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Abstract
In this paper, we explore the algebraic structure of skew-G codes over the ring A =
F4[u, v]/〈u2, v2, uv − vu〉. In addition to that, we bridge theoretical results with
practical applications in quantum computing.More specifically, we derive a significant
number of new binary EAQEC codes from the gray images of the skew-G codes over
A according to Grassl’s codetable [14].

Keywords Skew group rings · Skew G-code · Binary EAQEC codes · Hermitian
construction

1 Introduction

Quantum error-correcting (QEC) codes are essential for advancing quantum compu-
tation and ensuring secure quantum communications. Their applications span several
cutting-edge areas, including quantum signature schemes, quantum key distribution
protocols, and quantum identity authentication [8, 36, 37]. The field began with Shor’s
pioneeringwork [32],which laid the groundwork for the rapid evolution ofQEC theory
and construction. A landmark contribution came from Calderbank et al., who estab-
lished a powerful link between quantum codes and classical codes. They transformed
the quest for quantum error correction into the search for additive self-orthogonal
codes over the field F4 with respect to the Euclidean inner product [7]. Despite this
advancement, the challenge of dual-containing codes has impeded further progress.
In a groundbreaking development, Brun et al. [5] introduced entanglement-assisted
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quantumerror-correcting (EAQEC) codes. These codes allow the use of classical error-
correcting codes without requiring orthogonality, as long as shared entanglement is
available between the sender and receiver. The quest to construct maximal EAQEC
codes remains a pivotal endeavor due to their profound implications for quantum com-
munication. This innovation has spurred the creation of numerous effective EAQEC
codes, with notable examples including [6, 10, 15, 17, 19–25, 28, 34, 35, 39].

Linear codes are pivotal in coding theory due to their ability to facilitate efficient
encoding and decoding processes. However, the linear structure is sometimes insuffi-
cient for obtaining good codes. This is why additional algebraic structures have been
incorporated since the early days of coding theory. Among the various types of lin-
ear codes, cyclic codes are highly effective and widely applicable in error correction,
data storage, and cryptography. Beyond their classic forms, cyclic codes have inspired
the development of several advanced variations, including constacyclic codes, quasi-
cyclic codes, skew cyclic codes, andG-codes. Formore information about these codes,
see [9, 12, 16] and the references therein. Skew G-codes, introduced in [11], provide
a general framework for working with the aforementioned codes. They allow for the
examination of codes that remain invariant under the skewaction of specialized groups,
such as cyclic or dihedral groups. These codes are often analyzed within the context
of group rings or group algebras, especially when the alphabet is a field, revealing rich
structures and applications in modern coding theory.

In the past decade, researchers have used skew codes derived from the factorization
of skew polynomial rings to construct quantum codes [2, 9]. A significant computa-
tional challenge with this approach is the factorization of polynomials within the skew
polynomial ring, as no computer algebra systems currently support this factorization.
Despite existing algorithms in the literature for this purpose [3], our method provides
a solution to this computational barrier. Instead of relying on skew polynomial rings,
our approach utilizes skewG-codes based on skew group rings. This advantage makes
the matrix representation of skewG-codes more practical for computations within any
computer algebra system [31].

Inspired by the considerations mentioned above, this paper investigates the alge-
braic structure of skew-G codes over the ring A = F4 + vF4 + uF4 + uvF4, which
is isomorphic to F4[u, v]/〈u2, v2, uv − vu〉. We first determine all possible automor-
phisms of the ring A. We then construct all possible generator matrices for skew-G
codes over the ring A. Specifically, we analyze the dihedral group and the cyclic group
for two different orderings of their elements. Next, we utilize these matrices as gen-
erators for linear codes over A. Subsequently, we obtain binary EAQEC codes from
the gray images of these codes, resulting in the creation of significant number of new
binary codes according to Grassl’s codetable. This study not only highlights the prac-
tical importance of skew-G codes but also demonstrates their potential to significantly
advance quantum error correction methods.

2 Preliminaries

We start by reviewing the standard definitions and concepts that will be employed
throughout this paper.
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2.1 The ring A = F4[u, v]/〈u2, v2, uv − vu〉

Let
A = F4 + vF4 + uF4 + uvF4 ∼= F4[u, v]/〈u2, v2, uv − vu〉,

where v2 = u2 = 0, and uv = vu. Consider the ideals I1 = 〈0〉, I2 = 〈u〉, I3 = 〈v〉,
I4 = 〈u + v〉, I5 = 〈u, v〉, and I6 = 〈uv〉 in the ring A. It is clear that,

I1 = 〈0〉 ⊆ I6 ⊆ I2, I3, I4 ⊆ I5 ⊆ A.

Since the ideals of A do not form a chain under inclusion, A is not a chain ring. The
ring A is also a commutative Frobenius ring. Note that A has a unique maximal ideal,
specifically I5 = 〈u, v〉. Therefore, A is also a local ring.

2.2 Codes over the ring A

Consider An as the collection of all n-tuples over A. A code C of length n over
A is defined as a nonempty subset of An . If C is a left (or right) A-submodule of
An , it is referred to as a left (or right) linear code of length n over A. Each element
c = (c0, c1, · · · , cn−1) in C is called as a codeword. The Hamming weight of a
codeword c = (c0, c1, · · · , cn−1) is represented bywH (c) and is defined as the number
of nonzero coordinates of c. The Hamming distance between any two codewords x
and y is denoted by dH (x, y) and is defined as the number of positions where x and
y differ. When the context is clear, the symbol H can be omitted, and one can simply
use w(c) and d(x, y). The Hamming distance of a code C is given by:

dH (C) = min{wH (c) : 0 �= c ∈ C}.

Next, we investigate the topic of distance-preserving maps, specifically a gray map.
For an element x = a+ub+vc+uvd ∈ A , the relationship between the Lee weight
wL and the Hamming weight wH is given by

wL(a + ub + vc + uvd) = wH (a + b + c + d, c + d, b + d, d),
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wherea, b, c, d ∈ F4.TheLeeweight of a vector c = (c0, c1, · · · , cn−1) is determined
by the sum of the Lee weight of its components. Following [1], a gray map

ψ : A → F
4
4

is defined by

a + ub + vc + uvd → (a + b + c + d, c + d, b + d, d).

This map can be extended to
� : An → F

4n
4 (1)

by
�(a0, a1, · · · , an−1) = (ψ(a0), ψ(a1), · · · , ψ(an−1)),

where ai ∈ A. Let c1, c2 ∈ An . The Lee distance between any c1, c2 ∈ An, is given
by

dL(c1, c2) = dH (�(c1),�(c2)).

The Lee distance of a code C can be expressed as follows:

dL(C) = min{dL(c1, c2) : c1, c2 ∈ C, c1 �= c2}.

It is evident that

1. The gray map � is a linear isometry from (An , Lee distance) to (F4n
4 , Hamming

distance).
2. If C is a linear code over A of length n, size M and minimum Lee distance d,

then �(C) is a linear code over F4 of length 4n, size M and minimum Hamming
distance d.

2.3 Skew G-codes

Now we recall the following definition from the [11].

Definition 1 Let R be afinite commutativeFrobenius ring and letG = {g1, g2, . . . , gn}
be a fixed listing of elements of a finite group G. Let ϕ : G → Aut(R) be a group
homomorphism. The skew group ring of G over R induced by ϕ is the ring of formal
sums

R �ϕ G =
{

n∑
i=1

αi gi : αi ∈ R

}
,

where the addition operation is component-wise and multiplication is given by

αi gi ∗ϕ β j g j = αiϕ(gi )(β j )gi g j
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and then extending linearly. A skewG-code is an ideal (left or right) in the skew group
ring R �ϕ G.

Let w = ∑n
i=1 αi gi ∈ R �ϕ G. Then the matrix of w has the following form:

σϕ(w) =

⎛
⎜⎜⎜⎜⎝

ϕ1(αg−1
1 g1

) ϕ1(αg−1
1 g2

) ϕ1(αg−1
1 g3

) · · · ϕ1(αg−1
1 gn

)

ϕ2(αg−1
2 g1

) ϕ2(αg−1
2 g2

) ϕ2(αg−1
2 g3

) · · · ϕ2(αg−1
2 gn

)

...
...

...
...

...

ϕn(αg−1
n g1

) ϕn(αg−1
n g2

) ϕn(αg−1
n g3

) · · · ϕn(αg−1
n gn

)

⎞
⎟⎟⎟⎟⎠ . (2)

We can associate each element in the skew group ring R �ϕ G with an element in
Rn by the canonical map

� : R �ϕ G → Rn,

such that �
(∑n

i=1 αgi gi
) = (αg1 , . . . , αgn ). Define the following code over the ring

R for a given element w ∈ R �ϕ G.

C(w, ϕ) =〈σϕ(w)〉 = �((R �ϕ G) ∗ϕ w)

={(β1, . . . , βn)σϕ(w) where (β1, β2, . . . , βn) ∈ Rn}
Specifically, the code is formed by taking the row space of σϕ(w) over the ring R. We
do not claim that the rows of the matrix σϕ(w) are necessarily linearly independent;
in general, they will not be. If they are, then the generated code is the ambient space.

2.4 Dual of codes

For any vectors x = (x0, x1, . . . , xn−1) and y = (y0, y1, . . . , yn−1) of length n over
finite fields or rings, the Euclidean inner product is defined as

〈x, y〉 =
n−1∑
i=0

xi yi ,

and the Hermitian inner product is defined as

〈x, y〉H =
n∑

i=1

xi yi .

The vectors x, y ∈ F
n
4 are termed Euclidean orthogonal if 〈x, y〉 = 0 and Hermitian

orthogonal if 〈x, y〉H = 0. Let C be a linear code. Its Euclidean dual code C⊥
consists of the set of vectors that are orthogonal to C under the usual inner product.
Its Hermitian dual code C⊥H consists of the set of vectors that are orthogonal to C
under the Hermitian inner product. A codeC is termed Euclidean self-dual ifC = C⊥
and Hermitian self-dual if C = C⊥H . In particular, if C ⊆ C⊥ (C ⊆ C⊥H ), then C
is called a Euclidean (Hermitian) self-orthogonal code. The Euclidean hull of a linear
code C is defined as
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Hull(C) = C ∩ C⊥

and the Hermitian hull of a linear code C is defined as

HullH (C) = C ∩ C⊥H .

When the context is clear, one can omit the term "Euclidean" or "Hermitian," as we
will do in the rest of the paper.

2.5 Entanglement-assisted quantum error correction codes

An [[n, k, d; c]]q EAQEC code over the finite field Fq is designed to encode k log-
ical qubits into n physical qubits using c copies of maximally entangled states. The
effectiveness of such a code is assessed by two key metrics: the rate k

n and the net
rate k−c

n . In particular, when c = 0, the EAQEC code reduces to a standard stabilizer
code, which is a well-known type of quantum codes without the use of entanglement
assistance. Thus, EAQEC codes can be viewed as a broader class of quantum codes
that generalize standard stabilizer codes by incorporating entanglement.

Brun et al. [5] demonstrated that catalytic codes can be obtained when the net rate
of an entanglement-assisted quantum code is positive. This implies that the net rate is
a crucial measure of the performance of an EAQEC code, highlighting how effectively
entanglement is utilized in the code construction. Furthermore, Qian and Zhang [29]
employed the net rate to evaluate the performance of EAQEC codes derived from
linear binary codes, showing its significance in practical scenarios.

When c = n − k, the EAQEC code is referred to as a maximal EAQEC code. The
concept of maximal entanglement EAQEC codes was introduced by [19], where it was
established that these codes can achieve the entanglement-assisted quantumcapacity of
a depolarizing channel, demonstrating their optimal performance in specific quantum
communication contexts.

Proposition 2 ([26], Proposition 1) If C is an [n, k, d]q2 code, then there exists an
[[n, κ, δ; c]]q EAQECC Q with

c = k − dimFq2
(HullH (C)), κ = n − 2k + c.

δ =
{
wt(C⊥H ), if C⊥H ⊆ C;
wt (C⊥H \(C ∩ C⊥H )), otherwise

.

The code Q in Proposition 2 is nondegenerate or pure if

δ = d(C⊥H ) = wt(C⊥H ).

Proposition 3 ([27], Theorem 6) Q be an [[n, κ, δ; c]]q EAQECC constructed by a
corresponding linear code C with �-dimensional Hermitian hull from Proposition 2.
The code Q implies the existence of an [[n − s, κ,≥ δ; c + s]]q EAQECCs for each
s ∈ {1, . . . , �}.
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Proposition 4 ([27], Theorem 7) Let Q be a pure [[n, κ, δ; c]]q EAQECC constructed
via a corresponding linear code C with �-dimensional Hermitian hull by Proposition
2. The code Q implies the existence of an EAQECC Q with parameters [[n−s, κ+s,≥
δ − s; c]]q for each s ∈ {1, . . . , �}.

3 SkewG-codes over the ring A

In this section, we will examine various classes of groups and construct the skew
generatormatrix for these groups over the ring A.Webegin by determining the number
of automorphism of the ring A.

Theorem 5 The number of the automorphisms of the ring A is 4.

Proof Let θ be an automorphism of the ring A. The automorphism θ is determined
by a permutation of the set {u, v} and the Frobenius automorphism σ : F4 → F4,
defined by σ(r) = r2. If we consider the permutation of the set {u, v, uv} and assume
θ(u) = uv, we find that θ(u)θ(v) = uv · u = 0 or θ(u)θ(v) = uv · v = 0 , whereas
uv �= 0. Hence, θ cannot be a bijection. Consequently, only the permutation of the set
{u, v} determines an automorphism for the ring A and the cardinality of this set is 2. It
is well-known that Aut(F4) = {id, σ }, which is a cyclic group of order 2. As a result,
|Aut(A)| = 2 · 2 = 4. We can express all 4 automorphisms of the ring A as follows:

θ1(a + bu + cv + duv) = a + bu + cv + duv,

θ2(a + bu + cv + duv) = σ(a) + σ(b)u + σ(c)v + σ(d)uv,

θ3(a + bu + cv + duv) = a + cu + bv + duv,

θ4(a + bu + cv + duv) = σ(a) + σ(c)u + σ(b)v + σ(d)uv.


�
Remark 6 1. It is clear that the order of the each element of Aut(A) except the identity

is 2. Therefore, Aut(A) is an abelian group.
2. Aut(A) = {id = θ1, θ2, θ3, θ4} is a Klein-4 group under the composition map.

This is the smallest non-cyclic group and isomorphic to the dihedral group of order
(cardinality) 4. Cayley’s table can be given by:

θ1 θ2 θ3 θ4
θ1 θ1 θ2 θ3 θ4
θ2 θ2 θ1 θ4 θ3
θ3 θ3 θ4 θ1 θ2
θ4 θ4 θ3 θ2 θ1
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3.1 The cyclic group Cn of order n

We now determine all possible group homomorphisms between the cyclic group Cn
of order n and the automorphism group A.

Proposition 7 Let Cn be a cyclic group of order n and ϕ : Cn → Aut(A) be a group
homomorphism. Then

1. If n is even, then there exists 4 group homomorphisms.
2. If n is odd, then there exists only a trivial group homomorphism.

Proof Let ϕ : Cn → Aut(A) be a group homomorphism where Cn = 〈c〉 is a cyclic
group of order n, that is,

Cn = {e, c, c2, · · · , cn−1}.
A fundamental property of group homomorphisms tells us that the order of the image
of an element divides the order of the element. Additionally, we know that the order
of each element in Aut(A), except for the identity, is 2. The order of ck is given by
n/ gcd(k, n).

1. If n is even, a non-trivial group homomorphism ϕ exists if 2 divides n. The non-
trivial homomorphisms are as follows for i = 2, 3, 4:

{ϕ1, · · · , ϕn} = {id, θi , id, θi , · · · , id, θi }.

2. If n is odd, 2 does not divide n, so only the trivial homomorphism exists:

{ϕ1, · · · , ϕn} = {id, · · · , id}.


�
We now design the skew generator matrix σϕ(w) for a cyclic group of even order.

Since the skew generator matrix of a cyclic group of odd order is trivial, we will not
consider odd orders.

Proposition 8 Let w ∈ A �ϕ C2n, then the generator matrix σϕ(w) has the following
form:

G1, j = σϕ(w) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

a1 a2 a3 · · · a2n
θ j (a2n) θ j (a1) θ j (a2) · · · θ j (a2n−1)

a2n−1 a2n a1 · · · a2n−2
...

...
...

...
...

a3 a4 a5 · · · a2
θ j (a2) θ j (a3) θ j (a4) · · · θ j (a1)

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

,

where ai ∈ A and θ j ∈ Aut(A).

Proof Let ϕ : C2n → Aut(A) be a group homomorphism and

{a1, a2, · · · , a2n} = {e, c, c2, · · · , c2n−1}. (3)
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Then by Proposition 7, we get ϕ(c) = θ j for 1 ≤ j ≤ 4. Then we get

{ϕ1, · · · , ϕ2n} = {id, θ j , · · · , id, θ j }, (4)

since θ2kj = id and θ2k+1
j = θ j with the ordering of elements in Eq. 3. Combining

Eqs. 2 and 4 give the generator matrix G1, j . 
�
It is also possible to obtain different generator matrices by different orderings. Let

C2n be the cyclic group of order 2n with the ordering of the elements as follows:

{a1, a2, · · · , a2n} = {1, c2, . . . , c2n, c, c3, . . . , c2n−1}. (5)

Then by [12],

σ(w) =
(
A B
D A

)
, (6)

where A = cir(e, c2, . . . , c2n), B = cir(c, c3, . . . , c2n−1) and D = cir(c2n−1,

c, . . . , c2n−3) are n × n circulant matrices.

Proposition 9 Let C2n be a cyclic group with the ordering of elements in Equation 5
and w ∈ A �ϕ C2n . Then the generator matrix σϕ(w) has the following form:

G2, j = σϕ(w) =
(
A B
D A

)
, where,

A=

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

a1 a2 . . . an
θ j (an) θ j (a1) . . . θ j (an−1)

an−1 an . . . an−2
...

...
...

...

a3 a4 . . . a2
θ j (a2) θ j (a3) . . . θ j (a1)

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

, B=

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

an+1 an+2 . . . a2n
θ j (an+2) θ j (an+3) . . . θ j (an+1)

an+3 an+4 . . . an+2
...

...
...

...

a2n−1 a2n . . . an−2
θ j (a2n) θ j (an+1) . . . θ j (a2n−1)

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

and

D =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

a2n an+1 an+2 . . . a2n−1
θ j (a2n−1) θ j (a2n) θ j (an+1) . . . θ j (a2n−2)

a2n−2 a2n−1 a2n . . . a2n−3
...

...
...

...
...

an+2 an+3 an+4 . . . an+1
θ j (an+1) θ j (an+2) θ j (an+3) . . . θ j (a2n)

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

,

where ai ∈ A and θ j ∈ Aut(A).

Proof Proof is the similar to the proof of Proposition 8. 
�
Remark 10 There exist three non-trivial skew generator matrices for a cyclic group of
even order. If we take θ1, then the generator matrix is just a cyclic generator matrix,
not a skew generator matrix.
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The next Example illustrates Proposition 9.

Example 11 Let us take the ordering in Equation 5 and consider the automorphism
θ2. We construct the skew cyclic generator matrix G2,2 in Proposition 9 over the ring
A for the element

s = (ω2uv + u +ωv)e+ (ω2uv +ω2u + 1)c2 + (u +ω2)c+ (uv +ω)c3 ∈ A�ϕ C4.

The generator matrix obtained from s is calculated as follows:

G2,2 =

⎛
⎜⎜⎝

ω2uv + u + ωv ω2uv + ω2u + 1 u + ω2 uv + ω

ωuv + ωu + 1 ωuv + u + ω2v uv + ω2 u + ω

uv + ω u + ω2 ω2uv + u + ωv ω2uv + ω2u + 1
u + ω uv + ω2 ωuv + ωu + 1 ωuv + u + ω2v

⎞
⎟⎟⎠ .

The linear codeC(s, ϕ) over F4 generated from the gray image of G2,2 has parameters
[16, 14, 2]. These are the best-known parameters according to Grassl’s codetable [14].

3.2 The dihedral group D� of order 2�

Recall that the dihedral group of order 2� is defined as:

D� = 〈a, b | b� = a2 = e, ab = b−1a〉,

where e is the identity element of the group.

Proposition 12 Let D� be a dihedral group of order 2� and ϕ : D� → Aut(A) be a
group homomorphism. Then

1. If � is even, then there exists 16 group homomorphisms.
2. If � is odd, then there exists 4 group homomorphisms.

Proof We focus only on the images of the generators b and a of the dihedral group
D�, as all other images can be derived from these.

1. If � is even, then the orders of the generators b and a are even. Since Aut(A) is a
Klein-4 group, the order of each element except the identity is 2. The order of the
image of an element must divide the order of the element. Therefore, we can map
b to any of the θi . There are 4 choices for b. Similarly, there are 4 choices for a.
Consequently, there are 4 × 4 = 16 choices.
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2. If � is odd, then we can map b only to θ1 = id and a can be mapped to any of the
θi . Consequently, there are 1 × 4 = 4 choices.


�

We now design the skew generator matrix σϕ(w) for a dihedral group of even order.
LetD� be the dihedral group of order 2� with the ordering of the elements as follows:

{1, b, b2, . . . , b�−1, a, ab, . . . , ab�−1}. (7)

Then by [12],

σ(w) =
(
A B
B A

)
, (8)

where
A = cir(α1, αb, . . . , αb�−1)

is an � × � circulant matrix and

B = rcir(αa, αab, . . . , αab�−1)

is an � × � reverse circulant matrix.

Proposition 13 Let D� be the dihedral group of order 2� for � > 2 with the ordering
given in Equation (7). Then the generator matrix σϕ(w) of w ∈ A �ϕ D� has the
following forms:

1. If � is odd, then
2. If � is odd, then

G3, j = σϕ(w) =
(

A B
θ j (B) θ j (A)

)
, where

A = circ(a1, a2, a3, . . . , a�),

B = rcirc(a�+1, a�+2, a�+3, . . . , a2�),

θ j (A) = circ(θ j (a1), θ j (a2), . . . , θ j (a�)),

θ j (B) = rcirc(θ j (a�+1), θ j (a�+2), . . . , θ j (a2�)),

and ai ∈ A and θ j ∈ Aut(A).

3. If � is even, then

G4, j,i = σϕ(w) =
(
A B
C D

)
, where
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A =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

a1 a2 . . . a�

θ j (a�) θ j (a1) . . . θ j (a�−1)

a�−1 a� . . . a�−2
...

...
...

...

a3 a4 . . . a2
θ j (a2) θ j (a3) . . . θ j (a1)

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

, B =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

a�+1 a�+2 . . . a2�
θ j (a�+2) θ j (a�+3) . . . θ j (a�+1)

a�+3 a�+4 . . . a�+2
...

...
...

...

a2�−1 a2� . . . a�−2
θ j (a2�) θ j (a�+1) . . . θ j (a2�−1)

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

,

C =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

θi (a�+1) θi (a�+2) . . . θi (a2�)
θk(a�+2) θk(a�+3) . . . θk(a�+1)

θi (a�+3) θi (a�+4) . . . θi (a�+2)
...

...
...

...

θi (a2�−1) θi (a2�) . . . θi (a�−2)

θk(a2�) θk(a�+1) . . . θk(a2�−1)

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

and

D =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

θi (a1) θi (a2) . . . θi (a�)

θk(a�) θk(a1) . . . θk(a�−1)

θi (a�−1) θi (a�) . . . θi (a�−2)
...

...
...

...

θi (a3) θi (a4) . . . θi (a2)
θk(a2) θk(a3) . . . θk(a1)

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

.

Proof Let ϕ : D� → Aut(A) be a group homomorphism. It is enough to determine
the images of generators of groups.

• Let � be odd. Then by Proposition 12 ϕ(b) = θ1 = id and ϕ(a) = θ j for
1 ≤ j ≤ 4. Then we get

{ϕ1, · · · , ϕ�, ϕ�+1, · · · , ϕ2�} = {id, · · · , id, θ j , · · · , θ j } (9)

with the ordering of elements given in Equ. 7. Combining Equs. 2, 8 and 9 give
the generator matrix G3, j .

• Let � be even, then ϕ(b) = θ j and ϕ(a) = θi by Proposition 12, for 1 ≤ i ≤ 4
and 1 ≤ j ≤ 4. Then we get

{ϕ1, · · · , ϕ�, ϕ�+1, · · · , ϕ2�} = {id, θ j , · · · , id, θ j , θi , θk, · · · , θi , θk} (10)

where θk = θ jθi , with the ordering of elements given in Equation 7. Combining
Equations 2, 8 anf 10 give the generator matrix G4,i, j .


�
LetD� be the dihedral group of order 2�with the ordering of the elements as follows

{1, b, b2, . . . , b�−1, ba, b2a, . . . , b�−1a, a}. (11)
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Then by [10],

σ(w) =
(

A B
BT AT

)
,

where A = cir(α1, αb, . . . , αb�−1) and B = cir(αa, αba, . . . , αb�−1a) are the � × �

circulant matrices and AT and BT denote the transpose matrices of A and B, respec-
tively.

Proposition 14 Let D� be the dihedral group of order 2� for � > 2 with the ordering
given in Equation (11). Then the generator matrix σϕ(w) of w ∈ A �ϕ D� has the
following forms:

1. If � is odd, then

G5,i = σϕ(w) =
(

A B
θi (BT ) θi (AT )

)
, where

A = circ(a1, a2, a3, . . . , an),

B = circ(an+1, an+2, an+3, . . . , a2n),

θi (A
T ) = circ(θi (a1), θi (an), . . . , θi (a2)),

θi (B
T ) = circ(θi (an+1), θi (a2n), . . . , θi (an+2)).

2. If � is even, then

G6,i, j = σϕ(w) =
(
A B
C D

)
, where

A=

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

a1 a2 . . . an
θ j (an) θ j (a1) . . . θ j (an−1)

an−1 an . . . an−2
...

...
...

...

a3 a4 . . . a2
θ j (a2) θ j (a3) . . . θ j (a1)

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

, B=

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

an+1 an+2 . . . a2n
θ j (a2n) θ j (an+1) . . . θ j (a2n−1)

a2n−1 a2n . . . a2n−2
...

...
...

...

an+3 an+4 . . . an+2
θ j (an+2) θ j (an+3) . . . θ j (an+1)

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

,

C =

⎛
⎜⎜⎜⎜⎜⎝

θk(an+1) θk(a2n) . . . θk(an+2)

θi (an+2) θi (an+1) . . . θi (an+3)

θk(an+3) θk(an+2) . . . θk(an+4)
...

...
...

...

θi (a2n) θi (a2n−1) . . . θi (an+1)

⎞
⎟⎟⎟⎟⎟⎠

and

D =

⎛
⎜⎜⎜⎜⎜⎝

θk(a1) θk(an) . . . θk(a2)
θi (a2) θi (a1) . . . θi (a3)
θk(a3) θk(a2) . . . θk(a4)

...
...

...
...

θi (an) θi (an−1) . . . θi (a1)

⎞
⎟⎟⎟⎟⎟⎠ .
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Proof Proof is similar to the proof of Proposition 13. 
�
The next example illustrates Proposition 13.

Example 15 Let us take the ordering in Equation 7 and consider the automorphism
θ4.We construct the skew cyclic generator matrix G3,4 in Proposition 13 over the ring
A for the element

s = (uv + u + wv) + (u + v)b + (uv + wu + w2v + 1)b2

+(w2uv + w2)a + (wuv + w)ab + (wuv + w2v + w)ab2 ∈ A �ϕ D4.

The generator matrix obtained from s is calculated as follows:

G3,4 =⎛
⎜⎜⎜⎜⎜⎜⎜⎝

uv + u + wv u + v uv+wu+w2v+1 w2uv + w2 wuv+w wuv+w2v+w

uv+wu+w2v+1 uv+u+wv u + v wuv + w wuv+w2v+w w2uv + w2

u + v uv+wu+w2v+1 uv + u + wv wuv+w2v+w w2uv + w2 wuv + w

wuv + w w2uv+w2 w2uv+wu+w2 uv+w2u+v u + v uv+wu+w2v+1
w2uv + w2 w2uv+wu+w2 wuv + w uv+wu+w2v+1 uv+w2u+v u + v

w2uv+wu+w2 wuv + w w2uv+w2 u + v uv+wu+w2v+1 uv + w2u + v

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

.

The linear codeC(s, ϕ) over F4 generated from the gray image of G3,4 has parame-
ters [24, 15, 6]. This is the best-knownminimum distance for the code with this length
and dimension according to Grassl’s codetable [14].

4 Duals of skewG-codes

We explore the algebraic characteristics of dual codes derived from skew cyclic codes
over A.

Proposition 16 For any integer n, C is a skew G-code of length n over A if and only
if C⊥H is a skew G-code over A.

Proof The proof follows by [11, Theorem 2.5] since A is a finite commutative Frobe-
nius ring and [11, Theorem 2.5] is valid for Hermitian inner product. 
�

Let Hull(w) = C(w, ϕ) ∩ C(w, ϕ)⊥H . If Hull(w) = C(w, ϕ) then C(w, ϕ) is a
self-dual code by definition.

Lemma 17 Let w ∈ R �ϕ G, then Hull(w) is a skew G-code.

Proof According to Proposition 16, C(w, ϕ)⊥H is a skew G-code. Consequently, if
x ∈ C(w, ϕ), then gi ∗ϕ x ∈ C(w, ϕ) for any gi ∈ G and if x ∈ C(w, ϕ)⊥H , then
gi ∗ϕ x ∈ C(w, ϕ)⊥H for every gi ∈ G. Therefore, if x ∈ Hull(w), then gi ∗ϕ x ∈
Hull(w) for all gi ∈ G. 
�
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Next theorem demonstrates that gray images of Hermitian self-dual codes are self-dual
under the map defined in Equation 1.

Theorem 18 The gray image �(C) of a Hermitian self-dual code C of length n over
A is Hermitian self-dual.

Proof It suffices to demonstrate that the extended gray map preserves orthogonality,
then the result follows from the size of the image.We first note that 〈v,u〉H = 〈u, v〉H .

Let
α1 = a1 + ub1 + vc1 + uvd1 and α2 = a2 + ub2 + vc2 + uvd2,

where a1,b1, c1,d1, a2,b2, c2,d2 ∈ F
n
4, be two codewords of length n over A such

that they are orthogonal. Then, 〈α1, α2〉H = 0. That is:

〈a1, a2〉H + u(〈a1,b2〉H + 〈a2,b1〉H ) + v(〈a1, c2〉H + 〈a2, c1〉H )+
uv(〈a1,d2〉H + 〈a2,d1〉H + 〈b1, c2〉H + 〈b2, c1〉H ) = 0,

(12)

which implies,

〈a1, a2〉H = 0,

〈a1,b2〉H + 〈a2,b1〉H = 0,

〈a1, c2〉H + 〈a2, c1〉H ) = 0,

〈a1,d2〉H + 〈a2,d1〉H + 〈b1, c2〉H + 〈b2, c1〉H = 0.

(13)

Now we consider the inner product of �(α1) and �(α2), where

�(α1) = (a1 + b1 + c1 + d1, c1 + d1,b1 + d1,d1),

�(α2) = (a2 + b2 + c2 + d2, c2 + d2,b2 + d2,d2).

Then, by using the properties of Hermitian inner product and Equation 13 we get

�(α1)�(α2) = 〈(a1 + b1 + c1 + d1, c1 + d1,b1 + d1,d1),

(a2 + b2 + c2 + d2, c2 + d2,b2 + d2,d2)〉H
+ 〈(c1 + d1), (c2 + d2)〉H + 〈b1 + d1), (b2 + d2)〉H + 〈d1,d2〉H

= 〈a1, a2〉H + 〈a1,b2〉H + 〈a1, c2〉H + 〈a1,d2〉H + 〈a2,b1〉H
+ 〈b1,b2〉H + 〈b1, c2〉H + 〈b1,d2〉H + 〈a2, c1〉H + 〈b2, c1〉H
+ 〈c1, c2〉H + 〈c1,d2〉H + 〈a2,d1〉H + 〈d1,b2〉H + 〈d1, c2〉H
+ 〈d1,d2〉H + 〈c1, c2〉H + 〈c1,d2〉H + 〈d1, c2〉H + 〈d1,d2〉H
+ 〈b1,b2〉H + 〈b1,d2〉H + 〈d1,b2〉H + 〈d1,d2〉H + 〈d1,d2〉H

= 2(〈b1,b2〉H + 〈b1,d2〉H + 〈c1, c2〉H + 〈c1,d2〉H + 〈d1, c2〉H
+ 〈d1,b2〉H ) = 0.

It is observed that if two codewords are orthogonal then so are their gray images. 
�
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Remark 19 Proposition 16, Lemma 17 and Theorem 18 are also true for Euclidean
inner product. The proof is similar.

5 Computational results

In this section, we construct new binary EAQEC codes by using Proposition 2 Propo-
sition 3 and Proposition 4 from the gray images of the generator matrices that are
given in Sect. 3. All the upcoming computational results are obtained by using the
software package MAGMA [4]. In this section, we conducted a random computer
search for linear codes over the ring A by using Magma software [4]. We can explain
how we searched codes as follows:

1. We first randomly generate the vector v of length n over the ring A.

2. Next, we construct the skew generator matrix Gi of size n × n from Sect. 3. It is
important to note that while Gi generates the code, it may not necessarily contain
the minimal number of rows required to generate the code. In other words, we do
not assume any kind of independence among the rows.

3. Additionally, we obtain three n × n matrices by simply multiplying each row of G
by u, v and uv, respectively.

4. Subsequently, we construct the matrix M vertically stacking these four generator
matrices, here M is 4n × n matrix.

5. Then, we apply the gray map � to the each component of the matrix M ( �(M)

has 4n rows and 4n columns ).
6. Then, we obtain a linear code C over F4 from the matrix that is constructed in the

previous step.
7. Finally, use the Propositions 2, 3 and 4 to construct EAQEC codes over F2.

We tabulate the construction matrices Gi , parameters of the gray images of codes and
parameters of the binary EAQEC codes in Tables 1, 2, 3, 4, 5, 6 and 7. All generator
matrices over the ring A and quaternary generator matrices that are used to construct
the binary EAQEC codes listed in this paper can be found online at [30].
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6 Conclusion

In conclusion, in this paper we examine the algebraic properties of skew-G codes over
the ring A = F4 + vF4 + uF4 + uvF4. By utilizing the gray map on the generator
matrices of these skew-G codes, we derive binary EAQEC codes. The results reveal
that, our research has successfully yielded binary EAQEC codes from the gray images
of skew-G codes, leading to the development of significant number of novel binary
codes according to Grassl’s codetable [14]. The results indicate that skew construction
matrices are an effective resource for generating newEAQECcodes.We anticipate that
our findingswill inspire further research into developing additional newEAQECcodes
with improved parameters by exploring the non-commutative structure of group rings
over various finite rings. For futurework,we recommend investigating the construction
matrix introduced in this study across different groups and alphabet sizes to discover
new EAQEC codes of varying lengths.
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