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Abstract Using an infinitesimal approach, this work
addresses the renormalization problem to deal with the ultra-
violet divergences arising in quantum field theory. Under the
assumption that the action has already been renormalized
to yield an ultraviolet-finite effective action that satisfies a
certain set of renormalization conditions, we analyze how
the action must be adjusted to reproduce a first-order change
in these renormalization conditions. The analysis then pro-
vides the change that is induced on the correlation functions
of the theory. This program is successfully carried out in
the case of super-renormalizable theories, namely, a scalar
field with cubic interaction in four space-time dimensions
and with quartic interaction in three space-time dimensions.
Relying on existing results in the theory of perturbative renor-
malization, we derive explicit renormalized expressions for
these theories, each of which involves only a finite number
of graphs constructed with full propagators and full n-point
vertices. The renormalizable case is analyzed as well; the
derived expressions are ultraviolet finite as the regulator is
removed but cannot be written without a regulator. In this
sense, the renormalization is not fully explicit in the renor-
malizable case. Nevertheless, a perturbative solution of the
equations starting from the free theory provides the renor-
malized Feynman graphs, similar to the BPHZ program. For
compatibility with the preservation of the renormalization
conditions, a projective renormalization scheme, as opposed
to a minimal one, is also introduced. The ideas developed
are extended to the study of the renormalization of compos-
ite operators and the Schwinger—Dyson equations.
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1 Introduction and conclusions

Quantum field theory is an extremely beautiful and suc-
cessful tool in theoretical physics for describing the inter-
actions between particles and in other areas such as con-
densed matter [1,2]. It accommodates the Standard Model
of Particles which currently is being actively tested [3,4].
Perturbative calculations using Feynman diagrams typically
display divergences associated with virtual particles in loops
in the asymptotic region of large loop momenta. The same
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ultraviolet (UV) divergences appear in the correlation func-
tions for fields at short distances. Such divergences are not
pure mathematical artifacts, rather, they signal the failure of
the model to include the proper degrees of freedom rele-
vant at very short distances [5]. In general, a field theory is
designed to work at scales below a certain momentum cutoff
A and becomes inconsistent above it, developing unphysi-
cally large contributions. Through the process of renormal-
ization, the divergences can be removed by enlarging the
action through the addition of suitable counterterms, in gen-
eral involving operators of increasingly larger dimension.
Renormalizable and super-renormalizable theories are those
that only require a finite number of operators in the action
to produce finite correlation functions. While a renormaliz-
able theory such as Quantum Chromodynamics needs not,
and in fact does not, describe the physics at arbitrarily short
scales, it remains an internally consistent theory at all scales.
Quantum electrodynamics is also renormalizable at the per-
turbative level, although it develops a non-perturbative Lan-
dau pole at extremely high energies [6]. Due to the difficult
renormalization problem, only a few quantum field theories
currently exist from a rigorous mathematical point of view, at
the non-perturbative level [7]. These theories exist in lower-
dimensional spaces where ultraviolet divergences are less
severe. Certainly, no four-dimensional renormalizable gauge
theory has yet been constructed in a mathematical sense.

The physics of the non-perturbative renormalization and
its naturalness were greatly clarified after the analysis by Wil-
son and others. Nevertheless, even if the perturbative analysis
does not cover the whole subject of renormalization, it is still
an indispensable and insightful tool in any theory. The sys-
tematics of the renormalization at the perturbative level has
been the subject of intense mathematical work in the past. In
particular, the work of Bogoliubov and Parasiuk [8] and Hepp
[9] allowed to organize in a systematic way the renormaliza-
tion of the momentum space Feynman diagrams of any theory
and the identification of the counterterms. Epstein and Glaser
[10] developed an equivalent procedure in space-time space
(see [11] for a modern presentation). The forest formula by
Zimmermann provided an explicit solution to Bogoliubov’s
recursion that, as a by-product, allowed to yield manifestly
renormalized ultraviolet-finite Feynman graphs for massive
theories [12,13]. The same subtraction rules work regard-
less of the regularization and apply to the massless case and
gauge theories, where dimensional regularization becomes
the method of choice [14].

A field theory is solved when its correlation functions are
known. In perturbation theory, this corresponds to summing
the relevant Feynman graphs. The effective action functional
is the classical action, or tree-level action, that reproduces
the correlation functions of a theory, while the full propa-
gator and full vertices contain all loop effects [15]. In [16],
the following problem was posed and answered: If a per-
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turbation is added to the action, must the Feynman graphs
be recomputed, including both the old and new vertices, to
obtain the new effective action? Such procedure corresponds
to a scheme ‘Stree + S; + 6S°, where S = Sgree + Sy is the
original action, and §S is the perturbation. In fact, it is not
mandatory to follow such route. The new effective action can
also be obtained using the scheme ‘I" + §S°, where I is the
effective action of the original theory. In this scheme, stan-
dard Feynman graphs are used with vertices of 4., as well as
full vertices and full propagators of the effective action, but
include only graphs without unperturbed loops. This means
that every loop must include a vertex of §S. If the vertices
of S are deleted in one such graph, what remains is a tree
graph of I".

In this work, we explore how the above result can be
exploited in the context of renormalization theory. In a renor-
malizable theory, every correlation function remains finite
(barring coincident points) when the parameters in the action
are given a suitable dependence on the UV regulator, say A,
as the regulator is removed, i.e., for large A. In this way,
the theory becomes a renormalized one. In a theory that is
already renormalized, one can introduce a first-order pertur-
bation in the action. In the ‘I" + §S’ scheme, all the UV
divergences from the loops inside I have been canceled, but
the perturbation §.S introduces new loops and thus new diver-
gences that need a regulator. These new divergences must be
canceled through a suitable dependence on the regulator of
the parameters in §S. As usual, the cancellation of diver-
gences leaves finite ambiguities in the parameters. Rather
than applying a minimal subtraction scheme, the approach
we adopt here is to enforce some renormalization conditions
on the correlation functions by defining some renormalized
parameters. Correspondingly, the subtractions appearing in,
e.g., the forest formula, follow a projective renormalization
scheme. The procedure then yields the change in the cor-
relation functions induced by the first-order variation in the
renormalized parameters.

This infinitesimal approach, which is implemented through
a form of Schwinger’s principle, has an obvious limitation,
namely, it does not directly provide the renormalized effec-
tive action, only its variation as the renormalized parameters
change. On the other hand, the renormalization takes place
at the linear level, hence it is structurally simpler and the
divergences are softer. Another virtue is that the expressions
involve the full propagator and vertices, then the equations
found are non-perturbative. This means that each equation
involves only a finite number of graphs constructed with
the propagator and vertices of the effective action, rather
than an infinite number of graphs of the action, much as
the Schwinger—Dyson equations do. Of course, a different
question is that some of the theories only exist, in principle,
in a perturbative sense, i.e., as a formal power series in the
coupling or in /. The fact that the equations do not directly
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depend on perturbation theory is an interesting feature, which
could potentially be adapted for a non-perturbative construc-
tion of the theory. This is not attempted in this work.

The linearized approach explored here is applied to super-
renormalizable theories, namely, scalar ¢2 and qbg‘ . The
fact that in these theories the UV divergences are rather
mild allows us to obtain explicit and fully renormalized
non-perturbative equations for the variation of the effective
with respect to the renormalized parameters. No regulator
is needed. Not unexpectedly, the renormalizable case, e.g.
¢>g or d)j, is not so well behaved since the UV divergences
are stronger there. In the renormalizable case, expressions
are found that still involve only a finite number of graphs
constructed with the propagator and vertices of the effective
action, however, the momentum integrals need to be reg-
ulated. The renormalizability of the theory guarantees that
there is a finite limit after removing the regulator, but the limit
itself cannot be expressed in closed form. In the renormal-
izable case, the equations display a finite number of explicit
loops, but the divergences involved are not accounted by
a naive expectation from these loops only. Ultimately, the
reason why the limit cannot be taken explicitly is that the
composite operators in the perturbation §S activate subdi-
vergences involving vertices from 65 and propagator lines
(of the action) hidden within the effective action even if the
latter has been renormalized. Nevertheless, the enforcement
of the renormalization conditions, which is built into the for-
mulation, ensures that when the equations are solved pertur-
batively as a formal series in the renormalized coupling, each
contribution is a subtracted and UV-finite Feynman graph so
that the regulator can be removed there.

The subject of perturbing the action to first order is, of
course, closely related to the study of composite operators
and their renormalization. In fact, most of the tools developed
in one case immediately apply to the other, so this topic is
also discussed.

The linearized renormalization is also closely related to
the subject of Schwinger—Dyson equations and their renor-
malization. In both cases, the equations follow from graphs
involving vertices and lines from the effective action and from
the action itself (in the case of the Schwinger—Dyson equa-
tions) or from 4 S in the linearized renormalization approach.
The two sets of equations are related and fulfill consistency
conditions between them.

The paper is organized as follows: Sect. 2 revisits the
effective action machinery. The concept of (A)? and some
related diagrammatic properties are discussed. Our form of
the Schwinger principle is also introduced along with the
definition of the coefficients H and G. Section 3 details
the application of the linearized approach to the super-
renormalizable scalar field theories ¢2 and qﬁg‘. The result
is an infinite hierarchy of non-perturbative equations that are
free from UV divergences and express the variation of the

effective action with respect to the renormalized parame-
ters. The renormalizable case is addressed in Sect. 4. First,
the projective renormalization scheme is introduced. This is
presented within the framework of a Bogoliubov—Parasiuk—
Hepp—Zimmermann (BPHZ) approach, by specifying the
operation 7 to be employed in the forest formula. Then,
the linearized equations are constructed. As previously men-
tioned, these equations are less explicit than those of the
super-renormalizable case since the regulator cannot be lifted
in their non-perturbative form. However, the regulator can
be removed in a perturbative solution of the equations and
this yields subtracted UV-finite Feynman graphs. Section
5 deals with the renormalization of composite operators,
building on the formalism previously developed for the lin-
earized renormalization. In the super-renormalizable case
this approach produces UV-finite non-perturbative expres-
sions for the matrix elements of the operators. The renor-
malization approach is adapted to the Schwinger-Dyson
equations in Sect. 6. The renormalized Schwinger—Dyson
equations follow the same pattern as the linearized renor-
malization and the composite operators; they are manifestly
UV-finite in the super-renormalizable case but not in the
renormalizable one. Some properties of the effective action
exposed in Sect. 1, including the Schwinger principle, are
proven in Appendix A. Appendix B illustrates properties of
the projective renormalization scheme developed in Sect. 4.1.
Appendix C elucidates further the concept of anti-canonical
pattern discussed in Sect. 4.2 by analyzing a simple subcase
of the scalar theory qbg. It also illustrates the consistency
of other results obtained in the main text. Finally Appendix
D discusses a technical aspect of the linearized approach,
namely, that the renormalized results do not depend on the
assumption that the effective action has already been renor-
malized prior to its perturbation.

2 The Schwinger action principle

For simplicity, let us consider a theory ¢}, a single scalar
field ¢(x) with action

1 1 1
Sle] = /ddx (EZ(EJM(p)z + §m2<p2 + Fg<p”) N R))

Here, a Euclidean signature-like notation is used. For conve-
nience, an explicit wave function renormalization factor Z
has also been introduced.

The generating functional Z[J] of the Green or correlation
functions is then

7] = / Dy e dX L@@ . WL 2.2)
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so that
; I3 >z |
(Tox1) @) = ZJ18J(x1)  8T(xn) g P
5 8
(To(x1) - @lxn))e 5]()61) ' 5J(Xn) LI]‘J:O.

2.3)

Here and in what follows, we will use a convention with
Boltzmann weight e instead of ¢~5. This implies that Z,
m2, g, Slel, W[J1, I'[¢], etc, have non-standard signs. In
particular, the free propagator in momentum space becomes
= —(ZK> +m*>~ .

Dy (k) 24)

While this convention may be inconvenient for perform-
ing detailed calculations, it enjoys the crucial advantage that
there are no minus signs between Green functions contribu-
tions and their Feynman graphs, nor in the Feynman rule of
the vertices.

2.1 The effective action functional
Using the DeWitt notation ¢(x) — ¢’ (with ¢’ real and i

including all labels present in the field) a general action takes
the form

1 .
Sle] —C—I—hl(p + 2ml](p (p/ _|_Z g” 1,,§0 "'QD’"

n>3
2.5)
or simply
1 . .
Slel =) —gining" 9" (2.6)
n>0

Here m;; and g;, . ;, are completely symmetric covariant ten-
sors with respect to linear transformations of the ¢', which
are contravariant. The (free connected) propagator is

s = (=m™OYI sUmj = —85. 2.7)
In this notation, the generating function is then

Z[J] =V = / Dy eS¢ (2.8)

and

(@ @M =01 AW,y 0 =08/0Ji. (2.9)

The effective action I"[¢] will be used extensively. It is
defined as the Legendre transformation of the connected gen-
erating functional,

(@',

Clg]l = W[J] — Jid', ¢'[J1=W[J]=
[¢] [J] ¢, ¢'[J] [J] (2.10)

Til¢l = —0i T[], 0; :=03/0¢'.

@ Springer

@' is known as the classical field. The expansion

Il =C + Hi¢' + M,,¢¢f+2 AR

3
"= 2.11)
= ]:l M ll...¢”“

n>0

provides the full propagator (the connected two-point func-
tion)

DV = (=M~ = (¢'¢')c,
and the vertex functions I7;, _;,, which are the connected, irre-
ducible amputated graphs of the action S.! In turn, the Green
functions of § are obtained by using the standard Feynman
rules with propagator DU and vertices I;,..i, (forn # 2) but
including only tree graphs. Hence I' is the action that pro-

duces classically (i.e. at tree level) the correlation functions
generated by S quantum-mechanically (i.e. allowing loops),

DMy = -8,  (2.12)

Z[J] = el 91+0ig"

(2.13)
2.2 Schwinger’s action principle

If the current J is not set to zero in the functional integral,
the expectation value of an observable A[¢] becomes

AY = —— | Do S ALy, 2.14
(A) Z[J]/ pe [o] (2.14)
Let us introduce the notation

(A)Y? = (A)/=/19], (2.15)

That is, (A)? denotes the expectation value in the presence
of the current J such that ()’ = ¢. In particular

(') =9¢".

Under a first-order variation of the action S — S + 685,
the generator of the connected Green functions is modified
as

(2.16)

SWIJ] = (8S)”. (2.17)

As a consequence, for the effective action one obtains imme-
diately (see Appendix A) that

sI'[¢] =

which is likely a version of Schwinger’s quantum action prin-
ciple. This identity will play a central role in this work.

The first-order variation in Eq. (2.18) is consistent (in the
technical sense [§1, 8] = 0); therefore, if one wants to com-
pute variations of higher order it suffices to use the identity
recursively. Alternatively, the theorem proven in [16] applies:

(58)?, (2.18)

! Exceptionally, for n = 2 these graphs produce the selfenergy ; j and
M;j = m;j + %jj.
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If S is perturbed to S + S the new correlation functions fol-
low from using the Feynman rules of ‘1" + S;’ (namely, the
propagator and vertices of I" plus vertices of S;) but retaining
only graphs such that any loop must have at least one vertex
of S I-

2.3 The coefficients H

Clearly, when the current J is not removed, the expectation
values (A)’ can be computed with the same Feynman rules
of S but using h; 4+ J; as the new 1-point vertex. A related
result that will be needed is as follows:

Theorem. Forn > 2, the expectation values (¢! - - - in)?
are obtained from the Feynman rules at the tree level but using
the following propagator (line) and vertices:

DU[g] := (=8> T'[p])~HY,

9, I'l¢]n =3

. B - (2.19)
nl...in [¢] = 0 n< 9"

This statement is proven in Appendix A. Obviously when
¢ is set to 0, D'/ [¢] and T}, ; [¢] become D and I}, ;,
introduced in (2.12) and (2.11).

Applying the Theorem, for n = 1, 2, 3 one obtains>

() = ¢,
(¢'¢))? = D' [g],

<(pl§0/§0k)? — bia [¢]b!b[¢]DkC[¢]Fabc[¢] (220)
Schematically,
(p)? = ¢.
(@*?¢ =D,
A 2.21
@)? = DI, (2.21)
(@"? = D*Iy +3 x D*’I3DI3D?.

The rule is that each 3’ = 3/9J; generates a new leg from
either a vertex (1) or a line (D). Likewise 0; = 8/8¢j
generates an amputated leg because ' = D/ [¢]9;. So, for

instance

(@ o g")? = 81 (9l ")? = D@y, DI* S
_ﬁiabjbf)kcl’—‘wb (2.22)
- apc-

Let us introduce the family of functionals H from
(@ @) =gl

Note that these expectation values are not connected. Also,
for convenience, the completely disconnected term has been
removed from the definition of H. Hence, in particular

.__¢iz + ﬁil--»i£[¢]. (2.23)

2 The case n = 1 is included for completeness; it is not derived from
the above rules.

H'1-i¢[¢] vanishes for £ = 0, 1. Explicitly for £ = 2,3

one has
H""[¢] = D"=[g]
AR (p] = ¢t D[] + ¢ D" (] + ¢7 D[]
+DM[@1D[P1 D [P1  pelp].  (2.24)
Schematically
H?> =D,
H?>=3x¢D+ D3,
x¢D + D13 (2.25)

H*=6x ¢’D+4x ¢D*I3+3 x D?
+3Xl§2ﬁ3bﬁ3b2+b4ﬁ4.

Furthermore, one can define the coefficients H from
I:Ii 1. t( Z

These coefficients H lllx represent tree level I"-graphs (in
general disconnected) with legs iy, ..., i, (contravariant)
plus the amputated legs ji, ..., j, (covariant), constructed
with the effective action propagator D% and vertices Iy
(hence I'-graphs). They are fully symmetric tensors with
respect to the covariant and contravariant indices separately.
Since (2.26) represents a Taylor expansion in ¢, the coef-
ficients H are easily constructed by applying 9; on H [¢]
to produce the amputated legs ji, ..., ju, and then setting
¢ = 0. Diagrammatically, this corresponds to recursively
extracting the amputated legs in all possible ways from
the initial graph of H'l-[¢]. The legs are extracted from
explicit ¢ (once), from unamputated legs and from vertices,
but not from amputated legs. At the end ¢ must be set to zero
for each coefficient, but not of course during the recursion.
For ¢ = 2 one obtains

H” i <le ¢./n'

Jieeedn (2.26)

itz — Diliz’
Hjt:lliz — DimDiszjmbv (2.27)
HI% = DD T oy + DD DT 0 Dy

+ DD DAL o Ty ab,s
and similarly for higher values of n.
Likewise, for £ = 3 the extraction of the amputated legs
J1» ..., Jn in all possible ways yields
HI12is — phapibpiser
HiIP5 = §11 DR 4 522 DI 4 5% pitiz
+ D“drj.deDf“D””D'“rabc
+ D" D™ I3, D’ D" Ty
+ DilaDiszi3dFjldeDec Cupe
+ DD DB e

(2.28)

@ Springer
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For convenience, let us also introduce the notation
Gltgl = (" - 97, (2.29)

that is, as H''¢[¢] but including the completely discon-
nected term. These functionals can be collected into gener-
ating functionals, namely,’

i ZIJ+J
GlJ. g1 = ('¢')0 = 2L+ T100
Z[J[$1] (2.30)
=:¢"? + H[J, ¢],
so that
00 1 o
G[J, q‘)] = Z E‘Iil - Ji(G“"“[d’]
~ o (2.31)
11 k) . . / in
=2 2 g it ol
In addition, for an observable A[¢],
00 1 .
Algl =)~ i, (2.32)
=0
one can define
G [¢] := Alpl + H 4] := (Al])’. (2.33)
This functional can be expanded as
21
Appr A i i
GAlpl =) —Gj j,¢" 9", (2.34)
n=0
where
21
A iy
G/l /n OHA”"'IZG]'I---J}!' (235)
(=

From Schwinger’s principle, it follows that if S[¢] is per-
turbed by adding a term §S[¢] = L A[@],

STl = SM(Alg])? = 81G[g]. (2.36)

Hence, diagrammatically, G ;‘1 n is given by connected and
irreducible graphs with amputated legs jj . .. j,, constructed
with the propagator and the vertices of the action plus exactly
one vertex of the composite operator A[¢].* We will refer to

the Gfl j, s the amputated matrix elements of A, since the

standard matrix elements of A, (A(pi L. (pi"’ ), can be recov-
ered from them, to wit, by adding tree graphs of I" (in general
several trees) in all possible ways saturating all amputated
legs j- and fields iy, provided that each tree contains at most
one end of type j, (so that no new loops are generated).

3 Here J is an independent variable, not J[¢].

4 The Feynman rules of these vertices are A;; . ;, and diagrammatically
are represented by a single point.

@ Springer

2.4 Momentum representation conventions

In momentum space we use the following conventions:

rig] = Zm/]'[(2 d Fa(pts - p)1(p1) - $upn)

n>0
(2.37)
with ¢(p) = [ d?x eP*¢p(x) and
Fu(prs - pn) = @)48(p1 + -+ p) T (p1, - 1)
(2.38)

due to invariance under translations.’

Likewise, we introduce the momentum version of the coef-
ficients H'!"  denoted

Jleejn®
LG, - qei Py o)
V4 n
= 2m)’s > g+ p; HEq1, - g Py Do)
i=1 j=l1

(2.39)

or simply (27)48(3" g+ p)H! (¢; p). Explicitly, for n =
=2,

sz(m,qz; p1, p2)
= D(q1)D(q2)D(q1 + p)I3(p1,q1, 91 + p1)

(2.40)
+ D(q1)D(q2) D(q1 + p2)I3(p2, 91,91 + p2)
+ D(q1)D(q2)I's(p1, p2, 91, q2),
where
D(p) := (=D (p) ™! (2.41)

denotes the full propagator (connected 2-point function).
Similarly Hj’,‘]‘mjn corresponds to I:InA (p), or H,f‘ (p) after
extracting (Zn)dS(Z p) if A[¢] is translationally invariant,
and the same goes for G,ﬁ‘ (p).
In what follows, different types of Feynman graphs will
appear:

(i) S-graphs. They are constructed using the free propaga-
tor Dg(k) and the vertex of the action g, equivalently,
Sij and 8iy...in-

(ii) I"-graphs. They are constructed using the full propaga-
tor D (k) and the full vertices I}, (p), equivalently, D/
and F, Lewdn>

(iii) I"-graphs. These are those of the Theorem, using D™/ [¢]
as line and f,-l ..i,[¢] as vertices and ¢ is not set to zero.

5 The functions I}, (p1, ..., pn) or simply I},(p), are only defined in
the subspace Y p = 0; therefore, depending on the context, we may
write them as I5,(p1, ..., pp—1) for convenience. The same notational
liberty will be taken for similar functions, e.g. H,(g; p) below.
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Here, and in what follows, we use a Euclidean signature.

3 Linearized renormalization of super-renormalizable
theories

We want to investigate the idea of using the Schwinger princi-
ple (2.18) to perform the renormalization of a renormalizable
theory. In this Section we start with the more amenable case
of a super-renormalizable theory.

A (first-order) infinitesimal variation of the bare action S,
in DeWitt notation

1 . .
OSI91 =) —dgirin¢'" -+ ¢,

n>0 "

3.

will induce an infinitesimal variation in the effective action

STl = (8S[g])?

1 Ny 3.2
= 85181+ Y 08 A 18], ©-2)
=2
and
1 o
0Ty iy = 881 + D y08in.icHjy (33)

=2

In the spirit of [16], our point of view is that I"[¢] is
already renormalized and the correlation functions are free
from ultraviolet (UV) divergences, and the same goes for the
functionals A and the coefficients H , which are finite com-
binations of the propagators and vertices of I"[¢]. However,
new UV divergences arise in 6 I'[¢] since (§S[¢]) requires
the expectation value of the composite local operators present
in the action. In Eq. (3.3) the divergences are introduced by
the sum over the indices 7; . . . iy, or equivalently due to loops
in a momentum space representation. To render § I"[¢] finite,
such divergences have to be canceled by divergences in the
bare parameters of the action, 8g;,..,.

3.1 The qﬁi’ theory

In order to analyze this matter, let us consider the the-
ory ¢ (i.e, k = 3 and d = 4 in (2.1)) which is super-
renormalizable. In this theory, the bare coupling and the bare
wavefunction renormalization factor are finite and need not
be renormalized; they will be denoted g and Z (rather than gg
and Zj). Only the bare mass, mg, requires renormalization,
so we only introduce one renormalization condition,
my=D(p)| . (3.4)
p=0

The parameters Z and g are those of the action but they
can also be recovered from the effective action in the large
momentum limit (Eq. (3.25) below).

We will use a Euclidean cutoff A to regularize the UV
divergences. In the ¢;:’ theory, there is a single primitive diver-

gent S-graph, namely, C , which is canceled by using
as the bare mass

m3 = my +m?, (3.5)
with

1 2
m2(A) = —E%Q4LA tsdit, (3.6)

where “s.d.t.” stands for subdominant terms. Also, we have
introduced the notations

L :=log(A/p) 3.7
and

dd o)
f (Zn‘)’dﬂq%:ad /0 der'=Hf@?). (3.8)

The value of the scale u is not relevant as the renormalization
condition eliminates its dependence. Using the cutoff action
with bare mass m(A) in the Feynman rules and then remov-
ing the cutoff produces a finite I'[¢]. This is the standard
approach.

Now, our point of view will be that the effective action
I'[¢] of the qﬁ theory is already renormalized and so it no
longer depends on any regulators. Such an effective action
provides finite values for the correlation functions.® The
functional I'[¢] is completely determined by the values of
the parameters m%e, Z, and g. We consider a first-order vari-

ation in the action
88 =8m} O™ +8Z 0% +5g 0%. (3.9)

Here all three operators include cutoffs through profile fac-
tors F, which we assume to be equal for simplicity:

o = /ddx%&(x),

0% = /a’dx%(au(f)(x))z, (3.10)
0% :=/ddxl¢§K(x).
K!
withd = 4 and ¥k = 3, and
P(x) 1= F(—3> /AP (x). (3.11)

Here F(x) is a real decreasing smooth function rapidly
approaching 1 asx — 0,andOasx — oo. Valid convergence
conditions are

Vo e R lim x*(F(x) — 1) = lim x“F(x) =0.(3.12)
x—0t xX—>+00

6 Of course, new divergences arise as two or more fields are located at
ever closer points to produce a composite operator.
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or[p] = x + x—
+<+© [f']
+<~+'—©+@

Fig. 1 Graphs contributing to 6 I"[¢] (Eq. (3.16)) for a variation § S[¢]
with two- and three-point vertices (Eq. (3.15)). These are r- -graphs
(indicated by the tag [1"] in the figure), that is, the lines and (uncrossed)
vertices in the graphs are Dii [¢] and 1",] i, [¢] (without setting the
field ¢ to zero). The vertices represented by a cross are those of § S, i.e.,
8gi,...i, (for £ = 2, 3). In the figure, the contributions from the vertices
of 8§ of 0- and 1-points — omitted in the formulas — have been included
by completeness

For convenience, we assume that F(x) = 1 for0 < x <
1 and F(x) = 0 for x > 2; otherwise F is smooth and
decreasing. The effect of the regulator F is to suppress the
interaction at momenta well above A. For regularization in
coordinate space see [17,18].

At the level of the Feynman rules in momentum space, the
interaction vertex of 65 are

(Smd + p*82)F*(p?/A?) (3.13)
for §m§ O™ 4+ 8Z 0% and

K
sg [ [ Fp3/a% (3.14)

j=1
for 6g O%, where the p; denote the momenta at the «-point
vertex. In the presence of A, that is, before taking the limit
A — o0, all divergences from the loops are regulated in
(6S[9]).

In (3.9) 2- and 3-point operators are present. Terms corre-
sponding to 0- and 1-point vertices should also be included
in 8 S[¢] to renormalize the 0- and 1-point vertex functions
in §I"'[¢], but we will often omit them as they will not be
relevant for the discussion (they do not induce divergences
on m%).

For a ¢ theory

1 1
88§ = Smufb ¢ + + 398 kg ¢’ 9t (3.15)

Equation (3.2) yields
1 ns 1 n
SI'[¢p] =48S[e] + §5mz'jH”[¢] + §5giij”k[¢]- (3.16)

The graphs are displayed in Fig. 1. A key point here is that
the number of I"-graphs involved is finite. Upon expansion

8. = mji j0n2 + 881 jj30n.3
1 1 ik (3.17)
+ 28m,jH]1 n 3'(‘)‘g,JkHjlmj”.
The number of I"-graphs is also finite for each given n. They
correspond to an infinite number of S-graphs.

@ Springer

In a momentum representation, (3.15) becomes

8Su(q) = (8mg + 8Zq7)Fy8n2 + 88 Fy, Fyy Fys 0.3,

(3.18)
where F, := F(qz/Az). In turn, (3.17) becomes
8T(p) = 8m(8n2 + H)' (p))

+8Z(8u20* + HZ (p)) (3.19)

+68(8n3 + Hii (p)).

Here, we use p2 to refer to p% (or p%), but more importantly,
in writing this expression, we have dropped explicit factors
F, (they are implicit). The form factor Fy is relevant when
¢ can be large, but does not differ from 1 for momenta that
are never in the UV region, so we adopt this convention to
have simpler expressions.

The contributions from the loops have (relevant) form fac-
tors in the internal lines. Explicitly,

I (p) = /(2 )d F2A,(g: p)

HE(p) = f oyt T F24*An(q: p) (3.20)
dlq1 dlq
Hy (p) = Qn)d (27T)d Fyy Fyg, Fyi 14 Bn(q: p)
with d = 4 and
1 2
An(q; p) := EH" (g, —q: p),
(3.21)

1
B (q; p) := yH,f(cn,qz, —q1 — q2; p).

The functions H(p) (where the label « refers to m, Z or
g) as well as A, and B,, are only defined in the subspaces
Y p=0and) ¢q =0.

The functions A, (¢; p) and B, (q; p) depend only on the
effective action and not on the regularization details nor the
cutoff. They can be represented diagrammatically as

An(q; p) (3.22)

i S
*
B,(q; p) =

It should be recalled that in these functions, the n lines p

are amputated, but not the lines ¢. Likewise H™(p), HZ (p)
and Hj (p) can be represented as

(3.23)
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o, = <+ £ +{ X
1 = ¢ +£O0 + O

Fig. 2 For the theory ¢2, graphs contributing to § 5 (p) and §13(p),
Eq. (3.19) for g = 0. The lines and (uncrossed) vertices in the graphs
are those of I"[¢], i.e., D(p) and I, (p), hence these are I"-graphs. This
is indicated by the tag [I"] in the figure. The vertices represented by a
cross are those of §.5, with Feynman rule qu(sz% + q28Z). The p-legs
are distinguishable; therefore, the first two graphs of 6 /3(p) have three
versions

(I']

3.1.1 Renormalization from §Z

To simplify the discussion, we will start with the case §g = 0.
In the theory ¢i’ the mass term Sm%) is divergent but does
not itself introduce divergences; instead the divergences are
induced on 8m(2) by 6Z and 6g, which are finite.” Therefore,
while the mass term 8m(2) cannot be assumed to vanish if
either §Z or &g are present, the choices g = 0or6Z =0
are consistent. This is no longer true in the renormalizable
case (e.g., the theory qﬁg).
The contributions to I>(p)

$Dh(p) = dm{(1 + HY (p)) +8Z(p* + HY (p))  (3.24)

are displayed in the first row of Fig. 2.

The asymptotic UV behavior of S-graphs is described by
Weinberg’s theorem [12, 19]. In the ¢>2 theory, the effect of the
quantum fluctuations is suppressed in the asymptotic region;
for large momenta ¢ with fixed p and k.8

D(q) = Do(q) + O(log(g»/q™"
I3(q.k — g, p) = g + O(log(¢®) /q*)
(g, k—q.p)=0(1/¢*) n=>4,

(3.25)

7 This is already clear from the form of mgt in (3.6), which depends on
Z and g but not on the mass.

8 For a quantity f(x) defined as a formal power series, f(x) =
Do fx (x)gk, the statement f(x) = O(x") should be understood as
felx) = 0(™) Vk.

(3.26)

The first Eq. (3.25) would be equally correct using any other
mass scale instead of mpg. The choice adopted might be
preferable to connect with perturbation theory and the BPHZ
renormalization scheme [12].

Due to this asymptotic behavior and attending to the
graphs in Fig. 2, H"(p) is UV-finite as A — oo, while
HZZ (p) has alogarithmic divergence. In (3.24) the divergence
from§Z H2Z (p) must be canceled by a logarithmically diver-
gent 8m(2)(A), which cannot depend on p. This requires that
the divergent component of sz (p) should be proportional to
1 + H3'(p) as p changes. Moreover (from (3.19)) the same
(divergent) proportionality constant must hold between the
divergent component of an (p) and H,)' (p) (which is finite)
forn > 2.

To see how this works, we will analyze the asymptotic
behavior of A, (q; p) in the regime of large ¢ with fixed p.
To this end, let us first establish the relation

Thi2(q, —q, p) =28*D(@QH"(p) + 0T (1/¢°) n > 2.
(3.27)

Here, we have introduced the notation f(x) = O (x"*) when
x — oo to denote f(x) = O(x") for all n > 0. In partic-
ular O (x" logh(x)) € O+ (x").

Asymptotically the leading terms are those with a mini-
mum number of propagator-lines traversed by the momentum
flow of g. In the S-graphs of I;,412(q, —¢q, p) withn > 2,
the two external lines ¢ and —g must go to two different
vertices, because the vertex functions are one-particle irre-
ducible. The leading terms are those with just one internal
line carrying a large momentum g +k connecting the two ver-
tices (see (3.28)). The two outgoing lines attached to those
two vertices must be internal (otherwise the graph would
be reducible) and recombine to produce the final n p-legs;
the recombination involves precisely the amplitude A, (k; p).
Diagrammatically,

+ sdt

(3.28)

The left-hand side (LHS) represents I},42(q, —q, p); alllegs
are amputated. There are two g-legs and n p-legs. The box
is A, (k; p). The legs are distinguishable, so there are two
versions of the graph. Furthermore, for large ¢ the internal
propagator D(k+q) = D(q)+ O (1/g>);in the leading term,
that with D(k + g) — D(q), the integration over k can be
carried out and it produces H,"(p). This proves (3.27). The
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factor 2 compensates for the symmetry factor 1/2 present in
H,"(p) butnotin I',42(q, —¢, p)-

Let us now analyze the asymptotic behavior of A, (q; p).
The cases n = 2 and n > 3 are discussed separately. Let us
consider A, (g; p) forn =3,

- F +&f S

(3.29)

Recall thatin A, (¢g; p) the p-lines are amputated and the g-
lines are not. The first I"-graph in the right-hand side (RHS)
is 0(1/¢®) from the four explicit propagators (two external
and two internal) carrying the large momentum g. The second
graph is also O(1/¢®) from the three explicit propagators
and the vertex Iy = O(1/¢?). The third graph, with two
explicit external propagators and a vertex I's = O(1/g?),
dominates the asymptotic behavior. More generally, for n >
3 the leading term of A, (g; p) comes from the graph with a
vertex ;42 and

1 _
An(q: p) = EDZ(Q)F,H_z(q, —4.p)+0(q® n=>3.

(3.30)
Therefore, using (3.27),

An(g: p) =D’ @H(p)+ 0% (@) n=3. (331

Diagrammatically, for A, (q; p) andn > 3,

p J—
q = + sdit.
= x 1<k + sdit.

T (3.32)

Here, we have chosen to use the full propagator D(g) in the
three lines carrying the momentum ¢. Dy(g) would be also
a valid choice. The choice affects the precise definition of
the “finite component” of HnZ (p) but this ambiguity will be
removed by the renormalization condition.

The case n = 2 is special because the two I"-graphs in
As(q; p) are of the same order

T-T-X =«

@ Springer

(3.33)

The graph with I'; does not dominate; hence, there is an
additional term in Az (g; p):

Po=T+ IF + s«
= ::x (1 +1<[ ) + sdt.

(3.34)

In summary,

An(q; p) = g2D3 (@) Sn2 + H™(P)) + Au(g; p),
An(g; p) = 07(1/q").

We can use this result in (3.20). Since A,(g; p) =
O(q_6), the integral over g in H)"'(p) is UV-finite, while
HZ (p) diverges logarithmically,

(3.35)

HZ(p) = Cz(A)(n2 + HY' () + HE (p). (3.36)
where the remainder I%nz (p) is UV-finite and
d*q 5 5 503 g
Cz(A) = F D- =—-Qu=L d.t.
z(A) /(Zn)d 7478 D (q) 4 zlats
(3.37)

The structure of (3.36) introduced in (3.19) allows to write

8T(p) = 6m? (Sn2 + H)'(p)) +0Z (8020 + AL ()

1 5g (ang + A8 (p)) (3.38)
where
Sm? :=8m} 4+ 82 Cz + 85 C,, (3.39)

and we have already allowed for the presence of a §g contri-
bution, which will be discussed subsequently.

The crucial observation is that the bare-mass parameter
Sm(z)(A) can be chosen so that 8m? is finite, and this renders
all 6 I, (p) also finite.

In (3.38) it can be assumed that the limit A — oo has been
taken, so the result no longer depends on the value of the cut-
off or the regularization procedure. However ﬁnz (p), I:I,‘f (p)
and 8m? still have a dependence on the conventions adopted
regarding how to split some functions into their leading and
subleading components. For instance, in (3.35) the leading
term was chosen with D3(g) instead of D?(q)Do(g). In this
sense, these quantities have no direct physical meaning as
they are not determined solely from /" and §1".

The ambiguities are fixed by enforcing the renormaliza-
tion condition in (3.4),

Sm = 815(0)

. . 3.40
= sm?(1 + HY'(0)) + 8Z HF (0) + 8g H; (0). (3:40)
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Using this relation to eliminate 8m? in favor of Sm%e and
substituting in (3.38), yields

8T (p) = 8my(Sn2 + HE ,(p))

+8Z@u2p” + HE ,(p)) (3.41)
+ 8883 + HY ,(p))
with
m H,' (p) — 8,,2H5" (0)
Hp . (p) = o ,
R, 1+ H(0)
R Sy + H™
HE ,(p)=Hl(p) — l’szTm((()f)Hz 0, (3.42)
A no+ H™
H@w=ﬁ@—{ﬁm%@®.
2

By construction, H,’QZ(O) = Hg,z(O) = Hg’z(O) =0, so
that (Sm%e = §1%(0), regardless of the values of §Z and §g.

Note that the same Eqs. (3.42) hold using HnZ and HS
instead of I-AInZ and I:I,f 9 although in that case each term
would be divergent separately.

After removing the cutoff, the function Hy'  (p) is well-
defined and is determined solely and compleiely from the
effective action. The same statement holds for H 1% 2(p). In
fact, whatever the concrete choice of the leading’ term of
Ay (q; p) used in the definition of the remainder A,, (g; p), it
is erased in H g’n( p), as this function can be expressed as

12 = [ L9 2 ag
Ra(P) = il R.n(q: P),

Sn2 + H'(p)
1+ H'(0)

(3.43)
Arn(q; p) == An(q: p) — Az(q: 0).

By construction, Ag 2(q; 0) = 0. The integrand Ag ,,(q; p)
= 0%(¢™7), hence no regulator is required.

As a technical aside, a function F(q; p) factorizes for
large q and fixed p when there exist functions A(q) and B(p)
such that lim, o F(q, p)/A(q) = B(p). Then F(q; p) =
A(q)B(p)+ I:“(q; p) where ﬁ(q; p) is a subleading compo-
nent. For a given F'(g; p) there is an ambiguity in A(g) since
it is always possible to use instead A’(q) = LA(q) + R(q),
where A # 0, and R(q) is subleading. However, the sub-
tracted function

SN B(p)
Fr(q; p) :=F(q; p) — mF(q Po)
B(p) » (3.44)
= ( )—ﬁ (q Po)

is free from such ambiguity and is more convergent than the
original F. In turn Fg(g; p) depends on the choice of pg
such that Fr(q; po) = 0.

9 Such equations are obtained directly from (3.19) by eliminating Sm%
in favor of 6m§z.

Mé:<:+<:14—{><
j:}~+CD:+
=g

Fig. 3 For the qﬁ theory, I"-graphs contributing to > (p). The lines
and (uncrossed) vertices in the graphs are D (p) and I, (p). The vertices
represented by a cross are those of 85, with Feynman rule qu(Sm(z) +

®

IX
N

g*8Z) for the two-point vertex and +Fy, Fy, Fy,+4,8g for the three-
point vertex

3.1.2 Renormalization from §g

Let us include the effect of a non-vanishing §g. Since the
infinitesimal contributions are additive, we can set §Z = 0
in this discussion. We start with the case n = 2.
85 (p) = dm{(1 + HY(p)) + 8g Hs (p). (3.45)
The corresponding I"-graphs are displayed in Fig. 3. The
graphs may contain divergences coming from i) loops and
ii) from parameters (namely, Sm%). Because §Z = 0, the
divergences from the loops are present exclusively in the
three graphs in the second row, and the divergences from the
parameters are present exclusively in the three graphs of the
first row. The three graphs in the third row are fully finite
when the regulator in 4§ is removed.

Clearly, the logarithmic loop-divergence in Fig. 3d =

can be can removed by a mass counterterm in Fig.

< In turn, since Fig. 3d appears as subgraph in Fig. 3e

GD( and Fig. 3f= <D< , the same counterterm acting
in Fig. 3b = {I and Fig. 3c = O< will cancel the

subdivergences in Fig. 3e, f, respectively.

The three graphs in the first row of Fig. 3 correspond to the
(Sm%(l + HY (p)) terms depending on A>(q; p) already dis-
cussed. The remaining six graphs correspond to §g H2g (p),
as defined in (3.20). It will be convenient to split this function
into two components (d) and (f) (for divergent and finite) cor-
responding respectively to the second and third row graphs
of Fig. 3:

d f
H (p) = H{ P (p) + HV (p). (3.46)
Hig ® (p) is already UV-finite, while Hzg @ (p) contains the
UV-divergent graph Fig. 3d, and the same graph as a subgraph
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inFig. 3e, f. When C is contracted to a point, the three
graphs of Hé” (d)(p) turn into the three graphs of Hy'(p).
Algebraically, let

K( )'—fﬂFF B(k: q)

(3.47)
B(k; q) := D(k)D(k + q)I3(k, q)
so that
O 1
q = ESg F,K(q) (3.48)
and

d4
a5 (p) = K(p)+/#FqK(q)Az(q;p). (3.49)

If K is replaced by 1 (and the regulator is removed), this
expression becomes 1 + HJ"(p).

K (p) is logarithmically divergent. To disentangle the
(sub)divergence, let us extract the leading term. A possible
choice is

B(q: p) = gD*(q) + B(g: p). B(gip)=0"(g™),
(3.50)

so that

K(p)=Cy+K(p) (3.51)

with K (p) UV-finite and'©

Co(A) = /(2 ik ¢D?(q )—94—LA+Sdt

(3.52)
Correspondingly, we can define
78(d) 0 d'q o
A= R + [ Sok@ g, G5

which is UV-finite since K (@) =

0(q~°).
As a consequence

g 58 d*q
H5 (p) = H5 (p) + Cy 1+/WFqu(q;p) ,

(3.54)
with
A2 (p) = AV (p) + HE D (p),

(3.55)

10 Actually the factor in (3.52) would be F; Fy;, instead of qu, how-
ever, in the UV limit, the difference yields a constant term which is
absorbed in subleading terms.
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O(log(g?))and A2(q; p) =

which is also UV-finite.

The integral in the second term of (3.54) is very similar to
H}"(p), but not identical: In (3.20) the form factor appears
as F, qz while in (3.54) it appears as Fy;. The difference F;, (1 —
F,) vanishes outside the range A? < q2 < 2A2, hence
the integral in (3.54) differs from H3'(p) by an 0(A7?)
contribution, which vanishes as the cutoff is removed. Note
that the form factor of the 3-point vertex needs not coincide
with that of the 2-point vertex (or even the form factors of
Sm(z) and §Z could be different). The O(A™?) dependence
does not rely on the details of the form factors, provided they
are sufficiently well-behaved.

It follows that (up to terms irrelevant after removing the
cutoff)

Hi(p) =

When this expression is introduced in (3.45), the Egs. (3.38)
(for n = 2) and (3.39) are verified. Not surprisingly, the
values of Cz and Cy are such that sm?>—8m3 = § ZC z+8gC,
matches §(—m?2,), with m2, introduced in (3.5),

HE (p) + Co(A)Y(1 + HY (p)). (3.56)

—(SZQ4g—2LA+5gQ4gL _s(L& LENOW
z3 72 272

(3.57)

As before, 8m? can be traded for (Sm%e by imposing the
renormalization condition 8m%e = 6I%(0), and in this case
(3.41) (for n = 2) and (3.42) are also fulfilled. The concrete
choice of the leading and subleading components in B(g; p)
in (3.50) is not relevant. In fact H Ige,z( p) can be rewritten as

H§ A (p) = HYS () + HEY (p) (3.58)
with
HES (p) = Kr(p) + f L9 Kr(@) Ar2(q: p),
(2 )

2(f) ¢(f) H)' (p) , o) -39
HR’2 (p) = H (p) — H—T’"(O)Hz 0)
and

d*q

Kr(p) = / S (Bl p) = Blg: 0. (3.60)

Hj @ 50 =H I‘g(? (0) = 0, so that the renormalization con-
d1t10n is preservéd.

So H 1‘%’2( p) is expressed entirely in terms of the prop-
agator and vertices of I'[¢] with UV convergent integrals
without a regulator, just like H ;;‘ »(p)and H g’n( D).

The previous formulas can be extended to n > 2. The
I'-graphs in Fig. 3, for n = 2, were obtained from the I-
graphs in Fig. 1 by extracting two (amputated) p-legs in all
possible ways, either from the lines or the vertices. The same
procedure applies forn > 2. The result for n = 3 is displayed
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Fig. 4 I'-graphs for §I3(p) in the qﬁi theory

in Fig. 4. Algebraically

ST(p) = 8m3(8u2 + HM(p)) +88(803 + HE (D).
(3.61)

In (3.61) the term g4, 3 of course comes from <~ of Fig.
1. The term gHj (p) comes from extracting n p-legs from
the graphs with loops in the third line of Fig. 1. The different
contributions are eventually classified into two types

HE(p) = HEY (p) + HED (p), (3.62)

which are divergent and finite, respectively. Let us analyze
these contributions.

In the I -graph , necessarily one of the p-legs is
extracted from the crossed vertex, and n — 1 legs are extracted
from the line. For instance, for n = 3, the I"-graphs produced
are

Rogres

(3.63)
This type of terms yield a contribution
Z/(ZTL’)4 q Ap— 1(61 p)
Z M (PLseeas Pireees Pr)s (3.64)

which is convergent without a regulator for n > 3 and adds

to H;Zg(f)(p). For n = 2 such a contribution is C ; it

>

is just K (p), which is logarithmically divergent; therefore, it
was included in H¥ (p) in (3.49).

In the I -graph @ all p-legs are to be extracted from
the three lines and the uncrossed vertex. Two types of I'-
graphs may be distinguished:

(1) Those where all n legs are extracted from the same line.
(ii) Otherwise.

Type (ii) graphs are UV-finite and so they go into Hyy ® (p)-

Type (i) graphs contain the subgraph O and in fact,
this is the best way to characterize type (i) graphs. Hence, they
are divergent and go into H,; ¢ )( p). Explicitly, for n = 3,
these are

The assembling of the  legs is such that they are organized to
form the amplitude A, (q; p), thus (including now the n = 2
exceptional term)

(3.65)

d*q
HE D (p) = 8,2K (p) + / i FeK@An(a: p). (3:66)
Once again, this leads to

HE(p) = HY (p) + Co(8up + HM(p)),

thatintroduced in (3.61) comply with (3.38) and (3.39). Elim-
ination of m? in favor of the renormalization condition then
produces (3.42). Finally, H ﬁ’n( p) can be arranged as

(3.67)

H§ . (p) = HES () + HEY (p) (3.68)

with

HEY (p) = 02K r(p) + / S Kr@) Ara(a: ).

n,2 + Hn (p)

HE®
(P 1+ HY'(0)

HE (p) = H P (0),
(3.69)

where everything is convergent without the UV regulator.
Unlike the case of H Ig’n( p), H Ii’n( p) requires two subtrac-
tions (one in Ag ,(g; p) and another in Kr(gq)); a conse-

quence of the two-loop structure of the r -graph

@ Springer



945 Page 14 of 40

Eur. Phys. J. C (2025) 85:945

X

e
+><+Q<+~—@ (']
+ (D) B+

Fig. 5 r -graphs contributing to § I"[¢] for a variation § S[¢] with two-
and four-point vertices. The contributions from the vertices of 35 of 0-
and 1-points have been included by completeness

o] =

+

3.2 The ¢§ theory

The theory q)? is also super-renormalizable, and in fact, it is
one of the few quantum field theories for which there exists a
mathematically rigorous non-perturbative treatment. Unlike
qbf{, the Hamiltonian of ¢§ is bounded from below and the
renormalized correlation functions exist beyond perturbation
theory [7,20].

Despite that, both theories have substantial similarities
and most of the treatment just developed for the renormal-
ization of ¢2 carries over to ¢§ . There are only two primitive

divergent Feynman S-graphs: Q< and S . The

first one diverges linearly and the second one logarithmically.
They are canceled by a counterterm mass term
2
2 = %§Q3A + %%ému +sdit.
Once again, the parameters Z and g need no renormalization.
In this theory there is symmetry under ¢ — —¢, and we
will assume that all vertex functions of odd order vanish.
Fig. 5 displays the contributions to §I"[¢] induced by §S
with two- and four-point vertices by applying Schwinger’s
principle.!! The various vertex functions 87},(p) are then
obtained by extracting the n p-legs in all possible ways. The
I'-graphs corresponding to the contributions to § 15 (p) are
displayed in Fig. 6.

m

(3.70)

In this theory
8Su(q) = (8m{ + 8Zq>)F8n2 + 88 Fy, Fyy Fys Fgy8n 4.
(3.71)
and
8T (p) = 8mi (3.2 + H,' ()
+8Z(8u20” + HZ (p)) (3.72)

The expressions of H,(p) and HnZ (p),aswell as A, (q; p),
are as in (3.20) and (3.21), while HS(p) and B,(q; p)

11 Note that I, ( p) vanishes for odd n but not so f‘n [p].
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o, = <+ K
P OX -
X
&+ €L
Fig. 6 I"-graphs for the ¢§ theory contributing to §/%(p), assuming
I, (p) = 0 for odd n. The vertices represented by a cross are those of

88, with Feynman rule F, (12 (8m% + ¢%8Z) for the two-point vertex and
+Fy, Fy, Fg3 Fgy+45+4508 for the four-point vertex

(T']

(XX
QX

become
H (p) = f dlq1 dlq digs
@2m)d 2m)d 2m)?
Foy Foy Fos Fyy 142443 Bn (g P)

(3.73)

1
B,(q; p) == ZH,f(ql, q2,43, —q1 — q2 — q3; D),

with d = 3.

As happened with gbi’, here a finite variation of the mass
does not introduce UV divergences while §Z and §g do
induce divergences to be absorbed by the mass counterterm.

3.2.1 Renormalization from §Z

Let us start by analyzing the effect of §Z, with g = 0. Our
aim is to establish a relationship as in (3.36). Let us consider
the case n = 2. §I»(p) only receives contributions from the
first two graphs in the RHS of Fig. 6. Explicitly,

1
Ax(g; p) = 502<q>r4(q, —q, p). (3.74)

Since, in this theory,
D(q) = 0(1/¢®), Tu(g.—q,p)=0(1) n>4, (3.75

HJ}"(p) is UV-finite while sz (p) has a linear divergence.
In more detail, when the integration over ¢ in (3.20) is car-
ried out to yield HZZ (p), alinear divergence is produced from
terms O (1) in I'4(g, —q, p) and a logarithmic divergence is
produced from terms O(1/q); more convergent terms do not
produce UV divergences. An analysis similar to that per-
formed for qﬁ‘ can be carried out for qbg‘ . By inspection of the
S-graphs of the theory, it can be seen that the O (1) terms are
in fact g-independent: they come from graphs where the two
external lines g and —¢g go to the same vertex (with Feyn-
man rule 4+g). The two outgoing lines may not interact again
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or else they may interact producing the amplitude A> (k; p).
Diagrammatically, the g-independent terms of I'1(q, —¢q, p)
are

Xod

and algebraically

(3.76)

Ii(q. —q, P)’q = g(1+ Hy'(p)). (3.77)

-indep.

On the other hand, the terms O (1/¢q) in ['4(g, —q, p) are pro-
duced when the large momentum ¢ flows through the graph

—qu hich beh 1g211+0+(1/ %)
whnic ¢chavesasa ————— .
2728¢ i

Once again, the two outgoing legs may or may not inter-
act again. Diagrammatically, the O(1/q) contributions to

u(q, —q, p) are
[V |
2X
_ K}@ +1<[ ) + sdt
2X

(3.78)
corresponding to
I | & i+ 0ty
4qa CI»P 0(1/q)_ 228q : p q .
3.79)
Combining both results
Ii(q, —q, p) = (@)1 + Hy'(p)) + 0T (1/¢*) (3.80)
where
gy =g+ S 1] (3.81)
g@q) =g 7284 .
Thus
1 «
As(q: p) = =8(q)D*(q)(1 + H(p)) + Ax(q: p),
2(q; p) 2g(q) (g)( > (p)) + A2(q; p) (3.82)
Asx(g; p) = 07 (1/4%).
Then (3.36) is reproduced for n = 2 with
Coy = o (Bat L8 L aan
2=\ p Ty aa At
am2 (A
__dma (M) (3.83)
0Z

This guarantees that a suitable Sm%(A) cancels the diver-
gences induced by §Z on § 1 (p).

The analysis for n > 4 and still §g = 0 is similar to that
done for qbi. For 6I'4(p), the I'-graphs are

6F4:{)é+><% r]
3

The divergence comes only from the second graph, with a
vertex [, as the first one has three explicit internal propaga-
tors with large momentum ¢g. More generally, for n > 4,
the leading terms in 675 (p) come from I},42(q, —q, p),
that fulfills, using the arguments already presented for

I'y(q, —q, p),

Ii2(q. —q, p) = 8(@)(8n2 + H)' (p))
+0T(1/g%) n>2.

(3.84)

(3.85)

Therefore

1 R
An(q; p) = =8(@)D*(q)(8np + H" An(q; p),
: (g: p) 2g(q) (@)Bn2+ H)' (p) + Anlg p)(3'86)
An(q; p) = 0T (1/¢%).

From this point on, the equations already derived for the
theory (])2 regarding §Z follow (some with obvious mod-
ifications) including (3.36), (3.38)—(3.43). Thus an(p) is
expressed through integrals which are UV-finite without a
regulator.

3.2.2 Renormalization from &g

Let us now study the renormalization of HE (p), thus we
assume §Z = 0. Let us first consider the case n = 2. The
I'-graphs corresponding to §1>(p) are displayed in Fig. 6.
The two graphs in the first row are Bm%(l + Hy'(p)) already
discussed and H,"(p) is finite. The remaining graphs are
3g Hzg (p). Again this function can be split into UV-divergent

and UV-finite components:
H (p) = Y (p) + HS D (p). (3.87)

Hég (f)( p) corresponds to the two graphs in the last row, and
Hig @ (p) to the four graphs in the second and third rows of
Fig. 6.

The graph Fig. 6¢ = Q< is linearly divergent, and the
divergence can be canceled by a mass-counterterm in Fig. 6a

=<. When such a counterterm acts in Fig. 6b =O< it
cancels the divergence in Fig. 6d =<X><. Likewise

the graph Fig. 6e = diverges logarithmically to
be canceled by a mass-counterterm in Fig. 6a. When such

@ Springer
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counterterm is introduced in Fig. 6b it cancels the divergence
in Fig. 6f = @<

When Q< is contracted to a point, Fig. 6¢, d become

to Fig. 6a, 6b, respectively. Likewise when S is con-

tracted to a point Fig. 6e, f become Fig. 6a, b. Algebraically,
let

Coa(A) = 1/ &k FZ2D(k) (3.88)
g | r)3 K :
so that
Q< =088 F,Cga. (3.89)
and

ki d3ko
K(q) = —— Fiy Fiy Fiey ko g Bk, k23 q)

(2m)3 2n)3
1

Bk, k2; q) = gD(kl)D(kZ)D(kl + ko +q)lu(ky, k2, q)

(3.90)

so that

_’@_ 1

Then, the four divergent contributions in Fig. 6¢—f, can be
expressed as

(3.91)

HY(p) = Cpa + K (p)
d3q (3.92)
+ [ G (FiCoa+ FiK @) hatai

If Cy,q + K is replaced by 1 (and the regulator is removed),
this expression becomes 1 + H}" (p).
Cy o 1s a linearly divergent constant,

11
Cg,a = —5293/1 + s.d.t. (393)

On the other hand, K (g) has a logarithmic divergence. To
isolate it, let us extract a leading term in B,

1
B(q1,q2; p) = §gD(ql)D(qz)D(ql +q2) (3.94)

+ B(q1, q2; p).

The vertex I'4(q1, q2, g3) is O(1) when g1 and ¢, are large
and more specifically itis g + O(1/q) when g3 is also large.
Therefore

B(q1,q2; p) =0T (q7") (3.95)

@ Springer

exceptin the zero-measure case g1 +¢» = finite. (Such excep-
tional case is precisely that in (3.80), where g1 = —¢>» = q.)
We then obtain

K(p) = Cyp(A) + K(p) (3.96)
with K (p) UV-finite and
dq &g
Cep(A) = W(ZT)% o Fo Fqi+q
1
x 38D(@DD (@) D(g1 + 4) (3.97)
L s
= 3 Z3 ] 3L A s.d.t.
‘We can now define (similar to (3.53))
d3

26D ) R A p .
Hy " (p) == K(p)+/ (2n)3K(q)Az(q, p), (3.98)

which is UV-finite since K (¢) = O (log?(¢%)) and A»(q; p) =
O(q_4), and also

A8 (p) = HSY(p) + HED (p). (3.99)
AS a consequence,
H§ (p) = HS (p) + Cga + Cqp

(3.100)

d3
+/ (271(;3 (C.aFy + CopFy)A2(g; p).

By the same argument given after (3.55), F;, is equivalent to
F q2 within the integral, up to terms vanishing when the cutoff
is removed, and we finally arrive at

H3 (p) = H§ (p) + Co(A) (1 + HY (p)), (3.101)
with

dm2,(A)
Coi= Coa+ Cop = == = (3.102)

Equation (3.101) is in fact identical to (3.56) of the theory
¢2. The relations found there regarding H2g (p) apply also
here (with d = 3), in particular, after imposing the renor-
malization condition, Egs. (3.58) and (3.59) also hold here
with

dq dPgr

KR(P) = (27_’:)3 (27T)3

(B(q1,q2: p) — B(q1, q2; 0)).
(3.103)

Let us analyze now HE( p) for n > 4. The discussion is
similar to that for qbﬁ. The contributions follow by extracting
n p-legs in all possible ways from the five f—graphs with
loops and §g in Fig. 5. The I'-graphs so obtained are of two
types, divergent and finite,

HE (p) == HE D (p) + HED (p). (3.104)
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Divergent are precisely those graphs containing either

O< or e as a subgraph. All other graphs are

finite. Explicitly, for n = 4, the divergent graphs are

OCE + OO

Note that a graph like e E is UV-finite; a divergence

would require the three internal lines with large momen-
tum, but in that case I5(q) = O(1/q). More generally,
I'(g) = O(1/q) when n > 4 and more than two lines carry
a large momentum. This is not in conflict with the fact that
I,(g) isindeed O (1) for n > 4 in a kinematic configuration
I, (g, —q + k, p) with ¢ large and k, p finite.

As already happened for ¢2, the structure of the divergent
graphs is such that the amplitude A, (g; p) is produced. Thus

HED (p) = 8,2(Cga + K(p))

d4q
+ Q) (qucg,a + FqK(q)) An(q; p)-
(3.106)
This leads to
HE(p) = HE(p) + Cy(Bnn + H™(p)), (3.107)

where HS (p) is UV-finite. This expression ensures that a sin-
gle p-independent parameter Sm(z)(A) renormalizes all diver-
gences induced by §g.

After imposing the renormalization conditions, (3.41)
(with §,, 4 instead of §, 3) holds along with (3.68) and (3.69).
There, Kg(p) isdefinedin (3.103) and Ar_,(g; p) is defined
in (3.43). In these expressions all integrals are convergent
without a regulator.

3.3 The effective action in the manifold (m%e, Z,g)

The previous Sects. 3.1 and 3.2 have dealt with the super-
renormalizable theories ¢/ for (k, d) = (3,4) and (4, 3). In
both cases, the effective action functional is determined by

the three parameters (m%e, Z,g),'? and

0l (p)
8m%? = 81’[,2 + legn’n(P)a
ar
# = 8,2p° + HE ,(p), (3.108)
I, (p)
Bg = 6}1,K + H;,,(P)-

Explicit expressions were obtained for the Hy  (p) in
terms of I"-graphs (for n > 2). Since previously the results
themselves necessarily appear mixed with their derivation
and with intermediate definitions, for convenience we sum-
marize here the main formulas:

H,"(p) — n2Hy" (0)

HienP) = =T 0)
z d’q (3.109)
Hg ,(p) = ami? ARn(q; p)

d f
HY . (p) = HEY (p) + HES) (p)
6n,2 + HJT (P)

1+ H}'(0)
d

Arn(q; p) = An(q: p) — Az(gq: 0)

(Zn‘)’d Kr(@) Aran(q: p)

Sn2 + H)'(p)
3O — gs® _ On2 T My P)
R (P) w (p) L+ HI'0)

d
HES () = 82K + |

H{"(0)

(3.110)

d*q 3
KR(P)Z/(27_[)4(3(61?17)—3(‘];0)) [#;]

dq1 Py 4
Kr(p) = 2m)? (2”)3(3(511J12§P)—B(CIIJIZQO)) [¢3]

B(q; p) = D(q)D(q + p)I3(q, p)

1
B(q1,492; p) = gD(QI)D(CIZ)D(QI +q2 + p)I4q1. 92, p)

(3.111)
Finally,
i §
An(q; p) = (3.112)
q p
H'(p) = IE
q p
H; (p) = ]E A

12 Actually two further parameters come from the renormalization con-

ditions on I, (p) forn = 0 and n = 1 which can be disregarded in this
discussion.
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q p
Hi(p) = jg [$3]

but HEV(p) only includes the graphs of HS(p) with-

out as a subgraph for qﬁ, and without subgraphs

Q<0r_)@_f0r¢§.

The expressions enjoy several interesting properties:

(i) They are UV-finite and renormalized without resorting
to UV regulators. In this sense they are “manifestly” or
“explicitly” renormalized.

(ii) The expressions are non-perturbative. They are exact and
do not rely on the analysis of the behavior of an infinite
number of graphs of S.

(iii) They define an autonomous set of equations. For each
value of n, the three derivatives are expressed using a
finite number of I"-graphs, that is, constructed with the
full propagator and vertices of the effective action. At
most k — 1 explicit loops are present.

(iv) They allow to move on the manifold (m%e, Z, g). In par-
ticular, starting from the free theory (m%e , Z,0), for which
I'[¢] = S[¢], theequationof 9 I"[¢; g]/dg can be solved
in powers of g. Due to the hierarchical structure of the
equations, this procedure delivers systematically the per-
turbative series already renormalized within a BPHZ-like
scheme.

(v) The equations are consistent, that is, successive deriva-
tives commute; hence,

OHp ,(p)  9HE ()
08R,« 0gRr.B

(3.113)

where gg o refers to the coordinates (m%e, Z, g). Thecon-
sistency properties provide identities among the func-
tions I3, (p).

The constructions performed for ¢>2 and ¢>§ show that, at
least in the super-renormalizable case, the renormalization
can be achieved by perturbing an already renormalized and
finite I"[¢]. The divergences introduced by the perturbation
through the presence of loops can be canceled by taking suit-
able divergent parameters in the perturbing action.

It can be noted that 8m% is of course an exact differential
in the manifold (m%e, Z,g),asare §Z, 5g and §I'[¢], while
the auxiliary quantity 8m?> (Eq. (3.39)) is UV-finite but may
not be an exact differential. Nevertheless, the coefficients
of 8m?, §Z and 8g in (3.38) (and the analogous equation
for k = 4) have the nice property of having a polynomial

@ Springer

dependence with respect to the full propagator and vertices,
while HI%,n (p) are rational functions of them.

Another observation is that H," (p) is finite without renor-
malization (i.e., without requiring any subtractions) as is also
H ;;’Jl (p). Therefore, no (UV) renormalization is required
when moving between different values of m% with (Z, g)
fixed.

The derivatives H,"e" »(p) are consistent with the symme-
tries of the theory. In particular, under a rescaling of the field
¢ (x), the action S[A¢] has I'[A¢p]+ c()) as effective action.
This can be implemented through a rescaling of the parame-
ters of the action,

Crg; m%, Z, g1 = T'lg; A2m%, 2> Z, 1 g] (3.114)

(up to a ¢-independent term) or equivalently,

M T(psm%, Z, 8) = T(p; Mm%, 22 Z,15g) n > 0.
(3.115)

This leads to the identities, such as

nTa(p) = 2% (n.2 + HY (p) +2Z(80.20° + HE ()
+1g(8nc + Hpy ,(p)) n>0. (3.116)

This formula allows us to express Hf;’n (p) interms of 1, (p)
and the derivatives H Z"n (p) and H g’n (p), which are consid-
erably simpler, as they have just one explicit loop. Naturally,
and regrettably, such a simplified form of H ﬁ ,,(p) cannot be
used to solve the equation for aI'[¢; g]/ Bg’perturbatively,
as it is singular at g = 0.

Likewise, if 7 is introduced explicitly in the functional
integral through S[¢] — S[¢]/h thisis equivalentto arescal-
ing of the parameters, that is,

l1“[¢;mfe,Z,g;fi] = I'[¢; m—%, E, 5; 1], (3.117)
h h h h
which leads to the identity
(—1 +hi —f-m%ei + Zi +gi) I'l¢; ] =0.
on am% T 9Z  Cog
(3.118)

Again, the singularity at 7 = O prevents to reconstruct I"[¢]
with loops starting from the tree level effective action S[¢].
Eq. (3.118) simply states that I"“)[¢] (the contributions
with L loops) is a homogeneous function of the variables
(m%, Z, g) of degree | — L.

The theory ¢§‘ is stable and admits a mathematically rig-
orous construction. Perhaps the closed expressions derived
for 9 I'[¢; g]/dg allow to provide an alternative construction.
The analysis of this theory can be repeated without assum-
ing I, to vanish for odd n. The evolution (with respect to g)
starting from the free theory should presumably arrive at the
same conclusion without introducing it as an assumption.



Eur. Phys. J. C (2025) 85:945

Page 19 0of 40 945

4 Linearized renormalization of renormalizable
theories

4.1 Projective renormalization scheme

The discussion here will concern the perturbative renormal-
ization of renormalizable theories of the type ¢}, although
it may also apply to the super-renormalizable case. Actually,
a theory such as qu is afflicted by the problem of triviality;
unless g = 0 it is thought to be non-renormalizable beyond
perturbation theory.!3 Likewise gbg has a problem of stability
(even for d = 1) since ¢°dd is not semi-bounded.'* Here,
we refer to the correlation functions at a perturbative level,
i.e., as a formal power series in the coupling constant or in 7.
Hence in that mathematical sense, such correlation functions
do exist and are well-defined.

Of course for, e.g. ¢g’ , the action in Eq. (2.1), which con-
tains fully local operators, would not yield finite and well-
defined values for the Feynman graphs due to UV diver-
gences, and a regularization scheme is required. One such
scheme is dimensional regularization (DR) [12,14] where
the fields propagate in d = d — 2¢ space-time dimensions,
being d the physical dimension. Another is a Euclidean cut-
off as in Sect. 3. In what follows, we will adopt the latter
scheme for definiteness and briefly comment on DR below.

To be more specific, let us denote by So[¢] the action
of the theory. This is the true action that (upon removal of
the regulator) produces all the physical UV-finite correlation
functions of ¢ (x). We will call it the action or the bare action,
but warn that in the literature it is often denominated the
renormalized action [12]. This functional takes the form

So = m} O™ + Zo 0% + g OF. 4.1)

The operators O% are those in (3.10), with a profile factor F
and a cutoff A. Equivalently,

Sol¢] = go,« O“[@].

A sum over « is implicit, « € {m, Z, g} (here m, Z, g are
merely labels, not variables). The bare couplings go o are m(z),
Zop, and go and have a dependence on A. This action yields
the regulated effective action I"'[¢; A].

As is well-known, the theory will be perturbatively renor-
malizable (super-renormalizable) when the coupling con-
stant has zero (positive) mass dimension. The (regulated)
effective action itself depends on A and is UV-finite. This
means that it is possible to choose the A dependence in the
bare parameters of the action, go o (A), in such a way that the
limit A — oo of I'[¢; A], denoted I'[¢], exists and is finite
for sufficiently regular configurations ¢.

4.2)

13 See however [21].

14 Although the functional integral could be rendered convergent by
taking a suitable path in the complex plane of ¢ [22].

In the renormalization program developed by Bogoliubov
and collaborators [12,23] the dependence of the bare param-
eters on the regulator is obtained through counterterms. Let
the functional S,

Splp]l = m*> O™ + Z 0% + g 08 = g5, 0[] 4.3)

be (what we will call) the basic action. Here gp, o (that is, m2,
Z, g) are finite (A-independent) parameters that will serve as
coordinates in the manifold of effective actions of the theory
and need not have a particular physical meaning. The basic
action yields, using the Feynman rules, an effective action
I'y[¢; A] which is UV divergent. To remove the divergences
and obtain I'[¢], counterterms S¢; are added to the basic
action,

So = Sp + Sct. “4.4)

The graphs in I" and I, are identical and only differ by the
couplings, go,« and gp, «, respectively. The basic parameters
are finite and I, diverges from the loops. I" is finite after the
divergences of the loops are compensated by the divergences
in the bare parameters.

The counterterms can be determined recursively within
a perturbative or loop expansion. At each new order, the
new Feynman graphs of that order have the subdivergences
automatically canceled by lower order counterterms, while
the remaining superficial divergences are primitive and give
a new contribution to the counterterm action. For a graph
with all subdivergences subtracted, some prescription, imple-
mented by a linear operation T, extracts the divergent com-
ponent while (1 — T') gives a purely finite component. The
operation 7' can be chosen in many ways, but it must fulfill
three essential requirements, 1) T2 =T (idempotent), ii) the
component (1 — 7') must be finite, hence any possible diver-
gences must be isolated by 7', and iii) 7 must always act in
the same form when acting on the same graph or subgraph.

Denoting, as usual, R the operation of recursively extract-
ing all subdivergences (but not the overall divergence), the
counterterms can be summarized in the following formula:

Set = =T R(I, — Sp) (4.5)
SO
So= S, — TR}, — Sp). (4.6)

Iy, — Sp is the sum of the graphs of I, with loops. Explicitly
[13,24] on each graph of I},

R=[Ta-1.
v

where y denotes every possible subgraph with loops of
effective-action type, that is, amputated, connected, and irre-
ducible. The full graph itself is excluded from the product.
The factor 1 — 7, removes any possible divergent component
of the subgraph y . The subtractions are to be applied orderly,

A.7)
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with smaller subgraphs first. The prime indicates that, upon
expansion, monomials with factors of the type T, T, are to
be removed when the subgraphs y; and y» are overlapping,
that is, they share at least one line but neither is a subgraph
of the other.

Another standard definition is
R:=(1-T)R. (4.8)
The operation R represents the removal of all subdiver-
gences, including the overall divergence. The effective action
is obtained after applying the operation R to the graphs of
I, with loops; therefore,
I' =S8,+ R}, —Sp). (4.9)
The meaning of this relation is that if one adds all (regulated)
effective-action-like graphs produced by Sp, upon removal of
the regulator the functional I"[¢] is obtained on the LHS, and
the same result is obtained on the RHS by using instead S
plus systematic subtraction of the divergences in the graphs
with loops.

As said, there is much freedom in the choice of T. The
most usual choices are of the minimal type, that is, Ty
vanishes if the graph or subgraph has no divergences. This
is the case of minimal subtraction (MS) in DR, where Tpin
selects the principal part in the power series in €, or in BPHZ,
where T, extracts the component of the Taylor series in
powers of the external momenta up to a degree equal to the
degree of divergence (or nothing if there is no divergence).
In minimal schemes
TininI" = TininSp = 0, (1 — Tinin) So = Sp. (4.10)
The first equations follow from the fact that I" and S, are
finite, the latter equation indicates that S, is the finite com-
ponent of Sp, because the counterterms are strictly divergent
and s0 TininSct = Sct.

Here we will discuss a different, non-minimal, scheme,
which will be called projective renormalization scheme. As
already noted in Sect. 3.3, a perturbative solution of the equa-
tion for 917, (p)/dg provides something similar to the BPHZ
expansion, where each graph is renormalized before integra-
tion. However, in BPHZ the subtraction is minimal, while
here even finite graphs are subtracted since what is enforced
are the renormalization conditions (RC).

To see this in more detail, let us consider the renormal-
izable case, where in principle all the three bare parameters
need renormalization. The effective action manifold is coor-
dinated by three renormalized finite parameters gg o, namely,
m%e, Z R and gg, defined through some RC. A typical choice
(for the massive case) is that of renormalization conditions
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at zero momentum, or more generally at a scale urc > 0,

a5 (p) 2
r —pRe—=2 = b,
2(p) HRC Hre a(p%) URC k
ar
2(2”) = Zr. @.11)
a(py) 'mre
FK(p) = &R,
URC

where m%e, ZR and gp are three finite A-independent param-
eters. Here I7,(p) refers to the n-point vertex function, and
the kinematic condition ’MRC refers to

'U“2RC
pipj = ——=(nd;; — 1). (4.12)
n—1
If the theory is massless, there are only two parameters:
Zg and gg. In the renormalizable case the theory has no
scale and DR does not introduce one, so one can adopt as
renormalization conditions

1
——D2(p)
HRe HRC

I (p)

= Zg,
(4.13)

= &R,
MRC

for urc > 0, and the operator O™ is not present in the
actions.?

In a general renormalization scheme, the basic couplings
8b.« together with some subtraction prescription 7' produce
the effective action functional (Eq. (4.9)). These basic cou-
plings, which define a coordinate system in the manifold, are
then adjusted to reproduce some RC. The idea of the projec-
tive renormalization scheme is to adopt g5« = gRr.o from
the beginning, hence,

Sp = Sk (4.14)

where

Sglp] :=m% O™ + Zg 0% + gr 08 = gr.o 0%[¢].
(4.15)

In addition, within this scheme, the corresponding effective
action I, will be denoted I'y.

In order to provide proper definitions, let us introduce
the linear space #7¢ spanned by the functionals I"[¢] which
are translationally invariant, with arbitrary (but sufficiently
regular) coefficients I, ( p).16 Then the renormalization con-
ditions in Eq. (4.11) or Eq. (4.13) can be cast in the form

Tl =m%, Tz =Zg, T,I" =gg, (4.16)

15 0™ is needed also in the massless case when the regulator is a cutoff.

16 Here we are using the symbol I" to denote both a generic effective
action-like functional and the actual effective action corresponding to
the action Sp. We will let the two uses be distinguished by the context
rather than introducing a different new notation.
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or

Tul'[¢] = gro @ €{m,Z, g},

with gr.o = m%e, ZR, gr (or just Zg, gg in the massless

4.17)

case). Here the mappings f"a are linear forms on J7¢ (i.e.,
Ty € ). We can further define the subspace 75 as

s = span({0%}) € I, (4.18)

where O%[¢] are the operators appearing in the action. The 1-
forms 7, have been defined in such a way that when restricted
to % they are the dual basis of the O, i.e. they fulfill the
relation

7,07 =8P, (4.19)
and hence also
TuSo = 80.- (4.20)

Thisisreadily verified: for the functional Sy in (4.1) and using
the definitions in (2.37) and (2.38), one obtains in momentum
space (dropping irrelevant form factors)

So.2(p) = md + Zop?, So3(p) = go. Son=a(p) =0,
4.21)

hence 7}, So = m(%, fZSO = Zp, and fg So = go for the RC
in (4.11), or in (4.13) when mJ = 0.

The dual basis property of the T,, allows us to define the
projector operator 7" as

T:=0%,, T*=T. (4.22)

Also faT = f"a.
T acts on the space J7¢ and projects onto 7735. Hence in
particular

TSy = So. (4.23)

Note that the conditions (4.19) restrict, but do not com-
pletely determine, the 1-forms T, (e.g., they depend on the
scale urc). By the same token, while the subspace .75 is
determined from (the operators in) Sy, the projector T itself
depends on how the complementary subspace is chosen in
the direct sum decomposition ¢ = SR @ H#%-, i.e., on the
concrete choice of the renormalization conditions. Here z%”sj-
is just a name for the space (1 — T').%¢, no scalar product is
introduced in 7 to define the orthogonality.

The basic action functional S, = Sy is also in /%, hence

TSg = Sk. (4.24)
From its definition, this action fulfills the identity
TI = Sg, (4.25)
which is an alternative form of the RC (4.17), and
TuSk = gR.a- (4.26)

By its very definition

RSk = Sk, 4.27)

since the graphs of Sg contain no subgraphs (with loops). It
follows that

RSk = (1 — T)RSg = (1 — T)Sg = 0. (4.28)

Every (effective-action-like) graph defines a functional of
¢, and the action of T only depends on such a functional.
This is unlike the operations R and R, which depend on the
detailed structure of the graph. The projector 7 in (4.22)
characterizes this renormalization scheme. 7" is not minimal
and acts as an idempotent operator on the space of (trans-
lationally invariant) functionals of ¢, so its action depends
on the subgraph and not on where the subgraph is. In this
sense 7" has a geometric nature. In arenormalizable (or super-
renormalizable) theory, the superficial divergences have the
same form as the action itself, hence 1 — T selects finite
components only. When a cutoff is used, the operators O*
depend on the profile function F and the regulator. Both 773
and T inherit such dependence since the O% spans 7. For
the theory ¢g , or for qﬁi assuming no breaking of the symme-
try ¢ — —¢, the three operators in (3.10) suffice to span 73.
In general all operators required by counterterms need to be
included, and the theory is deemed renormalizable when the
dimension of .77 is finite.

The operator T is not of the minimal-subtraction type:
the relations (4.10) are very different from those in (4.25) or
(4.28). Nevertheless, the two general relations

So=Sr —TR(I'r — Sg) (4.29)
and
I' =Sg+ R(I'g — Sg), (4.30)

are fulfilled, where ' denotes the (divergent by loops) effec-
tive action produced by Sg. Subtraction of the two equations
(noting that R + T R = R) yields

I' — Sy = R(I'r — Sg). 43D

This formula is remarkable because it contains the other two:
(4.29) follows immediately from (4.31) by applying 7 on
both sides, using T'Sop = Sp and TI" = Sg. Likewise, (4.30)
follows by applying 1 — 7.7

Note that the relations (4.29) and (4.30) are not specif-
ically related to UV divergences or even to quantum field
theory. These identities hold equally well in models where
the range of the index i in ¢' is discrete or even finite. They
are diagrammatic identities that follow from the form of the

17" Also a relation I" — Sy = R(I, — Sp) holds in any scheme, after
subtracting (4.6) from (4.9), but in general neither contains the other
two.
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partition function Z[J] as a sum or integral over the Boltz-
mann weight in (2.8). Given the action functional Sy[¢], the
functional I'[¢] is fully determined through the Feynman
rules as a formal sum of graphs constructed with the param-
eters in So. The choice of projector 7' then completely fixes
Sr = T I in terms of Sy. Everything is expressed in terms of
So or equivalently in terms of the parameters gp . One can
then decide using instead the variables gg . In this view,
(4.29) is just the change of variables expressing the param-
eters go. in terms of the parameters gg 4, that is, So as a
function of Sg. Likewise (4.30) expresses I in terms of Sg.
The R and R operations are automatically implemented when
the inversion Sg (So) — So(Sg) is performed perturbatively.
This point is illustrated in Appendix B.

Equation (4.31) is noteworthy because, regarding Sy as
the independent variable, the LHS is independent of the RC,
that is, the concrete choice of T or equivalently the choice of
the subspace 7%, hence the equation implies that the depen-
dence on T must also cancel on the RHS (when everything is
expressed in terms of Sp). An infinitesimal change in T (e.g.
in the scale urc) leads to the Callan—Symanzik equations
[12,15,25,26] which we do not analyze further here.

Until now we have assumed that the image of the projector
T fills up the space .7 spanned by the action. More gener-
ally, one can consider a subspace %7 C J#3, such that still
T? = T but T # = 7. Now, the operation 1 — 7T in R and
R = (1 — T)R removes only the component parallel to .77
leaving the rest of 773 in place. Accordingly, the definition
of the basic action Sy is generalized to a partial projection

SkR=TI+(1—-T)S. (4.32)
Consider for instance a theory

So = ZoO? + g0 0%, (4.33)
with T = O¢ f"g, in this case

Sg = ZoO% + gr08b. (4.34)

This amounts to saying that instead of the full change of
variables (Zo, go) — (Zg, gr), a partial change of variables
(Zo, g0) — (Zo, ggr) is performed, leaving Zg unchanged
because the removal operation (1 — 7') only acts on three-
point subgraphs.

Since 1 — T still acts recursively, the three relations

I' —So= R(I'r — Sg),
So = Sr — TR(I'g — Sg),
I' =S+ R(I'r — SR),

(4.35)

still hold and are consistent with (4.32).

This partial renormalization may be particularly useful for
super-renormalizable theories, such as qbi’. There only m(z)
needs to be renormalized as Z( and go are UV-finite. There
are no UV divergences in the sector spanned by 0% and 0%,
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so the action of T can be restricted to the sector spanned by
om. 18

The projective scheme has an obvious disadvantage in
concrete calculations: it is not minimal, every graph of effec-
tive action type with a component along 7% (i.e., with 2 or k&
legs in a ¢} theory) gives a contribution to the counterterms,
even if it is fully UV-finite. On the other hand, virtues are
its geometric and systematic nature, and that by construction
T (I"—Sg) = 0;thetreelevel Sg already saturates the RC and
they are preserved at every order hence the effective action
is expressed in terms of physical coordinates gg , automat-
ically, rather than in terms of intermediate coordinates gp «-
The perturbative solution of d13,(p)/dgr yields the graphs
renormalized under the projective scheme. Let us also remark
that the use of the projective scheme is compatible with DR.

4.2 Linearized renormalization

The UV divergences in the renormalizable theories are more
severe than those of super-renormalizable ones, correspond-
ingly, the results that we have obtained are also less conclu-
sive.

According to Schwinger’s principle, for a theory with bare
action (4.2)
SI'[p] = 880.4(0%)". (4.36)
Our point of is be that the unperturbed effective action is
already renormalized and only the new divergences need reg-
ularization. To do this a cutoff will be assumed. The possi-
bility of using DR is briefly discussed below.

We will use the notation G¥[¢] := (O%)? already intro-
duced in (2.33) , that is,

or
G%[¢] := [¢], (4.37)
8g0,a
or equivalently
ar;
Gy(p) == n(p ), (4.38)
380,a
and correspondingly,
8I(p) = 880,a Gy (p)
n p g o n p (4.39)

= 8m2 G (p) + 820 GZ(p) + 830 G5 (p).

We remark that here we are using the notation based on
the functions G¢ (p) while HY (p) were used in Sect. 3 (e.g.,
in (3.19)). They are related by G*[¢] = O%[¢] + H*[¢],

18 The formalism allows to consider non-standard partial projections,
mixing subgraphs with different number of legs, such as T = (0% +
08 )%(fz + fg) = 0 f(). It is not clear whether such a possibility
could find any useful applications.
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that is,
G,/ (p) = én2+ H,'(p),

GZ(p) = 8u2p* + HE(p),
GE(p) = 8ux + HE(p).

(4.40)

The functions HY(p) only include the loop terms while
G¢ (p) contain also tree graphs. Apart from this difference,
the formulas given for HY(p) in the super-renormalizable
case (e.g. (3.20)) in terms of the propagators and effective
vertices also apply in the renormalizable case up to the dif-
ferent dimension in the momentum integrals.

G*[¢], or equivalently G (p), are the quantities that we
can obtain explicitly from I'[¢], and they are divergent by
loops. The quantities that are completely finite are, instead,

' [¢]

B
Grlo] = ,
R IgR,B

(4.41)

so that

Srn(p) = SgR,aGOIte,n(p)

= om} Gy ,(p) + 8ZrG% . (p) + 58r G (D).
(4.42)

In order to relate both sets of quantities, let us introduce
the matrix

_ Ogrp

W9 = ,
P agO,a

(4.43)

which depends on the regulator and is divergent. In terms of
it

T
therefore

Ghlpl = W), GYl9], (4.45)
or equivalently

Gh () = WHP, G2 (p). (4.46)

The matrix W can be computed from G*[¢] by using the
RCin (4.17),

_ dsrp _ 3Tpl'lp] _ 4 9T

W% = = T, 4.47
i 080,a 020, P 020, ¢ )

hence

W = T5GY[¢]. (4.48)

The consistency condition

T.Ghp1 = oF, (4.49)

which follows from the definition of G'Z and the RC, is also
derived from the relations (4.45) and (4.48).

To be more explicit, for the RC in (4.11) with urc = 0
the matrix W takes the form

G5 (0) 9,,G5(0)
GZ(0) 9,,G%(0)
G50)  3,,G5(0)

G (0)
GZ0) |,
G2(0)

W= (4.50)

while for the massless case RC in (4.13)

_ (uﬁéGZZ(uRc) GKZ(uRo)
1reGS (1re)  GE(1Re)

In the DeWitt notation, from

4.51)

1 . .
0%[¢] = Eog...ig‘ﬁ“ et (4.52)

=0

it follows that

1 ne
GY[¢p] = O“[¢] + Z EOﬁ...uH“““ [¢]. (4.53)

>2

The main formulas are then i) (4.53) (or its momentum
space version (4.54)) expressing G*[¢] in terms of the effec-
tive action, ii) (4.48) which provides the matrix W g, and iii)
(4.45) that yields G/ [@].

The divergent functions G (p) enjoy two distinct prop-
erties, namely, their divergences are explicit and anti-
canonical.

Let us explain the meaning of explicit in this context. In
(4.53), both the operator coefficients Og_”in and the func-
tionals H'1-¢ [¢] are free from divergences (for regular field
configurations). The divergence arises from the sum over the

indices. In momentum space,19
1 Al—1 ddqi ,
Gu(p) =05 (p)+ ) i f I1 WO?(q)Hn (4 p),
=2 j
(4.54)

and G (p) is expressed as a momentum integral (identical to
those found in the super-renormalizable case) where the inte-
grand itself is completely finite and independent (or essen-
tially independent) of the cutoff. The divergence emerges
only as the cutoff grows and the integration region increases,
and in this sense the divergence is explicit, there are no hidden
divergences in G (p) and so they are also absent in W¥%g,
dueto W = TG.

The fact that the divergences are explicitin G, (p) or W¥g
is not to say that they are superficial in a technical sense. Let
us clarify this point. As is well-known, when an S-graph
having only an overall divergence of degree y > 0 (all sub-
divergences removed) is differentiated more than y times
with respect to (external) momenta or masses, it becomes

19°0%(p) is only defined in the subspace Yo', pi = 0. In the integral

Zle qi = Z?:l p;j = 0. The form factors are included in Of (¢).
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Fig. 7 An Sg-graph of the qjg theory for G§ (p). The graph belongs to

the I"-graph class . The divergence of the subgraph (345)
has been subtracted, and this is indicated by the thin-line box

Fig. 8 An Sg-graph of the qbg
theory for I>(p). The box
indicates that all the divergences
are subtracted

convergent; consequently, the divergent component of such
graph is a polynomial of degree y of the momenta and the
masses [12]. On the other hand, the corresponding (regu-
lated) momentum integral of the graph (that is, excluding
coupling constants) has a mass dimension y. As a mathe-
matical consequence, the dependence of the integral on the
cutoff A follows a canonical pattern:

14
> A+ Polog(A) + f(4).
k=1

(4.55)

where the Py are A-independent polynomials of degree y —k
in momenta and masses, and f(A) has a finite limit as the
cutoff is removed. The presence of subdivergences intro-
duces non-canonical divergent terms, such as A” log” (A).
Of course, in the renormalizable case, the dependence on the
momenta in the canonical divergent terms conforms to the
operators in the action, and the divergence in the bare param-
eters goy(A) is canonical because the counterterms collect
only contributions from superficial divergences.

The dependence on A in G% (p) or the matrix W is explicit
but not necessarily canonical due to the presence of subdiver-
gences: even if the functions H!(g; p) are finite, new diver-
gences and subdivergences are produced by attaching the ver-
tex Oy (¢) and integrating over g. This is illustrated in Fig. 7,
which represents an Sg-graph of the theory q&é’ contributing
to G5(p). The subgraph with lines (345) comes from I"[¢]
and is already subtracted. When the crossed vertex is added,
two new divergences arise, one is the subgraph (123), loga-
rithmically divergent, and the other is the full graph (12345),
which diverges quadratically. If they are not subtracted, this
is a contribution to Gg (p). Since the subgraph (123) is not
subtracted, the divergence in the full graph is not only super-
ficial and hence G‘; (p; A) will contain non-canonical terms.

Using this example, it is interesting to emphasize that if
the two new divergences are also subtracted, what is obtained
is a contribution to Gi,z (p). Let us discuss this point in more
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detail. As already noted after (4.9), Eq. (4.30) states that the
same functional I" is obtained from the Sp-graphs without
subtractions or from the Sg-graphs with subtractions. This
observation can be applied to G*[¢] and G% [¢]. The coeffi-
cients H'1-¢ or H! (g, p) can be (finitely) expressed through
I'-graphs. In turn, they can be expanded in terms of Sy-graphs
or in terms of subtracted Sgr-graphs. In the latter representa-
tion (4.53) expresses G*[¢] by means of graphs of the theory
‘Sg + 0%°?Y but including only graphs with exactly one ver-
tex O and with subtraction of all subgraphs notinvolving the
vertex O%. The only remaining divergences are those induced
by the composite operator O%. If one proceeds to subtract
these remaining divergences, G% , (p) is obtained instead of
G¢ (p). To see this consider, for iﬁstance, I>(p) expanded as
a sum of subtracted Sg-graphs, as required by (4.30). Figure
8 shows one such Sg-graph. These contributions depend on
the variables gg . If a variation §gg is applied, the corre-
sponding derivative is Gé;e,z( p). The variation of §gg in the
graph of Fig. 8 produces (among other) the graph in Fig. 7
with all divergences subtracted, including the subgraph (123)
and the full graph (12345).

Hence G*[¢] and G%[¢] share the same graphs, with
the partial and full removal of the divergences, respectively.
In this view, Eq. (4.45) is nothing but the linear version of
(4.30). Bogoliubov’s R and R operators act by eliminating
divergences on every subgraph; in the linearized version, the
divergences irradiate from a single composite operator and
their removal is obtained by a simple inversion of the matrix
W; G and W share the same divergences and they cancel in
the combination W~'G = G. Of course, the price to pay
for the linear simplicity is that only the derivatives of the
effective action are obtained rather than the effective action
itself.

However, the structure of the divergences in W is by no
means arbitrary, on the contrary: the matrix W™ has only
canonical divergences. To see this, let us introduce the matrix
V8, through

W hey =8l - VP, (4.56)
Using (4.43), this definition implies the relation
380« = 88R.e — I8R.B Vﬂa- 4.57)

This is the linear version of (4.29). The matrix V collects the
contributions of the counterterms to the (variation of the) bare
couplings. Such contributions come from the superficially
divergent component of the primitively divergent graphs after
all subdivergences have been subtracted, and thus, as go 4 (A)
itself, they have only a canonical dependence on A.

20 That is, graphs constructed with lines and vertices of Sk plus the
vertex corresponding to O¢.
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q /p
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Fig. 9 Schematics of the graphs in Gf (p), to expose Eq. (4.58). The
vertical dotted line separates the left-hand subgraphs containing the
vertex OF from right-hand subgraphs, containing the dependence on p

Oﬁ

Additionally, (4.45) also implies the relation

GPlp] = Ghlpl + VP, G ¢]. (4.58)

The interpretation of this formula is as follows. We con-
sider the typical Sg-graphs contributing to Gf (p),in Fig. 9.
They start at the vertex O, located on the left in the figure,
and propagate to the right, where n (amputated) legs emerge
carrying momentum p. All divergences from subgraphs not
involving the operator O have been subtracted, but there
remain the new divergences irradiating from the composite
operator. We can consider all possible cuts of each graph, rep-
resented by the vertical dotted line in the figure, separating
the graph into two subgraphs, y; and yg, where the former
contains the source Of and the latter does not. To each such
cut, we can associate a decomposition 1 = Ty, + (1 —Tj,).
For a renormalizable theory ¢* only cuts cutting at most x
lines need be considered, since otherwise T;, vanishes. As
the cut is moved from left to right, factors (1 — 7}, ) accu-
mulate, hence subtracting the subdivergences. The product
of the (1 — T, ) factors produces the fully subtracted graphs,

and this is G’Ii[qb] on the RHS in (4.58). On the other hand,
when a factor T, acts for the first time, and therefore y;, has
all subdivergences subtracted and only displays an overall
divergence, the projector onto 773 selects operators O, with
divergent coefficients that are counterterms of the canonical
type. These add to V#,. Once the operator O% is formed and
all possible graphs yg attached to it are added, they reproduce
the original structure, this time as G*[¢].

Summarizing, in all cases, the divergences presentin I" [¢]
have been renormalized (subtracted if expressed in terms of
Sgr-graphs). G“[¢] describes the effect induced by a source
0%, and corresponds to graphs with unsubtracted diver-
gences generated by that source. W¥g is the component of
G*[¢]along OF. VA, corresponds to graphs with source O
and effect along O with subtractions of all subdivergences,
but not the overall divergence. Gﬁ[q&] is the renormalized
effect of a source O, it corresponds to graphs with all diver-
gences subtracted.

It is interesting to note that G*[¢] does not know about
the RC, hence T or T only appears once in the matrix
W = T'G. Upon matrix inversion, W' = 1 — V will pro-

duce instances of 7 in several places. At a perturbative level,

it can be checked that such instances of 7" precisely combine

to produce the operators TR, so that V contains only superfi-

cially divergent graphs, without subdivergences. An explicit

perturbative calculation illustrates this point in Appendix C.
Once again, the consistency conditions

IGRlp] _ 9GRI¢]

, (4.59)
08R« 0gRr,p
or equivalently
9GP19] _ 2G[¢] 4.60)

080, 0g0.8

apply and lead to multiple identities among the correlation
functions.

The formulas derived above apply to the super-
renormalizable case as well. To this end, for the theories dﬁ
or ¢§ we define?!
my = T20), Zr:=Zo, gr =g (4.61)
Besides convenience, these are proper RC, since Zj and go
can be extracted from I>(p) and I (p) (withk = 3 or 4) in

the large momentum limit. Specifically, these RC correspond
to (4.11) with a suitable choice of the scale urc in each case,

mp =T, I'  with urc = 0,
72 =Tz with urc = 00, (4.62)
g% = f"gF with urc = o0.

Therefore, in the super-renormalizable case, the matrix W
takes the form

G0 0 0

W=|G50) 1 0], (4.63)
G50) 0 1

and so
1-Go"' 0 0

V=|Gy0)"'G50) 0 0 (4.64)
G O)~'G50) 0 0

G%5'(0) is finite and GZZ (0) and G§ (0) have a canonical loga-
rithmic divergence, hence the divergences in V are canonical
too (and exceptionally in the present case, also those of W).
The renormalized derivatives of the action follow from using

2l 7, and go were denoted Z and g in Sect. 3.
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(4.45), and this yields>?

mey G"¢]
G"l¢] = IOy
G%(0)
G491 = G*[¢] — —2—G"[¢], (4.65)
k G7(0)
G5(0)
g _ g _ 2 m
G%[9] = G4[¢] G0 0, C"4)

These equation are, of course, identical to those in (3.42)
when the latter are expressed in terms of G¢ (p).

In Sect. 3 for d)i and (/)g‘ it was possible to rearrange
the integrals expressing G‘}M(p) in such a way that con-
vergence was explicit and an UV regulator was not needed.
The divergences in the renormalizable case are more severe
than those in the super-renormalizable case. For (]52 or ¢2 all
three parameters in the action require renormalization, and
in the massive case, the divergences are quadratic instead
of logarithmic. It can be conjectured that, in the renormal-
izable case, the very same rearrangements of the integral
made in Sect. 3 (but increasing the dimension and keeping
the regulator) while not completely eliminating the diver-
gences, will remove quadratic divergences and leave loga-
rithmic ones only. This is based on the observation that in
the super-renormalizable case, the matrix W has the diver-
gence structure

fin fin fin

V=|log fin fin (4.66)
log fin fin

while in the renormalizable case
log log log

V =] quad log log (4.67)

quad log log
The relation (4.45) can be expressed more explicitly as
G[¢; Al = W¥g(A; pre)
(GRI9: irel + RP1g: Ai prel) . (468)
or
G, (p; A) = WPg(A; ure)
(Ghapi nr) + RE(P: As pire)) . (4:69)

where urc indicates the dependence on the RC and RF
(A; urc) vanishes for large A. The information encoded here
is that asymptotically, in the large cutoff limit, G*[¢; A] is
the product of two factors, one that depends on A butnoton ¢,
and the other conversely. This is the necessary and sufficient

22 We have neglected the correlation functions with n € {0, 1} through-
out. Their inclusion adds terms to these relations that do not affect the
sector n > 2.
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condition for the theory to be renormalizable in the linearized
version. The ¢-independent factor W can be extracted from
G* by applying the RC. The quantities G}, (p), and hence W,
depend only polynomially on the basic elements D(p) and
I, (p), with regulated momentum integrals inserted in var-
ious places. In the combination Gg = W~!G such depen-
dence is no longer polynomial but of the rational type. From
this point of view, a probably crucial simplification is that in
the super-renormalizable case, the determinant of W (namely
G%'(0))is UV finite, and this guarantees that the divergences
in the matrix W~ have only a polynomial dependence on the
basic regulated integrals. This fact makes it easier to devise a
rearrangement of the terms to produce explicitly convergent
blocks, as done in Sect. 3. Let us note that in the super-
renormalizable case, the divergence structure of W is partic-
ularly simple and the equation of Gi [¢]in (4.65) would sug-
gest a simple subtraction scheme to cancel the divergences,
yet actually two subtractions were needed to achieve mani-
festly convergent momentum integrals in (3.110).

The situation is much harder in the renormalizable case.
While renormalizability guarantees that the combination
W~1G has a limit as the regulator is removed, it is far from
clear that the momentum integrals can be explicitly rear-
ranged as in the super-renormalizable case to yield manifestly
UV convergent blocks. Therefore, in the renormalizable case,
one arrives at expressions of G and W with an explicit reg-
ulator, and only after the combination W~!G has been con-
structed the regulator can be removed to yield Gr. By way
of illustration, one can imaging two conditionally convergent
series; in one case it has been possible to rearrange the series
into an absolutely convergent one with the same sum while
for the other series no rearrangement has been found or it
may not exist. In the super-renormalizable case the theory is
manifestly renormalized, while in the renormalizable case, it
is renormalized but not in an explicit manner.

To achieve an explicitly convergent expression of G in
the renormalizable case (if that is at all possible), it might
be of help the constraint that the divergences in W~ are not
arbitrary, but instead they follow a canonical pattern. Thus W
enjoys two non-trivial properties: an anti-canonical pattern
(meaning that W' is canonical) and also its divergences
are explicit (meaning that they come from a single cutoff
momentum integral with a cutoff-independent integrand).

The divergences of G*[¢] are also explicit and anti-
canonical, which we define to mean that they can be can-
celed by multiplication with a canonically divergent matrix,
namely, W', Another way to express the anti-canonical
divergence-pattern of G*[¢] is to take three independent field
configurations ¢4, A = 1, 2, 3, and form a 3 x 3 matrix G* 4
with the three column-vectors G*[¢4; A], then the inverse
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matrix (G~')4,(A) has only canonical divergences,

W HPaGYs =GP

(4.70)
(G D% = (G rpWH,

Instead of using three field configurations, one can use three
sets of momenta p, or in fact any three observables linearly
extracted from the functional G*[¢], the RC producing W% g
being a particular case. It is important to note that (G~H4,
is canonical only with respect to its dependence on A. In
general, however, its divergent component will not be a poly-
nomial on external momenta and masses (see Appendix C).

Another observation is that while the regulator cannot be
fully removed in the explicit non-perturbative expressions of
G’Ii [¢], it can be removed in a perturbative treatment. That is,
if the equation for G‘fe [¢] is solved perturbatively in powers
of gr, starting from m% O™ + Zr 0% at zeroth order, what is
obtained are the usual (regulated) momentum integrals from
the standard Feynman rules of Sk plus systematic subtraction
of divergences and subdivergences (with T as operator isolat-
ing the divergences) implementing Bogoliubov’s R operation
on the Sg-graphs. Then the regulator can be removed since
the subtracted integrals are already convergent. This is illus-
trated in Appendix C. In the super-renormalizable case G g is
still obtained from W1 G, as explained around (4.64), hence
the R operation acts in the standard way. The treatment in
Sect. 3 looks different because it uses I"-graphs and the RC
in (4.62) automatically set to zero the action of T on most
subgraphs.

A technical assumption has not yet been explicitly
addressed. We have considered renormalizable theories, at
least in a perturbative sense. This means that for finite values
gr (meaning here the various gg o) and some regularization
with cutoff A, there are parameters go(A) in the action So
producing the functional I'[¢; A; gr] which fulfills the RC
of gg forall A, and has a finite limit I"[¢; gr] as the regulator
is removed. Clearly, in this case, for gr + dgr there will be
80(A)+38g0(A) suchthat I'[¢; A; gr+5gr] alsohas a finite
limit. This can be denoted the theory ‘I"(A) + §Sp(A)’. The
point here is that A appears both in the original (unperturbed)
system and in the perturbation, as the regulator is removed.
However, our point of view has been slightly different since
we have been working with the theory ‘I" +8S0(A)’, i.e., the
effective action of the unperturbed system is already renor-
malized and only the perturbation is regulated. Technically,
the validity of such an approach is not guaranteed as an imme-
diate consequence of renormalizability. While the assump-
tion worked well in the super-renormalizable case, the diver-
gences of just renormalizable theories are more untamed.
It is argued in Appendix D that the assumption is indeed
valid: even if the parameters §go(A) required to have a finite
limit for ‘I" + §Sp(A)’ need not be identical to those from
‘I'(A) +8S9(A)’, they do exist. This is not surprising since

such final-result-independence also holds in other aspects of
renormalization. For instance, in the projective scheme T
acts according to the overlap of the graph with the space 773,
whether the graph is actually divergent or not, while in the
standard BPHZ approach T, only acts if the graph is diver-
gent; the two approaches produce the same effective action
when the cutoff is removed, although the detailed parameters
80.« (A) are different in both cases.

We conclude our discussion of the renormalizable case
by considering the use of DR as the UV regulator. In DR,
the perturbative amplitudes are meromorphic functions of €
with poles at most at integer values, hence finite for € close
but different from 0. The operators are still fully local in
d = d—2e dimensions but (slightly) non-local from the point
of view of the d dimensional degrees of freedom (i.e., after
integrating out the (d — d)-dimensional degrees of freedom),
and in this way € acts as a regulator. A logarithmic mass
scale v is introduced as the measure [ d? p/(2m)? must be
replaced by v%¢ f d?p/@2m)? to restore proper dimensions
in the Feynman graphs. All the amplitudes are then finite but
depend on €. By definition, the fact that a quantity A(€) is
UV-finite means that the limit ¢ — 0 exists and is finite,
equivalently, the residue at € = 0 vanishes.

In our discussion a cutoff was applied as a regulator of
the momentum integrals. As it turns out, a possibility is open
to regulate the UV divergences by means of DR within the
linearized approach. A way to do this can be illustrated with
G (p) in (3.20),

d’q 1, :
Wan (4. —q: p).
Here, the integrand is expressed in terms of the functions
D(k) and I3, (k). In the spirit of the linearized approach, these
I, (k) are derived from I'[¢] at € = O (i.e., for d spacetime
dimensions), but they are needed in d = d — 2¢ dimensions
in (4.71). An obvious prescription is to exploit the Lorentz
(or Euclidean) invariance to express I, (k) in d dimensions in
terms of the invariants p; pj, which are then identified with
the corresponding invariants in d dimensions. The imple-
mentation of DR is then straightforward if the vertices I}, (k)
are explicitly given as functions of the invariants p; p; (this
would be the case, for instance, within a perturbative cal-
culation). This prescription does not cover the possibility of
pseudoscalar invariants (involving the Levi—Civita symbol),
but this is rather an issue of DR itself, related to the pres-
ence of anomalies. A more serious obstacle is that a Lorentz
invariant function I, (k), known only in d dimensions, can
be written in many inequivalent ways in terms of the invari-
ants p;p; when n — 1 > d, and therefore the extension
would not be unique.?> This ambiguity does not arise in the

G (p) = 8pa + v / 4.71)

23 For instance, k%k% — (k1k2)2 vanishes identically in d = 1, so a
multiple of this function can be added to I3(k) in d = 1 producing an

@ Springer
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standard application of DR in perturbation theory because in
that case there are explicit formulas in terms of k;k; for the
functions. In our case the functions I}, (k) are defined by their
values rather than by explicit formulas. A prescription would
be required for a “natural” or “minimal” extension of I}, (k)
when n > d + 1. A compromise solution would be to use
only the d-dimensional components of the momenta in the
vertex functions with n > d + 1 and the full d-dimensional
momenta otherwise, or even to make the extension only in
the propagator function D (k). On the other hand, the ambi-
guity is of order d — d, so its likely effect would be to redefine
the bare couplings without changing § I"[¢] as the regulator is
removed. This point and the use of DR for 6 I is illustrated in
Appendix D. The possibility of using DR as a regulator is of
interest because the formulas of G}, (k) are non-perturbative,
and a non-perturbative formulation does not exist for DR at
present.

5 Composite operators

5.1 General considerations

In the previous section we introduced the quantities
I [¢]

G[¢] = 9500 (0%)9.

G.D

They represent the (unrenormalized) amputated matrix ele-
ments of the operators O% (discussed after (2.36) in Sect.
2.3). The renormalized ones can be obtained as

AT [$]
Ghlgl = —— = (0%)%.

5.2)
0gR.B

In terms of Sgr-graphs, all divergences not touched by the
composite operator are subtracted; hence, they are already
renormalized. In (O%)? the new divergences induced by the
composite operator remain unsubtracted, while in (05)%
they are removed through the R operation. In view of the
relation Gﬁ [¢] = w—HB,Ge [¢], one can define the renor-
malized operators

oh = w1, 0°, (5.3)
(hence fa0£ = (W™HB,) such that
(0R)? = (0P)%. (5.4)

The operators O%[¢] are functionals that are finite for reg-
ular field configurations, and so finite at the tree or classical
level; however, they have divergent matrix elements when
introduced in the dynamics described by I'[¢] due to the

ambiguity in its extension to d. Ultimately, this problem is also related
to the Levi-Civita symbol; the scalar quantity [k; A ky A - -+ A kgy1]?
vanishes in d dimensions.

@ Springer

quantum fluctuations of the fields, i.e., radiative corrections.
In turn, the renormalized operators are divergent as function-
als but have finite matrix elements.

A first-order variation in the relation Sy = go , O implies

850 = 880.4 0% = dgr g Oh. (5.5)

880 diverges at the tree level but has finite matrix elements,

STP] = (8S0)? = 880.4(0%)? = 8gr p(OM)?. (5.6)

As indicated by these formulas, the amputated matrix ele-
ments of the operator O% can be obtained from the pertur-
bation it produces on the effective action when it is coupled
to the action. By the same token, one can obtain the matrix
elements of other operators not necessarily present in the

original action. For instance®*
a 1 22
0%[¢] = 5(15 ), (5.7
can be coupled as § Sy = 81,, 0, and
8I[p] = 8r0.a(0“)?. (5.8)

Asarule, (0% )¢ will present UV-divergences, and in general,
it will not be possible to cancel them (for all ¢) by a suitable
choice of the cutoff dependence in the bare parameter 6A¢ 4.
The cancellation will require mixing with other composite
operators of equal or smaller dimension [12]. For the operator
O above in the qbg theory, the mixing requires the operators

0" = ¢(0), 0°:=—(3$)(0), 0%:=1. (5.9)
That is

880 = 810,40 + 8105 0" + 810, 0 + 820,407,  (5.10)
The bare parameters d1o,;,(A) can be chosen so that

8T[p] = 820, (0" e {a,b,c, d), (5.11)

with implicit sum over the label € {a, b, c, d},is UV-finite.
Once again, here the unperturbed effective action I"[¢] (and
so its propagator and all its correlations functions) is already
renormalized and UV-finite.

Note that also in the renormalization of the operators O%
in Sp further operators o< 1 and o ¢ are needed in the mix-
ing to produce a finite §17,(p) for n = 0, 1. Such operators
were mostly disregarded in the discussion as they do not
affect the renormalization of 613, (p) for n > 2. An impor-
tant difference between the operators in the action and the
sporadic composite operators considered here, is that the for-
mer act many times while the latter act only once (or at any
rate, act a finite number of times). As a consequence, the
non-renormalizable operators in the action (i.e., with nega-
tive mass-dimension coupling) require the introduction new

24 G (x) is the field regulated with a cutoff, as defined in (3.11). The
operator is at x = 0.
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counterterm operators in the action of increasingly larger
dimensions, while the composite operators require only a
finite number of counterterms.

The new divergences introduced by the loops in the ampu-
tated matrix elements of the composite operators O* are to
be canceled by the bare parameters 8¢ ,(A). In order to
do this, RC plus a projective renormalization scheme can be
employed.

Until now the effective action was parameterized by
the three values gg o, SO0 I'[¢; gr.«], and these values are
enforced through RC. One can consider the enlarged action
So + Ao, O", and correspondingly I'[¢; gr.«, AR, . ]. The
new parameters Ag , require additional RC and the follow-

ing are suitable in the present case,>

13(0) = Ag.a.

[1(0) = g,

. (5.12)
apzrl(o) = )\‘R,Cv

[5(0) = Ara-

Here I, ( p) denotes the momentum amplitudes in the expan-
sion of I"[¢], as defined in (2.37). Because the operators O*
are not translationally invariant, the total momentum is not
conserved and Y  p needs not vanish in I, (p) in the theory
with non-vanishing Aq_ .

If only the matrix elements of the operators O* are needed,
and not more general correlations functions, the conditions
can be relaxed to

81%(0) = 8)g.a,
811(0) = 8)g .
3,28I1(0) = 8Ag.c.
8Ip(0) = 8AR.a-

(5.13)

as a perturbation around the action Sy. i.e, the point Ag ;, = 0.
We refer to this point as the point A = 0.

To include the operators O* it is necessary to extend the
space of functionals, as the space 77 only includes the trans-
lationally invariant ones. The total space will be

H = J ® AN (5.14)

(conserving and non-conserving momentum). A neat way to
keep the two spaces well separated and avoid problems, such
as evaluating at p = 0 when §(p) is present, is to introduce
a projector Pc so that for a generic functional F[¢]

PeFu(p)i= lim h ((Zp)*/n) Fu(p)- (5.15)

Here h(x), defined for x > 0, is a decreasing smooth function
with compact support such that #(0) = 1, and 2*)(0) =

25 Actually To( p) has zero arguments p; we set 0 for uniformity of the
notation.

0 Vk > 1. Then

He = P, Ic:=(1— Pc)i. (5.16)
The RC in (5.12) can be cast in the form

T, [¢] = Ar pi, (5.17)

where the YA",L € J*. These operators fulfill the duality prop-
erty26

T,0" =68 u,velab,c d. (5.18)
Furthermore, due to the separation between .77 and S,

T, =0 pelab,c, d)

N (5.19)

Ty 7&c =0 aec{m,Z, g}

Since O% € ¢ and O* € JKc,

7,0 = T,0* = 0. (5.20)
The projector

T = 0%T, + O*T, (5.21)

is such that

T = 75, TIARc = s, (5.22)

where JAis € Hc is the space spanned by the operators
O™". The projector T serves to construct the R and R opera-
tions to renormalize both the action and the composite oper-
ators.

Specifically, following the previous steps, one can define
the functionals

s _ OT1g]

" e (OM
G"[¢] := (O") D0,

(5.23)

These functions, or equivalently the functions G,’f (p), are
needed only at Sp i.e. at the point A = 0. We assume that
scenario in what follows.

The functions Gﬁf (p) are expressed in terms of the vertex
6;‘ (g) and the functions H,f (g; p), similar to (4.54), except
that O** does not conserve momentum, namely,

Al—1

dlq; -
I1 (an)d O} @) HL(g: p).

) . 1
Ghi(p) = 0,’,‘(p)+25f
>2 7 i
(5.24)

Here ) p is arbitrary but the condition Y _ g+ > p = 0 fixes
one of the g;. Likewise,

Vit oane . 0[]
Ghlp] == (0" = .

(5.25)

* Indeed Oji(p) = 8u2. O}(p) = 8u1. O5(p) = p8u1 and
Off (p) = 0n,0, up to regulator-factors F'(p), which have no effect at
p=0.
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The relation

N
Wi, = R (5.26)
Ao,
then implies
kl¢] = (WY, G*[¢]. (5.27)

Since there is no mixing between the two sectors .77¢ and
JA&ic the would-be matrix elements W%, = W#g are zero.
The matrix W in the 4 sector follows from

wh, = T,G"*[¢]. (5.28)

A composite operator of a mass-dimension can only produce
UV divergences of that very dimension or less; therefore,
in minimal schemes W*,, would be a triangular matrix, as
the matrix element would vanish when the dimension of O"
is larger than that of O". In the projective scheme, those
matrix elements are UV-finite but not necessarily zero. By
assumption, the space 7#s spanned by the O* is such that all
divergences generated by those operators are also contained
in the same space.

The renormalized composite operators are>’
Oy =Ww=hy, ot (5.29)
and they fulfill the relation
(05)? = (0")%. (5.30)

For the operator O¢ in qbg above, the renormalization
yields

10 (07 - G1 0" — 9261 ©0° - G§(0) o)

(5.31)

where G4(0) and 92G¢ (0) are O(L 4), G{(0) = O(A?) and
Gg 0) = 0O(AY). In the present case, the matrix W is par-
ticularly easy to invert because, regardless of the interaction,
G{;‘( p) = O~,f( p) whenever A contains at most one field ¢,
hence G2 (p) = 8,.1, G (p) = p*8,.1, and G (p) = 8p.0.

As already happened for the action, also for composite
operators the Gh( p) and W, are explicit in terms of the
cutoff momentum integrals and present an anti-canonical
divergence-pattern, while

W h =8 -V, (5.32)

is canonical. Some related ideas are discussed in Appendix C.

27 If the set of composite operators is enlarged by adding new operators,
the previous matrix elements of W do not change, however W !, and so
the combinations 0% in terms of the OV, may change in the unextended
sector, unless the new operators are chosen so that the matrix W is
triangular.
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5.2 Renormalization of ¢>(0) in the theory ¢

In the super-renormalizable theory dﬁ , we consider the renor-
malization of the composite operator

1.
0% = §¢3(0). (5.33)
Dimensionally, it mixes with the operator
b 1 72
ob = qu (0), (5.34)

and the operators 32¢A5(O), qAS(O), and 1. We disregard these
because they only involve the renormalization of G (p) for
n<1.

Note that the relations

08 = /ddx 0%(x), O™ = fddx 0 (x), (5.35)
imply
G%p) = G¢

n(P) ) if Zp =0. (5.36)

Gy(p) = Gl(p)
For the operators O% and O” we will adopt RC similar to

those of 08 and O™ in (4.62), that is,

AR,a = far = 1:'3(17)

’

HRC=00

ARy =Tyl = fz(l’)‘ .
nrc=0

(5.37)

Because the kinematical conditions (4.12) enforce ) p =0
for n > 2, our choice of RC in turn ensures that

it Y p=0.

Furthermore, the matrix W*, of the composite operators (the
basis is ordered first a then b) is

Wi, — ({?g(o@ @1%(0)) _ <G§ (00)
Gho0)  G5(0)) ~ \Gy(00)

(1 G50\ _ ..
_<0 G?(O)>_W‘3’

G (P) =G5, (p)

- (5.38)
Gr.(p) =Gk, (p)

G§(0))
G (0
2 ) (5.39)

That is, it coincides with the matrix W¢g of the operators in
the action. As a consequence relations similar to (4.65) apply
(forn > 2)

G5(0)
G5(0)

G4 .(p) = G4(p) — G2 (p),

(5.40)

- 1 -
Gh ,(p) = ——Go(p).
k. G5 (0)
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or equivalently

G5(0
01 = 07 m( ) ’
G7 O (5.41)
ob — 1 ob
R=aGro)

up to terms proportional to the operators 1, ¢ (0) and 8%¢ (0).

It should be noted that not only the expressions for
G‘}e’n(p) and G];e,n(p) are explicit and finite, in fact, they
can be arranged so that no regulator is needed, as already
happened for the functions G% , (p) in Sect. 3.1. This fol-
lows from the fact that the expre’ssions in both cases are very
similar, namely (with implicit form factors)

Q2m)d 2mr)d 31"
x (1,92, —q1 —q2 — >_ p; P)

A
G2 (p) = Suz + /

only differ from GS (p)and G7'(p)in(3.20) and (3.21) by the
term ) p.Because Y p is finite, the asymptotic properties of
the functions are identical and the same arrangements carried
outin Sect. 3.1 work here with straightforward modifications.
Entirely similar considerations apply to the renormalization
of the composite operator % (8¢)2(0). Moreover, they also
apply to the corresponding operators in the theory ¢§‘.

A d d
- d d 1
GA(p) = bu3 + A

(5.42)

11

6 Schwinger-Dyson equations

The relation

0= / Dy?; (eS+J"/’A)

is valid for any sufficiently convergent observable A[g].
It immediately produces the Schwinger—Dyson equations
(SDE)

6.1

0= (3;A+ A3;S+ AJ)’. (6.2)
More specifically, the choice A = 1 yields (3;S)’ = —J;,
and hence

y gl = (8:5)?. (6.3)

The same result is also deduced directly from the identity
SI[¢] = (85)¢ by noting that a shift S[¢] — S[¢ + €] is
accompanied by I'[¢] — I'[¢ +€]. In what follows by SDE
we will refer to the relations in (6.3), or equivalent to them.

O

— = —e

| |

=t O
c= e O AOK
o= i

Fig. 10 Graph representation of SDE in (6.7). The dots represent the
vertices of S, the other vertices and the lines are those of I"

The SDE can be made more explicit by expanding both
sides of (6.3) in powers of ¢. This procedure yields

1 ) .
> mﬂh...mﬁ gl

n>1
=) T L il gy o
=1 (¢ - D! ot
and so
Lijycjn = 8ijaewcjn +Z @ 11)'g,,2 IKHZ l/ﬁ n>1.
(6.5)

The LHS is completely symmetric, so the RHS is symmet-
ric too, although not manifestly so. These are the (unsym-
metrized) SDE. The coefficients H are tree graphs of I,
then after joining the i-legs in the vertex g of S, graphs with
at most £ — 2 explicit loops are obtained.

Let us consider in more detail the particular case of a ¢>
theory, i.e., g;,..;, =0 forn >4

1 ,
I =hi + Egiij]k

1 ik
Iij, = mij, + Egiij',g
: (6.6)
Lijyjs = 8ipjs + EgiJkszjs
ik
Lijp.jy = Egiij;Z...jn n=4.
More explicitly, for 1 <n <3,
1 .
Ii=hi + Egijijk
1 ‘
F" — .. _ "D]aDka'
ijp = Mij, + zguk Jjaab 6.7)

Tijpjs = 8ijrjs + &ijk D7 DY D Iy jspa
1 .
+ EgijijaDkajzjwb-

The diagrammatic representation of these equations is dis-
played in Fig. 10. This is an infinite hierarchy of exact rela-
tions fulfilled by the theory ¢3. Furthermore, through system-

@ Springer



945  Page 32 of 40

Eur. Phys. J. C (2025) 85:945

atic iteration (inserting the LHS in the RHS) the hierarchy
produces the perturbative series in powers of the coupling g
in terms of Feynman graphs (S-graphs). In such a construc-
tion the perturbative counting is assigned as follows:

(i) m;j, I;; and DU as well as h; and I, are of O(go),
(i) gijx and I7j; are of O(g), and
(iii) the vertices I;,. ;, (n > 4) are of O(g").

In each iteration D' and I;,..;, are expressed using s and
8gijk plus terms of higher order. Then, at each step, there are
contributions involving only s¥ and g; jk plus a remainder
that contains the full propagator and vertices. The terms con-
structed solely with S no longer evolve and these are the
standard Feynman graphs of the theory S, while the remain-
der becomes of higher order at each iteration. Hence, the
procedure not only produces the perturbative series but also
provides a closed form for the exact remainder corresponding
to the truncated series.

Since, as noted above, the RHS of (6.5) is not manifestly
symmetric in the indices i, ja, ..., j, there is an ambiguity
in how to expand D' and T} \...i, present on the RHS using the
SDE. A simple prescription is to use a symmetrized version
of the SDE, which will also be useful later; namely, the RHS
of Eq. (6.5) is symmetrized by hand. This gives rise to the
symmetrized SDE:

i1..dp

1
Ljiju = &jroin T+ Z Egil..‘ilH g, n=1 (6.8)
>3
where
l n .
/11 R l]...[q...[g
j] Jn T ZZ Jp ]1 Tpeeedn n>1, £>3.(69)

By construction the coefficients H' ”1 '; are completely sym-
metric and vanish for £ = 1, 2. Correspondingly, in the
momentum space, there are functions H ’ﬁ (g; p) in the sub-

space ) g+ . p=0.
In complete analogy with the relations

8T¢] —550[¢>]+Z 88i1..i A" 119] = 830.a G 19,
e>2

G%[¢] = 0%[¢] + H[#],
the SDE in (6.8) can be cast in the form

(6.10)

1 JOTIN
T =: Solg1+ D 5i8ir..ic A" [8] =: 80 G (8],
>3
G'*[p] =: 0%[¢] + H'“[]. (6.11)

Similar to the functionals G¥[¢], the G'*[¢] or the func-
tions H'% (p) are expressed in terms I”"-graphs, a finite num-
ber of graphs for each given number n of (amputated) p-legs.
As in (3.23), £ g-legs are attached to a vertex 0.

@ Springer

The integral over q is, in general, UV divergent and explicit
in the sense that a regulator A bounds the integration region,
but otherwise it is not present in the integrand. As was the
case for §I'[¢] through Schwinger’s principle in previous
Sections, here we assume that the effective action, which
determines the lines and vertices to construct the I"-graphs,
is already renormalized. The regulator is needed only for
the explicit loops in the I'-graphs and the divergences are
compensated through a suitable cutoff dependence in the bare
couplings go.«(A) explicit in the formula. The consistency
of this assumption is based on the analysis carried out in
Appendix D.

Applying the forms f”ﬁ on both sides of (6.11), in order to
enforce the RC,

TyI'p] = gr.p = g0.aW'p (6.12)
with

W' = TG (). (6.13)
Clearly, the matrix V', defined by

W, =68 —V'P, (6.14)
fulfills the relation

gRa = 80.0 + gr .V u. (6.15)

This equation conforms to the structure Sg = So+ 7T R(I'g—
Sg). Therefore V’ has only canonical divergences (those in
80,) and in turn W'® g and G'*[¢] are anti-canonical. Specif-
ically, the functionals

GPlpl := W1, G ] (6.16)
are UV-finite, and
rigl = gr Gl (6.17)

However, note that the functionals G/If [¢] are not univocally
determined by this equation, they are defined by the very hier-
archy of SDE. When (6.16) is expanded perturbatively the
pattern I" = Sg + R(I'r — Sg) is reproduced. The equation
paralleling (4.58),

Gl =

also holds.

Clearly, the relations fulfilled by the SDE and their renor-
malization are very similar to those of the linearized renor-
malization in Sect. 4. Nevertheless, one noteworthy differ-
ence between the matrices W and W’ (or V and V') arises,
namely, while the matrix elements of W are all non-trivial
and divergent in the renormalizable case, W’ and V' have the
structures

, (1 0 , (0 0
v=(x %) v %)

GPlpl + V', G 9], (6.18)

(6.19)
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where [ is the identity matrix and the first subset of indices
refers to operators O with £ < 2. This pattern follows from
H'h-ie [¢] = Ofor £ < 2. Also, fora ¢ theory, the I"-graphs
of the SDE involve k — 2 explicit loops, for « — 1 loops in
the case of 1.

The two sets of matrices W and W', or V and V', can be
related. Using (4.43) and (6.12),

aw'’r
W = W% + g0 ——L, (6.20)
8gO,ot
or equivalently
v’y
VB =V'Py +gr, 2. (6.21)
0gR.p
Furthermore, from (6.17)
Gy (9]
GRld] = GLIp] + gry — 2. (6.22)
0gR.p

The RHS automatically implements the consistency condi-
tions (4.59).

In the renormalizable case, the G/I’f[¢] are UV-finite but
not manifestly so: the regulator appears in W% g and G'*[¢]
in such a way that the combination W'~'G’[¢] has a finite
limit. This is exactly the same situation as for Gg[¢] =
W_IG[(]&] in the linearized renormalization of a renormal-
izable theory. On the other hand, for super-renormalizable
theories, the renormalization of the SDE is manifest. For
instance, for ¢3, using the RC in (4.62),

W/gm = fnzG/g = G/Qg(o),

W8z =T2G'¢ =8,,G% (00) =0, (6.23)
W8, = T,G'¢ = G (c0) = 1.
Hence,
1 0 0 0 0 0
W = 0 1 0, vV = 0 0 0
GF(0) 0 1 G50 0 0
(6.24)
In view of the SDE for this theory, Fig. 10,
G (p) = G (p) = 8n,2,
G, (p) = G,Z(p) = pna, (6.25)

G¥,(p) =G (p) — G5 (08,2
Hence
Th(p) = (mg + Zp*)sn2 + 8(Grf (p) — G5%(0)8,,2)(6.26)

Of course, the divergent component of the quantity gG’zg 0)

-3 O )
=3 _
tion discussed after (6.7), eliminating I"[¢] in favor of Sg[¢],

is just —m2, (A) in (3.6). If the itera-

is systematically applied from (6.26), it produces the sub-
tracted Feynman graphs of the theory.

Using the expression for VP, in (4.64), the identities
(6.21) imply the relations

. 1 3G5%(0)
G (0)
G5(0)  3G5(0)
Gy % oz
G5(0)  9(gG(0))
GOy  ag

2
omp

(6.27)

Because the divergent component of G;g (0) is independent
of m%e the RHS of the first equation is UV-finite.
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Appendix A: Derivation of some formulas
1. Proof of Eq. (2.18)

Under the first-order variation S — S + 65, it follows from
(2.8) that SW[J] = (6S)”. Hence, applying the variation &
to W[J] = I'[¢p] + J;¢', with J = J[¢p] and 8¢ = 0, we
obtain

SWIJ1+8J;0'W[J] =8I [p] + 8Jip'". (A1)
Since ¢! = d'W[J], it follows that (§S)/ = S8I" which
proves Eq. (2.18).
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2. Proof of the Theorem around Eq. (2.19)

The action producing the expectation values (¢'! - - - 'n)? is
just S'[¢] = S[e] + J[¢] - ¢, and therefore the correspond-
ing generator of the connected Green functions is W[J'+ J].
Here the current is J” while ¢, and so J = J[¢], are param-
eters. For n > 2 such generator may be changed to

WIIN=WJ+J]1-U+T)-¢. (A2)

Although this functional would give a vanishing value for
(@), itcorrectly reproduces the expectation values forn > 2.
The effective action I"'[¢'] that at the tree level produces the
same Green functions (for n > 2) is then obtained as the
Legendre transform of W'[J'], as follows.

Using the Legendre-transform relations of the type

I'(¢] = iI}f(W[J] —J-¢), WlUI= Sl;p(F[qﬁ] +J-9),
(A3)

we can write
(9] = inf (W1 = J"- ¢')

= i?/f(W[J +J - +T)-90—J - ¢)

= ig,f(s;llp(r[abll +U I )=+ =T -¢).

(A4)

The extremum with respect to J' requires ¢1 = ¢+¢’, hence
r'l1=rig+¢1+J4]-¢" (AS)

Here ¢’ is the classical field and ¢ is a parameter. This effec-
tive action has a vanishing one-point vertex.

The statement of the Theorem in Eq. (2.19) is that the
derivatives of I"[¢] of order two or higher produce the correct
propagator and vertices to be used in the Feynman rules at tree
level to reproduce (¢! - - - ¢™)?, for n > 2. Those Feynman
rules obviously derive from the effective action in Eq. (AS),
hence the statement is proven.

It can be noted that the Legendre transformation of the
functional W[J + J'], namely, I'[¢'] + J - ¢/, also produces
the correct Green functions, albeit with different propagator
and vertices; however, it contains a non-vanishing one-point
vertex. A resummation of those graphs to eliminate the one-
point vertex is directly provided by the effective action in Eq.
(AS).

Alternatively, the Theorem can be obtained by recursively
applying derivatives, starting from the two-point function:

¢]
A Ji

By the symmetry W <> —1I" of the Legendre transformation,
we also have

@l =d'8/ W] = (A6)

aJ;

—0;0;I'[¢] = Pk

(A7)

@ Springer

This proves (¢’ ¢- ) = ((—82r)~"i . Then forn =3
=9 3a (9>~

produces the third equation in (2.20). The rule is that each
0 = d/90J, generates a new leg from either a vertex or a

(external or internal) line, while each 9, = 9/d¢“ generates
an amputated leg.

@' @l gh)] =80l k)] (A8)

Appendix B: Renormalization as reparametrization

In this appendix, we want to illustrate that the relation (4.31)

I' — Sy =R(I'g — Sg) (BD)

expresses a change of variables from Sy to Sg, where the
latter is defined by Sg = TI'. I' and I'g denote the
effective actions diagrammatically constructed with Sy and
Sr, respectively. As previously noted, this relation already
implies the other two: Sg — Sp = TR(FR — Sg) and
I' — Sg = R(I'r — Sr). We will work at low orders of
the perturbative expansion in the I3, sectors n = 2,3 and
assume that So has only operators with £ = 2, 3. The expan-
sion of I" as one-particle irreducible amputated graphs of Sp,
yields

—. O D IX

+ 0@ (8]

I3 = : + Q +3><4@ +3
7
XG} + \At + o) 1ol

Here the external legs are amputated. The label [Sg] on the
RHS indicates that the lines and vertices are those of Sp unless
otherwise indicated. The prescription Sg = 7' I" then implies

T —i—TG +T4<|>7
<D< + 0" [So]
o < X
+3xT<|X +T@

+ 0@ [Sol.

(B2)

[Sr]l =

(B3)



Eur. Phys. J. C (2025) 85:945

Page 350f40 945

We want to express Sp in terms of Sg. The n = 3 relation in

(B3) yields
:[SO] = : [Sk] — TQ +0Mm?*) [Sol

= < —T{I + 0% [Sgl.

(B4)

On the other hand, for n = 2, the free propagator relations
Doy = —S(; é and Dro = —Sglz apply. Upon inversion,
one immediately finds, for the bare and renormalized free
propagators,

1so1 = — ( s01)

=—(_'_ -7 O +0(hz))71
[Sr]
= ‘ T O + 0% [Sg]

The lines are not amputated here.

Applying (B4) and (BS5) one can proceed to the systematic
elimination of the line and vertices of Sy in favor of those of
Sg for I, in (B2). This produces, for n = 2,

Y Y
(I' = S0)2 = : —TyGI -2xT, I

+ $ + GI + 0[Sl
.., I
= +A-T))
-
+2x(1—-T) + 0@ [k
O . IX

+ $ +o0@* | Skl

= R(I'r — Sp)2.

(BS)

(B6)

Likewise, forn = 3,

Y
(r—so)3:<4@ —3xT,

Y

—3XTVACK)+3><AGI
G} + @ + 0@ [Sg]

Y

C(\ +3x(1-Ty) $E
+3><(1—Ty ﬂ

+ 0 [Sgl

@ + 0(h3 [Sk]
= R(I'r — SR)3.
(B7)

Hence, the statement is verified to this order.

Appendix C: Cancellation of divergences and canonical
and anti-canonical patterns

As stated in Sect. 5.1, the matrix W#,, has an anti-canonical
pattern of divergences, while V'V, is canonical, and similarly
for W% g and 1% « 1n Sect. 4.2. In addition, the construction
(W—Hr,G[¢] = G’;e[qb] eliminates the divergences.

These statements can be explicitly verified through a per-
turbative calculation to any desired order. Nevertheless, to
illustrate them in a simple setting, we consider the renormal-
ization of the composite operator O = %(1)2(0) in the theory
¢g, but including only a restricted set of graphs of Sg. To be
more explicit, we consider the class

a1 P1
e e [SR]

a2 %)

(ChH

(g1 +q+ p1+p2=0)withk =0, 1, 2, ... exchanges in
the #-channel, such Sg-graphs are of perturbative order g?ek
Within this approximation, only the term Gz( p) (.e,n=2)
can be described, so we denote it as G ( p):

@ Springer



945  Page 36 of 40

Eur. Phys. J. C (2025) 85:945

G(p) = ( = q [r]

-G Q@
(€2)
Analytically,
= L[4 db
G =1+ —— D: H(q; p). C3
») +2/ ks DI H (G p) (©3)
In our approximation, there is no mixing with other operators.
As the renormalization condition we adopt TG = G(0),
hence
W—G(O)—l—i-l/A L9 2 114:0) (C4)
- T2 ape e
and Gi[¢] = (W~1*,G"[4] reduces to
G(p)
R(P) = =— (C5)
G(0)

In the theory ¢>g all the box subgraphs in the Sg-graph in
(C1) are UV-finite. On the other hand, the composite operator
induces divergences with up to k-loops in the graph of order

2k
8R -

In (C2), the Sg-graph of order g%, C , s a tree graph
with the value 1.

The one-loop Sgr-graph of order g% in (C2), <|: , has
only a logarithmic superficial divergence, without subdiver-
gences. Applying the identity 1 = (1 — T') + T, the term
1 — T gives the subtracted graphs and 7 = OT isolates the
divergence in the sector O, hence:

(- oD

The two-loop Sg-graph, as well as the higher-order graphs,
can be treated similarly in diagrammatic form; however,
we turn to a more convenient algebraic notation. Let yx,
k = 0,1,2,..., denote the Sg-graph as in (C2) of order
g%", which also appears as a subgraph of y, for £ > k. Then
(C2) becomes

(C6)

Gp)=w+n+r+0(@gd (C7)
and (C6) becomes
=Ty +0~Tyi=Ty)y+ Rn. (C8)

@ Springer

As always, R denotes the operation of subtracting all sub- and
overall divergences, while R subtracts only subdivergences.
Likewise, denoting T,, the projection acting on the

(sub)graph yx,
v="T,2+0-T,)n (€9

which can be worked out so that any divergence is either
subtracted or is a projected overall divergence:

A=T)yp=0-T,)0-T,)n+T,0-T))r

=Ry +TRy» = Ry, + TRy)w.  (C10)
Tpyr = (TyDy = Ty)(Ty)yo + Ry,
that is,
y2= TRy + TyD)Hw + (Ty)Rn + Ry,.  (ClD)
Collecting the various terms
G(p)=A+Ty +Ty)>+ TRy 1
+ 1+ TyDRy + Ryr + 0(g°).
Using f"yo —1land TR = 0,
W=TG(p)=1+Tyi+Ty)*+ TRy + 0(g%
(C13)

and
G(p) = WGr(p) (C14)
with
Gr(p) =+ R(y1 + 12+ 0(%). (C15)

Thus G g( p) is UV-finite and conforms to the expected struc-
ture I = Sg + R(I'g — Sg). Effectively, in (C12) all diver-
gences and subdivergences present in G(p) have been sys-
tematically transferred to a factor W with no dependence
on p, leaving a factor G g (p) with dependence on p but no
divergences.

On the other hand, W has an anti-canonical pattern of
divergences, because

V=1-W1l=Ty +TRp+ 0%

. p (C16)
=TR(n1 +y2+ 0(g"))

is canonical, i.e., T acts only after all subdivergences have
been subtracted. V provides the counterterms and also con-
forms to the expected structure Sy = Sg — TR(I'g — Sg).
Let us point out that G( p) does not know about T (i.e., about
the RC chosen for the composite operator O) and T appears
just once in W; nevertheless, the construction V = 1 — w1
arranges the insertions of 7 to produce the correct ordered
subtractions to select superficial divergences only. Not only
that, G r(p) = W’lé(p) implies that W~ introduces the
projectors and subtractions in the graphs in the correct form
to subtract all divergences.
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In what follows, we present some speculation about the
possible use of the anti-canonical pattern to extract useful
information. The fact that the expressions are only guaranteed
to exist perturbatively is disregarded here. As discussed in
Sect. 42 G (p) also has an anti-canonical dependence on the
regulator. In fact since W~! diverges logarithmically, Eq.
(C14) implies a A-dependence in G( p) of the form

G(p; A) = (f(p; A) — h(p)L )~ (C17)

for some UV-finite functions f(p; A) and h(p). The anti-
canonical divergence-pattern of G(p; A) does not mean that
1/G(p; A) is also canonical in its dependence on p; a finite
number of derivatives with respect to p does not render this
quantity UV-finite.?8

According to the expression in (C17), é( p) has a finite
limit as the cutoff is removed; however, it still needs renor-
malization since the limit is zero. The renormalized value
is

Gr(p) = lim G(p;A) _ h(0)

= (C18)
A—o0 G(0; A)  h(p)

The limit is approached atarate O(1/L 4). Knowledge of the
anti-canonical pattern can be exploited to accelerate the rate
of convergence. For instance, a single subtraction produces

G l(p; A1) — G (p; A2)
LAI - LA2
f(p; A) = f(p; A2)
La, — Ly, '

= —h(p) + (C19)

The second term would vanish if the cutoff dependence in f
were negligible. Further acceleration should be achieved by
applying more subtractions.

In the super-renormalizable case (Secs. 3 or 5.2) it was
possible to arrange the momentum integrals to avoid the need
for a regulator altogether, and using a finite number of I"-
graphs in each case. Here, such a rearrangement does not
seem possible. In fact the bare G(p) in (C7) comes from
a series of unsubtracted graphs, and each new loop should
produce a new factor L, = log(g?/u?)/2 in the integrand,
that in turn produces a new factor L 4 in G( p; A). This is
reflected in the expansion

G(p)=f, '+ f, " hpLa+ f, LY + -+ (C20)

based on the anti-canonical pattern of G( p) in (C17).

28 Since the RC centered at p = 0 are arbitrary, and W~ can be
expressed using superficially divergent integrals only, a suitable RC
centered at p (instead of p = 0) should also express 1/G (p; A) in terms
of superficially divergent integrals; however, as the very RC depend on
p, it would not follow that the divergences are polynomial in p.

The information encoded in the anti-canonical pattern can
be exploited as follows. Let H (g; p) be the angular-averaged
value of H(g; p) in (C3) over the directions of g. Then

B A
G(p; A) =1 +/ dq Q(q; p)
(C21)

1 _
Q(g; p) = %4 D H(g; p).

Neglecting the dependence of f), on A, which should be a
valid assumption for a large cutoff,

aG(p: A) 1 h

Cp) = -
Q(A; p) = —+ = G I A (C22)

This relation implies an asymptotic behavior for large g

Z21 1

H(g; p) = ————, C23
(q; ) 6 hy L2 (C23)

which allows us to extract the renormalized value of G( p)
directly from H (g; p), namely,

- . Hgp)
GrP) = M H 0

(C24)
To arrive at this result, we have exploited not only the anti-
canonical pattern of G(p), but also its “explicit” property,
namely, the dependence on A comes only from the boundary
of the momentum integral and not from the integrand itself.

Appendix D: ‘T" + §Sg(A)’ vs ‘I'(A) + §Sp(A)’

In this Appendix, we discuss the technical point raised near
the end of Sect. 4.2: we argue that using an already renor-
malized effective action I" (cutoff removed) to make the per-
turbation (the ‘I" + §So(A)” approach) does not modify the
final result I” + 81" as compared to the standard approach of
using the same regulator everywhere when doing the pertur-
bation and then removing the regulator (the ‘" (A)+6Sp(A)’
approach).

To show this we will consider the Sg-graph of the qﬁg the-
ory shown in Fig. 11. Let us denote y; the one-loop subgraph
defined by the inner-loop, with internal momentum r, y» the
two-loop subgraph with internal momenta r and &, and y3
the full three-loop graph, with internal momenta r, k and ¢
and external momentum p. Also, | (k2; €), yz(q2; €) and
y3(p?; €) denote their values. For simplicity, we work in the
massless theory with the RC in (4.13) and apply DR.

@ Springer
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p q

Fig. 11 An Sg-graph of the massless ¢é theory contributing to

Gfm(p). The graph belongs to the I"-graph class . The two
internal loops are part of I'[¢] and they are already subtracted (indi-
cated by the box). The outer loop is induced by the perturbation and
requires a further subtraction

Let us first consider the standard calculation where a non-
vanishing € is held until the graph is computed and then set
to zero. For the first subgraph (omitting trivial factors gg,
—Zpg and 6gR)

1 dir 11
kz; = = 26/ - "5 3
yi(k=;€) 5V i 2 2

with d = 6 — 2¢. This and all other required integrals can be
explicitly obtained from the basic expression [27]

(D1)

dig 1 1
Q)4 (gH* (g — PP

= (pH)* =P Cy(a, B; d)

(D2)
with
Coler, frd) = F'a+pB—d/2) B(d/2—a,d/2 — B)
I'(a+p) B(a, )
(D3)
and B(a, b) = I'(a) I'(b)/I" (a + b). For instance,
Y% e) = %vze(kz)l_eCz(l, 1;6 — 2e¢). (D4)

The graph y; is quadratically divergent and requires sub-
tractions. The canonical divergences in the qﬁg massless the-
ory are proportional to k2. It is clear from the integral in
(D1), that three derivatives with respect to k** make the inte-
gral convergent; thus, the divergence in y; is canonical and
isremovedby 1 — T,

p1(k*; €)= (1= T)n(k; €)
k? (D5)
= nk* ) — ——vi(ugc: €.
e
The subtracted integral 7;(k?; €) has only a regular power
series in €. A further feature is that the zeroth-order term,

2 log(k?/uge)

71 (k2 0) = k ,
71 ( ) ey

(D6)

@ Springer

is independent of the scale v. The renormalization condition
erases the dependence on v in the e-independent term. The
second subgraph (already using the subtracted y1) is

(g% €) == v* / dgk- ! ! 7k
T Qm)d (k)% (g —k)?

2. 6). (D7)

Again, it has only a superficial divergence that is canonical
and is canceled by the subtraction

7% e) = (1 —T)y(g* e

2
q (D8)
=124 €) — V2 (irc; ©),
HRC
and
_ log(q?/ k) (3log(q?/uge) — 11)
2 2 RC RC
;0) = . D9
r@0=4q 17694727 (D9)
Likewise
dlg 1 1
2 ¢ - 2
v3(p7i€) i=v / = 2(q7; €),
: emyd @2 (p—q2 "
(D10)
and
;P36 == (1= Dys(pe)
(D11)

2
q
= y3(p*; €) — =3 (ks €.
Mrc

The final result of the standard calculation is then y3( pz; 0),
73(p*: 0) = p? log(p*/11fe)

 3log? (P /i) — 3310g(p® /) + 103
20384317447° ’

(D12)

In the alternative computation, the two inner loops are
contributions to I"[¢], which is already renormalized, hence
€ is set to zero in 7»(¢?; €). The outer loop comes from the
perturbation and there € is non-vanishing when performing
the integration over ¢,

dlg 1 1
1o 2 3 - 2
r3(p7ie)i=v / - y2(q7; 0).
: @2m)d (@»? (p —9)?
(D13)
Upon subtraction
q2
7 (% €) = vi (p% ) — ——vi (ugci o). (D14)
HRrc

and the final result of the alternative calculation is y5'( % 0).
By direct calculation of the integrals it is easy to verify that
the two calculations yield the same result,

71 (p%0) = 73(p?; 0). (D15)
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As already said 7 (¢?; €) has a regular power series in €,

72(q% ) = 72(¢% 0) + €g*R(g*; €) (D16)
and the function R(g?; €) is also regular. The argument why
neglecting such remainder €g”R has no effect in j3(p?; 0)
is actually simple: when the extra term g2 R(g?; €) is intro-
duced in g-integral (D10) it will produce both finite and diver-
gent contributions. The finite contributions are irrelevant due
to the extra factor €. On the other hand, the divergent con-
tributions can compensate for the factor € and yield a net
result, however such divergent terms are necessarily canon-
ical and so they are removed by the subtraction 1 — T in
(D11). That the divergences induced by g>R(g?; €) are nec-
essarily canonical follows from the fact that the function R
has only a soft dependence on ¢2, namely, of the type (¢2)"¢
(for a few small values n). Upon expansion in €, only terms of
the type log” (¢?) are produced. Such soft dependence can-
not overturn the dominant factor 1/(¢g%(p — ¢)?): still taking
three derivatives with respect to p** makes the integral con-
vergent; hence, the divergence is proportional to p* and so
is canonical.

In the graph considered above, no subdivergences were
induced by adding the composite operator (the crossed ver-
tex), only a superficial divergence. However, this is not rele-
vant to the argument. One can consider instead the graph in
Fig. 7. There, the subgraph (345) is already subtracted, but
the composite operator induces both a subdivergence and an
overall divergence. Again, the subtracted subgraph (345) has
only a soft momentum dependence. The remainder after sub-
tracting its value at € = 0 is O (€) so, after performing the
last momentum integration, the finite contributions vanish
when € is set to zero, while the divergent contributions are
canonical due to the soft momentum dependence. They are
then removed by the last subtraction 1 — 7.

I thank the referee for bringing to my attention Ref. [28]
where a related approach to renormalization is developed.
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