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1 Introduction

The θ dependence of the vacuum is one of the most important and difficult aspects of the
strong/confining dynamics in gauge theories. Even within real world QCD this question
is not fully clarified, including the dynamical origin of the various terms appearing in the
potential. Initially it was assumed that the θ-dependence is due to instanton effects, which
seems like a reasonable guess since instantons are intimately related to the existence of the θ

vacua. However Witten [1] and di Vecchia and Veneziano [2] realized that this is unlikely
(see also [3] for a complementary study). The essence of the argument is as follows: when
fermionic matter is introduced, an anomalous chiral symmetry appears which rotates the θ

term. The corresponding Goldstone boson (called η′) picks up a mass from the same dynamics
that is responsible for the θ-dependence of QCD. However since in the large-N limit the η′

mass has to vanish, the θ-dependent part of the potential has to be more complicated than
a simple instanton generated Λ4 cos θ term. In particular, it should have several branches,
giving rise to first order phase transitions as one moves from on branch to the other. A
separate argument for a phase transition in pure Yang-Mills theories was put forward long
ago [4, 5] and first realized in [6]. The conjecture was that the charge-parity (CP) symmetry
is spontaneously broken at θ = π in pure Yang-Mills theories, leading to a doubly-degenerate
vacuum and indicating a first-order phase transition. Recently, this assertion has been greatly
sharpened for SU(N) Yang-Mills (YM) theory in [7]. The main tool employed in the latter
analysis was the identification of a mixed anomaly between the ZN 1-form center symmetry

– 1 –



J
H
E
P
1
2
(
2
0
2
5
)
0
0
4

of SU(N) and time reversal at θ = π. ’t Hooft anomaly matching then implies one of
the following scenarios at θ = π: (a) the theory is gapless; (b) the theory is non-trivially
gapped and the IR topological field theory reproduces the anomaly; (c) the ZN 1-form center
symmetry is spontaneously broken and so the theory does not confine; or (d) time reversal
is spontaneously broken, leading to a doubly degenerate vacuum and a first order phase
transition at θ = π. While none of the above scenarios is ruled out, option (d) was seen as
the most probable — and the only one consistent with the analysis of softly broken SUSY
gauge theory and with large-N studies.

The non-perturbative nature of the IR dynamics in asymptotically free theories makes the
study of the θ-dependence particularly hard, and one has to either specialize to supersymmet-
ric [8–46] or near-supersymmetric gauge theories [47–71] or make use of consistency conditions
like anomaly matching [7, 61, 72–92], or of large-N arguments. In this paper, we perform a
complementary study to the one in [7], by analyzing a particular set of near-supersymmetric
theories, where the vacuum energy can be calculated exactly as a function of θ. Our intention
is the study of this particular toy model rather than the extrapolation to any particular
non-supersymmetric gauge theory (e.g. QCD). For this reason, we are free to choose our
original supersymmetric gauge theory as well as our method of SUSY breaking. The validity
of our analysis is guaranteed as long as we correctly map the SUSY breaking from the UV to
the IR, and as long as we maintain a hierarchy mbreaking ≪ Λ, the strong scale of the theory.

Our theory of interest is N = 2 gauge theory with gauge group SU(2) and NF = 0, 1, 2, 3
flavors of fundamentals. This is particularly suitable for studying the phases of pure QCD-like
theories. The reason is that adding matter fields will usually introduce an η′ into the spectrum,
which will then act as a heavy axion and wash out the branches and phase structure of
the pure QCD-like theory (see [93] for a new analysis of the η′ potentials in such models).
However N = 2 theories with matter have the tree-level Q̃ΦQ coupling in their superpotential,
which explicitly breaks the usual axial symmetry and eliminates the relation between η′ and
θ.1 Thus studying N = 2 with different NF and supersymmetry breaking is an ideal tool for
understanding the dynamics leading to the phase structure of QCD-like theories. These N = 2
theories are the ones explored in the groundbreaking work of Seiberg and Witten [13, 14].
In the IR, the theory has an N = 2 supersymmetric Coulomb branch parametrized by the
vacuum expectation value (VEV) of the adjoint scalar in the N = 2 gauge multiplet. On the
Coulomb branch, the gauge symmetry is higgsed to its U(1) subgroup. At particular points
on the Coulomb branch, the gauge coupling becomes singular, indicating the appearance of
new massless degrees of freedom — the monopoles and dyons of the SU(2) → U(1) gauge
theory. As pointed out in the original papers [13, 14], adding an explicit breaking term of
magnitude µ ≪ Λ to N = 1 lifts the Coulomb branch of the theory while keeping only the
monopole/dyon singularities as the true vacua of the IR N = 1 theory. Furthermore, the
explicit breaking term leads to the condensation of the monopoles/dyons in their respective
vacua. At this point, the theory is still N = 1 supersymmetric, and so, these vacua are

1The Q̃ΦQ term does preserve a chiral U(1) symmetry under which Q, Q̃ have charge 1 and Φ has charge
−2. However this symmetry will be broken when N = 2 is broken to N = 1 via the adjoint mass term, and
this breaking sets the resulting η′ to zero, removing it from the dynamics and uncovering the QCD-like branch
structure for the θ dependence.
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degenerate and have zero vacuum energy. In [51, 52], an additional soft SUSY breaking
gaugino mass m ≪ µ ≪ Λ was introduced in the NF = 0 scenario. This had the triple
effect of (a) breaking the degeneracy between the different dyon vacua; (b) moving the vacua
away from the monopole points by a tiny O(m/Λ) and (c) making the θ angle physical since
all massless fermions are lifted. In particular, the authors of [51, 52] noticed a first-order
phase transition at θ = π between the monopole and the dyon vacua of the theory, consistent
with Dashen’s argument and the much later analysis of [7]. Since then, the systematic
study of softly broken N = 2 theories has been greatly refined in, e.g. [50, 53–55, 59, 61],
albeit without any particular focus on the θ dependence of the vacuum energy. See also
complementary studies of the theta angle dependence of the vacuum energy in the context
of MQCD [94, 95], and large-N [96–98].

The study reported here generalizes the results of [51, 52] to NF = 1, 2, 3. Rather than
adding a soft mass “by hand”, we make use of the exact techniques developed in [59] to map the
soft SUSY breaking from the UV to the IR. In particular, we make use of anomaly-mediated
SUSY breaking [99, 100] (see also [58, 101] for earlier work containing some important aspects
of AMSB), which provides a particularly transparent and streamlined calculation of the IR
effects of SUSY breaking. We call a SUSY theory coupled to parametrically small AMSB
a near SUSY gauge theory. Previously, some of the present authors applied AMSB for
the study of SU(N) gauge theory [65, 67, 69], chiral gauge theories [62, 63, 102, 103], and
SO(N) gauge theory [64, 66]. See also [68, 70, 71, 104, 105]. As we explicitly checked in
section 5, breaking SUSY with AMSB is equivalent to choosing a subset of soft parameters
in the general formalism of [59].

The main result of our paper is the calculation of the vacuum energy of near-SUSY SU(2)
gauge theory with NF = 0, 1, 2, 3, as a function of θ. For NF = 0 we reproduce the expected
phase transition at θ = π, while for NF = 1, we find a surprising additional phase transition
at θ = 0. For NF = 2 we find phase transitions at θ = π

2 , 3π
2 , while for NF = 3 we find them

at θ = π
4 , 3π

4 , 5π
4 , 7π

4 . Interestingly, in the two latter cases the phase transition at θ = π is
absent, contrary to the pure YM case [7]. Nevertheless, for the cases NF = 0−2 we show that
all of our phase transitions can be explained by a slightly updated mixed-anomaly argument.
Besides the explicit expressions for the θ-dependent potentials, our study also answers to
the question of what dynamics is responsible for the generation of these somewhat unusual
potentials with different branches and phase transitions between them. As foreseen by Witten,
indeed they are not due to instantons, but rather by the condensation of various monopoles
and dyons, which is also the mechanism of confinement itself. The origin of the branches lies
in the existence of various monopoles/dyons, which will each have a θ-dependent potential.
As θ changes, the global minimum of these potentials moves from one set of vacua to the
other, giving rise to first order phase transitions and branched structure of the QCD potential.

The case of NF = 3 is unique in our work for several reasons. First, to the best of our
knowledge we are the first to find the explicit form of the section (a(3,2)

D , a(3,2)) for which
a(3,2)(z = 0) = 0, and correspondingly the prepotential F (3,2) relevant for the monopole
singularity near the origin. Our calculation is also the first to consider SUSY breaking and
calculate the scalar potential for NF = 3. Thirdly, in the NF = 3 case the magnetic U(1)D

“magnetic” gauge symmetry is higgsed by a dyon of magnetic charge 2, leading to a Z2 gauge
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theory in the IR. The NF = 3 case is unique in that it exhibits a phase transition from a chiral
symmetry breaking phase (due to the condensation of a monopole in the 4 ∈ SU(4)) to a
chiral symmetry preserving TQFT (where the (nm, ne) = (2, 1) in the 1 ∈ SU(4)) condenses.

Finally, our analysis assumes a hierarchy of scales m ≪ µ ≪ Λ between the strong scale
Λ, the scale µ for the breaking to N = 1, and the AMSB scale m. One could instead consider
the case m ≪ Λ ≪ µ where the theory is better described by N = 1 with additional 1/m

suppressed superpotential terms from integrating out the chiral superfield part of the N = 2
gauge multiplet. In this limit the theory has a Higgs branch, while the Coulomb branch
singularities approach the origin. For this reason, we expect the phase structure of the theory
with AMSB to be significantly different from the results of the present investigation.

The paper is structured as follows. In section 2 we summarize the main results of the
paper, including the main plots of the vacuum energies as a function of θ. In section 3 we
provide a review of Seiberg-Witten (SW) theory for NF = 0−3, including known explicit
results for the monodromies, prepotentials, and Kähler potentials. In section 4 we calculate
the scalar potential of near-SUSY SW theory, from which we obtain the vacuum energy as
a function of θ. Finally, section 5 reviews the previous literature on softly broken N = 2
theories and their similarities and differences with the current work.

2 Summary of results

2.1 Theta dependent vacuum structure

The main results of the paper are depicted in figure 1. Different colors represent different
vacua in which different dyons condense. The magnetic and electric charges of the condensing
dyons (nm, ne) are depicted near each colored line.

2.2 2π periodicity in θ and the Witten effect

We explicitly checked that all of our physics result are invariant under θ → θ + 2π. The 2π

periodicity is satisfied in a nontrivial way due to the Witten effect; the physical charge of
the condensing dyon is given in these conventions by

(Q(NF ,k)
m , Q(NF ,k)

e ) =
(

n(NF ,k)
m , n(NF ,k)

e − θ
(NF ,k)
IR

π
n(NF ,k)

m

)
. (2.1)

Here θ
(NF ,k)
IR = π Re

(
τ (NF ,k)

)
is the IR theta angle at the kth vacuum.2 We explicitly

calculated it below for all of our vacua, with the results shown in figure 2. These results,
together with those of figure 1, guarantee the 2π periodicity in θ. Specifically, for NF =
2 (NF = 3), the k = 1 (k = 2) vacuum is the global minimum both at θ = 0 and θ = 2π.
Accordingly, the value of θIR is the same in the k = 1 (k = 2) vacuum between θ = 0 and
θ = 2π. Conversely, for NF = 0 the theory is in the k = 1 vacuum with (1, 0) condensation
for θ = 0, and in the k = 2 vacuum with (1, 2) condensation for θ = 2π. However, due to the
Witten effect, in both the θ = ε and θ = 2π +ε (for an infinitesimal ε > 0) the physical charge
of the condensing dyons is (Qm, Qe) = (1, 0). Finally, for NF = 1 the theory is in the k = 3

2The normalization of τ and the Witten effect is in the conventions of [14].
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Figure 1. Vacuum energies for N = 2 SU(2) with a deformation to N = 1 and AMSB. The labels in
blue, yellow and green are the charges (nm, ne) of the monopoles which condense in each vacuum.
Here (V0, V1, V2, V3) = 6mµ (|Λ|2, |Λ1|2, |Λ2|2, |Λ3|2).

vacuum with (1, 0) condensation for θ = 0, and in the k = 1 vacuum with (1,−1) condensation
for θ = 2π. Here as well, the Witten effect restores the 2π periodicity in θ; in both the θ = ε

and θ = 2π + ε, the physical charge of the condensing dyons is (Qm, Qe) =
(
1,− θIR(θ=0)

π

)
.

3 N = 2 supersymmetric SU(2) gauge theory

3.1 General features

Consider N = 2 SU(2) with NF matter fields (Qi, Q̃i) in the fundamental of the gauge group.
N = 2 Supersymmetry constrains the superpotential to be of the form

W =
√

2 Q̃iΦQi , (3.1)

where Φ is the chiral superfield part of the N = 2 gauge multiplet, in the adjoint of the
gauge group SU(2). This theory always has a Coulomb branch on which Φ gets a VEV
and breaks SU(2) to U(1). There is no Higgs branch for SU(2) with massless flavors. The
Coulomb branch is parametrized by a coordinate u, which is related at weak coupling to
the adjoint scalar ϕ in Φ as

u =
〈
Trϕ2

〉
(weak coupling). (3.2)
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Figure 2. IR theta angle θIR = π Re(τIR) for N = 2 SU(2) with a deformation to N = 1 and AMSB.
The labels in blue, yellow and green are the charges (nm, ne) of the monopoles which condense in
each vacuum.

The Kähler potential is given on the Coulomb branch by:

K = 1
4π

Im aD(u) ā(ū) , (3.3)

where aD(u), a(u) are sections of a holomorphic SL(2,Z) bundle over the punctured u complex
plane. At weak coupling, a is the scalar in the photon multiplet while aD is the scalar in the
magnetic photon multiplet. The effective electric U(1) gauge coupling is then given by

τ(a) = ∂2
a F (a) , aD = ∂aF (a), (3.4)

where F (a) is the prepotential. Equivalently, the magnetic U(1) gauge coupling is given by

τD(a) = ∂2
aD

FD(aD) , a = −∂aD FD(aD) . (3.5)

Here FD is the magnetic prepotential, and is equal to minus the Legendre transform of F (a).
Either τ or τD or both are singular at u = ∞ and at select points u(NF ,k) on the Coulomb
branch — all of which are at strong coupling. These singularities signal the appearance of new
massless states in the spectrum, whose number and electric and magnetic U(1) charges are
set by the monodromy of (aD(u), a(u)) around u = ∞, u(NF ,k). For example, when NF = 0,
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τ(a) in the weak duality frame is singular at u = u(0,1) ≡ Λ2, where Λ is the strong scale
of the theory. The corresponding monodromy is [13, 14](

aD(e2iπu)
a(e2iπu)

)
= M0

1

(
aD(u)
a(u)

)
, M0

1 = STS−1 =
(

0 1
−1 1

)
, (3.6)

where

T ≡
(

1 1
0 1

)
, S ≡

(
0 1
−1 0

)
, (3.7)

are the generators of SL(2,Z). Having T as the monodromy matrix indicates that particles with
charges (nm, ne) = (0, 1) become massless. An S duality transformation takes T → STS−1

and (nm, ne) → S(0, 1) = (1, 0), and so the monodromy (3.6) indicates that a monopole with
(nm, ne) = (1, 0) becomes massless at u = u0

1 ≡ Λ2. For 0 ≤ NF ≤ 3, we can conveniently
encode all of the monodromy data in the Seiberg-Witten (SW) curve of the theory, which is
derived from symmetry and holomorphy considerations. For NF = 0, the SW curve is

y2 = x2(x − u) + Λ4

4 x , (3.8)

while for NF = 1, 2, 3 it is

y2 = x2(x − u) − Λ2(4−NF )

64 (x − u)NF −1 . (3.9)

Here Λ = |Λ|ei θ
4−NF , where 4 − NF is the usual instanton factor. The SW curve encodes

all of the IR structure of the N = 2, SU(2) theory (see also [106] for a recent study of the
modular structure of the theory). The singularities on the Coulomb branch are exactly the
values u = u(NF ,k) for which two or more roots xa1 , . . . , xan of the SW curve coincide.3 For
finite u(NF ,k), the number of coinciding roots is always two. The section (aD, a) is then
given by the periods of the SW curve:

a =
∫

α
λSW, aD =

∫
β

λSW, (3.10)

where λSW is the Seiberg-Witten differential

λSW =
√

2
8π

2u − (4 − NF )x
y

dx , (3.11)

and α, β are curves in x, where each curve encloses a distinct pair of roots of the SW curve.
α, β then form a basis for the space of homology cycles of the SW curve (3.8)–(3.9). A
different choice of canonical curves leads to an SL(2,Z) transformation of (aD, a).

3For SU(N) theories the singularities always occur on a complex codimension one manifold, which could
intersect [26].
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Singularity Monodromy (nm, ne)
u = ∞ PT 4 (0, 1)

u = u(0,1) = Λ2
0 STS−1 (1, 0)

u = u(0,2) = −Λ2
0 (T 2S)T (T 2S)−1 (1, 2)

Table 1. NF = 0 singularities and their monodromies in the weak coupling frame.

3.2 Singularity structure

Here we summarize the singularity structure of the moduli space for 0 ≤ NF ≤ 3, as can be
directly calculated from the SW curve. They are expressed in terms of the SL(2,Z) elements
T, S defined in (3.7), as well as the inversion P = −I2. The electric and magnetic charges
(nm, ne) are also given. For each NF we find sections

(
a

(NF ,k)
D , a(NF ,k)

)
so that

lim
u→∞

a
(NF ,k)
D → 1

2
√

2u

a(NF ,k)(u(NF ,k)) = 0 . (3.12)

i.e. a(NF ,k) is the scalar component of the local photon multiplet near the singularities u(NF ,k)

while aD is the scalar component of the photon multiplet local to infinity.4 These can
be obtained by explicitly evaluating the cycles (3.10) [54], or alternatively, by solving the
Picard-Fuchs equations corresponding to the SW curve (3.8)–(3.9), subject to the monodromy
conditions [30, 107–110]. In appendix A we derive

(
a

(NF ,k)
D , a(NF ,k)

)
and F (NF ,k) using the

latter method, following [30, 107–110], and in particular the solutions in particular [110]. Our
singularity structure is summarized below in tables for 0 ≤ NF ≤ 3.

• NF = 0 (see table 1):
Note the Z2 symmetry exchanging the two strong coupling singularities. The scalar
components of the photon multiplets at the singularities are given by

a(0,1) = −i
u − Λ2

0
2Λ0

+ O
[
(u − Λ2)2

]
,

a(0,2) = u + Λ2
0

2Λ0
+ O

[
(u + Λ2)2

]
, (3.13)

where Λ0 = Λ, while the prepotentials are given by

F (0,1) = −i
a(0,1)

4π

[
8iΛ0 + a(0,1) log

(
a(0,1)

Λ0

)]
,

F (0,2) = −i
a(0,2)

4π

[
8Λ0 + a(0,2) log

(
a(0,2)

Λ0

)]
. (3.14)

4Except for NF = 3, k = 1 case, in which a
(3,1)
D cannot be interpreted the scalar component of the photon

multiplet at weak coupling. The scalar component of the photon multiplet at weak coupling is then related to
(a(3,1)

D , a(3,1)) by a duality transformation.
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Singularity Monodromy (nm, ne)
u = ∞ PT 3 (0, 1)

u = u(1,1) = eiπ/3Λ2
1 (T−1S)T (T−1S)−1 (1,−1)

u = u(1,2) = −Λ2
1 (TS)T (TS)−1 (1, 1)

u = u(1,3) = e−iπ/3Λ2
1 STS−1 (1, 0)

Table 2. NF = 1 singularities and their monodromies in the weak coupling frame.

Singularity Monodromy Charge SO(4)
u = ∞ PT−2 (0, 1) -

u = u(2,1) = Λ2
2 ST 2S−1 (1, 0) (2, 1)

u = u(2,2) = −Λ2
2 (TS)T 2(TS)−1 (1, 1) (1, 2)

Table 3. NF = 2 singularities and their monodromies in the weak coupling frame.

• NF = 1 (see table 2):

Here Λ1 =
√

3 × 2−4/3Λ. Note the Z3 symmetry exchanging the three strong coupling
singularities. The scalar components of the photon multiplets at the singularities are
given by

a(1,1) = e−2iπ/3 u − u(1,1)
√

8Λ1
+ O

[
(u − u(1,1))2

]
,

a(1,2) = − u − u(1,2)
√

8Λ1
+ O

[
(u − u(1,2))2

]
,

a(1,3) = −e2iπ/3 u − u(1,3)
√

8Λ1
+ O

[
(u − u(1,3))2

]
. (3.15)

The prepotentials are given by

F (1,1) = i
a(1,1)

4π

[
3
√

8e−iπ/3Λ1 − a(1,1) log
(

a(1,1)

Λ

)]
,

F (1,2) = i
a(1,2)

4π

[
−3

√
8Λ1 − a(1,2) log

(
a(1,2)

Λ1

)]
,

F (1,3) = i
a(1,3)

4π

[
−3

√
8eiπ/3Λ1 − a(1,3) log

(
a(1,3)

Λ1

)]
. (3.16)

• NF = 2 (see table 3):

Here Λ2 = 2−3/2Λ. Note again the Z2 symmetry exchanging the two strong coupling
singularities, similarly to the NF = 0 case. The scalar components of the photon
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Singularity Monodromy Charge SU(4)
u = ∞ PT (0, 1) −

u = u(3,1) = 0 ST 4S−1 (1, 0) 4
u = u(3,2) = Λ2

3 (ST 2S)T (ST 2S)−1 (2,−1) 1

Table 4. NF = 3 singularities and their monodromies in the weak coupling frame.

multiplets at the singularities are given by

a(2,1) = −i
u − Λ2

2
4Λ2

+ O
[
(u − Λ2

2)2
]

,

a(2,2) = u + Λ2
2

4Λ2
+ O

[
(u + Λ2

2)2
]

, (3.17)

while the prepotentials are

F (2,1) = −i
a(2,1)

2π

[
4iΛ2 + a(2,1) log

(
a(2,1)

Λ2

)]
,

F (2,2) = −i
a(2,2)

2π

[
4Λ2 + a(2,2) log

(
a(2,2)

Λ2

)]
. (3.18)

• NF = 3 (see table 4):
Here Λ3 = 2−4Λ. Note that unlike the NF = 0, 1, 2 cases, here there is no global
symmetry relating the two singularities. The scalar components of the photon multiplets
and prepotentials are given by

a(3,1) = Λ3
u

25/2Λ2
3

+ O
[
u2
]

,

a(3,2) = iΛ3
u − u3

2
23/2Λ2

3
+ O

[
(u − u3

2)2
]

,

F (3,1) = i
a(3,1)

π

[
−
√

2Λ3 − a(3,1) log
(

a(3,1)

Λ3

)]
,

F (3,2) = i
a(3,2)

8π

[
i
√

8Λ3 − a(3,2) log
(

a(3,2)

Λ3

)]
. (3.19)

Once the section
(
a

(NF ,k)
D (u), a(NF ,k)(u)

)
is found, the moduli space of the N = 2 theory

is practically solved. In particular, the Kähler potential on the Coulomb branch is given
by (3.3), while the effective superpotential at each strong coupling singularity is

Wu(NF ,k) =
√

2 a(NF ,k) Mn M̃n . (3.20)

here for Mn M̃n are the two N = 1 chiral superfields that make up a N = 2 hypermultiplet
of dyons, that become massless at u = u(NF ,k). These come in n flavors, where n is the
dimension of the dyon flavor representations. The flavor representations appear in the
rightmost columns of the tables of the current section.
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3.3 Kähler potentials and their derivatives

In the u(NF ,k) duality frame, the Kähler potential for a(NF ,k) is given by

K(NF ,k) = 1
4π

Im
(
a(NF ,k)ā

(NF ,k)
D

)
. (3.21)

Extracting du
da(NF ,k) , ∂K(NF ,k)

∂a(NF ,k) and g2
(NF ,k) = 8π

Im τ (NF ,k) , and expanding them to leading order
in u − usingularity, we get

∂K(0,1)

∂a(0,1) = iΛ̄0
4π2 ,

du

da(0,1) = 2iΛ0,

∂K(0,2)

∂a(0,2) = − Λ̄0
4π2 ,

du

da(0,2) = 2Λ0 . (3.22)

as well as

g2
(0,k) = 32π2

log
∣∣∣∣ Λ0

Λ(0,k)
IR

∣∣∣∣2 − 1
(k = 1, 2) . (3.23)

Note that Λ(0,k)
IR ≡ |a(0,k)(u)| vanishes at the monopole/dyon singularities on the moduli

space. Nevertheless, we will see below that the actual vacua of the (SUSY broken) theory
are slightly off the monopole point by a small amount O(m/Λ), and consequently Λ(NF ,k)

IR is
stabilized at m ≪ ΛNF

. Similarly to the NF = 0 case, in the NF = 1 we get

∂K(1,1)

∂a(1,1) = eiπ/3 3
√

2Λ̄1
16π2 ,

du

da(1,1) =
√

8e2iπ/3Λ1,

∂K(1,2)

∂a(1,2) = −3
√

2Λ̄1
16π2 ,

du

da(1,2) = −
√

8Λ1,

∂K(1,3)

∂a(1,3) = e−iπ/3 3
√

2Λ̄1
16π2 ,

du

da(1,3) =
√

8e−2iπ/3Λ1 , (3.24)

as well as

g2
(1,k) = 32π2

log
∣∣∣∣ Λ1

Λ(0,k)
IR

∣∣∣∣2 − 1
(k = 1, 2, 3) . (3.25)

The corresponding result for NF = 2 is

∂K(2,1)

∂a(2,1) = i
Λ̄2
4π2 ,

du

da(2,1) = 4iΛ2,

∂K(2,2)

∂a(2,2) = − Λ̄2
4π2 ,

du

da(2,2) = 4Λ2 , (3.26)

as well as

g2
(2,k) = 16π2

log
∣∣∣ Λ2

ΛIR

∣∣∣2 − 1
(k = 1, 2) . (3.27)
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Finally for NF = 3 one finds

∂K(3,1)

∂a(3,1) = − 1√
2

Λ̄3
4π2 ,

du

da(3,1) = 2
√

8Λ3,

∂K(3,2)

∂a(3,2) = − i√
8

iΛ̄3
4π2 ,

du

da(3,2) = −i
√

8Λ3 , (3.28)

as well as

g2
(3,1) = 8π2

log
∣∣∣ Λ3

ΛIR

∣∣∣2 − 1
,

g2
(3,2) = 32π2

log
∣∣∣ Λ3

ΛIR

∣∣∣2 − 1
. (3.29)

4 Deforming to N = 1 and adding AMSB

Before introducing AMSB, we first introduce a deformation of the theory to N = 1. This
is easily achieved by introducing the term

∆W = µ u . (4.1)

This term gives a mass to the chiral multiplet part of the N = 2 gauge multiplet, including
one pair of gauginos. For this reason, we will call it a “gaugino mass term” for short. In the
large µ limit, this has the effect of decoupling one pair of gauginos. In turn, the Coulomb
branch is eliminated, and only the singularities u = u(NF ,k) remain as N = 1 supersymmetric
minima [13, 14]. In these minima, the dyons get a negative mass and condense. To see this
let us write down the scalar potential around u(NF ,k). It is given by

Vu(NF ,k) =
g2

(NF ,k)
2

(∣∣∣∣√2MnM̃n + µ
du

da(NF ,k)

∣∣∣∣2 + (|Mn|2 − |M̃n|2)2
)

+2|a(NF ,k)|2
(
|Mn|2 + |M̃n|2

)
. (4.2)

The N = 1 supersymmetric minimum is clearly at a(NF ,k) = 0, MnM̃n = − µ√
2

du
da(NF ,k) , and

|Mn| = |M̃n|. In the strict µ → ∞ limit, the theory reduces to N = 1 with NF flavors, and a
Higgs branch appears. In this case the vacuum structure of the theory in the near-SUSY limit
can be studied by adding AMSB to the N = 1 theory [65, 69], and so we do not consider
the strict µ → ∞ limit in this paper.

We now add AMSB to the theory by coupling it to the conformal compensator ε = 1+mθ2.
This leads to a new SUSY breaking contribution [111] (see also [66, 67]) to the scalar potential
near u(NF ,k),

V
(NF ,k)

tot = Vu(NF ,k) + ∆V
(NF ,k)

AMSB ,

∆VAMSB = m
(
∂iWKij̄∂j̄K − 3W

)
+ c.c.

+ |m|2
(
∂iKKij̄∂j̄K − K

)
. (4.3)
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Here we use the standard shorthand notation ∂i ≡ ∂
∂ϕi

where ϕi is the i-th scalar field.
Kij̄ ≡ ∂i∂j̄K is the Kähler metric and Kij̄ is the matrix inverse of Kij̄ . Substituting the
superpotential (3.20)–(4.1), we get

∆V
(NF ,k)

AMSB =
g2

(NF ,k)
2

[
m

∂K(NF ,k)

∂ā(NF ,k)

(√
2MnM̃n + µ

du

da(NF ,k)

)
+ c.c.

+ |m|2 ∂K(NF ,k)

∂a(NF ,k)
∂K(NF ,k)

∂ā(NF ,k)

]
− |m|2K(NF ,k) − m

[√
2 a(NF ,k) MnM̃n + 3µu

]
+ c.c. .

(4.4)

From this general form we can already learn that the minima will be at values of u

which are offset from the monopole points by O(m/ΛNF
) × Λ2

NF
, namely u

(NF ,k)
min = u(NF ,k) +

A(NF ,k)mΛNF
for A(NF ,k) = O(1). For the purpose of finding the monopole condensate and

vacuum energy, this small deviation from the dyon singularities only contributes at higher
orders and can be neglected. Only the sign of the deviation A(NF ,k) is important to calculate
the IR theta angle θ

(NF ,k)
IR = πRe τ (NF ,k) at u

(NF ,k)
min .

4.1 Non-supersymmetric minima

Substituting the explicit expression from the last section in (4.3), we get the scalar potentials
for different NF . For notational compactness, we project this potential on the D-flat direction
where |M (NF ,k)

n | = |M̃ (NF ,k)
n |. Since we are only interested in leading order values in m/Λ for

the condensates, we minimize the potential using the following self-consistent algorithm:

1. Set u = u(NF ,k) + A(NF ,k)mΛNF
for the still unknown value A(NF ,k) of the deviation

form the dyon singularities.

2. Find the condensate M
(NF ,k)
n and vacuum energy. To leading order, they are independent

of A(NF ,k).

3. Substitute M
(NF ,k)
n and find A(NF ,k).

We now show how this algorithm works explicitly for all (NF , k).

• NF = 0:

Setting u = u(0,k) + A(0,k)mΛ0, we have

V
(0,k)

tot = g2
(0,k)

∣∣∣∣∣(M (0,k))2 −
√

2(−i)k

(
µΛ0 − (−1)k m̄Λ̄0

8π2

)∣∣∣∣∣
2

+ O
(
mµ2Λ0

)
+(−1)k 3

[
mµΛ2

0 + c.c.
]

. (4.5)

The minima are then at

(M (0,k))2 =
√

2(−i)k

(
µΛ0 − (−1)k m̄Λ̄0

8π2

)
+ O (mµ) . (4.6)
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Without loss of generality, we can take µ, m to be real, while the complex argument of
Λ0 is Λ0 = |Λ0|e

i θ
4−NF , where 4 − NF is the usual instanton factor. The vacuum energy

at the minima for k = 1, 2 is then given by

V
(0,k)

min = −6mµ|Λ0|2 cos
(

θ

2 + (k − 1)π
)

+ O
(
mµ2Λ0

)
. (4.7)

Clearly, the k = 1 minimum is the global one for 0 < θ < π. In this vacuum the
monopoples with charge (nm, ne) = (1, 0) condense. On the other hand,for π < θ < 2π

the global minimum is the k = 2 one, in which the dyons (nm, ne) = (1, 2) condense. At
θ = π there is a first order phase transition between the two vacua, a result first obtained
in [51, 52]. The vacuum energy as a function of θ is depicted in figure 1(a). This
result also qualitatively agrees with Witten’s original prediction [1, 112] for the vacuum
structure of QCD without quarks, obtained based on large-N considerations. Witten
found that the potential is a function of θ/N with N branches for SU(N) Yang-Mills,
and only becomes 2π periodic in θ after minimizing over the various branches. This also
implies that the θ dependence is not exclusively due to instanton effects, because those
would not result in a branched structure. Indeed we can see here that the potential
is a consequence of monopole/dyon condensation, and Witten’s qualitative picture is
explicitly realized. Finally, we substitute the VEV (4.6) in (4.3), and minimize it to
get A(0,k) =

√
2. Evaluating θ

(0,k)
IR = π Re τ (0,k) at the minimum u = u(0,k) + A(0,k)mΛ0,

we get the result presented in figure (2(a)). This guarantees the 2π periodicity in θ, as
explained in section 2.2.

• NF = 1:
Setting u = u(1,k) + A(1,k)mΛ1, we have

V
(1,k)

tot = g2
(1,k)

∣∣∣∣∣(M (1,k))2 + 1
2

(
4e−2i(k−2)π/3µΛ1 − e2i(k−2)π/3 3m̄Λ̄1

8π2

)∣∣∣∣∣
2

+ O
(
mµ2Λ1

)
+3

[
e−2i(k−2)π/3mµΛ2

1 + c.c.
]

. (4.8)

The minima are then at

(M (1,k))2 = −1
2

(
4e−2i(k−2)π/3µΛ1 − e2i(k−2)π/3 3m̄Λ̄1

8π2

)
+ O (mµ) , (4.9)

and the vacuum energy for k = 1, 2, 3 is

V
(1,k)

min = 6mµ|Λ1|2 cos
(2 [θ + (k − 2)π]

3

)
+ O

(
mµ2Λ1

)
. (4.10)

The vacuum energy for the different minima is presented in figure 1(b). In particular,
the system goes between the k = 3 minimum with (1, 0) monopole condensation for
0 < θ < π, the k = 2 minimum with (1, 1) dyon condensation for π < θ < 2π, and the
k = 1 minimum with (1,−1) dyon condensation for 2π < θ < 3π. Finally, we substitute
the VEV (4.9) in (4.3), and minimize it to get A(1,k) = 2. Evaluating θ

(1,k)
IR = π Re τ (1,k)

at the minimum u = u(1,k) + A(1,k)mΛ1, we get the result presented in figure (2(b)).
This guarantees the 2π periodicity in θ, as explained in section 2.2.
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• NF = 2:
Setting u = u(2,k) + A(2,k)mΛ2, we have

V
(2,k)

tot = g2 (2,k)
∣∣∣∣∣(M (2,k)

n )2 −
√

8 (−i)k

(
µΛ2 − (−1)k 1

2
m̄Λ̄2
8π2

)∣∣∣∣∣
2

+ O
(
mµ2Λ2

)
−(−1)k 3

[
mµΛ2

2 + c.c.
]

. (4.11)

Here n = 1, 2 is the monopole flavor index. The minima are then at

(M (2,k)
n )2 =

√
8 (−i)k

(
µΛ2 − (−1)k 1

2
m̄Λ̄2
8π2

)
+ O (mµ) . (4.12)

The vacuum energy at the minima for k = 1, 2 is then given by

V
(2,k)

min = −6mµ|Λ2|2 cos (θ + (k − 1)π) + O
(
m2µ2

)
. (4.13)

The vacuum energy for the different minima is presented in figure 1(c). In particular,
the system goes between the k = 1 minimum with (1, 0) monopole condensation for
0 < θ < π

2 and 3π
2 < θ < 2π, the k = 2 minimum with (1, 1) dyon condensation

for π
2 < θ < 3π

2 . These minima involve the condensation of monopoles/dyons in
the (2, 1) or (1, 2) flavor symmetry, and so they lead to chiral symmetry breaking
SU(2)L × SU(2)R → SU(2)L or SU(2)R. Substituting the VEV (4.12) in (4.3), and
minimizing, we get A(2,k) =

√
8. Once again evaluating θ

(2,k)
IR = π Re τ (2,k) at the

minimum u = u(2,k) + A(2,k)mΛ2, we get the result presented in figure (2(c)). This
again guarantees the 2π periodicity in θ.

• NF = 3:
For the singularity at the origin we set u = A(3,1)mΛ3, so that

V
(3,1)

tot = g2 (3,1)
∣∣∣∣∣(M (3,1)

n )2 +
(

4µΛ3 −
m̄Λ̄3
8π2

)∣∣∣∣∣
2

+ O
(
mµ2Λ2

)
, (4.14)

while for the second singularity we set u = u(3,2) + A(3,2)mΛ3, we have

V
(3,2)

tot = g2 (3,2)
∣∣∣∣∣(M (3,2))2 − i

2

(
4µΛ3 + m̄Λ̄3

8π2

)∣∣∣∣∣
2

+ O
(
mµ2Λ3

)
−3
[
mµΛ2

3 + c.c.
]

. (4.15)

Here n = 1, . . . , 4 is the flavor index of the monopoles at u = 0. The minimum near the
u = 0 singularity is then

(M (3,1)
n )2 = −

(
4µΛ3 −

m̄Λ̄3
8π2

)
+ O (mµ) , (4.16)

While the monopole VEV close to the u = Λ2
3 singularity is

(M (3,2))2 = i

2

(
4µΛ3 −

m̄Λ̄3
8π2

)
+ O (mµ) . (4.17)

The vacuum energy at these minima is then given by

V
(3,1)

min = O
(
mµ2Λ3

)
, V

(3,2)
min = −6mµ|Λ3|2 cos (2θ) + O

(
mµ2Λ3

)
. (4.18)
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The vacuum energy for the different minima is presented in figure 1. In particular, the system
goes between the k = 1 minimum with the condensing (1, 0) monopoles in the 4 of SU(4),
and the k = 2 minimum with the condensing of (2, 1) monopoles in the 1 of SU(4). The k = 1
minimum is the global one for π

4 < θ < 3π
4 and 5π

4 < θ < 7π
4 , while the k = 2 minimum is

the global one for 0 < θ < π
4 , 3π

4 < θ < 5π
4 , and 7π

4 < θ < 2π. Once again, we substitute the
VEVs (4.16) and (4.17) in (4.3), and minimize it to get A(3,1) = 4 and A(3,2) = 2. Evaluating
θ

(3,k)
IR = π Re τ (3,k) at the minimum u = u(3,k) + A(3,k)mΛ3, we get the result presented in

figure (2(d)). This guarantees the 2π periodicity in θ for NF = 3.

5 Comparisons with literature

In this section, we comment on the similarities and differences between the current work
and previous studies of softly broken N = 2 gauge theory.

• The pioneering works are [51] and [52]. These authors considered N = 2 SU(2) gauge
theory with NF = 0 flavors and the N = 1 deformation µu. In addition, they added
“by hand” a soft mass for the scalar components of the monopoles/dyons at u = ±Λ2.
As a result, they got the vacuum structure depicted in figure 1 for NF = 0, including
the phase transition at θ = π. Our results for NF = 0 reproduce their original results,
with the main difference that our soft breaking originates from AMSB and is mapped
exactly from the UV to the IR theory, rather than being put “by hand”.

• The series of works [50, 53–55] considered N = 2 SU(2) gauge theory coupled to
holomorphic SUSY breaking spurions. These works did not introduce an explicit
deformation to N = 1. In particular, reference [50] considered coupling the N = 2
theory to a dilaton via

Λ → ΛeiS , (5.1)

where S is a vector superfield whose auxiliary field acts as a SUSY breaking spu-
rion. Using holomorphy, the coupling to S is easily mapped to the EFT near the
monopole/dyon points, allowing to study their SUSY breaking vacua for NF = 0, 2 [50]
and for NF = 1 [53]. These works only considered the case in which the bare θ = 0.
Accordingly, for NF = 0, 2, the authors find a global minimum with monopole (rather
than dyon) condensation, while for NF = 1 the vacuum has two degenerate minima
near u = e±iπ/3Λ2 where the (nm, ne) = (1, 0) and (1, 1) dyons condense. Finally,
references [54, 55] generalized the analysis to include NF = 1, 2 massive flavors coupled
to the dilaton-spurion S and additional SUSY breaking from the F -terms of the bare
masses m. The IR phase in this case involves monopole condensation, dyon condensation
or quark condensation, depending on the bare masses and the soft terms, with 1st order
phase transitions between them. The main differences between these papers and the
present work are the consideration of only holomorphic SUSY breaking spurions, the
absence of explicit breaking to N = 1, and the fact that the bare θ parameter is taken
to vanish in the quantitative analysis of the former. However, ref. [55] does mention
that for nonzero bare θ, only one global minimum survives, similalry to [51, 52].
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• The well-known work [59] (see also the earlier [58]) presented two ways of exactly
mapping non-holomorphic soft terms from the UV to the IR. The first way is based on
the definition of two RG invariant spurions: a chiral superfield ΛS charged under an
anomalous U(1), and a real superfield ΛR. There components of these two spurions
are determined by the UV soft terms, while the way they enter the IR theory is fixed
by dimensional analysis and the anomalous U(1). This allows for the exact mapping
of non-holomorphic soft terms to the IR. The second way is coupling the theory to
a SUGRA background with a gauged U(1)R. In this case, the soft terms in the UV
can be mapped to the D-term of the gauge field VR and the F -term of the conformal
compensator ϕ. Since the SUGRA coupling is fixed both in the UV and the IR, this
allows the mapping of the UV soft terms to the IR. Note that the AMSB method we
are using in this paper is a special case of the latter method when only the compensator
F -term is turned on. For N = 2 with NF = 0, [59] used the first method based on
ΛS,R, and included all possible soft breaking terms. We checked that, indeed, our
scalar potential for NF = 0 is a special case5 of their formalism when we set their soft
parameters to be g−2

0 (mϕ0, mλ0, mχ0, mB0) =
(
0, m

4π2 ,−µ,
√

µm
)
.

• The paper [60] refined the exact mapping of soft parameters from the UV to the IR
explored in [59]. As in the latter paper, the mapping of non-holomorphic data was again
carried out in two complementary ways. The first one is by embedding the soft terms
in the bottom component of the Ferrara-Zumino (FZ) anomalous supermultiplet. The
latter can be mapped to the IR theory because its divergence is a superfield containing
the energy-momentum tensor. The second method, which generalizes [59], is valid when
the theory has a conserved R-current, which is taken to be the bottom component of an
R-supercurrent multiplet. In that case, we can embed the soft terms in the derivative
of the R-supercurrent multiplet. The paper surveys several examples for the mapping
of soft terms in N = 1 SUSY gauge theory, but does not explicitly work out N = 2.

• The work [61] is a modern and thorough study of NF = 0 Seiberg-Witten theory and
its soft breaking. Starting from N = 2 SU(2) gauge theory with NF = 0, the authors
introduce soft SUSY breaking via a mass M for the adjoint scalar in the SU(2) multiplet.
The soft breaking term is precisely mapped to the IR theory by embedding it in the
N = 2 conserved stress-tensor multiplet [113]. This mapping is inspired by [59, 60] but
is a slightly more straightforward version, which is available in N = 2 theories. In the
presence of the soft scalar mass M ≪ Λ, the authors show that the origin becomes the
global (and only) reliable minimum in the theory. A potential minimum associated
with the monopole/dyon singularities turns out to be too far from them on the moduli
space and so beyond the range of validity of the near-singularity EFT. The bulk of the
paper explores the possible phase of the theory for M ≫ Λ. Though it is impossible to
reliably determine the IR phases in this case, every point on the N = 2 moduli space
could become the global minimum while satisfying all ’t Hooft anomalies in a non-trivial
manner. The same is true even if the IR dynamics for M ≫ Λ continuously deforms

5Note that the solution in [59] is given in terms of the ‘old’ Seiberg-Witten conventions of [14], while ours
are in the revised conventions of [14].
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the theory, for example by making the EFT near the monopole/dyon singularities more
weakly coupled. In the latter case, the soft mass M triggers monopole condensation
which breaks SU(1)R → U(1)R. The IR dynamics is then described by a CP 1 model.

In most of [61], the authors only consider the soft scalar mass M and no gaugino masses.
This is because their theory of interest is NF = 2 adjoint SU(2) QCD, in which the
adjoint fermions descend from the gauginos of the SUSY theory. In the absence of
gaugino masses, the local minima associated with the monopole/dyon singularities turn
out to be too far from them, which renders them unreliable. This is not the case when
gaugino masses are turned on — for example in [13, 14] and in our analysis the minima
of the theory end up very close to the monopole/dyon singularities. This is the main
difference between our analysis and [61]. We note that the latter paper does consider
adding gaugino masses in sections 2.5 and 3.4 as a consistency check linking NF = 2
to NF = 0, 1 adjoint SU(2) QCD. If we take their analysis with hierarchical gaugino
masses 0 < m1 ≪ m2 ≪ Λ and set M → 0, we get exactly our NF = 0 analysis.

We note also the more recent [114, 115] which explored the multi-monopole points
and the strong coupling region in general of N = 2 SU(N) gauge theory. It would be
interesting to add fundamental matter (as well as an N = 1 deformation and AMSB)
to these theories to search for phase transitions at even more exotic values of θ.

6 Conclusion

We performed a thorough analysis of the vacuum structure of N = 2 SQCD with gauge
group SU(2) and NF = 0, 1, 2, 3 flavors, deformed to N = 1 by a mass µ and coupled to
AMSB with SUSY breaking m. The hierarchy m ≪ µ ≪ Λ allows for a reliable analysis.
We find a branched structure of the potential generated by the condensation of the various
monopoles/dyons that become massless on various points of the moduli space. Our results
verify Witten’s original picture where the θ-dependence of the vacuum energy is generated
through the mechanism responsible for confinement (rather than being a direct instanton
contribution). Our results indicate first order phase transitions between the different branches
of the confining vacua as a function of θ. In particular, for NF = 0 there is a phase transition
at θ = π, while for NF = 1 the phase transitions are at θ = 0, π, for NF = 2 they are
at θ = π

2 , 3π
2 . As far as we know, this is the first time that first order phase transitions

have been found at these values of θ. Additionally, the 2π periodicity in θ is guaranteed
non-trivially by the Witten effect.

The case NF = 3 is unique in several ways. First, our solution near the k = 2 singularity
is new in the literature. Furthermore, our results indicate first order phase transitions at
θ = π

4 , 3π
4 , 5π

4 , 7π
4 between a chiral symmetry preserving vacuum near the origin, and a chiral

symmetry breaking one near u = Λ3. Finally, the dyons condensing near u = Λ3 have
magnetic charge 2, and so they hint at a topological Z2 gauge theory in the IR.

The phase structure explored in this paper can be neatly explained by a mixed anomaly
argument similar to the one presented in [7]. In particular, we find that a combination of a
discrete remnant of the UV r-symmetry R-symmetry and time reversal becomes unbroken

— exactly at the values of θ for which we find our 1st-order phase transitions. This 0-form
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symmetry has a mixed anomaly with a 1-form center symmetry of the UV theory, similar
to [7]. We leave the details of this analysis to upcoming work by some of the present authors.

The branched structure of the vacuum energy could have significant phenomenological
consequences once θ becomes dynamical, namely when calculating axion potentials. In
particular, The existence of degenerate vacua from different branches at multiple values of θ

modifies the domain wall number of the IR theory. For example, if one only considered the
k = 1 vacuum for NF = 2, the domain wall number would seem to be NDW = 1. However, the
existence of the k = 2 vacuum leads to NDW = 2, with a domain wall between θ = 0 and θ = π.

A Derivation of local sections and prepotentials

For completeness, we present in this appendix the explicit expressions for the sections (aD, a)
following the original calculation6 in [109, 110]. Once the sections are known, the (magnetic)
prepotential F is then found by substituting the ansatz [107, 108]

a2(z)

A log
(

a(z)
Λ

)
+
∑

i=−1
Bi

(
a(z)

Λ

)i
 , (A.1)

and solving for A, Bi by expanding the relation

F ′ [a(z)] = aD(z) , (A.2)

order-by-order in ∆z = z − zsingularity.
The sections (aD, a) are calculated as follows. For each number of flavors 0 ≤ NF ≤ 3,

we take the Seiberg-Witten curves (3.8)–(3.9) and the monodromy matrices in tables 1–4 as
inputs — they are derived in [13, 14] by holomorphy arguments. From the Seiberg-Witten
curves (3.8)–(3.9) and the Seiberg-Witten differential (3.11) we extract the corresponding
Picard-Fuchs equations [107–110, 116],

4Π′′
NF

(z) + fNF
(z) ΠNF

(z) = 0 , z = u

Λ2
NF

, (A.3)

where ΠNF
= a(NF ,k) or ΠNF

= a(NF ,k), and

(f0(z), f1(z), f2(z), f3(z)) =
( 1

z2 − 1 ,
z

z3 + 1 ,
1

z2 − 1 ,
1

z(z − 1)

)
. (A.4)

The solutions to (A.3) are expressed in terms of hypergeometric functions, and are fixed
by the monodromies in tables 1–4. Note that these monodromies are in the weak coupling
frame, and so we need to perform duality transformations to get to the local duality frame
of each singularity, in which a(NF ,k)(u(NF ,k)) = 0.

For NF = 0, the sections are [109, 110](
a

(0,1)
D (z)

a(0,1)(z)

)
= Λ0

√ z+1
2 2F1

(
−1

2 , 1
2 , 1; 2

z+1

)
−i z−1

2 2F1
(

1
2 , 1

2 , 2; 1−z
2

)  , (A.5)

6Note that our solutions for NF = 0, . . . , 3 are S-dual to the ones in [110], except for our solution for the
k = 2 vacuum for NF = 3, which is our original derivation.
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(a) a
(0,1)
D (b) a(0,1)

Figure 3. (a(0,1)
D , a(0,1)) for NF = 0. The singularities in green are at (u0

1, u0
2)/Λ2

0 = (−1, 1). The
black line represents a branch cut while the blue line represents the superposition of two branch cuts

— one from z = −1 and one from z = 1. The sections for NF = 2 are identical to these up to a factor
of 2 in a.

where 2F1 is the Gauss hypergeometric function. These solutions are depicted in figure 3.
It is straightforward yet tedious to check that these indeed have the right monodromies as
in table 1, by analytically continuing a(0,1) across its branch cut to the left of z = −1, and
a

(0,1)
D across its branch cuts to the left and right of z = −1 and to the left of z = 1. The

section at the other singularity is then(
a

(0,2)
D (z)

a(0,2)(z)

)
= −i

(
a

(0,1)
D (−z)

a(0,1)(−z)

)
. (A.6)

For NF = 1 we first define two auxiliary functions [109],
(

b(1)(z)
c(1)(z)

)
= Λ1

 z3+1
3
√

8 2F1
(

5
6 , 5

6 , 2; z3 + 1
)√

z
2 2F1

(
−1

6 , 1
6 , 1;− 1

z3

)  . (A.7)

We can now define

a
(1,3)
D (z) = c(1)(z),

a(1,3)(z) = −



−b(1)(z) + c(1)(z) −π < arg(z) ≤ −2
3π

ω3 b(1)(z) −2
3π < arg(z) ≤ 0

−ω2
3 b(1)(z) − c(1)(z) 0 < arg(z) ≤ 2

3π

b(1)(z) − 2c(1)(z) 2
3π < arg(z) ≤ π

. (A.8)

These solutions are depicted in figure 4. One can check that these indeed have the right
monodromies as in table 3, by analytically continuing a(1,3) across its branch cuts from z = 0
to z = eiπ/3, from z = −1 to z = 0 and to the left of z = −1. Similarly, one has to analytically
continue a

(1,3)
D across the same branch cuts as a(1,3), as well as from z = 0 to z = e−iπ/3.
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(a) a
(1,3)
D (b) a(1,3)

Figure 4. (a(1,3)
D , a(1,3)) for NF = 1. The singularities in green are at (u(1,1), u(1,2), u(1,3))/Λ2

1 =
(e−iπ/3,−1, eiπ/3). The black lines represent branch cuts while the blue line represents the superposition
of two branch cuts — one from z = −1 and one from z = 0. The green line is just an indication that
a is discontinuous across the branch cut, including at the u/Λ1 = −1 singularity.

For NF = 2, the solutions are(
a

(2,1)
D (z)

a(2,1)(z)

)
= Λ2

Λ0

(
1
2a

(0,1)
D (z)

a(0,1)(z)

)
. (A.9)

Finally, for NF = 3 we define the auxiliary functions(
b(3)(z)
c(3)(z)

)
= Λ3

 i z−1
25/2 2F1

(
1
2 , 1

2 , 2; 1 − z
)√

z
2 2F1

(
−1

2 , 1
2 , 1; 1

z

)  . (A.10)

In terms of these, the NF = 3 sections are given by(
a

(3,1)
D (z)

a(3,1)(z)

)
=
(

c(3)(z)
−b(3)(z) + 1

2c(3)(z)

)
,

(
a

(3,2)
D (z)

a(3,2)(z)

)
=
(
−b(3)(z) − 1

2c(3)(z)
2b(3)(z)

)
. (A.11)

These solutions are depicted in figure 5. They have the correct monodromies around the
singularities at z = 0 and z = 1, as can be checked by analytically continuing through the
branch cuts between z = 0 and z = 1 and left of z = 0.
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(a) a
(3,1)
D (b) a(3,1)

(c) a
(3,2)
D (d) a(3,2)

Figure 5. (a(3,k), a(3,k)) for NF = 3. The green singularities are at (u(3,1), u(3,2))/Λ2
3 = (0, 1). Note

the different orientation of the k = 2 plots in order to clearly see the jump on the branch cut. The
black lines represent branch cuts while the blue line represents the superposition of two branch cuts —
one from z = 0 and one from z = 2. The green line is just an indication of the discontinuity at the
singularity u = 0.
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