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Abstract

In this dissertation, I will present the calculation of next-to-next-to-leading order perturba-
tive QCD corrections to the production of a Higgs boson in association with a leptonically
decaying weak vector boson: pp → V (→ ℓℓ̄) + H + X with V = W± and V = Z. Two
subclasses of the processes are considered in two subsequent chapters:

1 The Higgs boson decays as H → bb̄ to a bottom quark–antiquark pair with no addi-
tional restrictions on X. NNLO QCD corrections are also included in the decay, which
is identified by requiring at least two b-jets among the final states.

2 The Higgs boson is produced on shell and X must contain at least one single unflavoured
hadronic jet.

A fully differential calculation is attained in both cases by implementing the processes into
the parton-level event generator NNLOJET, using the antenna subtraction formalism to reg-
ulate infrared singularities. Numerical predictions for fiducial cross sections and differential
distributions at 13 TeV LHC collision energies are presented for both associated Higgs pro-
duction classes. In most cases, the inclusion of NNLO corrections leads to a clear stabilization
of the predictions and they contribute substantially to the reduction of residual theoretical
uncertainties inherent to perturbative calculations.

Lastly, the implementation of a brand new flavour-tagging layer into NNLOJET is con-
sidered in a separate chapter. This was quintessential for identifying b-jets and computing
flavour-sensitive jet observables for LHC processes at NNLO precision in QCD.
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Abrégé

Dans cette thèse de doctorat, je compte présenter le calcul de corrections perturbatives
de second ordre (NNLO) survenant dans le cadre de la théorie de la chromodynamique
quantique (QCD) et liées à la production d’un boson de Higgs associé à un boson carac-
térisant l’interaction faible et se désintégrant en leptons : pp → V (→ ℓℓ̄) + H + X avec
V = W± et V = Z.

Dans les deux chapitres à venir, je considérerai deux catégories de réactions :

1 Le boson de Higgs se désintègre en une paire de bottom–anti-bottom quarks et
aucune autre restriction sur la nature de X n’est appliquée. Dans ce cas, les
corrections perturbatives de second ordre (NNLO) sont considérés également dans
le processus de désintégration du boson de Higgs qui est lui même identifié par la
présence d’au moins deux jets contenant un quark bottom dans l’état final de la
réaction considérée.

2 Le boson de Higgs est produit sur sa couche de masse (on-shell) et l’état final
(X) doit au moins contenir un jet hadronique dont la saveur (flavour) n’est pas
déterminée.

Dans les deux cas, un calcul entièrement différentiel est effectué en utilisant le formal-
isme de subtraction appelé : antenna subtraction nécessaire au traitement des singular-
ités infra-rouges et considéré dans le cadre du contexte théorique appelé : NNLOJET.
Ce calcul est réalisé à l’aide d’un code numérique, simulant les évènements au niveau
des partons intervenant dans les réactions de particules élémentaires. Des prédictions
numériques pour les sections efficaces et distributions différentielles sont ainsi obtenues
et présentées pour ces deux types de réactions liées à la production d’un boson de Higgs
au LHC et correspondant à des énergies de collisions de 13 TeV. Dans la plus part des
cas, l’ inclusion de corrections perturbatives de second ordre conduit à une claire sta-
bilisation des prédictions et contribue à une nette réduction des incertitudes théoriques
résiduelles et inhérentes aux calculs perturbatifs.

Finalement, le développement et l’intégration d’une toute nouvelle méthode de traçage
de la saveur des partons dans le code NNLOJET est considérée dans un chapitre à part.
Cette méthode, permettant l’identification des jets contenant un quark de saveur par-
ticulière est essentielle à la réalisation des calculs mentionnés précédemment ainsi que
pour le calcul de toute quantité physique au LHC incluant des corrections perturbatives
de second ordre et impliquant la production de jets hadroniques dont la saveur du quark
présent dans ceux-ci est bien déterminée.  
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Introduction

I have been working on a theory aspect of high-energy physics where one of many primary
goals is to be able to produce precise predictions that are directly comparable to experiments,
which in this field usually mean collider experiments, specifically, as far as this thesis is
concerned, proton–proton collisions performed at the Large Hadron Collider (LHC) located
in Switzerland and France.

According to the current overall status of the field as of 2020, most of the crucial the-
oretical predictions of the Standard Model of particle physics [4] have been confirmed by
various experiments. The LHC has played a major role in validating core predictions of the
Standard Model, a prime example of this is the discovery of the Higgs boson, which was the
last missing particle of the Standard Model back in 2012. Due to cosmological and theoret-
ical considerations [5], the Standard Model is ruled out as a final theory, therefore a major
goal of the collider experiments is to find evidence for physics beyond the Standard Model.
Despite all the effort, no striking new discovery has been made in recent years, for example
in the form of a new particle previously not predicted by the Standard Model. Currently
there are only tensions with respect to the predictions, which have only been observed in a
few cases that need more confirmation.

A discovery of a new particle is usually made by identifying a clear resonance pattern in
a differential distribution of an observable quantity. The evident lack of such a clear signal
brought about continued efforts in precision physics, since effects beyond the Standard Model
might manifest in various other small systematic deviations than just a clear resonance signal.
For example, systematic deviations might appear if collision energies are insufficient and the
resonance pattern lies just barely outside the range of detection, or if the new resonance
is too wide to identify it clearly, etc. The key point is that if the theoretical predictions
are not precise enough then systematic deviations might fall within the uncertainty of the
calculations, making them very difficult to detect.

Observables in collider experiments are often expressed via cross sections: either differen-
tial in one or more variables or integrated over the fiducial region of the detector surrounding
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INTRODUCTION

the particle collision site. Without delving into detailed derivations of the basics of Quantum
Chromodynamics [6] (QCD) and collider physics, let us review the core concepts that are
required for the work presented in the upcoming chapters of the thesis.

The renormalized cross-section element [7] of a proton–proton collision can be written as

dσ =
∑
a,b

∫ dξ1
ξ1

dξ2
ξ2

fa/p1
(ξ1, µF) fb/p2

(ξ2, µF) dσ̂ab(αs(µR), µF, µR). (1)

The factorized partonic cross section for partons (i.e. quarks and gluons) a and b from protons
p1 and p2 is defined as dσ̂ab, the parton distribution functions (PDFs) of parton c from proton
pi is labeled as fc/pi

, the momentum fractions ξi carried by the partons are integrated over,
and finally we have to perform a sum for all contributing partonic channels (a, b =quarks,
antiquarks, gluons) where there is a valid (nonzero) partonic cross section.

This thesis focuses on perturbative calculations in QCD, i.e. expansions of the partonic
cross section in the strong coupling constant αs as

dσ̂ab = dσ̂
(0)
ab +

(
αs
2π

)
dσ̂

(1)
ab +

(
αs
2π

)2
dσ̂

(2)
ab +

(
αs
2π

)3
dσ̂

(3)
ab + O

(
α4

s

)
. (2)

Consequently, we talk about leading-order (LO), next-to-leading order (NLO), and next-
to-next-to-leading order (NNLO) cross sections, depending on up to how many orders the
partonic cross section is included in eq. (2). The leading-order, or in other words the Born
cross section, includes all underlying partonic cross sections associated with minimally de-
scribing the process in question. Higher order cross sections include radiative and virtual
corrections, manifesting in extra partonic emissions and the inclusion of loops in the underly-
ing Feynman diagrams. An all-order calculation would not depend on the factorization (µF)
or renormalization (µR) scales, but due to the finite truncation of the perturbative series,
such a dependence is unavoidable. Nevertheless, it is expected that the magnitude of this
dependence reduces as higher orders are included in the calculation. The theoretical uncer-
tainty of the prediction is usually associated with the change in value of the cross section
when manually varying the factorization and renormalization scales. Therefore higher-order
predictions come hand-in-hand with a better handle on the theoretical uncertainties, enabling
more accurate comparisons to experimental data.

The excellent precision of the LHC experiments nowadays necessitates the inclusion of
perturbative QCD corrections at least up to NNLO but often to even higher orders for a
meaningful comparison between theory predictions and experiments. However, these calcu-
lations come at the price of exponentially increasing computational complexity both on the
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analytical and numerical sides. At higher perturbative orders one faces two basic obstacles:

• the ever-increasing number of Feynman loop amplitudes carrying ultraviolet and in-
frared divergences are more and more demanding to evaluate;

• the additional partonic radiation can involve soft or collinear partons that lead to
complex infrared structures in loop and tree-level amplitudes.

These divergences cannot be handled numerically and require complex evaluation schemes
to get rid of. The effort of many collaborations are focused on methodically tackling and
automating these obstacles so that higher-order predictions for collider physics may become
more accessible.

Doctoral Research

During my PhD program I was part of the NNLOJET collaboration, a collaboration built-
around the NNLOJET framework that specializes in systematically treating the aforemen-
tioned radiative infrared singularities arising in higher-order amplitudes up to NNLO preci-
sion. While there exist various slicing and subtraction techniques that handle these infrared
divergences, the primary choice of the NNLOJET collaboration is antenna subtraction, de-
tailed in a plethora of publications [8–16]. As its name suggests, it is a subtraction technique
that captures and subtracts the infrared divergences with so-called antenna functions, leaving
the amplitudes that build-up the cross section divergence-free and ready for numerical evalu-
ation. The antenna function only depends on the number and type of partons involved in an
infrared configuration, essentially making them universal building blocks for a subtraction
scheme that is applicable to many different processes that occur during proton–proton col-
lisions at the LHC. As long as the relevant loop amplitudes are known, antenna subtraction
opens up the way to achieving NNLO predictions for a variety of physical processes.

All QCD antenna functions have been calculated and implemented into the multiprocess
parton-level event generator software called NNLOJET, sharing the name with that of the
framework and collaboration. The main focus of my research was on developing this software
to extend its predictive powers to new types of processes. The research projects I worked
on can be separated into three well-defined, yet interdependent pieces that I will address in
three different chapters of this thesis. These are

1 Associated Higgs Boson Production: an implementation of the parton-level pro-
cess up to NNLO precision where a Higgs boson is created in association with a leptoni-
cally decaying vector boson and the Higgs boson itself decays into a bottom–antibottom
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quark pair. I will give a detailed introduction describing the importance and relevance
of this process, then I will recount the elements of the calculation within the NNLOJET

framework, including the clustering process of flavoured (bottom-tagged) jets used to
identify the decay of the Higgs boson. Lastly, I will present and validate results in the
form of fiducial cross sections and differential distributions.

2 Associated Higgs Boson Plus Jet Production: this is an extension of the previous
project where we additionally require a resolved hard jet among the produced final
states. I will also describe the relevance and implementation up to a NNLO precision
before presenting the results, again in the form of fiducial cross sections and a few
selected differential distributions. A difference compared to the previous project is
that decays of the Higgs boson are not included and numerical results will only be
shown for the case when the associated gauge boson in question is either the charged
W+ or W− boson.

3 Flavour Tagging: a core infrastructural update to NNLOJET that enabled particle-
collision simulations for cases when we wish to detect flavoured particles among the
produced final states. It was an essential upgrade that made it possible to calcu-
late flavour-dependent differential observables for associated Higgs and Z plus b-jet
productions [3], but it is also a layer that is generic enough to be invoked for any pro-
cesses already implemented into NNLOJET. As this is a completely new feature of the
software, I will go into details of the under-the-hood workings of the implementation
besides the theoretical background. From the phenomenological perspective, parts of
this chapter can be considered an addendum but nevertheless it resulted in one of the
biggest changes in the codebase of NNLOJET and occupied a large portion of my work
as a doctoral student. Therefore, I intend for this chapter to act not only as part of
the report on my doctoral research but also as a reference manual on flavour tagging
in NNLOJET. I believe this will also be useful for other members of the NNLOJET

collaboration who wish to understand and perhaps further extend it in the future.
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Chapter 1

Associated Higgs Boson Production

In this chapter, I intend to describe the details of the implementation that went into produc-
ing NNLO predictions of observables related to the production of a Higgs boson in association
with a leptonically decaying charged (W±) or neutral (Z) vector boson. I will focus on the
new work I added myself but as the implementation is done in the NNLOJET framework, the
introduction of some established elements are required for a consistent context. Throughout
this chapter, I will use excerpts from ref. [1], my publication with other members of the
NNLOJET collaboration on associated Higgs production. The excerpts are often modified to
fit the logical flow of this thesis better.

Firstly, I will introduce the experimental relevance and the current theory status of as-
sociated Higgs boson production with H → bb̄ decay in Section 1.1. Next, I will move
on to describing the general framework of our theoretical predictions in Section 1.2. I will
enumerate all the ingredients that went into calculating the cross sections at leading order,
next-to-leading order, and next-to-next-to leading order through Sections 1.3–1.5. In these
chapters I will heavily rely on the notational conventions of the NNLOJET framework, espe-
cially for the amplitudes and subtraction terms concerned. I will discuss the amplitudes we
included in our prediction in detail but also mention those that we omitted due to negligible
numerical contributions. While the theoretical background and technical implementation of
flavour tagging in NNLOJET is the main topic of Chapter 3, the framework for identifying
b-jets in V H production is immediately relevant in this chapter before we can move onto
the discussion of numerical results. A brief discourse specifically concerning flavour-tagging
characteristics of the V H process will already be the main topic of Section 1.6 of this chap-
ter. The remaining Section 1.7 will present and analyze the numerical results acquired from
NNLOJET. The numerical setup for the simulations is presented in Section 1.7.1, the result-
ing fiducial cross sections in Section 1.7.2, along with their analysis on renormalization scale
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dependence in 1.7.3. Lastly, I will present and discuss a few selected differential distributions
in Section 1.7.4 before concluding and summarizing this chapter in Section 1.8.

1.1 Process Introduction

One of the highest priorities of the LHC physics program is the detailed exploration of the
mechanism of electroweak symmetry breaking that predicts the existence of the Higgs boson
and its interactions with the fermions and gauge bosons of the Standard Model. In July 2012,
the ATLAS and CMS Collaborations at the LHC reported the discovery of a resonance with
a mass close to 125 GeV [17, 18]. At the current level of accuracy, the discovered particle
is consistent with the Standard Model Higgs boson but the limited precision of some of the
measurements still leaves room for possible alternative interpretations. Measurements of
various properties of the Higgs boson have been carried out since then. One of the main
goals of the completed Run II at

√
s = 13 TeV and the future Run III at

√
s = 14 TeV of

the LHC is to test the coupling strength of the discovered Higgs-like particle to known SM
particles through the study of a variety of processes at increased luminosity and collisions
energies.

At LHC energies the V H processes are the third (W±H) and fourth (ZH) largest pro-
duction channels after the dominant gluon–gluon and vector-boson fusion ones. These Higgs
production modes probe the gauge boson–Higgs vertex (V V H) separately for the charged
W± and neutral Z bosons. Moreover, a particularly relevant feature of associated Higgs pro-
duction is the possibility to study the Higgs boson’s decay into a pair of bottom–antibottom
quarks. Via this decay, it is possible to directly measure the Higgs boson’s coupling to
fermions, thereby testing the mechanism of fermion mass generation in the Standard Model.
Furthermore, since this decay mode dominates the total width of the Higgs boson, the uncer-
tainty on this branching ratio enters into other studies as well, for instance in measurements
of the decay of the Higgs boson to invisible final states, which are relevant for dark-matter
searches [19]. Such a decay is hard to measure in inclusive Higgs production through the
leading production modes like the gluon–gluon or vector-boson fusion channels due to the
presence of enormous QCD backgrounds. In associated Higgs production, the presence of
a vector boson decaying leptonically provides a clean experimental signature, which means
experimental analyses looking for a H → bb̄ decay have a manageable background.

Direct searches for the Standard Model Higgs boson through V H production and H → bb̄
decay have been carried out at the LHC at center-of-mass energies of 7 TeV, 8 TeV, and
13 TeV. While the use of Run I data at

√
s = 7 TeV and 8 TeV by the ATLAS and CMS

Collaborations was not able to firmly establish the discovery of a Standard Model Higgs
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boson through this channel [20, 21], the use of Run II data at
√

s = 13 TeV enabled to do
so. In 2017, The LHC experiments [22, 23] announced the observation of a Standard Model
Higgs-like particle decaying to a pair of bottom–antibottom quarks precisely through these
V H channels, with a significance of 5.6 and 5.3 standard deviations for CMS and ATLAS
respectively. First differential measurements concerning a simplified template cross section
as a function of the transverse momentum of the vector boson have been reported in ref. [24]
and updated most recently with considerable reduction of the experimental uncertainty in
ref. [25].

In view of prospective measurements of associated Higgs production including data from
Run II and III at the LHC, it is important to have precise theoretical predictions for cross
sections and differential distributions in the kinematic regimes probed by the experiments.
This includes, in particular, taking QCD effects into account in both the production and
decay. The present status of theoretical predictions for observables related to V H production
with the vector boson decaying leptonically and the Higgs boson decaying into a bottom–
antibottom quark pair can be summarized as follows:

The total inclusive cross section for associated V H production is known at NNLO QCD
precision. It is available through the numerical program VH@NNLO [26] whose ingredients
have been reported in refs. [27, 28]. The electroweak corrections to the total cross section
are known at NLO [29, 30]. Differential distributions have also been computed at NNLO
QCD, including the computation of H → bb̄ decay at different orders. In refs. [31–33],
the Higgs decay has been included at NLO while it is included up to NNLO in refs. [34,
35]. In addition, for massless bottom quarks, the fully differential decay rate for H → bb̄
known so far at NNLO QCD [36, 37] has recently been computed at N³LO accuracy in
ref. [38], although jet flavour is not identified in this calculation. Furthermore, a differential
computation at NNLO QCD of this Higgs decay rate using massive bottom quarks has been
performed in [39]. The combination of fixed-order QCD computations with parton showers
has also been the subject of phenomenological studies in refs. [40–42].

Fully differential NNLO predictions for V H observables obtained via the combination of
Higgs production and decay to bottom–antibottom processes have been presented in ref. [34]
for W+H and ZH and in ref. [35] for V = W−H. These computations have essential features
in common: at parton level, both consider massless bottom quarks except for the Higgs
Yukawa coupling and use the same flavour-kt algorithm [43] to define b-jets. Furthermore,
the Higgs decay is treated in the narrow-width approximation and the Higgs Yukawa coupling
yb is computed at fixed scale µdec.

R = mH. Renormalization and factorization scale variations
are only considered in the production subprocess, using the central scale choice µprod.

R =
µprod.

F = MV H, the dynamical mass of the V H system.
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The aforementioned computations differ instead in the theoretical framework employed
to regulate infrared divergences at NNLO level: in ref. [34] the qT -subtraction formalism [44]
is used for the V H production cross section combined with the CoLoRFulNNLO subtrac-
tion method [45] for the H → bb̄ decay. In ref. [35] the nested soft–collinear subtraction
scheme [46, 47] is used—an extension of the residue subtraction scheme [48]—in both pro-
duction and decay subprocesses.

The aim of this thesis is to present fully differential computations of V H observables for
all three processes, i.e. V = W+, W− and Z, including NNLO corrections to both production
and decay. These are calculated using the antenna subtraction formalism [8–16] via the
NNLOJET framework [49].

1.2 General Framework

In this section, I will present the main ingredients that enter the calculation. The collision
process we consider is pp → V H + X, where the vector boson further decays as V → ℓℓ̄

and the Higgs boson as H → bb̄. The X in both the production and the Higgs decay side
indicates the possibility of additional partonic emissions that can be recombined into final-
state jets. In all cases, we demand the process to always produce at least two hard b-jets as
part of its definition, because phenomenologically this identifies the Higgs boson. Two basic
configurations at different orders of αs are depicted diagrammatically in Figure 1.1.

The NNLO QCD observables include radiative (real) and loop (virtual) corrections up
to O(α2

s ) in both production and decay subprocesses. The cross section element at O(αk
s )

can be expressed in the factorized form

dσNkLO =
k∑

i,j=0
i+j≤k

∫ ddpH
(2π)d

dσ
(i)
V H × dσ

(j)
H→bb̄ J2b

. (1.1)

The term dσ
(i)
V H corresponds to the production part at O(αi

s) and encompasses the matrix
elements and Lorentz-invariant phase-space elements for the creation of a leptonically de-
caying vector boson and an on-shell Higgs boson. The term denoted by dσ

(j)
H→bb̄ corresponds

to the decay part at O(αj
s) and includes the Higgs propagator connecting the production to

the decay and matrix elements and phase space for the subsequent decay of the Higgs boson
to a bottom–antibottom quark pair. The decay does not contain initial states, therefore it
does not involve any convolution with PDFs, such as the one shown in eq. (1). This factor-
ized form does not allow crosstalk between the production and decay subprocesses, in other
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ℓ̄

ℓ

b-jet

b-jet

(a)

ℓ̄

ℓ

b-jet

b-jet

light/b-jet

light/b-jet

(b)

Figure 1.1: Possible event configurations for associated Higgs boson production. The arrows
on the left in (a) represent incoming partons sampled from the colliding protons, the wavy
and dashed lines indicate the vector and Higgs bosons, respectively. The former decays
into a lepton–antilepton pair, while the latter into a pair of bottom–antibottom quarks.
The presence of at least two hard b-jets is always demanded but higher order corrections
can bring about additional emissions, resulting in additional jets. For example, at NNLO,
i.e. O(α2

s ), the configuration (b) is permitted, where multiple b-jets and/or light jets can be
emitted from both the production and decay sides.

words there are no amplitudes describing interference between them. This is a reasonable
approximation due to the extremely narrow decay width of the Higgs boson.

While the matrix elements and phase-space factors factorize as production × decay and
are encapsulated in their respective subprocess cross sections, overall momentum conserva-
tion must be demanded on the entire process level. This is ensured by the term

∫
ddpH /(2π)d

in eq. (1.1) which will connect the phase spaces via the momentum of the Higgs boson. I
would note at this point that all final-state quarks and leptons are considered massless, which
is a reasonable approximation at energies as high as

√
s = 13 TeV. The jet function J2b

is
responsible for assembling at least two b-jets in the final state and it is a non-factorizable
term because we have to allow the jet algorithm to recombine radiated partons into final-
state jets, regardless of whether they are emitted from production or decay sides. In fact,
identifying flavoured jets needed major infrastructural changes in NNLOJET which I will
describe in Chapter 3. As the number of particles at each order varies for real and virtual
corrections, J2b

in eq. (1.1) is merely a shorthand notation whose exact form depends on
each subcontribution. This will be indicated precisely while investigating the cross sections
at each order in Sections 1.3 through 1.5.

In the aforementioned sections, I will go through all the amplitudes and subtraction
terms needed for the NNLO calculation order-by-order, while introducing the workings of
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the NNLOJET framework whenever needed. I will rely heavily on the notations and con-
ventions used in the NNLOJET framework in order to directly reflect the implementation of
the calculation inside the codebase so that these sections can also be used as a documen-
tation of all the work I did on the V H process. All amplitudes presented in the next few
chapters have been independently validated against established particle-physics tools, such
as MadGraph [50], MCFM 8 [51], and OpenLoops [52, 53], where it was possible.

1.3 Leading Order

The leading-order or Born cross section is built with contributions related to the underlying
basic partonic processes that characterize the process under consideration. Beyond leading
order, at higher orders in O(αs), additional partonic processes that possibly involve more
partons will have to be taken into account to compute the cross section. Understanding
all elements of a leading-order cross-section calculation is necessary before we can proceed
to higher orders. Therefore this section will introduce all elements and guiding principles
step-by-step, some of which will be important in efficiently constructing higher-order terms
as well.

The leading-order cross section in the production × decay framework outlined in Sec-
tion 1.2 can be written as

dσLO =
∫ ddpH

(2π)d
dσ

(0)
V H × dσ

(0)
H→bb̄ J2b

(1.2)

=
∫ ddpH

(2π)d
dσB

V H

(
1̂q, 2̂q̄; 3ℓ, 4ℓ̄

)
× dσB

H→bb̄ (5b, 6b̄) J (2)
2b

(5b, 6b̄). (1.3)

It has only a single Born production × Born decay subcontribution. The arguments of the
cross sections and the jet function are shorthand notations for particle momenta and flavour
while the extra circumflex accents on the numbers indicate that the given particle is in the
initial state. In the NNLOJET framework these are always numbered as particles 1 and 2.
The jet function J (2)

2b
has two QCD final-state partons available (indicated by the upper

index) for flavoured jet reconstruction.
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Figure 1.2: Leading-order V H production amplitude.

1.3.1 Leading-Order Production dσB
V H (1q, 2q̄; 3ℓ, 4ℓ̄)

The leading-order or Born cross section for the production subprocess has only the contri-
bution of the qq̄-initiated channel

dσ̂B
V H,qq̄ = N B

V H
(2Nc)2 dΦprod.

2 (p1, p2; p3, p4; pH) BV H,0
0

(
1̂q, 2̂q̄; 3ℓ, 4ℓ̄

)
. (1.4)

The normalization factor N B
V H contains most of the constant factors that do not depend

on the given kinematics. This can be separated into the normalization factor of the Drell–Yan
(vector-boson production) process and an additional vector-boson–Higgs coupling according
to

N B
V H = N B

V λ2
V V H = 1

2s
(2CV )2Nc λ2

V V H, (1.5)

where the vector-boson–fermion couplings are1

CW = 1
2

4πα

sin2θW
and CZ = 4πα

sin2θW cos2θW
(1.6)

and the vector-boson–Higgs couplings are

λWWH = mW

√
4πα

sin2θW
and λZZH = mZ

√
4πα

sin2θW cos2θW
, (1.7)

for W± and Z, respectively. The constants appearing are the electromagnetic fine-structure
constant α, the Weinberg angle θW, the masses of the charged and neutral vector bosons mW

and mZ, and finally the number of colours Nc = 3. The symbol s appearing in eq. (1.5) is

1The part that is independent of the handedness in the Z case. The helicity-dependent factors are absorbed
into the amplitude BV H,0

0 as shown in eq. (A.11) of Appendix A.1.
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the hadronic center-of-mass energy, therefore the factor 1/2s combines with the momentum
fractions x1 and x2 in the PDF convolution (1) to yield the partonic flux factor.

The factor 1/(2Nc)2 in eq. (1.4) comes from averaging over the colours and spins of the
incoming quarks as the detector is agnostic towards this information.

The phase-space notation chosen in eq. (1.4) is slightly unconventional in the NNLOJET

framework. It is a two-particle phase-space element for the final-state massless leptons with
a conservation term that allows momenta to flow out via pH, the momentum of the Higgs
boson. In general, this type of (n − 2)-particle production phase space that we will use for
higher production orders as well is written as

dΦprod.
n−2

(
p1, p2; {pf }n

f=3; pH
)

=

 n∏
f=3

dd−1pf

(2π)d−1 2Ef

 (2π)d δ(d)
(
p1 + p2 − pH −

∑n
f=3 pf

)
.

(1.8)
The phase space populated by the decay products of the Higgs boson is explicitly accounted
for in the decay cross sections. Overall momentum conservation is taken care of by the
integral over pH during the assembly of the production and decay subprocess cross sections
as seen in eq. (1.3).

The symbol BV H,0
0 is the squared amplitude2 describing this process. The only Feynman

diagram contributing to it is depicted in Figure 1.2. The labeling of the amplitudes follows
the conventions of the NNLOJET framework: a B-type amplitude has a single quark current;
the upper index indicates the extra V H production and that 0 loops are present; the lower
index marks the presence of 0 radiated gluons. The amplitude can be expanded as

BV H,0
0

(
1̂q, 2̂q̄; 3ℓ, 4ℓ̄

)
= |PV (s34)|2 BV,0

0

(
1̂q, 2̂q̄; 3ℓ, 4ℓ̄

)
, (1.9)

where we separated the vector boson propagator

PV (sℓℓ̄) = 1
sℓℓ̄ − m2

V + imV ΓV
(1.10)

between the Higgs V V H and the lepton V ℓℓ̄ vertices. The remaining term is the Drell–Yan
amplitude BV,0

0 found in Appendix A.1.

2Amplitudes in general mean real-valued squared amplitudes in the main body of the thesis even if the
word “squared” is omitted. Complex-valued helicity amplitudes are only presented in Appendix A and they
are consistently labelled with a calligraphic typeface.
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1.3.2 No Momentum Conservation

One of the key ideas of this project was to formulate the production amplitudes and related
cross sections in a way that are just extensions of the already fully implemented and validated
Drell–Yan process in NNLOJET. At leading order, this deconstruction works trivially by
the insertion of a gauge-boson propagator in eq. (1.9) and accounting for the difference
in normalization factors due to the additional V V H coupling in eq. (1.5). This extension
is possible owing to the scalar nature of the Higgs boson: spin correlations between the
initial-state partons and the final-state leptons are not affected by the insertion of a Higgs
vertex.

Furthermore, higher-order corrections in the production only affect initial-state QCD
particles and therefore we can define Drell–Yan-like amplitudes similarly to eq. (1.9) at all
orders accordingly, i.e.

MV H
DY-like

(
1̂, 2̂, 3, . . . ; (n − 1)ℓ, nℓ̄

)
= |PV (sℓℓ̄)|

2 MV
nmc.

(
1̂, 2̂, 3, . . . ; (n − 1)ℓ, nℓ̄

)
. (1.11)

These Drell–Yan-like amplitudes contribute to the bulk of the cross section up to NNLO
precision. This is mainly because other contributions are simply not allowed until O(α2

s )—
there are no contributing Feynman diagrams besides Drell–Yan-like ones at O(α0

s ) and O(α1
s ).

Additional contributions related to closed fermion loops of top and bottom quarks become
relevant at O(α2

s ) and therefore we will recount them in the appropriate sections of NNLO
production. Their numerical contribution however is only a small percentage of the Drell–
Yan-like amplitudes, which makes the latter ones crucial and the cornerstone of this thesis.

These Drell–Yan-like amplitudes, however, have two important caveats and they are
not equivalent to the amplitudes implemented for the actual Drell–Yan process. These
distinguishing features are the following:

1. Momentum conservation between the initial- and final-state particles for Drell–Yan-
like amplitudes is not allowed because momentum has to flow through the Higgs boson
vertex, into the decay as well. The subscript “nmc.” in eq. (1.11) thus stands for “no
momentum conservation”.

Generally speaking, utilizing momentum-conservation relations during the calculation
of amplitudes allow for final formulæ with simpler analytic expressions. This simpli-
fication is a loss of information that cannot be reverse-engineered: besides being able
to exploit the same generic properties as those of the conventional Drell–Yan helicity
amplitudes, the non-momentum-conserving ones need to be derived anew.

Overall momentum conservation is guaranteed numerically on the entire process level at
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Figure 1.3: Leading-order H → bb̄ decay amplitude.

all orders. It is taken care of by integrating with respect to the Higgs boson momentum
pH as outlined for leading order in eq. (1.3).3

2. The Drell–Yan process is conventionally defined for a neutral current mediation of
Z/γ∗ bosons between the initial-state partons and final-state leptons. The Higgs boson
however does not couple to photons, therefore we need to restrict the gauge boson to
a Z only. For the sake of convenience, we also overload the term “Drell–Yan-like” to
encompass charged current interactions of W± mediators as well.

Although these aforementioned caveats require recalculating the amplitudes from near
a priori considerations, the infrared structure of the non-momentum-conserving Drell–Yan-
like amplitudes are identical to the regular Drell–Yan ones. This permits us to reuse all
subtraction terms which were originally calculated and implemented for standard Drell–
Yan production. I will introduce the basics of antenna subtraction in Section 1.4 where it
will be apparent that subtraction terms are essentially constructed from universal antenna
functions and reduced matrix elements, which are lower-order amplitudes of the same process.
Consequently, swapping out the original Drell–Yan reduced matrix elements with their non-
momentum-conserving counterparts makes the subtraction scheme of the Drell–Yan process
readily available for V H production as well.

This fundamental concept behind the project naturally extends to V H+jet production
as well, which will be the topic of the next chapter.

34



CHAPTER 1. VH 1.3. LEADING ORDER

1.3.3 Leading-Order Decay dσB
H→bb̄ (ib, jb̄)

As the H → bb̄ decay concerns only final states, there is always only a single channel, and
naturally, no PDF convolution. The leading-order cross section for the H → bb̄ decay is

dσ
(0)
H→bb̄ = dσB

H→bb̄ = N B
H→bb̄ dΦdec.

2 (pH; pi, pj)
∣∣∣PH(p2

H)
∣∣∣2 BH,0

0 (ib, jb̄). (1.12)

This decay will be attached to higher-order production cross sections as well, which could
shift the particle numbering depending on the number of particles in the production subpro-
cess. Consequently, instead of fixed alphanumerical shorthand notations for the momenta
and flavour assignments of the decay particles, I am using generic Latin-character placehold-
ers.

The normalization prefactor

N B
H→bb̄ = Nc Y2

b with Yb = mb(µdec.
R )

2mW

√
4πα

sin2θW
(1.13)

contains the Yukawa coupling that gives rise to the Higgs–bottom-quark interaction, which
can be expressed in terms of the mass of the b quark. The coupling—and therefore the mass
mb—is subject to renormalization in the MS scheme, which is the scheme we used for higher-
order virtual amplitudes as well. It thus depends on our choice for the renormalization scale
µdec.

R of the decay.

Despite the presence of a non-zero MS mass in the Yukawa coupling, we still treat the
bottom quarks as light quarks from the kinematic perspective, i.e. massless as far as the
phase space and the amplitudes are concerned. The expression for the massless two-body
decay phase space dΦdec.

2 allows for momenta inflow via pH. In general, such an n-body decay
phase space is written as

dΦdec.
2 (pH; pi1 , . . . , pin) =

 in∏
f=i1

dd−1pf

(2π)d−1 2Ef

 (2π)d δ(d)
(
pH −

∑in
f=i1

pf

)
. (1.14)

The Higgs boson propagator

PH(sH) = 1
sH − m2

H + imHΓH
(1.15)

3In practice, it is manifest by appropriate phase-space sampling.
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in eq. (1.12) is required to connect the production and decay subprocesses. As the Dirac
delta in the phase space (1.14) implies, the Higgs momentum is always expressed as

pH =
in∑

f=i1

pf and sH = p2
H. (1.16)

At leading order this is just sH = 2pi · pj .

The only Feynman diagram contributing to the leading-order amplitude BH,0
0 is shown

in Figure 1.3 and given explicitly in Appendix A.11.

1.4 Next-to-Leading Order

The aim of this section is to go through all the elements in detail for a next-to-leading order
calculation. First, I will write down the formula that assembles an NLO production × decay
cross section. Real corrections to production are found in Section 1.4.1, virtual corrections
to production in Section 1.4.2. Sections 1.4.3 and 1.4.4 contain real and virtual corrections
to the decay subprocess, respectively.

Through the detailed description of real and virtual subtraction terms in this section, we
will confirm what I have already outlined previously in Section 1.3.2: it is indeed possible to
recycle most elements of the regular Drell–Yan process when calculating subtraction terms
for the production part. As these principles will hold at NNLO as well, I will not address
production subtraction terms as thoroughly at O(α2

s )—converting them from ordinary Drell–
Yan ones follows the exact same principles. Nevertheless, I think it is necessary to understand
how this conversion is done and why it holds at a lower order, where the analytic expressions
are more compact. Therefore, I will present all required elements here and build upon this
when discussing formulation at NNLO in the next section.

The additional cross section at next-to-leading order—also called NLO coefficient—
contains a combination of real and virtual cross sections from the production with the Born
decay cross section and vice versa:

dσNLO coef. =
∫ ddpH

(2π)d

[
dσ

(1)
V H × dσ

(0)
H→bb̄ + dσ

(0)
V H × dσ

(1)
H→bb̄

]
J2b

(1.17)

=
∫ ddpH

(2π)d

{(
dσR

V H − dσSNLO
V H

)
× dσB

H→bb̄ J (3)
2b

(3; 6b, 7b̄)

+
(
dσV

V H − dσTNLO
V H

)
× dσB

H→bb̄ J (2)
2b

(5b, 6b̄)
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+ dσB
V H ×

(
dσR

H→bb̄ − dσSNLO
H→bb̄

)
J (3)

2b
(5b, 6g, 7b̄)

+ dσB
V H ×

(
dσV

H→bb̄ − dσTNLO
H→bb̄

)
J (2)

2b
(5b, 6b̄)

}
. (1.18)

The arguments indicating particle momenta and flavour are omitted for the cross sections
and kept only for the jet functions for the sake of readability. The flavour of the particles is
not indicated when it can take multiple values depending on the partonic channel and the
amplitude, in which cases, the flavour association with the momenta is implicitly implied
based on the amplitudes.

Both the real (R) and virtual (V) cross sections contain infrared singularities, which need
to be regulated by the real (SNLO) and virtual (TNLO) subtraction terms, following the
notational convention of antenna subtraction used in the NNLOJET framework. Upon inte-
gration over the appropriate particle phase spaces, these subtraction terms cancel, essentially
helping the evaluation of the individual real or virtual subcontributions but not modifying
the final integrated result:

σ =
∫

Φn+1
dσR +

∫
Φn

dσV =
∫

Φn+1

(
dσR − dσSNLO

)
︸ ︷︷ ︸

infrared finite

+
∫

Φn

(
dσV − dσTNLO

)
︸ ︷︷ ︸

infrared finite

. (1.19)

This is due to the Kinoshita–Lee–Nauenberg (KLN) theorem that tells us that at a given
perturbative order infrared divergences coming from loop integrals cancel with those coming
from phase-space integrals.

Let us summarize the normalization factors at NLO before proceeding to the individual
subcontributions.

N R
V H = N B

V H

(
αsNc
2π

)
C̄(ϵ)
C(ϵ)

, N V
V H = N B

V H

(
αsNc
2π

)
C̄(ϵ), (1.20)

N R
H→bb̄ = N B

H→bb̄

(
αsNc
2π

)
C̄(ϵ)
C(ϵ)

, N V
H→bb̄ = N B

H→bb̄

(
αsNc
2π

)
C̄(ϵ), (1.21)

with constants

C̄(ϵ) = (4π)ϵe−ϵγE and C(ϵ) = C̄(ϵ)
8π2 (1.22)

carrying the dimensional regularization parameter d = 4 − 2ϵ and the Euler–Mascheroni
constant γE arising from the MS renormalization scheme.

A common feature of all appearing amplitudes at NLO is that the leading-colour ampli-
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Figure 1.4: Real V H production amplitude.

tudes, which carry a prefactor 1, are equal to their subleading-colour counterparts, which
carry a prefactor 1/N2

c . Therefore an overall prefactor 1 − 1
N2

c
will be ubiquitous in front of

all the amplitudes.

1.4.1 Real Production dσR
V H (1, 2, 3; 4ℓ, 5ℓ̄)

The production cross section now contains radiative corrections related to the emission of
an additional gluon, which means that the production side has channels initiated by these
gluons as well. The three partonic channels that contribute are

dσ̂R
V H,qq̄ =

N R
V H

(
1 − 1

N2
c

)
(2Nc)2 dΦprod.

3

(
p1, p2; {pf }5

f=3; pH
)

BV H,0
1

(
1̂q, 3g, 2̂q̄; 4ℓ, 5ℓ̄

)
, (1.23)

dσ̂R
V H,qg =

N R
V H

(
1 − 1

N2
c

)
(2Nc)[2(N2

c − 1)]
dΦprod.

3

(
p1, p2; {pf }5

f=3; pH
)

BV H,0
1

(
1̂q, 2̂g, 3q̄; 4ℓ, 5ℓ̄

)
, (1.24)

dσ̂R
V H,q̄g =

N R
V H

(
1 − 1

N2
c

)
(2Nc)[2(N2

c − 1)]
dΦprod.

3

(
p1, p2; {pf }5

f=3; pH
)

BV H,0
1

(
3q, 2̂g, 1̂q̄; 4ℓ, 5ℓ̄

)
. (1.25)

The averaging factors in the denominators depend on the initial state and account for the
two spin and Nc colour states of quarks; and the two polarization and N2

c − 1 colour states
of gluons.

A Feynman diagram representing the amplitude BV H,0
1 is shown in Figure 1.4 with its

exact expression found in Appendix A.2.
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real matrix element: BV H,0
1

−→




antenna: A0

3

×

reduced matrix element: BV H,0
0

Figure 1.5: Structure of the SNLO V H production subtraction terms.

Subtraction Terms dσSNLO
V H (1, 2, 3; 4ℓ, 5ℓ̄)

The real subtraction terms for the production side, accompanying their respective real par-
tonic cross-section channels are

dσ̂SNLO
V H,qq̄ =

N R
V H

(
1 − 1

N2
c

)
(2Nc)2 dΦprod.

3

(
p1, p2; {pf }5

f=3; pH
)
qqbB1g0VHSNLO

(
1̂q, 3g, 2̂q̄; 4ℓ, 5ℓ̄

)
,

(1.26)

dσ̂SNLO
V H,qg =

N R
V H

(
1 − 1

N2
c

)
(2Nc)[2(N2

c − 1)]
dΦprod.

3

(
p1, p2; {pf }5

f=3; pH
)
qgB1g0VHSNLO

(
1̂q, 2̂g, 3q̄; 4ℓ, 5ℓ̄

)
,

(1.27)

dσ̂SNLO
V H,q̄g =

N R
V H

(
1 − 1

N2
c

)
(2Nc)[2(N2

c − 1)]
dΦprod.

3

(
p1, p2; {pf }5

f=3; pH
)
qbgB1g0VHSNLO

(
3q, 2̂g, 1̂q̄; 4ℓ, 5ℓ̄

)
.

(1.28)

The subtraction amplitudes indicated with monospace text are composed of antenna
functions—which mimic the infrared structure of the corresponding real amplitude—and
reduced matrix elements. Note that in the NNLOJET codebase these are present specifically
for V=Z or W but for the discussion here I am keeping the notation generic where possible.
The subtraction amplitudes are

qqbB1g0VHSNLO
(
1̂q, 3g, 2̂q̄; 4ℓ, 5ℓ̄

)
= A0

3,qq̄(1, 3, 2) BV H,0
0

(ˆ̄1q, ˆ̄2q̄, 4ℓ, 5ℓ̄

)
, (1.29)

qgB1g0VHSNLO
(
1̂q, 2̂g, 3q̄; 4ℓ, 5ℓ̄

)
= −A0

3,qg→qq̄(1, 2, 3) BV H,0
0

(ˆ̄1q, ˆ̄2q̄, 4ℓ, 5ℓ̄

)
, (1.30)
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B1g0ZHxBy0g0H(1̂q,3g,2̂-q,4ℓ,5-ℓ,6b,7-b)
3 soft
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(a)

B1g0ZHxBy0g0H(1̂q,3g,2̂-q,4ℓ,5-ℓ,6b,7-b)
2||3 collinear
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Figure 1.6: Spike tests for a soft 3g gluon limit (E3 = x
√

s → 0) in (a) and a 2̂q̄ ∥ 3g

antiquark–gluon collinear limit (E23 = x
√

s → 0) in (b) of the real production amplitude
BZH,0

1

(
1̂q, 3g, 2̂q̄; 4ℓ, 5ℓ̄

)
. A total of 10000 configurations were probed in all cases. As visible

in the naming scheme and flavour assignment above the histograms, the amplitudes in the
codebase already have the leading order H → bb̄ decay attached.

qbgB1g0VHSNLO
(
3q, 2̂g, 1̂q̄; 4ℓ, 5ℓ̄

)
= −A0

3,qg→qq̄(1, 2, 3) BV H,0
0

(ˆ̄2q, ˆ̄1q̄, 4ℓ, 5ℓ̄

)
. (1.31)

The A0
3-type (three partons and zero loops) antenna functions are one of the many

antennæ mimicking infrared structures and they are calculated as a ratio of essential matrix
elements required to reproduce the given soft and collinear limits. Graphically the structure
of these subtraction terms can be visualized in Figure 1.5. The full list and exact expression
for the antenna functions up to NNLO are enumerated in refs. [8–15].

Besides the introduction necessary for a well-structured train of thought, it is not the
intention of this thesis to go through all the peculiarities and details of antenna subtraction.
For our purposes, it is enough to note that all subtraction terms contain universal antennæ
and process-specific reduced matrix elements of lower orders.

Eqs. (1.29)–(1.31) are exactly the same as the subtraction terms for the Drell–Yan pro-
cess, except that the reduced matrix elements are swapped for those of V H production. As
discussed earlier in Section 1.3.2, they are non-momentum-conserving Drell–Yan amplitudes
decorated with some extra factors. Performing a replacement of reduced matrix elements
readily yields all subtraction terms for the Drell–Yan-type V H production subcontributions.
In practice, this meant creating a module for NNLOJET that recycles the implemented Drell–
Yan subtraction terms by swapping out the reduced matrix elements.
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Figure 1.7: Virtual V H production amplitude.

While the aforementioned theoretical reasoning is without a doubt correct, the ultimate
test for real subtraction terms are the so-called “spike tests” in the NNLOJET jargon. These
are numerical tests designed to calculate the ratio of the real and real-subtraction amplitudes,
probing random momentum configurations in all possible unresolved limits. The more we
approach the unresolved limit, the closer the ratio should be to 1, regardless of the exact
configuration.4 This results in a visually pronounced spike in the histogram of the ratio for a
fixed number of configurations. Such test results are visualized in Figure 1.6 for a soft-gluon
and an antiquark–gluon collinear limits as examples.

1.4.2 Virtual Production dσV
V H (1q, 2q̄; 3ℓ, 4ℓ̄)

Virtual cross sections are loop corrections to the Born amplitude, thus they contain only the
same single qq̄ partonic channel

dσ̂V
V H,qq̄ =

N V
V H

(
1 − 1

N2
c

)
(2Nc)2 dΦprod.

2 (p1, p2; p3, p4; pH) BV H,1
0

(
1̂q, 2̂q̄; 3ℓ, 4ℓ̄

)
, (1.32)

The expression for the one-loop, zero-gluon amplitude BV H,1
0 is found in Appendix A.3 and

the new loop Feynman diagram contributing to it is illustrated in Figure 1.7. This diagram
has to be interfered with the leading-order diagram of Figure 1.2 to get the expression for the
BV H,1

0 amplitude. It is already renormalized in the MS scheme and thus carries no ultraviolet
divergences, but consequently depends on the renormalization scale µprod.

R of the production
subprocess. However, it still has infrared divergences expressed as 1/ϵ and 1/ϵ2 poles in the
dimensional regularization parameter, which need to be subtracted by the TNLO virtual
subtraction term derived below.

4Up to limits in numerical precision. NNLOJET uses double precision everywhere.
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Subtraction Term dσTNLO
V H (1q, 2q̄; 3ℓ, 4ℓ̄)

Virtual subtraction terms not only need to subtract the explicit poles of the loop amplitudes
but also the poles that appeared due to the phase-space integral of initial-state infrared
singularities in the real-subtraction (SNLO) amplitude. These are the mass-factorization
counterterms and they do not have a loop-amplitude equivalent; they are absorbed by re-
definition of the physical PDFs. Therefore the virtual subtraction terms contain as many
channels as their real counterpart:

dσ̂TNLO
V H,qq̄ =

N V
V H

(
1 − 1

N2
c

)
(2Nc)2

∫ dx1
x1

dx2
x2

dΦprod.
2 (x1p1, x2p2; p3, p4; pH)×

qqbB0g1VHTNLO
(
1̂q, 2̂q̄; 3ℓ, 4ℓ̄

)
, (1.33)

dσ̂TNLO
V H,qg =

N V
V H

(
1 − 1

N2
c

)
(2Nc)[2(N2

c − 1)]

∫ dx1
x1

dx2
x2

dΦprod.
2 (x1p1, x2p2; p3, p4; pH)×

qgB0g1VHTNLO
(
1̂q, 2̂g; 3ℓ, 4ℓ̄

)
, (1.34)

dσ̂TNLO
V H,q̄g =

N V
V H

(
1 − 1

N2
c

)
(2Nc)[2(N2

c − 1)]

∫ dx1
x1

dx2
x2

dΦprod.
2 (x1p1, x2p2; p3, p4; pH)×

qbgB0g1VHTNLO
(
2̂q̄, 1̂g; 3ℓ, 4ℓ̄

)
. (1.35)

The subtraction amplitudes

qqbB0g1VHTNLO
(
1̂q, 2̂q̄; 3ℓ, 4ℓ̄

)
= −J

(1),II
2,QQ (s12) BV H,0

0

(
1̂q, 2̂q̄; 3ℓ, 4ℓ̄

)
, (1.36)

qgB0g1VHTNLO
(
1̂q, 2̂g; 3ℓ, 4ℓ̄

)
= −J

(1),II
2,QQ,qg→qq(s12) BV H,0

0

(
1̂q, 2̂q̄; 3ℓ, 4ℓ̄

)
, (1.37)

qbgB0g1VHTNLO
(
2̂q̄, 1̂g; 3ℓ, 4ℓ̄

)
= −J

(1),II
2,QQ,qg→qq(s12) BV H,0

0

(
2̂q, 1̂q̄; 3ℓ, 4ℓ̄

)
(1.38)

are expressed with integrated dipoles J
(1)
2 and reduced matrix elements. The integrals over

x1 and x2 in eqs. (1.33)–(1.35) indicate convolutions with the latter. It is implicitly under-
stood that the momenta set appearing in the subtraction amplitudes—both in the reduced
matrix elements and integrated dipoles—have initial-state momenta of x1p1 and x2p2. The
dependence on the factorization scale µF and the production renormalization scale µprod.

R is
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Figure 1.8: Real H → bb̄ decay amplitude.

also not indicated explicitly, but it is always understood that

J
(1)
2 (s) = J

(1)
2 (s, x1, x2, µF, µprod.

R ). (1.39)

The exact expressions for the integrated dipoles in terms of integrated antennæ and mass-
factorization kernels are found in ref. [16] and I will not reiterate them here.

Overall, the same reasoning as for the real subtraction terms holds: virtual subtraction
terms can be generated by replacing the original Drell–Yan reduced matrix elements with
the non-momentum-conserving ones. Nevertheless, the expected 1/ϵ and 1/ϵ2 pole cancel-
lations between the regenerated virtual amplitudes and their subtraction terms have been
analytically validated with a built-in module of NNLOJET.

1.4.3 Real Decay dσR
H→bb̄ (ib, jg, kb̄)

Real corrections to the decay cross section are expressed as

dσR
H→bb̄ = N R

H→bb̄

(
1 − 1

N2
c

)
dΦdec.

3 (pH; pi, pj , pk) BH,0
1 (ib, jg, kb̄). (1.40)

The amplitude BH,0
1 is illustrated in Figure 1.8 with its full form given in Appendix A.12.

Subtraction Term dσSNLO
H→bb̄ (ib, jg, kb̄)

The real subtraction term for the decay part is

dσSNLO
H→bb̄ = N R

H→bb̄

(
1 − 1

N2
c

)
dΦdec.

3 (pH; pi, pj , pk) By1g0HSNLO(ib, jg, kb̄). (1.41)
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real matrix element: BH,0
1

−→




antenna: A0

3

×

reduced matrix element: BH,0
0

Figure 1.9: The simple, almost tautological structure of the SNLO subtraction term of the
H → bb̄ decay.

The subtraction amplitude, whose structure is visualized in Figure 1.9 is expanded as

By1g0HSNLO(ib, jg, kb̄) = A0
3(i, j, k) BH,0

0

(
īb, j̄b̄

)
. (1.42)

In the NNLOJET codebase the decay subtraction amplitudes never appear in the form above,
but rather always together with their respective production channels. The Born production
cross section contains only a qq̄ channel, therefore a Born × SNLO subtraction term is
evaluated by the subroutine qqbB0g0VHxBy1g0HSNLO with V=Z or W. The decay subtraction terms
are completely new and not just replacements of reduced matrix elements. To verify these
subtraction terms, we carried out spike tests, two of which are visualized in Figure 1.10.

1.4.4 Virtual Decay dσV
H→bb̄ (ib, jb̄)

Virtual corrections for the decay cross section are written as

dσV
H→bb̄ = N V

H→bb̄

(
1 − 1

N2
c

)
dΦdec.

2 (pH; pi, pj) BH,1
0 (ib, jb̄). (1.43)

The amplitude BH,1
0 is given in Appendix A.13 and the Feynman diagram that needs to

be interfered with the leading-order decay of Figure 1.3 to get the amplitude is illustrated
in Figure 1.11. Note that being a virtual amplitude renormalized in the MS scheme, it
also depends on the renormalization scale µdec.

R of the decay side, independently from the
production renormalization scale.
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B0g0ZHxBy1g0H(1̂q,2̂-q,3ℓ,4-ℓ,5b,6g,7-b)
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Figure 1.10: Spike tests for a soft 6g gluon limit (E6 = x
√

s → 0) in (a) and a 5b ∥ 6g

bottom-quark–gluon collinear limit (E56 = x
√

s → 0) in (b) of the real decay amplitude
BH,0

1 (5b, 6g, 7b̄). A total of 10000 configurations were probed in all cases. As visible in the
naming scheme and flavour assignment above the histograms, the amplitudes shown here
had the leading order ZH production attached to them.

Subtraction Term dσTNLO
H→bb̄ (ib, jb̄)

The virtual subtraction term for the decay part is

dσTNLO
H→bb̄ = N V

H→bb̄

(
1 − 1

N2
c

)
dΦdec.

2 (pH; pi, pj) By0g1HSNLO(ib, jb̄). (1.44)

Mass-factorization counterterms only accompany initial-state integrated singularities, which
are not present for decays as they only contain final-state configurations. Therefore, no
convolution with the mass-factorization kernel is needed, such as in eqs. (1.33)–(1.35) and
therefore the convolution variables x1 and x2 are missing as well. The subtraction amplitude
is

By0g1HTNLO(ib, jb̄) = −J
(1),FF
2,QQ (sij) BH,0

0 (ib, jb̄), (1.45)

which, being on the decay side, additionally depends on the decay renormalization scale:

J
(1),FF
2,QQ (s) = J

(1),FF
2,QQ (s, µdec.

R ). (1.46)

With this, all ingredients necessary to evaluate V H production with H → bb̄ decay at NLO
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Figure 1.11: Virtual H → bb̄ decay amplitude.

are given. We will now move onto the ingredients that are required for describing the cross
section at NNLO.

1.5 Next-to-Next-to-Leading Order

There are many more elements that are required in order to consistently assemble V H pro-
duction with H → bb̄ decay at O(α2

s ). After expanding the main formula (1.1) for the NNLO
coefficient, I will tackle the genuinely new ingredients step-by-step, channel-by-channel.

Ingredients to double-real production are found in Section 1.5.1, to real–virtual produc-
tion in Section 1.5.2, and to double-virtual production in Section 1.5.3. Besides the O(α2

s )
Drell–Yan-like amplitudes, there are also a set of completely new production processes ap-
pearing at real–virtual and double-virtual levels, induced by the Z boson or the Higgs boson
coupling directly to closed fermion loops.

After enumerating the building blocks of the production subprocess, we will turn our
attention towards new ingredients of the decay. Double-real decay correction are shown in
Section 1.5.4, real–virtual and double-virtual ones in Sections 1.5.5 and 1.5.6, respectively.
Whereas most of the Drell–Yan-like production subtraction amplitudes are recycled in the
same manner as we have seen at NLO, subtraction terms for the decay are implemented
into NNLOJET completely anew. Therefore I will give the expressions for them in terms of
antennæ and reduced matrix elements.

The production × decay factorized NNLO coefficient contains all possible O(α2
s ) contri-

butions. These are

dσNNLO coef. =
∫ ddpH

(2π)d

[
dσ

(2)
V H × dσ

(0)
H→bb̄ + dσ

(1)
V H × dσ

(1)
H→bb̄ + dσ

(0)
V H × dσ

(2)
H→bb̄

]
J2b

(1.47)

=
∫ ddpH

(2π)d

{(
dσRR

V H − dσS
V H

)
× dσB

H→bb̄ J (4)
2b

(3, 4; 7b, 8b̄)

+
(
dσRV

V H − dσT
V H

)
× dσB

H→bb̄ J (3)
2b

(3; 6b, 7b̄)
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+
(
dσVV

V H − dσU
V H

)
× dσB

H→bb̄ J (2)
2b

(5b, 6b̄)

+
(
dσR

V H − dσSNLO
V H

)
×
(
dσR

H→bb̄ − dσSNLO
H→bb̄

)
J (4)

2b
(3; 6b, 7g, 8b̄)

+
(
dσR

V H − dσSNLO
V H

)
×
(
dσV

H→bb̄ − dσTNLO
H→bb̄

)
J (3)

2b
(3; 6b, 7b̄)

+
(
dσV

V H − dσTNLO
V H

)
×
(
dσR

H→bb̄ − dσSNLO
H→bb̄

)
J (3)

2b
(5b, 6g, 7b̄)

+
(
dσV

V H − dσTNLO
V H

)
×
(
dσV

H→bb̄ − dσTNLO
H→bb̄

)
J (2)

2b
(5b, 6b̄)

+ dσB
V H ×

(
dσRR

H→bb̄ − dσS
H→bb̄

)
J (4)

2b
(5b, 6, 7, 8b̄)

+ dσB
V H ×

(
dσRV

H→bb̄ − dσT
H→bb̄

)
J (3)

2b
(5b, 6g, 7b̄)

+ dσB
V H ×

(
dσVV

H→bb̄ − dσU
H→bb̄

)
J (2)

2b
(5b, 6b̄)

}
. (1.48)

The infrared singularities of the double-real (RR), real–virtual (RV), and double-virtual
(VV) contributions at the subprocess level are cancelled by the subtraction terms S, T, and
U, respectively. The KLN theorem within the antenna subtraction formalism at NNLO thus
reads

σ =
∫

Φn+2
dσRR +

∫
Φn+1

dσRV +
∫

Φn

dσVV

=
∫

Φn+2

(
dσRR − dσS

)
︸ ︷︷ ︸

infrared finite

+
∫

Φn+1

(
dσRV − dσT

)
︸ ︷︷ ︸

infrared finite

+
∫

Φn

(
dσVV − dσU

)
︸ ︷︷ ︸

infrared finite

.

Genuinely new contributions are the NNLO×LO and LO×NNLO ones; the NLO×NLO
parts are assembled from the already discussed lower-order contributions.5

A new feature for the real–virtual and double-virtual production amplitudes will be the
appearance of top quark induced loop contributions proportional to the Yukawa coupling
of the top quark, where the Higgs boson is emitted from the loop and does not couple to
the vector boson. The subtraction formalism for Drell–Yan is thus not applicable for these
amplitudes but they are fortunately all infrared finite.

Let us summarize the normalization factors at NNLO before proceeding to the individual
subcontributions.

N RR
V H = N R

V H

(
αsNc
2π

)
C̄(ϵ)
C(ϵ)

, (1.49)

5Note the products between subtraction terms as well in eq. (1.48), such as dσSNLO
V H × dσTNLO

H→bb̄ etc.
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(a) (b)

Figure 1.12: Examples of B-type (a) and C-type (b) amplitudes contributing to double-real
V H production.

N RV
V H = N V

V H

(
αsNc
2π

)
C̄(ϵ)
C(ϵ)

= N R
V H

(
αsNc
2π

)
C̄(ϵ), (1.50)

N VV
V H = N V

V H

(
αsNc
2π

)
C̄(ϵ), (1.51)

N RR
H→bb̄ = N R

H→bb̄

(
αsNc
2π

)
C̄(ϵ)
C(ϵ)

, (1.52)

N RV
H→bb̄ = N V

H→bb̄

(
αsNc
2π

)
C̄(ϵ)
C(ϵ)

, = N R
H→bb̄

(
αsNc
2π

)
C̄(ϵ), (1.53)

N VV
H→bb̄ = N V

H→bb̄

(
αsNc
2π

)
C̄(ϵ) (1.54)

with constants C(ϵ) and C̄(ϵ) defined in eq. (1.22).

1.5.1 Double-Real Production dσRR
V H (1, 2, 3, 4; 5ℓ, 6ℓ̄)

The two basic parton-level processes for double-real production involve amplitudes with one
quark line and two gluons (B-type) and two separate quark currents (C-type). Two examples
for the Feynman diagrams contributing to these processes are depicted in Figure 1.12. The
leading-colour amplitudes are denoted as BV H,0

2 and CV H,0
0 with their subleading-colour

counterparts B̃V H,0
2 and the identical-quark interference amplitude DV H,0

0 , respectively. For
WH production, we can further distinguish Da- and Db-type amplitudes depending on which
of the three quarks are identical. The expressions for all amplitudes appearing are found in
Appendices A.4–A.6.

The number of possible partonic channels have increased considerably compared to single
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real production. Moreover, channels that include amplitudes with two quark currents can
get a little confusing, therefore I separated ZH and WH productions when necessary. Non-
identical quark flavours are separated in notation with capitalization, i.e. q and Q with q ̸= Q.
The W coupling changes the quark flavour, which is indicated with the prime symbol, i.e. the
quark current that couples to the charged vector boson is labelled as qq̄′. Furthermore, it
is always understood that Q ̸= q′ with q being up-type and q′ being down-type for W+H
production; and q being down-type and q′ being up-type for W−H production.

Quark–Quark Initiated (Non-Identical Flavour)

dσ̂RR
ZH,qQ

=
N RR

V H

(
1 − 1

N2
c

)
(2Nc)2 dΦprod.

4

(
p1, p2; {pf }6

f=3; pH
) 1

Nc
CZH,0

0

(
1̂q, 3Q̄, 2̂Q, 4q̄; 5ℓ, 6ℓ̄

)
,

(1.55)

dσ̂RR
WH,qQ

=
N RR

V H

(
1 − 1

N2
c

)
(2Nc)2 dΦprod.

4

(
p1, p2; {pf }6

f=3; pH
) 1

Nc
CWH,0

0

(
1̂q, 3Q̄, 2̂Q, 4q̄′ ; 5ℓ, 6ℓ̄

)
.

(1.56)

WH production has additional subleading-colour contributions when Q = q′,

dσ̂RR
WH,qq′ =

N RR
V H

(
1 − 1

N2
c

)
(2Nc)2 dΦprod.

4

(
p1, p2; {pf }6

f=3; pH
)

×

1
2!

1
Nc

{
CWH,0

0

(
1̂q, 3q̄′ , 2̂q′ , 4q̄′ ; 5ℓ, 6ℓ̄

)
+ CWH,0

0

(
1̂q, 4q̄′ , 2̂q′ , 3q̄′ ; 5ℓ, 6ℓ̄

)
− 1

Nc
DWH,0

b,0

(
1̂q, 3q̄′ , 2̂q′ , 4q̄′ ; 5ℓ, 6ℓ̄

)}
. (1.57)

A symmetry factor of 1
2! is present as final-state quarks 3q̄′ and 4q̄′ are identical. In practice

the permutation 3q̄′ ↔ 4q̄′ is carried out by the phase-space integral, enabling contracting
the two pieces into one in the codebase.

Quark–Quark Initiated (Identical Flavour)

dσ̂RR
ZH,qq =

N RR
V H

(
1 − 1

N2
c

)
(2Nc)2 dΦprod.

4

(
p1, p2; {pf }6

f=3; pH
)

×

1
2!

1
Nc

{
CZH,0

0

(
1̂q, 3q̄, 2̂q, 4q̄; 5ℓ, 6ℓ̄

)
+ CZH,0

0

(
1̂q, 4q̄, 2̂q, 3q̄; 5ℓ, 6ℓ̄

)
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− 1
Nc

DZH,0
0

(
1̂q, 3q̄, 2̂q, 4q̄; 5ℓ, 6ℓ̄

)}
, (1.58)

dσ̂RR
WH,qq =

N RR
V H

(
1 − 1

N2
c

)
(2Nc)2 dΦprod.

4

(
p1, p2; {pf }6

f=3; pH
)

×

1
Nc

{
CWH,0

0

(
1̂q, 3q̄, 2̂q, 4q̄′ ; 5ℓ, 6ℓ̄

)
+ CWH,0

0

(
2̂q, 3q̄, 1̂q, 4q̄′ ; 5ℓ, 6ℓ̄

)
− 1

Nc
DWH,0

a,0

(
1̂q, 3q̄, 2̂q, 4q̄′ ; 5ℓ, 6ℓ̄

)}
. (1.59)

A symmetry factor of 1
2! is present for ZH production where the final-state quarks 3q̄ and 4q̄

are identical, whose permutation in practice is carried out by the phase-space integral. This
factor is missing from WH production due to the change in flavour.

Antiquark–Antiquark Initiated (Non-Identical Flavour)

dσ̂RR
ZH,Q̄q̄

=
N RR

V H

(
1 − 1

N2
c

)
(2Nc)2 dΦprod.

4

(
p1, p2; {pf }6

f=3; pH
) 1

Nc
CZH,0

0

(
3q, 1̂Q̄, 4Q, 2̂q̄; 5ℓ, 6ℓ̄

)
,

(1.60)

dσ̂RR
WH,Q̄q̄′ =

N RR
V H

(
1 − 1

N2
c

)
(2Nc)2 dΦprod.

4

(
p1, p2; {pf }6

f=3; pH
) 1

Nc
CWH,0

0

(
3q, 1̂Q̄, 4Q, 2̂q̄′ ; 5ℓ, 6ℓ̄

)
.

(1.61)

WH production has additional subleading-colour contributions when Q = q.

dσ̂RR
WH,q̄q̄′ =

N RR
V H

(
1 − 1

N2
c

)
(2Nc)2 dΦprod.

4

(
p1, p2; {pf }6

f=3; pH
)

×

1
2!

1
Nc

{
CWH,0

0

(
3q, 1̂q̄, 4q, 2̂q̄′ ; 5ℓ, 6ℓ̄

)
+ CWH,0

0

(
4q, 1̂q̄, 3q, 2̂q̄′ ; 5ℓ, 6ℓ̄

)
− 1

Nc
DWH,0

a,0

(
3q, 1̂q̄, 4q, 2̂q̄′ ; 5ℓ, 6ℓ̄

)}
. (1.62)

A symmetry factor of 1
2! is present as the final-state quarks 3q and 4q are identical, whose

permutation in practice is carried out by the phase-space integral.
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Antiquark–Antiquark Initiated (Identical Flavour)

dσ̂RR
ZH,q̄q̄ =

N RR
V H

(
1 − 1

N2
c

)
(2Nc)2 dΦprod.

4

(
p1, p2; {pf }6

f=3; pH
)

×

1
2!

1
Nc

{
CZH,0

0

(
3q, 1̂q̄, 4q, 2̂q̄; 5ℓ, 6ℓ̄

)
+ CZH,0

0

(
4q, 1̂q̄, 3q, 2̂q̄; 5ℓ, 6ℓ̄

)
− 1

Nc
DZH,0

0

(
3q, 1̂q̄, 4q, 2̂q̄; 5ℓ, 6ℓ̄

)}
, (1.63)

dσ̂RR
WH,q̄′q̄′ =

N RR
V H

(
1 − 1

N2
c

)
(2Nc)2 dΦprod.

4

(
p1, p2; {pf }6

f=3; pH
)

×

1
Nc

{
CWH,0

0

(
3q, 1̂q̄′ , 4q′ , 2̂q̄′ ; 5ℓ, 6ℓ̄

)
+ CWH,0

0

(
3q, 2̂q̄′ , 4q′ , 1̂q̄′ ; 5ℓ, 6ℓ̄

)
− 1

Nc
DWH,0

b,0

(
3q, 1̂q̄′ , 4q′ , 2̂q̄′ ; 5ℓ, 6ℓ̄

)}
. (1.64)

A symmetry factor of 1
2! is present for ZH production for the identical final-state quarks 3q

and 4q, whose permutation in practice is carried out by the phase-space integral. This is
once again missing from WH production.

Quark–Antiquark Initiated (Non-Identical Flavour)

dσ̂RR
ZH,qQ̄

=
N RR

V H

(
1 − 1

N2
c

)
(2Nc)2 dΦprod.

4

(
p1, p2; {pf }6

f=3; pH
) 1

Nc
CZH,0

0

(
1̂q, 2̂Q̄, 3Q, 4q̄; 5ℓ, 6ℓ̄

)
,

(1.65)

dσ̂RR
WH,qQ̄

=
N RR

V H

(
1 − 1

N2
c

)
(2Nc)2 dΦprod.

4

(
p1, p2; {pf }6

f=3; pH
) 1

Nc
CWH,0

0

(
1̂q, 2̂Q̄, 3Q, 4q̄′ ; 5ℓ, 6ℓ̄

)
.

(1.66)

WH production has additional leading- and subleading-colour contributions when Q = q′.

dσ̂RR
WH,qq̄′ =

N RR
V H

(
1 − 1

N2
c

)
(2Nc)2 dΦprod.

4

(
p1, p2; {pf }6

f=3; pH
)

×
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 1
2!

 ∑
(3↔4)

BWH,0
2

(
1̂q, 3g, 4g, 2̂q̄′ ; 5ℓ, 6ℓ̄

)
− 1

N2
c

B̃WH,0
2

(
1̂q, 3g̃, 4g̃, 2̂q̄′ ; 5ℓ, 6ℓ̄

)

+ 1
Nc

[
nF CWH,0

0

(
1̂q, 4Q̄, 3Q, 2̂q̄′ ; 5ℓ, 6ℓ̄

)
+ CWH,0

0

(
1̂q, 2̂q̄′ , 3q′ , 4q̄′ ; 5ℓ, 6ℓ̄

)
+ CWH,0

0

(
3q, 4q̄, 1̂q, 2̂q̄′ ; 5ℓ, 6ℓ̄

)

− 1
Nc

[
DWH,0

a,0

(
1̂q, 4q̄, 3q, 2̂q̄′ ; 5ℓ, 6ℓ̄

)
+ DWH,0

b,0

(
1̂q, 2̂q̄′ , 3q′ , 4q̄′ ; 5ℓ, 6ℓ̄

)]] . (1.67)

The symbol ∑(3↔4) indicates the sum over the two permutations of the final-state identical
gluons 3g and 4g, hence the symmetry factor 1

2! as well. The expression assumes a diagonal
CKM matrix with the number of flavours marked with nF = 5.

Quark–Antiquark Initiated (Identical Flavour)

dσ̂RR
ZH,qq̄ =

N RR
V H

(
1 − 1

N2
c

)
(2Nc)2 dΦprod.

4

(
p1, p2; {pf }6

f=3; pH
)

×

 1
2!

 ∑
(3↔4)

BZH,0
2

(
1̂q, 3g, 4g, 2̂q̄; 5ℓ, 6ℓ̄

)
− 1

N2
c

B̃ZH,0
2

(
1̂q, 3g̃, 4g̃, 2̂q̄; 5ℓ, 6ℓ̄

)

+ 1
Nc

[
nup CZH,0

0

(
1̂q, 4ū, 3u, 2̂q̄; 5ℓ, 6ℓ̄

)
+ ndown CZH,0

0

(
1̂q, 4d̄, 3d, 2̂q̄; 5ℓ, 6ℓ̄

)

+ CZH,0
0

(
1̂q, 2̂q̄, 3q, 4q̄; 5ℓ, 6ℓ̄

)
− 1

Nc
DZH,0

0

(
1̂q, 2̂q̄, 3q, 4q̄; 5ℓ, 6ℓ̄

)] . (1.68)

The symbols u and d indicate up and down quarks with the number of up-type quarks nup = 2
and down-type quarks ndown = 3. The separation is necessary because the Z boson couples
with different strength to up- and down-type quarks, therefore we cannot just pull out a
single nF = nup + ndown term but rather have to separate up- and down-type contributions.

dσ̂RR
WH,qq̄ =

N RR
V H

(
1 − 1

N2
c

)
(2Nc)2 dΦprod.

4

(
p1, p2; {pf }6

f=3; pH
)

×

{ 1
Nc

[
CWH,0

0

(
1̂q, 2̂q̄, 3q, 4q̄′ ; 5ℓ, 6ℓ̄

)
+
⌊

nF
2

⌋
CWH,0

0

(
3q, 2̂q̄, 1̂q, 4q̄′ ; 5ℓ, 6ℓ̄

)
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− 1
Nc

DWH,0
a,0

(
1̂q, 2̂q̄, 3q, 4q̄′ ; 5ℓ, 6ℓ̄

)]}
. (1.69)

The term ⌊nF/2⌋ = 2 because the W± only mediates up–down and charm–strange flavour
changes with a diagonal CKM matrix in the 5-flavour scheme.

Quark–Gluon Initiated

There is only one quark line present, therefore—just like at NLO—the ZH and WH produc-
tions can be treated together without confusion.

dσ̂RR
V H,qg =

N RR
V H

(
1 − 1

N2
c

)
(2Nc)[2(N2

c − 1)]
dΦprod.

4

(
p1, p2; {pf }6

f=3; pH
)

×

1
2!


∑

(2̂↔3)
BV H,0

2

(
1̂q, 2̂g, 3g, 4q̄; 5ℓ, 6ℓ̄

)
− 1

N2
c

B̃V H,0
2

(
1̂q, 2̂g̃, 3g̃, 4q̄; 5ℓ, 6ℓ̄

). (1.70)

Antiquark–Gluon Initiated

We can once again easily treat the ZH and WH productions together.

dσ̂RR
V H,q̄g =

N RR
V H

(
1 − 1

N2
c

)
(2Nc)[2(N2

c − 1)]
dΦprod.

4

(
p1, p2; {pf }6

f=3; pH
)

×

1
2!


∑

(2̂↔3)
BV H,0

2

(
4q, 2̂g, 3g, 1̂q̄; 5ℓ, 6ℓ̄

)
− 1

N2
c

B̃V H,0
2

(
4q, 2̂g̃, 3g̃, 1̂q̄; 5ℓ, 6ℓ̄

). (1.71)

Gluon–Gluon Initiated

The Z boson coupling is different based on whether it couples to up- or down-type quarks,
therefore we need to list the contributions where up- or down-type quarks are in the final
state separately as

dσ̂RR
ZH,gg =

N RR
ZH

(
1 − 1

N2
c

)
[2(N2

c − 1)]2
dΦprod.

4

(
p1, p2; {pf }6

f=3; pH
)

×

 ∑
(1̂↔2̂)

[
nup BZH,0

2

(
3u, 1̂g, 2̂g, 4ū; 5ℓ, 6ℓ̄

)
+ ndown BZH,0

2

(
3d, 1̂g, 2̂g, 4d̄; 5ℓ, 6ℓ̄

)]
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− 1
N2

c

[
nup B̃ZH,0

2

(
3u, 1̂g̃, 2̂g̃, 4ū; 5ℓ, 6ℓ̄

)
+ ndown B̃ZH,0

2

(
3d, 1̂g̃, 2̂g̃, 4d̄; 5ℓ, 6ℓ̄

)] .

(1.72)

Once again, we treat the CKM matrix as unity, resulting in the following expression for
the WH case:

dσ̂RR
WH,gg =

N RR
WH

(
1 − 1

N2
c

)
[2(N2

c − 1)]2
dΦprod.

4

(
p1, p2; {pf }6

f=3; pH
)

×

⌊
nF
2

⌋ ∑
(1̂↔2̂)

BWH,0
2

(
3q, 1̂g, 2̂g, 4q̄′ ; 5ℓ, 6ℓ̄

)
− 1

N2
c

B̃WH,0
2

(
3q, 1̂g̃, 2̂g̃, 4q̄′ ; 5ℓ, 6ℓ̄

).

(1.73)

Subtraction Terms dσS
V H (1, 2, 3, 4; 5ℓ, 6ℓ̄)

These subtraction terms fully recycle the Drell–Yan subtraction terms in the NNLOJET

codebase. The reduced matrix elements can be straightforwardly swapped with the non-
momentum-conserving amplitudes. The necessary amplitudes are those of NLO production,
which we already discussed with their explicit expressions found in Appendix A. As they
would be just a repetition of already known results without gaining additional insight to the
framework, I will not present them here.

Nevertheless, I carried out spike tests in all unresolved limits after the swap, such as
those in Figure 1.13, to verify that everything is working as intended.

1.5.2 Real–Virtual Production dσRV
V H (1, 2, 3; 4ℓ, 5ℓ̄)

The real–virtual level includes only B-type amplitudes, however, we have to take into account
not only the usual Drell–Yan-type Feynman amplitudes but new top quark induced Yukawa
contributions as well, where the Higgs boson directly couples to the loop and not to the
vector boson. These are called RI contributions in ref. [28], and we will adapt this notation
in our case as well. Examples of Drell–Yan-like amplitudes and the RI-type top-quark ones
are visualized in Figure 1.14. These amplitudes need to be interfered with tree-level real
ones shown in Figure 1.4.

Leading-colour Drell–Yan-type amplitudes are denoted with BV H,1
1 , their correspond-

ing subleading-colour counterpart with B̃V H,1
1 , and the part proportional to the number of

flavours nF with B̂V H,1
1 . The means of constructing them is found in Appendix A.7. The
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B2g0ZHxBy0g0H(3q,1̂g,2̂g,4-q,5ℓ,6-ℓ,7b,8-b)
1||3 collinear, 2||4 collinear

1 - 10-3

1

1 + 10-3

 5000

Nu
mb
er
 o
f 
po
in
ts

x = 10-5

x = 10-6

x = 10-7

(a)

C0g0ZHxBy0g0H(1̂q,2̂-Q,3Q,4-q,5ℓ,6-ℓ,7b,8-b)
2||3||4 collinear

1 - 10-3

1

1 + 10-3

 2000

Nu
mb
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f 
po
in
ts

x = 10-5

x = 10-6

x = 10-7

(b)

Figure 1.13: Two example spike tests: first a 1̂g ∥ 3q and 2̂g ∥ 4q̄ double collinear limit (E13 =
E24 = x

√
s) in (a) for the gg-initiated double-real amplitude BZH,0

2

(
3q, 1̂g, 2̂g, 4q̄; 5ℓ, 6ℓ̄

)
; then

a 2̂Q̄ ∥ 3Q ∥ 4q̄ triple collinear limit (E234 = x
√

s) in (b) for the qQ̄-initiated double-real
amplitude CZH,0

0

(
1̂q, 2̂Q̄, 3Q, 4q̄; 5ℓ, 6ℓ̄

)
. A total of 10000 configurations were probed in all

cases. As visible in the naming scheme and flavour assignment above the histograms, the
amplitudes were tested with the leading-order H → bb̄ decay attached to them.

top loop contributions are named BV H,1top
1 and I recount them in Appendix A.8. We have

the same three partonic cross-section channels as at real level, which read

dσ̂RV
V H,qq̄ =

N RV
V H

(
1 − 1

N2
c

)
(2Nc)2 dΦprod.

3

(
p1, p2; {pf }5

f=3; pH
)

×

{
BV H,1

1

(
1̂q, 3g, 2̂q̄; 4ℓ, 5ℓ̄

)
− 1

N2
c

B̃V H,1
1

(
1̂q, 3g, 2̂q̄; 4ℓ, 5ℓ̄

)

+nF
Nc

B̂V H,1
1

(
1̂q, 3g, 2̂q̄; 4ℓ, 5ℓ̄

)
+ 1

Nc

(
m2

t
8m2

V

)
BV H,1top

1

(
1̂q, 3g, 2̂q̄; 4ℓ, 5ℓ̄

)}
, (1.74)

dσ̂RV
V H,qg =

N RV
V H

(
1 − 1

N2
c

)
(2Nc)[2(N2

c − 1)]
dΦprod.

3

(
p1, p2; {pf }5

f=3; pH
)

×

{
BV H,1

1

(
1̂q, 2̂g, 3q̄; 4ℓ, 5ℓ̄

)
− 1

N2
c

B̃V H,1
1

(
1̂q, 2̂g, 3q̄; 4ℓ, 5ℓ̄

)

+nF
Nc

B̂V H,1
1

(
1̂q, 2̂g, 3q̄; 4ℓ, 5ℓ̄

)
+ 1

Nc

(
m2

t
8m2

V

)
BV H,1top

1

(
1̂q, 2̂g, 3q̄; 4ℓ, 5ℓ̄

)}
, (1.75)
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(a)

t

(b)

Figure 1.14: Examples of B-type Feynman diagrams contributing at real–virtual level. Be-
sides the usual Drell–Yan-type diagrams (a) new RI-type top-quark loop induced ones (b)
are present as well.

dσ̂RV
V H,q̄g =

N RV
V H

(
1 − 1

N2
c

)
(2Nc)[2(N2

c − 1)]
dΦprod.

3

(
p1, p2; {pf }5

f=3; pH
)

×

{
BV H,1

1

(
3q, 2̂g, 1̂q̄; 4ℓ, 5ℓ̄

)
− 1

N2
c

B̃V H,1
1

(
3q, 2̂g, 1̂q̄; 4ℓ, 5ℓ̄

)

+nF
Nc

B̂V H,1
1

(
3q, 2̂g, 1̂q̄; 4ℓ, 5ℓ̄

)
+ 1

Nc

(
m2

t
8m2

V

)
BV H,1top

1

(
3q, 2̂g, 1̂q̄; 4ℓ, 5ℓ̄

)}
. (1.76)

The overall factor in front of the top-induced amplitudes is a result of exchanging a Higgs–
vector-boson coupling to that of a Higgs–top-quark Yukawa coupling in the latter part of
the tree × loop interference, i.e.

Ytmt
2λV V H

=
m2

t
8m2

V

, (1.77)

with the Higgs–vector-boson coupling λV V H shown in eq. (1.7) and

Yt = mt
2mW

√
4πα

sin2θW
, (1.78)

in analogy with the coupling of the bottom quark to the Higgs in eq. (1.13). The mass of
the top quark, however, is kept fixed and evaluated at its pole mass instead of being subject
to renormalization.

In principle, we could consider bottom-quark loop contributions as well but we stick to
a strict power counting of O(Y2

b), which is always satisfied by the decay. Bottom quark
Yukawa-induced contributions in the production would contribute only from O(Y3

b).
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t

(a)

t/b

(b)

Figure 1.15: Examples of additional RII top-quark loop (a) and Drell–Yan-like top/bottom-
quark loop amplitudes (b). They are not included in our calculations due to subpermille
level numerical contributions.

As mentioned earlier, these contributions are infrared finite and do not require subtrac-
tion.

Additional Closed Fermion-Loop Contributions

While the RI top loop contributions are the only ones present for W±H production, there
are additional amplitudes in case of ZH. These are all characterized by the neutral vector
boson coupling to a closed fermion loop, which is allowed, as the Z coupling does not change
quark flavours. For the sake of completeness, I will briefly recount them here but due to their
negligible numerical contributions shown in ref. [28], they are not included in our predictions.

These infrared and ultraviolet finite closed fermion-loop contributions can be further
separated into two subcategories. Yet again borrowing the notation of ref. [28], these are

1. Yukawa-induced (RII): both the Z and the Higgs boson directly couple to the
fermion loop as shown in Figure 1.15a. As the only relevant Yukawa coupling is of the
top quark, these are exclusively top loop contributions.

2. Drell–Yan-like: the Higgs couples to the Z boson. These amplitudes evaluate to zero
in regular Drell–Yan production due to Furry’s theorem. The theorem does not apply
however, when we replace the Drell–Yan amplitudes with non-momentum-conserving
ones, yielding finite contributions. There is no dependence on the Yukawa coupling,
and as such, all quark loops need to be evaluated but the up- and down-type light-
quark loops cancel among each other. This cancellation is thwarted by the non-zero
mass difference between the top and bottom quarks, as the top quark is evaluated at
its pole mass while the bottom quark’s kinematic mass is kept zero. Therefore only
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B1g1ZHxBy0g0H(1̂q,3g,2̂-q,4ℓ,5-ℓ,6b,7-b)
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Figure 1.16: Spike tests for a 1̂q ∥ 3g collinear limit in (a) for the qq̄-initiated leading-colour
real–virtual amplitude BZH,1

1

(
1̂q, 3g, 2̂q̄; 4ℓ, 5ℓ̄

)
and another one for the 2̂g ∥ 3q̄ collinear limit

in (b) for the qg-initiated subleading-colour real–virtual amplitude B̃ZH,1
1

(
1̂q, 2̂g, 3q̄; 4ℓ, 5ℓ̄

)
.

A total of 10000 configurations were probed in all cases. The amplitudes in the codebase
already have the leading-order H → bb̄ decay attached.

the bottom- and top-quark loops shown in Figure 1.15b need to be evaluated.

Subtraction Terms dσT
V H (1, 2, 3; 4ℓ, 5ℓ̄)

Besides subtracting the infrared poles of the Drell–Yan-type loop amplitudes, these subtrac-
tion terms are also responsible for the mass factorization of the double-real cross sections
and subtracting the soft and collinear limits of the real–virtual amplitudes. The subtraction
terms are fully recycled from Drell–Yan production, therefore I will not reiterate them here.
However, I note that pole cancellations have been tested analytically and spike tests, such
as the ones shown in Figure 1.16 have been carried out in all unresolved limits.

The included RI top-loop amplitudes are infrared finite therefore no subtraction terms
are needed for them.

1.5.3 Double-Virtual Production dσVV
V H (1, 2; 3ℓ, 4ℓ̄)

Double-virtual two-loop corrections are made of two components: (leading-order) × (two-
loop) and (one-loop) × (one-loop) helicity-amplitude interferences. Therefore, besides the
helicity amplitudes already derived at virtual level, we need genuine two-loop Feynman
diagrams as well, such as the one shown in Figure 1.17. The two-loop Drell–Yan-like am-
plitudes denoted by BV H,2

0 , along with their subleading-colour B̃V H,2
0 , and nF-proportional
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Figure 1.17: An example of a genuine Drell–Yan-like two-loop diagram that contributes to
B-type amplitudes for double-virtual V H production.

B̂V H,2
0 companions are found in Appendix A.9. Just as with the leading-order and virtual

cross sections, the only partonic channel contributing is

dσ̂VV
V H,qq̄ =

N VV
V H

(
1 − 1

N2
c

)
(2Nc)2 dΦprod.

2 (p1, p2; p3, p4; pH) ×

{
BV H,2

0

(
1̂q, 2̂q̄; 3ℓ, 4ℓ̄

)
− 1

Nc
B̃V H,2

0

(
1̂q, 2̂q̄; 3ℓ, 4ℓ̄

)
+ nF

Nc
B̂V H,2

0

(
1̂q, 2̂q̄; 3ℓ, 4ℓ̄

)}
. (1.79)

Besides the B-type Drell–Yan-like amplitudes, there are important closed fermion-loop
amplitudes present only for ZH production. The Z boson can couple directly to a fermion
loop, which is not possible for the charged vector boson W± due to the change in flavours.
The phenomenologically important, i.e. numerically non-negligible ZH loop contributions are
gluon–gluon-induced (one-loop)² amplitudes labelled collectively as AZH,2

0 in the NNLOJET

framework. Thus the additional partonic cross section exclusively for ZH production is

dσ̂VV
ZH,gg =

N VV
ZH

(
1 − 1

N2
c

)
[2(N2

c − 1)]2
dΦprod.

2 (p1, p2; p3, p4; pH) 1
16Nc

AZH,2
0

(
1̂g, 2̂g; 3ℓ, 4ℓ̄

)
. (1.80)

The averaging factor in the first denominator accounts for all possible polarization and colour
states of the initial-state gluons. This time around, the amplitude AZH,2

0 also includes the
top Yukawa coupling. This is due to the mixing of components with different dependence
on it, therefore no single constant could be pulled out besides the factor 1/16Nc preceding
the amplitude in eq. (1.80). These components, which are infrared and ultraviolet finite, are

1. Yukawa-induced: both the Z and the Higgs boson directly couple to the fermion
loop as shown in Figure 1.18a. Only the top-quark loop is present due to the power
counting of O(Y2

b) being already satisfied by the H → bb̄ decay.

2. Drell–Yan-like: the Higgs couples to the Z boson as shown in Figure 1.18b This is
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t

(a)

t/b

(b)

Figure 1.18: One-loop amplitudes contributing exclusively to the gluon–gluon-induced (one-
loop)² double-virtual AZH,2

0 production amplitude.

also a diagram that vanishes for the regular Drell–Yan process due to Furry’s theorem
but is present here because some of the momenta is taken away by the Higgs boson,
excluding it from the validity of mentioned theorem. Both bottom- and top-quark
loops need to be evaluated.

In fact, we will see that these gluon–gluon-initiated contributions represent the dominant
component of the ZH NNLO prediction due to the high gluon luminosity in LHC collisions;
their phenomenological importance will be further emphasized by their distinguishing fea-
tures when comparing ZH to W±H differential distributions.

The exact expressions for the helicity amplitudes comprising AZH,2
0 are taken from the

MCFM [51] codebase based on the work presented in ref. [33]. Although we could simplify
this amplitude substantially compared to its original formulation6 it is still too long to include
it meaningfully in this thesis, even for the appendices. Its implementation is nevertheless
found in the A0g2ZH.f90 Fortran file in the NNLOJET codebase, in which we rely on the
OneLOop [54] library to evaluate the scalar integrals present in the amplitude.

Additional Closed Fermion-Loop Contributions

There are additional genuine two-loop amplitudes that we did not include in the calculations.
They are not known in the full theory but were shown to be very tiny and phenomenologically
irrelevant in ref. [28] with an approximation using an expansion around an infinite top-quark
mass limit. Once again using the notation in the aforementioned publication, these include
the following type of amplitudes

1. Yukawa-induced (VI): only the Higgs boson couples to the top loop, the vector
boson W± or Z does not, as shown in Figure 1.19a.

6We even uncovered a factor of 2 bug in the source MCFM formula.
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t

(a)

t

(b)

t/b

(c)

Figure 1.19: Example configurations of negligible genuine two-loop VI-type (a), VII-type (b),
and Drell–Yan-like (c) contributions we omit from our calculation.

2. Yukawa-induced (VII): the Higgs and the Z boson both couple to the top loop
as illustrated in Figure 1.19b. There are no corresponding W± amplitude due to the
change in flavours.

3. Drell–Yan-like amplitudes: these vanish in a regular Drell–Yan process due to
Furry’s theorem but are present for ZH production as shown in Figure 1.19c where
only the Z boson couples to the top- and bottom-quark loops, and the Higgs couples
to the vector boson. There are no corresponding W± amplitude here either.

Subtraction Terms dσU
V H (1, 2; 3ℓ, 4ℓ̄)

As the included new gg-induced (one-loop)² contributions are infrared finite, these subtrac-
tion terms are fully recycled from the already implemented Drell–Yan ones too, therefore I
will not list them here. The number of channels are equal to the double-real case, because
besides subtracting the poles coming from the Drell–Yan-like loop amplitudes, they also take
care of infrared singularities related to mass factorization.

1.5.4 Double-Real Decay dσRR
H→bb̄ (ib, j, k, lb̄)

Double-real corrections to the decay subprocess are written as

dσRR
H→bb̄ = N RR

H→bb̄

(
1 − 1

N2
c

)
dΦdec.

4 (pH; pi, pj , pk, pl) ×

 1
2!

 ∑
(j↔k)

BH,0
2 (ib, jg, kg, lb̄) − 1

N2
c

B̃H,0
2 (ib, jg̃, kg̃, lb̄)



+ 1
Nc

[
(nF − 1) CH,0

0 (ib, jq, kq̄, lb̄) + 1
(2!)2

(
CH,0

0 (ib, jb, kb̄, lb̄) + CH,0
0 (ib, jb, lb̄, kb̄)
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(a) (b)

Figure 1.20: Examples contributing to B-type (a), and C- and D-type (b) double-real H →
bb̄ decay amplitudes.

+ CH,0
0 (jb, ib, kb̄, lb̄) + CH,0

0 (jb, ib, lb̄, kb̄) − 1
N2

c
DH,0

0 (ib, jq, kq̄, lb̄)
)] . (1.81)

The amplitude BH,0
2 is the leading-colour contribution with one quark line and two gluon

radiations; its subleading-colour counterpart is B̃H,0
2 . Similarly, CH,0

0 is the leading-colour
contribution with two quark lines and its subleading-colour identical-quark interference coun-
terpart is DH,0

0 . The denominators with the factorials account for the correct symmetry fac-
tors due to identical final-state particles. We omitted the bottom quark from the first C-type
amplitude, i.e. q ̸= b and hence the (nF −1) prefactor. This is due to the different symmetry
factor we get when the q = b quark is involved, as indicated by the prefactor in front of
the rest of the C- and D-type contributions. In practice—as every particle is in the final
state—the phase-space integral will automatically carry out the full permutation, therefore
we can contract all the BH,0

2 and CH,0
0 terms with different particle orderings into single ones

with a fixed one. This is how the implementation is done in the NNLOJET codebase.

Here, I must give credit to Sandro Della Torre and Andrew Lifson, who worked as master
students in our group and their semester [55] and master-thesis [56] projects involved deriving
the amplitudes BH,0

2 , B̃H,0
2 and CH,0

0 , DH,0
0 , respectively. Contributing Feynman diagrams

are visualized in Figure 1.20 and expressions for CH,0
0 and DH,0

0 are given in Appendices A.14
and A.15, respectively.

Double-Real Decay Subtraction dσS
H→bb̄ (ib, j, k, lb̄)

These subtraction terms are completely new and did not recycle any of the past implemen-
tations in the codebase. Therefore I will give the full expression for them. Every amplitude
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in eq. (1.81) needs a single subtraction term, and as such, the full expression is

dσS
H→bb̄ = N RR

H→bb̄

(
1 − 1

N2
c

)
dΦdec.

4 (pH; pi, pj , pk, pl) ×

 1
2!

 ∑
(j↔k)

By2g0H(ib, jg, kg, lb̄) − 1
N2

c
Bty2g0H(ib, jg̃, kg̃, lb̄)



+ 1
Nc

[
(nF − 1) Cy0g0H(ib, jq, kq̄, lb̄) + 1

(2!)2

(
Cy0g0H(ib, jb, kb̄, lb̄) + Cy0g0H(ib, jb, lb̄, kb̄)

+ Cy0g0H(jb, ib, kb̄, lb̄) + Cy0g0H(jb, ib, lb̄, kb̄) − 1
N2

c
Dy0g0H(ib, jq, kq̄, lb̄)

)] . (1.82)

The three different subtraction amplitudes appearing are

By2g0HS(ib, jg, kg, lb̄) = d0
3(i, k, l) BH,0

1

(
īb, l̄g, jb̄

)
+ d0

3(j, l, k) BH,0
1

(
ib, k̄g, j̄b̄

)
+ A0

4(i, k, l, j) BH,0
0

(
īb, j̄b̄

)
− d0

3(i, k, l)A0
3(̄i, l̄, j) BH,0

0

(¯̄ib, ¯̄jb̄

)
− d0

3(j, l, k)A0
3(i, k̄, j̄) BH,0

0

(¯̄ib, ¯̄jb̄

)
, (1.83)

Bty2g0HS(ib, jg̃, kg̃, lb̄) = A0
3(i, k, j) BH,0

1

(
īb, lg, j̄b̄

)
+ A0

3(i, l, j) BH,0
1

(
īb, kg, j̄b̄

)
+ Ã0

4(i, k, l, j) BH,0
0

(
īb, j̄b̄

)
− A0

3(i, k, j)A0
3(̄i, l, j̄) BH,0

0

(¯̄ib, ¯̄jb̄

)
− A0

3(i, l, j)A0
3(̄i, k, j̄) BH,0

1

(
īb, kg, j̄b̄

)
, (1.84)

Cy0g0HS(ib, jq, kq̄, lb̄) = 1
2

E0
3(i, k, l) BH,0

1

(
īb, l̄g, jb̄

)
+ 1

2
E0

3(j, l, k) BH,0
1

(
ib, k̄g, j̄b̄

)
+ B0

4(i, k, l, j) BH,0
0

(
īb, j̄b̄

)
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Figure 1.21: Spike tests for a simultaneous 7g ∥ 8b̄ collinear and 6g soft limit in (a) for
the double-real decay amplitude BH,0

2 (5b, 6g, 7g, 8b̄); and a 5b ∥ 6q ∥ 7q̄ triple collinear limit
in (b) for the double-real decay amplitude CH,0

0 (5b, 6q, 7q̄, 8b̄). A total of 10000 configurations
were probed in all cases. The amplitudes shown here all had leading-order ZH production
attached to them.

− 1
2

E0
3(i, k, l)A0

3(̄i, l̄, j) BH,0
0

(¯̄ib, ¯̄jb̄

)
− 1

2
E0

3(j, l, k)A0
3(i, k̄, j̄) BH,0

0

(¯̄ib, ¯̄jb̄

)
, (1.85)

Dy0g0HS(ib, jb, kb̄, lb̄) = 2C0
4 (i, k, l, j) BH,0

0

(
īb, j̄b̄

)
+ 2C0

4 (j, l, k, i) BH,0
0

(
j̄b, īb̄

)
+ 2C0

4 (l, j, i, k) BH,0
0

(
l̄b, k̄b̄

)
+ 2C0

4 (k, i, j, l) BH,0
0

(
k̄b, l̄b̄

)
. (1.86)

The appearing final–final antennæ can be found in ref. [8] and the reduced matrix elements
are all of lower order which have been discussed previously in Section 1.4.

Spike tests in all unresolved limits have also been carried out to affirm the validity of
these subtraction terms, of which two examples are shown in Figure 1.21.
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(a) (b)

Figure 1.22: Examples contributing to the B-type real–virtual H → bb̄ decay amplitudes.

1.5.5 Real–Virtual Decay dσRV
H→bb̄ (ib, jg, kb̄)

The real–virtual decay cross section is

dσRV
H→bb̄ = N RV

H→bb̄

(
1 − 1

N2
c

)
dΦdec.

3 (pH; pi, pj , pk) ×

{
BH,1

1 (ib, jg, kb̄) − 1
N2

c
B̃H,1

1 (ib, jg, kb̄) + nF
Nc

B̂H,1
1 (ib, jg, kb̄)

}
, (1.87)

where BH,1
1 is the leading-colour, B̃H,1

1 is the subleading-colour amplitude, and B̂H,1
1 is the

piece proportional to the number of flavours. The amplitudes have been taken from ref. [37]
and modified to fit the NNLOJET framework. The expression for all three of them is present
in Appendix A.16 and examples of contributing diagrams that need to be interfered with
the tree-level decay diagrams of Figure 1.8 are illustrated in Figure 1.22.

Real–Virtual Decay Subtraction dσT
H→bb̄ (ib, jg, kb̄)

The subtraction term responsible for subtracting the infrared limits and the explicit poles
of the real–virtual amplitude (1.87) can be written as

dσT
H→bb̄ = N RV

H→bb̄

(
1 − 1

N2
c

)
dΦdec.

3 (pH; pi, pj , pk) ×

{
By1g1HT(ib, jg, kb̄) − 1

N2
c
Bty1g1HT(ib, jg, kb̄) + nF

Nc
Bhy1g1HT(ib, jg, kb̄)

}
, (1.88)

where the subtraction amplitudes explicitly are

By1g1HT(ib, jg, kb̄) = −
[
J

(1),FF
2,qg (i, k) + J

(1),FF
2,qg (j, k)

]
BH,0

1 (ib, kg, jb̄)
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+ A0
3(i, k, j) BH,1

0

(
īb, j̄b̄

)
+ A1

3(i, k, j) BH,0
0

(
īb, j̄b̄

)
+
[
J

(1),FF
2,qg (i, k) + J

(1),FF
2,qg (j, k)

]
A0

3(i, k, j) BH,0
0

(
īb, j̄b̄

)
, (1.89)

Bty1g1HT(ib, jg, kb̄) = − J
(1),FF
2,qq (i, j) BH,0

1 (ib, kg, jb̄)

+ A0
3(i, j, k) BH,1

0

(
īb, j̄b̄

)
+ Ã1

3(i, j, k) BH,0
0

(
īb, j̄b̄

)
+ J

(1),FF
2,qq (i, j)A0

3(i, k, j) BH,0
0

(
īb, j̄b̄

)
, (1.90)

Bhy1g1HT(ib, jg, kb̄) = −
[
Ĵ

(1),FF
2,qg (i, k) + Ĵ

(1),FF
2,qg (j, k)

]
BH,0

1 (ib, kg, jb̄)

+ Â1
3(i, k, j) BH,0

0

(
īb, j̄b̄

)
+
[
Ĵ

(1),FF
2,qg (i, k) + Ĵ

(1),FF
2,qg (j, k)

]
A0

3(i, k, j) BH,0
1 (ib, kg, jb̄). (1.91)

The integrated antennæ subtract poles of the loop amplitudes and the regular antennæ are
responsible for mimicking the soft and collinear limits as usual. Explicit expressions for them
are all found in ref. [8].

Once again, I tested that the poles of the real–virtual amplitudes and their corresponding
subtraction terms cancel analytically and also carried out spike tests to verify the expected
behaviour in all unresolved limits. Two examples of the latter are shown in Figure 1.23.

1.5.6 Double-Virtual Decay dσVV
H→bb̄ (ib, kb̄)

The double-virtual decay cross section can be expressed as

dσVV
H→bb̄ = N VV

H→bb̄

(
1 − 1

N2
c

)
dΦdec.

2 (pH; pi, pj) ×

{
BH,2

0 (ib, jb̄) − 1
N2

c
B̃H,2

0 (ib, jb̄) + nF
Nc

B̂H,2
0 (ib, jb̄)

}
, (1.92)

with the two-loop virtual amplitudes BH,2
0 standing for the leading-colour, B̃H,2

0 for the
subleading-colour, and B̂H,2

0 for the nF-proportional contributions. An example of the gen-
uine two-loop contributions that need to be interfered with the leading-order decay diagram
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Figure 1.23: Spike tests for a soft 6g limit in (a) for the leading-colour real–virtual decay
amplitude BH,1

1 (5b, 6g, 7b̄); and a 6g ∥ 7b̄ collinear limit in (b) for the subleading-colour real–
virtual decay amplitude B̃H,1

1 (5b, 6q, 7b̄). A total of 10000 configurations were probed in all
cases. The amplitudes shown here all had leading-order ZH production attached to them.

of Figure 1.3 is illustrated in Figure 1.24. The amplitudes have been taken from ref. [37] and
modified to fit the NNLOJET framework. In particular, the double-virtual U subtraction
terms already had their Catani pole structure subtracted, therefore this had to be performed
for the double-virtual matrix elements as well. I modified a script—originally written by
Alexander Huss for Drell–Yan production—so that it is applicable to these H → bb̄ decay
two-loop amplitudes as well. The resulting expressions for the B-type amplitudes appearing
in (1.92) are found explicitly in Appendix A.17.

Double-Virtual Decay Subtraction dσU
H→bb̄ (ib, kb̄)

The double-virtual decay subtraction term is the following:

dσU
H→bb̄ = N VV

H→bb̄

(
1 − 1

N2
c

)
dΦdec.

2 (pH; pi, pj) ×

{
By0g2HU(ib, jb̄) − 1

N2
c
Bty0g2HU(ib, jb̄) + nF

Nc
Bhy0g2HU(ib, jb̄)

}
. (1.93)

The individual subtraction amplitudes are

By0g2HU(ib, jb̄) = − A0
3(i, j)

[
BH,1

0 (ib, jb̄) − b0
ϵ

BH,0
0 (ib, jb̄)

]
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Figure 1.24: An example contribution to the double-virtual H → bb̄ decay amplitude.

− b0
ϵ

(sij)−ϵA0
3(i, j) BH,0

0 (ib, jb̄), (1.94)

Bty0g2HU(ib, jb̄) = − A0
3(i, j) BH,1

0 (ib, jb̄)

− 1
2

Ã0
4(i, j) BH,0

0 (ib, jb̄)

− 2C0
4(i, j) BH,0

0 (ib, jb̄)

− Ã1
3(i, j) BH,0

0 (ib, jb̄), (1.95)

Bhy0g2HU(ib, jb̄) = + b0,F
ϵ

A0
3(i, j) BH,0

0 (ib, jb̄)

− B0
4(i, j) BH,0

0 (ib, jb̄)

− Â1
3(i, j) BH,0

0 (ib, jb̄)

− b0,F
ϵ

(sij)−ϵA0
3(i, j) BH,0

0 (ib, jb̄). (1.96)

The symbols b0 and b0,F represent the colour decomposition of the first coefficient of the
QCD β function

β0 = b0Nc + b0,FnF with b0 = 11
6

and b0,F = −1
3

. (1.97)

Formulæ for the integrated antennæ are found in ref. [8].

Naturally, I tested the analytical pole cancellations between the double-virtual and their
corresponding subtraction amplitudes here as well.

This concludes the list of all the contributions that are necessary for a combination of V H
production with H → bb̄ decay at O(α2

s ) precision. The next step was to produce integrated
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cross sections and differential distributions in observables while using a jet algorithm suitable
to this end.

1.6 Jet Clustering for the V H Process

The goal of this chapter of the thesis is to provide fixed-order predictions for the hadron-
level process pp → ℓℓ̄ + 2 b-jets + X, i.e. yielding a final state that contains flavour-tagged
bottom-quark jets (b-jets) and (charged) leptons. The presence of two identified b-jets with
a combined invariant mass consistent with mH allows us to associate this final state with
the underlying process pp → V H + X → ℓℓ̄ bb̄ + X. The identification of jet flavour is an
essential component of any experimental analysis of this process, which is required to reduce
otherwise overwhelming background processes. It is therefore also an integral part of the
requirements needed to obtain the corresponding theoretical predictions.

The computation of such observables at fixed order requires the application of a flavour-
sensitive jet algorithm that—besides reconstructing flavour-insensitive properties such as
four-momenta—identifies the flavour of the reconstructed jets based on some well-defined
(infrared-safe) criteria. The theoretical discussion and specific implementation the flavour-
tagging layer along with the infrared-safe flavour-kt algorithm [43] into the NNLOJET code-
base is described in detail in Chapter 3 of the thesis. Here we discuss a few specific points
related to the application of the jet algorithm to the V H process, which will be relevant to
the results presented in later sections of this thesis.

The first point is that we wish to apply the flavour-kt algorithm to the partonic process
qq̄ → V H → ℓℓ̄ bb̄, including NNLO QCD corrections which were discussed in Section 1.5.
When higher-order corrections are considered, additional light or b-quark partons can be
emitted from both the production and decay sides, as illustrated in Figure 1.1. The jet
clustering is performed by considering b-quarks to be flavoured (all other partons carrying
zero flavour) and fully accounting for emissions from both production and decay during the jet
clustering process. While our calculation focuses on the decay subprocess H → bb̄, it has been
implemented in such a way that predictions for the hadronic process pp → ℓℓ̄ + 2 c-jets + X

can also be easily produced. This may be interesting in view of possible future measurements
by the LHCb Collaboration [57].

The second point is that the definition of the transverse momentum of the beam ktB

in [43], also reviewed later in Section 3.2 is altered to account for the presence of a leptonically
decaying gauge boson. This is done by modifying eq. (3.4) according to

k̃tB(y) = ktB(y) + Et,V

(
Θ(yV − y) + Θ(y − yV )eyV −y) , (1.98)
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where Et,V and yV are the transverse energy and rapidity of the reconstructed gauge boson. A
similar modification to the beam transverse momentum at negative rapidity (3.5) is assumed.
This modification is introduced to provide a better estimate of the hardness of the beam,
which can affect the clustering outcome. One could alternatively modify the beam hardness
by including the charged leptons, which may be necessary in experimental situations where
the gauge boson cannot be fully reconstructed.

1.7 Numerical Results

In this section I will present phenomenological results obtained for all three V H processes
from our implementation in NNLOJET covered in previous sections. First, I will summarize
the general setup in Section 1.7.1 then I will move on to discuss the obtained integrated
fiducial cross sections in Section 1.7.2. Lastly, I devote Section 1.7.3 to the description
and validation of the scale dependence of the numerical results and will present differential
distributions for flavour-sensitive observables in Section 1.7.4.

1.7.1 General Setup

We have generated predictions for proton–proton collisions at
√

s = 13 TeV using the parton
distribution function NNPDF31_nnlo_as_0118 provided via the LHAPDF library [58]. Each event
was required to contain at least two b-jets with transverse momentum p⊥,b > 25 GeV and
rapidity |yb| < 2.5. Charged leptons were required to have a transverse momentum above
p⊥,ℓ > 15 GeV and their rapidity had to satisfy |yℓ| < 2.5. For the W±H processes, we
additionally demanded a minimum missing transverse energy of E⊥,miss > 15 GeV to identify
the neutrino in the final state. We used the flavour-kt algorithm with an even-tag exclusion
to cluster b-jets as described in Sections 3.2 and 1.6 with the parameters R = 0.5 and α = 2.

We employed the Gµ scheme for the electroweak input parameters with the full set of
independent parameters entering the computation given by

mZ = 91.1876 GeV, mW = 80.385 GeV, mH = 125.09 GeV,

ΓZ = 2.4952 GeV, ΓW = 2.085 GeV, ΓH = 4.1 MeV,

mb(mb) = 4.18 GeV, mpole
t = 173.21 GeV, GF = 1.166 378 7 × 10−5 GeV−2. (1.99)

The running of the strong coupling αs was evaluated using the LHAPDF library with the
associated PDF set, while the MS mass of the bottom quark mb at the given renormalization
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W+H W−H ZH

σLO [fb] 18.06 +2.87
−2.41 11.96 +1.90

−1.60 4.83 +0.77
−0.65

σNLO [fb] 21.52 +0.88
−1.08 14.21 +0.58

−0.71 5.71 +0.22
−0.28

σNNLO [fb] 20.68 +0.16
−0.46 13.64 +0.11

−0.31 5.92 +0.13
−0.16

Table 1.1: The fiducial cross sections for all V H processes according to the setup of Sec-
tion 1.7.1. The error on the values represents the theoretical uncertainty which was obtained
by taking the minimum and maximum values of the 21-point scale variation.

scale was directly computed within NNLOJET using an implementation of ref. [59]. Finally,
in the case of W±H production, we assumed a diagonal CKM matrix for the vector-boson–
quark couplings.

For the unphysical scales appearing in the calculation, we chose to set and vary them
independently for the production and decay parts. The central factorization and renormal-
ization scales of the production subprocesses were chosen as the invariant mass of the V H
system MV H, whereas the central renormalization scale of the decay was set to the Higgs-
boson mass mH. We evaluated the differential cross section for a total of 21 different scale
settings that are obtained from all possible combinations of

µF = MV H
[
1, 1

2 , 2
]

, µprod.
R = MV H

[
1, 1

2 , 2
]

, µdec.
R = mH

[
1, 1

2 , 2
]

, (1.100)

with the additional constraint 1
2 ≤ µF/µprod.

R ≤ 2 following the conventional 7-point scale
variation for the production subprocess.

1.7.2 Fiducial Cross Section

The integrated cross-section predictions including fiducial cuts for the different V H processes
are summarized in Table 1.1 at the various orders in αs.

Regarding the W±H fiducial values, we observe an O(20%) increase in the cross section
from the NLO corrections and a slight O(5%) decrease when going from NLO to NNLO.
The minimum and the maximum values of the 21-point scale variations yield the theoretical
uncertainties of our predictions, which are O(15%) at LO, O(5%) at NLO, and reduce to
only O(2%) at NNLO with a three-fold asymmetry between the lower and upper bounds of
the latter values. The decrease in the size of the theoretical uncertainty is apparent at each
of these orders, demonstrating the perturbative convergence of these results in a satisfying
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manner. This will be further accentuated for flavour-sensitive jet observables in Section 1.7.4.

For the ZH fiducial values we see a different behaviour beyond NLO: the gluon–gluon-
induced (one-loop)² contributions of Figures 1.18a and 1.18b dominate the NNLO coefficient,
such that there is an O(4%) increase going from NLO to NNLO, contrasting the decrease seen
for the W±H case. The ZH-exclusive channels open up at NNLO, and therefore the theoret-
ical uncertainty does not exhibit such a strong reduction in size but remains around O(3%).

The reduction of scale uncertainties observed here is spoiled in all cases when a rescaling
prescription is employed that incorporates a fixed branching ratio for the H → bb̄ decay,
as is commonly done in previous calculations, such as [33–35]. The cross sections in these
calculations are assembled in a different manner compared to our expression of eq. (1.1).
Specifically, the Higgs decay at the different orders is scaled up to a fixed value of the
accurately known branching ratio of the H → bb̄ process. Let us review how the cross
section is assembled in this case to better understand why we opted to use the more naïve
formula of eq. (1.1) instead. Up to NNLO the cross sections in the scaled formulation of
refs. [33–35] read

dσscaled
LO =

∫ ddpH
(2π)d

dσ
(0)
V H ×

(
dσ

(0)
H→bb̄

)
× K(0) J2b

, (1.101)

dσscaled
NLO =

∫ ddpH
(2π)d

[
dσ

(1)
V H × dσ

(0)
H→bb̄ × K(0)

+ dσ
(0)
V H ×

(
dσ

(0)
H→bb̄ + dσ

(1)
H→bb̄

)
× K(1)

]
J2b

, (1.102)

dσscaled
NNLO =

∫ ddpH
(2π)d

[
dσ

(2)
V H × dσ

(0)
H→bb̄ × K(0)

+ dσ
(1)
V H ×

(
dσ

(0)
H→bb̄ + dσ

(1)
H→bb̄

)
× K(1)

+ dσ
(0)
V H ×

(
dσ

(0)
H→bb̄ + dσ

(1)
H→bb̄ + dσ

(2)
H→bb̄

)
× K(2)

]
J2b

. (1.103)

The scaling factors K(i) contain the branching ratio and are given by

K(i) = Br(H → bb̄) ΓH∑i
j=0 Γ(j)

H→bb̄

. (1.104)

The branching ratio Br(H → bb̄) is kept fixed and is not a subject to an αs expansion. Let
us elaborate on possible drawbacks that this prescription entails, in particular concerning
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W+H W−H ZH

σscaled
LO [fb] 22.52 +0.63

−0.80 14.91 +0.42
−0.54 6.02 +0.17

−0.21

σscaled
NLO [fb] 22.87 +0.76

−0.87 15.11 +0.51
−0.58 6.06 +0.20

−0.23

σscaled
NNLO [fb] 20.93 +0.61

−0.73 13.80 +0.41
−0.49 6.10 +0.31

−0.31

Table 1.2: The scaled fiducial cross sections at each perturbative order up to O(α2
s ) for all

V H processes according to the setup of eqs. (1.101)–(1.103) used in refs. [33–35]. Contrast
the values and their theoretical uncertainties with those presented in Table 1.1.

theory uncertainties estimated through scale variations.

Firstly, the scaling factors effectively divide out the Yukawa coupling Yb ∝ mb(µdec.
R )

from the prediction. As a result, any running of the mass in the MS scheme exactly cancels
in the final result. This can lead to underestimating the uncertainties, which is especially
apparent at LO where the scale dependence of the Yukawa coupling otherwise dominates
the uncertainties.

Secondly, analyzing the structure of the scaled cross sections at NLO (1.102) and NNLO
(1.103), it is apparent that they are assembled as a sum of terms where different scaling
factors K(i) accompany the different perturbative coefficients of the production cross section
dσ

(j)
V H. This mismatch can interfere with the compensation mechanism between terms of

different orders, possibly distorting the theory error estimate obtained through variations of
the production scale µprod.

R .

To quantify the differences between the two approaches, we reported the fiducial cross
sections in Table 1.2 obtained according to (1.101)–(1.103) using Br(H → bb̄) = 58.09% [60].
Comparing these predictions with those given in Table 1.1 using the unscaled cross section
of eq. (1.1), we observe that the central value of the LO prediction is substantially improved
in the scaled predictions thanks to absorbing higher-order effects into the H → bb̄ decay
through the branching ratio. At NLO, however, the scaled prediction appears to slightly
overestimate the cross section, while the associated theory uncertainties are comparable in
size between the two formulations. At NNLO, both prescriptions agree well in their respective
central values, however, sizable differences can be seen in their associated uncertainties. The
scaled predictions at NNLO show almost no reduction in scale uncertainties—even increasing
for ZH—compared to the respective NLO number, whereas our formulation (1.1) exhibits
a substantial reduction in theoretical uncertainties when going from NLO to NNLO. This
difference can be attributed to the aforementioned compensation of scale dependences, which
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is spoiled by the different rescaling factors used in eq. (1.103).

The effects of dividing out the Yukawa coupling in the decay and the scaling factor
mismatch during the assembly of production cross sections are apparent as the theoretical
uncertainties of the NNLO cross section barely change compared to their NLO values. In our
opinion, the consistent treatment of theoretical uncertainties outweighs the precision gain
that one might (or might not) get by scaling to a fixed branching ratio, especially in the case
of NNLO-accurate observables. This further motivates our initial and simpler formulation
we presented in eq. (1.1) where no scaling factors are applied.

1.7.3 Scale Variations

Verifying the dependence on the renormalization scales µprod.
R and µdec.

R can serve as a non-
trivial check of the final results obtained from the numerical computation, in which cross
sections are calculated independently at different scales. This is especially important after
the previous section where we argued in favour of selecting a more naïve assembly convention
of the factorized production and decay cross sections, in contrast to the one established in
the literature, because this gave us a better handle at the theoretical uncertainties. To this
end, we must validate that the different scale settings of eq. (1.100) are correctly reproduced
by the analytic renormalization-group running starting from the central scale choice. The
analytic expressions for the dependence on µprod.

R have been explicitly derived and given in
ref. [61] and as such, I will not repeat them here.

The dependence (of the decay cross section) on µdec.
R can be derived in a similar fashion,

so let us go through that instead, since I could not find it in existing literature. The running
of the strong coupling αs is governed by the β function

µ2 dαs(µ)
dµ2 = β(αs(µ)) = −αs(µ)

[
β0

(
αs(µ)

2π

)
+ β1

(
αs(µ)

2π

)2
+ β2

(
αs(µ)

2π

)3
+ O(α4

s )
]
,

(1.105)
with the QCD (Nc = 3) β function coefficients

β0 = 1
2

[
11 − 2

3
nF

]
,

β1 = 1
4

[
102 − 38

3
nF

]
,

β2 = 1
8

[2857
2

− 5033
18

nF + 325
54

n2
F

]
. (1.106)
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By solving eq. (1.105), we get the formula

αs(µ0) = αs(µR)
[
1 + β0LR

(
αs(µR)

2π

)
+
(
β2

0L2
R + β1LR

)(αs(µR)
2π

)2
+ O(α3

s )
]
, (1.107)

where the strong coupling αs at a fixed scale µ0 is expressed order-by-order with αs evaluated
at a different scale µR, as seen in ref. [61], from where we also borrowed the notation

LR = ln
(

µR
µ0

)
. (1.108)

The running of the MS mass mb is governed by the mass anomalous dimension γm via
the differential equation

µ2 dmb(µ)
dµ2 = mb(µ) γm(αs(µ))

= −mb(µ)
[
γ0

(
αs(µ)

2π

)
+ γ1

(
αs(µ)

2π

)2
+ γ2

(
αs(µ)

2π

)3
+ O(α4

s )
]
, (1.109)

with the QCD mass anomalous dimension coefficients7

γ0 = 2,

γ1 = 1
2

[202
3

− 20
9

nF

]
,

γ2 = 1
8

[
1249 +

(
−2216

27
− 160

3
ζ3

)
nF − 140

81
n2

F

]
. (1.110)

As seen in ref. [59], solving eq. (1.109) to express the mass mb at a fixed scale µ0 can be
written in the integral form

mb(µ0) = mb(µR) exp
[∫ αs(µ0)

αs(µR)
dα

γm(α)
β(α)

]
. (1.111)

Subsequently, the integrand can be expanded up to O(α) using eqs. (1.105) and (1.109).

7The coefficients βk in eqs. (1.106) and γk in eqs. (1.110) differ to those in ref. [59] with a factor 2k+1 due
to our convention of expanding in αs

2π
instead of αs

π
.
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Performing the integral then gives

mb(µ0) = mb(µR)
(

αs(µ0)
αs(µR)

) γ0
β0

exp
[
A1

αs(µ0) − αs(µR)
2π

+ A2
2

α2
s (µ0) − α2

s (µR)
(2π)2 + O(α3

s )
]
,

(1.112)
borrowing the notation of ref. [59] for the constants

A1 = −β1γ0
β2

0
+ γ1

β0
and A2 = γ0

β2
0

(
β2

1
β0

− β2

)
− β1γ1

β2
0

+ γ2
β0

. (1.113)

Plugging in eq. (1.107) into eq. (1.112) and then expanding in αs up to second order yields
the formula for the running of mb in terms of αs(µR):

mb(µ0) = mb(µR)
[
1 + γ0LR

(
αs(µR)

2π

)
+
(

γ0(β0 + γ0)
2

L2
R + γ1LR

)(
αs(µR)

2π

)2
+ O(α3

s )
]
.

(1.114)

Let us change notation slightly for the formula of the H → bb̄ decay cross section by
detaching the scale-dependent couplings, i.e. the strong coupling αs and the MS bottom-
quark mass mb. Indicating the scale dependences explicitly, the decay cross section up to
NNLO is written as

σH→bb̄(µ0, αs(µ0), mb(µ0)) = m2
b(µ0)×[

σ
(0)
H→bb̄ +

(
αs(µ0)

2π

)
σ

(1)
H→bb̄(µ0) +

(
αs(µ0)

2π

)2
σ

(2)
H→bb̄(µ0) + O(α3

s )
]
, (1.115)

where it is always understood that µ0 = µdec.
R0

is the decay renormalization scale. Inserting
eqs. (1.107) and (1.114) into eq. (1.115) and keeping terms up to O(α2

s ) gives

σH→bb̄(µR, αs(µR), mb(µR)) = m2
b(µR)×[

σ
(0)
H→bb̄ +

(
αs(µR)

2π

){
2γ0LRσ

(0)
H→bb̄ + σ

(1)
H→bb̄(µ0)

}

+
(

αs(µR)
2π

)2 {(
γ0(β0 + 2γ0)L2

R + 2LRγ1
)
σ

(0)
H→bb̄

+(β0 + 2γ0)LRσ
(1)
H→bb̄(µ0) + σ

(2)
H→bb̄(µ0)

}
+ O(α3

s )
]

. (1.116)
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If we compare eq. (1.116) to the decay cross section

σH→bb̄(µR, αs(µR), mb(µR)) = m2
b(µR)×[

σ
(0)
H→bb̄ +

(
αs(µR)

2π

)
σ

(1)
H→bb̄(µR) +

(
αs(µR)

2π

)2
σ

(2)
H→bb̄(µR) + O(α3

s )
]
, (1.117)

evaluated a priori at renormalization scale µR, we can identify the analytic formulæ that
define the running of decay cross-section pieces under scale variations. Explicitly these are

σ
(0)
H→bb̄(µR) = σ

(0)
H→bb̄(µ0) = σ

(0)
H→bb̄, (1.118)

σ
(1)
H→bb̄(µR) = 2γ0LRσ

(0)
H→bb̄ + σ

(1)
H→bb̄(µ0), (1.119)

σ
(2)
H→bb̄(µR) =

[
γ0(β0 + 2γ0)L2

R + 2LRγ1
]
σ

(0)
H→bb̄

+ (β0 + 2γ0)LRσ
(1)
H→bb̄(µ0) + σ

(2)
H→bb̄(µ0). (1.120)

The combined analytic variation of production and decay renormalization scales have
been implemented into NNLOJET as a separate module for the first time, which we can use to
double-check the cross sections that we obtained via independent numerical evaluations. The
comparison between the analytic evolution and the 21 points obtained from the numerical
computation using NNLOJET is shown in Figure 1.25 for the case of the W+H process at
NLO (a–c) and NNLO (d–f). We performed a scan in the two-dimensional (µprod.

R , µdec.
R )

space by choosing three different slices that cover the combinations in eq. (1.100) where the
three choices in the factorization scale µF = MWH

[
1, 1

2 , 2
]

are shown as separate curves:

(a,d) We keep the decay renormalization scale fixed to µdec.
R = mH and vary the scale in the

production subprocess according to

µprod.
R = Kprod.

R × MWH with Kprod.
R ∈

[
1
2 , 2
]
. (1.121)

(b,e) We keep the production renormalization scale fixed to µprod.
R = MWH and vary the

scale in the decay subprocess according to

µdec.
R = Kdec.

R × mH with Kdec.
R ∈

[
1
2 , 2
]
. (1.122)

(c,f) We choose a diagonal slice in the (µprod.
R , µdec.

R ) plane setting Kprod.
R = Kdec.

R ≡ KR with
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the individual scales given as

µprod.
R = KR × MWH and µdec.

R = KR × mH with KR ∈
[

1
2 , 2
]
. (1.123)

Note that the invariant mass MWH constitutes a dynamical quantity that varies on an
event-by-event basis. The curves in Figure 1.25 are obtained by picking the specific bin
MWH ∈ [220, 230] GeV to assign a value to the production scale, where the widths of the
bands in the smooth curves correspond to the uncertainty that arises from the finite bin
width.

We observe an excellent agreement between the numerical results from NNLOJET and
the curves predicted from the renormalization group equations. The dramatic reduction in
scale uncertainties can be further appreciated by contrasting the vertical ranges in the figures
at NLO (left) and NNLO (right). We carried out the same tests also for the W−H and the
ZH processes as well as for other individual MV H bins in the distributions and found that
the scale variation of the numerical results match the analytical formulæ in all cases.

1.7.4 Distributions

In Figures 1.26–1.28 we present differential distributions of flavour-sensitive observables for
the three different associated Higgs boson production processes W+H, W−H, and ZH. We
focused on this set of observables in order to allow for a qualitative comparison with refs. [34,
35]. The observables in question are

(a) the transverse momentum p⊥,b of the leading b-jet,

(b) the transverse momentum p⊥,bb of a pair of two b-jets,

(c) the angular separation ∆Rbb =
√

∆η2
bb + ∆ϕ2

bb of two b-jets,

(d) and the invariant mass mbb of two b-jets,

where in (b–d) the two b-jets are selected whose invariant mass is closest to mH in order to
identify the candidate pair that is most likely to originate from the Higgs decay.

Up to NLO, all three production modes of W+H, W−H, and ZH show similar qualitative
behaviour for all four investigated distributions. However, there are significant phenomeno-
logical differences between the W±H and ZH distributions at NNLO.

NNLO corrections to the W±H cases lead to substantial stabilization of the predictions
for the first three distributions shown in Figures 1.26–1.27, parts (a–c): size and shape are
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only slightly modified at NNLO compared to the NLO predictions; the scale-variation bands,
however, are reduced considerably. In contrast, the first three of the ZH distributions show
an excess of events in the central regions throughout Figure 1.28, parts (a–c). This behaviour
is attributed to threshold effects in the top-quark amplitudes in the dominant gluon–gluon-
induced ZH-exclusive contributions of Figure 1.18. As mentioned earlier, these channels first
contribute at NNLO, which also explains the widening of the theoretical uncertainty bands
around the threshold regions of these distributions.

Concerning the invariant mass distribution of all three production modes shown in Fig-
ures 1.26d–1.28d, the features previously noted in refs. [34, 35] can be confirmed by our
predictions as well: due to the very narrow width of the Higgs boson, the mbb distribution
has a natural kinematic threshold at mH = 125.09 GeV and the phase space away from this
value is barely populated at leading order. Consequently, NNLO corrections are effectively
NLO-accurate for most of the bins, which explains the large corrections and relatively larger
uncertainty bands for these distributions. The left shoulder below mH is mainly the result
of radiation from the decay, whereas the shoulder above mH is due to radiative corrections
to the production. Fixed-order predictions at the threshold region of mbb ≈ mH, however,
should not be trusted as they are prone to Sudakov-type instabilities. A proper treatment
of this region would require the inclusion of resummation effects. In our case, the binning
is sufficiently coarse so that such instabilities only manifest in larger uncertainty bands for
the mbb = mH bin and not as an explicit divergence.

1.8 Summary and Conclusions

This chapter of the thesis enumerated the new elements that were required for the calculation
of NNLO corrections to the associated Higgs boson production processes W+H, W−H, and
ZH. The calculation includes off-shell leptonic decay of the gauge bosons as well as the
Higgs decaying into a bottom–antibottom quark pair. It consistently takes into account
NNLO corrections to the production and decay subprocesses and fully retains the differential
information on the final state.

The study of V H processes with H → bb̄ decay critically relies on the tagging of bottom
jets in order to isolate the candidate pairs associated with the Higgs boson. The theoreti-
cal and technical details of our independent implementation of the infrared-safe flavour-kt

algorithm into the NNLOJET parton-level generation and the necessary modifications this
entailed in the framework of the antenna subtraction formalism will be discussed in Chapter 3

A detailed account was given on the residual theory uncertainties by allowing the scales
in the production and decay subprocesses to vary independently. This conservative approach
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resulted in taking the envelope of 21 scale variations for the full process but allowed for a
more comprehensive view into the impact of higher orders on the reduction of scale uncer-
tainties. The NNLO corrections to the fiducial cross section were found to exhibit a good
perturbative convergence with residual uncertainties at the percent level. We contrasted our
naïve perturbative expansion of the cross section with a more commonly employed rescaling
procedure using the branching ratio Br(H → bb̄), where we observed the latter to over-
estimate the residual scale uncertainties. This was attributed to a miscancellation in the
scale dependence among the terms that receive different rescaling factors and it lead us to
advocate the simpler prescription in order to be more reliable beyond NLO.

Flavour-sensitive observables were studied by investigating differential distributions where
a similar stabilization of the perturbative series was found as in the cross sections. Larger
effects from higher-order corrections were seen in the invariant mass distributions of two
b-jets, which can be attributed to these observables being only NLO-accurate away from
mbb ∼ mH. A comparison between the W±H and ZH processes showed qualitatively similar
behaviour but also emphasized the phenomenologically sizable impact that arose from the
gluon–gluon-induced top quark loop amplitudes.
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Figure 1.25: Numerical versus analytical scale variation of the W+H process at NLO (left)
and NNLO (right) for the bin 220 GeV ≤ MWH ≤ 230 GeV and three different slices in the
(µprod.

R , µdec.
R ) plane.
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Figure 1.26: Flavour-sensitive jet distributions for the W+H process showing (a) the trans-
verse momentum of the leading b-jet, (b) the transverse momentum of the b-jet pair, (c) the
angular separation of the b-jet pair, and (d) the invariant mass of the b-jet pair closest to
the Higgs boson mass. The upper panel contains the absolute values while the lower panel
shows the bin-by-bin ratios with respect to the previous order evaluated at the central scale.

82



CHAPTER 1. VH 1.8. SUMMARY

50 100 150 200 250 300
0.00

0.05

0.10

0.15

0.20

0.25

d
/d

p
,b
[f

b/
Ge

V]

pp W HNNLOJET s =13 TeV
LO
NLO
NNLO

50 100 150 200 250 300
p ,b [GeV]

1.0

1.5

2.0

Ra
ti

o

NLO/LO
NNLO/NLO

(a)

0 50 100 150 200 250 300
0.00

0.02

0.04

0.06

0.08

0.10

0.12

0.14

d
/d

p
,b

b[
fb

/G
eV

]

pp W HNNLOJET s =13 TeV
LO
NLO
NNLO

0 50 100 150 200 250 300
p ,bb [GeV]

0.8

1.0

1.2

1.4

1.6

Ra
ti

o

NLO/LO
NNLO/NLO

(b)

0.5 1.0 1.5 2.0 2.5 3.0
0

2

4

6

8

10

d
/
R b

b[
fb
]

pp W HNNLOJET s =13 TeV
LO
NLO
NNLO

0.5 1.0 1.5 2.0 2.5 3.0
Rbb [rad]

0.75

1.00

1.25

1.50

1.75

Ra
ti
o

NLO/LO
NNLO/NLO

(c)

80 100 120 140 160
10 3

10 2

10 1

100

d
/m

bb
[f

b/
Ge

V]

pp W HNNLOJET s =13 TeV
LO
NLO
NNLO

80 100 120 140 160
mbb [GeV]

0.5

1.0

1.5

2.0

Ra
ti

o

NLO/LO
NNLO/NLO

(d)

Figure 1.27: Flavour-sensitive jet distributions for the W−H process showing (a) the trans-
verse momentum of the leading b-jet, (b) the transverse momentum of the b-jet pair, (c) the
angular separation of the b-jet pair, and (d) the invariant mass of the b-jet pair closest to
the Higgs boson mass. The upper panel contains the absolute values while the lower panel
shows the bin-by-bin ratios with respect to the previous order evaluated at the central scale.

83



1.8. SUMMARY CHAPTER 1. VH

50 100 150 200 250 300
0.00

0.02

0.04

0.06

0.08

0.10

d
/d

p
,b
[f

b/
Ge

V]

pp ZHNNLOJET s =13 TeV
LO
NLO
NNLO

50 100 150 200 250 300
p ,b [GeV]

1.0

1.5

2.0

Ra
ti

o

NLO/LO
NNLO/NLO

(a)

0 50 100 150 200 250 300
0.00

0.01

0.02

0.03

0.04

0.05

d
/d

p
,b

b[
fb

/G
eV

]

pp ZHNNLOJET s =13 TeV
LO
NLO
NNLO

0 50 100 150 200 250 300
p ,bb [GeV]

0.8

1.0

1.2

1.4

1.6

Ra
ti

o

NLO/LO
NNLO/NLO

(b)

0.5 1.0 1.5 2.0 2.5 3.0
0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

d
/
R b

b[
fb
]

pp ZHNNLOJET s =13 TeV
LO
NLO
NNLO

0.5 1.0 1.5 2.0 2.5 3.0
Rbb [rad]

0.75

1.00

1.25

1.50

1.75

Ra
ti
o

NLO/LO
NNLO/NLO

(c)

80 100 120 140 160
10 3

10 2

10 1

100

d
/m

bb
[f

b/
Ge

V]

pp ZHNNLOJET s =13 TeV
LO
NLO
NNLO

80 100 120 140 160
mbb [GeV]

0.5

1.0

1.5

2.0

Ra
ti

o

NLO/LO
NNLO/NLO

(d)

Figure 1.28: Flavour-sensitive jet distributions for the ZH process showing (a) the transverse
momentum of the leading b-jet, (b) the transverse momentum of the b-jet pair, (c) the
angular separation of the b-jet pair, and (d) the invariant mass of the b-jet pair closest to
the Higgs boson mass. The upper panel contains the absolute values while the lower panel
shows the bin-by-bin ratios with respect to the previous order evaluated at the central scale.
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Chapter 2

Associated Higgs Boson Plus Jet
Production

I will present O(α3
s ) corrections to associated Higgs boson plus jet production in this chapter.

This is a class of V H production that is defined by requiring at least a single hard jet among
the final states in addition to a vector and a Higgs boson. Similarly to Chapter 1, our
predictions are given with the mediating off-shell vector bosons—charged W± or neutral
Z bosons as before—decaying leptonically, keeping the spin correlations between the initial
and final states. As this is the first time such a production process is calculated at NNLO
precision, I will show results in which the Higgs boson is on shell and does not decay. A
publication [2] of the results of this chapter is currently in preparation and I will often insert
excerpts from its draft at the time of writing.

First, I will introduce the experimental and theoretical status of the V H+jet process in
Section 2.1. It will be apparent that it is not as widely studied as V H without a resolved jet
neither by the experimental nor by the theoretical community, making this thesis a pioneering
work for V H+jet production. Section 2.2 will present the computational framework for our
predictions, naturally carrying over essential concepts from V H production of Chapter 1.
Moreover, we will ascertain that genuine new additions are only those of the O(α3

s ) NNLO
coefficient, which is the subject of Section 2.3. Specifically, its building blocks are enumerated
in Section 2.3.1 for double-real, in Section 2.3.2 for real–virtual, and finally in Section 2.3.3
for double-virtual cross sections. The subsequent Section 2.4 is dedicated to presenting and
analyzing numerical predictions of W±H+jet acquired from NNLOJET with the experimental
setup of Section 2.4.1 for 13 TeV center-of-mass energy LHC runs. The resulting fiducial cross
sections are found in Section 2.4.2, in which we also examine the phenomenological effect
and validity of the included Yukawa-induced top loop contributions besides the usual Drell–
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Yan-like ones. Last, but not least, a few selected differential distributions are displayed in
Section 2.4.3. I will conclude the chapter in Section 2.5 with a brief summary and an outlook
on possible useful extensions of this process within NNLOJET for future studies.

2.1 Process Background

Compared to V H production without a hard jet, the requirement of an additional hadronic jet
has the potential of providing more differential information on the final state and being more
sensitive to QCD radiation effects. While experimental data are becoming more and more
available for V H production including specific Higgs decay modes, there is at present much
less for V H+jet production. In fact, first experimental measurements of a simplified template
cross section as a function of the vector boson transverse momentum for this category have
only been reported recently by the ATLAS collaboration in refs. [23, 25].

The state of the art on the theoretical side is also notably different for the two V H
production processes with or without a hard jet: fixed order V H+jet calculations were
only available up to NLO QCD corrections so far for an on-shell Higgs boson, compared
to the variety of higher-order predictions for V H including H → bb̄ decay we recounted in
Section 1.1. Most recently the combination of NLO QCD computations for V H and V H+jet
production have been merged in the context of parton showers to provide full NLO+PS
simulations for the two on-shell Higgs production modes in refs. [40–42] and lately including
electroweak corrections in ref. [62] as well.

The purpose of this chapter is to provide a new level of fixed-order theoretical precision
for W±H+jet production observables where the charged vector boson decays leptonically and
the Higgs boson is produced on-shell. We will include QCD corrections to the computation of
Drell–Yan-type and non-Drell–Yan contributions up to O(α3

s ) and O(α2
s ), respectively. This

is an important step towards computing V H+jet observables that eventually also include
the decay of the Higgs boson into a bottom–antibottom pair, but this is beyond the scope
of this thesis.

2.2 General Framework

Having at least a single hadronic jet among the final states, the parton-level Born contri-
butions to V H+jet production are almost exactly the same as those present for real V H
production listed in eqs. (1.23)–(1.25) of Section 1.4.1. However, there are some differences
in the formulation due to the Higgs boson being on shell and simply because V H+jet is a
process with different defining equations than V H without the resolved jet. Let us investi-
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gate how the Born cross section can be written for V H+jet that will outline the similarities
and differences of the framework compared to Chapter 1.2.

The Born cross sections for the contributing three different partonic channels are given
by

dσ̂B
V Hj,qq̄ =

N B
V Hj

(2Nc)2 dΦH
3

(
p1, p2; {pf }5

f=3

)
J (1)

1 (p3) BV H,0
1

(
1̂q, 3g, 2̂q̄; 4ℓ, 5ℓ̄

)
, (2.1)

dσ̂B
V Hj,qg =

N B
V Hj

(2Nc)[2(N2
c − 1)]

dΦH
3

(
p1, p2; {pf }5

f=3

)
J (1)

1 (p3) BV H,0
1

(
1̂q, 2̂g, 3q̄; 4ℓ, 5ℓ̄

)
, (2.2)

dσ̂B
V Hj,q̄g =

N B
V Hj

(2Nc)[2(N2
c − 1)]

dΦH
3

(
p1, p2; {pf }5

f=3

)
J (1)

1 (p3) BV H,0
1

(
3q, 2̂g, 1̂q̄; 4ℓ, 5ℓ̄

)
. (2.3)

The fundamental difference in the definition of the processes is indicated by the jet function
J (1)

1 . Whereas in Chapter 1 the presence of two flavoured b-jets were required—originating
exclusively from the H → bb̄ decay—at leading order, the formulæ (2.1)–(2.3) demand the
presence of a single unflavoured jet. The Higgs boson does not decay, therefore jets can
only be reconstructed using partons radiated from the initial states. Not distinguishing any
flavour also permits us to use flavour-insensitive jet algorithms from the kt family, with our
choice always falling onto the anti-kt algorithm.

The on-shell condition of the Higgs boson is incorporated into the phase space element,
which now takes the standard form of

dΦH
n−2

(
p1, p2; {pf }n

f=3

)
=

 n∏
f=3

dd−1pf

(2π)d−1 (2Ef )

[ ddpH
(2π)d−1 δ+

(
p2

H − m2
H

)]
×

(2π)d δ(d)
(
p1 + p2 − pH −

∑n
f=3 pf

)
. (2.4)

Provided we formulate the amplitudes in a way in which they do not depend explicitly on
the momentum pH of the Higgs boson, we can integrate it out trivially using the Dirac delta
distribution for momentum conservation, yielding

dΦH
n−2

(
p1, p2; {pf }n

f=3

)
= (2π)

 n∏
f=3

dd−1pf

(2π)d−1 (2Ef )

 δ+
[(

p1 + p2 −
∑n

f=3 pf

)2
− m2

H

]
.

(2.5)
Besides the addition of a factor of (2π) in front, the expression (2.5) describes an (n − 2)-
body massless phase space without momentum conservation and appropriate sampling of
the momenta whose total invariant mass is mH, the mass of the Higgs boson.
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The amplitudes in Chapter 1 for V H production—both Drell–Yan-like and loop-induced
contributions—were formulated in a way that do not depend explicitly on the momentum
of the Higgs boson. As outlined in Section 1.3.2, these amplitudes do not conserve mo-
mentum between the QCD partons and final-state leptons, enabling their usage for V H+jet
production of an on-shell Higgs boson with the phase-space formula (2.5).

The normalization factor in eqs. (2.1)–(2.3) can be expressed with that of V H production
of one order higher in αs. The expression

NV Hj = NV H

(
αsNc
2π

)[
1 − 1

N2
c

]
(2.6)

holds at all levels for the normalization factors of V H+jet production.

The formulation of NLO O(α2
s ) V H+jet production cross sections is thus a transition

from the NNLO O(α2
s ) V H ones. This is carried out in an identical fashion to the transition

from NLO O(αs) V H cross sections to LO O(αs) V H+jet ones shown in eqs. (2.1)–(2.3).
Accordingly, real V H+jet amplitudes are those of double-real V H production of Section 1.5.1
and virtual V H+jet amplitudes are those of real–virtual V H production of Section 1.5.3.

In principle, the subtraction terms can be converted in an identical manner as well.
However, the jet function J (n)

1 for V H+jet production will always cut contributions without
a single hard jet, essentially vetoing all unresolved limits in the SNLO O(αs) and T O(α2

s )
V H subtraction terms and all double unresolved limits in the S O(α2

s ) ones. One could
argue that approaching the subtraction terms this way is slightly tautological: a process
should not require any subtraction terms at its Born level and only single ones at NLO.
From the practical perspective, however, this means that we can recycle the V H subtraction
amplitudes up to O(α2

s ) while omitting the terms which would anyway be vetoed by the jet
function.

The genuine new contributions to V H+jet production are those of the O(α3
s ) NNLO

coefficient. In order to implement these, we followed a similar path to what we took for V H
production without a resolved jet. The Drell–Yan-like contributions, in other words those of
V +jet production are already available in NNLOJET with several phenomenological studies
stemming from it in the literature [63–67]. The argument brought forward in Section 1.3.2
regarding non-momentum-conserving Drell–Yan-like amplitudes holds here as well. These
amplitudes need to be derived independently, but once they are known, the subtraction
terms of V +jet can be converted to those of V H+jet by swapping out the reduced matrix
elements. For NNLO V H+jet production, these non-momentum-conserving Drell–Yan-type
amplitudes are only partially derived (and validated) by us, a portion of them were evaluated
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using libraries from OpenLoops 2 [53]. Interfacing OpenLoops 2 with NNLOJET carries
some additional complications, mostly originating from OpenLoops not decomposing its
amplitudes into different colour levels. This mismatch in conventions has to be mended by
redefining subtraction terms to include all colour levels, a procedure I will describe in great
detail, channel-by-channel in Section 2.3 whenever OpenLoops amplitudes are used.

The important non-Drell–Yan top loop contributions are only accounted for up to O(α2
s )

NLO level. While all closed fermion-loop contributions for V H+jet production are known
at real–virtual level, many of the required double-virtual, genuine two-loop amplitudes are
presently unknown. They are both required for a gauge-invariant prediction and cannot be
untangled from each other: not including the unknown double-virtual amplitudes necessarily
prevents us from including any at real–virtual level either. Nevertheless, based on the results
presented in Section 2.4, we will argue that including Yukawa-induced top loop contributions
up to only NLO is phenomenologically sufficient and in fact necessary for a NNLO-accurate
W±H+jet prediction.

An exception is the gauge-invariant subset of gluon–gluon-induced (one-loop)² amplitudes
which are present exclusively for ZH+jet production, similar to those in Figure 1.18 for
the ZH process without a hard jet. They are included in our calculation and likely to be
phenomenologically relevant due to high gluon luminosity in LHC collisions. Having said
that, only W±H+jet results will be presented in this thesis: at the time of writing these
lines ZH+jet results are still pending. Nonetheless, for the sake of completion, I will cover
all elements of the NNLO coefficient for both ZH+jet and W±H+jet production as both of
these processes are fully implemented into NNLOJET.

2.3 Next-to-Next-to-Leading Order

In this section, I will go through the RR, RV, and VV contributions to the NNLO coefficient
of V H+jet production in a similar fashion to Section 1.5 of the previous chapter. As shown
in eq. (2.6), the normalization prefactors that appear throughout the V H+jet NNLO cross
sections can be summarized in terms of the prefactors of the V H NNLO cross sections (1.49)–
(1.51) as

N RR
V Hj = N RR

V H

(
αsNc
2π

)
N2

c − 1
N2

c
, (2.7)

N RV
V Hj = N RV

V H

(
αsNc
2π

)
N2

c − 1
N2

c
, (2.8)
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(a) (b)

Figure 2.1: Example of a B-type diagram in (a) and a C-type one in (b) which contribute
to double-real V H+jet production.

N VV
V Hj = N VV

V H

(
αsNc
2π

)
N2

c − 1
N2

c
. (2.9)

Let us then move onto enumerating the different NNLO contributions.

2.3.1 Double-Real Cross Section

I will present all the partonic channels ordered in the same way as in Section 1.5.1. There
are two different parton-level processes: a B-type one with one quark line and three gluons
and a C-type process with two disconnected quark lines and a single gluon. Two examples
of diagrams contributing to these amplitudes are depicted in Figure 2.1.

As usual in the NNLOJET formalism, the B-type amplitude is separated into colour-
ordered pieces, which are denoted as BV H,0

3 for the leading-colour piece, B̃V H,0
3 for the

subleading-colour piece, and ˜̃BV H,0
3 for the sub-subleading-colour piece. The formulæ for

these B-type amplitudes is found in Appendix A.10.

The C-type amplitude, however, was evaluated using OpenLoops 2 [53] and the conven-
tion used there is not to separate the amplitude according to colour ordering. Nevertheless,
I will indicate the way one would do such a separation, which is important to know when
one wishes to assemble the subtraction terms for an OpenLoops amplitude implemented
into NNLOJET. This is because the subtraction terms—which are recycled from the V +jet
calculation—were originally created for amplitudes separated into various colour levels and
we need to add them up accordingly for the correct subtraction.

The colour-level separation for the C-type partonic processes entails the following am-
plitudes: the leading-colour CV H,0

1 , the subleading-colour C̃V H,0
1 , the sub-subleading-colour

˜̃CV H,0
1 , the leading-colour DV H,0

1 , and the subleading-colour D̃V H,0
1 . The D-type amplitudes
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themselves are interference terms when the separate quark lines either are of identical flavour
(present for ZH+jet) or contain at least one identical flavour (present for WH+jet). In order
to avoid confusion, I will list the contributions separately for ZH+jet and WH+jet produc-
tion and use the same notational convention concerning the labelling of quarks as established
in Section 1.5.1, the section listing the double-real contributions for V H production.

The C-type OpenLoops amplitudes for a given parton-level ordering can be constructed
according to

CZH,0
1,OL

(
iq, jg, kQ̄, lQ, mq̄; 6ℓ, 7ℓ̄

)
=

N RR
ZHj
A

1
Nc

{
CZH,0

1

(
iq, jg, kQ̄, lQ, mq̄; 6ℓ, 7ℓ̄

)

+ 1
N2

c

[
C̃ZH,0

1

(
iq, jg, kQ̄, lQ, mq̄; 6ℓ, 7ℓ̄

)
− ˜̃CZH,0

1

(
iq, jg, kQ̄, lQ, mq̄; 6ℓ, 7ℓ̄

)]}
, (2.10)

CWH,0
1,OL

(
iq, jg, kQ̄, lQ, mq̄; 6ℓ, 7ℓ̄

)
=

N RR
WHj
A

1
Nc

{
CWH,0

1

(
iq, jg, kQ̄, lQ, mq̄′ ; 6ℓ, 7ℓ̄

)

+ 1
N2

c

[
C̃WH,0

1

(
iq, jg, kQ̄, lQ, mq̄′ ; 6ℓ, 7ℓ̄

)
− ˜̃CWH,0

1

(
iq, jg, kQ̄, lQ, mq̄′ ; 6ℓ, 7ℓ̄

)]}
. (2.11)

In general, the structure above always assumes that Q ̸= q and Q ̸= q′. In case of flavour
assignments containing identical quarks, the necessary symmetry factors are inserted and
the permutations are carried out on the OpenLoops amplitude level, as this will be apparent
later. Therefore the structure of eqs. (2.10) and (2.11) does not change even if Q = q or
Q = q′ inside their arguments. The averaging factor A that accounts for all the initial
spin/polarization and colour states depends on which partons are in the initial state. For
the above C-type amplitudes and the upcoming D-type ones, it is either A = (2Nc)2 for
(anti)quark–(anti)quark channels or A = (2Nc)

[
2(N2

c − 1)
]

for (anti)quark–gluon ones.

The structure of the OpenLoops D-type identical-quark interference amplitudes is the
following:

DZH,0
1,OL(iq, jg, kq̄, lq, mq̄; 6ℓ, 7ℓ̄) = −

N RR
ZHj
A

1
S

×

1
N2

c

{
DZH,0

1 (iq, jg, kq̄, lq, mq̄; 6ℓ, 7ℓ̄) −
[
1 − 1

N2
c

]
D̃ZH,0

1 (iq, jg, kq̄, lq, mq̄; 6ℓ, 7ℓ̄)
}

,

(2.12)

DWH,0
a,1,OL

(
iq, jg, kq̄, lq, mq̄′ ; 6ℓ, 7ℓ̄

)
= −

N RR
WHj
A

1
S

×
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1
N2

c

{
DWH,0

a,1
(
iq, jg, kq̄, lq, mq̄′ ; 6ℓ, 7ℓ̄

)
−
[
1 − 1

N2
c

]
D̃WH,0

a,1
(
iq, jg, kq̄, lq, mq̄′ ; 6ℓ, 7ℓ̄

)}
,

(2.13)

DWH,0
b,1,OL

(
iq, jg, kq̄′ , lq′ , mq̄′ ; 6ℓ, 7ℓ̄

)
= −

N RR
WHj
A

1
S

×

1
N2

c

{
DWH,0

b,1

(
iq, jg, kq̄′ , lq′ , mq̄′ ; 6ℓ, 7ℓ̄

)
−
[
1 − 1

N2
c

]
D̃WH,0

b,1

(
iq, jg, kq̄′ , lq′ , mq̄′ ; 6ℓ, 7ℓ̄

)}
.

(2.14)

The sub-subleading-colour ˜̃DV H,0
1 amplitudes are the same as the subleading-colour D̃V H,0

1

ones, explaining the 1 − 1/N2
c prefactor in front of the amplitudes with the tilde accent.

Similarly to WH production, we distinguish Da- and Db-type amplitudes for the WH+jet
case, depending on which three quarks are of identical flavour. The symmetry factor S is
built into the amplitudes (2.12)–(2.14) and depending on the channel it can be either 1

S = 1
2!

for two identical quarks or 1
S = 1 when no identical particles are present in the final state.

Before moving onto the partonic channel breakdown, I would like to emphasize once again
that only the left-hand side of eqs. (2.10)–(2.14), the OpenLoops amplitudes are implemented
into NNLOJET. Knowing the right-hand side, the breakdown in colour structure, is important
for constructing the subtraction terms.

Quark–Quark Initiated (Non-Identical Flavour)

dσ̂RR
ZHj,qQ

= dΦ5
(
p1, p2; {pi}7

i=3

)
J (3)

1 (p3, p4, p5) CZH,0
1,OL

(
1̂q, 3g, 4Q̄, 2̂Q, 5q̄; 6ℓ, 7ℓ̄

)
, (2.15)

dσ̂RR
WHj,qQ

= dΦ5
(
p1, p2; {pi}7

i=3

)
J (3)

1 (p3, p4, p5) CWH,0
1,OL

(
1̂q, 3g, 4Q̄, 2̂Q, 5q̄′ ; 6ℓ, 7ℓ̄

)
. (2.16)

The WH+jet cross section has an additional permutation and subleading-colour interference
term when Q = q′, in other words

dσ̂RR
WHj,qq′ = dΦ5

(
p1, p2; {pi}7

i=3

)
J (3)

1 (p3, p4, p5)×{ 1
2!

[
CWH,0

1,OL

(
1̂q, 3g, 4q̄′ , 2̂q′ , 5q̄′ ; 6ℓ, 7ℓ̄

)
+ CWH,0

1,OL

(
1̂q, 3g, 5q̄′ , 2̂q′ , 4q̄′ ; 6ℓ, 7ℓ̄

)]
+ DWH,0

b,1,OL

(
1̂q, 3g, 4q̄′ , 2̂q′ , 5q̄′ ; 6ℓ, 7ℓ̄

)}
. (2.17)

92



CHAPTER 2. VHJ 2.3. NEXT-TO-NEXT-TO-LEADING ORDER

The symmetry factor 1
2! is present due to the identical 4q̄′ and 5q̄′ quarks in the final state.1

In practice the
(
4q̄′ ↔ 5q̄′

)
permutation is carried out by phase-space integration and thus

the two terms are contracted into one in the codebase.

Quark–Quark Initiated (Identical Flavour)

dσ̂RR
ZHj,qq = dΦ5

(
p1, p2; {pi}7

i=3

)
J (3)

1 (p3, p4, p5)×{ 1
2!

[
CZH,0

1,OL

(
1̂q, 3g, 4q̄, 2̂q, 5q̄; 6ℓ, 7ℓ̄

)
+ CZH,0

1,OL

(
1̂q, 3g, 5q̄, 2̂q, 4q̄; 6ℓ, 7ℓ̄

)]
+ DZH,0

1,OL

(
1̂q, 3g, 4q̄, 2̂q, 5q̄; 6ℓ, 7ℓ̄

)}
, (2.18)

dσ̂RR
WHj,qq = dΦ5

(
p1, p2; {pi}7

i=3

)
J (3)

1 (p3, p4, p5)×{
CWH,0

1,OL

(
1̂q, 3g, 4q̄, 2̂q, 5q̄′ ; 6ℓ, 7ℓ̄

)
+ CWH,0

1,OL

(
2̂q, 3g, 4q̄, 1̂q, 5q̄′ ; 6ℓ, 7ℓ̄

)
+DWH,0

a,1,OL

(
1̂q, 3g, 4q̄, 2̂q, 5q̄′ ; 6ℓ, 7ℓ̄

)}
. (2.19)

The symmetry factor 1
2! for ZH+jet production is due to the identical quarks 4q̄ and 5q̄ in

the final state.2 In practice, the permutation (4q̄ ↔ 5q̄) is done via phase-space integration
and the two terms are contracted into one in the codebase.

Identical quarks in the final state are not present for WH+jet production due to the
flavour-changing effect of the W± coupling.

Antiquark–Antiquark Initiated (Non-Identical Flavour)

dσ̂RR
ZHj,Q̄q̄

= dΦ5
(
p1, p2; {pi}7

i=3

)
J (3)

1 (p3, p4, p5) CZH,0
1,OL

(
3q, 4g, 1̂Q̄, 5Q, 2̂q̄; 6ℓ, 7ℓ̄

)
, (2.20)

dσ̂RR
WHj,Q̄q̄′ = dΦ5

(
p1, p2; {pi}7

i=3

)
J (3)

1 (p3, p4, p5) CWH,0
1,OL

(
3q, 4g, 1̂Q̄, 5Q, 2̂q̄′ ; 6ℓ, 7ℓ̄

)
. (2.21)

The WH+jet cross section has an additional permutation and subleading-colour interference

1This is built into DWH,0
b,1,OL as shown in eq. (2.14).

2This is built into DZH,0
1,OL as shown in eq. (2.12).
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term when Q = q, in other words

dσ̂RR
WHj,q̄q̄′ = dΦ5

(
p1, p2; {pi}7

i=3

)
J (3)

1 (p3, p4, p5)×{ 1
2!

[
CWH,0

1,OL

(
3q, 4g, 1̂q̄, 5q, 2̂q̄′ ; 6ℓ, 7ℓ̄

)
+ CWH,0

1,OL

(
5q, 4g, 1̂q̄, 3q, 2̂q̄′ ; 6ℓ, 7ℓ̄

)]
+ DWH,0

a,1,OL

(
3q, 4g, 1̂q̄, 5q, 2̂q̄′ ; 6ℓ, 7ℓ̄

)}
. (2.22)

The symmetry factor 1
2! is present due to the identical 3q and 5q quarks in the final state3

whose permutation in practice is carried out by phase-space integration.

Antiquark–Antiquark Initiated (Identical Flavour)

dσ̂RR
ZHj,q̄q̄ = dΦ5

(
p1, p2; {pi}7

i=3

)
J (3)

1 (p3, p4, p5)×{ 1
2!

[
CZH,0

1,OL

(
3q, 4g, 1̂q̄, 5q, 2̂q̄; 6ℓ, 7ℓ̄

)
+ CZH,0

1,OL

(
5q, 4g, 1̂q̄, 3q, 2̂q̄; 6ℓ, 7ℓ̄

)]
+ DZH,0

1,OL

(
3q, 4g, 1̂q̄, 5q, 2̂q̄; 6ℓ, 7ℓ̄

)}
, (2.23)

dσ̂RR
WHj,q̄′q̄′ = dΦ5

(
p1, p2; {pi}7

i=3

)
J (3)

1 (p3, p4, p5)×{
CWH,0

1,OL

(
3q, 4g, 1̂q̄′ , 5q′ , 2̂q̄′ ; 6ℓ, 7ℓ̄

)
+ CWH,0

1,OL

(
3q, 4g, 2̂q̄′ , 5q′ , 1̂q̄′ ; 6ℓ, 7ℓ̄

)
+DWH,0

b,1,OL

(
3q, 4g, 1̂q̄′ , 5q′ , 2̂q̄′ ; 6ℓ, 7ℓ̄

)}
(2.24)

The symmetry factor 1
2! for ZH+jet production is due to the identical quarks 3q and 5q in

the final state4 whose permutation in practice is carried out by phase-space integration. It is
not present for WH+jet production due to the flavour-changing effect of the W± coupling.

Quark–Antiquark Initiated (Non-Identical Flavour)

dσ̂RR
ZHj,qQ̄

= dΦ5
(
p1, p2; {pi}7

i=3

)
J (3)

1 (p3, p4, p5) CZH,0
1,OL

(
1̂q, 3g, 2̂Q̄, 4Q, 5q̄; 6ℓ, 7ℓ̄

)
, (2.25)

dσ̂RR
WHj,qQ̄

= dΦ5
(
p1, p2; {pi}7

i=3

)
J (3)

1 (p3, p4, p5) CWH,0
1,OL

(
1̂q, 3g, 2̂Q̄, 4Q, 5q̄′ ; 6ℓ, 7ℓ̄

)
. (2.26)

3This is built into DWH,0
a,1,OL as shown in eq. (2.13).

4This is built into DZH,0
1,OL as shown in eq. (2.12).
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The WH+jet cross section has additional leading- and subleading-colour contributions when
Q = q′ and takes the form

dσ̂RR
WHj,qq̄′ = dΦ5

(
p1, p2; {pi}7

i=3

)
J (3)

1 (p3, p4, p5)
N RR

WHj
(2Nc)2 ×

1
3!

 ∑
(3,4,5)

[
BWH,0

3

(
1̂q, 3g, 4g, 5g, 2̂q̄′ ; 6ℓ, 7ℓ̄

)
− 1

N2
c

B̃WH,0
3

(
1̂q, 3g̃, 4g, 5g̃, 2̂q̄′ ; 6ℓ, 7ℓ̄

)]

+
( 1

N2
c

+ 1
N4

c

)
˜̃BWH,0

3

(
1̂q, 3g̃, 4g̃, 5g̃, 2̂q̄′ ; 6ℓ, 7ℓ̄

)
+ dΦ5

(
p1, p2; {pi}7

i=3

)
J (3)

1 (p3, p4, p5)×{
nFCWH,0

1,OL

(
1̂q, 3g, 4Q̄, 5Q, 2̂q̄′ ; 6ℓ, 7ℓ̄

)
+ CWH,0

1,OL

(
5q, 3g, 4q̄, 1̂q, 2̂q̄′ ; 6ℓ, 7ℓ̄

)
+ CWH,0

1,OL

(
1̂q, 3g, 2̂q̄′ , 5q′ , 4q̄′ ; 6ℓ, 7ℓ̄

)
+DWH,0

a,1,OL

(
1̂q, 3g, 4q̄, 5q, 2̂q̄′ ; 6ℓ, 7ℓ̄

)
+ DWH,0

b,1,OL

(
1̂q, 3g, 2̂q̄′ , 4q′ , 5q̄′ ; 6ℓ, 7ℓ̄

)}
. (2.27)

The B-type contributions radiate the three gluons 3g, 4g, and 5g into the final state, ex-
plaining the symmetry factor 1

3! in front of the sum of all six of their permutations, which is
indicated by ∑(3,4,5).

Quark–Antiquark Initiated (Identical Flavour)

dσ̂RR
ZHj,qq̄ = dΦ5

(
p1, p2; {pi}7

i=3

)
J (3)

1 (p3, p4, p5)
N RR

ZHj
(2Nc)2 ×

1
3!

 ∑
(3,4,5)

[
BZH,0

3

(
1̂q, 3g, 4g, 5g, 2̂q̄; 6ℓ, 7ℓ̄

)
− 1

N2
c

B̃ZH,0
3

(
1̂q, 3g̃, 4g, 5g̃, 2̂q̄; 6ℓ, 7ℓ̄

)]

+
( 1

N2
c

+ 1
N4

c

)
˜̃BZH,0

3

(
1̂q, 3g̃, 4g̃, 5g̃, 2̂q̄; 6ℓ, 7ℓ̄

)
+ dΦ5

(
p1, p2; {pi}7

i=3

)
J (3)

1 (p3, p4, p5)×{
nupCZH,0

1,OL

(
1̂q, 3g, 4ū, 5u, 2̂q̄; 6ℓ, 7ℓ̄

)
+ ndownCZH,0

1,OL

(
1̂q, 3g, 4d̄, 5d, 2̂q̄; 6ℓ, 7ℓ̄

)
+CZH,0

1,OL

(
1̂q, 3g, 2̂q̄, 5q, 4q̄; 6ℓ, 7ℓ̄

)
+ DZH,0

1,OL

(
1̂q, 3g, 2̂q̄, 5q, 4q̄; 6ℓ, 7ℓ̄

)}
, (2.28)
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dσ̂RR
WHj,qq̄ = dΦ5

(
p1, p2; {pi}7

i=3

)
J (3)

1 (p3, p4, p5)×{
CWH,0

1,OL

(
1̂q, 3g, 2̂q̄, 4q, 5q̄′ ; 6ℓ, 7ℓ̄

)
+
⌊

nF
2

⌋
CWH,0

1,OL

(
4q, 3g, 2̂q̄, 1̂q, 5q̄′ ; 6ℓ, 7ℓ̄

)
+ DWH,0

a,1,OL

(
1̂q, 3g, 2̂q̄, 4q, 5q̄′ ; 6ℓ, 7ℓ̄

)}
. (2.29)

B-type amplitudes are only present for ZH+jet production in eq. (2.28); the three identical
gluons in its final state explain the symmetry factor 1

3! in front of them. Due to the different
coupling of the Z boson to quark lines, up- and down-type contributions need to be separately
accounted for. This is shown in the second to last line of eq. (2.28) where nup = 2, ndown = 3
with the symbols u and d labelling up and down quarks, respectively.

In the second term for WH+jet production (2.29) the quark current in the final state
couples directly to the W± boson. Assuming a diagonal CKM matrix, this allows for

⌊nF
2
⌋

= 2
identical amplitudes as the W± boson only mediates up–down and charm–strange flavour
changes in the nF = 5 scheme.

Quark–Gluon Initiated

These channels are rather long, so let us look at the ZH+jet case first:

dσ̂RR
ZHj,qg = dΦ5

(
p1, p2; {pi}7

i=3

)
J (3)

1 (p3, p4, p5)
N RR

ZHj
(2Nc)[2(N2

c − 1)]
×

1
2!

 ∑
(3↔4)

[
BZH,0

3

(
1̂q, 2̂g, 3g, 4g, 5q̄; 6ℓ, 7ℓ̄

)
+ BZH,0

3

(
1̂q, 3g, 2̂g, 4g, 5q̄; 6ℓ, 7ℓ̄

)

+ BZH,0
3

(
1̂q, 3g, 4g, 2̂g, 5q̄; 6ℓ, 7ℓ̄

)]
− 1

N2
c

∑
(3↔4)

[
B̃ZH,0

3

(
1̂q, 2̂g̃, 3g, 4g, 5q̄; 6ℓ, 7ℓ̄

)
+ B̃ZH,0

3

(
1̂q, 3g̃, 2̂g, 4g, 5q̄; 6ℓ, 7ℓ̄

)

+ B̃ZH,0
3

(
1̂q, 3g̃, 4g, 2̂g, 5q̄; 6ℓ, 7ℓ̄

)]

+
( 1

N2
c

+ 1
N4

c

)
˜̃BZH,0

3

(
1̂q, 2̂g̃, 3g̃, 4g̃, 5q̄; 6ℓ, 7ℓ̄

)
+ dΦ5

(
p1, p2; {pi}7

i=3

)
J (3)

1 (p3, p4, p5)×{
(nup − δqu) CZH,0

1,OL(1̂q, 2̂g, 3ū, 4u, 5q̄; 6ℓ, 7ℓ̄)
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+(ndown − δqd) CZH,0
1,OL(1̂q, 2̂g, 3d̄, 4d, 5q̄; 6ℓ, 7ℓ̄)

+ 1
2!

[
CZH,0

1,OL(1̂q, 2̂g, 3q̄, 4q, 5q̄; 6ℓ, 7ℓ̄) + CZH,0
1,OL(1̂q, 2̂g, 5q̄, 4q, 3q̄; 6ℓ, 7ℓ̄)

]
+ DZH,0

1,OL(1̂q, 2̂g, 3q̄, 4q, 5q̄; 6ℓ, 7ℓ̄)
}

. (2.30)

The Kronecker delta δqu (δqd) is one if the quark q in question is up-type (down-type) and
zero if it is not. The symmetry factor is 1

2! for the B-type contributions because of the two
gluons 3g and 4g in the final state. For the C-type amplitudes of the last two lines, the
symmetry factor is 1

2! due to the identical quarks 3q̄ and 5q̄ in the final state.5 The (3q̄ ↔ 5q̄)
permutation in the second-to-last line is carried out by phase-space integration inside the
codebase and thus the terms are contracted into one.

Next, let us move onto the WH+jet case of

dσ̂RR
WHj,qg = dΦ5

(
p1, p2; {pi}7

i=3

)
J (3)

1 (p3, p4, p5)
N RR

WHj
(2Nc)[2(N2

c − 1)]
×

1
2!

 ∑
(3↔4)

[
BWH,0

3

(
1̂q, 2̂g, 3g, 4g, 5q̄′ ; 6ℓ, 7ℓ̄

)
+ BWH,0

3

(
1̂q, 3g, 2̂g, 4g, 5q̄′ ; 6ℓ, 7ℓ̄

)

+ BWH,0
3

(
1̂q, 3g, 4g, 2̂g, 5q̄′ ; 6ℓ, 7ℓ̄

)]
− 1

N2
c

∑
(3↔4)

[
B̃WH,0

3

(
1̂q, 2̂g̃, 3g, 4g, 5q̄′ ; 6ℓ, 7ℓ̄

)
+ B̃WH,0

3

(
1̂q, 3g̃, 2̂g, 4g, 5q̄′ ; 6ℓ, 7ℓ̄

)

+ B̃WH,0
3

(
1̂q, 3g̃, 4g, 2̂g, 5q̄′ ; 6ℓ, 7ℓ̄

)]

+
( 1

N2
c

+ 1
N4

c

)
˜̃BWH,0

3

(
1̂q, 2̂g̃, 3g̃, 4g̃, 5q̄′ ; 6ℓ, 7ℓ̄

)
+ dΦ5

(
p1, p2; {pi}7

i=3

)
J (3)

1 (p3, p4, p5)×{
(nF − 1)CWH,0

1,OL (1̂q, 2̂g, 3Q̄, 4Q, 5q̄′ ; 6ℓ, 7ℓ̄) + CWH,0
1,OL (4q, 2̂g, 3q̄, 1̂q, 5q̄′ ; 6ℓ, 7ℓ̄)

+ 1
2!

[
CWH,0

1,OL (1̂q, 2̂g, 3q̄′ , 4q′ , 5q̄′ ; 6ℓ, 7ℓ̄) + CWH,0
1,OL (1̂q, 2̂g, 5q̄′ , 4q′ , 3q̄′ ; 6ℓ, 7ℓ̄)

]
+ DWH,0

b,1,OL(1̂q, 2̂g, 3q̄′ , 4q′ , 5q̄′ ; 6ℓ, 7ℓ̄) + DWH,0
a,1,OL(1̂q, 2̂g, 3q̄, 4q, 5q̄′ ; 6ℓ, 7ℓ̄)

}
.

(2.31)

5This is built into DZH,0
1,OL as shown in eq. (2.12).
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The B-type amplitudes take an identical structure to those of ZH+jet. The C-type am-
plitudes are slightly more complicated, as all permutations and symmetry factors need to
be taken into account when there are identical quarks in the final state.6 In practice, the
(3q̄′ ↔ 5q̄′) permutation inside the brackets is carried out by phase-space integration, there-
fore those C-type amplitudes are contracted with the (nF − 1) piece into a single term with
an overall nF prefactor inside the codebase.

Antiquark–Gluon Initiated

dσ̂RR
ZHj,q̄g = dΦ5

(
p1, p2; {pi}7

i=3

)
J (3)

1 (p3, p4, p5)
N RR

ZHj
(2Nc)[2(N2

c − 1)]
×

1
2!

 ∑
(4↔5)

[
BZH,0

3

(
3q, 2̂g, 4g, 5g, 1̂q̄; 6ℓ, 7ℓ̄

)
+ BZH,0

3

(
3q, 4g, 2̂g, 5g, 1̂q̄; 6ℓ, 7ℓ̄

)

+ BZH,0
3

(
3q, 4g, 5g, 2̂g, 1̂q̄; 6ℓ, 7ℓ̄

)]
− 1

N2
c

∑
(4↔5)

[
B̃ZH,0

3

(
3q, 2̂g̃, 4g, 5g, 1̂q̄; 6ℓ, 7ℓ̄

)
+ B̃ZH,0

3

(
3q, 4g̃, 2̂g, 5g, 1̂q̄; 6ℓ, 7ℓ̄

)

+ B̃ZH,0
3

(
3q, 4g̃, 5g, 2̂g, 1̂q̄; 6ℓ, 7ℓ̄

)]

+
( 1

N2
c

+ 1
N4

c

)
˜̃BZH,0

3

(
3q, 2̂g̃, 4g̃, 5g̃, 1̂q̄; 6ℓ, 7ℓ̄

)
+ dΦ5

(
p1, p2; {pi}7

i=3

)
J (3)

1 (p3, p4, p5)×{
(nup − δqu) CZH,0

1,OL(3q, 2̂g, 4ū, 5u, 1̂q̄; 6ℓ, 7ℓ̄)

+(ndown − δqd) CZH,0
1,OL(3q, 2̂g, 4d̄, 5d, 1̂q̄; 6ℓ, 7ℓ̄)

+ 1
2!

[
CZH,0

1,OL(3q, 2̂g, 4q̄, 5q, 1̂q̄; 6ℓ, 7ℓ̄) + CZH,0
1,OL(5q, 2̂g, 4q̄, 3q, 1̂q̄; 6ℓ, 7ℓ̄)

]
+ DZH,0

1,OL(3q, 2̂g, 4q̄, 5q, 1̂q̄; 6ℓ, 7ℓ̄)
}

. (2.32)

For the C- and D-type amplitudes of the last two lines, the symmetry factor is 1
2! due to the

6The symmetry factor 1
2! is contained in DWH,0

b,1,OL as shown in eq. (2.14). The DWH,0
a,1,OL amplitude here does

not require one.
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identical quarks 3q and 5q in the final state7 whose permutation is carried out by phase-space
integration inside the codebase and thus the terms are contracted into one.

dσ̂RR
WHj,q̄′g = dΦ5

(
p1, p2; {pi}7

i=3

)
J (3)

1 (p3, p4, p5)
N RR

WHj
(2Nc)[2(N2

c − 1)]
×

1
2!

 ∑
(4↔5)

[
BWH,0

3

(
3q, 2̂g, 4g, 5g, 1̂q̄′ ; 6ℓ, 7ℓ̄

)
+ BWH,0

3

(
3q, 4g, 2̂g, 5g, 1̂q̄′ ; 6ℓ, 7ℓ̄

)

+
[
BWH,0

3

(
3q, 4g, 5g, 2̂g, 1̂q̄′ ; 6ℓ, 7ℓ̄

)]
− 1

N2
c

∑
(4↔5)

[
B̃WH,0

3

(
3q, 2̂g̃, 4g, 5g, 1̂q̄′ ; 6ℓ, 7ℓ̄

)
+ B̃WH,0

3

(
3q, 4g̃, 2̂g, 5g, 1̂q̄′ ; 6ℓ, 7ℓ̄

)

+ B̃WH,0
3

(
3q, 4g̃, 5g, 2̂g, 1̂q̄′ ; 6ℓ, 7ℓ̄

)]

+
( 1

N2
c

+ 1
N4

c

)
˜̃BWH,0

3

(
3q, 2̂g̃, 4g̃, 5g̃, 1̂q̄′ ; 6ℓ, 7ℓ̄

)
+ dΦ5

(
p1, p2; {pi}7

i=3

)
J (3)

1 (p3, p4, p5)×{
(nF − 1)CWH,0

1,OL (3q, 2̂g, 4Q̄, 5Q, 1̂q̄′ ; 6ℓ, 7ℓ̄) + CWH,0
1,OL (3q, 2̂g, 1̂q̄′ , 5q′ , 4q̄′ ; 6ℓ, 7ℓ̄)

+ 1
2!

[
CWH,0

1,OL (3q, 2̂g, 4q̄, 5q, 1̂q̄′ ; 6ℓ, 7ℓ̄) + CWH,0
1,OL (5q, 2̂g, 4q̄, 3q, 1̂q̄′ ; 6ℓ, 7ℓ̄)

]
+ DWH,0

a,1,OL(3q, 2̂g, 4q̄, 5q, 1̂q̄′ ; 6ℓ, 7ℓ̄) + DWH,0
b,1,OL(3q, 2̂g, 1̂q̄′ , 5q′ , 4q̄′ ; 6ℓ, 7ℓ̄)

}
.

(2.33)

Similarly to the quark–gluon channel, the (3q ↔ 5q) permutation inside the braces is carried
out by phase-space integration, therefore the C-type amplitudes there can be contracted
with the (nF − 1) piece into a single term with an overall nF prefactor.8

Gluon–Gluon Initiated

This channel does not contain any C- or D-type amplitudes, nevertheless we still need to
distinguish the ZH+jet and the WH+jet cases because up- and down-type contributions have

7This is built into DZH,0
1,OL as shown in eq. (2.12).

8The symmetry factor 1
2! is contained in DWH,0

a,1,OL as shown in eq. (2.13). The DWH,0
b,1,OL amplitude here does

not require one.
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to be accounted for separately whenever the Z coupling is involved.

dσ̂RR
ZHj,gg = dΦ5

(
p1, p2; {pi}7

i=3

)
J (3)

1 (p3, p4, p5)
N RR

ZHj

[2(N2
c − 1)]2

×

nup
∑

(1̂↔2̂)

[
BZH,0

3

(
4u, 1̂g, 2̂g, 3g, 5ū; 6ℓ, 7ℓ̄

)
+ BZH,0

3

(
4u, 3g, 1̂g, 2̂g, 5ū; 6ℓ, 7ℓ̄

)

+BZH,0
3

(
4u, 1̂g, 3g, 2̂g, 5ū; 6ℓ, 7ℓ̄

)]
ndown

∑
(1̂↔2̂)

[
BZH,0

3

(
4d, 1̂g, 2̂g, 3g, 5d̄; 6ℓ, 7ℓ̄

)
+ BZH,0

3

(
4d, 3g, 1̂g, 2̂g, 5d̄; 6ℓ, 7ℓ̄

)

+BZH,0
3

(
4d, 1̂g, 3g, 2̂g, 5d̄; 6ℓ, 7ℓ̄

)]
−nup

N2
c

∑
(1̂↔2̂)

[
B̃ZH,0

3

(
4u, 1̂g̃, 2̂g, 3g, 5ū; 6ℓ, 7ℓ̄

)
+ B̃ZH,0

3

(
4u, 3g̃, 1̂g, 2̂g, 5ū; 6ℓ, 7ℓ̄

)

+B̃ZH,0
3

(
4u, 1̂g̃, 3g, 2̂g, 5ū; 6ℓ, 7ℓ̄

)]
−ndown

N2
c

∑
(1̂↔2̂)

[
B̃ZH,0

3

(
4d, 1̂g̃, 2̂g, 3g, 5d̄; 6ℓ, 7ℓ̄

)
+ B̃ZH,0

3

(
4d, 3g̃, 1̂g, 2̂g, 5d̄; 6ℓ, 7ℓ̄

)

+B̃ZH,0
3

(
4d, 1̂g̃, 3g, 2̂g, 5d̄; 6ℓ, 7ℓ̄

)]
+nup

( 1
N2

c
+ 1

N4
c

)
˜̃BZH,0

3

(
4u, 1̂g̃, 2̂g̃, 3g̃, 5ū; 6ℓ, 7ℓ̄

)

+ndown

( 1
N2

c
+ 1

N4
c

)
˜̃BZH,0

3

(
4d, 1̂g̃, 2̂g̃, 3g̃, 5d̄; 6ℓ, 7ℓ̄

) , (2.34)

dσ̂RR
WHj,gg = dΦ5

(
p1, p2; {pi}7

i=3

)
J (3)

1 (p3, p4, p5)
N RR

WHj

[2(N2
c − 1)]2

×


⌊

nF
2

⌋ ∑
(1̂↔2̂)

[
BWH,0

3

(
4q, 1̂g, 2̂g, 3g, 5q̄′ ; 6ℓ, 7ℓ̄

)
+ BWH,0

3

(
4q, 3g, 1̂g, 2̂g, 5q̄′ ; 6ℓ, 7ℓ̄

)

+BWH,0
3

(
4q, 1̂g, 3g, 2̂g, 5q̄′ ; 6ℓ, 7ℓ̄

)]
−⌊nF/2⌋

N2
c

∑
(1̂↔2̂)

[
B̃WH,0

3

(
4q, 1̂g̃, 2̂g, 3g, 5q̄′ ; 6ℓ, 7ℓ̄

)
+ B̃WH,0

3

(
4q, 3g̃, 1̂g, 2̂g, 5q̄′ ; 6ℓ, 7ℓ̄

)

+B̃WH,0
3

(
4q, 1̂g̃, 3g, 2̂g, 5q̄′ ; 6ℓ, 7ℓ̄

)]
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Figure 2.2: Spike tests for a 1̂g ∥ 3q and 2̂g ∥ 5q̄ double collinear limit in (a) for the
gg-initiated leading-colour double-real amplitude BZH,0

3

(
3q, 1̂g, 2̂g, 4g, 5q̄; 6ℓ, 7ℓ̄

)
and another

one for a 3g ∥ 4Q̄ ∥ 5Q triple collinear limit in (b) for the qq̄-initiated double-real OpenLoops
amplitude CZH,0

1,OL

(
1̂q, 3g, 4Q̄, 5Q, 2̂q̄; 6ℓ, 7ℓ̄

)
. A total of 1000 configurations were probed in both

cases.

+
⌊

nF
2

⌋( 1
N2

c
+ 1

N4
c

)
˜̃BWH,0

3

(
4q, 1̂g̃, 2̂g̃, 3g̃, 5q̄′ ; 6ℓ, 7ℓ̄

) . (2.35)

A diagonal CKM matrix is once again assumed for WH+jet production when counting the
number of possible quark pairs the W± can couple to.

Subtraction Terms

The double-real S subtraction terms were fully recycled from the already implemented Z+jet
and W±+jet processes. I used the same module I already took advantage of for V H produc-
tion to replace the reduced matrix elements in the subtraction terms with non-momentum-
conserving ones, which are all of lower order and are implemented natively in NNLOJET.
Next, I manually assembled the subtraction terms, which were originally intended for various
colour levels, exactly as I listed them throughout the previous channel breakdowns.

The ultimate tests for whether real subtraction terms work as intended are the spike
tests, therefore I carried them out in all unresolved limits. Two examples are shown in
Figure 2.2. The successful spike tests guarantee a correct match—including all symmetry
and normalization factors—between the OpenLoops amplitudes and the native NNLOJET

subtraction terms which were assembled to encompass all colour levels.
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(a) (b)

Figure 2.3: Example of a B-type diagram in (a) and a C-type one in (b) that contribute to
real–virtual V H+jet production.

2.3.2 Real–Virtual Cross Section

In this section I will present all partonic channels that contribute to real–virtual V H+jet
production. All of the amplitudes are evaluated via OpenLoops on this level, therefore I
will follow the same strategy I already introduced previously. First, I will describe how
the OpenLoops amplitudes can be constructed from native NNLOJET ones, which are only
implemented for Z+jet and W±+jet. This is in order to understand how the new subtraction
terms need to be assembled from the native colour-ordered ones to successfully cancel the
poles and unresolved limits present in the OpenLoops amplitudes. Next, I will put together
the partonic cross sections for the various channels from these OpenLoops amplitudes, not
unlike how it was done for the double-real C- and D-type amplitudes in the previous section.
Two examples of diagrams that contribute to real–virtual V H+jet production are visualized
in Figure 2.3.

The B-type amplitudes on the real–virtual level consist of the leading-colour BV H,1
2 piece,

the subleading-colour B̃V H,1
2 piece, two sub-subleading-colour pieces: ˜̃BV H,1

2 and ˆ̂
BV H,1

2 , the
sub-sub-subleading-colour ˜̃̃

BV H,1
2 piece, the nF-proportional B̂V H,1

2 piece, and finally the
subleading-colour nF-proportional ˆ̃BV H,1

2 piece. The OpenLoops amplitudes encompass all
of the colour levels and permutations that arise in the NNLOJET-native ones according to
the following formula

BV H,1
2,OL (iq, jg, kg, lq̄; 5ℓ, 6ℓ̄) =

N RV
V Hj
A

1
S

× ∑
(j↔k)

[
BV H,1

2 (iq, jg, kg, lq̄; 5ℓ, 6ℓ̄) − 1
N2

c
B̃V H,1

2 (iq, jg, kg, lq̄; 5ℓ, 6ℓ̄)
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+ nF
Nc

B̂V H,1
2 (iq, jg, kg, lq̄; 5ℓ, 6ℓ̄)

]

− 1
N2

c

[
˜̃BV H,1

2 (iq, jg̃, kg̃, lq̄; 5ℓ, 6ℓ̄) − ˆ̂
BV H,1

2 (iq, jg̃, kg̃, lq̄; 5ℓ, 6ℓ̄)

− 1
N2

c

˜̃̃
BV H,1

2 (iq, jg̃, kg̃, lq̄; 5ℓ, 6ℓ̄) + nF
Nc

ˆ̃BV H,1
2 (iq, jg̃, kg̃, lq̄; 5ℓ, 6ℓ̄)

] , (2.36)

where we treated the ZH+jet and WH+jet amplitudes together, because a single quark
line is not confusing when we consider the flavour change due to the W± boson. The
averaging factor A depends on which partons are in the initial state and can take the values
A = (2Nc)2 for the quark–antiquark, A = (2Nc)

[
2(N2

c − 1)
]

for the (anti)quark–gluon,
and A =

[
2(N2

c − 1)
]2 for the gluon–gluon channels. Likewise, the symmetry factor S also

depends on the particular channel and takes 1
S = 1

2! for the quark–antiquark channels due
to two identical gluons in the final state and 1

S = 1 for all the other cases.

The C-type amplitudes, which consist of two non-identical quark lines, promptly sep-
arate into the leading-colour CV H,1

0 piece, the subleading-colour C̃V H,1
0 piece, and the nF-

proportional ĈV H,1
0 piece. The OpenLoops amplitudes assemble them as

CZH,1
0,OL

(
iq, jQ̄, kQ, lq̄; 5ℓ, 6ℓ̄

)
=

N RV
ZHj

(2Nc)2
1

Nc

{
CZH,1

0

(
iq, jQ̄, kQ, lq̄; 5ℓ, 6ℓ̄

)

− 1
N2

c
C̃ZH,1

0

(
iq, jQ̄, kQ, lq̄; 5ℓ, 6ℓ̄

)
+ nF

Nc
ĈZH,1

0

(
iq, jQ̄, kQ, lq̄; 5ℓ, 6ℓ̄

)}
, (2.37)

CWH,1
0,OL

(
iq, jQ̄, kQ, lq̄′ ; 5ℓ, 6ℓ̄

)
=

N RV
WHj

(2Nc)2
1

Nc

{
CWH,1

0

(
iq, jQ̄, kQ, lq̄′ ; 5ℓ, 6ℓ̄

)

− 1
N2

c
C̃WH,1

0

(
iq, jQ̄, kQ, lq̄′ ; 5ℓ, 6ℓ̄

)
+ nF

Nc
ĈWH,1

0

(
iq, jQ̄, kQ, lq̄′ ; 5ℓ, 6ℓ̄

)}
. (2.38)

Similarly to the previous section, the formulæ above always assume that Q ̸= q and Q ̸= q′.
In case of identical quark contributions, permutations and the insertion of the correct sym-
metry factors are carried out on the OpenLoops amplitude level; the structure of eqs. (2.37)
and (2.38) is left intact.

The D-type interference terms are subleading-colour to their corresponding C-type am-
plitudes and arise in the case when both quark lines are identical (ZH+jet production) or
almost identical (WH+jet production). They also consist of the leading-colour DV H,1

0 piece,
the subleading-colour D̃V H,1

0 piece, and the nF-proportional D̂V H,1
0 piece. Specifically, we

distinguish Da-type and Db-type amplitudes for WH+jet, as before, depending on which of
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the three quarks are of identical flavour. The OpenLoops amplitudes for these are assembled
as follows:

DZH,1
0,OL(iq, jq̄, kq, lq̄; 5ℓ, 6ℓ̄) =

N RV
ZHj

(2Nc)2
1
S

1
N2

c

{
DZH,1

0 (iq, jq̄, kq, lq̄; 5ℓ, 6ℓ̄)

− 1
N2

c
D̃ZH,1

0 (iq, jq̄, kq, lq̄; 5ℓ, 6ℓ̄) + nF
Nc

D̂ZH,1
0 (iq, jq̄, kq, lq̄; 5ℓ, 6ℓ̄)

}
, (2.39)

DWH,1
a,0,OL

(
iq, jq̄, kq, lq̄′ ; 5ℓ, 6ℓ̄

)
=

N RV
WHj

(2Nc)2
1
S

1
N2

c

{
DWH,1

0
(
iq, jq̄, kq, lq̄′ ; 5ℓ, 6ℓ̄

)
− 1

N2
c

D̃WH,1
0

(
iq, jq̄, kq, lq̄′ ; 5ℓ, 6ℓ̄

)
+ nF

Nc
D̂WH,1

0
(
iq, jq̄, kq, lq̄′ ; 5ℓ, 6ℓ̄

)}
, (2.40)

DWH,1
b,0,OL

(
iq, jq̄′ , kq′ , lq̄′ ; 5ℓ, 6ℓ̄

)
=

N RV
WHj

(2Nc)2
1
S

1
N2

c

{
DWH,1

0

(
iq, jq̄′ , kq′ , lq̄′ ; 5ℓ, 6ℓ̄

)

− 1
N2

c
D̃WH,1

0

(
iq, jq̄′ , kq′ , lq̄′ ; 5ℓ, 6ℓ̄

)
+ nF

Nc
D̂WH,1

0

(
iq, jq̄′ , kq′ , lq̄′ ; 5ℓ, 6ℓ̄

)}
. (2.41)

The accompanying symmetry factor S in these expressions depends on how many identical
particles are in the final state and can either be 1

S = 1
2! or 1

S = 1 accordingly.

Quark–Quark Initiated (Non-Identical Flavour)

dσ̂RV
ZHj,qQ

= dΦ4
(
p1, p2; {pi}6

i=3

)
J (2)

1 (p3, p4) CZH,1
0,OL

(
1̂q, 3Q̄, 2̂Q, 4q̄; 5ℓ, 6ℓ̄

)
, (2.42)

dσ̂RV
WHj,qQ

= dΦ4
(
p1, p2; {pi}6

i=3

)
J (2)

1 (p3, p4) CWH,1
0,OL

(
1̂q, 3Q̄, 2̂Q, 4q̄′ ; 5ℓ, 6ℓ̄

)
. (2.43)

The WH+jet cross section has an additional permutation and subleading-colour inter-
ference term when Q = q′, in other words

dσ̂RV
WHj,qq′ = dΦ4

(
p1, p2; {pi}6

i=3

)
J (2)

1 (p3, p4)×{ 1
2!

[
CWH,1

0,OL

(
1̂q, 3q̄′ , 2̂q′ , 4q̄′ ; 5ℓ, 6ℓ̄

)
+ CWH,1

0,OL

(
1̂q, 4q̄′ , 2̂q′ , 3q̄′ ; 5ℓ, 6ℓ̄

)]
+ DWH,1

b,0,OL

(
1̂q, 3q̄′ , 2̂q′ , 4q̄′ ; 5ℓ, 6ℓ̄

)}
. (2.44)

104



CHAPTER 2. VHJ 2.3. NEXT-TO-NEXT-TO-LEADING ORDER

The symmetry factor 1
2! is present due to the identical 3q̄′ and 4q̄′ quarks in the final state.9

In practice the
(
3q̄′ ↔ 4q̄′

)
permutation is carried out by phase-space integration and thus

the two terms are contracted into one in the codebase.

Quark–Quark Initiated (Identical Flavour)

dσ̂RV
ZHj,qq = dΦ4

(
p1, p2; {pi}6

i=3

)
J (2)

1 (p3, p4)×{ 1
2!

[
CZH,1

0,OL

(
1̂q, 3q̄, 2̂q, 4q̄; 5ℓ, 6ℓ̄

)
+ CZH,1

0,OL

(
1̂q, 4q̄, 2̂q, 3q̄; 5ℓ, 6ℓ̄

)]
+ DZH,1

0,OL

(
1̂q, 3q̄, 2̂q, 4q̄; 5ℓ, 6ℓ̄

)}
, (2.45)

dσ̂RV
WHj,qq = dΦ4

(
p1, p2; {pi}6

i=3

)
J (2)

1 (p3, p4)×{
CWH,1

0,OL

(
1̂q, 3q̄, 2̂q, 4q̄′ ; 5ℓ, 6ℓ̄

)
+ CWH,1

0,OL

(
2̂q, 3q̄, 1̂q, 4q̄′ ; 5ℓ, 6ℓ̄

)
+DWH,1

a,0,OL

(
1̂q, 3q̄, 2̂q, 4q̄′ ; 5ℓ, 6ℓ̄

)}
. (2.46)

The symmetry factor 1
2! for ZH+jet production is due to the identical quarks 3q̄ and 4q̄ in

the final state.10 In practice, the permutation (3q̄ ↔ 4q̄) is done via phase-space integration
and the two terms are contracted into one in the codebase.

Identical quarks in the final state are not present for WH+jet production due to the
flavour-changing effect of the W± coupling.

Antiquark–Antiquark Initiated (Non-Identical Flavour)

dσ̂RV
ZHj,Q̄q̄

= dΦ4
(
p1, p2; {pi}6

i=3

)
J (2)

1 (p3, p4) CZH,1
0,OL

(
3q, 1̂Q̄, 4Q, 2̂q̄; 5ℓ, 6ℓ̄

)
, (2.47)

dσ̂RV
WHj,Q̄q̄′ = dΦ4

(
p1, p2; {pi}6

i=3

)
J (2)

1 (p3, p4) CWH,1
0,OL

(
3q, 1̂Q̄, 4Q, 2̂q̄′ ; 5ℓ, 6ℓ̄

)
. (2.48)

The WH+jet cross section has an additional permutation and subleading-colour interference

9This is built into DWH,1
b,0,OL as shown in eq. (2.41).

10This is built into DZH,1
0,OL as shown in eq. (2.39).
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term when Q = q, in other words

dσ̂RV
WHj,q̄q̄′ = dΦ4

(
p1, p2; {pi}6

i=3

)
J (2)

1 (p3, p4)×{ 1
2!

[
CWH,1

0,OL

(
3q, 1̂q̄, 4q, 2̂q̄′ ; 5ℓ, 6ℓ̄

)
+ CWH,1

0,OL

(
4q, 1̂q̄, 3q, 2̂q̄′ ; 5ℓ, 6ℓ̄

)]
+ DWH,1

a,0,OL

(
3q, 1̂q̄, 4q, 2̂q̄′ ; 5ℓ, 6ℓ̄

)}
. (2.49)

The symmetry factor 1
2! is present due to the identical 3q and 4q quarks in the final state11

whose permutation in practice is carried out by phase-space integration.

Antiquark–Antiquark Initiated (Identical Flavour)

dσ̂RV
ZHj,q̄q̄ = dΦ4

(
p1, p2; {pi}6

i=3

)
J (3)

1 (p3, p4)×{ 1
2!

[
CZH,1

0,OL

(
3q, 1̂q̄, 4q, 2̂q̄; 5ℓ, 6ℓ̄

)
+ CZH,1

0,OL

(
4q, 1̂q̄, 3q, 2̂q̄; 5ℓ, 6ℓ̄

)]
+ DZH,1

0,OL

(
3q, 1̂q̄, 4q, 2̂q̄; 5ℓ, 6ℓ̄

)
}, (2.50)

dσ̂RV
WHj,q̄′q̄′ = dΦ4

(
p1, p2; {pi}6

i=3

)
J (2)

1 (p3, p4)×{
CWH,1

0,OL

(
3q, 1̂q̄′ , 4q′ , 2̂q̄′ ; 5ℓ, 6ℓ̄

)
+ CWH,1

0,OL

(
3q, 2̂q̄′ , 4q′ , 1̂q̄′ ; 5ℓ, 6ℓ̄

)
+DWH,1

b,0,OL

(
3q, 1̂q̄′ , 4q′ , 2̂q̄′ ; 5ℓ, 6ℓ̄

)}
. (2.51)

The symmetry factor 1
2! for ZH+jet production is due to the identical quarks 3q and 4q in

the final state12 whose permutation in practice is carried out by phase-space integration. It
is not present for WH+jet production due to the flavour-changing effect of the W± coupling.

Quark–Antiquark Initiated (Non-Identical Flavour)

dσ̂RV
ZHj,qQ̄

= dΦ4
(
p1, p2; {pi}6

i=3

)
J (2)

1 (p3, p4) CZH,1
0,OL

(
1̂q, 2̂Q̄, 3Q, 4q̄; 5ℓ, 6ℓ̄

)
, (2.52)

dσ̂RV
WHj,qQ̄

= dΦ4
(
p1, p2; {pi}6

i=3

)
J (2)

1 (p3, p4) CWH,1
0,OL

(
1̂q, 2̂Q̄, 3Q, 4q̄′ ; 5ℓ, 6ℓ̄

)
. (2.53)

11This is built into DWH,1
a,0,OL as shown in eq. (2.40).

12This is built into DZH,1
0,OL as shown in eq. (2.39).
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The WH+jet cross section has additional leading- and subleading-colour contributions when
Q = q′, namely

dσ̂RV
WHj,qq̄′ = dΦ4

(
p1, p2; {pi}6

i=3

)
J (2)

1 (p3, p4)×{
BWH,1

2,OL

(
1̂q, 3g, 4g, 2̂q̄′ ; 5ℓ, 6ℓ̄

)
+ nFCWH,1

0,OL

(
1̂q, 3Q̄, 4Q, 2̂q̄′ ; 5ℓ, 6ℓ̄

)
+ CWH,1

0,OL

(
4q, 3q̄, 1̂q, 2̂q̄′ ; 5ℓ, 6ℓ̄

)
+ CWH,1

0,OL

(
1̂q, 2̂q̄′ , 4q′ , 3q̄′ ; 5ℓ, 6ℓ̄

)
+ DWH,1

a,0,OL

(
1̂q, 3q̄, 4q, 2̂q̄′ ; 5ℓ, 6ℓ̄

)
+ DWH,1

b,0,OL

(
1̂q, 2̂q̄′ , 3q′ , 4q̄′ ; 5ℓ, 6ℓ̄

)}
. (2.54)

Quark–Antiquark Initiated (Identical Flavour)

dσ̂RV
ZHj,qq̄ = dΦ4

(
p1, p2; {pi}6

i=3

)
J (2)

1 (p3, p4)
{

BZH,1
2,OL

(
1̂q, 3g, 4g, 2̂q̄; 5ℓ, 6ℓ̄

)
+ nupCZH,1

0,OL

(
1̂q, 3ū, 4u, 2̂q̄; 5ℓ, 6ℓ̄

)
+ ndownCZH,1

0,OL

(
1̂q, 3d̄, 4d, 2̂q̄; 5ℓ, 6ℓ̄

)
+CZH,0

1,OL

(
1̂q, 2̂q̄, 4q, 3q̄; 5ℓ, 6ℓ̄

)
+ DZH,0

1,OL

(
1̂q, 2̂q̄, 4q, 3q̄; 5ℓ, 6ℓ̄

)}
, (2.55)

dσ̂RV
WHj,qq̄ = dΦ4

(
p1, p2; {pi}6

i=3

)
J (2)

1 (p3, p4)×{
CWH,1

0,OL

(
1̂q, 2̂q̄, 3q, 4q̄′ ; 5ℓ, 6ℓ̄

)
+
⌊

nF
2

⌋
CWH,1

0,OL

(
3q, 2̂q̄, 1̂q, 4q̄′ ; 5ℓ, 6ℓ̄

)
+ DWH,1

a,0,OL

(
1̂q, 2̂q̄, 3q, 4q̄′ ; 5ℓ, 6ℓ̄

)}
. (2.56)

B-type amplitudes are only present for ZH+jet production in eq. (2.55). Due to the different
coupling of the Z boson to quark lines, up- and down-type C-type amplitudes need to be
separately accounted for.

In the second term for WH+jet production (2.56) the quark current in the final state
couples directly to the W± boson with a diagonal CKM matrix as usual.

Quark–Gluon Initiated

Only B-type amplitudes are present, therefore ZH+jet and WH+jet cross sections can be
treated together without confusion.

dσ̂RV
V Hj,qg = dΦ4

(
p1, p2; {pi}6

i=3

)
J (2)

1 (p3, p4) BV H,1
2,OL

(
1̂q, 2̂g, 3g, 4q̄; 5ℓ, 6ℓ̄

)
. (2.57)
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Antiquark–Gluon Initiated

Similarly to the quark–gluon channel

dσ̂RV
V Hj,q̄g = dΦ4

(
p1, p2; {pi}6

i=3

)
J (2)

1 (p3, p4) BV H,1
2,OL

(
3q, 2̂g, 4g, 1̂q̄; 5ℓ, 6ℓ̄

)
. (2.58)

Gluon–Gluon Initiated

This channel does not contain any C- or D-type amplitudes either, nevertheless we still need
to distinguish the ZH+jet and the WH+jet cases because up- and down-type contributions
have to be accounted for separately whenever the Z coupling is involved.

dσ̂RV
ZHj,gg = dΦ4

(
p1, p2; {pi}6

i=3

)
J (2)

1 (p3, p4)×{
nup BZH,1

2,OL

(
3u, 1̂g, 2̂g, 4ū; 5ℓ, 6ℓ̄

)
+ ndown BZH,1

2,OL

(
3d, 1̂g, 2̂g, 4d̄; 5ℓ, 6ℓ̄

)}
, (2.59)

dσ̂RV
WHj,gg = dΦ4

(
p1, p2; {pi}6

i=3

)
J (2)

1 (p3, p4)
⌊

nF
2

⌋
BWH,1

2,OL

(
3q, 1̂g, 2̂g, 4q̄′ ; 5ℓ, 6ℓ̄

)
. (2.60)

Additional Closed Fermion-Loop Contributions

At the real–virtual level, there are closed fermion loop contributions that unfortunately
cannot be included because the corresponding two-loop amplitudes on the double-virtual level
are unknown at this point. These are radiative corrections to both Yukawa and Drell–Yan-
like V H Feynman diagrams shown in Figures 1.14b, 1.15a, and 1.15b. Together with their
respective double-virtual contributions they form gauge-invariant subsets of all amplitudes,
thus can be omitted from the calculation without spoiling gauge invariance.

In Section 2.4 we will argue that not including NNLO Yukawa-induced corrections in the
WH+jet cross sections—which are the only ones present when the charged gauge boson is
involved—is phenomenologically not a serious omission.

Subtraction Terms

The real–virtual T subtraction terms fully recycle those of the Z+jet and W±+jet processes
to subtract unresolved limits, pole parts of the loop integrals, and perform the mass factoriza-
tion. Knowing the colour structure of the amplitudes (2.36)–(2.41) evaluated via OpenLoops
allows for constructing the subtraction terms for each partonic channel after replacing the
reduced matrix elements with their non-momentum-conserving counterparts. All reduced
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B2g1ZH_OL(3q,2̂g,4g,1̂-q,5ℓ,6-ℓ)
2||4 collinear

1 - 10-3

1

1 + 10-3

 1000

Nu
mb
er
 o
f 
po
in
ts

x = 10-7

x = 10-8

x = 10-9

(a)

C0g1ZH_OL(3q,2̂-Q,4Q,1̂-q,5ℓ,6-ℓ)
1||3 collinear

1 - 10-3

1

1 + 10-3

 1000

Nu
mb
er
 o
f 
po
in
ts

x = 10-7

x = 10-8

x = 10-9

(b)

Figure 2.4: Spike tests for a 2̂g ∥ 4g collinear limit in (a) for the q̄g-initiated real–virtual
OpenLoops amplitude BZH,1

2,OL(3q, 2̂g, 4g, 1̂q̄; 5ℓ, 6ℓ̄) and another one for a 1̂q̄ ∥ 3q collinear limit
in (b) for the q̄Q̄-initiated real–virtual OpenLoops amplitude CZH,1

0,OL(3q, 2̂Q̄, 4Q, 1̂q̄; 5ℓ, 6ℓ̄). A
total of 1000 configurations were probed in both cases.

matrix elements are of lower-order amplitudes, which we have covered for V H production
and are written as part of the NNLOJET codebase.

Due to calling amplitudes from OpenLoops and not having access to the analytical for-
mulæ, pole cancellations in the dimensional regularization parameter ϵ were tested only nu-
merically. And as usual, spike tests in all unresolved limits as shown in Figure 2.4 have been
successfully carried out. Successful spike tests indicate that subtraction terms constructed
from multiple colour levels mimic the infrared structure of the OpenLoops amplitudes cor-
rectly.

2.3.3 Double–Virtual Cross Section

The common double-virtual cross sections for both ZH+jet and WH+jet production contain
only B-type partonic contributions, i.e. amplitudes of one quark line and one gluon. As
usual, they are made of (one-loop)² and genuine (two-loop) × (tree-level) interferences. An
example of a genuine two-loop diagram is shown in Figure 2.5. The cross sections for each
partonic channel are

dσ̂VV
V Hj,qq̄ = dΦ3

(
p1, p2; {pi}5

i=3

)
J (1)

1 (p3)
N VV

V Hj
(2Nc)2 ×

{
BV H,2

1

(
1̂q, 3g, 2̂q̄; 4ℓ, 5ℓ̄

)
− 1

N2
c

B̃V H,2
1

(
1̂q, 3g, 2̂q̄; 4ℓ, 5ℓ̄

)
+ 1

N4
c

˜̃BV H,2
1

(
1̂q, 3g, 2̂q̄; 4ℓ, 5ℓ̄

)

109



2.3. NEXT-TO-NEXT-TO-LEADING ORDER CHAPTER 2. VHJ

Figure 2.5: Example of a genuine two-loop B-type diagram that contributes to double-virtual
V H+jet production.

+nF
Nc

B̂V H,2
1

(
1̂q, 3g, 2̂q̄; 4ℓ, 5ℓ̄

)
+ nF

N3
c

ˆ̃BV H,2
1

(
1̂q, 3g, 2̂q̄; 4ℓ, 5ℓ̄

)
+ n2

F
N2

c

ˆ̂
BV H,2

1

(
1̂q, 3g, 2̂q̄; 4ℓ, 5ℓ̄

)}
,

(2.61)

dσ̂VV
V Hj,qg = dΦ3

(
p1, p2; {pi}5

i=3

)
J (1)

1 (p3)
N VV

V Hj
(2Nc)[2(N2

c − 1)]
×

{
BV H,2

1

(
1̂q, 2̂g, 3q̄; 4ℓ, 5ℓ̄

)
− 1

N2
c

B̃V H,2
1

(
1̂q, 2̂g, 3q̄; 4ℓ, 5ℓ̄

)
+ 1

N4
c

˜̃BV H,2
1

(
1̂q, 2̂g, 3q̄; 4ℓ, 5ℓ̄

)

+nF
Nc

B̂V H,2
1

(
1̂q, 2̂g, 3q̄; 4ℓ, 5ℓ̄

)
+ nF

N3
c

ˆ̃BV H,2
1

(
1̂q, 2̂g, 3q̄; 4ℓ, 5ℓ̄

)
+ n2

F
N2

c

ˆ̂
BV H,2

1

(
1̂q, 2̂g, 3q̄; 4ℓ, 5ℓ̄

)}
,

(2.62)

dσ̂VV
V Hj,q̄g = dΦ3

(
p1, p2; {pi}5

i=3

)
J (1)

1 (p3)
N VV

V Hj
(2Nc)[2(N2

c − 1)]
×

{
BV H,2

1

(
3q, 2̂g, 1̂q̄; 4ℓ, 5ℓ̄

)
− 1

N2
c

B̃V H,2
1

(
3q, 2̂g, 1̂q̄; 4ℓ, 5ℓ̄

)
+ 1

N4
c

˜̃BV H,2
1

(
3q, 2̂g, 1̂q̄; 4ℓ, 5ℓ̄

)

+nF
Nc

B̂V H,2
1

(
3q, 2̂g, 1̂q̄; 4ℓ, 5ℓ̄

)
+ nF

N3
c

ˆ̃BV H,2
1

(
3q, 2̂g, 1̂q̄; 4ℓ, 5ℓ̄

)
+ n2

F
N2

c

ˆ̂
BV H,2

1

(
3q, 2̂g, 1̂q̄; 4ℓ, 5ℓ̄

)}
.

(2.63)

They consist of the leading-colour BV H,2
1 piece, the subleading-colour B̃V H,2

1 piece, the sub-
subleading-colour ˜̃BV H,2

1 piece, the nF-proportional B̂V H,2
1 piece, the subleading-colour nF-

proportional ˆ̃BV H,2
1 piece, and finally the n2

F-proportional ˆ̂
BV H,2

1 piece. An overview of the
construction of these amplitudes is found in Appendix A.7.

For ZH+jet production, we included additional, separately gauge-invariant gluon–gluon-
induced (one-loop)² pieces shown in Figure 2.6. The amplitude is evaluated via OpenLoops
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t

(a)

t/b

(b)

Figure 2.6: Examples of diagrams that contribute exclusively to the gluon–gluon-induced
(one-loop)² double-virtual AZH,2

1,OL OpenLoops amplitude.

and thus the partonic cross section for this gg channel can be written as

dσ̂VV
ZH,gg = dΦ3

(
p1, p2; {pi}5

i=3

)
J (1)

1 (p3) AZH,2
1,OL

(
1̂g, 2̂g, 3g; 4ℓ, 5ℓ̄

)
. (2.64)

Similarly to ZH production without the resolved jet, this piece is phenomenologically im-
portant due to the high gluon luminosity in LHC proton–proton collisions. The amplitude
encompasses the top quark Yukawa-induced and Drell–Yan-like terms along with their in-
terference. As the vector boson couples directly to the closed fermion loop in all cases, this
contribution is not present for WH+jet production.

Additional Closed Fermion-Loop Contributions

As we already discussed before in Section 2.3.2, there are gauge-invariant subsets of both
Drell–Yan-like and Yukawa-induced two-loop contributions which are presently unknown
and not included in our calculation. This is the reason why some known amplitudes at the
real–virtual level cannot be included, as adding them alone would spoil the gauge invariance
without their corresponding double-virtual amplitudes.

Subtraction Terms

The subtraction terms once again are fully recycled from the V +jet calculations and are
present for each piece of the colour-decomposed amplitude. Analytic pole cancellation tests
have been carried out to validate all of them after swapping out the reduced matrix elements
with non-momentum-conserving ones.

111



2.4. NUMERICAL RESULTS CHAPTER 2. VHJ

2.4 Numerical Results

2.4.1 General Setup

I will present predictions of W±H+jet production which were generated for
√

s = 13 TeV
proton–proton collisions using the parton distribution function NNPDF31_nnlo_as_0118 from the
LHAPDF library [58]. Although all three of the V H+jet processes are implemented, pro-
duction runs are only completed for W±H+jet production at the time of writing this thesis.
Runs for ZH+jet are still pending.

Values for the parameters used in the calculation were set up exactly as in (1.99).13

The experimental setup can be summarized in the following: we required a hard cut of
p⊥ > 20 GeV for each identified final-state jet, which were clustered with the anti-kt algorithm
using ∆R = 0.5. We demanded at least a single such hard jet to be present in the final state.
The charged leptons were also subject to a transverse momentum cut of p⊥,ℓ± > 25 GeV and
a cut |y|ℓ± < 2.5 in the absolute value of their rapidity. Lastly—concerning the neutrinos
from the W± decay—a missing transverse energy cut E⊥,miss > 25 GeV was also required for
an event to be registered.

In order to estimate the theoretical uncertainty of the predictions at different perturbative
orders, we varied the factorization and renormalization scales with a factor of two around
the central value of the dynamical mass of the WH system according to the commonly used
7-point variation scheme:

µF = MWH
[
1, 1

2 , 2
]
, µR = MWH

[
1, 1

2 , 2
]
,

with the constraint of 1
2 ≤ µF/µR ≤ 2. LHAPDF provided the value of the strong coupling

constant αs and managed its running to all scales.

2.4.2 Fiducial Cross Sections

The fiducial cross sections for W±H+jet production are summarized in Table 2.1 at the
various orders in αs. Verifying their analytic dependence on the renormalization scale have
been carried out according to ref. [61], similarly to Section 1.7.3.

The behaviour of the fiducial cross sections for W+H+jet and W−H+jet are very similar.
We observe a drastic stabilization of the values at NNLO: the correction to the central
value is merely of O(+1%) and the theoretical uncertainty reduces from O(4%) at NLO to
only O(8…9h) at NNLO. Furthermore, the NNLO values are all contained within the scale

13The bottom quark mass was not required as the Higgs boson is kept on shell without any decay.
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W+H+jet W−H+jet

σLO [fb] 20.99 +2.09
−1.83 12.30 +1.24

−1.09

σNLO [fb] 26.12 +0.94
−0.99 15.18 +0.52

−0.56

σNNLO [fb] 26.36 +0.04
−0.24 15.37 +0.03

−0.12

Table 2.1: The fiducial cross sections for the experimental setup at 13 TeV detailed in Sec-
tion 2.4.1. The lower and upper error estimates are acquired as the envelope of the cross-
section values evaluated at the seven different scales.

uncertainty of the NLO predictions.

To study the impact of the top loop-induced parts, we compare the W+H+jet fiducial
cross-section values of the included O(α2

s ) top loop contributions of Figure 1.14b with the
O(α3

s ) NNLO coefficient of the Drell–Yan-like amplitudes at central scale µF = µR = MWH:

σtop
W+Hj,NLO coef. = 0.32 +0.07

−0.06 fb,

σDY
W+Hj,NNLO coef. = 0.24 fb.

We observe that the top Yukawa-induced contributions amount to one percent of the NLO
fiducial cross section and are of similar magnitude as the NNLO coefficient not containing
any effect of top quark loops. For precise phenomenology, their inclusion at this order,
i.e. at O(α2

s ), is therefore of crucial importance when the Drell–Yan-like parts are computed
at O(α3

s ). Furthermore, it is worth noticing that their theoretical uncertainties are better
contained than the O(α3

s) Drell–Yan-like counterparts. It is therefore not unreasonable to
expect that the O(α3

s ) contributions to these top-induced contributions—presently mostly
unknown—would become only relevant when combined with Drell–Yan-type contributions
computed at N³LO, i.e. at O(α4

s ). This is presently beyond theoretical computational possi-
bilities.

2.4.3 Distributions

In Figures 2.7 and 2.8 we present a few selected differential distributions for the production of
W+ and W− bosons in association with a Higgs boson and a hard jet, using the experimental
setup discussed previously in Section 2.4.1. In particular, Figures 2.7a and 2.8a display the
distribution of the transverse momentum of the W+ and W− bosons. Figures 2.7b and 2.8b
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show the cross section as a function of the transverse momentum of the Higgs boson. Jet-
related observables are presented in Figures 2.7c and 2.8c where the transverse momentum
distribution of the leading jet is shown, and in Figures 2.7d and 2.8d where the cross section
as function of the rapidity of the leading jet is displayed.

Besides the difference in magnitudes, the distributions of W+H+jet and W−H+jet look
fairly similar, with the exception of the leading-jet rapidity distributions. The W−H+jet one
of Figure 2.8d systematically shows larger K factors in forward regions than its W+H+jet
sibling of Figure 2.7d. This feature has also been observed when comparing W++jet and
W−+jet leading-jet rapidity distributions without a Higgs boson in ref. [67]. With the ex-
ception of these regions in the W−H+jet rapidity distribution, the K factors at NNLO are all
close to flat and around one. Moreover, the scale uncertainties are also substantially reduced
and contained within the uncertainty band of the NLO prediction, yet again indicating an
excellent perturbative convergence.

2.5 Summary and Outlook

I presented the ingredients for the computation of precise predictions of differential observ-
ables related to the associated production of an on-shell Higgs boson with a vector boson
decaying leptonically, along with always requiring a resolved hard jet in the final state. I
carried out the simulation and showed its results for W±H+jet production for 13 TeV center-
of-mass energy LHC collisions. Drell–Yan-like contributions are included up to O(α3

s ) and
top quark loop-induced parts up to O(α2

s ). We found that the inclusion of these corrections
improves the stability of the predictions for the differential distributions and contribute to
a considerable reduction of the leftover theoretical uncertainties. Analyzing the relative
size of the corrections in the two categories—top-loop and Drell–Yan-like—we saw that the
inclusion of the top loop-induced contributions computed one order lower than their Drell–
Yan-like counterparts are of phenomenological relevance, as both contribute equally to the
fiducial cross section at percent level. As the phenomenological impact of top loop-induced
parts is considerably different for the production processes of W±H and ZH with no hard jet
in the final state, as seen in Sections 1.7.2 and 1.7.4, such observation may or may not hold
for ZH+jet production. It will be interesting to examine this once all runs for the ZH+jet
production finish.

Concerning future work related to this project in light of the recent report [25] of the
ATLAS collaboration, an exciting way to proceed will be to produce predictions using the
experimental setup of said publication. In particular, the WH+jet setup in ref. [25] is
exclusive in the jet content. Compared to our predictions in Section 2.4, which are inclusive
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with respect to higher jet multiplicities, the effect of an additional jet veto on our differential
distributions is worth further investigation.

A longer term goal is to equip V H+jet production with H → bb̄ decay and to add QCD
corrections to both production and decay subprocesses, similarly to how it was done in Chap-
ter 1. Despite having the infrastructure and almost all ingredients at our disposal, this is
a more engaging task than it might seem at first. With this construction, QCD radiation
could already occur on the decay side as well at leading order, i.e. the underlying Born cross
sections include additional O(α0

s ) production × O(α1
s ) decay contributions too, such as the

ones in Section 1.4.3. If O(α3
s ) corrections were included in a consistent manner, the final

NNLO production × decay V H+jet cross section with H → bb̄ decay would incorporate sub-
stantially more terms than even eq. 1.47. Nonetheless, adding the decay of the Higgs boson
to a pair of bottom–antibottom quarks is a definite goal to pursue in future developments
of the project.
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Figure 2.7: Differential distributions of the following W+H+jet observables: transverse mo-
mentum distributions of the W+ boson in (a), the Higgs boson in (b), and of the leading jet
in (c). The rapidity distribution of the leading jet is shown in (d). The upper panel shows
the absolute value of the distribution while the lower panel shows the bin-by-bin ratio to
the previous order. The uncertainty band represent the envelope of values attained via the
7-point scale variation at the given order.
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Figure 2.8: Differential distributions of the following W−H+jet observables: transverse mo-
mentum distributions of the W− boson in (a), the Higgs boson in (b), and of the leading jet
in (c). The rapidity distribution of the leading jet is shown in (d). The upper panel shows
the absolute value of the distribution while the lower panel shows the bin-by-bin ratio to
the previous order. The uncertainty band represent the envelope of values attained via the
7-point scale variation at the given order.
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Chapter 3

Flavour Tagging

This chapter is about obtaining predictions for collider experiments which are sensitive to
quark flavour in the final states. Among others, it is an essential pillar for the results shown
in Chapter 1 for associated Higgs production, when the Higgs boson decays to flavoured
bottom quarks.

In Section 3.1, I will give an introduction to why flavour tagging is experimentally impor-
tant to LHC processes alongside of the theoretical issues challenging a fixed-order prediction.
Next, I will summarize the solution to the theory woes by introducing the flavour-aware
flavour-kt algorithm in Section 3.2. The following pages, starting with Section 3.3, give an
overview on the modifications needed to implement a flavour-tagging layer into NNLOJET.
Concrete technical details of this implementation are the topic of Section 3.4 where I will
describe the extension of the Fortran codebase based on the principles described in earlier
sections, along with the strategy that addresses the autogeneration of these subroutines. The
goal of this technical section is not only to recount the coding complications we had to over-
come when trying to interweave a new layer to the venerable codebase of NNLOJET but also
to serve as a documentation that anyone who tries to engage in modifying or extending the
flavour-tagging layer could use as their starting point. Lastly, I will summarize the chapter
in Section 3.5.

As before, I will be using parts from previous publications on V H production [1] and
some lines from our article on Z plus b-jet production [3]. Moreover, I will also insert parts
of unpublished documents available only internally to NNLOJET collaborators [68–70] which
were created either by Rhorry Gauld, myself, or with joint effort. All of these excerpts are
often modified and/or extended to fit the train of thought of the thesis better.
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3.1 Introduction

Besides measuring flavour-dependent observables in V H production and its subsequent H →
bb̄ decay, the issue of appropriate jet-flavour definition is of great importance for other
precision measurements at the LHC as well. Experimental collaborations have performed
a huge number of physics analyses of final states that involved jets with identified flavour.
The identification of jet flavour is crucial for these analyses because it provides suppression
of otherwise overwhelming background processes, and offers insight into flavour-dependent
physics dynamics—some examples being the flavour structure of the colliding protons and
searches of new physics with a distinct flavour signature.

We are mostly interested in the identification of jets that are initiated by charm or
bottom quarks, hence c- or b-tagging, respectively. The current algorithms used by the
experimental collaborations for the flavour tagging of such jets have become complicated,
relying upon sophisticated machine-learning techniques [71–73]. While the specific details of
the various tagging algorithms employed by the LHC experiments differ widely, they each
rely upon identifying universal signatures of B- and/or D-hadron decays in the detector.
As these hadrons have a typical lifetime of picoseconds, they may travel several millimeters
in the detector before decaying, resulting in secondary vertices. That is, the tracks of the
hadron decay products are physically displaced with respect to the primary vertex of the hard
scattering process. The tagging algorithms may use tracking information, such as the impact
parameter between a track and the primary vertex, information related to reconstructed
secondary vertices, the presence of soft leptons (from semileptonic decays), or a combination
of all these. Regardless of the specifics, the experimental tagging for a given event proceeds
in the following steps:

1. Identify a “particle list” associated with the primary vertex of the hard scattering.

2. Reconstruct anti-kt jets with a given ∆R using this particle list as input.

3. Flavour-tagging algorithms are then applied to these reconstructed jets, after the jets
have been reconstructed with the flavour-blind anti-kt algorithm.

This procedure is extremely successful experimentally—as we already highlighted it for the
discovery of the H → bb̄ decay via the V H production mode [22, 23] in Section 1.1.

While there is no experimental issue with the method described above, such an approach
leads to problems on the theoretical side. Specifically, a fixed-order calculation for such
observables with massless QCD partons is infrared unsafe at NNLO. The problem of infrared
unsafety can be overcome by applying a “flavour-aware” jet reconstruction procedure such
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the flavour-kt algorithm proposed in ref. [43]. The main complication is that the experimental
jet reconstruction described above is not flavour aware—the flavour assignment is applied
after the infrared-safe jet clustering. Consequently, no direct comparison of data and NNLO
flavoured-jet predictions is possible currently. It is highly desirable to overcome this issue
for a number of reasons:

• Predictions for processes such as Zqq̄ or W±q, where q denotes a massive quark, are
not available at NNLO: the complicated two-loop integrals are presently unknown.
Therefore, the most precise fixed-order calculation for such processes will be those
with massless partons, e.g. the Z+jet and W+jet calculations of refs. [63, 66].

• Even if fully massive predictions were available, calculations of this sort suffer from
perturbative instabilities. For example, to nth order in perturbation theory, contribu-
tions of collinear logarithms of the form (αs ln[Q/mq])n as well as double logarithms
from final state g → qq̄ splittings of the form (αs ln2[Q/mq])n appear [74]. The massless
calculation naturally resums the collinear logarithms via PDF evolution while double
logarithmic contributions are absent—in principle they are manifest as collinear singu-
larities that cancel against the virtual contributions, provided we use an appropriate
definition of jet flavour in the algorithm [43].

• Such precise fixed-order predictions are necessary in order to include V plus heavy
flavour data in a global PDF fit at NNLO accuracy, which would allow for more precise
studies of the flavour content of the proton.

There are a few different workarounds to overcome the problem of mismatch between
the experimentally used and theoretically feasible jet algorithms. The one we employed
and advocated in ref. [3] for Z plus b-jet predictions was an unfolding procedure with the
RooUnfold package [75]. There, we converted experimental anti-kt data into that of flavour-kt

using a conversion model provided by NLO+PS simulations using MadGraph [50] interfaced
to Pythia8 [76].

From the theoretical point of view, however, the cleanest solution would be if experimen-
tal jet-reconstruction algorithms were altered to become flavour aware as well. This way,
the same jet algorithm could be applied to both data and predictions in an infrared safe
manner without resorting to workarounds, which themselves may introduce various issues
and uncertainties.
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3.2 Flavoured Jet Algorithm

As mentioned in the previous section, standard jet algorithms such as the kt family [77]
lead to an infrared-unsafe definition of jet flavour at relative order O(α2

s ) for massless QCD
calculations. The principal issue is that wide-angle soft quarks can be generated from a soft
gluon emission. If the soft quark is considered flavoured, i.e. bottom or antibottom quarks for
b-tagging, then this soft quark may be clustered together with a different parton/pseudojet
which does not carry flavour. The resultant flavour of the jet would therefore be sensitive to
the dynamics of long-distance physics effects.

A solution to overcome this problem is to incorporate a flavour-dependent clustering
such as the flavour-kt algorithm, which provides an infrared-safe definition of jet flavour. For
completeness, we recapitulate the main steps of the algorithm for hadron–hadron collisions,
which were originally presented in ref. [43] and also summarized in ref. [78].

The algorithm proceeds by assigning a net flavour to all pseudojets or jets based on
their quark flavour content, attributing +1 (−1) if a quark (antiquark) of the flavour under
consideration is present. In an experimental context, the presence of a quark flavour could be
inferred from a fully/partially reconstructed hadron as described in Section 3.1. A criterion
is then applied to these objects to determine if they carry flavour, possible examples being:
the net flavour (sum of quarks and antiquarks); or the net flavour modulo two. Objects are
considered to carry flavour if they have non-zero values of this criterion. The algorithm then
proceeds by constructing distance measures for pairs of all final-state pseudojets i and j (dij)
as well as beam distances (diB and diB̄). These (flavour-dependent) distances are defined as

dij =
∆y2

ij + ∆ϕ2
ij

R2

max(kti, ktj)α min(kti, ktj)2−α softer of i, j is flavoured,

min(kti, ktj)α softer of i, j is unflavoured,
(3.1)

diB =

max(kti, ktB(yi))α min(kti, ktB(yi))2−α softer of i, j is flavoured,

min(kti, ktB(yi))α softer of i, j is unflavoured,
(3.2)

and

diB̄ =

max(kti, ktB̄(yi))α min(kti, ktB̄(yi))2−α softer of i, j is flavoured,

min(kti, ktB̄(yi))α softer of i, j is unflavoured.
(3.3)
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In these definitions, kti and ktj are the transverse momentum of pseudojets i and j, and
the rapidity difference and azimuthal angular separation between these pseudojets is given
by ∆yij and ∆ϕij , respectively. The parameters R and α define a class of measures for
the algorithm. The (rapidity-dependent) transverse momentum of the beam B at positive
rapidity ktB, and beam B̄ at negative rapidity ktB̄, are defined as:

ktB(y) =
∑

i

kti
(
Θ(yi − y) + Θ(y − yi) eyi−y) , (3.4)

ktB̄(y) =
∑

i

kti
(
Θ(y − yi) + Θ(yi − y) ey−yi

)
, (3.5)

with Θ(0) = 1/2 and the index i iterating over all pseudojets.

While this flavour-aware jet algorithm is substantially more complex than the flavour-
blind anti-kt algorithm [77], its use is unavoidable in fixed-order computations based on
massless quarks. At NLO, the flavour criterion of a pseudojet ensures that a collinear splitting
of the form g → qq̄ is indistinguishable from a gluon (or flavourless) jet. Any subtraction
formalism would be spoiled without this criterion. At NNLO, the flavour-dependent distance
measure in eq. (3.1) ensures that a pair of flavoured quarks originating from a wide-angle
gluon splitting is clustered into a pseudojet before being combined with any other (harder)
pseudojets. This avoids the situation where one of these soft quarks may be clustered with
a hard pseudojet that carries zero flavour, which would lead to a definition of jet flavour
sensitive to soft physics. These are issues which are otherwise insurmountable for fixed-
order computations involving massless quarks.

There is another point related to our choice of flavour criterion during the clustering
process. In the NNLOJET implementation, we have always chosen to define the flavour
of pseudojets to be the net flavour of its constituents modulo two, which means that all
pseudojets which contain an even flavour content are considered to have zero net flavour.
The motivation for this choice is that, in our opinion, it is the most feasible realization of the
flavour-kt algorithm experimentally. Focusing on the case of b-jets, the main consideration
is that most experimental approaches to flavour tagging are sensitive only to the absolute
flavour [71–73] and do not additionally charge tag the jets. All realizations of the algorithm
must consider the combination of a bb̄-quark pair (or equivalently a BB̄-hadron pair) to
carry zero flavour, as required to guarantee its infrared safety. Therefore, in the absence of
charge tagging, any (pseudo)jet which contains an even number of b (B) and/or b̄ (B̄) quarks
(hadrons) should also be considered to carry zero flavour, as experimentally these signatures
are indistinguishable. Charge tagging of flavoured jets is also possible [79], for example in
the presence of semileptonic B-hadron decays. However, the drawback is a large reduction
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in event statistics (roughly an order of magnitude for each b-jet, as the branching fraction
Br(B → ℓ + X) ≈ 10%) with little informational gain.

Accordingly, the NNLO results for V H observables presented in Section 1.7 use the version
of the flavour-kt algorithm where all even-tagged (pseudo)jets carry zero flavour. We provide
an examination of the impact of the even-tag exclusion in the shape and normalization of
flavour-sensitive V H observables in Appendix B.

We implemented the flavour-kt algorithm with even-tag exclusion as its default mode
into NNLOJET and validated it against the independent implementation using FastJet [80,
81], provided for us by Gavin Salam.

3.3 Flavour Dressing

The application of flavour-kt requires tracking the flavour of individual partons that appear
in the partonic cross sections at each perturbative order. In the following, we provide a
description of how this is achieved within NNLOJET, but the discussion here can be easily
generalized and is not particularly specific to the use of the antenna subtraction formalism.

The first step towards computing flavour-dependent jet observables is to ensure that the
jet algorithm has access to both momentum and flavour information when evaluating the
contributions from matrix elements and subtraction terms. To address this issue within
NNLOJET, an additional “flavour-dressing” layer that tracks the flavours of all amplitudes
as well as reduced matrix elements appearing in subtraction terms has been implemented.

To illustrate how this proceeds, we consider the construction of a generic NLO coefficient
cross section for an n-body final state initiated by two partons i and j. We have seen before
in Section 1.4 that we can write the contributions to the partonic cross section as

dσ̂ij,NLO coef. =
∫

Φn+1

(
dσ̂R

ij − dσ̂SNLO
ij

)
+
∫

Φn

(
dσ̂V

ij − dσ̂TNLO
ij

)
. (3.6)

As an example of the flavour-dressing procedure for the amplitudes, we consider the real-
emission cross section (omitting the sum over potential colour orderings) which takes the
general form

dσ̂R
ij = N R

Aij

1
Sn+1

dΦn+1 (p2, p1; {pn+1}) J (n+1)
n ({pn+1}, {fn+1}) M0

n+3({pn+3}, {fn+3}),

(3.7)
where M0

n+3 denotes a generic partial squared amplitude, following the notation of ref. [16].
The other symbols are identical to the ones throughout Chapters 1 and 2. The amplitude
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M0
n+3 is evaluated with the momentum set {pn+3} and a corresponding flavour set {fn+3}.

The flavour-sensitive jet algorithm J
(n+1)
n builds n jets from n + 1 final-state partons, which

carry momentum and flavour labelled by the sets {pn+1} and {fn+1} respectively. In the
previous chapters, we condensed these two separate sets of information into a single al-
phanumerical list of particles, but prior to the addition of the flavour-dressing layer the set
{fn+1} was not available neither for the jet algorithm, nor associated to the partial squared
amplitude.

The real-subtraction cross section can be written in a similar fashion:

dσ̂SNLO
ij = N R

Aij

1
Sn+1

dΦn+1 (p2, p1; {pn+1})×

∑
k

J (n)
n

(
{p̃n}, {f̃n}

)
X0

3 (·, k, ·) M0
n+2

(
{p̃n+2}, {f̃n+2}

)
, (3.8)

where the index k runs over all possible unresolved partons in dσ̂R
ij and the symbol X0

3 (·, k, ·)
denotes the three-parton antenna function that factorizes from the associated reduced squared
matrix element M0

n+2. In this case, the jet algorithm acts upon mapped final-state momen-
tum and flavour sets {p̃n} and {f̃n} associated with the reduced squared matrix element
M0

n+2. As the total subtraction cross section must take into account all possible unresolved
limits of parton k, this cross section may be composed of multiple flavour structures. The
subtraction method is only effective if the evaluation of flavour-dependent observables in
both the real and real-subtraction cross sections match in all possible unresolved limits.
This is only ensured if an infrared-safe flavour-sensitive jet algorithm is applied, such as the
flavour-kt algorithm we reviewed in the previous Section 3.2.

To construct an NLO cross section according to eq. (3.6), a similar procedure must
also be applied to both virtual and virtual-subtraction cross sections. This construction is
carried out in a similar fashion, by tracking both the momentum and flavour sets associated
to all partial squared amplitudes and reduced squared matrix elements then applying the
flavour-sensitive jet algorithm to the of final-state particles within these sets. To allow the
computation of flavour-dependent jet observables at NNLO, the same ideas straightforwardly
propagate to one order higher, applying the outlined flavour-dressing procedure to all NNLO
parton-level contributions and their corresponding subtraction terms.
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3.4 Implementation

Realizing a flavour-tagging layer within NNLOJET required a rather significant overhaul of
the entire infrastructure so we needed to lay down some guiding principles before attempting
it. We required flavour tagging to be

• General—so that it can be applied all processes currently present within NNLOJET.

• Unobtrusive—the implementation should be such that it does not slow down the run-
ning of processes when not in flavour-tagging mode.

• Efficient—while running in flavour-tagging mode we wish to calculate only the pieces of
the subtraction terms and matrix elements which contribute to the observables being
evaluated.

In the remaining parts of this chapter, I will describe key points of the final implementa-
tion in a structured manner, often inserting relevant segments of the NNLOJET driver (i.e.
the Fortran codebase that is compiled and executed during event generation) and the sources
used in autogeneration. The working example will be the process Z+jet, which ultimately—
among rather significant efforts in the mass-correction front—yielded us the publication [3].

3.4.1 Driver

During the early days of the project, we were considering dynamically deducing the flavour
arrays {f}, such as those in eq. (3.8), based on inherent flavour mappings of the antenna
functions. However, due to some limitations in the construction of the antennæ—specifically
the D0

4 antenna shown in ref. [9]—dynamic mapping resulted in illegal flavour assignments in
some cases and thus a mismatch between real amplitudes and their corresponding subtraction
terms.

The robust implementation we decided to pursue relied on storing each possible flavour
set {f} that appears for matrix elements and reduced matrix element in so-called flavour
blocks. While this solution might be deemed less elegant and relies on a priori generating
large amount of flavour information before executing an event simulation, it is also trivially
applicable to all levels of amplitudes (B, R, V, RR, RV, VV) and subtraction terms (SNLO,
TNLO, S, T, U).

For our working example, let us take a look at parts of the Fortran file flavourZJ.f,
the autogenerated file containing the flavour information required for all partonic processes
of Z+jet production. Specifically, consider the dū-initiated real–virtual channel bearing
the process number iproc=450 in the NNLOJET codebase. This is constructed similarly to
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eq. (2.52) but with native NNLOJET amplitudes instead of the OpenLoops ones we used for
ZH+jet. First, we have to expand the generic down- and up-type labelling that was used
prior to flavour tagging into separate subprocesses (isub) that list all flavours individually.
This expansion will yield the following six different subprocesses:

d ū → ū d ℓ ℓ̄

d ū → ū d ℓ ℓ̄

d c̄ → c̄ d ℓ ℓ̄

s ū → ū s ℓ ℓ̄

s c̄ → c̄ s ℓ ℓ̄

b ū → ū b ℓ ℓ̄

b c̄ → c̄ b ℓ ℓ̄

as down-type quarks consist of down, strange, and bottom quarks and up-type quarks consist
of up and charm quarks in the nF = 5 scheme.

In the codebase, this is achieved by looping over subprocesses using different values for
the integer variable isub under the given process (iproc=450) and running the jet algorithm
separately for each of them before actually evaluating the amplitudes or subtraction terms.
The number of subprocesses that need to be iterated over is stored in the variable nflavourZJ,
which is also a part of the autogenerated file flavourZJ.f. In the case of our example, the
number of subprocesses is six, therefore we find the following Snippet 3.1 in flavourZJ.f:

1 integer function nflavourZJ(iproc)
2 implicit none
3 integer, intent(in) ᄂᄄ iproc
4 select case(ip)
5 ᄐᄒᄔ
6 !--- d ub ᔧᖩ ub d lm lp
7 case(450)
8 nflavourZJ = 6
9 end select

10 ᄐᄒᄔ
11 end function nflavourZJ

Snippet 3.1: The number of subprocesses inside the autogenerated file flavourZJ.f for the
process iproc=450, a dū-initiated real–virtual channel contributing to Z+jet production.

Omission of parts of the code relevant to other processes (iproc) in Snippet 3.1 are marked
with ellipses.
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While the matrix element

CZ,1
0

(
1̂d, 2̂ū, 3ū, 4d; 5ℓ, 6ℓ̄

)
(3.9)

is evaluated on the flavour set of a subprocess as it is, the subtraction terms can have multiple
flavour assignments depending on the reduced matrix element the amplitude collapses onto
in a given unresolved limit. The subtraction amplitude

qqpbC0g1ZT
(
1̂d, 2̂ū, 3ū, 4d; 5ℓ, 6ℓ̄

)
(3.10)

accompanying the matrix element (3.9) of our particular example is quite lengthy: it consists
of 23 different terms of (integrated) antennæ and reduced matrix elements, therefore I will
not give the explicit expression here. From the flavour-tagging perspective, it is enough
to know that these 23 terms in total contain only the following 7 different reduced matrix
elements:

1. C0g0Z: the tree-level CZ,0
0 ,

2. f1B1g0Z: the tree-level BZ,0
1 inheriting the flavour of the first quark line (d-type),

3. f1B1g1Z: the one-loop BZ,1
1 inheriting the flavour of the first quark line (d-type),

4. f1B2g0Z: the tree-level BZ,0
2 inheriting the flavour of the first quark line (d-type),

5. f2B1g0Z: the tree-level BZ,0
1 inheriting the flavour of the second quark line (u-type),

6. f2B1g1Z: the one-loop BZ,1
1 inheriting the flavour of the second quark line (u-type),

7. f2B2g0Z: the tree-level BZ,0
2 inheriting the flavour of the second quark line (u-type).

These reduced matrix elements all come with specific flavour assignments which we organize
into flavour blocks (flav_block). In this case, we created flavour blocks 1–7 for the reduced
matrix elements and one more flavour block 0 for the actual amplitude (3.9). They are
stored inside the dress_flav_ZJ subroutine according to Snippet 3.2, which is also part of the
autogenerated file flavourZJ.f .

1 subroutine dress_flav_ZJ(iproc, isub, ipass, flav_block)
2 use Flavour_mod
3 implicit none
4 integer, intent(in) ᄂᄄ iproc, isub, flav_block
5 integer, intent(inout) ᄂᄄ ipass
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6 if (ipass ᖵᖶ 0) return
7 select case(iproc)
8 ᄐᄒᄔ
9 !--- d ub ᔧᖩ ub d lm lp

10 case(450)
11 select case (isub)
12 case(1) ! d ub ᔧᖩ ub d lm lp
13 ᄐᄒᄔ
14 case(2) ! d cb ᔧᖩ cb d lm lp
15 ᄐᄒᄔ
16 case(3) ! s ub ᔧᖩ ub s lm lp
17 ᄐᄒᄔ
18 case(4) ! s cb ᔧᖩ cb s lm lp
19 ᄐᄒᄔ
20 case(5) ! b ub ᔧᖩ ub b lm lp
21 ᄐᄒᄔ
22 case(6) ! b cb ᔧᖩ cb b lm lp
23 select case (flav_block)
24 case(0) ! Matrix element: sC0g1Z matching to C0g1Z in FLAVlistZJ.map
25 call dress_flav( (/ -5,4, -4, 5, -99, 99 /), 6, ipass, (/ 5,-4 /))
26 case(1) ! Reduced matrix element: C0g0Z
27 call dress_flav( (/ -5,4, -4, 5, -99, 99 /), 6, ipass, (/ 5,-4 /))
28 case(2) ! Reduced matrix element: f1B1g0Z
29 call dress_flav( (/ -5,0, 5, -99, 99 /), 5, ipass, (/ 5,-4 /))
30 case(3) ! Reduced matrix element: f1B1g1Z
31 call dress_flav( (/ -5,0, 5, -99, 99 /), 5, ipass, (/ 5,-4 /))
32 case(4) ! Reduced matrix element: f1B2g0Z
33 call dress_flav( (/ -5,0, 0, 5, -99, 99 /), 6, ipass, (/ 5,-4 /))
34 case(5) ! Reduced matrix element: f2B1g0Z
35 call dress_flav( (/ -4,0, 4, -99, 99 /), 5, ipass, (/ 5,-4 /))
36 case(6) ! Reduced matrix element: f2B1g1Z
37 call dress_flav( (/ -4,0, 4, -99, 99 /), 5, ipass, (/ 5,-4 /))
38 case(7) ! Reduced matrix element: f2B2g0Z
39 call dress_flav( (/ -4,0, 0, 4, -99, 99 /), 6, ipass, (/ 5,-4 /))
40 end select
41 ᄐᄒᄔ
42 end select
43 end select
44 end subroutine dress_flav_ZJ

Snippet 3.2: Flavour dressing of the matrix element (3.9) and all reduced matrix elements
inside the subtraction amplitude (3.10) for the process iproc=450, a dū-initiated real–virtual
channel contributing to Z+jet production. The subroutine is part of the autogenerated file
flavourZJ.f.

In Snippet 3.2, we only highlighted the flavour-block decomposition for the subprocess
b c̄ → c̄ b ℓ ℓ̄ (isub=6) through lines 22–40, i.e. when bottom and strange quarks are substi-
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tuted into down-type and up-type quarks, respectively. A similar set of 7+1 flavour blocks
are present for each of the other subprocesses from isub=1 to isub=5 through lines 12–21, which
are replaced by ellipses. Each flavour block dresses up the (reduced) matrix elements with
the appropriate flavour array: we use the integer set {1, 2, 3, 4, 5} for the quarks

{
d, u, s, c, b

}
and {−1, −2, −3, −4, −5} for the antiquarks

{
d̄, ū, s̄, c̄, b̄

}
. The gluon is marked with 0 and

the respective PDG [82] codes are assigned to the rest of the particles, such as −99 for the
electron and 99 for the positron in our example.

Besides the flavour array as its first argument, the dress_flav subroutine takes the number
particles as its second. The initial-state flavours in a reduced matrix element can change,
as it is apparent throughout the flavour blocks, but the flavours of the initial states that
select the appropriate PDFs for the convolution cannot. They are fixed inside a subprocess
(isub), which is indicated by the slightly redundant last argument pair of the dress_flav
subroutine. The example sets the PDFs to that of the bottom (5) and anticharm (−4)
quarks in Snippet 3.2.

During the evaluation of the 23 different terms in the subtraction term (3.10) we need to
refer to the particular flavour block that is associated to the given reduced matrix element
and evaluate the jet function accordingly. If the given flavour set does not contain the quark
flavour we are tagging in the final state at least as many times as many flavour-tagged jets
we require, then we skip the evaluation of the jet function and move onto the next term. The
ipass flag in Snippet 3.2 is used for this purpose, referring back to the efficiency principle we
pointed out in the beginning.

Let us investigate the new additions to the subtraction amplitude (3.10) that flavour
tagging brought about. Term 11 (out of the total 23) of our working example is

qqpbC0g1ZT
(
1̂d, 2̂ū, 3ū, 4d; 5ℓ, 6ℓ̄

)
=

. . . 10 terms . . .

+D0
3,gq(2̂, 3, 1̂) J

(1),IF
2,GQ,q′→g(s14) BZ,1

2

(
4u, ˆ̄1g, ˆ̄2ū; 5ℓ, 6ℓ̄

)
(3.11)

+ . . . 12 more terms . . .

The Fortran code for the evaluation steps (momentum mapping, jet function, numerical
value, etc.) of this term is shown in Snippet 3.3, an excerpt from the autogenerated file
autoqqpbC0g1ZT.f.
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1 function qqpbC0g1ZT(ix,x1,x2,i1,i2,i3,i4,i5,i6,rscale2,fscale2)
2 ᄐᄒᄔ
3 ! II: {i4 = j3, i5 = j4, i6 = j5, [i1] = j1, [i2] = j2}
4 call set_map(6,5, (/i1,i3,i2/), (/i1,i2,i4,i5,i6/), ipass)
5 ! BLOCK 7
6 call ecuts_vj(0,5,ipass)
7 call set_flav_perm(5, (/ j3,j1,j2,j4,j5 /))
8 if(ipass.eq.1)then
9 call getqcdnorm(ix,partons,facnorm, 5, ipass_block, 5)

10 if(ipass_block/=0) then
11 kinwt = 0d0
12 do i=1,nAct_scl
13 wtcalX30=0d0
14 wtcalX30=wtcalX30+1d0*rJ21GQqtogIF(ix,x1,x2,j1,j3,5,muR2_scl(i),muF2_scl(i))
15 kinwt(i)=FullgqD30II(i2,i3,i1,6)*f2B1g0Z(j3,j1,j2,j4,j5)*(wtcalX30)
16 enddo
17 wt(11)=bino(ix,partons,-kinwt*facnorm)
18 endif
19 endif
20 call unset_flav_perm()
21 ipass=1
22 ipass_block=1
23 call unset_map()
24 ᄐᄒᄔ
25 end function qqpbC0g1ZT

Snippet 3.3: An excerpt of the autogenerated T-type autoqqpbC0g1ZT.f subtraction amplitude
focusing on term 11 out of 23. The rest of the terms are replaced by ellipses.

Without delving too much into the inner workings of NNLOJET, let us focus on the additions
of the flavour-tagging layer. These are the following subroutines:

• set_flav_perm (line 7): so far the flavour set of the matrix element (3.9) was easily
matched to flavour block 0 (flav_block=0) of Snippet 3.2. For demonstration purposes
we chose a channel whose momentum ordering is simply (1, 2, 3, 4; 5, 6) as seen in (3.9).
This actually defines what we call the canonical ordering of the flavours for a given
matrix element. Flavour arrays shown in Snippet 3.2 are always generated in their
canonical ordering. The various permutations for channel crossings or those appearing
in different unresolved limits of the subtraction terms, such as in our example (3.10),
require performing the same permutation on the canonical flavour set as well.1 This
is the role of the set_flav_perm subroutine. Besides the subtraction terms, it is always

1The momentum mappings of the unresolved limit must be performed first, i.e. we must first map the set
(1, 2, 3, 4; 5, 6) onto (j1, j2, j3; j4, j5) and then perform the permutation (j3, j1, j2; j4, j5).
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called in front of the amplitudes as well, which I will not show here in a separate code
snippet.

• unset_flav_perm (line 20): resets the permutation before moving onto the next term
inside the subtraction amplitude.

• getqcdnorm (line 9): this subroutine is not a new addition in flavour tagging, but its
roles have significantly been extended by it. As its name suggests, it originally only
multiplied amplitudes and subtraction terms with their normalization prefactor N but
now it also calls the relevant subroutines of flavourZJ.f and therefore we will examine
its structure—shown in Snippet 3.4—in more detail. Before doing so, the main point
that I wish to accentuate here is that the reduced matrix element for our example is
f2B1g0Z, as seen in line 12 of Snippet 3.4 or in eq. (3.11). This reduced matrix element is
found in flavour block 5 (flav_block=5) as shown in line 35 of Snippet 3.2, which is why
this number is passed as the last argument of getqcdnorm. Similarly to set_flav_perm,
this subroutine is also called before evaluating regular matrix elements not part of
subtraction terms.

Besides multiplying the (reduced) matrix elements with the correct normalization factor,
the getqcdnorm subroutine also dresses them with the appropriate flavour set, calls the correct
PDFs, and executes the flavour-sensitive jet algorithm. Traditionally, these roles are the
responsibilities of other subroutines in NNLOJET but overloading getqcdnorm was the most
convenient point in the codebase where the flavour-tagging layer could be linked in a uniform
way into every implemented process. Let us therefore inspect the lines of the subroutine
getqcdnormZJ (directly called by getqcdnorm for Z+jet) which are important to flavour tagging
in Snippet 3.4.

1 subroutine getqcdnormZJ(ix, partons, factor, npar, ipass, flav_block)
2 ᄐᄒᄔ
3 if (.not.isActive_flav()) then
4 call get_lumi_scl(ix, ip1_chan, ip2_chan, partons)
5 relfactor = 1d0
6 else
7 #IFDEF FLAVZJ
8 ipass = 0
9 partons = 0d0
10 relfactor = 1d0/relfacflavourZJ(current_chan)
11 do isub = 1, nflavourZJ(current_chan)
12 ipass_sub = 1
13
14 !> this dresses the flavours, does permutations, makes coffee
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15 call dress_flav_ZJ(current_chan, isub, ipass_sub, flav_block)
16 if (ipass_sub ᖵᖶ 0) cycle
17 call ecuts_flav(0, npar, ipass_sub)
18 if (ipass_sub ᖵᖶ 0) cycle
19 ipass = 1
20
21 ip1_chan = getPDF_flav(npar, 1)
22 ip2_chan = getPDF_flav(npar, 2)
23
24 call get_lumi_scl(ix, ip1_chan, ip2_chan, partons_sub)
25 if ( isActive_hist() ) call push_flav(partons_sub)
26 partons = partons + partons_sub
27 end do
28 if (ipass ᖵᖶ 0) return
29 #ELSE
30 print*,"flavour-tagging routines not compiled for this process"
31 print*,"run: make flav=ZJ"
32 stop
33 #ENDIF
34 end if
35 ᄐᄒᄔ
36 end

Snippet 3.4: Segments of the autogenerated file qcdnormZJ.f repsonsible for flavour tagging of
the Z+jet process.

For the sake of efficacy, NNLOJET often evaluates the sum of various PDFs where it
is appropriate. An example is when only up-type and down-type quarks are distinguished
due to the Z coupling, in which case there is no need to evaluate the amplitudes separately
multiple times for the individual quark flavours. Lines 3–5 of the Snippet 3.4 above guarantee
that if flavour tagging is not active, then usual PDF sums are used and the rest of the lines
relevant to flavour tagging are skipped. This upholds the unobtrusiveness principle, as the
rest of the subroutine reverts back to its traditional role of only providing the normalization
factor whenever flavour tagging is turned off.

Lines 8–33 are called in order when flavour tagging is active. First of all, the statements
#IFDEF, #ELSE, and #ENDIF ensure that flavour tagging for the Z+jet process is only compiled if
the FLAVZJ preprocessor flag is given during compilation time. The autogenerated flavourZJ.f
is a monstrously large file—43905 lines—which increases the size of the executable substan-
tially. Given that we are usually focusing on evaluating observables for a single process at
a time, it is reasonable to only compile flavour tagging for the given process when necessary
instead of needlessly bloating the executable by enabling it for all processes.

Line 10 of Snippet 3.4 divides out the relative factor that accompanies amplitudes when-
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ever identical final states that only differ in quark flavour are present. For example, such
factors are nup and ndown in eq. (1.68) for ZH production and nF in eq. (1.67) for WH pro-
duction. The value relfacflavourZJ is once again stored inside flavourZJ.f for every given
iproc. As our working example (iproc=450) does not have such a final-state configuration,
relfacflavourZJ is set to its default value: one.

The loop encapsulated within lines 11–27 of Snippet 3.4 is where subprocesses (isub) are
being iterated over one-by-one. The flavour dressing for the fixed flavour block (flav_block)
is done within the loop on line 15, after which the flavour-sensitive jet algorithm (flavour-kt)
is executed and subsequently the experimental cuts are applied, both within the subroutine
ecuts_flav on line 17.

Finally, if the event passes the experimental cuts, then lines 21–24 get the PDFs from the
dressed array (the last argument pair of dress_flav_ZJ in Snippet 3.2) and accumulate them
for multiplying the (reduced) matrix elements. The values of PDFs are optionally stacked
for histograms of observables when binning is active.

Figure 3.1 summarizes all of the aforementioned and illustrates the driver side (Fortran
code) of the flavour-tagging layer. The Fortran subroutines throughout this section are all
autogenerated and therefore not the end of the story. They were, however, the ones we first
conceptualized and the autogeneration scripts were adjusted to them in order to produce
the desired files for all processes. In the next section we will look at the structure of the
autogeneration layer for flavour tagging, written mostly in Maple, as it is conventional in
NNLOJET.

3.4.2 Autogeneration

One of properties of the flavour-dressing layer is storing fixed flavour assignments for matrix
elements, regardless of whether they are called from inside a subtraction term or not. Using
Z+jet as our working example as usual, this assignment is contained within the file flavourZJ.f
in a canonical ordering as shown in Snippet 3.2. The process-specific shuffling of the flavours
due to crossings or various unresolved limits inside a subtraction term is performed by
the set_flav_perm subroutine inside the Fortran code, which follows the permutation of the
momentum indices. Consequently, this permutation is already something that the NNLOJET

Maple scripts knew how to generate prior to flavour tagging, we just extended them to the
flavour-permuting set_flav_perm subroutine as well.

This scheme necessarily invokes the creation of a library that stores the flavour arrays
associated with all matrix elements in a canonical ordering. Canonical assignment stands
for the flavours of an all-outgoing momenta configuration in an order that is most natural to
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iproc (Subtraction)
Amplitude

qcdnormZJ

nflavourZJ

dress_flav_ZJ

relfacflavourZJ

isub flavour block 1

flavour block 0

flavour block 2

...

Matrix element
(if present)

Reduced
matrix elements

Figure 3.1: Flavour storage scheme in the NNLOJET driver for Z+jet production. The same
scheme is autogenerated for all of the processes inside NNLOJET. Matrix elements are not
always present if the given channel is a pure mass-factorization one (possible for TNLO and
T subtraction terms).

the respective matrix element, i.e. the partonic process the matrix element describes if the
momentum indices are in an increasing alphanumeric order, such as in eq. (3.9). This library
that contains all possible matrix elements in the NNLOJET codebase is written manually and
found in the Maple file MElibrary.map. Some of its lines containing familiar matrix elements
that appeared in the previous chapters of the thesis are shown in Snippet 3.5.

1 MElibrary Ⴛ= table([
2 ᄐᄒᄔ
3 # Z/W production matrix elements
4 B2g1Z = [-q, 0, 0, q, -99, 99],
5 B3g0W = [-qp, 0, 0, 0, q, 98, -99],
6 C0g0Z = [-q, Q, -Q, q, -99, 99],
7 C0g0W = [-qp, Q, -Q, q, 98, -99],
8 D1g0Z = [-q, 0, q, -q, q, -99, 99],
9 D1g0Wa = [-qp, 0, qp, -qp, q, 98, -99],

10 D1g0Wb = [-qp, 0, q, -q, q, 98, -99],
11 ᄐᄒᄔ
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12 # Higgs ᔧᖩ b bbar decay matrix elements
13 By1g0H = [5, 0, -5],
14 Cy0g0H = [5, Q, -Q, -5],
15 Dy0g0H = [5, 5, -5, -5],
16 ᄐᄒᄔ
17 ]):

Snippet 3.5: Excerpts of the matrix element library MElibrary.map showing the storage of
V +jet and H → bb̄ decay amplitudes.

We can see in Snippet 3.5 that in case of multiple quarks or flavour-changing W± coupling,
similar notations are used as the one outlined in Section 1.5.1. For composite matrix elements
such as the production × decay V H ones, a separate script at the end of the file MElibrary.map
concatenates the relevant flavour arrays.

The autogeneration of subtraction terms in the NNLOJET codebase is done via scripts
written in Maple called makefortRR for SNLO and S, makefortRV for TNLO and T, and makeformVV
for U subtraction terms. These scripts read in files containing analytical expressions for the
subtraction terms such as eq. (3.10) and output respective Fortran code like Snippet 3.3. In
order to know what reduced matrix elements appear in a given analytical subtraction term,
a newly written makeflavlist Maple script combs through all of these analytical expressions
and creates a dictionary of amplitudes and reduced matrix elements. For Z+jet, these are
then stored in FLAVlistZJ.map according to Snippet 3.6.

1 FLAVlistႻ=[
2 ᄐᄒᄔ
3 [[g, g], B1g1Z, [B1g0Z]],
4 [[g, qb], D1g0Z, [D0g0Z, f1B1g0Z]],
5 [[g, qb], Bth2g1Z, [B1g0Z, Bh1g1Z, Bt2g0Z]],
6 [[q, qpb], C0g1Z, [C0g0Z, f1B1g0Z, f1B1g1Z, f1B2g0Z, f2B1g0Z, f2B1g1Z, f2B2g0Z]],
7 [[q, qpb], Bt1g2Z, [f1B1g0Z, f2B1g0Z, f1Bt1g1Z, f2Bt1g1Z]],
8 ᄐᄒᄔ
9 ]:

Snippet 3.6: List of reduced matrix elements that appear inside subtraction terms for the
Z+jet process, as generated by the Maple script makeflavlist. It is essential for generating
the correct flavour blocks for flavourZJ.f.

Line 6 of Snippet 3.6 belongs to our working example: the subtraction term (3.10) of
the process iproc=450. The first array pair indicates the initial states, which are a quark and
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a non-identical antiquark,2 the second is the matrix element. Both are deduced from the
name of the subtraction term, i.e. from qqpbC0g1ZT. The list in the rest of the line shows the 7
different matrix elements that the script could identify while combing through all 23 terms
of the subtraction amplitude. The ordering of reduced matrix elements inside FLAVlistZJ.map
defines the order of flavour blocks seen in Snippet 3.2, therefore it is crucial to run the script
makeflavlist before generating the Fortran subtraction terms, as they need to refer to the
correct flavour block inside the argument of getqcdnorm (cf. line 9 of Snippet 3.3).

The last step is generating flavourZJ.f with the script makeflavour. The role of makeflavour
is to first find the flavour configuration of the matrix elements of FLAVlist (Snippet 3.6) in the
library MElibrary (Snippet 3.5) then fill up the placeholders q (q), Q (Q), and q′ (qp)—paying
attention to the possible flavour-changing configurations—and output the flavour blocks one-
by-one into flavourZJ.f. As long as FLAVlistZJ.map is already present, the subtraction-term
generation via the scripts makefortRR, makefortRV, and makeformVV can be run independently as
the order of the flavour blocks are already fixed.

The autogeneration schematics discussed throughout this section is summarized dia-
grammatically by Figure 3.2. While there are a lot more technical details that could be
discussed—mostly stemming from trying to bridge various conventions used throughout the
codebase—these are not as important for the core strategy of outfitting NNLOJET with
flavour tagging.

3.5 Summary

The study of flavour-sensitive jet observables with fixed-order predictions, such as those
associated with b-jets from H → bb̄ decay in Chapter 1 must be performed in an infrared-
safe way. For calculations based on massless QCD this can only be achieved with a flavour-
aware jet algorithm (such as flavour-kt), while for a massive calculation this is achievable
with flavour-blind algorithms (such as anti-kt). In many cases the corresponding massive
calculation may not be available, or the massless calculation may actually be preferred due to
the presence of large logarithmic corrections that can be easily resummed via PDF evolution.
Future comparisons to measurements are only viable if a similar prescription is employed
on the experimental side as well. The application of even-tag exclusion here was mainly
motivated to facilitate this. The use of flavour-sensitive jet algorithms is of relevance for any

2Unfortunately NNLOJET sometimes mixes the notations q′ (qp) and Q (Q), partially due to Fortran being
oblivious to capitalization. While I usually tried to abide by using q′ (qp) only for indicating a change in flavour
due to W± coupling, this was not always possible because of already established notational inconsistencies in
the codebase.
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makeflavlist

FLAVlistmakeflavvour
makefortRR
makefortRV
makeformVV

MElibrary

flavourZJ.f Subtraction
Terms

Figure 3.2: Strategy for the Maple autogeneration layer in NNLOJET for flavour tagging,
illustrated for Z+jet production.

flavour-sensitive jet observable, such as the ones identifying the associated production of the
flavoured jet with a gauge boson or a H → bb̄ decay.

We gave an overview of the technicalities of a fully generic flavour-tagging implementa-
tion into the NNLOJET parton-level event generator that can be used for flavour-dependent
observable predictions for any process within it. The use of the working example Z+jet
to indicate the key steps of this implementation was meant not just as a toy example, but
it was what we used to simulate the first NNLO accurate predictions for b-jet observables
associated with a Z boson. Although our publication [3] also contains crucial elements that
are not strictly connected to the flavour tagging in NNLOJET—such as the bottom quark
mass corrections—it is an irreplaceable constituent of the results. Together with V H pro-
duction where the Higgs decays to a pair of bottom–antibottom quarks [1] they accentuate
the importance and possibilities of flavour tagging in collider experiments.
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Closing Thoughts

I have arrived to the last lines of my thesis. I hope I was able to give a systematic overview
of my work and results during my doctoral studies at ETH Zürich, which I conducted as a
member of the NNLOJET collaboration. I learned the intricacies of employing perturbative
QCD calculations to produce high-precision, state-of-the-art predictions for particle physics
collider experiments such as the ones conducted at the Large Hadron Collider.

Specifically, I gave detailed account on implementing next-to-next-to-leading order cal-
culations for two classes of associated Higgs boson production into NNLOJET, a multiprocess
parton-level event generator. The first class included the most abundant decay process of
the Higgs boson into a pair of bottom and antibottom quarks and the requirement of at least
two flavoured jets in the final state. This brought about a major extension of the NNLOJET

framework that enabled identification of quark flavours and calculation of flavour-sensitive
observables for all processes. The second class of associated Higgs production required at
least a single final-state hard jet without the inclusion of the decay of the Higgs boson. As
the precision of differential information on these processes ever increases on the experimental
side, the relevance of both theoretical calculations in fundamental probes of the Standard
Model rises accordingly as well.

Although it was slightly challenging to navigate the labyrinth of such a complex field as
high-energy particle physics from time to time, all in all I can confidently say that I learned
a lot over these years and grew to appreciate and respect the enormous effort of thousands
of people who are working on a daily basis to expand this cutting-edge field, and with it, the
collective knowledge of mankind.
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Appendix A

Amplitudes

A common feature in all amplitudes is that the coupling strength of the Z and W± bosons
depend on the flavour and the helicity of the quarks and lepton lines. The W± boson
only couples to left-handed fermion currents between up-type and down-type quarks of the
same generation with unit coupling strength—a consequence of using unity CKM matrix
everywhere. The Z boson couples to fermion currents of the same flavour but its coupling
strength depends on the flavour and helicity of said current. The coupling strength of a Z
boson mediating between quark (q) and lepton (ℓ) currents of helicities hq and hℓ can be
described by the formula

C
hqhℓ

qℓ
= λ

hq

q λ
hℓ

ℓ
, (A.1)

with individual couplings for left (L or −) and right (R or +) helicities being

λ−
q = T3,q − Qq sin2θW, λ+

q = −Qq sin2θW, (A.2)

λ−
ℓ

= −1
2

+ sin2θW, λ+
q = sin2θW, (A.3)

where the third component of the weak isospin and the electric charge are

T3,u = −1
2

, Qu = −1
3

, (A.4)

T3,d = +1
2

, Qd = +2
3

, (A.5)

for up- and down-type quarks, respectively. The couplings being defined, we can start
enumerating the variety of amplitudes which we used in the computations of V H and V H+jet
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production.

As outlined throughout Chapters 1 and 2, we only need to give the relevant non-
momentum-conserving V and V +jet amplitudes for all the Drell–Yan-like contributions,
as the full V H and V H+jet ones can be simply derived by virtue of eqs. (1.5) and (1.9).

Most of the amplitudes are given in spinor–helicity formalism [83, 84] with the con-
ventions of ref. [85]. I extensively made use of the Mathematica packages S@M [86] and
SpinorsExtras [87], which are tailored towards arithmetics in spinor–helicity formalism. Fur-
thermore, this is also how the amplitudes are numerically implemented into NNLOJET. A
left-handed fermion current of particle labels i and j is given by the notation

(
i−
f

, j+
f̄

)
and

conversely a right-handed one with
(
i+
f

, j−
f̄

)
. Gluon helicities of label k are marked similarly

by k±
g . Lastly, the propagator of the gauge bosons PV are given by eq. (1.10).

A.1 BV,0
0

The left-handed quark and left-handed lepton (qLℓL) helicity amplitude is given by

BV,0
0

(
1−

q , 2+
q̄ ; 3−

ℓ
, 4+

ℓ̄

)
= ⟨23⟩[41]. (A.6)

All other helicity configurations can be expressed with it via charge conjugation relations:

qLℓR : BV,0
0

(
1−

q , 2+
q̄ ; 3+

ℓ
, 4−

ℓ̄

)
= BV,0

0

(
1−

q , 2+
q̄ ; 4−

ℓ
, 3+

ℓ̄

)
, (A.7)

qRℓL : BV,0
0

(
1+

q , 2−
q̄ ; 3−

ℓ
, 4+

ℓ̄

)
= BV,0

0

(
2−

q , 1+
q̄ ; 3−

ℓ
, 4+

ℓ̄

)
, (A.8)

qRℓR : BV,0
0

(
1+

q , 2−
q̄ ; 3+

ℓ
, 4−

ℓ̄

)
= BV,0

0

(
2−

q , 1+
q̄ ; 4−

ℓ
, 3+

ℓ̄

)
. (A.9)

The non-momentum-conserving squared amplitudes for W and Z respectively are

BW,0
0

(
1q, 2q̄′ ; 3ℓ, 4ℓ̄

)
= |PW(s34)|2

∣∣∣BV,0
0

(
1−

q , 2+
q̄′ ; 3−

ℓ
, 4+

ℓ̄

)∣∣∣2, (A.10)

BZ,0
0 (1q, 2q̄; 3ℓ, 4ℓ̄) = |PZ(s34)|2

∑
hq ,hℓ

∣∣∣Chqhℓ

qℓ
BV,0

0

(
1hq

q , 2−hq

q̄ ; 3hℓ

ℓ
, 4−hℓ

ℓ̄

)∣∣∣2. (A.11)

The implementation in the codebase is found in the B0g0Znmc.f90 and the autogenerated
autoB0g0Wnmc.f90 Fortran files.
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1

A.2 BV,0
1

The left-handed quark and left-handed lepton (qLℓL) helicity amplitudes for both gluon
helicities are given by

BV,0
1

(
1−

q , 2−
g , 3+

q̄ ; 4−
ℓ

, 5+
ℓ̄

)
= ⟨34⟩⟨13⟩[51] + ⟨23⟩[52]

⟨12⟩⟨23⟩
, (A.12)

BV,0
1

(
1−

q , 2+
g , 3+

q̄ ; 4−
ℓ

, 5+
ℓ̄

)
= −BV,0

1

(
3−

q , 2−
g , 1+

q̄ ; 5−
ℓ

, 4+
ℓ̄

)∗
, (A.13)

where the second line exploited parity and charge conjugation. All other helicity configura-
tions (h = ±) can be expressed with them via charge conjugation relations:

qLℓR : BV,0
1

(
1−

q , 2h
g , 3+

q̄ ; 4+
ℓ

, 5−
ℓ̄

)
= BV,0

1

(
1−

q , 2h
g , 3+

q̄ ; 5−
ℓ

, 4+
ℓ̄

)
, (A.14)

qRℓL : BV,0
1

(
1+

q , 2h
g , 3−

q̄ ; 4−
ℓ

, 5+
ℓ̄

)
= −BV,0

1

(
3−

q , 2h
g , 1+

q̄ ; 4−
ℓ

, 5+
ℓ̄

)
, (A.15)

qRℓR : BV,0
1

(
1+

q , 2h
g , 3−

q̄ ; 4+
ℓ

, 5−
ℓ̄

)
= −BV,0

1

(
3−

q , 2h
g , 1+

q̄ ; 5−
ℓ

, 4+
ℓ̄

)
. (A.16)

The non-momentum-conserving squared amplitudes for W and Z respectively are

BW,0
1

(
1q, 2g, 3q̄′ ; 4ℓ, 5ℓ̄

)
= |PW(s45)|2

∑
h

∣∣∣BV,0
1

(
1−

q , 2h
g , 3+

q̄′ ; 4−
ℓ

, 5+
ℓ̄

)∣∣∣2, (A.17)

BZ,0
1 (1q, 2g, 3q̄; 4ℓ, 5ℓ̄) = |PZ(s45)|2

∑
h,hq ,hℓ

∣∣∣Chqhℓ

qℓ
BV,0

1

(
1hq

q , 2h
g , 3−hq

q̄ ; 4hℓ

ℓ
, 5−hℓ

ℓ̄

)∣∣∣2. (A.18)

The implementation in the codebase is found in the B1g0Znmc.f90 and the autogenerated
autoB1g0Wnmc.f90 Fortran files.

A.3 BV,1
0

The one-loop amplitudes are expressed with the tree-level ones of Section A.1 as

BV,1
0 (1q, 2q̄; 3ℓ, 4ℓ̄) = BV,0

0 (1q, 2q̄; 3ℓ, 4ℓ̄)×{
− 1

ϵ2 +
[
ln
(

s12
µ2

R

)
− 3

2

]
1
ϵ

− 1
2

ln2
(

s12
µ2

R

)
+ 3

2
ln
(

s12
µ2

R

)
+ 7

12
π2 − 4

}
. (A.19)
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The implementation in the codebase is found in the B0g1Znmc.f90 and the autogenerated
autoB0g1Wnmc.f90 Fortran files.

A.4 BV,0
2

The left-handed quark and left-handed lepton (qLℓL) helicity amplitudes for all four gluon
helicities are given by

BV,0
2

(
1−

q , 2−
g , 3−

g , 4+
q̄ ; 5−

ℓ
, 6+

ℓ̄

)
= −[61]⟨25⟩[21] + ⟨35⟩[31] + ⟨45⟩[41]

[43][32][21]
, (A.20)

BV,0
2

(
1−

q , 2−
g , 3+

g , 4+
q̄ ; 5−

ℓ
, 6+

ℓ̄

)
= − 1

⟨12⟩[42] + ⟨13⟩[43]
×

[
[42]⟨35⟩[32] + ⟨45⟩[42]

[43][32]

(
[61]⟨13⟩[32] + ⟨14⟩[42]

s234
+ [62]

)

+ ⟨13⟩⟨13⟩[61] + ⟨23⟩[62]
⟨12⟩⟨23⟩

(
⟨45⟩⟨13⟩[41] + ⟨23⟩[42]

s123
+ ⟨35⟩

)]
, (A.21)

BV,0
2

(
1−

q , 2+
g , 3−

g , 4+
q̄ ; 5−

ℓ
, 6+

ℓ̄

)
= − 1

⟨24⟩[21] + ⟨34⟩[31]
×

[
⟨45⟩[31]3 ⟨14⟩[61] + ⟨24⟩[62] + ⟨34⟩[63]

s123[32][21]

+[61]⟨24⟩3 ⟨25⟩[21] + ⟨35⟩[31] + ⟨45⟩[41]
s234⟨23⟩⟨34⟩

]
, (A.22)

BV,0
2

(
1−

q , 2+
g , 3+

g , 4+
q̄ ; 5−

ℓ
, 6+

ℓ̄

)
= BV,0

2

(
4−

q , 3−
g , 2−

g , 1+
q̄ ; 6−

ℓ
, 5+

ℓ̄

)∗
, (A.23)

where the last line exploited parity and charge conjugation. All other helicity configurations
(h1, h2 = ±) can be expressed with them via charge conjugation relations:

qLℓR : BV,0
2

(
1−

q , 2h1
g , 3h2

g , 4+
q̄ ; 5+

ℓ
, 6−

ℓ̄

)
= BV,0

2

(
1−

q , 2h1
g , 3h2

g , 4+
q̄ ; 6−

ℓ
, 5+

ℓ̄

)
, (A.24)

qRℓL : BV,0
2

(
1+

q , 2h1
g , 3h2

g , 4−
q̄ ; 5−

ℓ
, 6+

ℓ̄

)
= BV,0

2

(
4−

q , 3h2
g , 2h1

g , 1+
q̄ ; 5−

ℓ
, 6+

ℓ̄

)
, (A.25)

qRℓR : BV,0
2

(
1+

q , 2h1
g , 3h2

g , 4−
q̄ ; 5+

ℓ
, 6−

ℓ̄

)
= BV,0

2

(
4−

q , 3h2
g , 2h1

g , 1+
q̄ ; 6−

ℓ
, 5+

ℓ̄

)
. (A.26)
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0

The non-momentum-conserving squared amplitudes for W and Z respectively are

BW,0
2

(
1q, 2g, 3g, 4q̄′ ; 5ℓ, 6ℓ̄

)
= |PW(s56)|2

∑
h1,h2

∣∣∣BV,0
2

(
1−

q , 2h1
g , 3h2

g , 4+
q̄′ ; 5−

ℓ
, 6+

ℓ̄

)∣∣∣2, (A.27)

BZ,0
2 (1q, 2g, 3g, 4q̄; 5ℓ, 6ℓ̄) = |PZ(s56)|2

∑
hq ,hℓ
h1,h2

∣∣∣Chqhℓ

qℓ
BV,0

2

(
1hq

q , 2h1
g , 3h2

g , 4−hq

q̄ ; 5hℓ

ℓ
, 6−hℓ

ℓ̄

)∣∣∣2.

(A.28)

The subleading-colour helicity amplitude is the sum of two different gluon permutations
of the leading-colour helicity amplitudes (A.20)–(A.23)

B̃V,0
2

(
1hq

q , 2h1
g̃ , 3h2

g̃ , 4−hq

q̄ ; 5hℓ

ℓ
, 6−hℓ

ℓ̄

)
=

BV,0
2

(
1hq

q , 2h1
g , 3h2

g , 4−hq

q̄ ; 5hℓ

ℓ
, 6−hℓ

ℓ̄

)
+ BV,0

2

(
1hq

q , 3h2
g , 2h1

g , 4−hq

q̄ ; 5hℓ

ℓ
, 6−hℓ

ℓ̄

)
, (A.29)

from which the final squared amplitudes are derived similarly to eqs. (A.27) and (A.28). The
implementation in the codebase for both colour levels is found in the B2g0Znmc.f90 and the
autogenerated autoB2g0Wnmc.f90 Fortran files.

A.5 CV,0
0

The helicity amplitude where both quark lines and the lepton current are left-handed (qLQLℓL)
and the gauge boson couples to the outer q (1q4q̄) quark line is given by

CV,0
0

(
1−

q , 2+
Q̄

, 3−
Q

, 4+
q̄ ; 5−

ℓ
, 6+

ℓ̄

)
=

1
s32

[
⟨24⟩[61]⟨25⟩[32] − ⟨45⟩[43]

s234
+ ⟨45⟩[31]⟨12⟩[61] − ⟨23⟩[63]

s123

]
. (A.30)

All other helicity configurations with the vector boson still only coupling to the outer quark
line q are expressed using charge conjugation relations as

qLQLℓR : CV,0
0

(
1−

q , 2+
Q̄

, 3−
Q

, 4+
q̄ ; 5+

ℓ
, 6−

ℓ̄

)
= CV,0

0

(
1−

q , 2+
Q̄

, 3−
Q

, 4+
q̄ ; 6−

ℓ
, 5+

ℓ̄

)
, (A.31)

qLQRℓL : CV,0
0

(
1−

q , 2−
Q̄

, 3+
Q

, 4+
q̄ ; 5−

ℓ
, 6+

ℓ̄

)
= CV,0

0

(
1−

q , 3+
Q̄

, 2−
Q

, 4+
q̄ ; 5−

ℓ
, 6+

ℓ̄

)
, (A.32)

qLQRℓR : CV,0
0

(
1−

q , 2−
Q̄

, 3+
Q

, 4+
q̄ ; 5+

ℓ
, 6−

ℓ̄

)
= CV,0

0

(
1−

q , 3+
Q̄

, 2−
Q

, 4+
q̄ ; 6−

ℓ
, 5+

ℓ̄

)
, (A.33)
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qRQLℓL : CV,0
0

(
1+

q , 2+
Q̄

, 3−
Q

, 4−
q̄ ; 5−

ℓ
, 6+

ℓ̄

)
= −CV,0

0

(
4−

q , 2+
Q̄

, 3−
Q

, 1+
q̄ ; 5−

ℓ
, 6+

ℓ̄

)
, (A.34)

qRQLℓR : CV,0
0

(
1+

q , 2+
Q̄

, 3−
Q

, 4−
q̄ ; 5+

ℓ
, 6−

ℓ̄

)
= −CV,0

0

(
4−

q , 2+
Q̄

, 3−
Q

, 1+
q̄ ; 6−

ℓ
, 5+

ℓ̄

)
, (A.35)

qRQRℓL : CV,0
0

(
1+

q , 2−
Q̄

, 3+
Q

, 4−
q̄ ; 5−

ℓ
, 6+

ℓ̄

)
= −CV,0

0

(
4−

q , 3+
Q̄

, 2−
Q

, 1+
q̄ ; 5−

ℓ
, 6+

ℓ̄

)
, (A.36)

qRQRℓR : CV,0
0

(
1+

q , 2−
Q̄

, 3+
Q

, 4−
q̄ ; 5+

ℓ
, 6−

ℓ̄

)
= −CV,0

0

(
4−

q , 3+
Q̄

, 2−
Q

, 1+
q̄ ; 6−

ℓ
, 5+

ℓ̄

)
. (A.37)

The squared amplitude for W is then

CW,0
0

(
1q, 2Q̄, 3Q, 4q̄′ ; 5ℓ, 6ℓ̄

)
= |PW(s56)|2

∑
hQ

∣∣∣∣CV,0
0

(
1−

q , 2−hQ

Q̄
, 3hQ

Q
, 4+

q̄′ ; 5−
ℓ

, 6+
ℓ̄

)∣∣∣∣2. (A.38)

The Z amplitude requires adding terms with the interchange
(
1q ↔ 3Q

)
and

(
4q̄ ↔ 2Q̄

)
to

ensure that the neutral gauge boson can couple to both quark lines:

CZ,0
0

(
1q, 2Q̄, 3Q, 4q̄; 5ℓ, 6ℓ̄

)
= |PZ(s56)|2×

∑
hq ,hQ,hℓ

∣∣∣∣Chqhℓ

qℓ
CV,0

0

(
1hq

q , 2−hQ

Q̄
, 3hQ

Q
, 4−hq

q̄ ; 5hℓ

ℓ
, 6−hℓ

ℓ̄

)

+C
hQhℓ

Qℓ
CV,0

0

(
3hQ

Q
, 4−hq

q̄ , 1hq

q , 2−hQ

Q̄
; 5hℓ

ℓ
, 6−hℓ

ℓ̄

)∣∣∣∣2 . (A.39)

The implementation in the codebase is found in the C0g0Znmc.f90 and the autogenerated
autoC0g0Wnmc.f90 Fortran files.

A.6 DV,0
0

The subleading-colour interference terms are assembled from the complex amplitudes of
Section A.5. The W squared amplitudes for the two different identical-quark configurations
are

DW,0
b,0

(
1q, 2q̄′ , 3q′ , 4q̄′ ; 5ℓ, 6ℓ̄

)
= −|PW(s56)|22 Re

{
CV,0

0

(
1−

q , 2+
q̄′ , 3−

q′ , 4+
q̄′ ; 5−

ℓ
, 6+

ℓ̄

)
CV,0

0

(
1−

q , 4+
q̄′ , 3−

q′ , 2+
q̄′ ; 5−

ℓ
, 6+

ℓ̄

)∗}
,

(A.40)

DW,0
a,0

(
1q, 2q̄, 3q, 4q̄′ ; 5ℓ, 6ℓ̄

)
= DW,0

b,0

(
4q′ , 3q̄, 2q, 1q̄; 6ℓ, 5ℓ̄

)
. (A.41)
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1

As the quarks are identical, helicity flips are not allowed for the Z squared amplitude:

DZ,0
0 (1q, 2q̄, 3q, 4q̄; 5ℓ, 6ℓ̄) = −|PZ(s56)|2

∑
hq ,hℓ

∣∣∣Chqhℓ

qℓ

∣∣∣2

2 Re
{[

CV,0
0

(
1hq

q , 2−hq

q̄ , 3hq

q , 4−hq

q̄ ; 5−
ℓ

, 6+
ℓ̄

)
+ CV,0

0

(
3hq

q , 4−hq

q̄ , 1hq

q , 2−hq

q̄ ; 5−
ℓ

, 6+
ℓ̄

)]
×
[
CV,0

0

(
1hq

q , 4−hq

q̄ , 3hq

q , 2−hq

q̄ ; 5−
ℓ

, 6+
ℓ̄

)
+ CV,0

0

(
3hq

q , 2−hq

q̄ , 1hq

q , 4−hq

q̄ ; 5−
ℓ

, 6+
ℓ̄

)]∗}
. (A.42)

The negative sign preceding the amplitudes is due to the NNLOJET convention of having
one in front of subleading-colour pieces. The implementation in the codebase is found in the
D0g0Znmc.f90 and the autogenerated autogD0Wnmc.f90 Fortran files.

A.7 BV,1
1 and BV,2

1

The structure of the one-loop BV,1
1 and the two-loop BV,2

1 helicity amplitudes are very similar
and both rely on the formulation given in ref. [88]. The left-handed quark and left-handed
lepton (qLℓL) complex amplitudes for both gluon helicities are expressed as

BV,N
1

(
1−

q , 2−
g , 3+

q̄ ; 4−
ℓ

, 5+
ℓ̄

)
= Aαα(u, v) + Aββ(u, v) + Aγγ(u, v), (A.43)

BV,N
1

(
1−

q , 2+
g , 3+

q̄ ; 4−
ℓ

, 5+
ℓ̄

)
= −BV,N

1

(
3−

q , 2−
g , 1+

q̄ ; 5−
ℓ

, 4+
ℓ̄

)∗
, (A.44)

where the second line exploited parity and charge conjugation. The helicity coefficients
α(u, v), β(u, v), and γ(u, v) are presented in great detail in ref. [88] for both the one-loop
(N = 1) and two-loop (N = 2) cases, but the partial helicity amplitudes Aα, Aβ, and Aγ

are different due to not respecting momentum conservation.1 They are

Aα = ⟨13⟩⟨34⟩[51]
⟨12⟩⟨23⟩

+ ⟨13⟩[21]⟨14⟩[51] + ⟨24⟩[52] + ⟨34⟩[53]
2s123⟨12⟩

, (A.45)

Aβ = ⟨34⟩[52]
⟨12⟩

− ⟨13⟩[21]⟨14⟩[51] + ⟨24⟩[52] + ⟨34⟩[53]
2s123⟨12⟩

, (A.46)

Aγ = ⟨14⟩[21][52]
⟨12⟩[32]

− ⟨13⟩[21]⟨14⟩[51] + ⟨24⟩[52] + ⟨34⟩[53]
2s123⟨12⟩

. (A.47)

1The last terms in eqs. (A.45)–(A.47) vanish when momentum is conserved, restoring the values in ref. [88].
This can be seen more explicitly in eq. (2.22) of ref. [89] as well.
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The renormalization-scale dependence is not indicated in eq. (A.43) but it is also given
explicitly in ref. [88]. All other helicity configurations (h = ±) can be expressed with
eqs. (A.43) and (A.44) via charge conjugation:

qLℓR : BV,N
1

(
1−

q , 2h, 3+
q̄ ; 4+

ℓ
, 5−

ℓ̄

)
= BV,N

1

(
1−

q , 2h, 3+
q̄ ; 5−

ℓ
, 4+

ℓ̄

)
, (A.48)

qRℓL : BV,N
1

(
1+

q , 2h, 3−
q̄ ; 4−

ℓ
, 5+

ℓ̄

)
= −BV,N

1

(
3−

q , 2h, 1+
q̄ ; 4−

ℓ
, 5+

ℓ̄

)
, (A.49)

qRℓR : BV,N
1

(
1+

q , 2h, 3−
q̄ ; 4+

ℓ
, 5−

ℓ̄

)
= −BV,N

1

(
3−

q , 2h, 1+
q̄ ; 4+

ℓ
, 5−

ℓ̄

)
. (A.50)

The non-momentum-conserving leading-colour one-loop squared amplitudes BV,1
1 are the

following (tree) × (one-loop) interferences:

BW,1
1

(
1q, 2g, 3q̄′ ; 4ℓ, 5ℓ̄

)
= |PW(s45)|2×∑

h

2 Re
[
BV,0

1

(
1−

q , 2h
g , 3+

q̄′ ; 4−
ℓ

, 5+
ℓ̄

)
BV,1

1

(
1−

q , 2h
g , 3+

q̄′ ; 4−
ℓ

, 5+
ℓ̄

)∗]
, (A.51)

BZ,1
1 (1q, 2g, 3q̄; 4ℓ, 5ℓ̄) = |PZ(s45)|2×

∑
h,hq ,hℓ

∣∣∣Chqhℓ

qℓ

∣∣∣22 Re
[
BV,0

1

(
1hq

q , 2h
g , 3−hq

q̄ ; 4hℓ

ℓ
, 5−hℓ

ℓ̄

)
BV,1

1

(
1hq

q , 2h
g , 3−hq

q̄ ; 4hℓ

ℓ
, 5−hℓ

ℓ̄

)∗]
,

(A.52)

where the tree-level helicity amplitudes BV,0
1 are those of Section A.2.

The structure for deriving the subleading-colour B̃V,1
1 and nF-proportional B̂V,1

1 ampli-
tudes is very similar, except that the correct colour decomposition of the helicity coefficients
α(u, v), β(u, v), and γ(u, v) need to be substituted into eq. (A.43).2 This is also given in
ref. [88]. The implementation in the codebase for all colour levels is found in the B1g1Znmc.f90
and the autogenerated autoB1g1Wnmc.f90 Fortran files.

The leading-colour two-loop amplitudes BV,2
1 consist of (tree) × (two-loop) and (one-

loop)² interferences according to

BW,1
1

(
1q, 2g, 3q̄′ ; 4ℓ, 5ℓ̄

)
= |PW(s45)|2

{∑
h

∣∣∣BV,1
1

(
1−

q , 2h
g , 3+

q̄′ ; 4−
ℓ

, 5+
ℓ̄

)∣∣∣2

2The subleading-colour contributions acquire a negative sign in eqs. (A.51) and (A.52), as customary in
NNLOJET.
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1

+
∑

h

2 Re
[
BV,0

1

(
1−

q , 2h
g , 3+

q̄′ ; 4−
ℓ

, 5+
ℓ̄

)
BV,2

1

(
1−

q , 2h
g , 3+

q̄′ ; 4−
ℓ

, 5+
ℓ̄

)∗]}
, (A.53)

BZ,1
1 (1q, 2g, 3q̄; 4ℓ, 5ℓ̄) = |PZ(s45)|2

{ ∑
h,hq ,hℓ

∣∣∣Chqhℓ

qℓ

∣∣∣2∣∣∣BV,1
1

(
1hq

q , 2h
g , 3−hq

q̄ ; 4hℓ

ℓ
, 5−hℓ

ℓ̄

)∣∣∣2

+
∑

h,hq ,hℓ

∣∣∣Chqhℓ

qℓ

∣∣∣22 Re
[
BV,0

1

(
1hq

q , 2h
g , 3−hq

q̄ ; 4hℓ

ℓ
, 5−hℓ

ℓ̄

)
BV,2

1

(
1hq

q , 2h
g , 3−hq

q̄ ; 4hℓ

ℓ
, 5−hℓ

ℓ̄

)∗]}
.

(A.54)

Using the appropriate interferences and colour decomposition of the helicity coefficients, the
partial squared amplitudes B̃V H,1

2 , ˜̃BV H,1
2 , ˆ̂

BV H,1
2 , ˜̃̃

BV H,1
2 , B̂V H,1

2 , and ˆ̃BV H,1
2 are derived very

similarly. Additionally, the colour-decomposed Catani pole structures need to be subtracted
to match conventions used in subtraction terms. The implementation in the codebase for
all colour levels is found in the B1g2Znmc.f90 and the autogenerated autoB1g2Wnmc.f90 Fortran
files.

For both N = 1 and N = 2 cases, the helicity coefficients in eq. (A.43) are evaluated
through subroutines in the file B1gNZnmcAux.f90.

A.8 BV H,1top
1

This amplitude was imported from Appendix B.3 of ref. [33] and modified to fit conventions
in NNLOJET. The left-handed quark and left-handed lepton (qLℓL) helicity amplitudes for
both gluon helicities are given by

BV H,1top
1

(
1−

q , 2−
g , 3+

q̄ ; 4−
ℓ

, 5+
ℓ̄

)
=

= 1
s1345

[
[51]⟨14⟩[21] + ⟨45⟩[52]

s145

(
⟨13⟩[21] + ⟨34⟩[42] + ⟨35⟩[52]

)

−⟨34⟩[21]
(

[52] + [21]⟨13⟩[53] + ⟨14⟩[54]
s345

)]
, (A.55)

BV H,1top
1

(
1−

q , 2+
g , 3+

q̄ ; 4−
ℓ

, 5+
ℓ̄

)
= −BV H,1top

1

(
3−

q , 2−
g , 1+

q̄ ; 5−
ℓ

, 4+
ℓ̄

)∗
, (A.56)
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where the second line exploited parity and charge conjugation. All other helicity configura-
tions (h = ±) can be expressed with them via charge conjugation relations:

qLℓR : BV H,1top
1

(
1−

q , 2h
g , 3+

q̄ ; 4+
ℓ

, 5−
ℓ̄

)
= BV H,1top

1

(
1−

q , 2h
g , 3+

q̄ ; 5−
ℓ

, 4+
ℓ̄

)
, (A.57)

qRℓL : BV H,1top
1

(
1+

q , 2h
g , 3−

q̄ ; 4−
ℓ

, 5+
ℓ̄

)
= −BV H,1top

1

(
3−

q , 2h
g , 1+

q̄ ; 4−
ℓ

, 5+
ℓ̄

)
, (A.58)

qRℓR : BV H,1top
1

(
1+

q , 2h
g , 3−

q̄ ; 4+
ℓ

, 5−
ℓ̄

)
= −BV H,1top

1

(
3−

q , 2h
g , 1+

q̄ ; 5−
ℓ

, 4+
ℓ̄

)
. (A.59)

The non-momentum-conserving squared amplitudes are the following (tree) × (one-loop)
interferences:

BWH,1top
1

(
1q, 2g, 3q̄′ ; 4ℓ, 5ℓ̄

)
=
∑

h

2 Re
{

PW(s45)BV H,0
1

(
1−

q , 2h
g , 3+

q̄′ ; 4−
ℓ

, 5+
ℓ̄

) [
IFTBV H,1top

1

(
1−

q , 2h
g , 3+

q̄′ ; 4−
ℓ

, 5+
ℓ̄

)]∗}
, (A.60)

BZH,1top
1 (1q, 2g, 3q̄; 4ℓ, 5ℓ̄) =

∑
h,hq ,hℓ

∣∣∣Chqhℓ

qℓ

∣∣∣2×

2 Re
{

PZ(s45)BV H,0
1

(
1hq

q , 2h
g , 3−hq

q̄ ; 4hℓ

ℓ
, 5−hℓ

ℓ̄

) [
IFTBV H,1top

1

(
1hq

q , 2h
g , 3−hq

q̄ ; 4hℓ

ℓ
, 5−hℓ

ℓ̄

)]∗}
,

(A.61)

where the tree-level helicity amplitudes BV H,0
1 are

BV H,0
1 = PV (s45) BV,0

1 , (A.62)

i.e. those of Section A.2 equipped with the extra gauge-boson propagator, similarly how it
was outlined in eq. (1.9) for squared amplitudes. The factor IFT contains a combination of
scalar loop integrals and it is given by eq. (B.11) of ref. [33] with an index swap (2 ↔ 5) due
to differences between notations. These scalar integrals within IFT are evaluated with the
OneLOop [54] library that comes bundled together with OpenLoops [53].

The implementation in the codebase is found in the B1g1topZnmc.f90 and the autogenerated
autoB1g1topWnmc.f90 Fortran files.
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A.9 BV,2
0

The leading-colour, subleading-colour, and nF-proportional two-loop amplitudes with their
Catani pole structures subtracted are expressed proportional to the tree-level amplitudes as

BV,2
0 (1q, 2q̄; 3ℓ, 4ℓ̄) = BV,0

0 (1q, 2q̄; 3ℓ, 4ℓ̄)×{
1
2

1
ϵ4 +

[
23
8

+ ln
(

µ2
R

s12

)]
1
ϵ3 +

[
401
72

+ 47
12

ln
(

µ2
R

s12

)
+ ln2

(
µ2

R
s12

)
− 13

24
π2
]

1
ϵ2

+
[

10093
864

+ 151
18

ln
(

µ2
R

s12

)
+ 3 ln2

(
µ2

R
s12

)
+ 2

3
ln3
(

µ2
R

s12

)
− 7

12
ζ3 − 89

48
π2 − 13

12
π2 ln

(
µ2

R
s12

)]
1
ϵ

−60923
5184

− 22
3

ln
(

µ2
R

s12

)
+ 389

72
ζ3 − 5

36
π2 + 49

1440
π4
}

, (A.63)

B̃V,2
0 (1q, 2q̄; 3ℓ, 4ℓ̄) = BV,0

0 (1q, 2q̄; 3ℓ, 4ℓ̄)×{
1
2

1
ϵ4 +

[
3
2

+ log
(

µ2
R

s12

)]
1
ϵ3 +

[
41
8

+ 3 log
(

µ2
R

s12

)
+ log2

(
µ2

R
s12

)
− 7

12
π2
]

1
ϵ2

+
[

445
32

+ 41
4

log
(

µ2
R

s12

)
+ 3 log2

(
µ2

R
s12

)
+ 2

3
log3

(
µ2

R
s12

)
− 23

6
ζ3 − 13

8
π2 − 7

6
π2 log

(
µ2

R
s12

)]
1
ϵ

+511
64

− 15
4

ζ3 + 29
48

π2 − 11
360

π4
}

, (A.64)

B̂V,2
0 (1q, 2q̄; 3ℓ, 4ℓ̄) = BV,0

0 (1q, 2q̄; 3ℓ, 4ℓ̄)×{
−1

4
1
ϵ3 −

[
1
9

+ 1
6

log
(

µ2
R

s12

)]
1
ϵ2 +

[
65
216

+ 5
18

log
(

µ2
R

s12

)
+ 1

24
π2
]

1
ϵ

+4085
1296

+ 4
3

log
(

µ2
R

s12

)
− 1

36
ζ3 + 7

72
π2
}

. (A.65)

The implementation of all colour levels in the codebase is found in the B0g2Znmc.f90 and the
autogenerated autoB0g2Wnmc.f90 Fortran files.

A.10 BV,0
3

These amplitudes rely on the results presented in ref. [85]. The left-handed quark and left-
handed lepton (qLℓL) helicity amplitudes for gluon helicities (+ + +), (+ + −), (+ − +), and
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(− + +) are given respectively by

BV,0
3

(
1−

q , 2+
g , 3+

g , 4+
g , 5+

q̄ ; 6−
ℓ

, 7+
ℓ̄

)
= ⟨56⟩⟨15⟩[71] + ⟨25⟩[72] + ⟨35⟩[73] + ⟨45⟩[74]

⟨12⟩⟨23⟩⟨34⟩⟨45⟩
, (A.66)

BV,0
3

(
1−

q , 2+
g , 3+

g , 4−
g , 5+

q̄ ; 6−
ℓ

, 7+
ℓ̄

)
=

− ⟨14⟩
⟨12⟩⟨23⟩⟨34⟩

[
⟨46⟩ + ⟨56⟩⟨14⟩[51] + ⟨24⟩[52] + ⟨34⟩[53]

s1234

]⟨14⟩[71] + ⟨24⟩[72] + ⟨34⟩[73]
⟨21⟩[52] + ⟨31⟩[53] + ⟨41⟩[54]

+[53]⟨46⟩[34] + ⟨56⟩[35]
⟨32⟩[53] + ⟨42⟩[54]

[71](⟨41⟩[34] + ⟨51⟩[35]) + [72](⟨42⟩[34] + ⟨52⟩[35]) + [73]s345
⟨12⟩[54][43]s345

+ 1
⟨23⟩⟨34⟩

⟨24⟩[52] + ⟨34⟩[53]
⟨32⟩[53] + ⟨42⟩[54]

[
⟨46⟩ + ⟨56⟩⟨24⟩[52] + ⟨34⟩[53]

s234

]

×
[⟨14⟩[71] + ⟨24⟩[72] + ⟨34⟩[73]

⟨21⟩[52] + ⟨31⟩[53] + ⟨41⟩[54]
+ ⟨45⟩[71]

s2345

]
, (A.67)

BV,0
3

(
1−

q , 2+
g , 3−

g , 4+
g , 5+

q̄ ; 6−
ℓ

, 7+
ℓ̄

)
=

−⟨16⟩(⟨43⟩[14] + ⟨53⟩[15]) + ⟨26⟩(⟨43⟩[24] + ⟨53⟩[25]) + ⟨36⟩(s345 − s12345)
s345⟨13⟩ + ⟨12⟩(⟨43⟩[24] + ⟨53⟩[25])

× ⟨13⟩⟨35⟩3

⟨12⟩⟨23⟩⟨34⟩⟨45⟩
⟨13⟩[71] + ⟨23⟩[72]

s123⟨35⟩ + ⟨45⟩(⟨13⟩[41] + ⟨23⟩[42])

− ⟨13⟩⟨56⟩
s123s1234⟨12⟩⟨23⟩

(⟨13⟩[41] + ⟨23⟩[42])3

⟨21⟩[42] + ⟨31⟩[43]
⟨15⟩[71] + ⟨25⟩[72] + ⟨35⟩[73] + ⟨45⟩[74]

s123⟨35⟩ + ⟨45⟩(⟨13⟩[41] + ⟨23⟩[42])

+⟨35⟩3

s2345

⟨43⟩[24] + ⟨53⟩[25]
⟨35⟩[23] + ⟨45⟩[24]

⟨36⟩[23] + ⟨46⟩[24] + ⟨56⟩[25]
s345⟨34⟩⟨45⟩

× (⟨31⟩[23] + ⟨41⟩[24] + ⟨51⟩[25])[71] + [72]s2345
s345⟨13⟩ + ⟨12⟩(⟨43⟩[24] + ⟨53⟩[25])

+ ⟨56⟩[42]4

s234[32][43]
⟨15⟩[71] + ⟨25⟩[72] + ⟨35⟩[73] + ⟨45⟩[74]
(⟨35⟩[23] + ⟨45⟩[24])(⟨21⟩[42] + ⟨31⟩[43])

, (A.68)

BV,0
3

(
1−

q , 2−
g , 3+

g , 4+
g , 5+

q̄ ; 6−
ℓ

, 7+
ℓ̄

)
=

− ⟨25⟩3[71]
s2345⟨23⟩⟨34⟩⟨45⟩

⟨26⟩[21] + ⟨36⟩[31] + ⟨46⟩[41] + ⟨56⟩[51]
⟨25⟩[12] + ⟨35⟩[13] + ⟨45⟩[14]

− ⟨56⟩[31]3

s123⟨45⟩[21][32]
⟨15⟩[71] + ⟨25⟩[72] + ⟨35⟩[73] + ⟨45⟩[74]

⟨24⟩[12] + ⟨34⟩[13]
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+ ⟨56⟩
s234s1234⟨23⟩⟨34⟩

⟨15⟩[71] + ⟨25⟩[72] + ⟨35⟩[73] + ⟨45⟩[74]
⟨25⟩[12] + ⟨35⟩[13] + ⟨45⟩[14]

(⟨32⟩[13] + ⟨42⟩[14])3

⟨24⟩[12] + ⟨34⟩[13]
.

(A.69)

Helicity amplitudes of all other gluon helicity configurations—still for left-handed quark
and lepton currents—can be expressed using parity and charge conjugation transforma-
tions. Performing the operations on the amplitudes in the same order as they are listed in
eqs. (A.66)–(A.69) yields

BV,0
3

(
1−

q , 2−
g , 3−

g , 4+
g , 5+

q̄ ; 6−
ℓ

, 7+
ℓ̄

)
= −BV,0

3

(
5−

q , 4+
g , 3+

g , 2+
g , 1+

q̄ ; 7−
ℓ

, 6+
ℓ̄

)∗
, (A.70)

BV,0
3

(
1−

q , 2+
g , 3−

g , 4−
g , 5+

q̄ ; 6−
ℓ

, 7+
ℓ̄

)
= −BV,0

3

(
5−

q , 4+
g , 3+

g , 2−
g , 1+

q̄ ; 7−
ℓ

, 6+
ℓ̄

)∗
, (A.71)

BV,0
3

(
1−

q , 2−
g , 3+

g , 4−
g , 5+

q̄ ; 6−
ℓ

, 7+
ℓ̄

)
= −BV,0

3

(
5−

q , 4+
g , 3−

g , 2+
g , 1+

q̄ ; 7−
ℓ

, 6+
ℓ̄

)∗
, (A.72)

BV,0
3

(
1−

q , 2−
g , 3−

g , 4+
g , 5+

q̄ ; 6−
ℓ

, 7+
ℓ̄

)
= −BV,0

3

(
5−

q , 4−
g , 3+

g , 2+
g , 1+

q̄ ; 7−
ℓ

, 6+
ℓ̄

)∗
. (A.73)

Getting the amplitudes for the other fermion helicity configurations are just a matter of
exploiting their symmetry under charge conjugation as usual:

qLℓR : BV,0
3

(
1−

q , 2h1
g , 3h2

g , 4h3
g , 5+

q̄ ; 6+
ℓ

, 7−
ℓ̄

)
= BV,0

3

(
1−

q , 2h1
g , 3h2

g , 4h3
g , 5+

q̄ ; 7−
ℓ

, 6+
ℓ̄

)
, (A.74)

qRℓL : BV,0
3

(
1+

q , 2h1
g , 3h2

g , 4h3
g , 5−

q̄ ; 6−
ℓ

, 7+
ℓ̄

)
= −BV,0

3

(
5−

q , 4h3
g , 3h2

g , 2h1
g , 1+

q̄ ; 6−
ℓ

, 7+
ℓ̄

)
, (A.75)

qRℓR : BV,0
3

(
1+

q , 2h1
g , 3h2

g , 4h3
g , 5−

q̄ ; 6+
ℓ

, 7−
ℓ̄

)
= −BV,0

3

(
5−

q , 4h3
g , 3h2

g , 2h1
g , 1+

q̄ ; 7−
ℓ

, 6+
ℓ̄

)
, (A.76)

for all h1, h2, h3 = ± gluon helicities. The non-momentum-conserving squared amplitudes
for W and Z respectively are

BW,0
3

(
1q, 2g, 3g, 4g, 5q̄′ ; 6ℓ, 7ℓ̄

)
=

|PW(s67)|2
∑

h1,h2,h3

∣∣∣BV,0
3

(
1−

q , 2h1
g , 3h2

g , 4h3
g , 5+

q̄′ ; 6−
ℓ

, 7+
ℓ̄

)∣∣∣2, (A.77)

BZ,0
3 (1q, 2g, 3g, 4g, 5q̄; 6ℓ, 7ℓ̄) =

|PZ(s67)|2
∑

hq ,hℓ
h1,h2,h3

∣∣∣Chqhℓ

qℓ
BV,0

3

(
1hq

q , 2h1
g , 3h2

g , 4h3
g , 5−hq

q̄ ; 6hℓ

ℓ
, 7−hℓ

ℓ̄

)∣∣∣2. (A.78)
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The subleading-colour helicty amplitudes are generated by the sum of permutations

B̃V,0
3

(
1−

q , 2h1
g̃ , 3h2

g , 4h3
g , 5+

q̄′ ; 6−
ℓ

, 7+
ℓ̄

)
= BV,0

3

(
1−

q , 2h1
g , 3h2

g , 4h3
g , 5+

q̄′ ; 6−
ℓ

, 7+
ℓ̄

)
+ BV,0

3

(
1−

q , 3h2
g , 2h1

g , 4h3
g , 5+

q̄′ ; 6−
ℓ

, 7+
ℓ̄

)
+ BV,0

3

(
1−

q , 3h2
g , 4h3

g , 2h1
g , 5+

q̄′ ; 6−
ℓ

, 7+
ℓ̄

)
, (A.79)

and

˜̃B
V,0
3

(
1−

q , 2h1
g̃ , 3h2

g̃ , 4h3
g̃ , 5+

q̄′ ; 6−
ℓ

, 7+
ℓ̄

)
=

∑
(3,4,5)

BV,0
3

(
1−

q , 2h1
g , 3h2

g , 4h3
g , 5+

q̄′ ; 6−
ℓ

, 7+
ℓ̄

)
. (A.80)

The implementation in the codebase is found in the B3g0Znmc.f90 and the autogenerated
autoB3g0Wnmc.f90 Fortran files.

A.11 BH,0
0

The helicity amplitudes for the left- and right-handed quark currents are simply

BH,0
0

(
i−
q , j+

q̄

)
= [ji], (A.81)

BH,0
0

(
i+
q , j−

q̄

)
= BH,0

0

(
i−
q , j+

q̄

)∗
. (A.82)

The squared amplitude—including the Higgs boson propagator—is then

BH,0
0 (iq, jq̄) = |PH(sij)|2

∑
hq

∣∣∣BH,0
0

(
i
hq

q , j
−hq

q̄

)∣∣∣2. (A.83)

The implementation in the codebase is found in the By0g0H.f90 Fortran file.

A.12 BH,0
1

The left-handed quark helicity amplitudes for both gluon helicities are given by

BH,0
1

(
i−
q , j+

g , k+
q̄

)
= − ⟨ik⟩2

⟨ij⟩⟨jk⟩
, (A.84)

BH,0
1

(
i−
q , j−

g , k+
q̄

)
= sijk

[ij][jk]
. (A.85)
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The right-handed ones are expressed via parity transformations3 as

BH,0
1

(
i+
q , jh

g , k−
q̄

)
= BH,0

1

(
i−
q , j−h

g , k+
q̄

)∗
. (A.86)

The squared amplitude—including the Higgs boson propagator—is then

BH,0
1 (iq, jg, kq̄) = |PH(sijk)|2

∑
h,hq

∣∣∣BH,0
1

(
i
hq

q , jh
g , k

−hq

q̄

)∣∣∣2. (A.87)

The implementation in the codebase is found in the By1g0H.f90 Fortran file.

A.13 BH,1
0

The one-loop amplitude is expressed with the tree-level one of Section A.11 as

BH,1
0 (iq, jq̄) = BH,0

0 (iq, jq̄)
{

− 1
ϵ2 −

[
3
2

+ ln
(

µ2
R

sij

)]
1
ϵ

− 1 − 1
2

ln2
(

µ2
R

sij

)
+ 7

12
π2
}

. (A.88)

The implementation in the codebase is found in the By0g1H.f90 Fortran file.

A.14 CH,0
0

The helicity amplitude when both quark currents are right-handed (qRQR) and the Higgs
boson couples to the outer q (iqlq̄) quark line is given by

CH,0
0

(
i+
q , j+

Q
, k−

Q̄
, l−q̄

)
= 1

sjk

[
[ji]⟨ki⟩[il] + ⟨kj⟩[jl]

sijk
+ [jl]⟨kl⟩[li] + ⟨kj⟩[ji]

sljk

]
. (A.89)

All other helicity configurations with the vector boson still only coupling to the outer quark
line can be expressed via charge conjugation4 and parity transformations according to

qRQL : CH,0
0

(
i+
q , j−

Q
, k+

Q̄
, l−q̄

)
= CH,0

0

(
i+
q , k+

Q
, j−

Q̄
, l−q̄

)
, (A.90)

qLQL : CH,0
0

(
i−
q , j−

Q
, k+

Q̄
, l+q̄

)
= CH,0

0

(
i+
q , j+

Q
, k−

Q̄
, l−q̄

)∗
, (A.91)

3Charge conjugation of quark lines directly coupling to the Higgs boson is not useful because those currents
do not exhibit “line-reversal” symmetry.

4The inner quark line Q (jQkQ̄) that does not couple to the Higgs boson exhibits line-reversal symmetry.
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qLQR : CH,0
0

(
i−
q , j+

Q
, k−

Q̄
, l+q̄

)
= CH,0

0

(
i+
q , k+

Q
, j−

Q̄
, l−q̄

)∗
. (A.92)

The squared amplitude—including the Higgs boson propagator—is then

CH,0
0

(
iq, jQ, kQ̄, lq̄

)
= |PH(sijkl)|2

∑
hq ,hQ

∣∣∣∣CH,0
0

(
i
hq

q , j
hQ

Q
, k

−hQ

Q̄
, l

−hq

q̄

)∣∣∣∣2. (A.93)

This amplitude was also calculated and implemented into the codebase by Andrew Lifson as
part of his semester project [55].5 It is found in the Fortran file Cy0g0H.f90.

A.15 DH,0
0

The subleading-colour interference terms for identical quarks are assembled from the helicity
amplitudes of Section A.14 in the following way:

DH,0
0

(
jq, jQ, kQ̄, lq̄

)
= −|PZ(sijkl)|2×

∑
hq

2 Re
{[

CH,0
0

(
i
hq

q , j
hq

q , k
−hq

q̄ , l
−hq

q̄

)
+ CH,0

0

(
j

hq

q , i
hq

q , l
−hq

q̄ , k
−hq

q̄

)]

×
[
CH,0

0

(
i
hq

q , j
hq

q , l
−hq

q̄ , k
−hq

q̄

)
+ CH,0

0

(
j

hq

q , i
hq

q , k
−hq

q̄ , l
−hq

q̄

)]∗}
. (A.94)

The negative sign preceding the amplitude is due to NNLOJET convention of having one in
front of subleading-colour pieces. This amplitude was also calculated and implemented into
the codebase by Andrew Lifson as part of his semester project [55]. It is found in the Fortran
file Dy0g0H.f90.

A.16 BH,1
1

These amplitudes have been created from the result presented in eq. (A.6) of ref. [37]. To
import it into the NNLOJET framework, colour-level separation had to be carried out. The
resulting leading-colour, subleading-colour, and nF-proportional pieces are expressed as

BH,1
1 (iq, jg, kq̄) = yij + yjk

yijyjk
|PH(sijk)|2 + BH,0

1 (iq, jg, kq̄)×

5This is the reason why conventions slightly differ from my implementations.
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{
− 2

ϵ2 +
[
−10

3
+ ln(yij) + ln(yjk) + 2 ln

(
sijk

µ2
R

)]
1
ϵ

− 1 + 7
6

π2 − ln2
(

sijk

µ2
R

)
− 1

2

[
ln2(yij) + ln2(yjk)

]

− ln
(

sijk

µ2
R

)
[ln(yij) + ln(yjk)] − R(yij , yjk)

}
, (A.95)

B̃H,1
1 (iq, jg, kq̄) = −yij + yjk

yijyjk
|PH(sijk)|2 + BH,0

1 (iq, jg, kq̄)×

{
− 1

ϵ2 +
[
−3

2
+ ln(yik) + ln

(
sijk

µ2
R

)]
1
ϵ

− 1 + 7
12

π2 − 1
2

ln2
(

sijk

µ2
R

)
− 1

2
ln2(yik)

− ln
(

sijk

µ2
R

)
ln(yik) − R(yik, yij) − R(yik, yjk)

}
, (A.96)

B̂H,1
1 (iq, jg, kq̄) = 1

3
1
ϵ

BH,0
1 (iq, jg, kq̄), (A.97)

with definitions

yij = sij

sijk
, yjk = sjk

sijk
, and yik = sik

sijk
, (A.98)

along with

R(x1, x2) = Li2(1 − x1) + Li2(1 − x2) + ln(x1) ln(x2) − π2

6
. (A.99)

The implementation in the codebase is found in the By1g1H.f90 Fortran file.

A.17 BH,2
0

These amplitudes have been created from results presented in eqs. (A.3)–(A.4) of ref. [37]. To
import it into the NNLOJET framework, colour-level separation and Catani pole subtraction
had to be carried out. The resulting leading-colour, subleading-colour, and nF-proportional
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pieces are expressed proportional to the tree-level amplitude as

BH,2
0 (iq, jq̄) = BH,0

0 (iq, jq̄)×{
1
2

1
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[
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+ ln
(
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(
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(
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(
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(
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(
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(

µ2
R
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1440
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π2
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, (A.100)

B̃H,2
0 (iq, jq̄) = BH,0

0 (iq, jq̄)×{
1
2

1
ϵ4 +
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(
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(
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(
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(
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(
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(
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, (A.101)

B̂H,2
0 (iq, jq̄) = BH,0

0 (iq, jq̄)
{
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ln
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µ2
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sij
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ϵ2 +
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216
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(
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(
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µ2
R

sij

)
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36
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72
π2
}

. (A.102)

The implementation in the codebase is found in the By0g2H.f90 Fortran file.
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Appendix B

Effects of Even-Tag Exclusion

The clustering outcome of the algorithm can be altered according to the criterion used to
define the flavour of (pseudo)jets. Our results have been presented with the criterion that the
flavour of (pseudo)jets is assigned as the net flavour of its constituents modulo two, which
we believe is more motivated from an experimental point of view as discussed in Section 3.2.
Such a variant of flavour-kt was also first proposed in ref. [78].

To investigate the impact of this “Even-tag exclusion” on the fixed-order predictions,
we have recomputed the fiducial cross sections and distributions reported in Section 1.7.2
and 1.7.4 without the additional modulo-two criterion—we refer to these results as “Regular
flavour-kt”. This impact of the choice of this criterion is visualized in the case of the W+H
process in Figure B.1 for the p⊥,b, p⊥,bb, and ∆Rbb distributions. In that figure, the ratio of
the two NNLO central values are divided bin-by-bin, demonstrating that this choice has no
overall effect on the shape of these distributions. The small variation between bins can be

pp → W+H σNNLO [fb]

Even-tag exclusion 20.6828 ± 0.0055

Regular flavour-kt 20.7093 ± 0.0063

Ratio 99.87%

Table B.1: Fiducial cross sections for W+H at NNLO for both the original flavour-kt al-
gorithm and our modified version where all even-tagged jets are excluded from the list of
b-jets. The values are shown only for the central scales and their error represents the statis-
tical uncertainty of the Monte Carlo integrations.
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Figure B.1: Bin-by-bin ratio between distributions that were calculated with the even-tag-
excluded and the original variants of the flavour-kt algorithm for three observables of W+H:
the p⊥,b, p⊥,bb, and ∆Rbb distributions at NNLO for central scale values.

attributed to statistical fluctuations. This unnoticeable effect between the results obtained
using either variants of the flavour-kt algorithm is also confirmed by the fiducial cross sections
reported in Table B.1, where the results are consistent within statistical uncertainties.

This supports our claim that no significant portion of the events are discarded by switch-
ing to the even-tag-excluded version of flavour-kt in our fixed-order predictions.
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