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Abstract: Topological effects manifest in a variety of lattice geometries. While square lattices,
due to their simplicity, have been used for models supporting nontrivial topology, several
exotic topological phenomena such as Dirac points, Weyl points, and Haldane phases are most
commonly supported by non-square lattices. Examples of prototypical non-square lattices
include the honeycomb lattice of graphene and 2D materials, and the Kagome lattice, both
of which break fundamental symmetries and can exhibit quantized transport, especially when
long-range hoppings and gauge fields are incorporated. The challenge of controllably realizing
such long-range hoppings and gauge fields has motivated a large body of research focused on
harnessing lattices encoded in "synthetic" dimensions. Photons in particular have many internal
degrees of freedom and hence show promise for implementing these synthetic dimensions;
however, most photonic synthetic dimensions have hitherto created 1D or 2D square lattices.
Here we show that non-square lattice Hamiltonians such as the Haldane model and its variations
can be implemented using Floquet synthetic dimensions. Our construction uses dynamically
modulated ring resonators and provides the capacity for direct k-space engineering of lattice
Hamiltonians. This k-space construction lifts constraints on the orthogonality of lattice vectors
that make square geometries simpler to implement in lattice-space constructions and instead
transfers the complexity to the engineering of tailored, complex Floquet drive signals. We
simulate topological signatures of the Haldane and the brick-wall Haldane model and observe
them to be robust in the presence of external optical drive and photon loss, and discuss unique
characteristics of their topological transport when implemented on these Floquet lattices. Our
proposal demonstrates the potential of driven-dissipative Floquet synthetic dimensions as a
new architecture for k-space Hamiltonian simulation of high-dimensional lattice geometries,
supported by scalable photonic integration, that lifts the constraints of several existing platforms
for topological photonics and synthetic dimensions.

© 2025 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

The quantum Hall effect, first discovered by von Klitzing and collaborators in 1980 [1], paved the
way for a new class of materials with properties defined not by local symmetry but by global
topology, eventually establishing the field of topological insulators in the mid-2000s [2—6]. These
materials showed hallmark features of quantized, unidirectional transport, and also set new
standards for the measurement of resistance [7]. Traditionally, quantum Hall phases required a
strong external magnetic field, until Haldane in his seminal paper [8] showed that the essence of
these topological phases lies in the breaking of time reversal symmetry, which can equivalently be
done by incorporating next-nearest neighbor hopping. This effect was later dubbed the quantum
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anomalous Hall effect (QAHE) [9]. Haldane’s discovery marks a characteristic telltale sign for
systems exhibiting topological phases, i.e., non-square nature of lattices, making the Haldane
model an important and sought-after discovery. While experiments involving the Haldane model
are challenging due to the necessity of strong control over next-nearest-neighbor tunneling,
various innovative approaches in ultra-cold atoms and Fe-based ferromagnetic insulators [10,11]
have been proposed. However, the Haldane model in its original form has so far only been
realized experimentally using ultracold fermions [12] and light-driven graphene [13].

To gain versatile control in experiments, the concept of synthetic dimensions has emerged,
which in contrast to real-space, are formed by the coupling of internal degrees of freedom like
spin, angular momentum or frequency [14—18]. Introducing such couplings allows for the probing
of higher dimensional physics in systems of lower dimensions. Photonics in particular has been a
successful platform to explore synthetic dimensions due to the scalability it offers, and due to the
reduction of spatial complexities associated with system design into tasks in signal processing
and control [15]. A prime focus of research in photonic synthetic dimensions is the study of
topological physics such as Hermitian and non-Hermitian effects, gauge fields [19], and higher
order topological insulators [20-32].

Despite significant progress, most experimental work in synthetic dimensions has real-
ized 1D lattices or 2D square lattices. In photonics, this includes work in frequency modes
[20,27,28,30,31,33-39], temporal modes [22,23,40,41], orbital angular momentum modes
[42-44], waveguide supermodes [21] and photon-number lattices [45—48]. However, several
important topological models exist on non-square lattices — the hexagonal or honeycomb lattice
being a prime example. The hexagonal lattice hosts graphene’s Dirac points, and with the addition
of next-nearest-neighbor (NNN) complex-valued coupling hosts Haldane phases as mentioned
earlier [8,12]. In atomic systems that harness internal degrees of freedom [49-52], recent
theoretical efforts [53] have shown prospects for achieving the Haldane model and other general
2D constructions. While real-space photonic lattices have shown significant success in realizing
hexagonal geometries [54-56], complex-valued NNN coupling to realize Haldane models is
challenging and has only been proposed [57] and demonstrated recently [58]. The challenges
in synthetic dimensions are the opposite: complex-valued NNN coupling is straightforward
[28,59,60] but non-square (e.g. hexagonal) lattices are difficult as the lattice vectors are no longer
independent and orthogonal. Intriguing protocols towards this direction have been proposed [61],
but they require several rings with precisely shifted resonance frequencies to produce modified
versions of the original Haldane model. Hence, the question arises if the original Haldane model,
and more generally, non-square lattices, can be created using photonic synthetic dimensions.

In this paper, we explicitly construct the original Haldane model in synthetic dimensions,
and show a path to realize non-square lattices using a modulated photonic molecule. This
proposal uses our recently introduced concept of Floquet synthetic dimensions [62], which
allows for direct k-space engineering of two-band Hamiltonians. We numerically demonstrate
quantized topological pumping, which is a hallmark of the quantum anomalous Hall effect,
in both the Haldane model and a simplified version called the brick-wall Haldane model [49].
Importantly, the topological pumping survives with optical and microwave drives and is robust
to dissipation, making the proposed construction experimentally feasible with current photonic
technology. We also discuss unique subtleties in the experimental protocols that need to be taken
into consideration due to the non-orthogonal nature of the the lattice vectors in these hexagonal
models. It is anticipated that our work will substantially increase the classes of Hamiltonians that
can be created in high-dimensional lattices beyond the square, cubic and hypercubic geometries.

2. Haldane and brick-wall Haldane models

Throughout this paper, we use two-band Hamiltonians that exhibit non-trivial topology. We
first briefly review two topological Hamiltonians that are characterized by complex non-square
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geometries: the Haldane [8] and brick-wall Haldane [49] models. As materials characterized by
these Hamiltonians break time-reversal-symmetry, particle-hole symmetry and chiral symmetry,
they belong to the A (unitary) class of topological insulators in the tenfold way [63].

In 1988, Haldane [8] theoretically demonstrated the presence of quantized currents without
the need for external magnetic fields. By taking a tight-binding model on a honeycomb lattice
composed of two sets of sites (labeled "A" and "B," Fig. 1), one can show that edge currents can
be generated by the combined breaking of inversion and time-reversal symmetry (TRS), rather
than the presence of a net non-zero magnetic flux. This phenomenon is now well understood and
is referred to as the quantum anomalous Hall effect (QAHE) [9]. The tight-binding Hamiltonian

is given by .
H=-1 Z c:.Lcj -1 Z ef"b"fcjcj + Z ticjc,-. €))
W an ,-

Here, ¢; (cj) represent annihilation (creation) operators for i € {A,, B,}, where n indexes
the unit cell. The first and second terms represent the nearest-neighbor (NN) and next-nearest-
neighbor (NNN) hopping, with strengths #; and 1, respectively. A complex phase, ¢;;, is included
in the NNN term and is responsible for breaking the TRS. The last term represents the on-site
mass, where t; = M fori = A,, and t; = —M for i = B, and is responsible for breaking the
inversion symmetry. The above Hamiltonian can be represented in Bloch form (or momentum
space) for the case of periodic boundary conditions:

H= Z W H (k) ¥y, 2)
k

where Wx = (Yax, ka)T is the Bloch spinor, and H (k) is the Bloch Hamiltonian

H(K) = 21, cos(¢) Zicos(k 3 ) Z [cos(k -a;)oy + sin(k - a[)o-y] +

i

3)
[M — tp sin(¢) Z sin(k - bi)] 0.
1
In this Hamiltonian, a; and b; represent the directions of NN and NNN hopping, respectively.
o; represent the 2x2 Pauli matrices for i € {x,y, z}, and I is the 2X2 identity matrix. The above
Hamiltonian can be re-written as

Hk) =e®I+dk)- o “)

Following [49,64], for the case of periodic boundary conditions, it can be shown that the
Haldane model is characterized by a topological invariant called the Chern number, which
can take on three values C = —1,0, 1 (Fig. 1(d)). By introducing physical boundaries to the
system, the conventional bulk-boundary correspondence gives us the quantized Hall conductance
Oy = Ce? [ h despite the absence of net non-zero flux.

Recently, Priestley et. al. [49] showed that a simplified Haldane-like model on a brick-wall
lattice can be realized in the synthetic dimensions of atoms. By adiabatically "straightening out"
the honeycomb, the hexagonal lattice can be transformed into the brick-wall lattice (Fig. 1(a, b)).
Equivalently, such a transformation is achieved by moving down the top and bottom sites of the
hexagon. The consequent changes to the model are the NN and NNN vector directions, i.e., a;
and b; respectively (see Fig. 1 captions). Geometric arguments as well as explicit calculations
reveal that the two models are topologically equivalent, since the topological invariant — the
Chern number — remains unchanged within the boundaries of the distinct topological phases,
although the location of the topological-to-trivial phase transition boundaries changes (Fig. 1(c)
and 1(d)) [49].
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Fig. 1. (a) Real-space lattice for brick-wall Haldane model. The brick-wall lattice is
obtained by taking the top and bottom sites of the graphene lattice and moving them
down. Nearest-neighbor (NN) hopping vectors are given by @1 = (1,0), @, = (-1,0) and
a3 = (0,-1). Next-nearest-neighbor (NNN) hopping vectors are given by Bl =dy — a3
and by = a3 — a;. The geometry of the space removes NNN hopping of b3 = | — . (b)
Real-space lattice for the Haldane model. NN hopping vectors are given by 4, = 1/2(V3, 1),
G = 1/2(=V3,1) and @3 = (0,—1), while NNN hopping vectors are given by b, = @y — a3,
by = a3 — a; and by = @) — d,. For both (a) and (b), "A" subsites are indicated by red
while "B" subsites are indicated by blue. Phase diagrams for (c) the brick-wall Haldane
and (d) Haldane models. Phase transitions between trivial and topological phases occur for
M/t, = +2+/3 sin(¢) for brick-wall Haldane and at M/t, = £33 sin(¢) for Haldane models,
respectively. The topological phases are characterized by non zero Chern number C = +1,
while the trivial phase is characterized by C = 0. In (a) and (b), lattice vectors are marked
by dashed lines and are given by Al and ;\2.

The topological-to-trivial phase transitions occurs at the points in phase space constituting the
opening and closing of the band gaps. These points occur when |d(k)| = 0, which translates to
phase boundaries at (Figs. 1(c,d))

M +3V3sin(¢), Haldane 5)
) +2V3sin(¢), brick-wall Haldane

As these models are respectively characterized by a hexagonal lattice and a rectangular lattice
with alternating couplings. Henceforth, we refer to both these models as being on non-square
lattices, especially since they are topologically equivalent.

Although originally viewed as real-space models, the crux of the model lies in the topology
of the system, allowing us to extrapolate these models to other channels of transport; herein
lies the utility of synthetic dimensions. We therefore consider the temporal analogue of the
Bloch hamiltonian - the Floquet hamiltonian - which will allow us to simplify the physical
implementation to a single spin-1/2 particle.
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3. Floquet lattice

In this section, we briefly review the concept of Floquet synthetic dimensions [62] based on
multiple incommensurate frequency drives as introduced by Martin, Refael and Halperin [65].

The physics of a quantum system evolving under a time-dependent Hamiltonian is captured by
the Schrodinger equation

L 10) = HOWO) (©)

where HH(t) is the time-dependent Hamiltonian and |/(7)) is the quantum state that describes the
system. In analogy to spatially periodic Hamiltonians, which are diagonalizable using Bloch’s
theorem, Floquet’s theorem lays the basis for temporally periodic systems. In the latter, the
eigenstates are labeled by their quasi-energy E.

Throughout this paper, we consider the case of a multi-tone drive described by a quasi-periodic
Hamiltonian [66] H(¢) = H (5(1‘)) =H (ﬁt + 50), where Q and 6o describe the frequency and
initial phase of each drive. It is easy to observe that 6 € T" and spans the "Floquet-zone," in
analogy to the Brillouin-zone for the case of spatially periodic systems.

By expanding the Hamiltonian and periodic part of the Floquet states in a Fourier series, and
plugging them into Schrédinger’s equation, we get the Floquet representation of the Hamiltonian

Eyldun) = Z Rl i) (7
ez’
where . .
Rivji = Hiwe ™% 71 - Q. (®)

Where E,, are the quasi-energies, and |¢,) are the Floquet eigenstates. The above equation
mimics a tight binding model on a photon number lattice, also known as the Floquet lattice
(Fig. 2). Such a lattice serves as the basis for a mapping between a d-dimensional system, which
is being driven by n external drives of mutually incommensurate frequencies, and a static model,
which is represented using the tight binding lattice, with n synthetic dimensions. In addition, one
can observe an on-site potential term, U(in) = —i7 - 52, that corresponds to an applied external
electric field & = Q. For incommensurately related frequencies, this term is non-zero Vi € Z".
So, in the presence of non-zero Berry curvature, the system responds by an orthogonal current,
with anomalous velocity

V=Qx T ©)

where 77 is the Berry-curvature. The Floquet lattice representation for the Haldane and brick-wall
Haldane model Hamiltonians for the general lattice configuration is

1 Z = Z
. _ i6y-a; —i6y-a;
105 =7 § e g + e g,
J

+ i sin(p)o (e“%'%z_zf — by, Mj) (10)

+(50’z—7l'é),

where j € {1,2,3}, d; and Zj are the nearest-neighbor and next-nearest-neighbor hopping
respectively, and o, = o F ioy. In contrast to square lattices, 7 is written in the basis of
non-orthogonal lattice vectors, that is, the lattice vectors spanning the graphene lattice.

One can observe that the incommensurate nature of the drives is a necessary condition
to observe phenomena like quantized pumping. In this case, the system can be considered
quasi-periodic, as the dynamics cannot repeat itself. For the case of commensurate frequencies it
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Fig. 2. (a) Pictorial representation of a 2D hexagonal Floquet-lattice. The lattice responds
to an external force/electric field (fl) by an orthogonal current (7). (b) Schematic setup for
the photonic molecule. To simulate non-square lattices, we need extra harmonics of the form
aQ)| + by, where a and be R. These harmonics also lead to long-range couplings (as in the
Haldane model). (c) Schematic representation of the eigenmodes, labeled Symmetric (S)
and Anti Symmetric (AS). (d) Transmission spectra of the S and AS modes. These modes
are separated by ‘u’. The coupling rate with the bus waveguide is given by vy, and the loss
associated with each resonator is 7y.

iseasy tosee, 31 € 2" 31-Q =0 = Vi€ Z", in-Q = (I + in) - Q. Effectively, the points 7
and i + [ are topologically equivalent, and the Floquet lattice collapses into a cylinder. In Sec.
5.2 and Fig. 7, we observe this difference between dynamics driven by commensurate (rational
Q;/) and incommensurate (irrational Q;/Q;) ratios of the frequencies. Our simulations
reveal that although the pumping behavior changes when the mass term M is changed from the
topological to the trivial regime (Eq. (5)), no equal and opposite quantized pumping consistent
with the Chern number is observed in the topological phase, and the sharp transition at the
boundaries of the phase diagram is lost.

While it is possible in principle to realize this Floquet Hamiltonian using a spin-1/2 particle
driven by incommensurate harmonics in orthogonal directions, the adiabatic dynamics are
often experimentally challenging to implement without counter-diabatic drives [67] within the
coherence lifetimes of qubit platforms [68,69]. The non-square lattice implementation also
exacerbates the spatial complexity of the experiment due to the need for additional harmonics
along each axis. To address these issues, we consider a driven-dissipative photonic molecule, as
introduced in Ref. [62]. With a photonic molecule comprised of coupled-ring resonators, one
can realize such a Floquet lattice at timescales much longer than the photon lifetimes of each ring.

4. Realizing a Floquet lattice: photonic molecule

The term ‘photonic molecule’ refers to pairs or arrays of coupled optical resonators. Initially
studied in analogy with atomic systems [70,71], they have since become a valuable resource
for engineering driven-dissipative dynamics [72,73], Fano resonances [74] and ultrafast optical
switching [75]. Studies with dynamically-modulated photonic molecules have demonstrated
utility for optical memories [76] and RF-optical conversion [77], and can also be leveraged for
emulating spin Hamiltonians [62,76].
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4.1. Construction of the photonic molecule

The photonic molecule (Fig. 2(b)) consists of two identically coupled cavities. The evanescent
coupling between the resonant modes of the rings leads to the formation of non-degenerate
supermodes, characterised as "symmetric" (S) and "anti-symmetric" (AS). Transitions between
the supermodes can be controlled via the intra-cavity electro-optic modulators (EOMs) (see
Figs. 2(c, d)), allowing us to treat each pair of supermodes as a spin-1/2 particle.

In addition, by introducing adiabatic amplitude and phase modulation to the RF signal
containing two or more incommensurate frequency tones, we can achieve two-band Hamiltonians
encoded in the quasiperiodic temporal texture of the two eigen-energies.

4.2. Hamiltonian of the photonic molecule

Consider the photonic molecule with uncoupled bosonic modes a; and a; modulated by a signal
V(t). The Hamiltonian is given by

H = wy (aial + a;az) + g (a}Laz + azal) +gV(1) (a{al - a;az) .

where, the minus sign in the last term is implemented by a & phase shift in the modulation
between the two rings of the molecule, and

V(1) = V(1) cos(wmt + A(2)) + V(1) sin(wpt + A(2)).

Here, w,, = - ¢ is the RF carrier, V,(7) and V,(z) are the amplitude modulation and A(z) is
the phase modulation. g is the electro-optic transduction coefficient.
We now define the supermodes with the transformations: by := \/Li (a1+ay)and by := \/li(a 1—ay).

This gives us the effective supermode Hamiltonian:
Hw = w.biby +w_bib + V(1) (b1b2 + biby) (in

where w. := wy + u/2. By centering the energy-axis at wy, taking the interaction picture and
subsequently making rotating wave approximations (|gV,(#)|, |gVy(f)| < w,,), we obtain [62]:

5 —A(H) . gVi(t) . gVy(t)

H(r) = > o, > Oy > oy

(12)

where A(¢) is the frequency modulation, defined as A := d/dt[A(t)]. Here we use the spin-
1/2 operators 07, to represent the bosonic modes within the single excitation subspace as
0 = biby + blb1, oy = —i(b|by — biby) and o, = blby — blbs.

Thus, we can achieve a generic time-dependent spin-1/2 Hamiltonian, which is a template for
realizing two-band models in Floquet lattices. With appropriate amplitude and phase modulations,
we will show how one can venture beyond square lattices [62,65,69,78,79] to realize the Haldane
model in Eq. (3).

5. Temporal topological dynamics of the Haldane and brick-wall Haldane mod-
els

To study topological Hamiltonians such as Eq. (3) on a Floquet lattice, we map the quasi-
momentum k = (k,, k,) to incommensurate frequencies, i.e., ky — 61(¢) and k, — 6,(¢), where
01(t) = Qit + ¢ and 62(t) = Qpt + ¢o, Q1 /Qs # p/qV¥p,q € Z and g # 0. For brevity, we
represent 6 = (01(2), 62(0)).

Comparing Egs. (3) and (12) while neglecting the k-dependent energy shift e(k)I, we get
the exact expressions for the amplitude and phase modulation. Neglecting the diagonal part of
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the Hamiltonian does not change the eigenstates and hence leaves the topology of the model
unchanged. For the Haldane model, the amplitude modulation is given by

Vi(t) = V(){COS (?91(0 + %Hz(t)) + cos (—?91(0 + %Hz(t)) + cos (6>(1))
(13)
V() = V(){Sin (?91([) + %92([)) + sin (—?91([) + %92(1‘)) — sin (6>(1)) },

while the frequency modulation is given by

A(t) = -2gVy sin(¢7){sin (—?91(0 + %92([)) + sin (—?91(0 - %92([)) + sin (\/ggl(t)) }

(14)
For the brick-wall Haldane model, the amplitude modulation is simpler, given by
Vi(t) = VO{Z cos (01(2)) + cos (62(1)) }
15)
Vy(1) = —Vo{SiH (92(0)}
and the frequency modulation is given by
A(t) = —2gVy sin(¢){ sin (62(1) — 01(1)) — sin (62(1) + 6,(1)) }. (16)

We choose frequency scales for 01 and Q; so as to evolve the system adiabatically, i.e., Qi,
Q, < gVy, with gV <« u coming from the rotating wave approximation of the interaction
picture. The RF detuning § in Eq. (12) now embodies the crucial mass term M that can be varied
to traverse the topological phase diagram of the Haldane Hamiltonian. For all results henceforth,
we assume Qg = gVp/2 and M = §/Q.

Adding an external optical drive and photon loss to our resonators, we get the supermode
evolution equations,

bj =1 [H, b]] - ’ybj + \/%Sin(l‘)eii((er&)HA(t))/z (17)

where 7, is the coupling rate into the bus-waveguide, 7y is the loss associated with the resonators
and sj, (7) is the external drive. Here, j € {1,2}. The +, — sign in the last exponent corresponds
toj = 1,2 respectively.

The work done by each drive is then calculated using the equation,

T OHW)\
Wi—‘/o‘ dl‘Qi< 30, >, i={1,2} (18)

Previous work in studying quantized pumping using Floquet synthetic dimensions [62,65,68]
was based on a square lattice with NN hopping, such as the Qi-Wu-Zhang model.

W%BHZ = Qp[sin(8, (7))o + sin(02(2)) oy + {M — cos(61(1)) — cos(62())} o]

(19)
= h](l) + /’lz(l) + M(ZRO'Z

In the above equation, i (t) = Qg (sin(8; (7))o — cos(81(f))o,) and contains contributions only
from the drive with frequency ‘Q;’, while h(r) = Qg (sin(62(1))o, — cos(62(t))o~;) and contains
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contributions only from the drive with frequency ‘Q,’. The separability of the drives along
orthogonal directions in these models makes it straightforward to calculate the work done.

(T o)
W,~_/0 dt< o > (20)

This does not hold true in general, however, as the contributions from each drive in the
Floquet Hamiltonians of the Haldane and brick-wall Haldane models are inseparable due to
the non-orthogonality of lattice vectors in such non-square lattices. We refer to the brick-wall
Haldane as a non-square lattice too because of the presence of 45° diagonal NNN couplings
and its topological similarity to the honeycomb-lattice Haldane model. In either case, the Berry
curvature leads to quantized energy pumping and the Floquet lattice transport is characterized by
the work extracted from the drives:

10 Q.0
— = (W —W)) =
35" W =C—

2y

Although quantized transport in material systems and Hamiltonian simulators has traditionally
been studied by probing edge modes of the lattice apropos the bulk-boundary correspondence
[80], the Floquet construction uses a direct k-space mapping to manifest bulk topology. However,
constructing edges along a Floquet synthetic dimension continues to be an active research
question, with a handful of proposals so far [§1] in magnetic spin systems, and no analogous
proposals for photonic systems. We therefore focus our attention to the rate of work done by the
drives, and provide numerical simulations to confirm their quantization.

5.1.  Analysis of conservative Hamiltonian dynamics

Before understanding the effect of drive and dissipation on the topological phase, it is necessary
to understand the conservative evolution of the states according to the topological Hamiltonian.
For this case, we set y = vy, = 0 and s;, = 0, thus turning off the drive and dissipation. Here,
initializing the supermodes to be a Floquet eigenstate of the initial Hamiltonian at time 7 = 0
provides a good understanding of the dynamics.

Our numerical analysis shows that the work done by the drives in the topological phase is
quantized. In the topological phase, that is M = 1, for the brick-wall Haldane (Fig. 3(a)) and
Haldane models (Fig. 3(d)), we see that the pumping in one of the drives increases linearly with
time while it decreases for the other. However, we find that due to the presence of long-range
couplings beyond nearest neighbor and due to the geometry of the non-square lattice, the slope of
the quantized pumping is changed to twice the Chern number: W, ~ +1.97 for the brick-wall
Haldane model and 1.96, —1.94 for the Haldane model. In section 5.3 we provide a geometric
argument to explain the physical origin of the doubling that is observed in the quantized transport.
At the phase boundaries M = 2v/3sin(¢) for the brick-wall Haldane (Fig. 3(b)) and M = 3V/3sin(¢)
for the Haldane (Fig. 3(e)) models, the pumping between the drives exhibits sharp, somewhat
random jumps, and this jagged pumping indicates the transition from the topological to the trivial
phase. In the trivial phase at M = 6, for the brick-wall Haldane (Fig. 3(c)) and Haldane (Fig. 3(f))
models, we observe no pumping between the drives.

The presence of the topological phase is also evident from the trajectories of the spin
representation on the Bloch sphere (Fig. 4(a) — 4(c)). In the topological phase (including the
phase-boundary) we see complete coverage, informing us that every point on the Brillouin zone
is being mapped to a sphere (T> — S?). The complete mapping in the topological phase is due to
the incommensurate nature of the drives. Under this condition, the system is ergodic, leading to
complete coverage in the steady state. In the trivial phase, the spin stays localized near the initial
excitation (symmetric supermode) and the surface of the Bloch sphere is not completely covered.
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Fig. 3. Work done between incommensurate drives of the brick-wall Haldane/Haldane
models (a)/(d) Topological phase M = 1, (b)/(e) Phase boundary M = 243 sin(¢)/M =
3v3sin(¢) and (c)/(f) Trivial phase M = 6. Parameters used for simulation are Q,/Q| =
(1 +V5)/2 with Q; = 3 MHz, Qg = 125 MHz, =30 GHz, y = . = 0, sin(f) = 0,
¢1 = /10, ¢ = 0 and ¢ = n/2. For the topological phase, we see quantized pumping
between drives of incommensurate frequencies, as evidenced by slopes of work plots in
(a) of £1.97, and slopes in (d) of 1.96 and —1.94. At the phase boundary, the transition
between topological and trivial phases become evident: we stop seeing quantized pumping
along with the work becoming jagged with sharp jumps. The trivial phase shows no energy
transfer between the pumps.

5.2. Steady-state analysis of the driven-dissipative dynamics

When adding an external drive, it is essential to first decide its detuning from the supermodes’
resonance frequencies. To do so, we plot the density of states (DoS) in the non-driven case.
Consider the time varying Hamiltonian, given by Eq. (12), as a function of M. The 2D DoS
informs us how often the eigenstates are being populated by the laser at resonance. When the
laser frequency wp = wo — u/2 — 3Qg, with wq being the single-ring resonance frequency and
u the separation between the supermodes, the system is resonantly driven for some fraction of
the time when the eigenenergy E(z) is in the vicinity of E = 3Qg. Note that in our simulations we
rotate out wo and p. From Fig. (5), the DoS at 3Qp is non-zero for the entire range of M € [1, 6]
during the transition between trivial and topological phases, which motivates the chosen detuning
of the laser wp. The DoS for the two models exhibits qualitative similarities, with multiple
peaks in the topological regime and a single peak once M crosses into trivial regime. However,
quantitative differences in the DoS are seen in Fig. 5.

In the presence of drive and dissipation, we observe that the topological phases of the brick-wall
Haldane and Haldane models (Figs. 6(a, d)) show quantized pumping. For the brick-wall Haldane
case, the slopes are found to be 2.00 and —2.02, while in the Haldane case, the slopes are +2.60,
somewhat larger than the conservative case. Another discrepancy we notice is the change in
signs for the work done by Wj() in the Haldane model. Despite these differences, however,
the phase boundary (Figs. 6(b, e)) shows the jaggedness in the work done, evidently similar to
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Fig. 4. (a) Complete mapping of the Brillouin zone (torus in this case) to the Bloch-sphere.
In the topological phase, the incommensurate nature of the drives forces no repetition of
the dynamics, which leads to the complete mapping of the Bloch-sphere. We also observe
complete mapping at the phase boundary. Trivial phase of the Haldane (b) and brick-wall
Haldane (c) shows localization of the points.

the conservative case (Fig. 3(b, e)) and indicative of the phase transition. In the trivial phase
(Fig. 6(c) and 6(f)), the lack of pumping between the drives persists.

The Bloch-sphere trajectories (insets of the plots in Fig. 6) show complete coverage of the
sphere in the topological phase and at the phase boundary, re-confirming the complete mapping
from the torus to the sphere discussed in Fig. 4. In the trivial phase, we observe incomplete
mapping of the Bloch-sphere. Qualitatively, the addition of drive and dissipation does not seem
to alter the work done by the drives significantly, attesting to the topological robustness offered
by the Haldane models.

Thus, a remarkable feature of these models is that the signatures of temporal topology, i.e.,
work done, Bloch-sphere coverage etc. (Fig. 6) remain preserved with the addition of drive and
dissipation. This is visualised in Fig. 7, in the trajectories of the supermodes in the brick-wall
Haldane (Figs. 7(a, b) for Hamiltonian and driven-dissipative dynamics respectively) and Haldane
(Figs. 7(e, f) for Hamiltonian and driven-dissipative dynamics respectively) models. Parameters
used for this simulation are the same, given in the captions of Figs. 3 and 6. Although the
trajectories of the supermodes for a given model are different between the conservative and the
driven-dissipative evolution, the adiabatically-varying envelopes appear quite similar within
the renormalized subspace, indicating that the topology is well-preserved beyond the photon
lifetimes due to the continuous repopulation of the state space. Moreover, the presence of
drive and dissipation is observed to reduce the micromotion, which has a stabilizing effect on
the topological dynamics [82]. This can be intuitively interpreted to arise from the nontrivial
topology - behavior that is locally different (such as the microscopic time evolution) but shows
globally similar properties (such as rate of work done). To fully realize the Haldane model phase
diagram on Floquet synthetic dimensions with drive and dissipation, we can discretize the phase
space given in Fig. 1(d) to solve for the slopes of the pumping. Figures 7(g, h) show the slopes
for drive one and drive two for a 30 x 30 discretization of the phase space. Parameters used for
the simulation are the same from Fig. 3 and 6. We observe good agreement between the phase
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Fig. 5. (a)-(c): Density of States (DoS) for the brick-wall Haldane Model in the topological
phase, phase boundary and trivial phase, respectively. (d)-(f): Density of States for the
Haldane model in the same phase as above. To motivate the chosen detuning of the laser, we
look at the DoS for the case of no drive and dissipation. When the frequency of the laser is
chosen as wp = wg — /2 — 3Qp, it resonantly drives the supermodes at the instant E = 3Qg.
Note that we can rotate out the wg and g, so the non-zero DoS at E = 3Qg motivates this
frequency. Small differences in the DoS are caused due to the contrasting structure of BZ
(7 /4 rotated square for the brick-wall Haldane and regular hexagon for Haldane model)

plots of the Haldane model and the rate of energy pumping in the Floquet-synthetic-dimension
encoded Haldane model. We also observe the normalized pumping rate (2rW;/(Q;Q,) is close
to twice the Chern number throughout the phase diagram, and it is equal and opposite for the
two drives. The drives show approximately equal and opposite slope for each point in the phase
space. It is to note that the phase space of the Floquet Haldane model under the effects of
drive and dissipation is insensitive to initial conditions, i.e., by changing the values of ¢; and
¢, at time ¢ = 0, the steady state remains unchanged. This happens because of the “averaging
out” of the dynamics caused by the addition of the drive and dissipation. We also observe
anomalously high slope values on the edge of the trivial and topological phases, which happens
due to the dynamics crossing a Dirac point where the band gap closes and the trajectories cross
the high-Berry-curvature region.
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Fig. 6. Same as in Fig. 3, except with the addition of drive and dissipation. Insets show
coverage of the Bloch-sphere in that particular phase. Parameters used for simulation are
M = 1 (topological phase) M = 6 (trivial phase), Q/Q; = (1 + V5)/2 with Q; ~ 3 MHz,
Qg = 125 MHz, u = 30 GHz, y = y, = 0.01 MHz, ¢y = n/10, ¢ = 0 and ¢ = /2. For
the brick-wall Haldane model, one can see in the topological phase, quantized pumping with
slope 2.00 and —2.02. For the Haldane model, we see quantized pumping in the topological
phase with slope +2.60. In this phase, both the models also show full coverage of the
Bloch-sphere, even with the presence of drive and dissipation. At the phase boundary, one
can observe the jaggedness in work done, indicating the phase transition, in addition to the
complete coverage of the Bloch-sphere. In the trivial phase, the drives show no pumping
and the Bloch-sphere shows incomplete coverage.

For the brick-wall Haldane model (Fig. 7(c, d)) we run a similar algorithm for a 20 x 20
discretization, but with the frequencies being commensurately related (Q;/Q, = 1.5). Primarily,
we observe that pumping between the drives is not quantized anymore, and the rates of pumping
are not equal and opposite to each other. In the region corresponding to the "trivial" regime of the
incommensurately related case, we observe that the pumping is anomalously high, while in other
regions we also observe pumping with the same slope. Such signatures indicate the absence of
topological structure. Additional simulations (not shown here) suggest a possible restoration of
quantized pumping even for the commensurate case (Q;/€Q; = 1.5) when temporal disorder is
added to the drives, as originally discussed in Ref. [65]. We now analyze the discrepancy of the
Chern number that we observe in numerical simulations, as compared to our calculations.

5.3. Geometric argument for twice-Chern number pumping

In Figs. 3 and 6, we observed quantitative deviations in the rate of energy pumping, which
consistently exceed the expectation in Eq. (21) based on the Chern number by a factor of 2
or more. This seems to indicate unique behaviour in the Haldane model, independent of the
lattice geometry it is realized in - full Haldane or the simplified brick-wall Haldane. Here we
provide geometric argument for this increase in the pumping rate. In contrast to previous work
in Floquet synthetic dimensions, which only considered square lattices with NN hopping, our



Research Article Vol. 15, No. 2/1 Feb 2025/ Optical Materials Express ~ 285

2T -
OPHCAINEENaISIEXPRES S ;{\

 — Commensurate — ]

|_ 15 1.0
— la(tf ( ) lex (@)’ (b) (d) I
) lea(0f a le2@f
2 08 - 5
3 10 2 n -
T 3 ‘h\ | f 06 [ [l r
s 3 \ go4 | [} - | 0
S 405 | a O ,‘ !
$ w‘u ! W \ 0.2° -
B g B
0.0
L 10 12 10 0 0.64n 127n 1.91m 0 0.64n 127rr 1.91n
Q,t/(2m) Q,t/(2m)
|— Incommensurate —|
s | o= jexof 5.0
— (0)] ¥ .
i (€) 0.8 o (f) N ‘ () I4
N Y,
g 10 o6 Al .w“ﬂ‘ 25 2
(- : | ' 1€ oo g 0
¥ Al s - =
% 8os S04 [ IRE s
T 02 [ | -25 -2
.
L 0.0 0.0 - / ) 5.0 -4
10 12 10 12 064m  1.27n 191n 0 064n 127n  191m
Q,t/(2m) Qat/(2m) ® ¢

Fig. 7. Supermode trajectories for the brick-wall Haldane model (a) without dissipation
and (b) with drive-dissipation. Supermode trajectories for the Haldane model (e) without
dissipation and (f) with drive-dissipation. Parameters used for the simulation are in the
captions for Fig. 3 and Fig. 6. We observe the signatures of topology more or less preserved
even with the addition of drive and dissipation, with reduced micromotion in the trajectories
of the supermodes in (b) and (f) as compared to (a) and (e) respectively, but similar envelope
dynamics when renormalized. Slopes of the work done by drives 1 (¢ and g) and drive 2 (d
and h) for a parameter sweep of M and flux ¢.(c), (d) (brick-wall Haldane; Commensurate),
(g) and (h) (Haldane; Incommensurate) show a heatmap for the slopes at each point in the
discretization of the phase space. There is excellent agreement between the well know
phase plot for the Haldane model (Fig. 1(d)), and what we observe on a Floquet lattice
(Fig. 7(g, h)). In Fig. 7(c, d), we simulate a commensurately driven brick-wall Haldane
(Q/Qy = 1.5), which results in loss of the topological structure — the pumping between
the drives is not quantized anymore. More importantly, the normalized pumping rate is not
equal and opposite for the two drives. We also see other signatures like anomalously high
pumping in regions corresponding to the "trivial" case of the incommensurately related
frequencies (M < — 3).

analytical calculations and numerical simulations suggest that the NNN hopping terms provide
an additional pathway to the anomalous velocity, thereby contributing to the work done.

For the brick-wall Haldane model, in addition to the 6,(¢) and 6,(¢) drives, to probe the
non-square nature, we would need extra tones of frequency 6,(7) + 6(z), giving us the net rate of
energy transfer:

10 10
P =35 (Bo —Ba,) + 5o (Baseor — Eor-ay)
1 -
= E{(Ql, —0)) + (Q1, Q) - (-Q1, W)} (QXF) (22)
C
= 2E91§22

In the above equations, E,q,+50,, Where a, b € R, is the instantaneous energy due to the drive
(aQ21, b)) being applied on the Floquet lattice.

Equivalently, for both the models, the net transfer of photons should be such that it is in
the direction of (€, —€;), so the response can be decomposed into an x-component and a
y-component. Owing to the non-square nature of the Floquet lattices, the paths involving NN
and NNN hopping average out to be in this direction.
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For the Haldane model, this is achieved by two NN hopping (@, followed by —a5) or one NNN
hoppmg (b3) and four NN hopping in the x-direction (-, @3, —d; and a3) or 2 NNN hopping
(b1 and bz) in the y-direction. Mathematically, the net power in the x-direction is given by:

1 0 C
P, = %E{[Ea] o= Eaz-fz] + E&f}}_ ZQIQZ (23)

where the contributions due to the first two terms and minus the third term are same. Physically,

this means that the path the photon takes is an average of the two. In addition, we also normalize

the power to the length of the net hopping, in order to scale the two directions to equal footing.
For the net power in the y-direction,

110
P, = §§6_t{ [_Eaz-é + anﬁ - Eal o7t Ea3_§
(24)
-E; 5 -Epa(= £Q Q
br- 2
Hence, the total power exchanged in the Haldane model is given by
C
P=P,+P, =2—QQ,. (25)
2n

6. Discussion and experimental prospects

In this paper, we have proposed and numerically demonstrated that quantized topological pumping
in non-square lattice Hamiltonians such as the Haldane model can be observed in a dynamically-
modulated photonic molecule, even in the presence of optical drive and dissipation. Our proposal
uses Floquet synthetic dimensions and allows for Hamiltonian simulation of arbitrary lattice
geometries directly in k-space without requiring modifications or simplifications of the lattice
that were needed with previous photonic synthetic dimension platforms. A striking feature of the
driven-dissipative photonic molecule is that despite the optical drive qualitatively altering the
spin’s trajectory, in comparison to the Hamiltonian case, the topological structure of the model is
more or less preserved.

To achieve this photonic molecule in practice, we envision an electro-optically modulated
high-Q coupled-ring resonator device, that can be achieved with state-of-the-art integrated
lithium niobate platforms [76,83]. With all the frequency scales of our setup being solely upper
bounded by u, which is set by the coupling gap between the rings, we can circumvent the
bandwidth limitations of on-chip ring modulators and conventional photonic frequency synthetic
dimension platforms. However, the added complexity of lattice geometry and long-range
couplings is transformed into more demanding RF-signal generation, as additional harmonics
of the incommensurate drives are required to achieve the required model. This is nevertheless
within the capabilities of high-speed direct digital synthesizers and arbitrary waveform generators
(AWGS).

Looking ahead, photonic Floquet lattices hold substantial promise for simulating general
2D and higher-dimensional topological models. An interesting geometry-dependent aspect of
hexagonal 2D lattices is their boundary-dependent phenomena. For example, hexagonal lattices
permit zigzag and armchair boundaries with different topological edge properties [84], and
the incorporation of boundaries in Floquet synthetic dimensions could enable the exploration
of such phenomena. In a different direction, by increasing the real-space complexity of our
devices, or coupling to other synthetic dimensions, we envision pathways to achieving higher-
dimensional lattices with well-defined boundaries beyond the traditional square, cubic and
hypercubic geometries. This, in turn, has the potential to facilitate a new class of topologically
robust photonic devices and novel modalities of optical frequency control.
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Note: While this manuscript was under review, an experimental realization of the Haldane
model in photonic synthetic dimensions was reported in a recent preprint [85].
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