cooling. The idea of laser beam cooling is to excite only the fastest
ions and consequently reduce their velocity and the longitudinal velocity spread of
the ion beam [262–264]. This can be achieved by tuning γL just below the resonance
condition, such that only the fastest ions are in resonance and get excited. Afterwards,
γL can be increased step by step to excite also slower ions. As above, this variation
of γL can be replaced by a scan over Blab. Again, the initial value of γL can be
set between the resonances of the

∣∣1P1,Mν = 0
〉

and
∣∣1P1,Mν = ±1

〉
sublevels

for Blab = 3 T, such that only the fastest ions are excited to the
∣∣1P1,Mν = ±1

〉
sublevels. Then Blab can be decreased to excite also slower ions. However, we have
to note that this cooling procedure would be slower by a factor of two, since in this
case the cooling proceeds only via the

∣∣1P1,Mν = ±1
〉

sublevels, which contribute
about 50 % to the scattering, see Fig. 3.16.

Moreover, the small Zeeman splitting of the
∣∣1P1,Mν = +1

〉
and

∣∣1P1,Mν = −1
〉

sublevels can be used as a criterion to estimate the achieved degree of beam cooling.
As seen from Fig. 3.16, the Zeeman splitting can not be resolved for the uncooled
beam scenario and only becomes visible for a reduced momentum spread.

Polarization control

Finally, we turn to the polarization of the outgoing γ-ray photons. As different ap-
plications of the generated γ-rays demand different polarization states, precise and
flexible control of photon polarization is essential for the GF project. For example,
the production of longitudinally polarized lepton beams relies on circularly polarized
photons, while linearly polarized light is particularly relevant for studies of Delbrück
scattering or vacuum birefringence [220, 250]. As shown in Fig. 3.19, in the field-
free case and with circularly polarized incident radiation, the backscattered photons
(θf = ϕf = 0) also remain circularly polarized. When the laboratory magnetic field
strength increases, the degree of linear polarization of the outgoing photons is en-
hanced and even complete linear polarization can be achieved. Consequently, the
laboratory magnetic field provides an effective tool to adapt the photon polarization
to different experimental scenarios.



4
C O N C L U S I O N A N D O U T L O O K

In this thesis, we investigated a wide range of HCI physics and their importance
across multiple fields such as atomic, nuclear, plasma and particle physics. In our
studies, we explored methods to improve the understanding of the structure and
dynamics of HCIs themselves and demonstrated their use as a tool for studying
fundamental physics, especially in the search for physics beyond the Standard Model.
In particular, we investigated experimental scenarios across different energy regimes,
ranging from isotope-shift spectroscopy of optical transitions to the interaction of
x-ray photons with HCIs confined in EBITs and the spectroscopy of HCIs stored in
the LHC.

In the first part, we reviewed the basic theory of isotope shifts in atoms and ions,
including the two leading-order contributions, the first-order mass and field shift, as
well as additional contributions like nuclear polarization, nuclear deformation or a
new boson coupling to electrons and neutrons. Moreover, we provided an overview
of the King plot analysis and its generalized forms to extract constraints on new
physics from experimental isotope shift data. Using these methods, we analyzed new
isotope shift data in singly charged and highly charged calcium.

In the second part, we turned to higher transition energies and focused on the
interaction of HCIs with x-ray photons. In this context, we reviewed the theory of
resonant photon scattering on atoms and ions, with special emphasis on the influ-
ence of external electric and magnetic fields. First, we investigated how an external
magnetic field can be used to determine lifetimes of excited states in He-like and Li-
like ions through the Hanle effect. Afterwards, we explored the impact of combined
external electric and magnetic fields on the scattering process within the framework
of the Gamma Factory project.

In the following, we provide a more detailed summary of the most important results
of the different parts and discuss additional considerations for future work.

King plot analysis

In Section 2, we analyzed newly measured isotope shift data of the ν729: 2S1/2 → 2D5/2
transition in Ca+ and the ν570: 3P0 → 3P1 transition in Ca14+, combined with new
measurements of nuclear mass ratios for the even calcium isotopes with 40 ≤ A ≤ 48.
As a result of these new precise measurements, we found a King nonlinearity of

109
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approximately 103σ. Using the decomposition plot analysis, we showed that this
observed nonlinearity cannot solely be attributed to the existence of a new boson.
Indeed, the decomposition plot revealed that the nonlinearity is compatible with the
most dominant Standard Model contributions, which are in this case the second-
order mass shift and nuclear polarization. We accounted for the second-order mass
shift by subtracting its theoretical prediction from the experimental data and elim-
inated one additional nonlinear term by including existing data of the νDD: 2D3/2
→ 2D5/2 transition in Ca+ within a generalized King plot analysis. Through this
procedure, we reduced the residual nonlinearity significance to approximately 0.6σ.
Therefore, we were able to set constraints on a new boson coupling to electrons and
neutrons, resulting in the most stringent King-plot-based bounds to date for most
of the considered mass range. The bounds from the most recent King plot analysis
in ytterbium remain stronger for boson masses between 103 and 104 keV.

Future studies may further improve the bounds on new physics and help to deepen
the understanding of the nuclear polarization effect. The current constraints are
limited mainly by the experimental uncertainty in the νDD transition as well as by
the theoretical uncertainty of the second-order mass shift coefficients K(2)

i in Ca+. A
reduction of these uncertainties in future work could lead to an improvement of the
bounds on αNP. To quantify this improvement, we calculated σ [αNP] for a reduced
experimental uncertainty of σ [νDD] = 0.1 Hz and a relative uncertainty in the K(2)

i

of 10%. Moreover, we assume that the generalized King plot after the subtraction of
the second-order mass shift stays linear, Vexp/σ [Vexp] ≤ 1, such that we can set the
central value as |αNP| = σ [αNP]. The resulting 2σ-bounds are depicted by the red
dashed line in Fig. 4.1. This figure shows that such an improvement could generate
bounds, which are stronger than the constraints from (g− 2)e and neutron scattering
in the mass range 103 ≤ mϕ ≤ 105. Moreover, the reduced uncertainty in the νDD

transition could allow to resolve King nonlinearities in a minimal King plot combined
with either the ν729 or the ν570 transition. In this case, we could place an additional
precise data point in the decomposition plot, which could help to understand the
residual nonlinearity. In particular, if the mass shift corrected points would lie on a
common line through the origin of the decomposition plot, it would be a hint that
the nuclear polarization shift is dominated by a single factorizable nonlinear term.

Further advancements would be possible with additional isotope shift data in more
transitions and isotope pairs. There is ongoing process of isotope shift measurements
of the transitions in neutral Ca, which, however, has not yet reached competative pre-
cision [274, 275]. Moreover, multiple suitable transitions in different highly charged
calcium ions have been proposed in Ref. [152]. Precise isotope shift data in addi-
tional transitions would allow for a more sophisticated decomposition analysis to
find nuclear dependencies of the nonlinear terms, as it was demonstrated in the
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Figure 4.1: Additional to the bounds shown in Fig. 2.11 the red dashed line shows a projection
of future King-plot based bounds with improved experimental and theoretical un-
certainty. These bounds are calculated for a reduced experimental uncertainty of
the νDD transition of 0.1 Hz and a theoretical uncertainty of the K(2)

i coefficients
in Ca+ of 10%. Moreover, we assumed that there is no significant nonlinearity,
Vexp/σ [Vexp] ≤ 1. If however the reduction of the uncertainty leads to the resolu-
tion of additional nonlinearities, the resulting constraints will be weaker. Figure
adapted from Ref. [Ric4]

isotope shift studies with ytterbium. Even if more precise calculations of nuclear po-
larization are not possible from first principles, such a decomposition analysis might
help to gain an empirical understanding of this effect. If, in addition, measurements
are performed in more isotopes, one could perform higher dimensional generalized
King plot analyses to account for more nonlinear terms. Since measurements in odd
isotope pairs might introduce additional nonlinearities due to the second-order hy-
perfine shift [187], heavy unstable even isotopes might be more promising, which are
however experimentally challenging because of short lifetimes. In fact, even without
the measurement of an additional transition, data in one more calcium isotope would
enable us to account for the second-order mass shift without any theory input. In
this case, we can combine the generalized King plot and the nuclear-input King plot
and write

ν̃3 = K321 + F321ν̃1 +G321ν̃2 +K
(2)
321δ̃

(2)
M + αNPX321γ̃ . (4.1)
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Having data for three transitions in five isotope pairs, we solve for αNP and obtain

αNP =
det

(
ν̃1, ν̃2, ν̃3, δ̃

(2)
M , 1

)
1
2εi1,i2,i3 det

(
Xi1 γ̃, ν̃i2 , ν̃i3 , δ̃

(2)
M , 1

) (4.2)

This allows us to account for the second-order mass shift and one additional nonlinear
term solely through the use of experimental data.

Another promising development is the “kifit” code, introduced in Ref. [Ric6], which
presents a first step towards a global analysis of isotope shift data across different
elements. Such systematic, simultaneous analysis of isotope shift data in different
elements might become a powerful tool once more precise measurements are available.
Experiments in other elements with at least four stable even isotopes have been
performed, for example, in Zn [276], Sn [277], Ba [278] and Cd [279], although the
precision is not yet sufficient for Standard Model tests [Ric6].

Hanle effect for lifetime determination

In Section 3.4, we explored the use of the Hanle effect to extract lifetimes of ex-
cited states in HCIs. In particular, we performed calculations of resonant photon
scattering by ions exposed to the static magnetic field of an EBIT. Our calculations
of the angular distribution of emitted photons agree with experimental results for
the scattering via excited 1P1 states in He-like N ions, allowing the extraction of
lifetimes of the excited states. Moreover, we analyzed the prospects of this method
for Li-like ions. While it is not applicable for the scattering via excited 2P1/2 states,
it can be used to extract lifetimes of 2P3/2 states. In particular, the magnetic field
of the PolarX-EBIT would allow measurements of the 1s23p 2P3/2 states in Li-like
ions with 9 ≤ Z ≤ 16.

Some aspects were not included in our present treatment, which should be consid-
ered in future work depending on the experimental setup and precision. First, the
scattering approach discussed in this thesis assumes light intensities, where spon-
taneous decay occurs faster than the absorption of photons. Performing similar ex-
periments with high-intensity light sources might introduce additional effects [226].
Second, hyperfine structure effects were not taken into account and might have an
influence on the angular distribution. Although the theoretical predictions for He-like
N match the experimental data at the current precision, such effects might be impor-
tant for future improvements or other systems. Finally, in our analysis of scattering
via 2P3/2 states in Li-like ions, we considered only the electric dipole transition
channel. This was justified by the expected smallness of the additional magnetic
quadrupole contribution, given that our goal was only to estimate a suitable Z range
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for future lifetime measurements. Nevertheless, depending on the desired experimen-
tal precision, magnetic quadrupole effects should be included in subsequent work.

External fields in the Gamma Factory setup

Finally, we explored resonant photon scattering in the framework of the Gamma
Factory project, which offers a wide range of applications for fundamental physics,
as outlined in Section 3.5. In particular, we considered a setup in which a dipole
magnet is placed in the collision zone of the laser photons and the HCI beam, which
leads to strong combined electric and magnetic fields in the ion rest frame. We found
that these external fields can have significant effects on the cross section, the angu-
lar distribution, and the polarization of the scattered photons. The resulting Stark
splitting offers a potential simplification of the resonant condition tuning and beam
cooling schemes. Moreover, the external fields can be used for flexible polarization
control of the emitted radiation.

Future work should address additional experimental aspects. For instance, the
present analysis did not account for the spectral width of the incident laser radia-
tion. Moreover, small deviations from the idealized field geometry, as well as field
inhomogeneities, could also produce additional effects and should be examined in
more detail. Furthermore, while we have shown that the magnetic field can be used
to control the polarization of the outgoing beam, characterizing the full polarization
of the resulting γ-rays requires integration over a small solid angle in the laboratory
frame. This is straightforward for circular polarization but more involved for linear
polarization, and could be addressed in future studies.

The inclusion of external fields in the Gamma Factory setup is particularly relevant
for experiments probing fundamental symmetries, such as searches for atomic par-
ity violation. Prospects for parity violation experiments with H-like and Li-like ions
using the Stark interference method have already been investigated in Ref. [Ric1].
These studies could be extended to other ionic species. Since interpreting atomic par-
ity violation measurements requires precise atomic theory input, experiments with
HCIs are especially promising due to their comparatively simple electronic struc-
ture. In addition, the tunability of the photon energy at the Gamma Factory over
a wide range would allow experiments with multiple ions along the same isoelec-
tronic sequence. Such Z-scaling studies could provide valuable insight and may help
in probing possible additional long-range parity-violating potentials, as discussed in
Refs. [280, 281]. In this context, highly excited states may also be of particular in-
terest as in such states, the usual parity-violating effects from Z-boson exchange
between the nucleus and bound electrons are strongly suppressed, while long-range
contributions might still have a significant effect.
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