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Abstract
The N-representability problem places fundamental constraints on reduced density matrices
(RDMs) that originate from physical many-fermion quantum states. Motivated by recent devel-
opments in functional theories, we introduce a hierarchy of ensemble one-body N-representability
problems that incorporate partial knowledge of the one-body RDMs (1RDMs) within an ensemble
of N-fermion states with fixed weights wi. Specifically, we propose a systematic relaxation that
reduces the refined problem—where full 1RDMs are fixed for certain ensemble elements—to a
more tractable form involving only natural occupation number vectors. Remarkably, we show that
this relaxed problem is related to a generalization of Horn’s problem, enabling an explicit solu-
tion by combining its constraints with those of the weighted ensemble N-representability condi-
tions. An additional convex relaxation yields a convex polytope that provides physically meaning-
ful restrictions on lattice site occupations in ensemble density functional theory for excited states.

1. Introduction

The N-representability problem for reduced density matrices (RDMs) is a fundamental challenge in
quantum chemistry and many-body quantum physics, particularly in electronic structure theory [1–
12]. While computing an RDM from a known quantum state is straightforward, the inverse problem—
determining whether a given RDM corresponds to an actual N-particle quantum state—is significantly
more difficult. This difficulty is formalized by the Quantum Merlin Arthur completeness of the two-
body N-representability problem [13, 14]. Even for the one-particle reduced density matrix (1RDM),
compatibility with a pure N-fermion quantum state imposes spectral constraints that are difficult
to compute and scale poorly with system size [6, 7, 10, 11, 15–19]. Nonetheless, N-representability
constraints play a crucial role in both method development in quantum chemistry [1, 20–27] and in
quantum algorithms for correlated systems [28–33].

The one-body N-representability problem is especially important in the context of functional theor-
ies, where it defines the domain of the universal functional in ground-state reduced density matrix func-
tional theory (RDMFT) [23, 34–57]. A 1RDM is compatible with an ensemble of N-fermion quantum
states if and only if it satisfies the Pauli exclusion principle and is normalized to the particle number [1,
58]. To extend functional theories to excited states, one generalizes the Rayleigh–Ritz variational prin-
ciple to mixed states of the form Γ =

∑
i wi |Ψi 〉〈Ψi |, where the weights w are fixed [59, 60]. In this

setting, the domain of the universal functional in w-ensemble RDMFT [61–64] and lattice ensemble
density functional theory (DFT) [65–75] is determined by the solution to the w-ensemble one-body N-
representability problem [61, 62, 76, 77], whose refinement through additional physical information is
the focus of this work.

© 2025 The Author(s). Published by IOP Publishing Ltd on behalf of the Institute of Physics and Deutsche Physikalische Gesellschaft

https://doi.org/10.1088/1367-2630/ae228e
https://crossmark.crossref.org/dialog/?doi=10.1088/1367-2630/ae228e&domain=pdf&date_stamp=2025-12-11
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://orcid.org/0000-0002-4530-4900
https://orcid.org/0000-0002-6425-5219
https://orcid.org/0000-0002-0731-9693
https://orcid.org/0000-0001-6781-4111
https://orcid.org/0000-0002-9938-3886
mailto:c.schilling@physik.uni-muenchen.de
mailto:damazz@uchicago.edu


New J. Phys. 27 (2025) 124511 J Liebert et al

In this paper, we show that partial information about the ground and/or excited states—specifically
their 1RDMs—can be used to significantly refine the set of admissible 1RDMs in ensemble calculations
for excited states. Building on the traditional w-ensemble framework, in which an ensemble of quantum
states contributes with fixed weights wi, we formulate a refined ensemble one-body N-representability
problem that incorporates not only the standard representability constraints but also additional structure
imposed by fixing one or more of the 1RDMs associated with selected contributing states, such as the
ground state |Ψ1〉 and low-lying excited states |Ψi〉.

This formulation generalizes Coleman’s classical solution, which determines the conditions under
which a given 1RDM is representable by an ensemble of N-fermion states, without assuming any know-
ledge of the contributing states. In contrast, the refined problem considered here assumes not only
that the contributing states have fixed weights wi, but also that the 1RDMs of some of these states
are known. This partial information leads to a strictly smaller and more physically meaningful set of
ensemble 1RDMs by imposing more stringent N-representability constraints on the unknown remainder
of the ensemble. The resulting framework is particularly relevant in practical excited-state simulations,
where contributing states are often computed sequentially and partial one-body information is readily
available.

The refined w-ensemble one-body N-representability problem is highly complex, largely because its
solution depends on the natural orbitals of the fixed 1RDMs. As a result, obtaining a complete solu-
tion is generally impractical. To address this challenge, we introduce a systematic relaxation in which
the fixed 1RDMs are replaced by their natural occupation number vectors, discarding information
about the associated orbitals. The resulting relaxed set is characterized purely by spectral data and can
be fully described by combining the solution to a generalized version of Horn’s problem [78–80] with
the w-ensemble N-representability constraints [61, 62, 76, 77]. While this yields a complete solution
to the relaxed problem, the number of spectral constraints grows rapidly with system size, limiting its
scalability.

To overcome this limitation, we derive an outer approximation that provides a set of system-size
independent constraints. These constraints remain effective regardless of the number of particles or the
dimensionality of the one-particle Hilbert space, making them particularly valuable for quantum chem-
ical applications where large basis sets are required. The tightness of this approximation depends on the
deviation of the natural occupation number vectors from the Hartree–Fock point, and thus reflects the
degree of correlation in the corresponding N-fermion quantum states.

This paper is organized as follows. Section 2 introduces the notation and terminology for w-
ensembles that will be used throughout the paper. Section 3 defines the refined w-ensemble one-body
N-representability problem and outlines the relaxation strategy that yields a practical characterization
of the admissible 1RDMs. In section 4, we derive the system-size independent constraints and exam-
ine their implications in molecular systems, focusing on ensembles with weakly and strongly correlated
ground states. Finally, section 5 shows how taking the convex hull of the spectral constraints leads to
a convex set that also governs the lattice site occupation number vectors in ensemble DFT for excited
states.

2. Short recap of w-ensembles

In this section, we briefly introduce the notation and key aspects of the w-ensemble one-body N-
representability problem [61, 62, 76] as used in this work. We then reformulate the problem in terms
of probabilistic quantum channels, placing it within the broader context of quantum marginal problems
studied in the quantum information community [6, 13, 15, 18, 81–93].

We consider systems of N non-relativistic fermions. The N-fermion Hilbert space, HN, is defined as
the N-fold wedge product of the one-particle Hilbert space H1, i.e. HN = ∧NH1. Throughout this work,
we assume H1 is finite-dimensional. The set of pure quantum states on HN is denoted by PN, and the
set of ensemble quantum states, EN, is the convex hull of the pure states, i.e. EN = conv(PN).

The one-particle reduced density operator 1RDM of an N-fermion quantum state Γ ∈ PN,EN is
defined as

γ ≡ NTrN−1 [Γ] . (1)

Due to the linearity of the partial trace, the set E1
N of 1RDMs compatible with ensemble N-fermion

states is given by

E1
N ≡ NTrN−1

[
EN
]
, (2)

2
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which is also convex. It is the convex hull of the set P1
N of 1RDMs compatible with pure N-fermion

states, i.e.

E1
N = conv

(
P1
N

)
. (3)

The 1RDMs in P1
N are called pure state one-body N-representable, while the 1RDMs in E1

N are referred
to as ensemble one-body N-representable. Due to the convexity property in equation (3), the ensemble
one-body N-representability problem is also known as the convex (relaxed) one-body N-representability
problem, a terminology that we adopt in section 3.

According to Watanabe and Coleman [1, 58], the set E1
N of ensemble one-body N-representable

1RDMs is fully characterized by the Pauli exclusion principle and the normalization Tr1[γ] = N. In con-
trast, the set P1

N of pure state one-body N-representable 1RDMs is determined by the generalized Pauli
constraints [6, 7, 16, 17, 19, 94, 95].

Clearly, pure states are quantum states with a fixed spectrum w0 = (1,0, . . .). The set of N-fermion
quantum states with a generic fixed spectrum w is denoted by EN(w), where w ∈ RD with 1⩾ w1 ⩾
w2 ⩾ · · ·⩾ wD ⩾ is a decreasingly ordered vector with

∑
i wi = 1, and D= dim(HN). In general, the set

EN(w) is not convex, as the sum of two states with fixed spectra may result in a state with a different
spectrum. Therefore, we also introduce its convex hull [61, 62, 76],

ĒN(w)≡ conv
(
EN (w)

)
. (4)

Thus, any Γ ∈ ĒN(w) can be written as a convex combination Γ =
∑

k pkΓk with Γk =
∑

iwi|Ψ(k)
i 〉〈Ψ(k)

i |
∈ EN(w) and pk ⩾ 0,

∑
k pk = 1. Due to this convex decomposition, we can further interpret any state

Γ ∈ ĒN(w) as the final state after the application of a probabilistic unitary quantum channel χ(·) onto a
fixed initial state Γw ∈ EN(w) as (recall Uhlmann’s theorem [96])

χ(Γw) =
∑
k

pkUkΓwU
†
k , (5)

where Uk are unitary operators on HN. Therefore, ĒN(w) in equation (4) can be interpreted as the set of
states Γ that result from applying probabilistic unitary quantum channels to a fixed but arbitrary Γw ∈
EN(w). In particular, equation (5) provides a quantum information perspective on the concept of convex
relaxation of non-convex sets as widely exploited in functional theories such as RDMFT [62, 63, 97, 98].

The set of admissible 1RDMs compatible with an N-fermion state in either EN(w) or ĒN(w) is
defined as [61, 62]

E1
N (w) = NTrN−1

[
EN (w)

]
, Ē1

N (w) = NTrN−1

[
ĒN(w)

]
. (6)

Furthermore, both sets E1
N(w) and Ē1

N(w) of 1RDMs are fully characterized by spectral constraints due
to their invariance under one-particle unitary transformations. Specifically, for Ē1

N(w), the corresponding
spectral set

Σ(w)≡
{
λ |∃γ ∈ Ē1

N (w) ,π ∈ Sd : λ= π
(
spec↓ (γ)

)}
(7)

is indeed a convex polytope as shown in [61, 62, 76]. Here, Sd denotes the symmetric group of degree
d= dim(H1), and the map spec↓(·) maps a linear operator on a finite-dimensional Hilbert space to its
vector of decreasingly ordered eigenvalues. The hyperplane representation of Σ(w) led to the w-ensemble
one-body N-representability constraints, which are more restrictive than the Pauli exclusion principle
[61, 62, 76].

3. Refinedw-ensemble one-bodyN-representability problem

In this section, we formally introduce and define the refined w-ensemble one-body N-representability
problem, exploring its variants in terms of solvability and convexity. This will eventually lead to a purely
spectral refined w-ensemble one-body N-representability problem which is, however, less stringent than
the original problem where the knowledge of the full 1RDMs of states in the w-ensemble is assumed.
While this section is more mathematical and technically detailed, it provides valuable insights that may
enrich the understanding of the constraints. In particular, we highlight connections to matrix theory and
discrete geometry via the generalized Horn problem (see section 3.2.1), which plays a fundamental role
in solving the refined w-ensemble one-body N-representability problem. Readers primarily interested in
the constraints themselves may proceed directly to section 4.
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3.1. Scientific problem
We consider an N-fermion state of the form Γ =

∑D
i=1wi |Ψi 〉〈Ψi |, which represents a w-ensemble

{wi, |Ψi 〉} consisting of fixed probabilities wi and corresponding pure states |Ψi 〉. At this stage, we
assume the states |Ψi 〉 to be mutually orthogonal, i.e. 〈Ψi |Ψj〉= 0 for all i 6= j, motivated by the fact that
they may represent eigenstates of a physical Hamiltonian. This orthogonality assumption will be relaxed
later in our analysis.

In the following, we assume additional partial information about the ensemble beyond the fixed
probabilities (also called weights) wi, namely that the 1RDMs of some states |Ψi 〉 are known as well.
As a simple example, suppose the 1RDM γ(1) of a non-degenerate eigenstate |Ψ1 〉 is known a priori.
Within the framework of the so-called ensemble variational principle introduced by Gross et al [59] (see
also [60, 99]), γ(1) corresponds to the ground state |Ψ1 〉 of H. This situation arises, for instance, when
γ(1) is obtained from a prior ground state calculation, and the ensemble variational principle is then
used to determine additional low-lying eigenenergies of H. The constraint imposed by γ(1) introduces
additional restrictions on the sets EN(w) and E1

N(w), which we investigate in this paper.
For the general case of a generic number of known 1RDMs γ(i) of states |Ψi 〉 in the w-ensemble

{wi, |Ψi 〉}, we introduce the index set K as the set of increasingly ordered indices i that label the fixed
1RDMs γ(i). By definition, the set K has cardinality |K|⩽ r, with i ∈ N\0 and 1⩽ i ⩽ r for all i ∈ K. To
keep track of these fixed 1RDMs, we define the tuple

KK ≡
(
γ(i)
)
i∈K

, |K|⩽ r , (8)

which contains the 1RDMs γ(i) that have been fixed. To assign each index i ∈ K with the corresponding
fixed 1RDM γ(i), we introduce (on a technical level) the map

µ : K→{1,2, . . ., |K|} . (9)

In particular, this will allow us in the following to write γ(i) = (KK)µ(i).
The knowledge of KK in equation (8) then implies that the (non-convex) set EN(w) is restricted to

the subset

EN (w,KK)≡
{
Γ ∈ EN (w) |∀i ∈ K : |Ψi 〉 7→ γ(i)

}
, (10)

where the map |Ψi 〉 7→ γ(i) is understood as the partial trace map γ(i) = NTrN−1[|Ψi 〉〈Ψi |].
The corresponding set of 1RDMs γ that are compatible with an N-fermion state Γ ∈ EN(w,KK),

E1
N (w,KK)≡ NTrN−1

[
EN (w,KK)

]
, (11)

is neither convex nor is it invariant under unitary transformations on the one-particle Hilbert space
H1. Therefore, the set E1

N(w,KK) is not solely characterized by spectral constraints, unlike E1
N(w) (see

equation (6)), and its natural orbital dependence is generally difficult to determine. In fact, E1
N(w)

includes the set P1
N of pure state one-body N-representable 1RDMs as a special case, specifically for

w0 = (1,0, . . .). Therefore, characterizing E1
N(w), and thus E1

N(w,KK)⊆ E1
N(w), is expected to be more

complex than calculating the generalized Pauli constraints [6, 7, 94]. As a result, directly characterizing
E1
N(w,KK) using refined w-ensemble N-representability constraints that account for the knowledge of

the 1RDMs in KK proves to be highly challenging. To address this difficulty, it becomes necessary to sys-
tematically relax the definition of E1

N(w,KK) in equation (11). This relaxation, which we will discuss in
detail in the following, gives rise to an outer approximation of the original set.

According to the duality principle for compact convex sets (e.g. see [100]), such sets can be fully
characterized by the intersection of their supporting hyperplanes. Moreover, replacing a set with its con-
vex hull does not alter the result of minimizing or maximizing linear functionals over it, as is com-
monly done when solving the ground state problem in physics and quantum chemistry including
RDMFT, except that the optimizer may no longer be unique. Thus, we first introduce the convex hull
of EN(w,KK) in (10) at the N-fermion level,

ĒN (w,KK)≡ conv
(
EN (w,KK)

)
. (12)

To get a deeper understanding of the implications of taking the convex hull in equation (12), we note
that any Γ ∈ ĒN(w,KK) can be written as a convex combination

Γ =
∑
j

pjΓj =
r∑

i=1

wi

∑
j

pj|Ψ( j)
i 〉〈Ψ( j)

i | , (13)

4
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Figure 1. Schematic illustration of the refined w-ensemble N-representability problem and its systematic relaxations employed
in the text. The gray-shaded area is the scope of this paper. At the N-fermion level (left column) and the one-particle level (right
column) the sets ĒN(w,KK) and Ē1

N(w,KK) are obtained from ĒN(w) and Ē1
N(w) described in [61, 62, 76] by exploiting partial

information about selected 1RDMs of the w-ensemble. The figure also indicates a sequence of systematic relaxations that yield

the feasible set Ẽ1
N(w,LK), which we characterize in section 3.2.

where pj ⩾ 0,
∑

j pj = 1, and Γj ∈ EN(w,KK) for all j. Thus, the 1RDM of Γ in equation (13) follows
from the linearity of the partial trace as

γ =
r∑

i=1

wi

∑
j

pjγ
(i)
j (14)

with γ
(i)
j ≡ NTrN−1[|Ψ( j)

i 〉〈Ψ( j)
i |]. For the indices i ∈ K (equivalently, γ(i) = (KK)µ(i)), γ

(i)
j = γ

(i)
j ′ for-

all j, j ′ such that the 1RDMs associated with wi, i ∈ K in the summation in equation (13) remain
unchanged. For completeness, we note that this property of the set in equation (12) with respect to the
1RDMs γ(i) = (KK)µ(i) can also be expressed using the probabilistic quantum channel perspective based
on equation (5).

At the one-particle level, the set Ē1
N(w,KK) of 1RDMs compatible with a state Γ ∈ ĒN(w,KK) is given

by

Ē1
N (w,KK) = conv

(
E1
N (w,KK)

)
. (15)

Since the 1RDMs γ(i) = (KK)µ(i) are fixed, the set Ē1
N(w,KK) remains non-unitarily invariant and can-

not be fully characterized by spectral constraints. In particular, its dependence on the natural orbitals
becomes highly complex when multiple 1RDMs γ(i) with different natural orbital bases are fixed.

Figure 1 provides an overview that summarizes the key concepts and relaxations discussed in this
section after convex relaxation (gray shaded area). The additional sets shown in figure 1 are introduced
and explained below. In particular, Ē1

N(w,KK) and ĒN(w,KK) (second row), obtained by incorporating
partial information from selected 1RDMs in the w-ensemble, serve as the starting point for the following
discussion.

5
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To make the problem more tractable, it is necessary to relax the orthonormality condition

〈Ψ( j)
i |Ψ( j)

k 〉= δik, which must hold for all i ∈ {1, . . . , r} in equation (13), for the states |Ψ( j)
i 〉 that corres-

pond to fixed 1RDMs γ(i) ∈ KK. On the N-fermion level, this leads to the set (see third row in figure 1)

ẼN(w,KK)≡
{
Γ ∈ EN

∣∣∣Γ =
∑
i∈K

wiΓ
(i) + Γ̃,Γ(i) 7→ (KK)µ(i), Γ̃ ∈ ĒN(wKc)

}
, (16)

where we defined the complement Kc = J\K of the index set K on the index set J= {1,2, . . ., r}, wKc ∈
RD−|K| is the decreasingly ordered vector of weights wi that correspond to non-fixed γ(i), and

ĒN (wKc)≡
{
Γ =

∑
j

pj
∑
i∈Kc

wi|Ψ( j)
i 〉〈Ψ( j)

i |
∣∣∣∀i,k ∈ Kc : 〈Ψ( j)

i |Ψ( j)
k 〉= δik

}
. (17)

Furthermore, the set of 1RDMs compatible with an N-fermion density operator Γ ∈ ẼN(w,KK) is given
by

Ẽ1
N (w,KK)≡ NTrN−1

[
ẼN (w,KK)

]
. (18)

Since γ(i) = (KK)µ(i), we can equivalently characterize the above set as

Ẽ1
N (w,KK) =

{
γ =

∑
i∈K

wiγ
(i) + γ̃

∣∣∣ γ̃ ∈ Ē1
N (wKc)

}
, (19)

where

Ē1
N (wKc)≡ NTrN−1

[
ĒN (wKc)

]
(20)

is the set of 1RDMs compatible with a linear operator in ĒN(wKc).
By construction, the set Ẽ1

N(w,KK) (19) satisfies the inclusion relation

Ē1
N (w,KK)⊆ Ẽ1

N (w,KK) , (21)

as we merely relaxed the condition on 1RDMs γ to be in the set Ē1
N(w,KK) compared to Ẽ1

N(w,KK). The
inclusion relation in equation (21) extends to the N-fermion level and is illustrated at both N-particle
and one-particle level in figure 1. Furthermore, the set Ẽ1

N(w,KK) is convex, as it follows from the con-
vexity of ẼN(w,KK), which can be readily proven, and the linearity of the partial trace map NTrN−1[·].

To illustrate why the set Ẽ1
N(w,KK) as an outer approximation to Ē1

N(w,KK) is easier to characterize
than the original set Ē1

N(w,KK), we consider the case of r= 2 with |K|= 1, and we fix γ(1). The analysis
for γ(2) fixed follows analogously. Then, given a 1RDM γ, we have γ ∈ Ẽ1

N(w,γ
(1)) if and only if γ ∈

Ē1
N(w) and

γ(2) =
1

1−w

(
γ−wγ(1)

)
∈ E1

N . (22)

We observe that γ(2) is not well-defined, as w→ 1, consistent with w0 = (1,0, . . .) representing an
ensemble containing only ground state information and no excited state contributions. Both member-
ships γ ∈ Ē1

N(w) and γ(2) ∈ E1
N can be verified solely by evaluating spectral constraints, as detailed in

[61, 62, 76]. Thus, for r= 2, we obtain a practical approximation of the more intricate set Ē1
N(w,γ

(1)).
For general r⩾ 3, however, determining a feasible characterization of the set Ẽ1

N(w,KK) remains chal-
lenging. To obtain a set of 1RDMs defined solely through spectral constraints, we must discard informa-
tion about the natural orbitals of the fixed 1RDMs in KK, retaining only their natural occupation num-
ber vectors λ(i) = π(spec↓(γ(i))),π ∈ Sd, where d= dim(H1). This eventually leads to the last row in
figure 1.

6
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3.2. Discarding information about natural orbitals
In this section, we show that discarding information about the natural orbital bases of γ(i) = (KK)µ(i)
allows for a complete characterization of the accordingly relaxed set Ẽ1

N(w,KK) (19) by combining
the solution to Horn’s problem [78, 80] with the w-ensemble one-body N-representability constraints
[61, 62, 76].

Neglecting the information about the natural orbitals of the 1RDMs in KK and retaining only their
spectral information implies considering the tuple

LK ≡
(
λ(i)
)
i∈K

(23)

of fixed natural occupation number vectors λ(i), similarly to KK in equation (8). Using LK (23), the set
of admissible 1RDMs under this constraint is given by

Ẽ1
N (w,LK)≡

⋃
u1,...,u|K|∈U(H1)

Ẽ1
N

(
w,
(
uiD

(
λ(i)
)
u†i

)
i∈K

)
, (24)

where U(H1) is the group of unitary operators on H1, and D(λ(i)) denotes the diagonal matrix

with matrix elements Dij = δijλ
(i)
j . In particular, Ẽ1

N(w,LK) satisfies the inclusion relation (recall
equation (21))

Ē1
N (w,KK)⊆ Ẽ1

N (w,KK)⊆ Ẽ1
N (w,LK) . (25)

Both Ẽ1
N(w,LK) and its preimage ẼN(w,LK) under the partial trace map NTrN−1[·] at the N-fermion

level are illustrated in figure 1. The figure also shows the inclusion relations among the three sets in
equation (25) and their N-fermion counterparts.

The set Ẽ1
N(w,LK) is eventually invariant under unitary transformations on the one-particle Hilbert

space, meaning that for all 1RDMs γ and one-particle unitaries u :H1 →H1, γ ∈ Ẽ1
N(w,LK) implies that

uγu† ∈ Ẽ1
N(w,LK). This follows directly from the fact that unitary transformations at the one-particle

level preserve the spectrum of a 1RDM and that E1
N is also unitarily invariant. Consequently, the set

Ẽ1
N(w,LK) in equation (24) is solely characterized by spectral constraints and we denote the correspond-

ing set of admissible spectra by

Λ(w,LK)≡
{
λ ∈ Rd

∣∣∣∃γ ∈ Ẽ1
N (w,LK) ,π ∈ Sd : λ= π

(
spec↓ (γ)

)}
. (26)

Here, we use Λ instead of Σ (cf equation (7)) to emphasize that Λ(w,LK) is in general not a con-
vex polytope for generic λ(i) = (LK)µ(i), i ∈ {1, . . ., |K|}. This can be understood by analogy with the
moment polytope described by the generalized Pauli constraints, which is, in general, a convex poly-
tope only for decreasingly ordered natural occupation numbers, but not for the full orbit of this poly-
tope under the action of the symmetric group [6, 7, 15].

It is important to note that the mapping from 1RDMs to their vectors of eigenvalues is inherently
non-linear. As a result, the spectrum of a 1RDM γ ∈ Ē1

N(w,KK) cannot, in general, be expressed as a
convex combination of the form π(spec↓(γ)) =

∑r
i=1wiλ

(i),π ∈ Sd. This non-linearity is a key feature
of the spectral problem and highlights the relevance of the generalized Horn’s problem [78–80] in this
context. In particular, it motivates the connection of Horn’s problem to our refined formulation of the
one-body N-representability problem, which will be introduced in the next section as a framework for
characterizing the set Λ(w,LK).

3.2.1. Generalized Horn problem
The generalized Horn problem, which deals with the sum of principal submatrices of a Hermitian
matrix [80], extends the well-known Horn problem [78, 79, 101, 102] beyond the sum of two Hermitian
matrices. Thus, Horn’s problem corresponds to the case of |K|= 1 fixed natural occupation number vec-
tors (see section 2) and will be used to derive stricter bounds on the residuals of the w-ensemble N-
representability constraints in section 4, where the residuals are defined as the difference between the
right-hand side and the left-hand side of the w-ensemble N-representability constraints. Additionally, the
generalized Horn problem, with the original Horn problem as a special case, generalizes to settings with
an arbitrary cardinality |K| of the set LK defined in equation (23).

The generalized Horn problem raises the following question: Given (m+ 1) decreasingly ordered
vectors y↓,x(i)↓ ∈ Rd, i ∈ {1, . . .,m}, do there exist (m+ 1) Hermitian matrices Y,X(i) ∈ Rd×d such that
Y=

∑m
i=1X

(i)? Here, y↓ = spec↓(Y) and x(i)↓ = spec↓(X(i)). Due to the convexity properties of moment
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polytopes (e.g. see [103, 104]) the set of admissible y↓ for some fixed x(i)↓, i ∈ {1, . . .,m} is a convex
polytope [78, 80, 101, 102]. We denote this set of admissible y↓ by Σ↓

H({x(i)↓}mi=1), where the subscript

H stands for Horn’s problem. As Σ↓
H({x(i)↓}mi=1) is a convex polytope, it is characterized by the intersec-

tion of finitely many hyperplanes. The corresponding halfspaces describe linear constraints on y↓, which
strongly depend on d and are highly non-trivial already for the case of three matrices Y,X(1),X(2) as in
the original Horn’s problem. For a comprehensive derivation and discussion of the resulting linear con-
straints, we refer the reader to [78–80, 101, 102].

Due to the Hermiticity of the 1RDM, we observe that the convex combination of 1RDM’s

γ =
∑
i∈K

wi γ
(i) + γ̃ (27)

and the individual terms in the above summation relate to the vectors y,x(i) in Horn’s problem and
its generalization according to m= |K|+ 1, Y≡ γ,X(i) = wµ−1(i)(LK)µ(i) for all i ∈ {1, . . ., |K|} and

X(|K|+1) = γ̃, where only x(i)
↓ ≡ wiλ

(i)↓ are known a priori. This implies to consider the union of the
set Σ↓

H({wiλ
(i)↓}ri=1), where λ(i) are fixed for all i ∈ K, according to

Λ↓
H (w,LK)≡

⋃
x(|K|+1)↓∈Σ↓(wKc )

Σ↓
H

({
x(i)↓

}|K|+1

i=1

)
, (28)

where w0 = (1,0, . . .) and we defined the set

Σ↓ (wKc)≡
{
λ ∈ Rd

∣∣∣∃γ ∈ Ē1
N (wKc) : λ= spec↓ (γ)

}
. (29)

We use the understanding and characterization of the set Λ↓
H(w,LK) in equation (28) in the following

section to eventually characterize Λ(w,LK).

3.2.2. Characterization of Λ(w,LK)

In this section, we use the solution to Horn’s problem and its generalization for sums of m Hermitian
matrices, as discussed in [78–80, 101, 102], to fully characterize Λ(w,LK) for generic r and cardinality
|K| of the index set K. The first key result is the following Lemma:

Lemma 1. The set

Λ↓ (w,LK)≡
{
λ↓ ∣∣λ ∈ Λ(w,LK)

}
(30)

of decreasingly ordered natural occupation number vectors λ is given by

Λ↓ (w,LK) = Λ↓
H (w,LK)∩Σ(w) . (31)

In fact, every 1RDM γ ∈ Ẽ1
N(w,LK) (24) can be written as a convex combination

γ =
∑
i∈K

wiγ
(i) + γ̃ (32)

for some γ̃ ∈ Ē1
N(wKc). Together with Coleman’s ensemble N-representability constraints [1] and the

relaxed one-body w-ensemble N-representability constraints characterizing Σ(w) [61, 62, 76], this yields
the right-hand side of equation (31).

The union of convex sets, as in the definition of Λ↓
H(w,LK) in equation (28), and its intersection

with a convex set, is generally not convex. Thus, it is essential to demonstrate that the set Λ↓(w,LK)
indeed satisfies:

Theorem 2. The set Λ↓(w,LK) is a convex polytope.

Proof. We first prove that Λ↓
H(w,LK) as defined in equation (28) is convex. Since Σ↓

H({x(i)↓}
|K|+1
i=1 ) is a con-

vex polytope for any choice of x(|K|+1)↓ ≡ λ̃
↓
∈ Σ↓(wKc), it is characterized by

A ·λ↓ ⩽ C · λ̃
↓
+
∑
i∈K

wiBi ·λ(i)↓ , (33)

where A,Bi and C are coefficient matrices. The explicit A,Bi,C are dependent on r, |K|,d and follow from the
solution to the principal submatrix problem for Hermitian matrices in [80].

8
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Then, for any pair of λ,λ ′ ∈ Λ↓
H(w,LK) there exist respective λ̃

↓
, λ̃

′↓
∈ Σ(wKc) such that λ,λ ′ are

in the respective polytope Σ↓
H({x(i)↓}

|K|+1
i=1 ) (recall equation (28)). The convexity of the set Σ(wKc) in

equation (29) then implies that for any α ∈ [0,1],

αλ+(1−α)λ ′ ∈ Λ↓
H (w,LK) . (34)

Thus, Λ↓
H(w,LK) is convex. Since the spectral polytope Σ(w) in equation (7) is convex, also its intersection

with the set Λ↓
H(w,LK) is convex. As both Σ(w) and Λ↓

H(w,LK) are not only convex but convex polytopes,
also Λ↓(w,LK) is a convex polytope.

Therefore, the characterization of the Λ↓(w,LK) in equation (26) relies on the solution to the gen-
eralized Horn problem discussed in section 3.2.1. These constraints, provided in [80], apply to a general
number |K|+ 1 of matrices in the weighted sums on the right-hand side of equation (32). The steps to
obtain the set Λ(w,LK), which will be discussed and illustrated in more detail below, are summarized in
the following protocol:

Schematic algorithm for calculating Λ(w,LK)

(i) Calculate Λ↓
H(w,LK) in equation (28) using lemma 2.1 of [80] and Σ↓(wKc) obtained from

[61, 62, 76].
(ii) Apply lemma 1 to obtain Λ↓(w,LK) either by collecting the inequalities of the hyperplane

representations of Σ(w) and Λ↓
H(w,LK), or by explicitly calculating their intersection (e.g.

using SAGEMATH [105]).
(iii) (Optional) Determine a non-redundant hyperplane representation of Λ↓(w,LK).
(iv) Calculate Λ(w,LK) as the orbit of Λ↓(w,LK) under the action of the symmetric group Sd of

degree d.

By lemma 1 and theorem 2, a (generally non-minimal) hyperplane representation of Λ↓(w,LK) can
be constructed by combining the hyperplane representations of Λ↓

H(w,LK) and Σ(w) [61, 62, 76]. This
combined representation also fully characterizes the non-convex set Λ(w,LK) defined in equation (26).
Here, by combining two hyperplane representations, we simply mean to consider the collection of the
inequalities arising from Λ↓

H(w,LK) and Σ(w). In general, this hyperplane representation of Λ↓(w,LK)
will contain redundant inequalities, i.e. it will not be minimal, and a minimal hyperplane representation
can be constructed.

Furthermore, if an inequality from the hyperplane representation of Σ↓(w) is not facet-defining for
Λ↓(w,LK), it can be tightened by shifting it until it becomes tangent to the boundary of Λ↓(w,LK).
Mathematically, this process involves adjusting the right-hand side of the inequality aT ·λ↓ ⩽ b, where
a is the normal vector of the corresponding hyperplane Ri ≡ b− aT ·λ↓ = 0 and b ∈ R. The quantity
Ri ⩾ 0, representing the difference between the right-hand side and left-hand side of the inequality, is
commonly referred to as the residual.

This situation is illustrated in figure 2, where R1 and R2 represent two example residuals of the
w-ensemble N-representability constraints, expressed as Ri = bi − aTi ·λ

↓ ⩾ 0 (see also section 4 for
examples). In contrast, the tighter residual R ′

1 and its corresponding hyperplane (shown in blue), which
is part of a hyperplane representation of Λ↓

H(w,LK), is facet-defining, i.e. it is tight for the convex poly-
tope Λ↓(w,LK) shown in gray. Similarly, the hyperplane described by R2 = 0 is shifted until it touches
the boundary of Λ↓(w,LK). In section 4, we will make use of this tightening to derive more restrictive
bounds on the residuals of the w-ensemble N-representability constraints.

Furthermore, since both Σ(wKc) (29) and Σ↓
H({x(i)↓}

|K|+1
i=1 ) in equation (28) are convex polytopes,

the union over x(|K|+1)↓ ≡ λ̃
↓
∈ Σ(wKc) follows directly from a straightforward calculation. To highlight

this key aspect and illustrate the calculation of Λ↓(w,LK), we consider the example of r= 2 nonzero
weights wi, N = 2, and d= 3. The sets Λ(w,LK) (green) and Λ↓(w,LK) (light green) for three differ-
ent choices of λ(1) are illustrated in figure 3. The original set Σ(w) of admissible w-ensemble nat-
ural occupation number vectors, without prior knowledge of parts of the ensemble, is shown in grey.
Due to the normalization of the 1RDM to the total particle number N = 2, the third vector entry λ3 =
2−λ1 −λ2 is determined by the other two natural occupation numbers. Moreover, in appendix B, we
explicitly derive the hyperplane representation of the convex set Λ↓(w,LK), illustrating the application of
lemma 1.
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Figure 2. Schematic illustration of the tightening of w-ensemble N-representability constraints for two inequalities in the
hyperplane representation ofΣ(w). The vanishing residuals Rj = 0 (black) describing the two hyperplanes are shifted until
they touch the boundary of the gray polytope leading to R ′

j = 0 (blue). (See text for more explanations).

Figure 3. Illustration of the non-convex polytope Λ(w,λ(1)) (green) and their dependence on λ(1) for N= 2,d= 3, w=

(0.7,0.3,0, . . .) and three different choices of λ(1). The set Λ(w,λ(1)) follows from Λ↓(w,λ(1)) (light green) by considering
all possible permutations of λ↓. The spectral polytope Σ(w) is shown in gray and green. The value of λ3 = 2−λ1 −λ2 is fixed
by the l1-norm of λ. (See text for more explanations.)

The in general non-convex set Λ(w,LK) follows from taking the orbit of Λ↓(w,LK) under the action
of the symmetric group Sd, i.e. by considering all possible permutations of the vector entries of any
λ ∈ Λ↓(w,LK). In particular, figure 3 stresses the dependence of the geometrical structure of the set
Λ(w,LK) on the fixed natural occupation number vector λ(1): for λ(1) = (2/3,2/3,2/3) (left panel),
i.e. the maximally mixed scenario, Λ(w,LK) is indeed a convex polytope. On the contrary, the center of
Σ(w) is not contained in Λ(w,LK) for less mixed λ(1), as λ(1) = (1,0.6,0.4),(0.9,0.9,0.2), in the middle
and right panel. Moreover, also the number of facets and, thus, the number of facet-defining inequalities
in a minimal hyperplane representation of Λ↓(w,LK) depends on λ(1).

In addition to the refined w-ensemble one-body N-representability problem treated above, where the
full natural occupation vectors λ(i), i ∈ K are assumed known, one may also encounter cases in which
only a subset of entries of each λ(i) are fixed. This yields a further refinement of the N-representability
problem. It can be addressed with the tools developed in this section, at the expense of a few additional
technical conditions. For completeness, we present the required modifications for partially specified nat-
ural occupation numbers in appendix A.

3.2.3. Discussion
The derivation of the set Λ↓(w,LK) for |K|= 1 fixed natural occupation number vectors corresponds
to the original Horn problem, which deals with the sum of two Hermitian matrices with fixed, decreas-
ingly ordered vectors of eigenvalues, as explained in section 3.2.1. Even for |K|= 1, the number of linear
constraints grows significantly with the dimension d of the one-particle Hilbert space H1. For example,
for d= 2, there are six constraints, and for d= 3, there are already twelve, as discussed in [78, 79]. For
generic |K|, the number of constraints increases rapidly [80]. Both d= 2 and d= 3 are far from typical
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settings in quantum chemistry or physics, where d represents the dimension of the basis set or the num-
ber of lattice sites.

Furthermore, the hyperplane representations derived in [78, 80, 101, 102] are in general not min-
imal, meaning that some linear inequalities are redundant. A minimal set of linear inequalities for
Horn’s problem can be obtained using so-called honeycombs as explained in [106]. Moreover, due to
the definition of Λ↓

H(w,LK), additional constraints are redundant, as we do not consider the generalized
Horn problem for every set of Hermitian matrices. At the same time, this does not resolve the issue of
determining the inequalities that solve Horn’s problem for generic d in the first place. As discussed in
the context of figure 3, the non-redundant linear constraints and, thus, the minimal hyperplane repres-
entation depend on λ(1).

This leads to the following intermediate conclusion: By lemma 1 and theorem 2, we provide a con-
crete scheme that can be implemented numerically to derive the linear constraints characterizing the
set Λ↓(w,LK) and, consequently, Λ(w,LK). These constraints can be easily checked for a given natural
occupation number vector λ. However, it is the non-convexity of Λ(w,LK) that gives rise to the system-
size dependent constraints from the generalized Horn problem in [80], going beyond the relaxed one-
body w-ensemble N-representability constraints, which characterize Σ(w).

4. Improved bounds on residuals

In this section, we derive tighter bounds on the residuals of the w-ensemble N-representability con-
straints that define the set Σ(w) and present explicit examples of their application to small molecules.
To this end, we begin with the simpler case of r= 2 non-vanishing weights in the w-ensemble in
section 4.1. This serves as a primer for understanding the more general case of arbitrary r⩾ 3, which
is treated in section 4.2.

4.1.w-ensembles with r= 2
The knowledge about LK directly impacts the residuals of the inequalities constituting the hyperplane
representation of Σ(w). Given Σ(w), it is always possible to determine a (generally non-minimal) hyper-
plane representation of Λ↓(w,LK) that includes hyperplanes with the same normal vectors as those in
Σ(w). Thus, LK dictates which of the hyperplanes—from Σ(w) or Λ↓(w,LK) — is tight. Therefore, we
obtain more restrictive residuals for the respective relaxed one-body w-ensemble N-representability con-
straints. This procedure leads to a non-convex but easy-to-characterize outer approximation of Λ(w,LK).
In the following, we illustrate various theoretical concepts for r= 2 as a proof-of-principle example. In
fact, r= 2 is particularly relevant for applications in functional theories, as it allows us to calculate the
ground state energy and the ground state gap.

For r= 2, the set Σ(w) is defined by Coleman’s one-body N-representability constraints [1] (see
equation (C1) in appendix C), together with an additional w-dependent constraint [61, 62, 76] whose
residual is given by

RN (λ)≡ N− 1+w−
N∑

i=1

λ↓
i ⩾ 0 . (35)

Moreover, we assume that LK = (λ(1)), while the result for LK = (λ(2)) follows analogously.
As a key result, we prove in appendix C that the sum of the k-largest natural occupation numbers λi

is bounded from above by

k∑
i=1

λ↓
i ⩽ Ω(w,k,N,LK) =

{
w
∑k

i=1λ
(1)↓
i +(1−w)min(k,N) if k 6= N

min
(
N− 1+w,w

∑k
i=1λ

(1)↓
i +(1−w)N

)
if k= N ,

(36)

and from below by

k∑
i=1

λ↓
i ⩾ N−w

(
N−

k∑
i=1

λ
(1)↓
i

)
− (1−w)χ(k)

N,d , (37)

where

χ
(k)
N,d =

{
N if d− 1⩾ N+ k ,

d− k− 1 if d− 1< N+ k
. (38)
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Figure 4. Illustration of the spectral polytopesΣ(w,λ(1)) (green) and Ξ(w,λ(1)) (blue and green) for r= 2 and three choices
of w,λ(1). Both Λ(w,λ(1)) and Ξ(w,λ(1)) are subsets of the larger polytopeΣ(w) (grey, green and blue), with Λ(w,λ(1))

contained within Ξ(w,λ(1)).

The set of λ↓ satisfying the constraints in equations (36) and (37) is denoted by Ξ↓(w,λ(1)).
Additionally, from the lower bounds in equation (37), we observe that the set Ξ(w,λ(1)), obtained by
considering all possible permutations of the spectra λ ∈ Ξ↓(w,λ(1)), is non-convex. At the same time,
the hyperplane representation of Ξ↓(w,λ(1)) in equations (37) and (36) is effectively independent of
N,d. Furthermore, the spectral sets Ξ(w,λ(1)) , Λ(w,λ(1)) satisfy the inclusion relations

Λ
(
w,λ(1)

)
⊆ Ξ

(
w,λ(1)

)
⊆ Σ(w) . (39)

We illustrate the sets Ξ(w,LK) (blue) , Λ(w,LK) (green) and Σ(w) (grey) for three different choices of
w and λ(1) in figure 4.

Through the knowledge of LK, the constraints in equations (36) and (37) further imply more
restrictive constraints on the corresponding residuals of the relaxed w-ensemble N-representability con-
straints for all k ∈ {1, . . .,d− 1} as detailed in appendix C. In the following, we focus on the residual
RN(λ) in equation (35), as it corresponds to the single w-ensemble one-body N-representability con-
straint that is more restrictive than Coleman’s ensemble N-representability conditions. A brief calculation
based on equation (36) (see appendix C) shows that the w-dependent residual Rw(λ) is bounded from
below by

RN (λ)⩾max

{
Rtriv

min,w

(
N−

N∑
i=1

λ
(1)↓
i

)
− 1+w

}
, (40)

where Rtriv
min = 0 represents the trivial lower bound, which holds independently of λ(1). Equation (40)

shows that the non-trivial lower bound becomes tighter as the l1-norm ‖λ(1)‖1 deviates further from N.
For ground states of physical systems, this means the non-trivial bound becomes tighter as the ground
state becomes more correlated. In fact, a simple calculation shows that the new lower bound on RN(λ)
in equation (40) is more restrictive than the trivial lower bound RN(λ)⩾ 0 if

N∑
i=1

λ
(1)↓
i ⩽ N− 1−w

w
. (41)

We illustrate this behavior using two chemical systems that exhibit strong correlation in certain para-
meter regimes: the hydrogen molecules H2 and H4, shown in figures 5 and 6, respectively. For both sys-
tems, we focus on the singlet sector and compute the ground and first excited states for various geo-
metries using exact diagonalization in the cc-pvdz basis set. In the case of H4, which consists of two
H2 dimers, the bond distance between the two hydrogen atoms in each dimer is fixed at R0 = 1.05Å.
The residual RN(λ) is shown in red, and the lower bound from equation (40) is represented by the blue
dashed lines. While H2 shows strong static correlation in the dissociation limit, H4 is strongly correlated
when the distance R between the two H2 dimers equals the fixed separation R0. In particular, the new
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Figure 5. Illustration of the residualRN(w) (red, solid) and its improved lower (blue, dashed) and upper (green, dashdotted)
bound based on the knowledge of λ(1) for H2 in the singlet sector, r= 2,w= 0.75 in the cc-pvdz basis set. The trivial upper
bound is shown in gray (dashdotted) and is always less restrictive than the new upper bound (see text for more details).

Figure 6. Illustration of the residualRN(w) (red, solid) and its improved lower (blue, dashed) and upper (green, dashdotted)
bound based on the information about the ground state natural occupation number vector λ(1) for H4 in the singlet sector,
r= 2,w= 0.75 in the cc-pvdz basis set.

lower bound for the residual derived in equation (40) is indeed tighter than the trivial bound Rtriv
min = 0

in cases of strong correlation. The upper bounds on RN(λ) will be discussed next.
The residual RN(λ) is bounded from above by (see appendix C)

RN (λ)⩽min
{
Rtriv

max,Rmax

(
λ(1)

)}
, (42)

where

Rmax

(
λ(1)

)
=

N− 1+w
(
1−

∑N
i=1λ

(1)↓
i

)
if d− 1⩾ 2N ,

d− 2−N+w
(
2− d+ 2N−

∑N
i=1λ

(1)↓
i

)
if d− 1< 2N

(43)

and the w-dependent trivial upper bound Rtriv
max on R(λ) in equation (42) is given by

Rtriv
max = w− 1+N

(
1− N

d

)
. (44)

As a consistency check, we observe that both the lower and upper bounds on RN(λ) in equations (40)

and (42) reduce to the correct value N−
∑N

i=1λ
(1)↓
i in the limit w→ 1.

In contrast to the lower bound in equation (40), the non-trivial upper bound Rmax(λ
(1)) becomes

tighter as ‖λ(1)‖1 deviates less from N, i.e. the weaker the correlation in the ground state of a
Hamiltonian. This behavior is further illustrated for H2 and H4 in figures 5 and 6, where both Rtriv

max

(grey, dash-dotted) and Rmax(λ
(1)) (green, dash-dotted) are shown. In particular, we observe that

Rmax(λ
(1)) is more restrictive than Rtriv

max over the entire parameter regime for varying R in both cases.
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4.2. Generic r ⩾ 3
In this section, we outline the procedure for computing improved bounds on the residuals of the
w-ensemble N-representability constraints that characterize the set Σ(w) for a general value of r.
Specifically, for r⩾ 3, all up to r natural occupation number vectors λ(i) may be fixed, as discussed in
section 3.2.

When |K|= r− 1 natural occupation number vectors are fixed, we are left with only a single vari-
able vector λ̃ ∈ Σ(w0). In this case, the derivation of the corresponding bounds on the residuals Ri pro-
ceeds analogously to the case r= 2. However, when |K|< r− 1, the union over all x(|K|+1) ≡ λ̃ ∈ Σ(wKc)
in equation (28) reflects the fact that the remaining, non-fixed eigenvalue vectors arise from a wKc-
ensemble, as specified in equations (16) and (18).

As an illustrative example, we consider the case r= 3, where w= (w1,w2,w3,0, . . .) with w3 =
1−w1 −w2. The general case for r⩾ 3 follows analogously. Since the case |K|= 2 corresponds directly
to the r= 2 scenario, we focus here on the case where only one, i.e. |K|= 1, natural occupation number
vector is fixed. For concreteness, we assume this to be the one associated with the largest weight w1. In
this setting, we have wKc = (w2,w3,0, . . .) and λ̃ ∈ Σ(wKc). To compute the union over all λ̃ ∈ Σ(wKc),
we must first characterize the set Σ(wKc), which can be done analogously to the characterization of Σ(w)
presented in [61, 62]. In particular, a straightforward calculation shows that Σ(wKc) corresponds to the
permutohedron generated by the vertex

v=

w2 +w3, . . .,w2 +w3︸ ︷︷ ︸
N−1

,w2,w3,0, . . .

 , (45)

and thus given by

Σ(wKc) = conv({π (v) |π ∈ Sd)} . (46)

In particular ‖v‖1 6= N, meaning that the wKc correspond to linear operators not normalized to unity
(recall equations (16) and (17)).

For r= 3, there are three non-trivial w-dependent constraints characterizing the set Σ(w) [61, 62,
76]. To illustrate the general procedure for deriving the refined bounds on the corresponding residuals,
we pick as an example the residual RN in equation (35), which is also present in the case of r= 2. Then,
following an argument analogous to the derivation of equation (36), the sum of the N largest eigenval-
ues is bounded from above by

N∑
i=1

λ↓
i ⩽min

(
N− 1+w1,w1

N∑
i=1

λ
(1)↓
i +(N− 1)(w2 +w3)+w2

)
, (47)

where, on the right-hand side, we have used the bound

N∑
i=1

λ̃↓
i ⩽ (N− 1)(w2 +w3)+w2 (48)

which follows from Rado’s theorem [107] and the hyperplane representation of Σ(wKc) equation (46).
The corresponding lower bound on

∑N
i=1λ

↓
i can be derived in an analogous manner and, together

with equation (47), yields improved bounds on RN for r= 3. Similarly, tighter bounds on the addi-
tional residuals constraining the set Σ(w) can be obtained, though we leave the explicit calculations to
the reader.

5. Convexification and application to lattice DFT

In this section, we discuss the convex hull of Ξ(w,λ(1)). Moreover, we illustrate that the respective set
characterizes the set of admissible densities in lattice DFT for r= 2.

We first observe that by definition the convex hull of Ξ(w,λ(1)),

Σ
(
w,λ(1)

)
≡ conv

(
Ξ
(
w,λ(1)

))
, (49)

is fully characterized by the upper bounds on the sum of the k-largest natural occupation numbers in
equation (36) for all k ∈ {1, . . .,d− 1}.
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The natural variable in lattice DFT is the lattice site occupation number vector n= diag(γ)
[108–116]. Therefore, the goal is to determine the set of n in ensemble lattice DFT for excited
states (lattice ensemble DFT) [65–69, 71, 72, 74, 75] compatible with Lk for r= 2. The Schur–Horn
theorem [117, 118] implies that any lattice site occupation number vector n is majorized by the vector
λ of eigenvalues of the 1RDM leading to

k∑
i=1

n↓i ⩽
k∑

i=1

λ↓
i ⩽ Ω(w,k,N,LK) (50)

with Ω(w,k,N,LK) given by equation (36). It follows that for fixed λ(1), the lattice site occupation num-
ber vector n in an ensemble DFT calculation for r= 2 must be an element of the set Σ(w,λ(1)). To
apply equation (50) in ensemble lattice ensemble DFT, one may exploit the knowledge of the ground
state natural occupation number vector λ(1) to restrict the set of admissible lattice site occupation num-
ber vectors n further. As a consequence of equation (42), equation (50) will be most restrictive if the
ground state has strong static correlation. On the contrary, if applied to λ (and not n), taking the con-
vex hull constraints on the natural occupation number vectors in case the fully mixed 1RDM with spec-
trum (N/d, . . .,N/d) is inaccessible due to weak correlation in the N-particle state corresponding to λ(1)

(recall also section 4 and figures 5 and 6 for an illustration). In addition, one may exploit the freedom
in choosing the weight vector w to make the set as restrictive as possible for a given λ(1). For instance,
the additional constraints in equation (50) will be particularly important when ground state functionals
are employed to model also the excited states, as it is commonly the case in ensemble DFT.

We now provide a more detailed discussion of the geometric properties of Σ(w,λ(1)). Since Σ(w) is
a permutohedron for r= 2, also the set Σ(w,λ(1)) is a permutohedron,

Σ
(
w,λ(1)

)
= conv({π (ṽ) |π ∈ Sd}) . (51)

The generating vertex ṽ of Σ(w,λ(1)) can be obtained from the hyperplane representation of Σ(w,λ(1))
through equation (36). This eventually leads to (see appendix D)

ṽi = wλ(1)↓
i +(1−w) for 1⩽ i⩽ N− 1 ,

ṽN =min

wλ(1)↓
N +(1−w) ,N− 1+w−

∑
j<N

ṽj

 ,

ṽN+1 = wλ(1)↓
N+1 + x̃

ṽi = wλ(1)↓
i ∀i ∈ {N+ 2,d} , (52)

where we defined

x̃≡ wλ(1)↓
N +(1−w)− ṽN ⩾ 0 . (53)

As a consistency check, we note that Rado’s theorem [107] produces the inequalities in equation (36).
Moreover, equation (36) reveals that unless all (N− 1) largest entries of λ(1) equal one (recall figure 4
for N = 2), the new exclusion principle constraints defining the spectral set λ ∈ Σ(w,λ(1)) are always
stricter than the w-constraints that define Σ(w).

Furthermore, using the hyperplane representation of the spectral set Σ(w,λ(1)), it follows from
equation (49) that Σ(w,λ(1)) is given by the intersection.

Σ
(
w,λ(1)

)
≡ Σ(w)∩Σ ′

(
w,λ(1)

)
, (54)

where

Σ ′
(
w,λ(1)

)
≡ wPλ(1) +(1−w)PvHF (55)

with vHF = (1, . . .,1,0, . . .). Since Σ ′(w,λ(1)) is convex as the Minkowski sum of two convex polytopes,
Σ(w,λ(1)), being the intersection of two polytopes, is also convex in agreement with equations (49)
and (54).

We illustrate equation (54) and (55) for r= 2,N= 2,d= 3 and λ(1) = (0.8,0.7,0.5),w= 0.6 in
figure 7(see also the right panel of figure 4). The set Σ ′(w,λ(1)) (blue) in equation (55) follows from
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Figure 7. Illustration of the construction of the spectral setΣ(w,λ(1)) (49) (green) for N= 2,d= 3 such that λ3 = N−λ1 −
λ2. The spectral setΣ(w,λ(1)) for fixed λ(1) = (0.8,0.7,0.5) and w= 0.6 follows from the intersection ofΣ ′(w,λ(1)) (blue)
andΣ(w) (red). The generating vertex ofΣ(w,λ(1)) is denoted by ṽ, and the grey polytope illustrates the Pauli simplex (see text
for more explanations).

the Minkowski sum (i.e. element-wise sum of sets [119]) of the permutohedron of λ(1) with the Pauli
simplex Σ(w0) (gray) (recall that w0 = (1,0, . . .)). According to equation (54), Σ(w,λ(1)) (green) eventu-
ally follows as the intersection of Σ(w) (red) and Σ ′(w,λ(1)) (blue).

6. Conclusions and outlook

In this work, we systematically addressed the refined N-representability problem for w-ensemble 1RDMs,
focusing on scenarios where partial information about the ensemble—such as full 1RDMs or their nat-
ural occupation numbers—is known a priori. Such situations naturally arise in w-ensemble RDMFT
calculations [61–64], where excited states are computed sequentially. Ensembles also emerge in systems
with degenerate eigenstates and in open quantum systems. Extensions of the present framework to these
broader contexts may be explored in future work.

We showed that incorporating known 1RDMs enables the formulation of a refined w-ensemble one-
body N-representability problem, which by construction imposes stricter constraints on the admissible
set of 1RDMs than the original formulation [61–64]. However, this refined problem is inherently com-
plex, as it is not a purely spectral problem and the admissible set of 1RDMs is non-convex. To address
this, we introduced a hierarchy of systematic relaxations, ultimately yielding a spectral set defined by
eigenvalue constraints that are practically characterizable. These developments provide a tractable and
physically meaningful approach for incorporating refined N-representability constraints into functional
theories.

We further investigated the geometric structure of the resulting non-convex spectral set and derived
a hyperplane representation in terms of a finite number of linear inequalities on the natural occupa-
tion numbers. The physical significance of these system-size-independent constraints was supported by
both analytic derivation and numerical illustration in molecular systems exhibiting varying degrees of
correlation.

A key application of this work lies in w-ensemble RDMFT [61–64] and ensemble DFT for excited
states [65, 67–70, 73–75, 120, 121]. In w-ensemble RDMFT, excited states are typically computed
through a sequence of calculations with varying weight vectors w, each containing an increasing number
of non-zero components. At each step, the natural occupation number vectors of previously computed
excited-state 1RDMs can be used to impose additional constraints, thereby restricting the optimization
to a smaller, more physically relevant subset of ensemble 1RDMs. This is particularly advantageous when
using approximate w-ensemble RDMFT functionals, where such constraints may significantly enhance
accuracy and stability. In particular, when computing energy gaps, this strategy allows one to leverage
ground-state information already available from existing RDMFT functionals [23, 34, 40, 43, 45, 46, 48,
51, 52, 54, 56, 57].
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Current ensemble DFT implementations often rely on ground-state functionals adapted to w-
ensembles due to practical limitations. The incorporation of additional information, such as natural
occupation numbers from RDMFT or wave function methods, offers a path toward improved excited-
state predictions within this framework.

These constraints can also be incorporated into variational two-electron RDM (2-RDM) meth-
ods [20, 21, 122–125] to provide approximate excited-state solutions. As in the case of the 1RDM the-
ories, the constraints may permit a series of variational 2-RDM calculations with an increasing number
of nonzero spectral weights wi, from which an approximation to the excited states and their 2-RDMs can
be computed.

Beyond applications in functional and variational methods, partial information about quantum
ensembles—and the additional constraints it imposes on RDMs—may also prove valuable in reduced
density matrix tomography [122–127] and in machine learning approaches for quantum systems [128,
129]. By integrating physically grounded constraints derived from ensemble theory, these data-driven or
inference-based methods may achieve improved reliability, interpretability, and performance in future
applications.

Finally, the framework for solving the refined w-ensemble one-body N-representability problem can
be extended beyond indistinguishable spinless fermions to bosons, spinful fermions, as well as distin-
guishable parties based on [63, 77, 130]. This enables applications to Rydberg-atom arrays, where (i) the
full density matrix of few-atom subsets, and hence their single-site RDMs, can be reconstructed [131],
and (ii) when coherences are inaccessible, only the diagonal elements of these 1RDMs are measured
[132, 133]. Moreover, the convex hull of the set of admissible spectra discussed in section 5 can be
applied directly to fermionic systems beyond lattice DFT whenever 1RDM information is available in
a specified basis, such as the lattice-site representation in optical lattices [134, 135].
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Appendix A. Incomplete knowledge about fixed natural occupation number vectors

In what follows, we consider a refinement of section 3.2 in which, for each i ∈ K only a subset of entries
of the natural occupation vector λ(i) = (LK)µ(i) is known a priori. For instance, this setting may arise
when only the largest few eigenvalues of some 1RDMs in the w-ensemble are accessible. We focus on the
additional constraints and steps required to solve the resulting N-representability problem under partial
spectral information, and we highlight how these modifications differ from the original setting with fully

specified natural occupation vectors as discussed in section 3.2. Each of the fixed λ
(i)
j may be degenerate

and we denote by mi the number of distinct fixed λ
(i)
j for each λ(i). Then, we group the known natural

occupation numbers with multiplicities r(i)j as

M(i) ≡
{(

λ
(i)
j , r(i)j

)}mi

j=1
, r(i)j ∈ N ,

mi∑
j=1

r(i)j =
∣∣∣J(i)∣∣∣ , (A1)

where J(i) ⊆ {1, . . .,d} indexes the known entries. Crucially, we do not fix the positions of these values
within λ(i) as enforcing positions would require additional (more technical) ordering constraints and
can be handled analogously if needed.

To describe admissible 1RDMs consistent with the partial data, we proceed in three steps: First, for
each i ∈ K, we define the set of 1RDMs whose spectra contain the prescribed values with at least the
indicated multiplicities:
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X (i) ≡
{
γ ∈ E1

N | ∃a set {Pj}mi

j=1 of pairwise orthogonal projectors Pj s.t. rank(Pj)⩾ r(i)j ,
(
γ−λ

(i)
j 1

)
Pj = 0∀j

}
.

(A2)

Second, we impose that the weighted sum
∑

i∈Kwiγ
(i) of the K components γ(i) ∈ X (i), i ∈ K is an

element of the set Ē1
N(wK), i.e. it represents a 1RDM that is compatible with an N-fermion quantum

state whose spectrum is majorized by wK , which is the decreasingly ordered vector of weights wi that
correspond to the K fixed natural occupation number vectors (analogous to the definition of wKc in
section 3.1) and takes the fixed. The set of all those 1RDMs is denoted by Ē1

N(wK,M(i)). The set of nat-
ural occupation number vectors of 1RDMs γ ∈ Ē1

N(wK,M(i)) is denoted by Σ(wK,M(i)). Third, for each
eigenvalue vector λ ∈ Σ(wK,M(i)), one returns to the generalized Horn’s problem in section 3.2.1 and
determines the set in equation (31). The union of these sets over all γ ∈ Ē1

N(wK) yields the solution to
the refined w-ensemble N-representability problem in which only selected entries of the λ(i) are known
a priori.

Appendix B. Refined non-relaxedw-ensembleN-representability constraints for d= 3
fromHorn’s problem

In this section, we show as an example for d= 3 how the refined w-ensemble N-representability con-
straints characterizing the non-convex set Λ(w,LK) are obtained according to lemma 1. These will be the
constraints that characterize the set Λ↓(w,LK) for the example in figure 3 in section 3.2.

We first recall Horn’s problem discussed in section 3.2.1, i.e. the principal submatrix problem for
three Hermitian matrices. Horn’s problem asks the following question: given three decreasingly ordered
vectors x↓,y↓,z↓ ∈ Rd, do there exist three Hermitian matrices X,Y,Z ∈ Rd×d such that Z= X+Y? The
set of admissible z↓ for fixed x↓,y↓ is a convex polytope denoted by Σ↓

H(x,y), where the subscript H
stands for Horn’s problem. In our case the ensemble decomposition

γ = wγ(1) +(1−w)γ(2) (B1)

is used to assign Z≡ γ,X= wγ(1),Y= (1−w)γ(2), where only x↓ ≡ λ(1)↓ is fixed. For y↓ ≡ λ(2)↓ we
consider all λ(2)↓ ≺ vHF which are majorized by the Hartree–Fock natural occupation number vector
vHF = (1, . . .,1,0, . . .,0).

The goal of this section is to find the hyperplane representation of the set

Λ↓ (w,LK) = Λ↓
H (w,LK)∩Σ(w) (B2)

of decreasingly ordered natural occupation number vectors λ ∈ Rd as defined in equation (31) with
Λ↓
H(w,LK) given by equation (28) in the main text. A hyperplane representation of Σ(w) is known

from references [61, 62, 76]. To calculate the intersection of the two sets on the right hand-side of
equation (B2), we have to determine (recall equation (28))

Λ↓
H (w,LK)≡

⋃
λ(2)↓∈Σ↓(w0)

Σ↓
H

({
wiλ

(i)↓
}
i=1,2

)
. (B3)

For d= 3 as discussed in this section, the solution to Horn’s problem which characterizes the convex
polytope Σ↓

H({wiλ
(i)↓}i=1,2) is given by the twelve inequalities [78, 79, 136]

λ↓
1 ⩽ wλ(1)↓

1 +(1−w)λ(2)↓
1 , λ↓

2 ⩽ wλ(1)↓
1 +(1−w)λ(2)↓

2 ,

λ↓
2 ⩽ wλ(1)↓

2 +(1−w)λ(2)↓
1 , λ↓

3 ⩽ wλ(1)↓
1 +(1−w)λ(2)↓

3 ,

λ↓
3 ⩽ wλ(1)↓

3 +(1−w)λ(2)↓
1 , λ↓

3 ⩽ wλ(1)↓
2 +(1−w)λ(2)↓

2 ,

λ↓
1 +λ↓

2 ⩽ w(λ(1)↓
1 +λ

(1)↓
2 )+ (1−w)(λ(2)↓

1 +λ
(2)↓
2 ) ,

λ↓
1 +λ↓

3 ⩽ w(λ(1)↓
1 +λ

(1)↓
3 )+ (1−w)(λ(2)↓

1 +λ
(2)↓
2 ) ,

λ↓
2 +λ↓

3 ⩽ w(λ(1)↓
2 +λ

(1)↓
3 )+ (1−w)(λ(1)↓

1 +λ
(1)↓
2 ) ,

λ↓
1 +λ↓

3 ⩽ w(λ(1)↓
1 +λ

(1)↓
2 )+ (1−w)(λ(2)↓

1 +λ
(2)↓
3 ) ,

λ↓
2 +λ↓

3 ⩽ w(λ(1)↓
1 +λ

(1)↓
2 )+ (1−w)(λ(2)↓

2 +λ
(2)↓
3 ) ,

λ↓
2 +λ↓

3 ⩽ w(λ(1)↓
1 +λ

(1)↓
3 )+ (1−w)(λ(2)↓

1 +λ
(2)↓
3 ) . (B4)
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Due to the linearity of ensemble one-body N-representability constraints, the union over all λ(2)↓ ∈
Σ(w0) follows from a straightforward calculation for fixed value of the total particle number N.

Then, the hyperplane representation of the set Λ↓
H(w,LK) in equation (B3) for N = 2 follows as

λ↓
1 ⩽ wλ(1)↓

1 + 1−w ,

λ↓
2 ⩽ wλ(1)↓

2 + 1−w , λ↓
3 ⩽ wλ(1)↓

1 +
2(1−w)

3
,

λ↓
3 ⩽ wλ(1)↓

3 + 1−w ,

λ↓
1 +λ↓

3 ⩽ w(λ(1)↓
1 +λ

(1)↓
2 )+

3(1−w)

2
,

λ↓
2 +λ↓

3 ⩽ w(λ(1)↓
1 +λ

(1)↓
2 )+

4(1−w)

3
,

λ↓
2 +λ↓

3 ⩽ w(λ(1)↓
1 +λ

(1)↓
3 )+

3(1−w)

2
. (B5)

Together with the relaxed w-ensemble one-body N-representability constraints describing Σ(w) the con-
straints in equation (B5) yield a hyperplane representation of the set Λ↓(w,λ(1)). Moreover, a minimal
hyperplane representation can be deduced based on λ(1).

Appendix C. Derivation of the upper and lower bounds on the residuals for r= 2

In this section, we derive the upper and lower bounds for the residuals of the relaxed one-body w-
ensemble N-representability constraints that characterize the spectral set Σ(w) defined in equation (7).

We first recall that a hyperplane representation of Σ(w) is given by [61, 62, 76]

k∑
i=1

λ↓
i ⩽ k ∀k ∈ {1, . . .,N− 1} ,

N∑
i=1

λ↓
i ⩽ N− 1+w

k∑
i=1

λ↓
i ⩽ N ∀k ∈ {N+ 1, . . .,d− 1} ,

d∑
i=1

λ↓
i = 1 . (C1)

Any linear inequality in equation (C1) can be written in the form aT ·λ↓ ⩽ b. The residuals of these
linear inequalities are defined as the difference between the right-hand side and the left-hand side,
i.e. Ri(λ)≡ b− aT ·λ↓ ⩾ 0. For the single w-dependent constraint in equation (C1) this leads to
equation (35) in section 4.

Ky Fan showed in 1949, that a necessary linear inequality for the solution to Horn’s problem is given
by [79, 136] (translated into our setting)

k∑
i=1

λ↓
i ⩽

k∑
i=1

(
wλ(1)↓

i +(1−w)λ(2)↓
i

)
∀k⩽ d . (C2)

The above inequality immediately implies the sum of the k largest natural occupation numbers λi is
bounded from below according to

k∑
i=1

λ↓
i ⩾ w

k∑
i=1

λ
(1)↓
i +(1−w)min(k,N) . (C3)

In addition, we have the following upper bound for the smallest d− k− 1 entries of λ,

d∑
i=k+1

λ↓
i ⩽ w

d∑
i=k+1

λ
(1)↓
i +(1−w)

d−k−1∑
i=1

λ
(2)↓
i . (C4)
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Due to the second term on the right hand-side we have to distinguish the two cases d− 1⩾ N+ k
and d− 1< N+ k for all k ∈ {1, . . .,d− 1}. Together with the normalizations ‖λ(1)‖1 = ‖λ(2)‖1 = N,
we obtain

d∑
i=k+1

λ↓
i ⩽ w

d∑
i=k+1

λ
(1)↓
i +(1−w)χ(k)

N,d , (C5)

where

χ
(k)
N,d =

{
N if d− 1⩾ N+ k ,

d− k− 1 if d− 1< N+ k
. (C6)

Therefore, it follows that the sum of the k-largest entries of λ is bounded from below by

k∑
i=1

λ↓
i ⩾ N−w

(
N−

k∑
i=1

λ
(1)↓
i

)
− (1−w)χ(k)

N,d , (C7)

where we used the normalization
∑d

i=1λi = N.
Therefore, the residuals Rk(λ) satisfy the lower bounds

Rk (λ)⩾


w
(
k−
∑k

i=1λ
(1)↓
i

)
if k ∈ {1, . . .,N− 1} ,

w− 1+w
(
N−

∑k
i=1λ

(1)↓
i

)
if k= N ,

w
(
N−

∑k
i=1λ

(1)↓
i

)
if k ∈ {N+ 1, . . .,d− 1}

. (C8)

Moreover, we obtain the following upper bounds

Rk (λ)⩽


k−N+w

(
N−

∑k
i=1λ

(1)↓
i

)
+(1−w)χ(k)

N,d if k ∈ {1, . . .,N− 1} ,

w
(
N−

∑k
i=1λ

(1)↓
i

)
+(1−w)

(
χ
(N)
N,d − 1

)
if k= N

w
(
N−

∑k
i=1λ

(1)↓
i

)
+(1−w)χ(k)

N,d if k ∈ {N+ 1, . . .,d− 1}

. (C9)

Appendix D. Derivation of vertex representation ofΣ(w,λ(1))

In this section, we derive the vertex representation of Σ(w,λ(1)) for r= 2 in section 5. From the hyper-
plane representation of the convex set Σ(w,λ(1)) in equation (49), we obtain that λ ∈ Σ(w,λ(1)) if for
all 1⩽M⩽ N− 1,

M∑
i=1

λ↓
i ⩽min

(
M,w

M∑
i=1

λ
(1)↓
i +M(1−w)

)
. (D1)

The smaller entry on the right hand-side in the above equation is always given by the second entry in

the minimum, i.e. by w
∑M

i=1λ
(1)↓
i +M(1−w). This implies that the (N− 1) largest entries of the gen-

erating vertex ṽ of the permutohedron Σ(w,λ(1)) are given by

ṽi = wλ(1)↓
i +(1−w) ∀1⩽ i⩽ N− 1 . (D2)

To derive the Nth largest entry of ṽ we use that

N∑
i=1

λ↓
i ⩽min

(
N− 1+w,w

N∑
i=1

λ
(1)↓
i +N(1−w)

)
, (D3)

where the first entry of the minimum on the right hand-side arises from the hyperplane representation
of Σ(w). Using equation (D2) this implies that

ṽN =min

wλ(1)↓
N +(1−w) ,N− 1+w−

∑
j<N

ṽj

 . (D4)
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Moreover, the hyperplane representation of Σ(w,λ(1)) implies that

N+1∑
i=1

λ↓
i ⩽min

(
N,w

N+1∑
i=1

λ
(1)↓
i +N(1−w)

)
. (D5)

Together with ṽi for i⩽ N, we obtain as an intermediate result that

ṽN+1 =min

N−
∑

j<N+1

ṽj,w
(
λ
(1)↓
N+1 +λ

(1)↓
N

)
+(1−w)− ṽN

 . (D6)

Due to the normalization of λ(1) to the total particle number, i.e.
∑d

i=1λ
(1)↓
i = N it holds that

N−
∑

j<N+1

ṽj ⩾ w
(
λ
(1)↓
N+1 +λ

(1)↓
N

)
+(1−w)− ṽN . (D7)

We then define the difference between wλ(1)↓
N +(1−w) and ṽN as

x̃≡ wλ(1)↓
N +(1−w)− ṽN ⩾ 0 . (D8)

Together with equation (D7) this implies that

ṽN+1 = wλ(1)↓
N+1 + x̃ . (D9)

Moreover, it follows that

ṽi = wλ(1)↓
i ∀N+ 2⩽ i⩽ d . (D10)

As a consistency check, we verify that the generating vertex ṽ is decreasingly ordered. The first N
entries of ṽ are automatically decreasingly ordered. The same is true for the vector entries ṽi ⩾ ṽj for
i < j, i, j ∈ {N+ 1, . . .,d}. Therefore, it remains to show that ṽN ⩾ ṽN+1. To this end, we first show that

x̃⩽ w
N∑

i=1

λ
(1)↓
i +(1−w)−Nw

⩽ 1−w , (D11)

where we used that

ṽN ⩾ wN−w
N−1∑
j=1

λ
(1)↓
j . (D12)

Using the upper bound on x̃ we finally arrive at

ṽN+1 − ṽN ⩽ w
(
λ
(1)↓
N+1 −λ

(1)↓
N

)
+ x̃− (1−w)

⩽ 0 . (D13)

Thus, ṽ is indeed decreasingly ordered as required. This concludes the derivation of the vertex represent-
ation of Σ(w,λ(1)) for r= 2.
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