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ABSTRACT

The first part of this thesis presents a new quantum state sharing scheme

that distributes the quantum information contained within a quantum

state across three shares such that it cannot be accessed from any individual

share. By combining any two shares, however, the original state can be

reconstructed. This requirement for collaboration ensures security against

single dishonest actors.We demonstrate that the protocol is provably secure

for the class of pure Gaussian states and is effective for the sharing of mixed

states, although security for those cannot be guaranteed.

We then go on to discuss the use of quantum state sharing as a hybrid pro-

tocol for the distribution of discrete-variable states, including Fock states

and particle-number qubits, using Gaussian entanglement. We demon-

strate that, with access to suitable entanglement resources, this can be

achieved with arbitrarily-high fidelity and that the security of the protocol

can be guaranteed for qubit-like states.

In the second part of this thesis, we consider the potential for quantum

entanglement to improve the measurement of gradients in the magnetic

field. We find that in the absence of noise, it is optimal to measure ortho-

gonal gradients individually, devoting the full measurement network to

the measurement of a single gradient at a time. In the presence of high

levels of environment noise, however, it becomes preferable to measure

them simultaneously. We find the optimal network configurations and

entanglement structures to make these measurements in the presence of

three common noise sources.
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1
INTRODUCT ION TO THES I S

As we approach the second quantum revolution [1, 2] and the future de-

velopment of a quantum internet [3–5], interest in the applications of

quantum mechanics has surged within academia, industry, and govern-

ments. While some of the benefits promised — particularly the use of

scalable quantum computers and consumer quantum-communication

devices — may still appear only on the horizon, a huge number of ex-

plicitly quantum and quantum-informed technologies have already been

commercialised and progress towards these more ‘science-fiction’-style

technologies is being made more rapidly every year. Existing applications

of quantum technologies include the use of quantum random number

generators and quantum key distribution (QKD) to support specialist1

cryptography systems [1] and the use of quantum sensors for the detec-

tion of leaks in underground water networks [8]. Potential future uses,

meanwhile, cover applications as broad as GPS-less navigation systems

[9, 10] and the archeological mapping of now-buried ancient structures

[11]. As Dr Cathy Foley, Australia’s Chief Scientist, put it: the ‘impact of

the quantum revolution will be comparable to the digital revolution that

brought us transistors and lasers’ [12].

Countries around the globe are recognising the transformative effect

quantum technologies can have, both economically2 and socially.3 This

confidence in quantum technologies is underscored by the rush in recent

years from governments to support quantum industry, with the United

Kingdom [14], Australia [12], and the European Union [1, 15], among oth-

ers, developing detailed (inter)national quantum strategies. Indeed, many

industries are preparing for the quantum future while the capabilities they

1Although so-called ‘plug-and-play’ QKD implementations have been developed [6],

the UK’s National Cyber Security Centre continues to advise against their use due to

the specialised hardware needed for their implementation and the requirement that

the intermediate infrastructure be trustworthy [7]. Solving for this infrastructure-trust

problem and improving public quantum literacy such that security conditions can be

readily understood are key planks of many national quantum strategies.
2The Australian government estimates that the quantum technology sector will grow by

as much as 30% a year globally over the next 5 years and will directly contribute between

A$6.1 billion and A$9 billion to Australia’s GDP by 2045 [12].
3The benefits of improved scans from quantum sensing and drug development from

quantum computers are likely to revolutionise the delivery of medical care [13], im-

proving the quality of diagnoses and the effectiveness of treatment. The applications

to materials science, meanwhile — particularly to the development of solar panels and

battery technology [14] — may accelerate our ability to tackle the climate crisis.

1



2 introduction to thesis

need do not yet exist. Transport for New South Wales, for example, are

already contracting quantum computing companies to develop revolution-

ary traffic-routing algorithms to be ready to reap the benefits once the

quantum computing sector is able to support them [12].

Broadly, quantum technologies fall into three main categories: quantum

communications, in which the power of quantum mechanics is leveraged

to enable more secure communication networks; quantum sensing, in

which networks of entangled measurement probes are used to reach bey-

ond the limit of what can be seen with classical approaches; and quantum

computing, which is predicted to be able to deliver previously unimagin-

able speedups, particularly in logistical and modelling problems [12]. In

this thesis we consider applications within two of these areas: quantum

communication and quantum sensing. The thesis is therefore split into two

parts, each designed to be read independently alongside the background

chapter as follows.

Part I: quantum state sharing In this first part of the thesis

we will consider a quantum communication protocol for the secure shar-

ing and transmission of quantum states in the presence of potentially-

untrustworthy parties. Such protocols, termed quantum state sharing pro-

tocols, split the information describing a quantum state between a number

of players in such a way that they can only access it by working together.

Crucially, though, the full group is not neccessary to reconstruct the ori-

ginal state so no individual player is handed a veto over the information.We

propose and analyse a scheme for this to be implemented using continuous-

variable entanglement — a source of entanglement readily available in

any quantum optics lab — and prove its security for the whole class of

pure Gaussian input states. We further show that this protocol is useful

and secure beyond the realm of Gaussian states for which it was designed,

and could serve as a novel way to share discrete-variable states without the

requirement for complex single-photon entanglement sources.

Part II: quantum-assisted field measurement In the

second part, we will discuss the use of entanglement to improve the meas-

urement of gradients in the magnetic field. We will begin by showing that

in the absence of noise there is no better way to estimatemulti-dimensional

gradients than to simply measure each individually. We will go on to show

that this ceases to be the case in the presence of sufficiently strong noise

fields, and that an approach that measures multiple gradients simultan-

eously becomes preferable. Although we find there is often an upper-limit
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to the noise levels in which such a quantum approaches remains useful,

we demonstrate that this region of quantum advantage can be extended sig-

nificantly by making changes to the measurement setup that compensate

for the noise.





2
INTRODUCT ION TO QUANTUM INFORMAT ION

THEORY

This thesis belongs to the field of quantum information theory, the study

of quantum states not as descriptions of specific physical systems but as

abstract carriers of so-called ‘quantum information’. We will not, therefore,

strictly define the type of quantum system under discussion beyond the

simple geometry of the state. Nonetheless, the area of greatest interest

within quantum information, and quantum technology more broadly, is

found in the photonic field. For that reason, to aid readability we will often

use ‘photon’ as a short-hand for any bosonic particle type; this should not be

mistaken as an indication that such results apply only to photonic systems.

We will work in natural units throughout this thesis, such that ℏ = 1;
we will therefore neglect ℏ in many formula it might usually be found.

2.1 quantum information

2.1.1 A brief review of quantum mechanics

Let us begin by recapping some fundamental results from the field of

quantum mechanics that we will use throughout this thesis.

pure quantum states and measurement bases A quantum

system is associated with some 𝑑-dimensional Hilbert space,H: a vector
space over the complex field equipped with an inner product ⟨⋅|⋅⟩ ∈ ℂ
that defines the distance between two elements.1 Every possible quantum

state of the system belongs to this Hilbert space, and any normalised vector

within this Hilbert space is a possible state of the system. We denote such

pure states, representative of all the quantum information containedwithin

the system, in ket notation as |𝜓⟩ ∈ H.
As the quantum state is a vector element in a vector space, it does not

possess a unique mathematical representation; instead we define it with

respect to some basis. Ordinarily, this basis will correspond to some selected

observable property, 𝑀̂, of the system. When a state has a definite value

1A Hilbert space additionally imposes some completeness conditions which ensure calcu-

lus works as intended but are otherwise of no direct relevance to this work.

5



6 introduction to quantum information theory

of this property, it is known as an eigenstate of the observable, denoted

|𝑀𝑖⟩, with eigenvalue, 𝑚𝑖, corresponding to the observable value. Such

eigenstates do not change when acted upon by 𝑀̂,

𝑀̂|𝑀𝑖⟩ = 𝑚𝑖|𝑀𝑖⟩, (1)

instead accumulating a scalar coefficient corresponding to its eigenvalue.

This set of eigenvalues defines the possible outcomes from a measurement

on the system, while the eigenvectors represent the corresponding set of

potential states this measurement could leave the system in.

If two quantum systems are associated with two Hilbert spaces,H𝐴 and

H𝐵, they can also be modelled as a single system described by the tensor

product of the Hilbert spaces,H𝐴𝐵 = H𝐴⊗H𝐵. The state of the collective

system is given by the corresponding tensor product of the states of the

subsystems as

|𝜓⟩ = |𝜓1⟩𝐴 ⊗ |𝜓2⟩𝐵 ∈ H𝐴 ⊗H𝐵. (2)

When 𝑛 identical subsystems are in the same state, they will be denoted by
the shorthand

|𝜓⟩ = |𝜓1⟩⊗𝑛 = |𝜓1⟩ ⊗ |𝜓1⟩ ⊗ |𝜓1⟩ ⊗… . (3)

superposition states A phenomenon unique to quantum mech-

anics is that the properties of quantum states need not have defined values;

the outcome of measuring 𝑀̂may be probabilistic. Such states are termed

superposition states and are written as a sum of measurement eigenstates,

|𝜓⟩ = 𝛼1|𝑀1⟩ + 𝛼2|𝑀2⟩ + 𝛼3|𝑀3⟩ + … , (4)

where 𝛼𝑖 = ⟨𝑀𝑖|𝜓⟩ is a probability amplitude encoding both the probability
of finding the state in eigenstate |𝑀𝑖⟩ after measurement and a relative
complex phase between the eigenstates.

As such superpositions do not exist in the classicalworld, at the point that

|𝜓⟩ is measured its superposition will collapse into one of these eigenstates,
|𝑀𝑖⟩, with probability given by the inner product |⟨𝑀𝑖|𝜓⟩|2. To be a complete
description of the quantum state, |𝜓⟩must be normalised such that these
probabilities sum to 1, as∑𝑖 𝛼

2
𝑖 = 1.

If this conversion to the classical world is inherently destructive— losing

these useful superposition features — how then can quantum information

be transmitted between, say, quantum computers? It is precisely this prob-
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lem that underpins much of the field of quantum communication, and

which we will consider in part I.

mixed states and the density matrix Although these states

are a complete mathematical representation of the quantum information

contained within a system, they represent an idealised version of the real

world. In addition to the quantum superposition — representative of state

information ‘unknown to the universe’, so to speak — the state may evolve

in classically probabilistic ways unknown only to us. For example, perhaps

we know that a system is either in state |𝜓⟩ or in state |𝜙⟩ with probability
1/2, different to the quantum picture in which the state is in both states at

once. To enable us to capture both forms of uncertainty let us first promote

the ket vector describing a quantum state |𝜓⟩ to a projector,

̂𝜌pure = |𝜓⟩⟨𝜓|, (5)

an operator from theHilbert space of states back to itself. As these projectors

are the outer product of two vectors, this representation can be written as

a matrix and so is termed the density matrix of the state.

Classical uncertainty as to which quantum state the system is in can be

represented by summing these pure-state projectors,

̂𝜌 = ∑
𝑖
𝑝𝑖|𝜓𝑖⟩⟨𝜓𝑖|, (6)

weighted by the probabilities 𝑝𝑖 that the system will be in state |𝜓𝑖⟩ and
normalised such that ∑1 𝑝𝑖 = 1. States that can be written as a single
projector, |𝜓⟩⟨𝜓| — and so consist of quantum uncertainty only — are

termed pure states, while those that do not — and so contain classical

uncertainty also — are termedmixed states. We can measure the extent to

which a state is mixed through its purity, given by the trace of the density

matrix,

P( ̂𝜌) = Tr( ̂𝜌2). (7)

In contrast to this classical uncertainty, quantum uncertainty — or su-

perposition — presents itself in the density matrix through the emergence

of off-diagonal elements. Consider the density matrix for a state described

by 𝛼1|𝜓1⟩ + 𝛼2|𝜓2⟩, for example, which is given by

̂𝜌 = (𝛼†1|𝜓1⟩ + 𝛼
†
2|𝜓2⟩)(𝛼1⟨𝜓1| + 𝛼2⟨𝜓2|)

= |𝛼1|2|𝜓1⟩⟨𝜓1| + |𝛼2|2|𝜓2⟩⟨𝜓2| + 𝛼†1𝛼2|𝜓1⟩⟨𝜓2| + 𝛼
†
2𝛼1|𝜓2⟩⟨𝜓1|. (8)
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Were this superposition instead described by classical uncertainty, and the

density matrix given by equation (6), these coherence terms of the form

|𝜓1⟩⟨𝜓2| would not exist.

the uncertainty principle The defining feature of quantum

systems — and the one that enables much of the security we rely on in

quantum communication — is given by the uncertainty principle. Re-

call that making a measurement of a quantum system is inherently an

information-destructive act. Often, making a measurement of one observ-

able will destroy information about the state of the system with respect to

a different observable.

The degree to which two observables ̂𝐴 and ̂𝐵 are compatible is given by
their commutator,

[ ̂𝐴 ; ̂𝐵] ≔ ̂𝐴 ̂𝐵 − ̂𝐵 ̂𝐴. (9)

If two observables do not commute — if it matters which is measured first

— the measurement of one must have an impact on the measurement of

the other. The two observables cannot therefore both simultaneously be

perfectly measured and so no state can be an eigenstate of both. Making a

measurement of one will induce some level of superposition in the other.

It is this principle more than any other that underpins the security

of quantum protocols. As we will discuss further in section 4.3, these

fundamental limits on information restrict our ability to clone quantum

states,2 and so forbid potential adversaries from eavesdropping on the

communication without detection.

2.1.2 Continuous-variable systems and the Wigner function

Up to this point, we have considered quantum systems with discrete eigen-

spectra — so-called discrete-variable (DV) systems. Throughout the first

part of this thesis, however, we will be interested in continuous-variable

(CV) systems represented by observables with a continuous spectrum of

possible measurement outcomes.

The canonical example of such a system is given by the electromagnetic

field, the object of main study within quantum optics. Although we do

not restrict our results to those observed by the quantum optical field,

photonic systems are the predominant medium in which CV systems are

implemented and so we will often use the language of the field here.

2Were we able to clone states, one could trivially measure incompatible observables by

first duplicating the state then performing one measurement on each.
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heisenberg picture and quadrature operators Let us

first consider the modelling of such systems in the Heisenberg picture, in

which the measurement operators themselves represent the state of the

system.

A continuous-variable state consists of a conjugate pair of observables,

typically denoted ̂𝑥 and ̂𝑝 and referred to as the 𝑥 and 𝑝 quadrature oper-
ators describing the system. For a single-particle system, these might be

the position and momentum observables. More typically, in a quantum

optical systems these observables might represent the in- and out-of-phase

components of the electromagnetic field.3 Although we will continue to

refer to them as the 𝑥 and 𝑝 quadratures, in formulae we will ordinarily
denote them respectively as ̂𝑋+ and ̂𝑋− for notational convenience. These
quadrature operators do not commute, with

[ ̂𝑋+ ; ̂𝑋−] = iℏ, (10)

and so cannot be measured simultaneously; every continuous-variable

system must exhibit a minimum level of uncertainty,

𝛥 ̂𝑋+𝛥 ̂𝑋− ≥ 1, (11)

where we have assumed, as we will throughout this thesis, that ℏ = 1. This
base level of CV uncertainty is termed the standard quantum limit.

When both quadratures evolve in the same way, we will sometimes use

the mode operators, ̂𝑎 and ̂𝑎† to describe the evolution of the mode as a
whole. These combine the two quadratures as

̂𝑎 = 1
√2
( ̂𝑋+ + i ̂𝑋−), and ̂𝑎† = 1

√2
( ̂𝑋+ − i ̂𝑋−). (12)

schrödinger picture Often, it will be convenient to return to the

Schrödinger picture and consider the probabilistic description of the state

directly. A continuous-variable analogue to the state vector, |𝜓⟩, can be
found by projecting the state onto the quadrature operators, as

𝜓(𝑥) = ⟨ ̂𝑥|𝜓⟩ ∈ 𝐿2, and ̃𝜓(𝑝) = ⟨ ̂𝑝|𝜓⟩ ∈ 𝐿2. (13)

The resultant probability density distribution, termed the state’s wave-

function, is a vector in the infinite-dimensional Hilbert space of square-

3Aswe are not considering the quantum information as a component of a specified system,

we will not discuss here the quantisation of the electromagnetic field. Interested readers

are instead directed to the book on quantum optics by Ulf Leonhardt [16] for details.
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integrable functions, 𝐿2. As representations of a probability distribution,
these wavefunctions must again be normalised such that

∫
ℝ
𝑑𝑥|𝜓(𝑥)|2 = 1. (14)

For a pure state— inCVsystems synonymouswith aminimum-uncertainty

state — either of these wavefunctions represent a complete description of

the state and the two are related through the Fourier transform [17]

̃𝜓(𝑝) = 1
√2𝜋

∫
ℝ
𝑑𝑥𝜙(𝑥) ei𝑝𝑥 . (15)

For this class of states, then, the choice of quadrature representation is

simply a choice of measurement eigenbasis.

wigner functions Mixed states— or CV states that do not saturate

the uncertainty relation of equation (11)— cannot be properly represented

as a wavefunction in 𝐿2 any more than they can be represented as a ket
vector, |𝜓⟩, inH. To represent such states, we must consider the full (𝑥, 𝑝)
phase space collectively.We cannot properly represent these states through

a two-dimensional probability distribution, however, as this would imply

a non-zero probability of finding the state in any arbitrarily-small area in

phase space, violating the uncertainty principle.

To sidestep this problem of uncertainty-respecting representation, let us

introduce a pseudo-probability distribution termed theWigner function,

𝑊(𝑥, 𝑝) [16, 18]. This function associates with every point in phase space a
real number related to the quadrature probability distributions, but which

does not directly correspond to a probability. Instead, it is defined such that

its marginal distributions describe the probability of finding the quadrature

measurements as

pr(𝑥) = ∫
ℝ
𝑑𝑝𝑊(𝑥, 𝑝), and pr(𝑝) = ∫

ℝ
𝑑𝑥𝑊(𝑥, 𝑝). (16)

Indeed, the fact that theWigner function is not a proper probability density

is underscored by another intriguing feature of the distribution: it allows

for negative values. Classically, a Wigner function must be strictly positive

so this curious property can be used as a blunt metric for the ‘quantumness’

of a state.
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The Wigner function for a pure state with wavefunction 𝜓(𝑥) or ̃𝜓(𝑝)
can be found by integrating over the wavefunction as [16]

𝑊(𝑥, 𝑝) = 1
2𝜋 ∫ℝ

𝑑𝑥′𝜓†(𝑥 + 𝑥
′

2 )𝜓(𝑥 −
𝑥′
2 ) e

i𝑝𝑥′ (17)

= 1
2𝜋 ∫ℝ

𝑑𝑝′ ̃𝜓†(𝑝 + 𝑝
′

2 )
̃𝜓(𝑝 − 𝑝

′

2 ) e
i𝑥𝑝′ . (18)

Precisely as a mixed-state density matrix can be constructed by summing

over pure-state projectors, mixed-state Wigner functions are given simply

by the sum of pure state Wigner functions as

𝑊(𝑥, 𝑝) = 𝑝1𝑊1(𝑥, 𝑝) + 𝑝2𝑊2(𝑥, 𝑝) + … , (19)

weighted by the set of classical probabilities∑𝑖 𝑝𝑖 = 1.
Superposition states, by contrast, are again characterised by the pres-

ence of coherence terms taking the place of the off-diagonal elements

of the density matrix. Applying equation (17) to the superposition state

𝜓(𝑥) = 𝛼1𝜓1(𝑥) + 𝛼2𝜓2(𝑥), for example, gives Wigner function

𝑊(𝑥, 𝑝) =|𝛼1|2𝑊1(𝑥, 𝑝) + |𝛼2|2𝑊2(𝑥, 𝑝) + 𝛼†1𝛼2𝐼1,2(𝑥, 𝑝) + 𝛼
†
2𝛼1𝐼2,1(𝑥, 𝑝),

(20)

for coherence terms

𝐼𝑖,𝑗(𝑥, 𝑝) ≔
1
2𝜋 ∫ℝ

𝑑𝑥′𝜓†𝑖 (𝑥 +
𝑥′
2 )𝜓𝑗(𝑥 −

𝑥′
2 ) e

i𝑝𝑥′ . (21)

Tensor-product states are represented by the product of the Wigner func-

tions,

𝑊𝜓⊗𝜙(𝑥1, 𝑝1, 𝑥2, 𝑝2) = 𝑊𝜓(𝑥1, 𝑝1)𝑊𝜙(𝑥2, 𝑝2), (22)

with each mode represented by its own conjugate pair of quadrature vari-

ables. Extracting a single mode from theWigner function representing a

wider system, meanwhile, can be achieved by integrating over the quadrat-

ure variables representing any unwanted modes as

𝑊subssys(𝒒1) = ∫
ℝ𝑁′

𝑑𝒒2,…,𝑁𝑊sys(𝒒), (23)

When considering Wigner functions, we will often for simplicity de-

note both quadrature variables together as 𝒒 = (𝑥, 𝑝)𝑇. When denoting
multiple modes together, we will ordinarily use ‘mode-ordering’ with

𝒒 = (𝑥1, 𝑝1, 𝑥2, 𝑝2,… , 𝑥𝑛, 𝑝𝑛)𝑇. The exception to this will be in chapter 6
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and in appendix B in which we will use ‘𝑥𝑝-ordering’ in which the quad-
ratures are grouped by type and 𝒒 = (𝑥1, 𝑥2,… , 𝑥𝑛, 𝑝1, 𝑝2,… , 𝑝𝑛)𝑇.

gaussian states Of particular interest to this thesis is the subset

of continuous-variable states whoseWigner function takes the form of a

Gaussian,

𝑊(𝒒) = 1

𝜋𝑛√det𝑉
exp[−(𝒒 − ̄𝒓)𝑇𝑉−1(𝒒 − ̄𝒓)], (24)

perhaps unsurprisingly, termed the Gaussian states. These states are en-

tirely characterised by the vector ̄𝒓 = (⟨ ̂𝑥1⟩, ⟨ ̂𝑝1⟩, ⟨ ̂𝑥2⟩, ⟨ ̂𝑝2⟩,… )𝑇 ∈ ℝ𝑛

describing their mean position in phase space and a covariance matrix

𝑉 ∈ ℝ2𝑛 describing the shape of the distribution.

The diagonal elements of this covariance matrix are given by the vari-

ances of each quadrature,

𝑉𝑖,𝑖 =
1
2 ⟨{𝛥𝑞𝑖 ; 𝛥𝑞𝑖}⟩ , (25)

representing how noisy they are individually. The off-diagonal elements —

termed the covariances — represent any correlation between the quadrat-

ures and are equivalently defined as

𝑉𝑖,𝑗 =
1
2 ⟨{𝛥𝑞𝑖 ; 𝛥𝑞𝑗}⟩ , (26)

for 𝒒 = ( ̂𝑥, ̂𝑝)𝑇. This direct relationship between the quadrature operators
and the form of the Wigner function makes it trivial to convert Gaussian

states between the two pictures. When a mode ̂𝑋± can be specified by
relation to a set of (independent and uncorrelated) known modes

̂𝑋± = 𝛼1 ̂𝑋±1 + 𝛼2 ̂𝑋±2 , (27)

themean vector and covariancematrices are given simply by the equivalent

relations,

̄𝒓 = 𝛼1 ̄𝒓1 + 𝛼2 ̄𝒓2, (28)

𝑉 = 𝛼21𝑉1 + 𝛼22𝑉2. (29)

Recalling that the Wigner function describing a tensor-product state is

simply given by the product of the Wigner functions, for two Gaussian

states the combined system is again a Gaussian state characterised by the
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direct product of the subsystem covariance matrices and concatenation of

the mean vectors as4

𝑉𝜓⊗𝜙 = 𝑉𝜓 ⊕𝑉𝜙 (30)

̄𝒓𝜓⊗𝜙 = ̄𝒓𝜓 ⊕ ̄𝒓𝜙. (31)

The reverse operation, tracing out unwanted modes, is as simple as remov-

ing the relevant rows and columns from the covariance matrix; the first

subsystem of a state described by

𝑉 = (
𝑉𝐴 𝑉𝐴𝐵
𝑉𝑇𝐴𝐵 𝑉𝐵

) (32)

is then simply described by the 𝑉𝐴 sub-matrix, while the second subsystem
is similarly described by 𝑉𝐵.

2.1.3 Quantum entanglement and EPR steering

Quantum entanglement is a form of correlation between two modes of

a quantum state that ensures some degree of coordination between their

post-measurement states but which cannot be explained classically. This

property is so crucial to quantum communication protocols that through-

out this thesis we will refer to it as the resource underpinning the protocol,

and the state that provides the entanglement as the resource state.

The wider concept of ‘entanglement’ is an umbrella term for a class of

related properties of quantum states, which are not necessarily equivalent.5

The simplest of these is the concept of non-separability, simply the idea

that a multi-mode state cannot be represented as two separate, classically-

correlated states. A second,more useful, phenomenon is the ability to affect,

or ‘steer’, the state of one mode of a quantum system solely by acting on

the other mode. This is Einstein–Podolsky–Rosen (EPR) steering [19], also

simply termed quantum steering, and is not automatically implied by the

presence of non-separability. We will primarily discuss quantum steering

in part I, as this is the resource the protocol outlined there utilises, and

non-separability in part II, as we are instead interested in the difference

between classically-allowed states and fully-quantum states. References to

4In this thesis, for notational consistency we denote the concatenation of two vectors as

𝒂⊕ 𝒃 = (𝒂, 𝒃)𝑇.
5For pure states, such as the two-mode squeezed vacuum state we will see later, there is

no distinction between these forms of entanglement and any non-separable state will

also exhibit some form of quantum steering. In this thesis, we are interested in the full

set of in-general mixed resource states and so we will consider non-separability and

steering as separate properties.
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‘entanglement’ in those sections should therefore be taken to refer to EPR

steering and non-separability respectively, except where otherwise noted.

non-separability When a pure quantum system can be written as

the tensor product of two smaller subsystems, as

|𝛹⟩ = |𝜓⟩𝑎 ⊗ |𝜙⟩𝑏, (33)

they can be separated and the state of either subsystem can be fully specified

without reference to the other. These are termed separable states.

When the wider system is itself a superposition of states, for example as

|𝛷⟩ = ∑
𝑖
𝛼𝑖|𝜓𝑖⟩𝑎𝑏, (34)

and cannot be written in the form of equation (33) a fully-quantum descrip-

tion is only possibly by considering the system collectively. Any description

of the subsystems individually will be a mixed state, with the addition of

some classical uncertainty representing our lack of knowledge of the state

of the remaining component. These states are termed non-separable states,

or simply entangled states. The existence of this non-separability in itself

will be the object of interest in the second part of this thesis, where it is

used to define the set of states impossible to construct classically.

Not all such entangled states are equally non-separable, however. In the

latter part of this thesis, we will quantify the degree to which a quantum

state is non-separable through a metric termed the logarithmic negativ-

ity [20].6 Fully separable states have a logarithmic negativity of 0, with

increasing values indicating greater entanglement. The logarithmic neg-

ativity corresponding to maximal entanglement is dependent on the size

of the subsystems. For two subsystems consisting of a single qubits each,

maximal entanglement is indicated by a logarithmic negativity of 1; for

subsystems each containing two qubits the maximal entanglement corres-

ponds to a logarithmic negativity of 2. The logarithmic negativity between

two subsystems of a three subsystem state is defined as the logarithmic

negativity of the state after the third subsystem has been traced out.

epr steering To enable the quantum state sharing protocol outlined

in this thesis to operate, a stronger form of entanglement termed EPR

steering is required. This is the ability for a measurement on one subsystem

6Loosely, the logarithmic negativity is measure of how much a state ceases to be valid

when one subsystem is transposed and the other is not [20]. For separable states this is a

valid operation as the subsystems can be acted upon individually.
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of the resource state to non-locally affect the state of the other subsystem,

and is not automatically implied by the existence of non-separability.

The degree to which a state exhibits quantum steering is quantified by

the steering parameter, 𝐸1|2(𝑔), given by [21]

𝐸1|2(𝑔) = 𝛥2( ̂𝑋+1 − 𝑔 ̂𝑋+2 ) = 𝛥2( ̂𝑋−1 + 𝑔 ̂𝑋−2 ). (35)

with 𝐸1|2(𝑔) < 1 required for steering to be certified, and 𝐸1|2(𝑔) → 0
approaching perfect entanglement. Here, 𝛥2 is again the variance operator,

𝛥2𝑂̂ = ⟨𝜓|𝑂̂2|𝜓⟩ − ⟨𝜓|𝑂̂|𝜓⟩2. (36)

For continuous-variable states, EPR steering is then equally a measure of

how well the modes destroy each other when mixed with ratio 𝑔 as

̂𝑋+1 − 𝑔 ̂𝑋+2 , ̂𝑋−1 + 𝑔 ̂𝑋−2 . (37)

Every two-mode state will have a distribution of steering parameters

across the range 𝑔 ∈ (0,√2) that describes its entanglement properties.7

Such a state exhibits quantum steering for any 𝑔 value for which 𝐸1|2(𝑔) < 1;
except for very lightly-entangled states there will then be a range of 𝑔 values
for which the state is steerable. Notably, quantum steering is a directional

property — it may well be the case that a state exhibit steering from one

mode to the other, but not vice versa.

gaussian state entanglement Within Gaussian states, entan-

glement properties are wholly characterised by the covariance matrix de-

scribing the state, 𝑉. It turns out, though, that all two-mode Gaussian states
can be brought into so-called ‘standard form’,

𝑉 =

⎛
⎜
⎜
⎜
⎝

𝑛 0 𝑐 0
0 𝑛 0 −𝑐
𝑐 0 𝑚 0
0 −𝑐 0 𝑚

⎞
⎟
⎟
⎟
⎠

, (38)

only by the action of a series of local operations acting independently

on each mode [22], for 𝑛,𝑚 > 1 and |𝑐| ≤ √𝑛𝑚 − 1 termed the state’s
symplectic invariants. Consequently, in any discussion exclusively focused

on their entanglement properties, we can assume all two-mode Gaussian

states to take this form. In this form, the 𝑛 and𝑚 parameters can be clearly

7Outside of this 𝑔 ∈ (0,√2) EPR steering cannot exist, as it would otherwise be possible
to use it to violate the uncertainty limit.
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identified as representative of the single-mode variances of each mode

while 𝑐 represents the strength of the entanglement between them. Such a
state is pure only when this covariance matrix has unit determinant, when

𝑐 = √𝑛𝑚 − 1. Such states exhibit the minimum single-mode variance

possible for the amount of entanglement present. The steering parameter

for a Gaussian state is given in terms of its symplectic invariants by

𝐸1|2(𝑔) = 𝑛 + 𝑔2𝑚− 2𝑔𝑐. (39)

2.1.4 Quantum dynamics

Changes in the state of the system— for example, because of the action of

a quantum protocol— are represented through the application of quantum

channels, transforming the states as

̂𝜌out = ̂𝛬( ̂𝜌in). (40)

quantum channels in the dirac formalism When such

a quantum channel always maps pure states to pure states it is termed a

quantum unitary,

|𝜓⟩ ↦ 𝑈̂|𝜓⟩, (41)

and can be represented as a matrix transform on the ket vectors, as

|𝜓out⟩ = 𝑈|𝜓in⟩, (42)

for 𝑈 a matrix representing the action of the unitary. Such a channel rep-
resents only the movement of quantum information between the modes

present in the state, with no interference from outside sources. These unit-

aries can equally act on mixed states described by density matrices through

the matrix transform

̂𝜌out = 𝑈 ̂𝜌in𝑈†. (43)

In general, a quantum channel does not have to preserve the purity of its

input, though, and will map pure-state ket vectors to mixed-state density

matrices. These more-general quantum channels cannot be represented



2.1 quantum information 17

through unitarymatrices and are instead defined by a set of Kraus operators,

{𝐾𝑖}, describing the evolution of a quantum state as [23]

̂𝜌out = ∑
𝑖
𝐾𝑖 ̂𝜌in𝐾†𝑖 . (44)

To represent a physical process, these operators must be collectively norm-

alised such that∑𝑖 𝐾
†
𝑖 𝐾𝑖 = 𝐼2.

The mixedness these channels induce stems from our lack of knowledge

of the state of the environment the state interacts with. By extending the

quantum system to include modes explicitly representing the environment,

though, any 𝑛-mode quantum channel can be represented as a quantum

unitary over some larger 𝑛+𝑚-mode system. The 𝑛-mode output can then
be obtained by tracing out the environment modes from the output state,

as

̂𝜌out = Tr𝑚[𝑈̂( ̂𝜌in ⊗ ̂𝜌env)], (45)

where ̂𝜌env represents the initial state of the environment system.

gaussian channels In the Wigner formalism, the action of a

quantum unitary is equivalent to a coordinate transform, acting such that

𝑊out(𝒒) = 𝑊in(𝛬 ⋅ 𝒒), (46)

for 𝛬 ∈ Sp(2𝑛;ℝ) a symplectic matrix (defined below) representing the
unitary. As Gaussian states are wholly characterised by their mean vectors,

̄𝒓, and covariance matrices, 𝑉, the action of a Gaussian channel can be
modelled by considered the change in each of these, as

̄𝒓 ↦ 𝛬−1 ̄𝒓, (47)

𝑉 ↦ 𝛬−1𝑉(𝛬−1)𝑇. (48)

In the Heisenberg picture, quantum unitaries can similarly be modelled

through their impact on the quadratures as

̂𝑿± = 𝑇 ̂𝑿±, (49)

for transformation matrix 𝑇 ∈ Sp(2𝑛;ℝ) related to the coordinate trans-
formation by 𝑇 = 𝛬−1. To be valid quantum states, both the input and
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output states of this transformation must respect the canonical commuta-

tion relations that

[ ̂𝑥𝑖 ; ̂𝑝𝑗] = i 𝛿𝑖,𝑗, (50)

which can be written compactly as

[ ̂𝑞𝑖 ; ̂𝑞𝑗] = i𝛺𝑖,𝑗 (51)

for𝛺 the symplectic form given by

𝛺 =⨁(
0 1
−1 0

) . (52)

Only those matrices which preserve this symplectic form — those for

which 𝑇𝛺𝑇𝑇 = 𝛺—produce valid output states and so represent physical

quantum channels. These matrices are termed symplectic matrices, and be-

long to the symplectic group, Sp(2𝑛;ℝ). Consequently, continuous-variable
quantum channels that are also quantum unitaries are often termed sym-

plectic channels.

2.1.5 State discrimination and fidelity

Finally, let us briefly touch on the subject of state discrimination, the

measurement of how different two quantum states are. Throughout the

first part of this thesis we will use the similarity between the input and

output states of the quantum protocol as a measure of its effectiveness.

This can be quantified through the fidelity between them, a generalisation

of the concept of state overlap to mixed states, defined as [24]

F( ̂𝜌1, ̂𝜌2) = [Tr(√√ ̂𝜌1 ̂𝜌2√ ̂𝜌1)]
2
. (53)

This expression reduces to simply the state overlap

F(|𝜓1⟩, ̂𝜌2) = ⟨𝜓1| ̂𝜌2|𝜓1⟩ (54)

when one of the states is pure. A fidelity of 0 indicates the states are wholly
orthogonal, while a fidelity of 1 indicates they are identical.
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When both states are Gaussian, the fidelity can be found through the

covariance matrix and mean vectors characterising the states as [23]

F = 2
√𝛥 + 𝛿 − √𝛿

exp[−( ̄𝒓1 − ̄𝒓2)𝑇(𝑉1 + 𝑉2)−1( ̄𝒓1 − ̄𝒓2)], (55)

for

𝛥 = det(𝑉1 + 𝑉2), (56)

𝛿 = (det𝑉1 − 1)(det𝑉2 − 1). (57)

In the special case in which one of the states is pure, the 𝛿 contribution
vanishes and the fidelity reduces to

F = ⟨𝜓| ̂𝜌|𝜓⟩ = 2𝑛

√det(𝑉1 + 𝑉2)
exp[−( ̄𝒓1 − ̄𝒓2)𝑇(𝑉1 + 𝑉2)−1( ̄𝒓1 − ̄𝒓2)]. (58)

When both states share the same mean vector, ̄𝒓1 = ̄𝒓2, the exponential
vanishes and the fidelity reduces further,

F = 2𝑛

√det(𝑉1 + 𝑉2)
, (59)

and is proportional simply to the inverse covariance matrices.

2.2 some examples of quantum states

Let us now consider some examples of quantum states that we will en-

counter in this thesis.

2.2.1 Gaussian states

In the first part of the thesis, we will be considering a Gaussian quantum

communication protocol. Let us give a brief overview here of some notable

Gaussian states.

coherent states & squeezed states The standard Gaussian

state is the coherent state, characterised by its symmetric saturation of the

uncertainty limit such that 𝑉coh = 𝐼2 and the variance in each quadrature
is equal. The trivial example of this class of state is the vacuum state |0⟩
withWigner function

𝑊(𝑥, 𝑝) = 1
𝜋 exp[−𝑥

2 − 𝑝2]. (60)
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(a) Coherent state (b) Squeezed state

Figure 1: Wigner-function representations of (a) a displaced coherent state and (b)

a squeezed state with squeezed quadrature variance ≈ 4.5 dB below the
vacuum limit at a 45∘ squeezing angle. Both states saturate the uncer-
tainty limit. In the coherent state, though, the uncertainty is symmetric

in both quadratures, while in the squeezed state it has been reduced

below the standard quantum limit in one quadrature at the expense of

increased uncertainty in the conjugate quadrature.

The remaining class of coherent states carry information through their

displacement away from this vacuum state, characterised by the position

of their mean in phase space, ̄𝒓 ∈ ℝ2.

A related class of state is the squeezed coherent state, often simply termed

the squeezed state. These states continue to saturate the uncertainty limit,

such that 𝛥2 ̂𝑋+𝛥2 ̂𝑋− = 1, and so remain pure; however, they do so in
an asymmetric way that decreases uncertainty in one quadrature at the

expense of increasing it in the other. The covariance matrix for such states

is then given by

𝑉sqz = (
e−2𝜁 cos 𝜃 + 𝑒2𝜁 sin 𝜃 2 sinh(2𝜁) cos 𝜃 sin 𝜃
2 sinh(2𝜁) cos 𝜃 sin 𝜃 e2𝜁 cos 𝜃 + 𝑒−2𝜁 sin 𝜃

) , (61)

for some squeezing parameter 𝜁 > 0 at an angle 𝜃 in phase-space, quanti-
fying the degree to which one quadrature is squeezed below the standard

quantum limit. Notably, this covariance matrix always has unit determin-

ant, so continues to saturate the uncertainty limit.

The level of squeezing is more commonly referenced in decibels describ-

ing the reduction in noise it causes below the standard quantum limit,

given by

𝑠 = −10 log10 exp(−2𝜁). (62)

thermal states A coherent state that has interacted with some

noisy environment and so accumulated additional variance above the
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standard quantum limit is termed a thermal state.8 These states have cov-

ariance matrix 𝑉 = (2 ̄𝑛 + 1)𝐼2 for ̄𝑛 ≥ 0 representative of the number of
photons likely to be found in the state above those that would be found in

an equivalent coherent state. Thermal states can also be squeezed, in which

case the identity in the covariance matrix is replaced by the squeezed-state

covariance matrix of equation (61).

two-mode squeezed vacuum The standard example of a Gaus-

sian entangled state is the two-mode squeezed vacuum (TMSV) state. This

state is constructed by first squeezing two undisplaced vacuum states along

complementary axes, such that each is squeezed to the same magnitude,

±𝜁 ∈ ℝ, and the two have covariance matrix

𝑉𝑠1 = (
e2𝜁 0
0 e−2𝜁

) 𝑉𝑠2 = (
e−2𝜁 0
0 e2𝜁

) . (63)

The two squeezed states are then passed through a 50:50 beamsplitter to

construct the 2-mode state

̂𝑋±TMSV1 =
1
√2
( ̂𝑋±𝑠1 + ̂𝑋±𝑠2) (64)

̂𝑋±TMSV2 =
1
√2
( ̂𝑋±𝑠1 − ̂𝑋±𝑠2), (65)

with covariance matrix

𝑉TMSV =

⎛
⎜
⎜
⎜
⎝

cosh 2𝜁 0 sinh 2𝜁 0
0 cosh 2𝜁 0 − sinh 2𝜁

sinh 2𝜁 0 cosh 2𝜁 0
0 − sinh 2𝜁 0 cosh 2𝜁

⎞
⎟
⎟
⎟
⎠

. (66)

Each of thesemodes are individually indistinguishable froma thermal state,

having single-mode covariance matrix 𝑉 = cosh(2𝜁)𝐼2, but collectively the
system exhibits entanglement between the modes such that

̂𝑋+TMSV1 ∼ ̂𝑋+TMSV2, ̂𝑋−TMSV1 ∼ − ̂𝑋−TMSV2. (67)

The quality of this entanglement, quantified by the strength of these cor-

relations, is dependent on the level of squeezing in the two input states.

Applying equation (39) to the covariance matrix given in equation (66), we

8In this thesis, the thermal states we refer to are those which take Gaussian form: the

thermal states of second order Hamiltonians [23]. These are a subset of the more general

set of Gibbs thermal states [16].
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can find the steering parameter for two-mode squeezed vacuum states to

be

𝐸1|2(𝑔) = (1 + 𝑔2) cosh(2𝜁) − 2𝑔 sinh(2𝜁), (68)

where 𝜁 is the level of squeezing used to construct the states and 𝑔 is the
mixing ratio described in section 2.1.3.

As TMSV states are the standard entanglement tool in quantum optics,

we will often use TMSV squeezing in place of the EPR steering parameter

to enable an easier connection to experimental implementations. In such

cases, the squeezingwill be quantified through decibels using equation (62).

Despite being continuous-variable in nature, these states can be equally

represented as a particle-number superposition in an infinite Hilbert space.

In that regime, the two-mode squeezed vacuum has representation

|TMSV(𝜁)⟩ = 1
cosh 𝜁

∞
∑
𝑛=0

tanh
𝑛𝜁|𝑛, 𝑛⟩, (69)

where 𝑛 represents the number of photons in the state and 𝜁 the amount
of squeezing present in the state’s construction.

2.2.2 Discrete-variable states

As the number of particles present and the dimension of each’s state space

increases, the varieties of possible entanglement also increase hugely. Here,

let us focus on a couple of the common ones we will use in our discussion

of entangled probe networks in part II. In that part of the thesis, we will

be interested in spin- 12 particles, defined by being either in the spin-up

or spin-down state, and so let us here use as our example the two-level

quantum systems composed of the {|↑⟩, |↓⟩} spin eigenstates.

bell states When only two particles are present in the state, all

possible entanglement is characterised by the set of four Bell states:

|𝛷+⟩ = 1
√2
(|↑↑⟩ + |↓↓⟩), and |𝛷−⟩ = 1

√2
(|↑↑⟩ − |↓↓⟩), (70)

defining entanglement in which the particles are always found in the same

state and

|𝛹+⟩ = 1
√2
(|↑↓⟩ + |↓↑⟩), and |𝛹−⟩ = 1

√2
(|↑↓⟩ − |↓↑⟩), (71)
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defining entanglement in which they are always in opposing states. In

this thesis, we will only make use of the first form of entanglement, |𝛷+⟩,
which we will denote as simply |𝛷⟩.

ghz states The first two forms of Bell state, |𝛷±⟩ generalise naturally
to systems composed of a larger number of particles. The state in which

𝑛 particles are known to be in the same state, but where that state is not
known, is termed the Greenberger–Horne–Zeilinger, or GHZ, state, and has

form

|GHZ⟩ = 1
√2
(|↑⟩⊗𝑛 + |↓⟩⊗𝑛). (72)

Although a form of maximally-entangled state, the GHZ state is extremely

fragile. Making a measurement of the spin of one mode (along the spin

axis the GHZ state is defined against) will reveal the state of the entire

system, and so leave the remaining system in a fully known eigenstate

with no entanglement [25]. Consequently, tracing out any single mode

— if the measurement outcome is unknown, for example, or due to the

presence of certain types of noise — the remaining system will be left in

the maximally mixed state, with the quantum superposition replaced by

classical uncertainty.

dicke states Finally, let us consider the class of Dicke states: a gen-

eralisation of the latter two Bell states |𝛹±⟩. Consider a three-particle state
whose total energy is known: we might deduce therefore that a total of 2
of the 3 particles must be in the excited state. If the configuration of these
particles is not known, however, the overall state is written

|D(3, 2)⟩ = 1
√3
(|↑↑↓⟩ + |↑↓↑⟩ + |↓↑↑⟩). (73)

The state of each probe is then dependent on the state of the wider system,

and no single probe can be fully specified alone. This is the (3, 2) Dicke
state. These states remain fragile but are slightly more resilient than GHZ

states, with the measurement of a single probe potentially destroying the

entanglement (if the measurement result is |↓⟩) or leaving the remaining
system in a Bell state (if the measurement is |↑⟩).
The general Dicke state of 𝑘 excitations distributed across 𝑛 particles is

given by

D(𝑛, 𝑘) = 1
N ∑

𝑃(𝑛,𝑘)
|𝑃⟩ (74)
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for 𝑃(𝑛, 𝑘) the set of all possible such permutations andN a normalisation

constant.

2.3 further reading

For more information about continuous-variable systems and the Wigner

function, the reader is directed to the canonical book by Alessio Serafini in

Ref. [23] or the review article by Christian Weedbrook et al. in Ref. [24].

For an overview of quantum optical systems (although broadly applicable

more widely to any bosonic system) the textbooks by Ulf Leonhardt in

[16] and Pieter Kok and Brendon Lovett [26] are an excellent resource. For

further information on discrete-variable systems the reader is directed to

the reference book by Nielsen and Chuang [27].
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3
INTRODUCT ION

Imagine an aquarium, facing the ever-present risk of theft from rivals,

feels the need to up security for its prize hammerhead. Naturally, no single

employee can be allowed individual access lest they steal the fish away. On

the other hand, access must be possible at any time: what if the shark were

to fall ill or otherwise need care? Specified groups of trusted keyholders

cannot be relied upon to be present every time the tank is opened. What

is needed is a system whereby the tank can be accessed by any suitably-

large group of employees while any smaller group remains locked out. The

solution to this problem lies in encryption techniques that give each person

only one part of the key, but allow for any combination of a set number of

these parts to together form the full key. Schemes of this form are known

as secret sharing protocols and are in use in security systems around the

globe.

Classically, this is a perfectly solved problem. In 1979, Shamir [28] and

Blakley [29] independently presented protocols that are provably unbreak-

able so long as the individual players’ shares remain themselves secure.

Shamir’s protocol, for example, hides the secret information as the inter-

section of a (𝑘 − 1)-dimensional polynomial with the 𝑦-axis. Each of the 𝑛
players is then distributed a randomly selected point (𝑥𝑖, 𝑓(𝑥𝑖)) along this
curve. As there exists only one (𝑘 − 1)-dimensional polynomial passing
through 𝑘 points, access to any 𝑘 of these points allows the original curve
can be identified exactly, and so the secret information recovered. By con-

trast, there are an infinite number of such curves passing through 𝑘 − 1
points — and one can be found passing through every point along the

𝑦-axis— so no information can be recovered from any smaller set of shares.

An illustration of this scheme is shown for 𝑘 = 2 in figure 2. Blakley’s
protocol [29], meanwhile, hides the secret information as the intersection

of (𝑘 − 1)-dimensional planes, with one dealt to each player. Only with
the knowledge of 𝑘 such planes is their intersection unique, and thus the
secret retrievable.

Although this classical solution is well-established, there remains a place

for quantummechanics in such a setup ensuring the secure distribution of

the shares to each player and forbidding their duplication. Such quantum-

27
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Figure 2: An example of a 𝑘 = 2 classical secret sharing scheme in which a 4-
digit secret is encoded as the intersection with the 𝑦-axis. (a) With the
knowledge of only one point (green star) it is impossible to identify the

original line, and so the secret is secure. (b)With access to a second point

(red star), though, the original line can be established and the secret

code recovered.

augmented protocols are termed quantum secret sharing and are discussed

extensively in Refs [30–33] so we will not consider them further here.

In considering this protocol’s relationship to quantummechanics, though,

another question arises: what if the secret itself was a quantum state? Such

a state cannot be converted into classical information without destroying

some part of it, so classical information security protocols are of little use

to us here. It is this class of protocol, termed quantum state sharing (QSS),

that we will consider in this first part of the thesis.

These quantum protocols differ from their classical cousins in a number

of important ways as the quantum information must obey the quantum

limitations. First, as we will discuss in section 4.1.2, some of the complex

access structures possible with classical secret sharing cannot be imple-

mented with QSS. In particular, it is impossible to permit reconstruction

with fewer than half of the shares. Further, as the quantum information en-

coded within the states is vulnerable to decoherence, more care is required

in their storage and transmission which may increase infrastructure costs.

On the other hand, though, the cloning-prevention built in to quantum

mechanics prevents careless parties from sharing their copies with others.

These restrictions may make quantum approaches unsuitable for some

use-cases, in which case a classical secret sharing scheme be necessary.

In practical terms, these protocols involve mixing a single secret (and un-

known to the players) quantum state into a larger entangled system to dis-

tribute the quantum information across the modes. Collectively, this wider

system perfectly represents the original state but no single mode, traced

out, can be used to recover it. By exploiting the entanglement between

the modes (a task for which one must necessarily have access to multiple

shares), however, the original state can be disentangled from this wider
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system and reproduced in a single mode. The quality of this ‘reconstructed’

copy of the input state will depend on how well-entangled the original

‘resource’ system was prior to the introduction of the secret state.

Protocols of this form have the potential to find uses across the quantum

communication field. There are obvious applications to the task of secure

state distribution, where QSS solves a subtly different problem to that of

quantum teleportation: how to communicate securely when one has ac-

cess to a multiple communication routes but cannot guarantee that any

is individually secure. By splitting the state using a QSS scheme prior to

transmission, the loss of individual transmissions is secured against. A

potential adversary would then have to intercept a larger number of trans-

missions to decode the original information, increasing the cost and access

requirements of a successful attack. An adversary failing this stronger re-

quirement would further be unable to prevent successful reconstruction of

the secret by the desired recipients. Crucially, as we will see in this thesis,

quantum state sharing provides this security at a lower resource cost than

quantum teleportation, offering cheaper security against less-sophisticated

threat models.

QSS protocols may well find applications outside of simple state distribu-

tion, however. In the field of secure distributed computing, there has been

promising early work in the discrete-variable regime looking at the use of

quantum state sharing schemes for so-called ‘blind computation’ protocols

[34, 35] and secure multipartite quantum computation [36]. In such a scen-

ario, a service-user might utilise a QSS scheme to obscure confidential data

before sending each share to be processed by quantum servers operated by

different (untrusted) parties. No individual quantum computer then has

access to either the original underlying data or the computation output. It

is only by bringing the shares back together (at a point controlled by the

service-user) that either this information becomes accessible again. Such

privacy guarantees could enable sensitive information to be analysed by

cloud-based quantum computers without the requirement that the oper-

ators be trusted [34]. Although such a solution necessarily involves the

use of additional resources — with access to multiple quantum computers

required — it guarantees the underlying data remains secure.

Finally, quantum state sharing schemes may find uses as a rudiment-

ary form of quantum error correction, a continuous-variable analogue to

Reed-Solomon codes [35, 37]. The ability to split information into a num-

ber of shares and reconstruct it, in the ideal case perfectly, with access

to only a subset of those shares allows for the possibility to recover from

the complete loss of a number of transmissions; so long as more than
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half of transmissions are successfully received the original information is

preserved. Such quantum error correction protocols are termed erasure

correction protocols and serve an important role in making quantum com-

munication robust [38, 39]. In fact, in the discrete-variable picture, it has

been shown that any (2𝑘−1)-dimensional erasure correction protocol that
corrects 𝑘 − 1 errors can be made into a {𝑘, 2𝑘 − 1}-threshold quantum
state sharing protocol, and vice versa. It is likely that this also applies to

continuous-variable protocols.

For quantum state sharing to be useful in any of these fields, however, its

security must be provably guaranteed. It is well-known that for quantum

information protocols better security can be achieved by increasing the

entanglement present in the resource state, but this comes with significant

tradeoffs by increasing the energy and equipment requirements. It is essen-

tial, then, that we know precisely how much entanglement is necessary to

achieve secure QSS to enable its use in the widest possible variety of setups.

As well as considering its general effectiveness, it is primarily this question

of security that we will return to throughout our discussion of QSS here.

In chapter 4 we will introduce the continuous-variable quantum state

sharing protocol utilising Gaussian entanglement that we are presenting

in this thesis. Chapter 5 will consist of the main results of this part, an

analysis of the use of this protocol for the whole class of single-mode Gaus-

sian secret states including coherent states, squeezed states, and thermal

states, as well as considering the potential for the protocol to be extended

to allow for the sharing of multi-mode Gaussian states. In this chapter we

will be particularly interested in the conditions under which this protocol

is provably secure against bad actors, and the degree of resource entan-

glement required for this security to be guaranteed. Finally, in chapter 7

we will consider our protocol as a ‘hybrid’ protocol allowing for Gaussian

entanglement to be used to securely share and reconstruct discrete-variable

states, using the framework developed in chapter 6. We will consider the

protocols effectiveness for the set of Fock eigenstates and a number of

superpositions of those.
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CONT INUOUS -VAR IABLE QUANTUM STATE SHAR ING

PROTOCOLS

In this chapter, we will outline the form of the quantum state sharing

protocol under consideration. We have focused on the simplest non-trivial

quantum state sharing protocol here: (2, 3)-threshold state sharing inwhich
the quantum information is split between three players, and any two of

them can collaborate to reconstruct it. This is only one element of themuch

larger (𝑘, 𝑛)-threshold class of quantum state sharing protocols; we discuss
in chapter 8 the potential for this work to be extended to cover the larger

protocols.

Quantum state sharing consist of two distinct stages, which we will

consider in turn: the dealer protocol, in which the single-mode secret is

split into multiple shares; and the reconstruction protocol, in which a subset

of these shares are recombined into the original secret state. After the

dealer protocol, the quantum information describing the original state is

distributed across the three shares, each given to a different player, in such a

way that no player acting alone can access it— two playersmust collaborate

to reconstruct the original secret state. Crucially, the participation of the

third player is not required for the secret to be accessed. In addition to

being locked out from accessing the secret information, an individual bad

actor is therefore also unable to sabotage the others’ access. A top-level

overview of this process is shown in figure 3.

Input

state, 𝜓

Resource

state

Dealer

Protocol

Splits secret state

into 3 shares

Φ1

Φ2

Φ3

player 1

player 2

player 3

Not needed

Reconstruction

Protocol

Combines 2 shares

back into secret state

Output

state, 𝜓′

Figure 3: A high-level overview of a {2,3} quantum state sharing protocol. The

dealer is provided with a secret state unknown to them and splits it into

three shares. Any two of these shares can then be combined into the

original secret state through a reconstruction protocol.

The quantum state sharing protocol we present here belongs to the class

of continuous-variable protocols, those that exploit Gaussian entangle-

ment to share potentially infinite-dimensional systems. Discrete-variable

quantum state sharing has been the subject of extensive previous study

31
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[31, 32, 40]. In 1999, Cleve et al. [40] demonstrated that an 𝑛-level GHZ
state1 provided sufficient entanglement to share an 𝑛-level superposition
state with guaranteed security. Indeed, they showed that in this case (in

the absence of transmission loss) not only can the secret be reconstructed

perfectly, but any adversaries cannot retrieve any information whatsoever

about the original state. Similar protocols have since been presented util-

ising Dicke-like entanglement [41] and cluster state entanglement [42].

In the continuous-variable regime, such absolute statements about per-

formance and security are not possible, however. As perfect entanglement

is not achievable for continuous-variable states, the reconstruction will

always be approximate and some information will always leak to the ad-

versaries. We will discuss this problem in more detail in section 4.3, where

we introduce the primary security concern in CVquantum communication:

ensuring authorised players gain the most information about the original

state.

Our protocol is ultimately a generalisation of that proposed by Tyc and

Sanders in 2002 [43] and demonstrated by Lance et al. in 2003 [44].We have

extended that protocol to allow for the original state to be reconstructed

with a non-unity amplification, similar to a recent extension of CVquantum

teleportation by He et al. in 2016 [45]. This allows for the full exploitation of

generally-asymmetric entanglement resources. Before we go on to discuss

our protocol, though, let us briefly consider those prior similar protocols.

4.1 a survey of continuous-variable quantum state shar-

ing

4.1.1 Tyc & Sanders quantum state sharing

Quantum state sharing in the continuous-variable regime was first formu-

lated by Tyc & Sanders in 2002 [43] and later expanded by them and Rowe

in 2003 and 2004 [46, 47]. They showed, using simple linear algebra, that

so long as one could find a dealer protocol whose output satisfies certain

linear-independence conditions then later state reconstruction is always

possible. Let us briefly sketch their argument here.

1In fact, this remains true in the continuous-variable regime. Recall from equation (69)

in section 2.2.1 that the maximally-entangled TMSV state has (unnormalised) form

|EPR⟩ =
∞
∑
𝑛=0
|𝑛, 𝑛⟩, (75)

for photon number 𝑛. This is an example of an infinite-dimensional GHZ state! Unfor-
tunately, such perfect entanglement cannot exist in the CV regime, and so the resource

states we will use here are at-best approximations of this GHZ-like entanglement.
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The dealer has access to the secret quantum state |𝜓⟩, which is the object
of the protocol, and 𝑘 − 1 two-mode idealised EPR states, |𝛩⟩. The initial
state of the system is then given by

|𝛷⟩ = ∫
ℝ𝑘
𝑑𝑘𝒙 𝜓(𝑥1)|𝑥1⟩1 |𝑥2⟩2|𝑥2⟩𝑘+1…|𝑥𝑘⟩𝑘|𝑥𝑘⟩2𝑘−1, (76)

where

|𝜓⟩ = ∫
ℝ
𝑑𝑥1 𝜓(𝑥1)|𝑥1⟩1 (77)

represents the secret state and

|𝛩⟩ = ∫
ℝ
𝑑𝑥𝑖 |𝑥𝑖⟩𝑖|𝑥𝑖⟩𝑘−1+𝑖 (78)

is a single two-mode EPR state.2

Now let us consider the 𝑘-dimensional vector 𝒙 = (𝑥1,…𝑥𝑘)𝑇 represent-
ing the initial canonical positions of the secret state and each EPR state.

The dealer can select a linear transform

𝐿 ∶ ℝ𝑘 → ℝ2𝑘−1 ∶ 𝒙 ↦ [𝐿1(𝒙), 𝐿2(𝒙),… , 𝐿2𝑘−1(𝒙)]
𝑇, (79)

which they use to encode the secret state into the wider system as

|𝛷⟩ = ∫
ℝ𝑘
𝑑𝑘 𝒙𝜓(𝑥1)|𝐿1(𝒙)⟩1|𝐿2(𝒙)⟩2…|𝐿2𝑘−1(𝒙)⟩2𝑘−1, (80)

producing a single (2𝑘 − 1)-mode system collectively representing the

original secret state.

Let us assume that the dealer has chosen this linear mapping such that

every 𝑘-element subset of

{𝑥1, 𝐿1(𝒙), 𝐿2(𝒙),… , 𝐿2𝑘−1(𝒙)}, (81)

is linearly independent. That is to say, any 𝑘 of the individual transforms
𝐿𝑖 are linearly independent, and any 𝑘 − 1 of the transforms are linearly-
independent with the original 𝑥1 vector.
Now, let us assume that a set of 𝑘 players wishes to reconstruct the

secret state. As we have not introduced any particular ordering to the

set of linear mappings, we can assume without losing generality that the

players have access to the first 𝑘 shares, represented by the mappings

2As we are considering idealised EPR states here, the state of both modes can be perfectly

represented by the state of only one mode and only 𝑘 − 1 variables are required.
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{𝐿1(𝒙)…𝐿𝑘(𝒙)}. This set and the disjoint set {𝑥1, 𝐿𝑘+1(𝒙)…𝐿2𝑘−1(𝒙)} of the
remaining transforms are both linearly independent, as 𝑘-element subsets
of the set in equation (81). Consequently, there will exist a transformation

matrix 𝑇 between them such that

𝑇

⎛
⎜
⎜
⎜
⎝

𝐿1(𝒙)
𝐿2(𝒙)
⋮

𝐿𝑘(𝒙)

⎞
⎟
⎟
⎟
⎠

=

⎛
⎜
⎜
⎜
⎝

𝑥1
𝐿𝑘+1(𝒙)
⋮

𝐿2𝑘−1(𝒙)

⎞
⎟
⎟
⎟
⎠

. (82)

This can be used to construct an equivalent unitary transform, ̂𝑇 on the
first set of states such that3

̂𝑇|𝐿1(𝒙)⟩1…|𝐿𝑘(𝒙)⟩𝑘 = |𝑥1⟩1|𝐿𝑘+1(𝒙)⟩2…|𝐿2𝑘−1(𝒙)⟩𝑘. (83)

Re-parametersing the system using 𝒙′ = (𝑥1, 𝐿𝑘+1…𝐿2𝑘−1)𝑇 such that

̂𝑇|𝛷⟩ = ∫
ℝ𝑘
𝑑𝑘 𝒙′ 𝜓(𝑥1)|𝑥1⟩|𝐿𝑘+1⟩2|𝐿𝑘+1⟩𝑘+1…|𝐿2𝑘−1⟩𝑘|𝐿2𝑘−1⟩2𝑘−1, (84)

the system is returned to its original form

̂𝑇|𝛷⟩ = |𝜓⟩1|𝛩⟩2,𝑘+1…|𝛩⟩𝑘,2𝑘−1, (85)

for |𝛩⟩ representing the idealised EPR states.
So long as a linear transform𝐿 can be found satisfying the linear-independence

constraints, therefore, it can be used as a QSS protocol. This turns out to

always be possible [40], so a (𝑘, 2𝑘 − 1)-threshold QSS protocol exists for
any 𝑘. Further, as a (𝑘, 𝑛)-threshold scheme can be construction from a

(𝑘, 2𝑘 − 1) scheme for any 𝑛 ≤ 2𝑘 − 1 simply by discarding unwanted
shares, any threshold quantum state sharing protocol can be constructed

using continuous-variables.

A further proof extending this idea to real-world two-mode squeezed

vacuum entanglement was presented in Ref. [46].

3Strictly, there should be an additional√|det𝑇| term here to account for the possibil-

ity that the transformation matrix is not itself unit-determinant. We neglect this, and

the Jacobian for the coordinate transformation in equation (84), as the states are not

normalised to begin with.
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In the language of their paper, Tyc & Sanders proposed the form of the

dealer protocol that forms the basis of the QSS protocol presented here,

described by the set of mappings

{𝐿1 =
𝑥1 + 𝑥2
√2

, 𝐿2 =
𝑥1 − 𝑥2
√2

, 𝐿3 = 𝑥2}. (86)

The first twomappings correspond to the output of a balanced beamsplitter

mixing the secret state with one mode of the EPR resource state and the

third represents the unchanged second mode of the EPR state. As given in

that paper, though, this is only one possible QSS dealer protocol; we will

prove the optimality of this setup in section 4.2.1.

4.1.2 Access schemes

This class of quantum state protocol is termed (𝑘, 𝑛)-threshold quantum
state sharing; the quantum state is split into 𝑛 shares with any set of shares
exceeding the 𝑘 threshold able to reconstruct it. The subclass of protocols
proposed byTyc& Sanders [43] is specific to {𝑘, 2𝑘−1}-thresholdQSS; those
with the minimum threshold required by the uncertainty principle. Any

protocol which allowed for a reconstructionwith 𝑛/2 or fewer shares would
permit multiple independent reconstructions of the state and therefore

violate the no-cloning theorem.

While this may initially present as a limited form of QSS, more complex

access schemes can be built up from this protocol through the distribution

of shares. In particular, a (𝑘, 𝑛)-threshold scheme can be constructed for
any 𝑘 > 𝑛/2 by starting with a (𝑘, 2𝑘 − 1)-threshold scheme, for example
as proposed by Ref. [43], before discarding unnecessary additional shares

to reach 𝑛 < 2𝑘 − 1. Alternatively, a hierarchical access structure could be
constructed by distributing shares unevenly to each player. For example, a

protocol which always requires the CEO of a company plus any of three

executives to reconstruct a state can be constructed from a (4, 7)-threshold
scheme by distributing 3 shares to the CEO and 1 share to each executive,

discarding the remaining share. Meanwhile, a protocol that additionally

allows the three executives together to reconstruct the state without the

CEO could be constructed from a (5, 3)-threshold scheme by giving the
CEO two shares and the executives a share each. The flexibility in such

schemes remains limited, however; it is not possible to implement an access

structure that gives access to disjoint sets of players — any such scheme

would again violate the no-cloning theorem.
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4.1.3 Lance et al. quantum state sharing

The quantum state sharing protocol proposed by Ref. [43] was then ex-

panded upon by Lance et al. [44, 48, 49], who turned this mathematical

description into a physical implementation for (2, 3)-threshold QSS. While
the dealer protocol was prescribed by Ref. [43], they proposed a number of

potential setups for the subsequent reconstruction of the state, depending

on the quantum resources one had available.4

The same authors later went on [48] to experimentally demonstrate the

quantumnature of the protocol, using two-mode squeezed vacuum (TMSV)

entanglement to share and reconstruct coherent states. Their implementa-

tions were tuned to the specifics of TMSV resource states, however, and

did not translate to the full class of Gasussian entanglement.

4.1.4 Prior work on this protocol

A previous iteration of the protocol presented here was presented in my

dissertation submitted for the degree of Master of Physics in 2020 [50]. That

work presented an adapted version of one specific experimental imple-

mentation from the Lance et al. protocol [49] that allowed for entanglement

asymmetries in the resource state. A looser version of some of the results

presented here for coherent states were found in that study, which demon-

strated that for that particular implementation any form of two-way steering

was sufficient for the secure sharing of coherent states. We will show here

that for any such continuous-variable {2, 3}-threshold QSS protocol in fact
only one-way steering is sufficient (and necessary).

There is little overlap with this thesis; indeed, as will be seen in sec-

tion 5.2.4 we have found here that in fact those results were unnecessarily

restrictive and that only one-way steering is required. Further, all results in

this thesis have been re-derived from solid information-theoretic principles

that do not tie the results to a specific setup. For clarity, a full accounting

of any similarity between these results and those previously presented can

be found in appendix A

4The two main options required the use of either two coordinated single-mode squeezing

operations or a measure-and-displace ‘feed-forward loop’. Both have different experi-

mental challenges and the preferred implementationmay depend on the specific domain.
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4.2 our quantum state sharing protocol

Let us now finally turn our attention to consider the quantum state sharing

protocol presented in this thesis. Like all quantum state sharing schemes,

our protocol consists of two broad sub-protocols, as shown in figure 3.

1. The dealer protocol takes as input the original secret state and a

two-mode entangled resource state. The properties of this resource

state are pre-defined and considered public knowledge. The secret

state is mixed with one of the resource modes to produce a wider

three-mode system collectively describing the secret state. Although

all the quantum information describing the original secret state is

represented within this system, it is inaccessible from any single

mode alone. Each of these modes is then distributed to a single

player. This subprotocol is outlined in section 4.2.1.

2. Any two players can work together through the relevant reconstruc-

tion protocol to combine their modes and reconstruct a (generally

imperfect) copy of the original secret state by exploiting the entangle-

ment present in the resource state. The specific subprotocol which

reconstructs the secret state will depend on which two players col-

laborate, which we denote {𝑖, 𝑗} reconstruction when shares 𝑖 and 𝑗
are used. {1, 2} reconstruction is discussed in section 4.2.2 while {1, 3}
and {2, 3} reconstruction subprotocols are outlined in sections 4.2.3
and 4.2.4.

An illustrative example of the Wigner functions representing the in-

dividual modes at each stage of the process for a coherent-state secret

is shown in figure 4. In the intermediate share in figure 4b the inform-

ation describing the secret state has been drowned-out by the relatively

(a) (b) (c)

Figure 4: Wigner functions at each stage of the QSS process: (a) input state, (b)

intermediate distributed share (share 1), and (c) reconstructed output

state. This figure shows the sharing of a coherent-state secret with mean

̄𝒓 = (2, 2)T utilising a two-mode squeezed vacuum resource state with

10 dB squeezing.
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huge single-mode variance of the resource state. By applying a reconstruc-

tion protocol to two of these shares, however, the original state can be

reconstructed with increasingly good accuracy as the entanglement in the

resource state increases, seen in figure 4c.

4.2.1 Dealer protocol

Recall from section 4.1.1 that Tyc & Sanders showed that any dealer pro-

tocol satisfying certain linear-independence conditions would allow for a

later (generally-imperfect) reconstruction of the original state [43]. There

are a number of possible dealer protocols satisfying this constraint, though,

so a question remains: which to choose? In selecting our dealer protocol

let us put aside their linear-independence condition and define our own

constraints on what makes a suitable QSS protocol.

Definition 1. Dealer channel constraints

1. The dealer channel and every reconstruction channel must, like all

quantum channels, preserve the canonical commutation relations

(CCRs).

2. The original secret state must be reconstructable from any two outputs

of the dealer protocol.

3. The protocol must be able to use suitably-strong resource states exhibit-

ing any form of quantum steering — even highly-asymmetric resource

states. The collaborating players must be able to set up their reconstruc-

tion protocol to mix the resource mode contributions with ratio 𝑔 for
any 𝑔 ∈ (0,√2).

4. Any noise introduced by the protocol should be equally distributed

between the quadratures. There should not be more noise introduced

to one quadrature of the reconstruction than the other.

Having in mind a desire to minimise the need for expensive and noise-

inducing quantum resources such as squeezers or nonlinear optics, let

us add another (technically optional) condition that further narrows the

options.

Definition 1. Dealer channel constraints (continued)

5. The dealer channel should be composed only of passive optics.

In the next subsection, we will go on to derive the optimal protocol under

these constraints. An overview of the selected dealer protocol is presented

in section 4.2.1.2 on page 42.
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4.2.1.1 Optimal dealer protocol

Wewill in this subsection explore the class of quantumunitaries that satisfy

definition 1 and so could serve as a tripartite QSS dealer protocol. Recalling

that we have restricted the dealer to passive optics, the channel is fully

characterised by the real matrix,

𝐷 =
⎛
⎜⎜
⎝

𝛼1 𝛽1 𝛾1
𝛼2 𝛽2 𝛾2
𝛼3 𝛽3 𝛾3

⎞
⎟⎟
⎠

, (87)

for 𝛼𝑖, 𝛽𝑖, 𝛾𝑖 ∈ ℝ. The three dealt shares are therefore described by

̂𝑎1 = 𝛼1 ̂𝑎𝜓 + 𝛽1 ̂𝑎r1 + 𝛾1 ̂𝑎r2, (88)

̂𝑎2 = 𝛼2 ̂𝑎𝜓 + 𝛽2 ̂𝑎r1 + 𝛾2 ̂𝑎r2, (89)

̂𝑎3 = 𝛼3 ̂𝑎𝜓 + 𝛽3 ̂𝑎r1 + 𝛾3 ̂𝑎r2, (90)

for ̂𝑎𝜓, ̂𝑎r𝑖 representing the secret and resource modes respectively.

constraints imposed by each reconstruction permuta-

tion Let us now take two arbitrary shares, ̂𝑎𝑖 and ̂𝑎𝑗, and consider the
conditions under which they can be recombined into the original secret

state. The most general reconstruction channel can be written

(
̂𝑋±1
̂𝑋±2
) → 𝑇(

̂𝑋±1
̂𝑋±2
) = (

̂𝑋±𝜓′
̂𝑋±2′
) , (91)

for the real matrix

𝑇 =

⎛
⎜
⎜
⎜
⎝

𝐴+ 0 𝐵+ 0
0 𝐴− 0 𝐵−

𝐶+ 0 𝐷+

0 𝐶− 0 𝐷−

⎞
⎟
⎟
⎟
⎠

(92)

representing the reconstruction protocol, with 𝐴±, 𝐵±, 𝐶±, 𝐷± ∈ ℝ.
We now ask the question: what 𝑇 produces an output 𝜓′ most closely

matching the input state? As we are interested here only in the form of the

output state, we can disregard the second mode and consider only the first

output from this channel given by

̂𝑋±𝑜ᵆ𝑡 = (𝐴±𝛼𝑖 + 𝐵±𝛼𝑗) ̂𝑋±𝜓 + (𝐴
±𝛽𝑖 + 𝐵±𝛽𝑗) ̂𝑋±𝑟1 + (𝐴±𝛾𝑖 + 𝐵±𝛾𝑗) ̂𝑋±𝑟2. (93)
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Recall now our 3rd condition: that the reconstruction be able to achieve

maximal destructive interference for any resource state regardless of its

optimal reconstruction parameter 𝑔. Reparameterising this output state
such that the coefficients for ̂𝑋±𝑟1 and ̂𝑋±𝑟2 differ by a factor of ∓𝑔 then gives
an expression for 𝐵± in terms of 𝐴± as

𝐵± = −𝛾𝑖 ± 𝑔𝛽𝑖𝛾𝑗 ± 𝑔𝛽𝑗
𝐴±, (94)

which we know must be achievable for all 𝑔 ∈ (0,√2).
Imposing now condition 1 (that the reconstruction preserve the CCRs)5

then specifies the form of 𝐴− (as well as 𝐶−, 𝐷±) as

𝐴− =
(𝑔𝛽𝑗 − 𝛾𝑗)(𝑔𝛽𝑗 + 𝛾𝑗)

𝑔2(𝛽2𝑖 𝑔2 + 𝛽2𝑗 ) − 𝛾2𝑖 − 𝛾2𝑗

1
𝐴+ , (95)

𝐶− =
𝑔2𝛽2𝑖 − 𝛾2𝑖

𝑔2(𝛽2𝑖 + 𝛽2𝑗 ) − 𝛾2𝑖 − 𝛾2𝑗

1
𝐶+ , (96)

𝐷+ =
𝑔𝛽𝑗 − 𝛾𝑗
𝑔𝛽𝑖 − 𝛾𝑖

𝐶+, (97)

𝐷− =
(𝑔𝛽𝑖 − 𝛾𝑖)(𝑔𝛽𝑗 + 𝛾𝑗)
𝑔2(𝛽2𝑖 + 𝛽2𝑗 ) − 𝛾2𝑖 − 𝛾2𝑗

1
𝐶+ , (98)

leaving the channel fully parameterised by𝐴+ and𝐶+.We are not interested
here in the state of the second output mode, so we will not consider the

𝐶±, 𝐷± terms further.
This allows us, finally, to write the output state simply as a function of

𝐴+ and of the dealer parameters as

̂𝑋±𝑜ᵆ𝑡 = 𝜂± ( ̂𝑋±𝜓 + 𝜆
±( ̂𝑋±𝑟1 ∓ 𝑔 ̂𝑋±𝑟2)) , (99)

for

𝜂+ =
(𝛼𝑖𝛾𝑗 − 𝛼𝑗𝛾𝑖 + 𝑔 (𝛼𝑖𝛽𝑗 − 𝛼𝑗𝛽𝑖))

𝛾𝑗 + 𝑔𝛽𝑗
𝐴+, (100)

𝜂− = −
(𝛾𝑗 + 𝑔𝛽𝑗) (𝛼𝑗𝛾𝑖 − 𝛼𝑖𝛾𝑗 + 𝑔 (𝛼𝑖𝛽𝑗 − 𝛼𝑗𝛽𝑖))

𝛾2𝑖 + 𝛾2𝑗 − 𝑔2 (𝛽2𝑖 + 𝛽2𝑗 )
1
𝐴+ , (101)

𝜆± =
𝛽𝑗𝛾𝑖 − 𝛽𝑖𝛾𝑗

±𝑔(𝛼𝑗𝛽𝑖 − 𝛼𝑖𝛽𝑗) + 𝛼𝑗𝛾𝑖 − 𝛼𝑖𝛾𝑗
, (102)

and where choice of 𝐴+ is left free.

5This CCR condition is equivalent to the matrix transform preserving the symplectic form,

𝑇𝛺𝑇𝑇 = 𝛺.
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We are now in a position to consider what constraints must be imposed

on the dealer to ensure this suitable reconstruction is possible. We shall

primarily lean on condition 4 to help us here: that any additional noise

present in the output state be equally distributed between the two quad-

ratures. For the output state shown in equation (99), this is equivalent to

the condition that 𝜆+ = 𝜆− as the 𝜂± coefficients can already be equalised
through judicious choice of 𝐴+.
It is clear from the form of 𝜆± in equation (102) that this constraint can

be satisfied in two ways. It is trivially satisfied when

𝛽𝑖𝛾𝑗 − 𝛽𝑗𝛾𝑖 = 0, (103)

in which case 𝜆± = 0 and no additional noise is added to either quadrature.
This will be the case, for example, for the {1,2}-reconstruction protocol we

describe in section 4.2.2 in which a second beam splitter exactly reverses

the dealer protocol.

When this added noise is unavoidable, however, the condition that it be

equally distributed between quadratures is equivalent to imposing that

𝛼𝑗𝛽𝑖 − 𝛼𝑖𝛽𝑗 = 0, (104)

in which case the ± component of equation (102) vanishes and

𝜆± =
𝛽𝑗𝛾𝑖 − 𝛽𝑖𝛾𝑗
𝛼𝑗𝛾𝑖 − 𝛼𝑖𝛾𝑗

(105)

no longer differs between 𝜆+ and 𝜆−.
One of these two conditions must be satisfied for the original state to be

reconstructable from the given two shares.

Finally, to ensure the added noise remains finite let us also impose that

𝑔(𝛼𝑗𝛽𝑖 − 𝛼𝑖𝛽𝑗) + 𝛼𝑗𝛾𝑖 − 𝛼𝑖𝛾𝑗 ≠ 0. (106)

dealer protocols satisfying these constraints To con-

vert these individual constraints into a set of permitted dealer protocols, let

us now recall condition 2: that reconstruction be possible for any permuta-

tion of output modes. These conditions must therefore be satisfied for every
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combination of 𝑖, 𝑗 ∈ {1, 2, 3} and the dealer channel must simultaneously
satisfy

𝛽1𝛾2 = 𝛽2𝛾1 or 𝛼1𝛽2 = 𝛼2𝛽1, (107)

𝛽1𝛾3 = 𝛽3𝛾1 or 𝛼1𝛽3 = 𝛼3𝛽1, (108)

𝛽2𝛾3 = 𝛽3𝛾2 or 𝛼2𝛽3 = 𝛼3𝛽2, (109)

as well as the condition that

𝛼𝑗𝛽𝑖 − 𝛼𝑖𝛽𝑗 and 𝛼𝑗𝛾𝑖 − 𝛼𝑖𝛾𝑗 (110)

not both be simultaneously 0 for any (𝑖, 𝑗) combination.
The only CCR-preserving channel satisfying this set of conditions (down

to mode permutation) is described by

⎛
⎜⎜
⎝

̂𝑎1
̂𝑎2
̂𝑎3

⎞
⎟⎟
⎠

=
⎛
⎜
⎜
⎝

𝜉 √1 − 𝜉2 0
√1 − 𝜉2 −𝜉 0
0 0 1

⎞
⎟
⎟
⎠

⎛
⎜⎜
⎝

̂𝑎𝜓
̂𝑎r1
̂𝑎r2

⎞
⎟⎟
⎠

, (111)

for any 𝜉 ∈ [0, 1], defining a class of potential tripartite state sharing
protocols.

Any protocol from this class would be usable for tripartite QSS, but

there is a clear benefit to selecting the symmetric 𝜉 = 1/√2 channel. As 𝜉
moves away from 1/√2 the more of the original secret state is necessarily
contained within a single share. In addition to potentially leaving more

information exposed to an adversary who gained access to that share,

this would result in a worse-quality reconstruction when that share was

not available. By selecting 𝜉 = 1/√2, then, we optimise for the worst-
case scenario —maximising the quality of the reconstruction in the least

effective of the three reconstruction permutations and minimising the

potential information leakage should one share be intercepted.

4.2.1.2 Overview of dealer protocol

Let us now for clarity restate the dealer protocol. The dealer is passed a

secret state 𝜓 whose class may be public knowledge6 but the specifics of
which are unknown to the dealer. The dealer then constructs three shares

by interfering this secret state on a balanced beam splitter with one mode

of the two-mode entangled resource, as outlined in figure 5.

6For example, it may be known that the secret state is a coherent state, or a Fock state
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50∶50

̂𝑋±
𝜓Secret state

̂𝑋±
𝑟1

̂𝑋±
𝑟2

Resource

state

̂𝑋±
1

̂𝑋±
2

̂𝑋±
3

Dealer Protocol

Figure 5: The selected dealer protocol for {2, 3}-threshold quantum state sharing.

Three modes are produce by mixing the secret state with one mode of

an entangled resource state at a balanced beamsplitter.

The three output modes are related to the input, ̂𝑋±𝜓 , and resource, ̂𝑋±𝑟𝑖 ,
modes by the quadrature relation

̂𝑋±1 =
1
√2
( ̂𝑋±𝜓 + ̂𝑋±𝑟1), (112)

̂𝑋±2 =
1
√2
( ̂𝑋±𝜓 − ̂𝑋±𝑟1), (113)

̂𝑋±3 = ̂𝑋±𝑟2. (114)

Crucially, the relatively large single-mode variance of ̂𝑋±𝑟1 obscures the
secret state so none of ̂𝑋±1,2,3 individually contain enough information to
accurately reconstruct it. Each of the three modes are then distributed to a

player as labelled.

To improve the security of each individual share further, anti-correlated

displacement operations could be performed on each share, with displace-

ments drawn classically from a defined probability distribution, 𝛿N . This
will transform the shares as

̂𝑋±1 =
1
√2
( ̂𝑋±𝜓 + ̂𝑋±𝑟1) + 𝛿N±, (115)

̂𝑋±2 =
1
√2
( ̂𝑋±𝜓 − ̂𝑋±𝑟1) − 𝛿N±, (116)

̂𝑋±3 = ̂𝑋±𝑟2 ± 𝛿N±. (117)

When the shares are combined through the methods outlined in the fol-

lowing subsections this noise automatically falls out producing no-worse a

reconstruction than in the zero-noise case. We focus exclusively here on

security that can be guaranteed by the no-cloning theorem, which classical

noise is not able to provide,7 so we do not discuss this possibility further
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in this thesis. The interested reader is directed to the discussion of the

addition of classical noise in Ref. [48].

4.2.2 Secret state reconstruction using shares 1 & 2

Having established the process by which the information describing the

secret quantum state is distributed between players, let us now consider

their ability to retrieve this secret state. The three output shares the dealer

produces are not created equally8 — shares 1 and 2 each contain a 50%

contribution from the secret state while the third share contains none

at all! This asymmetry in shares means a different reconstruction sub-

protocols are required for different combinations of shares, which produce

reconstructions of varying quality.

The best possible reconstruction is obtained when the two shares that

directly contain information about 𝜓 are available. With access to both
shares 1 & 2, the collaborating players can trivially reverse the dealer

protocol by passing them through a second balanced beam splitter, leaving

in one beam-splitter output the state described by

̂𝑋±out =
1
√2

( ̂𝑋±1 + ̂𝑋±2 ) = ̂𝑋±𝜓 . (118)

In the ideal case with no transmission or component losses, this will revert

the system to its original separable state.With 𝜓 completely separated from
the resource modes it is reconstructed perfectly regardless of the resource

state used, even in the wholly classical case in which no entanglement is

present.

This trivial form of reconstruction represents the exceptional, best-case

scenario however, and is only possible for one of the three permutations of

collaborating players.

7As an example, the security we analyse in section 4.3 is based on the physically-limited

availability of quantum information so is secure against an eavesdropper within the

dealer protocol itself. Security reliant on the classical noise would not provide this, as

an eavesdropper in the classical-noise-generation step would be able to obtain perfect

knowledge of this noise and later remove it from their share. Classical noise is therefore

a good additional step to reduce the information available to eavesdroppers outside the

dealer protocol but should not be relied upon for the core security analysis.
8Indeed, returning to the allowed class of dealer protocols shown in equation (111), we

can see that there is no QSS protocol under definition 1 which allows the secret state

information to be distributed equally.
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4.2.3 Secret state reconstruction using shares 1 & 3 or 2 & 3

When the first and second shares are not both available, though, the secret

cannot be directly reconstructed through classical optics alone. Instead, a

more complex process is required to disentangle 𝜓 from the resource state

contribution. We described the sub-protocol which can achieve this here.

Recalling that the resource state is entangled such that the modes cancel

maximally when mixed with ratio ̂𝑋±𝑟1 ∓ 𝑔 ̂𝑋±𝑟2 for some 𝑔 ∈ ℝ, it is clear
that the optimal output state will take the general form

̂𝑋±
out,{1,3}

= 𝜂 [ ̂𝑋±𝜓 + ( ̂𝑋
±
𝑟1 ∓ 𝑔 ̂𝑋±𝑟2)] (119)

= 𝜂 [√2 ̂𝑋±1 ∓ 𝑔 ̂𝑋±3 ] ,

̂𝑋±
out{2,3}

= 𝜂 [ ̂𝑋±𝜓 − ( ̂𝑋
±
𝑟1 ∓ 𝑔 ̂𝑋±𝑟2)] (120)

= 𝜂 [√2 ̂𝑋±1 ± 𝑔 ̂𝑋±2 ] ,

for some amplification factor 𝜂 ∈ ℝ. For a Gaussian input, this pro-
duces an output state with mean vector ̄𝒓 = 𝜂 ̄𝒓𝜓 and covariance matrix
𝑉 = 𝜂2𝑉𝜓 + 𝜂2𝐸1|2(𝑔)𝐼2: an amplified, generally-noisy copy of the input
state.

We will show in the next subsection that for this transformation to

represent a physical channel, it must impose an amplification of

𝜂 = 1
√2 − 𝑔2

(121)

on the output. The reconstruction channel is entirely characterised by the

collaborating players free choice of 𝑔, which we will henceforth term the

reconstruction parameter. Notably, for 𝑔 ≠ 1, this amplification is not unity
and the protocol distorts the original state. Selecting the reconstruction

protocol for a specific resource state is not simply a matter of choosing that

𝑔 that maximises its entanglement. The optimal reconstruction parameter
𝑔will depend on the specific setup, the resource state used and the envelope
of input states for which the protocol is expected to be used. Consequently,

in all our analysis here we will focus on the impact of this parameter in the

abstract, and not on any specific features of the entanglement structure

within the resource states.

4.2.3.1 Derivation of reconstruction amplification, 𝜂

Before we go on to discuss the mechanisms we will use to correct for the

amplification this reconstruction introduces, let us prove the channel does
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indeed impart the amplification we claimed it would in equation (121).

The {1,3} and {2,3} reconstruction sub-protocols follow the same general

process, with only minor parameter changes to account for the phase

difference between the ̂𝑋±𝑟1 contributions in equations (112) and (113).
They each therefore impose the same amplification factor 𝜂 for any given
reconstruction parameter 𝑔 and so we present the derivation only for {1,3}
reconstruction — the {2,3} case can be derived by following the same

process.

The reconstruction channel described by equation (119) can be repres-

ented as the symplectic matrix 𝑇 ∈ Sp(4;ℝ), given by

𝑇 =

⎛
⎜
⎜
⎜
⎝

√2𝜂 0 −𝑔𝜂 0
0 √2𝜂 0 𝑔𝜂
𝑎 0 𝑐 0
0 𝑏 0 𝑑

⎞
⎟
⎟
⎟
⎠

, (122)

where 𝑎, 𝑏, 𝑐, 𝑑 ∈ ℝ represent the form of the second (unused) output

mode, acting on a Gaussian input state such that

̄𝒓 → 𝑇 ̄𝒓, 𝑉 → 𝑇𝑉𝑇T. (123)

For this matrix to represent a physical quantum unitary, it must be sym-

plectic and so must preserve the symplectic form 𝛺 described in sec-

tion 2.1.4 as

𝑇𝛺𝑇T = 𝛺. (124)

This condition is satisfied for 𝑇 only if

√2𝑏 − 𝑑𝑔 = 0, (125)

√2𝑎 + 𝑐𝑔 = 0, (126)

𝑎𝑏 + 𝑐𝑑 = 1, (127)

𝜂2(2 − 𝑔2) = 1 (128)

are all simultaneously satisfied.
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The first three of these conditions define the second output of the chan-

nel as

𝑏 = 𝑔2
𝑎(𝑔2 − 2)

, (129)

𝑐 = −
√2
𝑔 𝑎, (130)

𝑑 =
√2𝑔

𝑎(𝑔2 − 2)
, (131)

for 𝑎 ∈ ℝ representing only the local form of the output.

It is the final condition that gives the amplification the channel must

impart on the secret state as

𝜂 = 1
√2 − 𝑔2

. (132)

4.2.4 Correcting for reconstruction amplification

As we have seen, when the {1,3} or {2,3} reconstruction protocol is im-

plemented for any 𝑔 ≠ 1 the output state is necessarily a (de)amplified
copy of the input state. In the case of a Gaussian secret, the mean vector

characterising the output state will be a scaled copy of the input mean as

̄𝒓out = 𝜂 ̄𝒓in. To ensure the secret state is reproduced accurately, we augment
the protocol with an additional pre-amplification or post-attenuation step

that corrects for this (de)amplification. These corrections are similar to

those used by He et al. [21] in their study of quantum teleportation, so we

borrow their descriptions here and term the two cases late-stage attenuation

(lsatt) and early-stage amplification (esa) QSS.

As the effect of a (de)amplification is proportional to the magnitude

of the secret state’s mean vector, and as the amplification correction is

sometimes noise-increasing (when 𝑔 < 1), this may not always result in an
improvement in output quality. Indeed, if one were certain the protocol

would only be used for very low amplitude states it may be preferable to

leave a mild de-amplification uncorrected for. However, to analyse the

protocol’s effectiveness across the spectrum of input states, we will analyse

here primarily the corrected version of the protocol; although we will

additionally consider the uncorrected output when we go on to discuss the

sharing of Fock states in section 7.1.
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4.2.4.1 Late-stage attenuation (lsatt)

When the output state would otherwise be an amplified copy of the input

state (when 𝑔 > 1, so 𝜂 > 1), the optimal correction is simple: the output
state is passed through a beam splitter with a vacuum environment to

reduce its amplitude. For an ideal beam splitter with transmissivity selected

such that 𝜏 = 1/𝜂2, the state is transformed as

̂𝑋±out →
1
𝜂
̂𝑋±out +√1 − 1

𝜂2
̂𝑋±vac, (133)

leaving the output of the protocol in the form

̂𝑋±out = ̂𝑋±𝜓 + ̂𝑋±𝑟1 ∓ 𝑔 ̂𝑋±𝑟2 + (𝑔2 − 1) ̂𝑋±vac. (134)

As this correction both brings the mean vector closer to the input state and

reduces the variance of the output (as the vacuum isminimum-uncertainty)

this is strictly a fidelity-improving correction for a coherent-state secret.9

4.2.4.2 Early-stage amplification (esa)

When the output state is instead a de-amplified copy of the input state

(when 𝑔 < 1 so 𝜂 < 1), we take a slightly different approach. Consider the
form of the output state for 𝜂 < 1,

̂𝑋±
out,{1,3}

= 𝜂 [ ̂𝑋±𝜓 + ( ̂𝑋
±
𝑟1 ∓ 𝑔 ̂𝑋±𝑟2)] . (135)

In this form, both the secret state contribution and resource contributions

have been deamplified equally. If one were to naïvely amplify this output,

one would not only amplify the desired 𝜓 contribution but also the residue
resource-state variance.

Instead, as the properties of the resource state (and therefore what recon-

struction parameter 𝑔 will be used) are considered public knowledge and
are known in advance, the secret state can be amplified prior to passing

it to the dealer.10 In this way, only the desired information is amplified —

any noise picked up during the QSS protocol remains in its de-amplified

form.

We model this process as an ideal amplifying channel; in practice such

an amplification could be achieved by a phase-insensitive amplifier [24].

9This is not more-generally true, notably for the Fock-state secrets we consider in sec-

tion 7.1. In that case, the inclusion of vacuum noise degrades the state further.
10We consider here the amplification as a separate correction made by the state-owner

before passing the state to the dealer. In a practical implementation this could also be

absorbed into the dealer protocol.
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Denoting the original secret state as 𝜓, the amplified input to the QSS
protocol will become

̂𝑋±in =
1
𝜂
̂𝑋±𝜓 +√

1
𝜂2
− 1 ̂𝑋±vac, (136)

where 1/𝜂 > 1. This amplification will then be undone by the reconstruc-
tion protocol, ultimately leaving the reconstructed output state in the form

̂𝑋±out = ̂𝑋±𝜓 + 𝜂( ̂𝑋
±
𝑟1 ∓ 𝑔 ̂𝑋±𝑟2) + √1 − 𝜂2 ̂𝑋±vac, (137)

in which the secret state is reproduced with unity-amplification while the

resource contributions are de-amplified by 𝜂 < 1.
Note, though, that unlike the lsatt correction, pre-amplifying the secret

state is not side-effect-free. First, the amplification step will introduce

additional noise into the secret state, which for coherent states with very

small mean amplitude may be more destructive than the de-amplification.

Second, as the amplification occurs prior to the dealer protocol it will

additionally impact the {1, 2} reconstruction sub-protocol, which will now
reconstruct an amplified copy of the state. This will require a further atten-

uation step to correct for the amplification. However, the output of an ideal

attenuation is necessarily better quality than any other process producing a

de-amplified state so this output will remain strictly better than the {1,3} or

{2,3} reconstructions. Introducing this pre-amplification step will not, then,

impact our analysis of the worst-case effectiveness of the protocol or its

security which we base entirely on the {1,3}/{2,3} protocols.

4.3 secure state reconstruction

Throughout this part of the thesis, we will frequently refer to this protocol

as providing ‘guaranteed security’, due to its basis in the immutable laws

of physics. Indeed, one of the major questions we look to answer is: under

what conditions can we be certain this protocol is secure? Let us pause

for a moment here, then, to formalise what we take security to mean for a

quantum communication protocol.

Definition 2. Aquantum communication protocol is considered secure when

the authorised players can guarantee they have access to more information

about the original state than is accessible to any adversary.

This definition of security is useful in its simplicity and ability to provide a

direct comparison between quantum protocols. In practice, though, simply

requiring any better-quality reconstruction than an adversary may not
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provide sufficient security — for example this allows security when the ad-

versary has access to only marginally-less information than the authorised

players! A stronger security condition in which the information available

to an adversary is guaranteed to be below some value 𝜖 may be desired
instead, as is used in the cryptography field [51, 52]. Such a definition of

security could be derived simply by adjusting the fidelity threshold used

— a higher reconstruction fidelity requirement will automatically impose

that less information be accessible to the adversary. In keeping with the

quantum communication field [45, 53, 54], in this thesis we will focus on

the security definition of definition 2.11

An obvious, if somewhat tedious, approach to answering this question

might be to collate the information available to any adversaries and directly

compare it against the secret state reconstructed by the collaborating play-

ers. In the perfectly ideal case— in which the only information available to

an adversary consists of the sole lost share — this approach might be fairly

simple.When one moves away from this ideal scenario, though, and begins

to discuss noise and loss the situation becomes more complex. Even in the

event the collaborating players have access to an accurate accounting of

the loss, they have no way to distinguish true loss from malicious eaves-

dropping. To be confident of security, then, all sources of loss would have

to be quantified as information obtainable by an adversary and added to

the calculation of information available to them— dramatically increasing

the work necessary to guarantee security.

Fortunately, a much simpler method to certify this form of security can

be derived from the uncertainty theorem. A natural consequence of the lim-

its imposed on the amount of information that can exist about a quantum

state is that quantum states cannot be cloned [55]; if cloning were possible,

one could obtain more information than is allowed by making comple-

mentary measurements on multiple copies. What is possible, though, is

to create imperfect clones of a single quantum state that do not collective

contain more information than the original. The limits on these copies

has been studied extensively for a variety of classes of input state [54–58].

For example, Grosshans and Grangier found in 2001 [54] that, assuming

no prior knowledge of the range of coherent amplitudes, the maximum

cloning fidelity that could be achieved for an unknown coherent state is

F = 2/3.
These same limits apply immediately to any quantum communica-

tion protocol. One could consider our protocol to be a (somewhat over-

11It is common in the cryptography field [52] to refer to both security and to ‘correctness’

as measures of howmuch information is accessible to adversaries and authorised players

respectively. The latter is in this thesis represented by the reconstruction fidelity.
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complicated) cloning machine with two outputs: one ‘clone’ constructed

by the collaborating players, and a second ‘clone’ representing the inform-

ation available to an adversary. Should the collaborating players achieve

a reconstruction fidelity above the maximum shared cloning fidelity, the

no-cloning theorem requires an equivalent reduction in the quality of the

adversary’s copy. By exceeding this threshold, then, the collaborating play-

ers can have full confidence that they possess the best available copy of the

state regardless of how many sources of information their adversary has

access to.

In general, we assume that the class of quantum state shared is public

knowledge. An adversary who knows whether the state is coherent or

thermal, for example, is able to tailor their attacks accordingly and poten-

tially gain more information. To be safe, we must assume the adversaries

are familiar with the state generation process and so are privy to this in-

formation. By using no-cloning limits specific to the type of state, this

potential adversary-knowledge is built-in to our security analysis.

In most discussions of quantum communication security, it is assumed

no other prior knowledge is available about the distribution of input states

[45, 59]. This general view of security allows us to analyse the resource

requirements for the protocol in its idealised form, and enables a direct

comparison between protocols. This does not always represent a physic-

ally feasible scenario, however. For example, the coherent amplitude is

effectively limited by available energy and equipment; by accepting any

coherent input state we are allowing for potential inputs well beyond what

can be readily generated.

A complete discussion of security, then, will require a knowledge or

estimation of the probability distribution function 𝑃(𝜓) describing the set
of input states. Any reduction in the domain of the input states corres-

ponds to an increase in information classically available about the state

and thus in the ability to clone them. Consider, as an extreme example,

the case in which the input distribution consists of only one state with

probability 𝑃 = 1—clearly this state can always be cloned perfectly simply

by generating new ones to the known specification! When input states

are drawn from a limited set, we account for the adversary using their

knowledge of the input distribution by certifying security based on the

average reconstruction fidelity, weighted by the probability distribution,

exceeding the average cloning fidelity [60].

We perform this fuller security analysis under the assumption that our co-

herent state inputs are described by a Gaussian distribution in section 5.2.5

and in our consideration of the Fock superpositions in section 7.2.Whenwe



52 continuous-variable quantum state sharing protocols

consider coherent states drawn equally from the full spectrum of coherent-

amplitudes in section 5.2.4, however, we need not consider this average

as it is assumed there is no information available about which states are

more likely to be shared.

Let us also pause at this moment to consider the conditions under which

we assume the protocol to operate when considering security. The most

notable of these is the question of trust: the dealer is handed an unobscured

copy of the original state and therefore has access to the information and

therefore must be trusted to implement the protocol properly. For sim-

plicity, in this thesis we consider the dealer to be fully trustworthy and

consider only attacks from dishonest players. However, we note also that

the no-cloning theorem provides a method through which the dealer’s

trustworthiness is auditable: any siphoning of information from the dealer

would impact the quality of the reconstruction. By sending and recon-

structing decoy states, the players are therefore able to test the dealer’s

implementation and detect dishonesty at that stage.



5
GAUSS IAN QUANTUM STATE SHAR ING

Having established our quantum state sharing protocol in chapter 4, let

us now start to consider its performance. As this protocol is designed to

exploit continuous-variable Gaussian entanglement, it is natural that the

first question we ask be: how well does it work for Gaussian secret states?

Gaussian states are those whose Wigner function takes the form of a

Gaussian

𝑊(𝒒) = 1

𝜋𝑛√det𝑉
exp[−(𝒒 − ̄𝒓)𝑇𝑉−1(𝒒 − ̄𝒓)], (138)

and so are fully characterised by its mean vector ̄𝒓 ∈ ℝ2𝑛 and covariance

matrix 𝑉 ∈ ℝ2𝑛×2𝑛 for 𝑛modes. We will primarily explore in this chapter
what impact the QSS protocol has on these two properties.

Initially, in section 5.1, we will leave the exact form of the state un-

specified and take a more general view of the effect our protocol has on

Gaussian states. In section 5.2 we will then consider specifically its use

for the state of primary interest in Gaussian quantum information: the

coherent state. In this section, we will see that the protocol outperforms

teleportation for equivalent resources, and that QSS can offer guaranteed

security when provided with any steerable resource state. We will then

expand the input domain in section 5.3 to include first coherent states

exhibiting quadrature-squeezing before looking at the completely general

single-mode Gaussian state. We will see that the protocol remains effective

for any such input state given enough entanglement resources, and that

it can provide provable security for any pure input. Finally, in section 5.4,

we will briefly consider the potential for this protocol to be used to share

multi-mode Gaussian states.

5.1 general gaussian state output

Let us begin by considering the form of the modes at each point in the pro-

cess. As the protocol is defined to be mean-preserving, we will be primarily

interested here in its effect on the covariance matrix.

53
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5.1.1 Dealer protocol

The three shares constructed by the dealer are given by equations (112)

to (114) as

̂𝑋±1 =
1
√2
( ̂𝑋±𝜓 + ̂𝑋±𝑟1), (139)

̂𝑋±2 =
1
√2
( ̂𝑋±𝜓 − ̂𝑋±𝑟1), (140)

̂𝑋±3 = ̂𝑋±𝑟2. (141)

As the initial secret state 𝜓 is wholly separable from the resource state, we

can directly read-off the single-mode variances for each of these shares as

𝑉1 =
1
2(𝑉𝜓 + 𝑉𝑟1), (142)

𝑉2 =
1
2(𝑉𝜓 + 𝑉𝑟1), (143)

𝑉3 = 𝑉𝑟2, (144)

for 𝑉𝑟𝑖 representing the single-mode variance of mode 𝑖 of the resource
state.

This intermediate result demonstrates the basis on which quantum state

sharing works. For entanglement to be present within a state, it must be

accompanied by an increase in the uncertainty of a measurement on one

mode alone. By mixing the secret state with only one mode of the resource

state, then, the details of the secret state are drowned out by this comparat-

ively large variance; the information obtainable from a single share alone

is shown in figure 6. The secret state only becomes accessible when the

entanglement with the second resource mode in share 3 is exploited to

remove the resource contribution to mode 1 or 2.

5.1.2 {1,2} reconstruction protocol

Let us now turn our attention to the potential for these shares to be re-

combined into a copy of the original state. Recall from section 4.2.2 that

when the first two modes are available the dealer protocol can be trivially

reversed, perfectly reproducing its input. When the protocol is implemen-

ted for 𝑔 ≥ 1—when the input to the dealer protocol is simply the secret

state — the original state is universally reconstructed with ideal fidelity

F = 1. When the protocol is used for 𝑔 < 1, however, it is the pre-amplified
copy of the secret state that is reconstructed perfectly and so a subsequent
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Figure 6: The information available from each quadrature of share 1 or 2, quanti-

fied by the normalised signal-to-noise ratio given by SNRout/SNRin. 1 A
value of 1 would indicate full information accessibility, while the metric

tends to 0 for a fully uncertain state.

de-amplification is required. Each of these (de)amplifications introduce

additional noise, so the final output will be a generally-noisy copy of the

original state given by

̂𝑋±out = ̂𝑋±𝜓 +√1 − 𝜂2 ( ̂𝑋
±
env1 + ̂𝑋±env2), (145)

where ̂𝑋±evn1 and ̂𝑋±env2 are distinct, uncorrelated environment modes. This
output will be characterised by the original state’s covariance matrix with

added noise, as

̄𝒓out = ̄𝒓𝜓, (146)

𝑉out = 𝑉𝜓 + 2(1 − 𝜂2)𝑉env, (147)

for 𝑉env representing environment noise; ordinarily 𝑉env = 𝐼2 for a vacuum
(ideal) environment. As environment noise is assumed to be purely random,

with no bias towards a given average, it has no impact on the mean vector.

The output from an ideal attenuation must, by definition, be at least as

good as any other process resulting in a de-amplified state, though, and so it

is immediately true that even after this additional de-amplification step, the

{1,2} output will always be of a higher quality than the {1,3} reconstruction. 2

We are primarily interested in the worst-case reconstruction, and so we will

not consider this reconstruction much in our discussion of the protocol’s

effectiveness in sections 5.2 and 5.3.

1SNR here represents the signal-to-noise ratio, a measure of how accessible information

is within the state that quantifies the extent to which the signal is drowned out by noise.
2That this is indeed the case is not immediately obvious from comparing the form of

equation (147) to the output covariance matrix we will go on to find for {1,3} reconstruc-
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5.1.3 {1,3} and {2, 3} reconstruction protocols

Let us now consider the altogether more interesting cases of {1,3} and {2,3}

reconstruction, in which entanglement between the resource modes is

exploited to disentangle 𝜓 from one of the shares. The quality of these

reconstructions consequently rests on the quality of the entanglement in

the resource state. As perfect entanglement is not obtainable for continuous-

variable states, this reconstruction will always be imperfect, including in

the ideal noiseless case. In the remainder of this chapter we will consider

the impact the chosen resource state has on this reconstruction.

Recall from section 4.2.4 that the specific form of the output state will

depend onwhether a post-attenuation or pre-amplification step is necessary.

We can combine equations (133) and (136) to write the output as

̂𝑋±out =
⎧
⎪
⎨
⎪
⎩

̂𝑋±𝜓 + 𝜂( ̂𝑋
±
𝑟1 ∓ 𝑔 ̂𝑋±𝑟2) + √1 − 𝜂2 ̂𝑋±vac 𝑔 < 1 (𝜂 < 1)

̂𝑋±𝜓 + ̂𝑋±𝑟1 ∓ ̂𝑋±𝑟2 𝑔 = 1

̂𝑋±𝜓 + ̂𝑋±𝑟1 ∓ 𝑔 ̂𝑋±𝑟2 +√1 −
1
𝜂2

̂𝑋±vac 1 < 𝑔 < √2 (𝜂 > 1),

(149)

where 𝜂 = 1/√2 − 𝑔2. Noting that the resource state can always be designed
to be zero-mean, we can see already that the mean vector describing the

secret state is perfectly reproduced in every case.

Let us consider, then, how noisy this copy of the input state is. As there

is now entanglement between the ̂𝑋±𝑟1 and ̂𝑋±𝑟2 modes, we can no longer
simply read off the variance of our output state as the sum of the variances

of its components. Let us instead return to the definition of the single-mode

quadrature variance given in equation (25) as

𝑣±𝑖,𝑖 =
1
2 ⟨{𝛥

̂𝑋±𝑖 ; 𝛥 ̂𝑋±𝑖 }⟩ , (150)

for {𝐴; 𝐵} the anti-commutator of 𝐴 and 𝐵 and 𝛥 ̂𝑋±𝑖 = ̂𝑋±𝑖 − ⟨ ̂𝑋
±
𝑖 ⟩.

tion in equation (154). However, it is true for the physically-allowed range of steering

parameters,

𝐸1|2(𝑔) ≥ |1 − 𝑔2| (148)

imposed by the uncertainty theorem, recalling that 𝜂 ≥ 1/√2 (as 𝑔 ≥ 0).
This steering limit is also the reason that we need only consider values up to the limit

of 𝑔 < √2— steering cannot exist outside this range!
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Applying this formula to equation (149) the single-mode variance of the

output can be found as

𝑣±out =
1
2 ⟨{𝛥

̂𝑋±out ; 𝛥 ̂𝑋±out}⟩ (151)

=

⎧
⎪
⎪

⎨
⎪
⎪
⎩

1
2 ⟨{𝛥

̂𝑋±𝜓 ; 𝛥 ̂𝑋±𝜓 }⟩ + 𝜂
2 1
2 ⟨{𝛥

̂𝑋±𝑟1 ∓ 𝑔𝛥 ̂𝑋±𝑟2 ; 𝛥 ̂𝑋±𝑟1 ∓ 𝑔𝛥 ̂𝑋±𝑟2}⟩

+ (1 − 𝜂2)12 ⟨{𝛥
̂𝑋±vac ; 𝛥 ̂𝑋±vac}⟩

𝑔 ≤ 1

1
2 ⟨{𝛥

̂𝑋±𝜓 ; 𝛥 ̂𝑋±𝜓 }⟩ +
1
2 ⟨{𝛥

̂𝑋±𝑟1 ∓ 𝑔𝛥 ̂𝑋±𝑟2 ; 𝛥 ̂𝑋±𝑟1 ∓ 𝑔𝛥 ̂𝑋±𝑟2}⟩

+ (1 − 1
𝜂2
)12 ⟨{𝛥

̂𝑋±vac ; 𝛥 ̂𝑋±vac}⟩
𝑔 ≥ 1,

(152)

for

1
2 ⟨{𝛥

̂𝑋±𝑟1 ∓ 𝑔𝛥 ̂𝑋±𝑟2 ; 𝛥 ̂𝑋±𝑟1 ∓ 𝑔𝛥 ̂𝑋±𝑟2}⟩ ≔ 𝐸1|2(𝑔) (153)

the steering parameter describing the resource. The covariance matrix

describing this output state is therefore

𝑉out =
⎧⎪
⎨⎪
⎩

𝑉𝜓 + 𝜂2𝐸1|2(𝑔)𝐼2 + (1 − 𝜂2)𝑉vac 𝑔 < 1 (𝜂 < 1)

𝑉𝜓 + 𝐸1|2(𝑔)𝐼2 𝑔 = 1

𝑉𝜓 + 𝐸1|2(𝑔)𝐼2 + (1 −
1
𝜂2 )𝑉vac 1 < 𝑔 < √2 (𝜂 > 1),

(154)

again for 𝜂2 = 1/(2 − 𝑔2) and where 𝑉vac = 𝐼2.
In the special case in which 𝑔 = 1 and no amplification correction is

required, the covariancematrix describing the output can be written simply

as

𝑉out = 𝑉𝜓 + 𝐸1|2(𝑔 = 1)𝐼2 = (
𝑣𝜓 + 𝐸1|2(𝑔 = 1) 0

0 𝑣𝜓 + 𝐸1|2(𝑔 = 1)
) . (155)

We can begin to see here the impact resource state entanglement has on

the reconstructed state. The base output (at 𝑔 = 1) essentially consists of the
original secret state plus some residue of the resource state corresponding

to its imperfect entanglement. As the entanglement strength increases

this residue will reduce in size, and in the limit of perfect entanglement

disappear.

One might think, then, that the optimal approach would be to select

the reconstruction parameter 𝑔 that maximises the entanglement in the
resource state so minimising this residue. However, we have also seen that

moving away from 𝑔 = 1 necessitates an amplification correction, adding
additional noise to the output. The optimal reconstruction parameter will
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therefore be a tradeoff between maximising usage of the entanglement

and minimising the distance from 𝑔 = 1.

5.2 quantum state sharing of coherent states

The core information carrier in continuous-variable quantum communica-

tion, and in much of classical communication, is the coherent state: the

unsqueezed Gaussian state that saturates the uncertainty limit.

Coherent states have a defined covariance matrix 𝑉coherent = 𝐼2 and are
entirely characterised by their mean vector, ̄𝒓 ∈ ℝ, which can be modu-
lated to encode information. Quantum communication protocols involving

coherent states aim to preserve this mean vector while introducing the

minimum possible noise.

Our quantum state sharing protocol has been designed to preserve the

mean in every case so this first aim is automatically met. However, with

the limited exception of {1,2} reconstruction, the protocol necessarily adds

noise stemming from the imperfect nature of continuous-variable entan-

glement. The reconstructed output state will therefore no longer be a

minimum-uncertainty coherent state, instead taking the form of a thermal

state with the same mean. In assessing the effectiveness of this protocol, a

natural first question to ask would be: how thermal is this output state?

5.2.1 Output state purity

We can already answer this question simply by reading off the elements

from the covariance matrix in equation (154), which for coherent-state

inputs reduces to

𝑉out =
⎧⎪
⎨⎪
⎩

(2 + 𝜂2𝐸1|2(𝑔) − 𝜂2)𝐼2 𝑔 < 1 (𝜂 < 1)

(1 + 𝐸1|2(𝑔))𝐼2 𝑔 = 1

(2 + 𝐸1|2(𝑔) −
1
𝜂2 )𝐼2 1 < 𝑔 < √2 (𝜂 > 1).

(156)

By comparing to the known form of a thermal state, given in section 2.2.1,

we can immediately say that this output state will have average thermal

photon number

̄𝑛 = 1
2

⎧⎪
⎨⎪
⎩

1 + 𝜂2𝐸1|2(𝑔) − 𝜂2 𝑔 < 1 (𝜂 < 1)

𝐸1|2(𝑔) 𝑔 = 1

1 + 𝐸1|2(𝑔) −
1
𝜂2 1 < 𝑔 < √2 (𝜂 > 1).

(157)
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This result immediately translates into another relevant measure of the

reconstruction ‘thermality’: the purity of this output state, defined as the

trace of the square of the density matrix, P( ̂𝜌) = Tr ̂𝜌2. For a thermal state,
this measure reduces simply to the determinant of the covariance matrix

as

P( ̂𝜌out) =
1

√det𝑉out
=
⎧⎪
⎨⎪
⎩

1/(2 + 𝜂2𝐸1|2(𝑔) − 𝜂2) 𝑔 < 1 (𝜂 < 1)

1/(1 + 𝐸1|2(𝑔)) 𝑔 = 1

1/(2 + 𝐸1|2(𝑔) −
1
𝜂2 ) 1 < 𝑔 < √2 (𝜂 > 1),

(158)

and is shown in figure 7. As is expected, in the perfect-entanglement limit
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Figure 7: The purity of the output of a QSS protocol acting on a coherent-state

secret, for reconstruction parameter and resource-state steering para-

meter as shown. A purity of 1 indicates a wholly pure state, while any

other value indicates the state is mixed.

that 𝐸1|2(𝑔) → 0 at 𝑔 = 1 the output state is again a coherent state with
purity 1.

5.2.2 Reconstruction fidelity

For coherent-state inputs to a mean-preserving protocol, purity is already

a good proxy for output quality — it measures the decoherence resulting

from the entanglement residue and environment noise, which are the only

sources of imperfection introduced to coherent inputs. This is not true of

all classes of secret state, however; a squeezed vacuum input, for example,

may be attenuated and replaced with any amount of vacuum noise with no
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impact on its purity. To enable a comparison across different secret states,

let us consider instead a more direct measurement of the output’s likeness

to the input: the fidelity, a mixed-state generalisation of state overlap.

For a pure input state, fidelity reduces simply to the Hilbert-Schmidt

overlap which for Gaussian states can be written as [23]

F = ⟨𝜓| ̂𝜌out|𝜓⟩

= 2

√det(𝑉𝜓 + 𝑉out)
exp[−( ̄𝒓𝜓 − ̄𝒓out)𝑇(𝑉𝜓 + 𝑉out)−1( ̄𝒓𝜓 − ̄𝒓out)]. (159)

As our QSS protocol preserves themean vector, the exponential component

to the fidelity vanishes, leaving it a function of the covariance matrices

alone as

F = 2

√det(𝑉𝜓 + 𝑉out)
. (160)

Applying this formula first to the output state reconstructed from shares 1

& 2 given in equation (154), we get a reconstruction fidelity given by

F{1,2} = {
1/(2 − 𝜂2) 𝑔 < 1 (𝜂 < 1)

1 1 ≤ 𝑔 < √2,
(161)

for 𝜂(𝑔) = 1/√2 − 𝑔2. As expected, the reconstructed fidelity has no de-
pendence on the properties of the resource state used and is only impacted

by the degree to which the secret state has been amplified prior to the

dealer. In the extreme limit, in which 𝑔 → 0, the worst-case reconstruction
fidelity for {1,2} reconstruction minimises to F{1,2} = 2/3 so the no-cloning
threshold is always satisfied.

Applying the fidelity formula instead to the covariance matrix in equa-

tion (156) for {1,3} or {2,3} reconstruction, we get

F{1,3} =
⎧⎪
⎨⎪
⎩

2/(3 + 𝜂2𝐸1|2(𝑔) − 𝜂2) 𝑔 < 1 (𝜂 < 1)

2/(2 + 𝐸1|2(𝑔)) 𝑔 = 1 (𝜂 = 1)

2/(3 + 𝐸1|2(𝑔) − 1/𝜂2) 1 < 𝑔 < √2 (𝜂 > 1),

(162)

again for 𝜂(𝑔) = 1/√2 − 𝑔2. The achievable reconstruction fidelity for each
of these cases is shown in figure 8.

As the achievable fidelity from {1,2} reconstruction is always better than

{1,3} reconstruction, let us focus now solely on the latter, shown in figure 8b.

As might be expected, the reconstruction fidelity improves significantly
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(a) {1,2} reconstruction
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(b) {1,3} / {2,3} reconstruction
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Figure 8: The fidelity between the reconstructed output state and the original input

state for a coherent-state secret when the output is constructed from (a)

shares 1 & 2, (b) shares 1 & 3 or 2 & 3. Dashed black line indicates the

region in which secure QSS can be achieved; see section 5.2.4. Shaded

region denotes 𝐸1|2(𝑔) < |1 − 𝑔2| in which quantum steering is not

physically possible.

with increasing resource entanglement and as 𝐸1|2(𝑔) → 0, approaches
perfect reconstruction.

There is a clear bias towards implementing the protocol for 𝑔 = 1. Not
only is this the point at which the greatest levels of quantum steering

exist, but for a constant level of resource steering it can be seen that fi-

delity drops off gently as 𝑔 < 1 and rapidly as 𝑔 > 1. This effect is due to
the amplification that occurs as part of the protocol for non-unity recon-

struction parameters. Both amplification and de-amplification introduce

additional noise into the state, so the best possible reconstruction is ob-

tained when these corrections are not required. The asymmetry around the

unity-amplification point — with fidelity dropping off more rapidly above

𝑔 = 1 than below it— is explained by the different points in which the amp-

lification correction is introduced. Fundamentally, each case involves both

an amplification and a deamplification. When 𝑔 < 1, though, this amplific-
ation occurs prior to the dealer protocol so only impacts the secret state,

while the attenuation imparted by the reconstruction protocol affects both

secret and resource states alike, leaving the latter ultimately de-amplified.

For 𝑔 > 1, on the other hand, the amplification is an unavoidable part of
the reconstruction step so acts on the resource state contributions along-

side the desired secret state — leaving both parts ultimately non-amplified

after the de-amplification correction. Despite requiring the same degree

of amplification correction a worse outcome is achieved for reconstruc-

tion parameters above 1. This asymmetry is discussed further in section
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section 5.2.3, where the potential to improve fidelity by converting a 𝑔 > 1
protocol into a 𝑔 < 1 protocol is considered.
Let us finally pause here to compare these results to the fidelity achiev-

able from quantum teleportation protocols. He et al. [45] found that, when

teleported using a generally-asymmetric resource state, coherent states

were amplified by a factor of 𝑔, and so the optimal fidelity was

Fteleportation = 2/
⎧⎪
⎨⎪
⎩

3 + 𝑔2𝐸1|2(𝑔) − 𝑔2 𝑔 < 1,

2 + 𝐸1|2(𝑔) 𝑔 = 1,

3 + 𝐸1|2(𝑔) −
1
𝑔2 1 < 𝑔 < √2.

(163)

Comparing this result to the worst-case state reconstruction fidelity derived

in equation (162) for QSS, we can see that when implemented for 𝑔 ≠ 1,
teleportation imposes a higher amplification on the state (𝜂 > 𝑔 for 𝑔 < 1,
1/𝜂 > 1/𝑔 for 𝑔 > 1) so quickly becomes more destructive than quantum
state sharing. In addition to providing a better quality output for any given

resource state, quantum state sharing also reduces the entanglement re-

quired to achieve a certain threshold fidelity and certify security, which we

discuss in section 5.2.4.

The increased fidelity obtainable from QSS is compounded by the fact

that we have only considered here the worst-case reconstruction option.

One third of the expected state reconstructions will be performed using

the {1,2}-reconstruction sub-protocol so on average the fidelity from QSS

will outperform teleportation by a greater margin.

5.2.3 Optimising fidelity by swapping resource modes

Let us now consider in further detail the asymmetry around 𝑔 = 1, where
the impact of the amplification correction increases more rapidly for 𝑔 > 1
than for 𝑔 < 1.
It is trivial to show that every state steerable in one direction for some

𝑔 > 1 is also necessarily steerable in the opposite direction for ̄𝑔 ∶= 1/𝑔 < 1.
We will show here that, in fact, it is always preferable to swap the order

of the resource modes such that the quantum steering is utilised in the

direction that permits a 𝑔 < 1 reconstruction.
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Let us first note that, given a state with steering parameter 𝐸1|2(𝑔) < 1
for some 𝑔 > 1, the steering parameter in the opposite direction for ̄𝑔 can
be found as

𝐸2|1( ̄𝑔) = 𝑚 + ̄𝑔2𝑛 − 2 ̄𝑔𝑐 = 1
𝑔
2
(𝑛 + 𝑔2𝑚− 2𝑔𝑐) = 1

𝑔2
𝐸1|2(𝑔), (164)

for 𝑛,𝑚, 𝑐 the symplectic invariants described in section 2.1.3.
Let us now consider the case in which QSS is implemented directly for

𝑔 > 1 for the given resource; the output state will have fidelity given by
equation (162) as

F1|2 =
2

3 + 𝐸1|2(𝑔) − 1/𝜂2
, (165)

for, as usual, 𝜂 = 1/√2 − 𝑔2.
If the dealer had instead swapped the resource modes such that the

quantum steering was exploited in the opposite direction for ̄𝑔 = 1/𝑔 < 1,
the reconstruction state would have fidelity

F2|1 =
2

3 + ̄𝜂2𝐸2|1( ̄𝑔) − ̄𝜂2
, (166)

for ̄𝜂 = 1/√2 − ̄𝑔2. It is preferable, therefore, to swap the order of the
resource modes whenever

F2|1 =
2

3 + ̄𝜂2𝐸2|1( ̄𝑔) − ̄𝜂2
> 2
3 + 𝐸1|2(𝑔) − 1/𝜂2

= F1|2, (167)

simplifying to the condition that

3 + ̄𝜂2 1
𝑔2
𝐸1|2(𝑔) − ̄𝜂2 < 3 + 𝐸1|2(𝑔) − 1/𝜂2, (168)

⟹ ( ̄𝜂2 1
𝑔2
− 1)𝐸1|2(𝑔) < ̄𝜂2 − 1/𝜂2, (169)

⟹ 𝐸1|2(𝑔) > 1 − 𝑔2. (170)

This is trivially satisfied for all 𝑔 > 1, so it is in every case preferable to
reorder the resource modes such that the quantum steering is utilised for

𝑔 < 1 when this is an option.
This reordering relies on the dealer’s ability to select which resource

mode is mixed with the secret state and so in which direction the resource

is quantum steered. In some instances this option may not be available

to the dealer. For example, it may be desirable to distribute the second

resource mode to player 3 prior to the dealer being given the secret state.
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For this reason, we will continue to analyse the protocol’s effectiveness for

the full 0 < 𝑔 < √2 range in the remainder of this part of the thesis.
Finally, although this proof is presented here for coherent states, it

equally applies to the full class of mixed Gaussian state that we will study

later in section 5.3.2.3

5.2.4 General security

Having established the expected reconstruction fidelity for a given resource

state (characterised by 𝐸1|2(𝑔)) and reconstruction protocol (characterised
by choice of 𝑔) in the previous subsection, let us now consider the condi-
tions under which the security of state transmission can be guaranteed.

Recall from section 4.3 that we have defined our quantum state sharing

protocol to be secure when the collaborating players can be certain their

copy of the secret state contains more information than the adversary has

access to, a condition we certify using the no-cloning theorem. Under the

assumption that the input states are equally drawn from the full spectrumof

coherent amplitudes, Grosshans and Grangier [54] derived the maximum

allowed cloning fidelity as F = 2/3.
Recalling from section 5.2.2 that the worst-case fidelity obtainable from

{1,2} reconstruction, in the 𝑔 → 0 limit, is F = 2/3 this security condition
is automatically satisfied in that case. As we must certify security inde-

pendently for every reconstruction option, the ease of achieving security

for {1,2} QSS does not reduce our security requirements, though, so we do

not consider it further here.

Comparing this cloning threshold to the achievable fidelity for {1,3} or

{2,3} reconstruction given in equation (162) allows us to state our first

security condition.

Result 3. A sufficient condition for a two-mode resource state to be useful

for secure (2, 3)-threshold QSS of a coherent-state secret is that a 𝑔 ∈ (0,√2)
exist such that its steering parameter satisfies

𝐸1|2(𝑔) < {
1 𝑔 ≤ 1,

2 − 𝑔2 𝑔 > 1.
(171)

Notably, while this result shows that any resource state exhibiting EPR-

steering for some 𝑔 ≤ 1 is useful for secure QSS, a larger degree of quantum
3This can be seen by first noting that the general single-mode Gaussian fidelity expression

from result 8 decreases monotonically with increasing 𝜒. That 𝜒 is minimised by swap-
ping resource modes is equivalent to the conditions we have expressed in equations (168)

to (170).
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steering is required when the protocol is implemented for 𝑔 > 1. This
asymmetry in resource requirements reflects what we saw in section 5.2.3:

it is in fact always preferable to exploit the entanglement in such a way that

𝑔 < 1. Recalling that every resource steerable for 𝑔 > 1 is also steerable
for some ̄𝑔 = 1/𝑔 < 1, accounting for the dealer’s ability to swap the
direction in which they utilise the resource entanglement by relabelling

modes 1 ↔ 2, allows us to restate this result to take a more general view
on the requirements for secure QSS.

Result 4. All EPR-steerable states (one way and two way) are useful for the

secure sharing of a coherent-state secret with a suitable dealer allocation of

resource modes.

Again, though, we caution the reader that this result relies on the as-

sumption that the dealer has access to both resource modes and so is able

to choose the direction in which the quantum steering is exploited. This

should always be possible according to a strict reading of the specification

of this protocol; in practice, however, as the dealer only needs access to a

single resource mode it is possible to operate a version of this protocol in

which the second resource mode is not provided to them. In such a case

result 4 would no longer apply.

5.2.5 Security for limited codebooks

The security analysis we have presented in the previous subsection is based

on the standard assumption that secret states are drawn from the full range

of coherent states. Although useful for a first-level analysis of protocol

security, this is not an assumption that holds in practice as a coherent

state’s amplitude is directly proportional to its energy. In any real-world

setup, there will naturally be an upper limit on the coherent states that

could form the secret state based on the energy and equipment resources

available. To guarantee security for any quantum communication protocol,

then, a bespoke security analysis should be performed taking into account

the specific codebook available and an assumption of the relative likelihood

of any given state being present.

Let us consider an example of such a limited codebook now. The optimal

way to encode information in coherent states is to draw their amplitudes

from a Gaussian distribution [61] with probability distribution function

𝑃( ̄𝒓) = 1
𝜋𝜎2

exp(
− ̄𝑟2𝑥 − ̄𝑟2𝑝
𝜎2 ), (172)

for some distribution variance 𝜎 relative to the standard quantum limit.
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The ability to clone coherent states drawn from known probability dis-

tributions was studied by Cochrane et al. in 2004 [61]. They found that

when the coherent amplitudes were drawn from a Gaussian probability

distribution, the average cloning fidelity depended solely on the width of

the distribution.4 In this case, they found that the states could be optimally

cloned with fidelity

Fthreshold = {
2

(3−2√2)𝜍2+2
𝜎2 ≤ 1 + √2

2𝜍2+2
3𝜍2+1 𝜎2 ≥ 1 + √2,

(173)

for 𝜎 the width of the Gaussian relative to the standard quantum limit.5 For
example, coherent states drawn from an input distribution with variance

of two standard quantum limits, 𝜎 = 2, can be cloned with fidelityFclone ≈
0.77, compared to Fclone = 2/3 for states drawn from the full spectrum.

To ensure security for such an input distribution, the average reconstruc-

tion fidelity across the distribution must exceed this new fidelity threshold.

As the reconstruction fidelity for our protocol does not depend on the co-

herent amplitude, this limit can be directly applied to the reconstruction

fidelity given in equation (162), allowing us to state the following updated

security condition.

Result 5. A resource state is useful for secure tripartite quantum state sharing

of coherent states drawn from a Gaussian distribution of width 𝜎 relative to
the standard quantum limit if some 𝑔 ∈ (0,√2) exists such that its steering
parameter satisfies

𝐸1|2(𝑔) <

⎧
⎪⎪

⎨
⎪⎪
⎩

1 − 1
𝜂2 +

1
𝜂2 (3 − 2√2)𝜎

2 𝜎2 ≤ 1 + √2, 𝑔 ≤ 1
1
𝜂2 − 1 + (3 − 2√2)𝜎

2 𝜎2 ≤ 1 + √2, 𝑔 ≥ 1

1 − 2
𝜂2(1+𝜍2) 𝜎2 ≥ 1 + √2, 𝑔 ≤ 1

1
𝜂2 −

2
1+𝜍2 𝜎2 ≥ 1 + √2, 𝑔 ≥ 1.

(174)

In the 𝜎 → ∞ limit, that is the limit in which there is no information

about the input state distribution, this result reduces to that found in res-

ult 3. The minimum amount of quantum steering required to be present to

4As details of the distribution are public knowledge, any distribution with non-zero mean

can be converted to a zero-mean distribution with a blanket displacement operation,

cloned, and then converted back with the same output fidelity as a distribution that was

originally zero-mean
5One might be surprised to see that this no-cloning threshold is given by a piecewise

function. This is because the mathematically-optimal cloning machine is not physical

for distributions narrower than 𝜍 = 1 + √2! The cloner involves an amplifier with,
optimally, an amplification gain of 𝐺 = 8𝜍4/(2𝜍2 + 1)2, but any amplifier must also
have a gain𝐺 > 1.
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Figure 9: Theoretical minimum resource steering (maximum steering parameter

𝐸1|2(𝑔)) necessary to securely share coherent states drawn from a Gaus-

sian distribution with width 𝜎 relative to the standard quantum limit.

Only steering parameters physically allowed are shown; shaded region

denotes that theoretically-required steering is not physical for that 𝑔
value, based on the requirement that 𝐸1|2(𝑔) ≤ |1 − 𝑔2|.

share states drawn from such a distribution is shown in figure 9 for varying

Gaussian width. The protocol’s usefulness for very tight codebooks (those

drawn from a Gaussian distribution of width 𝜎 ≲ 1 standard quantum
limit) is limited, with such distributions nearly impossible to share securely.

This is not unexpected, as such small distributions of states are very easy

to clone. As the distribution increases in width, however, we quickly enter

a region in which even low levels of entanglement are able to provide

guaranteed security. This more rapid reduction in reconstruction fidelity as

𝑔 drops below 1 (when coupled with the fundamental limits on asymmetric
steering that 𝐸1|2(𝑔) > |1 − 𝑔2|) imposes a limit on secure QSS that was
not previously present. The region for which the entanglement level to

achieve secure QSS can exist is denoted by the dashed line in figure 9 — as

𝜎 increases, the region of allowed reconstruction parameters also increases
but there remains a limit on how asymmetric the entanglement may be

for security to be possible. For practical coherent-state QSS, then, one is

limited to the broadly-symmetric region around 𝑔 = 1.
Finally, let us note here that even this is a somewhat over-pessimistic ana-

lysis. The QSS protocol presented here is optimised assuming the full range

of coherent states; recall that we have defined it to be mean-preserving in

every case. This is a necessary choice when the states have fully unknown

coherent amplitude as the increasingly-large disparity in input/output
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mean as ̄𝒓 increases would otherwise destroy the reconstruction fidelity.
However, when input states are limited to a region with small coherent

amplitude, a better reconstruction fidelity may be achieved by allowing

for a small uncorrected amplification. The question as to how to maximise

fidelity for a given input distribution is beyond the scope of this thesis, but

may be worth investigating should one look to implement this protocol in

the future.

5.3 quantum state sharing of other single-mode gaus-

sian states

(a) Coherent state (b) Squeezed state (c) Thermal state

Figure 10: Wigner functions representing (a) a coherent state, (b) a squeezed state

with 4 dB squeezing at 𝜃 = 𝜋/4, (c) an unsqueezed thermal state with
average thermal photon number ̄𝑛 = 1. The coherent and squeezed
states saturate the uncertainty limit, with the uncertainty reduced in

one quadrature of the squeezed state and increased in the other, while

the thermal state has additional variance represented by the presence

of thermal photons in addition to those due to the coherent amplitude

of the state. All state representations presented on the same scale.

Although coherent states are broadly themost important of the Gaussian

states, they represent only one subset of possible single-mode states. In

this section, we will consider the wider classes of Gaussian state available,

and so analyse this protocol’s effectiveness more generally.

We will begin in section 5.3.1 by expanding on our analysis of coherent

states to allow for an unknown squeezing in be present within the secret

state. These squeezed coherent states, shown in figure 10(b) represent the

most general possible pure Gaussian state, and so complete our first-level

analysis of this protocol. We will show that, subject to a sufficient but not

strictly necessary security condition, our QSS protocol can be made secure

for the sharing of states subject to any degree of squeezing.

We will then go on in section 5.3.2 to relax the assumption that the

input state be pure. By considering squeezed displaced thermal states, the

most general possible single-mode Gaussian state, we will show that this
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protocol remains effective for the entire class of Gaussian states and that

arbitrarily high fidelity can be achieved regardless of the input state. An

example of a thermal state is shown in figure 10(c).

5.3.1 Squeezed-state quantum state sharing

A squeezed state is a Gaussian state in which the uncertainty in one quad-

rature is reduced below the standard quantum limit at the expense of

a corresponding increase in the other quadrature. The squeezed states

we will consider in this subsection, squeezed coherent states, are those

which continue to saturate the uncertainty limit (𝛥𝑥𝛥𝑝 = 1). These states
have arbitrary mean ̄𝒓 ∈ ℝ2 and covariance matrix defined by squeezing

parameter 𝜁 ∈ ℝ and squeezing angle 𝜃 as

𝑉 = (
e−2𝜁 cos 𝜃 + 𝑒2𝜁 sin 𝜃 2 sinh(2𝜁) cos 𝜃 sin 𝜃
2 sinh(2𝜁) cos 𝜃 sin 𝜃 e2𝜁 cos 𝜃 + 𝑒−2𝜁 sin 𝜃

) , (175)

which continues to have determinant 1.

In general, these states may be squeezed along any angle 𝜃 ∈ [0, 2𝜋] in
phase space. As our protocol is phase-independent, however, any phase-

rotation of the input state will always be reflected perfectly in the output

state so ultimately have no effect on the reconstruction quality. Without

losing generality, then, we are free to assume that the state is squeezed

along the ̂𝑋+ and ̂𝑋− quadratures and take, for simplicity, 𝜃 = 0. The input
covariance matrix then reduces to

𝑉 = (
e−2𝜁 0
0 e2𝜁

) , (176)

for squeezing parameter 𝜁.
As no change is made to the protocol to account for the change in input

state, the output will continue to be described by the covariance matrix

given in equation (154),

𝑉out = 𝑉𝜓 + {
(𝜂2𝐸1|2(𝑔) + 1 − 𝜂2)𝐼2 𝑔 ≤ 1

(𝐸1|2(𝑔) + 1 − 1/𝜂2)𝐼2 𝑔 ≥ 1
, (177)

with 𝑉𝜓 now the squeezed state covariance matrix from equation (176).
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5.3.1.1 Impact of QSS on squeezing parameter

Before we go on to quantify the quality of the output through the usual

fidelity measure, let us first briefly consider what impact this protocol has

on the degree to which the secret state is squeezed.

Let us consider first esa QSS, when 𝑔 ≤ 1. In this case, from equa-

tion (177), we know the reconstructed secret state will be described by

covariance matrix

𝑉out = (
e−2𝜁 0
0 e2𝜁

) + (
𝜂2𝐸1|2(𝑔) + 1 − 𝜂2 0

0 𝜂2𝐸1|2(𝑔) + 1 − 𝜂2
) , (178)

representing the original squeezed state mixed with unsqueezed thermal

noise.

Ultimately, this output state will take the form of a thermal state that has

been squeezed to some degree 𝜁′ ∈ ℝ along the same angle as the input

state and be described by

𝑉out = (2 ̃𝑛 + 1) (
e−2𝜁

′ 0
0 e2𝜁

′) , (179)

for ̃𝑛 the average number of thermal photons present in the output state.
Equating these two representations we find the degree of squeezing in

the output state to be related to the squeezing in the input state and the

usual protocol parameters as

𝜁′ = 1
4 ln [

e2𝜁+𝜂2𝐸1|2(𝑔) + 1 − 𝜂2

e−2𝜁+𝜂2𝐸1|2(𝑔) + 1 − 𝜂2
] ≤ 𝜁, (180)

which is strictly less than the squeezing of the input state 𝜁 except in the
perfect entanglement limit.

Similarly, for lsatt QSS when 𝑔 ≥ 1 we find the output squeezing para-
meter to be

𝜁′ = 1
4 ln [

e2𝜁+𝐸1|2(𝑔) + 1 −
1
𝜂2

e−2𝜁+𝐸1|2(𝑔) + 1 −
1
𝜂2
] ≤ 𝜁, (181)

again strictly less than the input squeezing except in the perfect entangle-

ment limit.

We can see that in addition to increasing the noise present within the

state, performing quantum state sharing on a squeezed state will always

result in a reduction in its squeezing, as shown in figure 11. Recalling that

in the absence of perfect entanglement, one effect of the protocol is to mix
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Figure 11: Percentage retention of squeezing level after application of the QSS

protocol at 𝑔 = 1 using a resource with steering parameter as labelled.

unsqueezed noise in to the reconstructed state, it should not be surprising

that this has the effect of diluting the squeezing level.

In both lsatt and esa cases, the relative impact on the squeezing para-

meter given by 1 − 𝜁′/𝜁 increases as the level of squeezing increases, in-
dicating that the protocol is more destructive for highly squeezed states.

Even in the highly-squeezed limit, though, the squeezing reduction tends

towards a halving in the degree of squeezing present, with

lim
𝜁→∞

𝜁′
𝜁
= 1
2, (182)

regardless of reconstruction parameter 𝑔 and resource squeezing 𝐸1|2(𝑔) ≠
0.6We can be confident, therefore, that at least half of the squeezing will
survive at 𝑔 = 1, so long as the resource state exhibits any form of steering.

5.3.1.2 Fidelity

Let us now consider how close this reconstructed output state is to the

original input in a more general sense. Applying the general formula for

fidelity for a single-mode pure Gaussian input to the output covariance

matrix given in equation (177), we can see that a squeezed secret sate will

be reconstructed with a fidelity of

F = 2

√det(𝑉𝜓 + 𝑉out)
= 2

√(2 e2𝜁+𝜒)(2 e−2𝜁+𝜒)
, (183)

6This 𝐸1|2(𝑔) ≠ 0 condition could otherwise be stated as: for any physical resource state.
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for

𝜒 =
⎧⎪
⎨⎪
⎩

𝜂2𝐸1|2(𝑔) + 1 − 𝜂2 𝑔 < 1 (𝜂 < 1)

𝐸1|2(𝑔) 𝑔 = 1

𝐸1|2(𝑔) + 1 −
1
𝜂2 𝑔 > 1 (𝜂 > 1)

(184)

representing the 𝑔-dependent component introduced by the amplification
correction and resource residue. This single-shot reconstruction fidelity is

shown for a variety of squeezed state inputs in figure 12.
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Figure 12: Reconstruction fidelity for increasing resource steering for pureGaussian stateswith (a) 0 dB (no
squeezing), (b) 2 dB, (c) 6 dB of squeezing. Contours represent the reconstruction fidelity when
QSS is implemented for 𝑔 using a resource state with steering parameter 𝐸1|2(𝑔). The dashed
lines denote the secure region for which the reconstruction exceeds the asymptotic no-cloning

theorem. As the squeezing in the input state increases, the achievable reconstruction fidelity

decreases and this ‘secure’ region shrinks. Only shown is the region in which 𝐸1|2(𝑔) > |1 − 𝑔2|
which is physically allowed.

It is clear that increasing the squeezing 𝜁 in the secret state reduces the
effectiveness of this protocol — a greater entanglement will be required to

maintain a consistent reconstruction fidelity as input squeezing increases.

The impact on fidelity of the choice of reconstruction parameter seen

in section 5.2.2 for coherent states continues to apply here: the best re-

construction quality is found in the region around 𝑔 = 1, while a good
reconstruction is broadly achievable in the 𝑔 < 1 region. As the reconstruc-
tion parameter 𝑔 increases above 1, though, a rapid drop-off in fidelity is
seen.
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5.3.1.3 Broad sufficient security bound

Let us now consider the security requirements for this class of input state,

based on our security condition that we must be able to guarantee that

no adversaries have access to a greater amount of information than the

collaborating parties.

Ordinarily, in producing a security condition one would need to com-

pare the average reconstruction fidelity to the average possible cloning

fidelity, weighted by the probability of each input state for the full range of

input states. We were able to skip this process in section 5.2.4 as neither

the reconstruction nor the cloning fidelity depended on the input state.

This is not the case for squeezed states, however, where we know from

equation (183) that the reconstruction fidelity is strongly dependent on the

degree of squeezing present in the input state. It has also been shown [56]

that Gaussian states become more difficult to clone as squeezing increases,

so both the achievable cloning fidelity and the state reconstruction fidelity

will contain a 𝜁 dependence.
We will go on consider this approach fully for a specific distribution of

input states and obtain a tight security bound in section 5.3.1.4. For now,

though, let us draw a more generally applicable security condition by first

noting two facts about squeezed states.

1. Squeezed states are strictly more difficult to clone than unsqueezed

coherent states; the maximum cloning fidelity for a state with any

squeezing is F = 2/3 [56].

2. The reconstruction fidelity decreases monotonically with increasing

squeezing parameter; for any distribution of states the average recon-

struction fidelity is greater than the reconstruction fidelity for the

most-squeezed state.

Consequently, to prove security it is sufficient (if not necessary) that the

fidelity for the most-squeezed state in the distribution exceed F = 2/3. Let
us now ask, then, how much resource squeezing is required for a squeezed

state with a particular squeezing parameter 𝜁 to be reconstructed with
fidelity F = 2/3?
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Applying this threshold to equation (183), we can restate our security

condition as

Result 6. A QSS protocol for the sharing of a pure Gaussian secret state with

squeezing of up to 𝜁max is secure if the resource state used has steering of

𝐸1|2(𝑔) <
⎧⎪
⎨⎪
⎩

1 − 1
𝜂2𝛤(𝜁max) 𝑔 < 1 (𝜂 < 1)

1 − 𝛤(𝜁max) 𝑔 = 1
1
𝜂2 − 𝛤(𝜁max) 𝑔 > 1 (𝜂 > 1),

(185)

for some 𝑔 ∈ (0,√2) where 1/𝜂2 = 2 − 𝑔2 and

𝛤(𝜁) = 1 + 2 cosh(2𝜁) −√4 cosh
2(2𝜁) + 5 ≥ 0 (186)

is a monotonically increasing function of 𝜁 with 𝛤(0) = 0.

As the entanglement requirements strictly increase with increasing

squeezing parameter, satisfying the condition for any 𝜁max automatically
implies the security of any distribution of squeezed states that do not

exceed 𝜁max.
This security condition is illustrated in figure 13. To securely share states

with an increasing degree of squeezing requires increasingly strong en-

tanglement in the resource state. Indeed, as the input state squeezing in-
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Figure 13: Minimum resource steering that would required to share a coherent

state squeezed to the given degree below the standard quantum limit

with fidelity exceeding F = 2/3, for a QSS protocol with varying 𝑔
value. Black dashed line denotes the region within which this required

resource steering is physical for the given 𝑔. Shaded region indicates
that the required level of resource steering would be unphysical.
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creases the set of reconstruction parameters 𝑔 that can support the required
steering narrows. To share very highly squeezed states, then, resources

exhibiting broadly symmetric 𝑔 ≈ 1 steering are required. This reflects
a common theme we will find throughout this part of the thesis:7 as the

loosely-defined ‘quantumness’ of a state increases, the effectiveness of this

QSS protocol decreases. It is notable, though, that the required extra steer-

ing tends to 𝛤 = 1 as 𝜁 → ∞ so even highly-squeezed states (and, in the

limit, quadrature states) can be shared securely with a suitably-entangled

resource state.8

5.3.1.4 Tight security bound

The security results in the previous section act as a sufficient guarantor of

security, but do not represent a tight bound on the resource requirement.

Let us now consider the possibility that a much more permissive result

may exist: that squeezed input states may be able to be securely shared

with the same resource requirement as coherent states if they are drawn

from a suitable distribution, 𝑃(𝜁).
It is believed [56] (although not yet rigorously proven) that for a Gaussian

distribution of squeezed states the optimal cloning strategy coincides with

the optimal coherent-state cloning machine.9 Although the optimality of

this cloning approachhas not been proven, let us proceed for this subsection

under the assumption that it is the case with the appropriate caveat inmind.

They found that this cloning machine is able to reproduce individual

squeezed states with fidelity

Fclone(𝜁) =
2

√9 + 8 sinh
2(𝜁)

, (187)

for some squeezing 𝜁 ∈ ℝ.10

7And indeed one that is found throughout quantum communication.
8Although such states are unphysical, and so unlikely to form the secret state, the fact

that in theory they could be shared in the limit of perfect entanglement demonstrates

that any physical secret state is sharable.
9This result is believed to be true for Gaussian distributions centred around zero-squeezing

because any change to the cloning machine that accommodates squeezing in one quad-

rature would result in a worse clone for the opposite squeezing. This can then be used for

distributions centred on any known mean, ̄𝜁 by applying a blanket squeezing of − ̄𝜁 to
the states prior to cloning (rebasing the input distribution to a zero-mean Gaussian). The

original distribution can then be reproduced by applying an equivalent ̄𝜁 to the clones.
10Strictly speaking, as squeezing can be along any angle, we should consider any 𝜁 ∈ ℂ
and perform the integral in equation (188) over the complex plane. However, as neither

the cloning nor our QSS protocol is phase sensitive we can neglect the complex phase

and consider the complex number wholly real.
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To find the average cloning limit for a given input spectrum, then, one

would look to evaluate the integral

Fthreshold = ∫
∞

−∞
𝑑𝜁𝑃(𝜁)Fclone(𝜁). (188)

Due to the sinh|𝜁| term in the denominator of equation (187) this is a highly
non-trivial integral to evaluate analytically even for simple distributions

such as a Gaussian 𝑃. Let us leave it unevaluated then, and move on to
the average reconstruction fidelity. Recall, for 𝑔 ≤ 1 our reconstruction
fidelity for a single squeezed state with unknown squeezing 𝜁 is given by
equation (183) as

F = 2

√(2 e
2𝜁+𝜂2𝐸1|2(𝑔) + 1 − 𝜂2)(2 e−2𝜁+𝜂2𝐸1|2(𝑔) + 1 − 𝜂2)

, (189)

which we can turn into an average reconstruction fidelity by again integ-

rating over the probability distribution as

Favg = ∫
∞

−∞
𝑑𝜁𝑃(𝜁)F(𝜁). (190)

Knowing though that we aim to show that any steering is sufficient, let

us cheat somewhat and simplify this expression by considering already

only the case for which 𝐸1|2(𝑔) = 1, the boundary at which steering is
certified. At this point, the fidelity expression reduces to

F = 2

√(2 e2𝜁+1)(2 e−2𝜁+1)
= 2

√9 + 8 sinh
2(𝜁)

, (191)

and the 𝑔-dependence vanishes. This is exactly the fidelity achievable by
the optimal state cloning machine shown in equation (187)!

The security condition that the average reconstruction fidelity exceed

the average achievable cloning fidelity then becomes

Favg = ∫
∞

−∞
𝑑𝜁𝑃(𝜁)F(𝜁) > ∫

∞

−∞
𝑑𝜁𝑃(𝜁)Fclone(𝜁) = Fthreshold (192)

⟹ ∫
∞

−∞
𝑑𝜁𝑃(𝜁)[F(𝜁) − Fclone(𝜁)] > 0. (193)

Noting that F(𝜁) = Fclone(𝜁) for 𝐸1|2(𝑔) = 1, and that F(𝜁) only in-
creases with decreasing 𝐸1|2(𝑔), this condition is trivially satisfied for any
𝐸1|2(𝑔) < 1 (and 𝑔 ≤ 1) regardless of the input distribution 𝑃(𝜁). Con-
sequently, security can be guaranteed for any 𝐸1|2(𝑔) < 1 and 𝑔 ≤ 1 for
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any input distribution for which the cloning fidelity in equation (187) is

optimal.

Accounting, as we did for coherent states, for our ability to swap modes

and ensure 𝑔 ≤ 1 for any resource state exhibiting steering we can now
restate a familiar security condition.

Result 7. A sufficient condition for a two-mode resource state to be useful

for the secure (2, 3)-threshold QSS of squeezed secret states drawn from any

distribution for which the cloning machine described in Ref. [56] is optimal,

is that it exhibit any degree of quantum steering for any 𝑔 ∈ (0,√2).

We would again remind the reader here, though, that this result relies

upon the likely but unproven assumption that the cloningmachine outlined

in Ref. [56] is optimal for a Gaussian distribution of squeezed states. Should

that optimality be proven at any point in the future, then this result would

apply immediately. However, in the absence of a proof of optimality care

should be taken in relying upon this result alone for security.

Let us also note that this security analysis again assumes states are

drawn from the full range of coherent amplitudes ̄𝒓. A bespoke security
analysis for a real-world implementation of this protocol would have to be

performed for the specific distribution of secret state coherent amplitudes,

as performed for unsqueezed states in section 5.2.4, to guarantee security.

5.3.2 Thermal-state quantum state sharing

Finally, let us consider the use of this protocol for real-world continuous-

variable states: (squeezed) displaced thermal states. Until now, we have

exclusively considered pure states: idealised quantum states that saturate

the uncertainty limit. Although useful for the core analysis of the protocol’s

effectiveness, these minimum-uncertainty states do not exist in the real

world — any state initially created as a pure coherent state would immedi-

ately begin to interact with the environment and decohere into a mixed

thermal state. Often, this decoherence can be limited through the use of

controlled cryogenic environments such that the pure-state approximation

may be close enough [53, 62]. Nonetheless, it is worth considering the

effect this protocol has on states of varying mixedness.

A single-mode squeezed thermal state is characterised by the covariance

matrix

𝑉 = (2 ̄𝑛 + 1) (
exp(−2𝜁) 0

0 exp(2𝜁)
) , (194)
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where ̄𝑛 ≥ 0 represents the average number of thermal photons in the
state prior to displacement, and 𝜁 again represents a quadrature squeezing
imposed on the state.We will also assume here that the state is additionally

displaced such that information may be encoded within the mean vector

̄𝒓 ∈ ℝ2.

5.3.2.1 Reconstruction fidelity for mixed states

As our input state is no longer pure, the simple formula for fidelity from

equation (159) is no longer valid. Instead, we must consider the full form

of the Uhlmann fidelity for Gaussian states given by [24]

F = 2
√𝛥 + 𝛿 − √𝛿

exp[−( ̄𝒓𝜓 − ̄𝒓out)𝑇(𝑉𝜓 + 𝑉out)−1( ̄𝒓𝜓 − ̄𝒓out)], (195)

reducing to

F = 2
√𝛥 + 𝛿 − √𝛿

(196)

for equal-mean states, where

𝛥 = det(𝑉𝜓 + 𝑉out), (197)

𝛿 = (det𝑉𝜓 − 1)(det𝑉out − 1). (198)

The output state will again be described by the covariance matrix

𝑉out = 𝑉𝜓 + 𝜒𝐼2, (199)

where 𝜒 represents both noise from the use of an imperfect resource state

and from the (de)amplification, and is given by

𝜒 =
⎧⎪
⎨⎪
⎩

𝜂2𝐸1|2(𝑔) + 1 − 𝜂2 𝑔 ≤ 1 (𝜂 < 1)

𝐸1|2(𝑔) 𝑔 = 1

𝐸1|2(𝑔) + 1 −
1
𝜂2 𝑔 > 1 (𝜂 > 1)

. (200)

The two covariance-matrix-dependent components to the fidelity expres-

sion will then take the form

𝛥 = det(𝑉𝜓 + 𝑉out)

= (2 ̃𝑛 e−2𝜁+𝜒) (2 ̃𝑛 e2𝜁+𝜒)

= 4 ̃𝑛 + 𝜒2 + 4 ̃𝑛𝜒 cosh(2𝜁), (201)



5.3 quantum state sharing of other single-mode gaussian states 79

0 0.05 0.1 0.15 0.2 0.25
0

2

4

6

8

10

(a) 𝐸1|2(𝑔) = 0.75

0 0.05 0.1 0.15 0.2 0.25
0

2

4

6

8

10

(b) 𝐸1|2(𝑔) = 0.5

0 0.05 0.1 0.15 0.2 0.25
0

2

4

6

8

10

(c) 𝐸1|2(𝑔) = 0.25

0.50

0.55

0.60

0.65

0.70

0.75

0.80

0.85

0.90

0.95

Figure 14: Reconstruction fidelity achievable at 𝑔 = 1 for a single-mode Gaussian secret with given
thermal photon number ̄𝑛 and squeezing in decibels. Black dashed line denotes F = 2/3 as a
benchmark only, as this does not guarantee security for general Gaussian states.

and

𝛿 = (det𝑉𝜓 − 1)(det𝑉out − 1)

= ( ̃𝑛2 − 1)(( ̃𝑛 e−2𝜁+𝜒)( ̃𝑛 e2𝜁+𝜒) − 1)

= ( ̃𝑛2 − 1) ( ̃𝑛2 + 𝜒2 + 2 ̃𝑛𝜒 cosh(2𝜁) − 1) , (202)

for ̃𝑛 = 2 ̄𝑛 + 1 representing the single-mode variance arising from the

̄𝑛 thermal photons in the input state. We can then directly calculate the
reconstruction fidelity for a thermal input state from equation (196).

Result 8. An arbitrary single-mode Gaussian state with squeezing parameter

𝜁 and thermal photon number ̄𝑛 can be shared and reconstructed with fidelity

F = 2
/{ √( ̃𝑛𝜒 + ( ̃𝑛2 + 1) e

2𝜁) ( ̃𝑛𝜒 + ( ̃𝑛2 + 1) e−2𝜁)

−√( ̃𝑛2 − 1) ( ̃𝑛2 + 𝜒2 + 2 ̃𝑛𝜒 cosh(2𝜁) − 1)
} , (203)

for ̃𝑛 = (2 ̄𝑛 + 1) and

𝜒 = {
𝜂2𝐸1|2(𝑔) + 1 − 𝜂2 𝑔 ≤ 1 (esa)

𝐸1|2(𝑔) + 1 −
1
𝜂2 𝑔 ≥ 1 (lsatt)

(204)

when a resource state exhibiting steering of 𝐸1|2(𝑔) is used.

The pure-input-state case is recovered from result 8 by setting ̃𝑛 = 1,
whereupon the second root in the denominator vanishes and the fidelity

reduces to that precisely previously found in equation (183). The achievable

reconstruction fidelity for thermal states is shown in figure 14. Although
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these states continue to bemore difficult to share as the squeezing increases,

this effect is very quickly overwhelmed by the increase in reconstruction

fidelity obtained as the thermality of the input state increases. As seenmost

obviously in figure 14c for 𝐸1|2(𝑔) = 0.25, equivalent to 9 dB of resource-
squeezing for a TMSV state, a large proportion of squeezed states are able

to be reconstructed with near-perfect fidelity as the average thermal photon

number increases. This is not an unexpected result — in addition to being

more classical than uncertainty-saturating states, their existing thermality

makes these states resilient to added thermal noise and so less impacted

by both the resource residue and amplification corrections.

5.3.2.2 Security

In contrast to previous sections, we do not present a security analysis

for thermal state QSS here. As they do not saturate the uncertainty limit,

thermal states can be cloned with significantly better fidelity than their

coherent state counterparts; indeed, in the limit of infinite thermal photon

number thermal states can be cloned perfectly. Some work has been done

studying the cloning potential of thermal states. In 2006, Olivares et al. ana-

lysed the effectiveness of the standard coherent-state cloning machine

for thermal states [56], but did not argue that it was optimal. A cloning

strategy proven to be optimal for minimising norm distance was presented

by Guta et al. in 2006 [63]; it may be possible to derive a security condition

based on norm distance, but the details of this are beyond the scope of this

thesis. That this cloning strategy is optimal under the norm-distancemetric

does not mean that it is also optimal for maximising clone fidelity, so this

cloning machine is not suitable for a fidelity-based security condition. In

the event that one of these strategies be proven to optimise cloning fidelity,

a security condition could easily be derived for a subset of thermal states by

a similar method to that presented in sections 5.2.4 and 5.3.1.4 for coherent

and squeezed states.

5.4 multi-mode quantum state sharing

Now that we have characterised this quantum state sharing protocol for

the full range of single-mode Gaussian states, a natural next question

arises: can it be adapted to allow for the sharing of multi-mode states? The

desire to share these states may arise, for example, in distributed quantum

computing stacks in which one may wish to transmit an entangled multi-

mode state that has arisen mid-computation.
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We consider in this section a ‘local’ adaptation to our QSS protocol in

which each mode of the secret is shared with its own single-mode dealer

protocol. The 3𝑛 outputs from these dealer protocols are then grouped into

three shares, each containing a single output mode from each dealer as

shown in figure 15a.
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(a) Each mode of the secret state is passed to an independent dealer protocol and locally

converted into three shares. The two sets of output modes are then grouped into three

shares such that each share contains one mode from each dealer.
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(b) Eachmode of the original state can be reconstructed individually, by passing the relevant

parts of each share through a local reconstruction setup.

Figure 15: An example of a ‘local’ quantum state sharing protocol acting on a

two-mode secret state.

Should any two players collaborate to reconstruct the state they will then

have access to two components from each input mode and can reproduce

the input state as a whole by reconstructing each mode individually, as

shown in figure 15b.

Having studied this protocol’s use for single-mode Gaussian states in

sections 5.2 and 5.3, we already know it to be effective at reproducing the

intra-mode features of a quantum state. We are be primarily interested

here, then, in how well the inter-mode features such as entanglement are

preserved. In this section, we begin to answer this question by analysing

the simplest multi-mode case: a 2-mode secret state.
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We are unable to discuss the question of security for such states as

the optimal cloning process is not known. Some research into this area

has occurred, with cloning machines proposed by Weedbrook et al. [22]

(which assumes pre-existing knowledge of the entanglement structure)

and by Ge et al. [64] (which does not, but nonetheless has not been proven

optimal). However, a provably optimal cloning strategy for multi-mode

entangled Gaussian states remains unknown— as does, consequently, a

threshold fidelity against which we can certify guaranteed security from

the no-cloning theory.

Nonetheless, we will show here that this protocol remains effective for

multi-mode states with arbitrarily high fidelity reachable in the limit of

perfect entanglement. Should a no-cloning threshold be derived for multi-

mode entangled Gaussian states in the future, the security requirements

for this protocol can be derived through the same technique as for coherent

states in section 5.2.4.

5.4.1 Two-mode quantum state sharing

To allow us to consider this protocols effectiveness in more detail, let us

focus only on a pure 2-mode secret input state. The protocol can be extended

to any number of modes simply by appending additional single-mode QSS

protocols to this 2-mode case; if of interest, these could then be analysed

in the same way.

Recalling that every 2-mode Gaussian state can be put into normal form

through local operations alone, to better study the protocols impact on

entangled states let us take as our input the state with arbitrarymean vector

̄𝒓 ∈ ℝ4 and covariance matrix [22]

𝑉 =

⎛
⎜
⎜
⎜
⎝

𝑛 0 𝑐 0
0 𝑛 0 −𝑐
𝑐 0 𝑚 0
0 −𝑐 0 𝑚

⎞
⎟
⎟
⎟
⎠

, (205)

for 𝑛, 𝑚 ∈ ℝ and 𝑐 ≤ √𝑛𝑚 − 1.
As we are interested in the worst-case scenario, let us consider that the

collaborating players have access to the 1st and 3rd shares for each mode,

̂𝑋±1 =
1
√2
( ̂𝑋±𝜓 + ̂𝑋±𝑟1), (206)

̂𝑋±3 = ̂𝑋±𝑟2. (207)
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Consequently, each of the modes will be reconstructed as

̂𝑋±out =

⎧
⎪

⎨
⎪
⎩

̂𝑋±𝜓 + ̂𝑋±𝑟1 ∓ 𝑔 ̂𝑋±𝑟2 +√
1
𝜂2 − 1 ̂𝑋±vac 𝑔 < 1 (𝜂 < 1)

̂𝑋±𝜓 + ̂𝑋±𝑟1 ∓ ̂𝑋±𝑟2 𝑔 = 1

̂𝑋±𝜓 + ̂𝑋±𝑟1 ∓ 𝑔 ̂𝑋±𝑟2 +√1 −
1
𝜂2

̂𝑋±vac 𝑔 > 1 (𝜂 > 1)

. (208)

Assuming there are no correlations between the two resource states, the

output state will have covariance matrix

𝑉out = 𝑉𝜓 + (
(𝜂2𝐸𝑟11|2(𝑔) + 1 − 𝜂

2)𝐼2 02
02 (𝜂2𝐸𝑟21|2(𝑔) + 1 − 𝜂

2)𝐼2
) , (209)

for 𝑔 ≤ 1 and

𝑉out = 𝑉𝜓 + (
(𝐸𝑟11|2(𝑔) + 1 − 1/𝜂

2)𝐼2 02
02 (𝐸𝑟21|2(𝑔) + 1 − 1/𝜂

2)𝐼2
) , (210)

for 𝑔 ≥ 1, where 𝐸𝑟𝑖1|2(𝑔) represents the steering parameter for the 𝑖th
resource state.

From the form of equations (209) and (210) we can deduce that the

protocol will act to reduce entanglement. While it increases the intra-

mode noise (the diagonal elements of the covariance matrix), there is no

compensating increase in the inter-mode correlations, and so the overall

quality of the entanglement is decreased. Let us put this thought aside for

now, though, and instead ask how good this representation of the input

state is overall.

5.4.1.1 Fidelity for pure 2-mode states

The fidelity between a pure 2-mode state and a generally-mixed output

with equal mean vector can be found as the overlap

F = ⟨𝜓| ̂𝜌out|𝜓⟩ =
4

√det(𝑉𝜓 + 𝑉out)
. (211)

For the output states described in equations (209) and (210), then, a recon-

struction fidelity of

F = {
4/[(2𝑛 + 𝜂2𝐸𝑟11|2(𝑔) + 1 − 𝜂

2)(2𝑚 + 𝜂2𝐸𝑟21|2(𝑔) + 1 − 𝜂
2) − 4𝑐2] 𝑔 ≤ 1

4/[(2𝑛 + 𝐸𝑟11|2(𝑔) + 1 − 1/𝜂
2)(2𝑚 + 𝐸𝑟21|2(𝑔) + 1 − 1/𝜂

2) − 4𝑐2] 𝑔 ≥ 1,

(212)



84 gaussian quantum state sharing

is achievable, where 𝑐 = √𝑛𝑚 − 1 for pure input states and as usual
𝜂 = 1/√2 − 𝑔2.
As might be expected, each mode’s contribution to the fidelity depends

only on the resource state used in its single-mode protocol. With no en-

tanglement between the resource states, the protocol has no effect on the

inter-mode covariance parameter 𝑐 and it is reproduced with no change.11

As we will see in section 5.4.1.2, though, this will still have the effect of

reducing the entanglement.

It is possible, and perhaps in some scenarios desirable,12 to use resource

states with different properties to share eachmode; in this case the resource

state used for a given mode will of course impact only that mode and so

the reconstruction quality of each mode may differ.

Let us focus on the case in which the resource states used to share each

mode are equivalent such that 𝐸𝑟11|2(𝑔) = 𝐸
𝑟2
1|2(𝑔) ∶= 𝐸1|2(𝑔). As the dealer

should have full control over the properties of each resource state, it is

imagined that this would be the ordinary case. This assumption simplifies

the fidelity to the form

F = {
4/ (3 + [1 − 𝐸1|2(𝑔)]

2𝜂4 + 2[𝑛 + 𝑚 + 1][𝜂2𝐸1|2(𝑔) + 1 − 𝜂2)]) 𝑔 ≤ 1

4/ (3 + [ 1𝜂2 − 𝐸1|2(𝑔)]
2 + 2[𝑛 + 𝑚 + 1][𝐸1|2(𝑔) + 1 −

1
𝜂2 ]) 𝑔 ≥ 1,

(213)

where we have also accounted for the purity condition that 𝑐2 = 𝑛𝑚 − 1.
Aside from the choice of resource state, this reconstruction quality depends

solely on the sumof the individualmode variances,𝑛+𝑚—any asymmetry

in them does not appear to impact the quality of the reconstruction. This

fidelity is shown for varying 𝐸1|2(𝑔) in figure 16.
Much of this figure reflects what was seen when we studied single-mode

states in section 5.3. Although the fidelity is predominantly dependent on

the properties of the secret state, there remains a strong peak in achievable

fidelity for 𝑔 = 1. As was previously the case, excellent reconstruction
fidelity can continue to be found across the 𝑔 < 1 region, while it drops
much more rapidly as 𝑔 rises above 1.
The achievable fidelity depends strongly on the degree of entanglement

present within the secret state. Recalling that we are considering here only

pure input states, in which inter-mode entanglement is proportional to

the size of the intra-mode variances, this dependence on the sum𝑚+ 𝑛

11This does not need to be the case. If the entanglement structure within the secret state is

public knowledge the resource states could be designed with a complimentary entangle-

ment structure that better preserves the secret.
12Although one must admit no such scenarios immediately spring to mind.
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Figure 16: Reconstruction fidelity achievable for QSS of a pure two-mode Gaus-

sian state using a Gaussian resource state with steering parameter (a)

𝐸1|2(𝑔) = 0.75, (b) 𝐸1|2(𝑔) = 0.5, (c) 𝐸1|2(𝑔) = 0.25 for varying re-
construction parameter 𝑔. Here, 𝑛 + 𝑚 is the sum of the symplectic

invariants describing each mode of the input state, which acts as a

proxy for the amount of entanglement present in the state. Only those

𝑔 values for which the indicated steering is physical are shown. Dashed
black line indicates F = 2/3 as a benchmark only; exceeding this
threshold does not ensure security for multi-mode states.

acts as a rough proxy for the total entanglement present in the state. We

can immediately conclude then that higher-entangled multi-mode states

require greater resource entanglement to successfully be shared.

This is not a surprising result.We sawwhenwe studied squeezed states in

section 5.3.1.2 and thermal states in section 5.3.2.1 that increasing the ‘quan-

tumness’ of the secret state (through, for example, increasing squeezing)

increases the resource requirements, while decreasing the ‘quantumness’

(through, for example, increasing thermality) decreases it. That increasing

secret-state entanglement comes with increased resource entanglement

requirements is simply a continuation of this trend.

Let us now focus on the optimal case in which the protocol is performed

for reconstruction parameter 𝑔 = 1; that is, when no amplification correc-
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tion is required. In this case, the achievable reconstruction fidelity reduces

to

F = 4
[2𝑛 + 𝐸𝑟11|2(𝑔)][2𝑚 + 𝐸

𝑟2
1|2(𝑔)] − 4𝑐2

(214)

= 4
4 + 2(𝑚 + 𝑛)𝐸1|2(𝑔) + 𝐸1|2(𝑔)2

, (215)

where the two resource states used are assumed to be different in the first

line and identical in the second. This fidelity is shown in figure 17.
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Figure 17: Achievable reconstruction fidelity for a 2-mode Gaussian secret state

with single-mode variances 𝑛 and𝑚 using a QSS protocol with recon-
struction parameter 𝑔 = 1 and two resource states with steering 𝐸1|2(𝑔)
as shown. Dashed black line indicated F = 2/3 as a benchmark only;
exceeding this threshold does not guarantee security for multi-mode

states.

As we have already seen, the achievable fidelity decreases rapidly as the

entanglement present in the state increases, with greater resource steering

required to maintain a good fidelity. In the limit of perfect entanglement

(as 𝐸1|2(𝑔) → 1), though, we can see that this protocol always approaches
perfect reconstruction F → 1. Although this is not an achievable limit, it
does indicate that reconstruction fidelity is limited only by the quality of the

resource available: arbitrarily high reconstruction fidelity can be achieved

for any pure 2-mode secret state given suitably good-quality entanglement.

5.4.1.2 Entanglement preservation

Reconstruction fidelity is a very blunt measure of success, however, as it

represents the average reconstruction across all features of the state. While
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this is a useful measure of overall reconstruction quality, in the context of

multimode secrets it is worth additionally asking a more specific question:

how much of the inter-mode entanglement structures survive the process?

To match the measure of resource entanglement we have used through-

out our QSS discussion, let us quantify the secret state correlations through

their EPR steering parameter, defined by

𝐸1|2(𝛾) = 𝛥2( ̂𝑋+1 − 𝛾 ̂𝑋+2 ) = 𝛥2( ̂𝑋−1 + 𝛾 ̂𝑋−2 ), (216)

which for a two-mode Gaussian state in the standard form given by equa-

tion (205) is defined as

𝐸1|2(𝛾) = 𝑛 + 𝛾2𝑚− 2𝛾𝑐, (217)

𝐸2|1(𝛾) = 𝑚 + 𝛾2𝑛 − 2𝛾𝑐, (218)

where we have used 𝛾 instead of the customary 𝑔 to avoid confusion with
the equivalent parameter describing the resource state.

Applying this formula to the output states we found in equations (209)

and (210), the output state will exhibit steering in each direction of

𝐸1|2(𝛾) = {
𝐸in1|2(𝛾) + 𝜂

2[𝐸𝑟11|2(𝑔) + 𝛾
2𝐸𝑟21|2(𝑔)] + (1 + 𝛾

2)(1 − 𝜂2) 𝑔 ≤ 1

𝐸in1|2(𝛾) + 𝐸
𝑟1
1|2(𝑔) + 𝛾

2𝐸𝑟21|2(𝑔) + (1 + 𝛾
2)(1 − 1

𝜂2 ) 𝑔 ≥ 1,

(219)

and

𝐸2|1(𝛾) = {
𝐸in2|1(𝛾) + 𝜂

2[𝛾2𝐸𝑟11|2(𝑔) + 𝐸
𝑟2
1|2(𝑔)] + (1 + 𝛾

2)(1 − 𝜂2) 𝑔 ≤ 1

𝐸in2|1(𝛾) + 𝛾
2𝐸𝑟11|2(𝑔) + 𝐸

𝑟2
1|2(𝑔) + (1 + 𝛾

2)(1 − 1
𝜂2 ) 𝑔 ≥ 1.

(220)

For better clarity, let us consider the special case in which 𝑔 = 1; even
in this optimal case, the level of steering present in the output state is

described by

𝐸1|2(𝛾) = 𝐸in1|2(𝛾) + 𝐸
𝑟1
1|2(𝑔) + 𝛾

2𝐸𝑟21|2(𝑔). (221)

The steering present in our input state has been reduced to the sum of

the steering parameters of all three states — the input state plus the two

resource states! Recalling that a lower steering parameter 𝐸1|2(𝛾) ∈ [0, 1]
implies a greater degree of entanglement, this is a discouraging result. It is

clear that the application of this protocol effectively destroys entanglement
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between the modes, even when both resource states are presumed to be

relatively high-entanglement.

Without knowledge of the underlying entanglement structures, this

extension of quantum state sharing to multi-mode states is not suitable for

the sharing of entanglement.

5.4.2 Worst-case fidelity improvement through permutation of shares

Although we do not consider the question here of whether more bespoke

schemes for multi-mode state sharing exist, a remarkably simple adminis-

trative change can drastically improve the reconstruction fidelity for secret

states of three or more modes.

Recall that in section 4.2 we found that different reconstruction protocols

were required for different modes, and further that when one had access to

the first two output shares perfect reconstruction could always be achieved

regardless of the resource state. We have until now neglected to analyse

this case in great detail as it is only available to a single pair of shares.

This asymmetry exists because one of the three output modes, and hence

the share owned by one of the players, does not directly contain any in-

formation about 𝜓 and only consists of the auxiliary resource mode. When
we have a 3-mode secret state, however, we need not select a single ‘un-

lucky’ player who is given the poor-quality share for every mode. Rather,

we can allocate each player two higher-quality shares and a single poorer-

quality share. For a 3-mode secret this ensures that every possible pair

of players will reconstruct a single mode perfectly and two modes imper-

fectly. Although this will not impact the average fidelity across potential

reconstructions, it will increase the worst-case reconstruction.

By iterating which player is given the ‘bad’ share each mode, then, the

protocol effectively shares every third mode ‘for free’!

5.4.3 Further study in this area

As well as improving the achievable reconstruction fidelity through per-

muting shares, there remain other open questions regarding the possibility

for multi-mode QSS. The first is simply whether a better protocol can be

found: here, we have designed a protocol for single-mode states and simply

applied it twice to multi-mode states. It has previously been shown that for

the task of cloning entangled states a ‘global’ protocol which acts on both

modes at once is superior to performing two ‘local’ protocols on each mode

[22]. This is likely to be true for QSS also, so it may well be that reimagining
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the protocol from the ground up results in improvements in reconstruction

effectiveness.

Even without changing the protocol, there additionally remains the

question of the choice of resource state. We have here used two wholly

independent 2-mode resource states to share our 2-mode secret. However,

there is significant research interest at present in the properties and useful-

ness of multi-mode entanglement [65, 66]. It may well be the case that, by

optimising the fidelity over the space of all possible 4-mode resource states,

a better fidelity can be achieved. This could be investigated, for example,

by running a numerical optimisation over the space of 4-mode resource

states.

5.5 conclusion

In this chapter we have considered in detail the use of our quantum state

sharing protocol for the sharing of Gaussian state secrets. We have shown

that for a coherent-state secret, security can be guaranteed when the re-

source state used demonstrates any degree of steering, including states

only steerable in one direction. Notably, this is a much looser require-

ment than that for secure quantum teleportation, where bidirectional steer-

ing is required, and reflects the generally better-quality output from QSS

with asymmetric resource states. In addition to cases in which splitting

secrets into multiple parts is directly desirable, then, QSS may find uses as

a ‘cheaper’ alternative to teleportation for secure communication when a

security level of secure under the assumption an attacker has access to only

one of three transmission mediums is acceptable. While perhaps not useful

for high-risk scenarios against highly-capable bad actors, say in military

or diplomatic communication, this level of security may be considered a

reasonable tradeoff for increasing output state fidelity in less risky areas.

Looking at this protocol’s use for squeezed coherent states — and thus

any pure single-mode Gaussian state — we have found that the protocol

remains highly effective. Indeed, we have shown that it is provably secure

for any set of squeezed input states given a suitably-entangled resource.

Finally, we have shown that this protocol is effective for the sharing of

mixed and multi-mode states. Although we are not able to derive a security

condition for such states due to the lack of a provably-optimal cloning

strategy, the arbitrarily-good reconstruction fidelity achievable for them

indicates that secure QSS is possible here regardless of what the no-cloning

threshold is, so long as a suitably-entangled resource state is available.





6
INTERLUDE : MODELL ING HYBR ID FOCK- GAUSS IAN

PROCESSES

The use of Gaussian entanglement for the distribution of Fock states offers

the potential to sidestep the difficult process of generating discrete-variable

entanglement [67]. We will consider the use of our quantum state sharing

protocol for such states in the next chapter. Let us for now, though, pause

our discussion of quantum state sharing and consider the effect of a general

Gaussian channel on Fock-like states.

The standard approach to themodelling of interaction betweenGaussian

andFockmodes has previously been to either operate in the Fock formalism

[68–70], or to fall back on numerical models. Neither of these approaches

are particularly satisfying; although continuous-variable states can be well-

represented as infinite summations, for example as

|𝛼⟩ = e−
1
2 |𝛼|

2 ∞
∑
𝑛=0

𝛼𝑛

√𝑛!
|𝑛⟩ (222)

for a coherent state [16], the inclusion of more than one or two auxiliary

Gaussian modes (or, indeed, more complex states) quickly makes this a

non-trivial task. The use of numerical integrations, while an extremely

powerful tool when all state parameters are specified, do not allow for

general analytic results.

Some prior work has occurred investigating the impact of a Gaussian

channel on Fock inputs analytically. Ivan et al. in 2011 [71] described an

algorithmic method to convert a Gaussian channel from its phase space

description to a set of Fock-space Kraus operators. However, applying this

process to a specific Gaussian channel is in-general nontrivial, as shown

by the examples given in that paper. Similarly, Caves et al. in 2004 [72]

discussed the output fidelity achievable from an arbitrary Gaussian channel

given knowledge of the thermal noise it imparts. The approach taken in

that paper, however, is only applicable to the study of the output fidelity

and does not describe the form of the output state itself.

In this chapter, we outline the approach we will take to model the impact

of our QSS protocol on Fock states. In section 6.1 we briefly recap some

useful properties of Gaussian channels, and define the subset of such

channels that our approach works for. In section 6.2 we present a novel

91
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approach to the study of Gaussian channels acting on Fock eigenstates,

working entirely in the phase space formalism. By solving the integral for

the partial trace over an arbitrary Gaussian channel, a general description

of the output state is presented in theorem 10 for both the Wigner and

density-matrix formalisms. Although we do not present a similar general

solution for the Fock superposition states, in section 6.3 we discuss the

modelling of such states and outline an algorithm to model the impact of

a Gaussian channel on them.

6.1 gaussian channels and (𝑥 − 𝑝)-balance

Consider a Gaussian channel ̂𝛬 that maps Gaussian states to Gaussian
states but that does not preserve state purity. The standard way to model

such a purity-decreasing channel is to include an additional noise contri-

bution as

̄𝒓 ↦ 𝑇 ̄𝒓, 𝑉 ↦ 𝑇𝑉𝑇𝑇 + 𝑁, (223)

for some 𝑇, 𝑁 ∈ ℝ2×2 representing ̂𝛬.
This channel can also, however, be represented as some equivalent unit-

ary, 𝑈̂𝛬, acting on an enlarged system comprising the input mode alongside
some 𝑁 auxiliary modes representing the environment. The single-mode
output can then found by tracing out these inaccessible environmentmodes,

as

̂𝛬( ̂𝜌) = Tr2…𝑁+1[𝑈̂𝛬( ̂𝜌 ⊗ |𝐺(0, 𝑉)⟩⟨𝐺(0, 𝑉)|)]. (224)

This unitary is characterised by a symplectic matrix, 𝛬 ∈ Sp(2(𝑁 + 1);ℝ),
describing the transformation of the system as [73]

𝑊out(𝒒) = 𝑊in(𝛬 ⋅ 𝒒), (225)

for 𝒒 = (𝑥1, 𝑥2,… , 𝑥𝑁+1, 𝑝1, 𝑝2,…𝑝𝑁+1)𝑇 the quadrature coordinates. In
contrast to the rest of thesis, for the remainder of this chapter we will

assume that the quadratures are ‘𝑥𝑝-ordered’ such that the 𝑥 quadrature
variables for all modes precede the 𝑝 quadratures.
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Let us here restrict our discussion to those unitaries that act on these

two classes of quadrature separately, such that the transformation matrix

can be written

𝛬 = (
𝛬𝑥 0
0 𝛬𝑝

) . (226)

Assuming the environment system is zero-mean,1 the initial quantum

channel ̂𝛬 is wholly characterised by these transformation matrices2 𝛬𝑥
and 𝛬𝑝 and the initial state of the environment system, 𝑉. The solutions
we present in this chapter are valid only for Gaussian channels displaying

some degree of symmetry between the quadrature dynamics, which we

term ‘(𝑥 − 𝑝)-balanced’ channels and specify in definition 9.

Definition 9. A quantum protocol ̂𝛬 acting on one information mode, 𝜓,
and 𝑁 − 1 auxiliary modes is (𝑥 − 𝑝)-balanced if, after the protocol, the two
quadratures representing the output mode have

1. the same variance overall, and

2. identical contributions from the respective quadratures of the input

mode, ̂𝑋±𝜓 .

When the information mode is a Fock state or unsqueezed coherent state and

the auxiliary modes a Gaussian state with covariance matrix 𝑉 = 𝑉𝑥⊕𝑉𝑝,
this is equivalent to the conditions

(𝛬𝑥)1,1 = (𝛬𝑝)1,1, and (227)

[𝛬−1𝑥 (1 ⊕ 𝑉𝑥)(𝛬−1𝑥 )𝑇]1,1 = [𝛬−1𝑝 (1 ⊕ 𝑉𝑝)(𝛬−1𝑝 )𝑇]1,1, (228)

for 𝛬𝑥/𝑝 the matrices describing the evolution of the 𝑥/𝑝 quadratures under
the unitary, and 𝑉𝑥/𝑉𝑝 the covariance matrix for the auxiliary Gaussian
modes.

6.2 gaussian channels acting on fock eigenstates

Let us imagine now that the input to the channel ̂𝛬 consists of a Fock state
of known particle number,

̂𝜌in = |𝑛⟩⟨𝑛|, (229)

1which noise sources tend to be
2In fact, we need only one of the transformation matrices to characterise the unitary as

the symplectic nature of the channel dictates that𝛬𝑇
𝑝 = 𝛬−1

𝑥 .



94 interlude: modelling hybrid fock-gaussian processes

which will again be transformed by the channel to produce an output state,

̂𝜌out = Tr2…𝑁+1[ ̂𝛬(|𝑛⟩⟨𝑛| ⊗ |𝐺(0, 𝑉)⟩⟨𝐺(0, 𝑉)|)]. (230)

The change in the system from the application of this unitary is well un-

derstood and trivial to implement — the Wigner function evolves as a

coordinate transform exactly as described in equation (225). Tracing out

the environment modes to understand the state of the single-mode out-

put, however, is not such a simple task when the system is comprised of

non-Gaussian components. It is this latter task we primarily consider here.

6.2.1 Overview of approach

Although the details underpinning this framework are left to appendix B,

let us here give a brief overview of the approach we take.

The Wigner function describing the Fock state with known particle

number 𝑛 that forms the input to the channel, |𝑛⟩⟨𝑛| is given by [74]

𝑊𝑛(𝑥, 𝑝) =
(−1)𝑛
𝜋 exp[−(𝑥2 + 𝑝2)]𝐿𝑛[2(𝑥2 + 𝑝2)], (231)

for 𝐿𝑛(𝑥) the 𝑛th Laguerre polynomial3

𝐿𝑛(𝑥) =
𝑛
∑
𝑘=0

(𝑛𝑘)
(−1)𝑘
𝑘! 𝑥𝑘. (232)

The 𝑁-mode auxiliary Gaussian state, meanwhile, has Wigner Function
[73]

𝑊𝐺(𝒙, 𝒑) =
1

𝜋𝑁√det𝑉
exp(−𝒙𝑇𝑉−1𝑥 𝒙 − 𝒑𝑇𝑉−1𝑝 𝒑), (233)

for 𝑉 = 𝑉𝑥 ⊕𝑉𝑝 the matrix direct sum of the 𝑥 and 𝑝 covariance matrices.
The collective system acting as input to the Gaussian unitary, consisting

of the tensor product of these states, is given simply by the product of the

Wigner functions,

𝑊in(𝒙, 𝒑) =𝑊𝑛(𝑥1, 𝑝1)𝑊𝐺(𝑥2,… , 𝑥𝑁, 𝑝2,… , 𝑝𝑁) (234)

= (−1)𝑛

𝜋𝑁+1√det𝑉
𝐿𝑛[2𝒙𝑇(1 ⊕ 0𝑁)𝒙 + 2𝒑𝑇(1 ⊕ 0𝑁)𝒑]

× exp[−𝒙𝑇(1 ⊕ 𝑉𝑥)−1𝒙 − 𝒑𝑇(1 ⊕ 𝑉𝑝)−1𝒑], (235)

3See equation (18.5.E12) in Ref. [75]

http://dlmf.nist.gov/18.5.E12
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for 0𝑛 the 𝑛 × 𝑛matrix with all zero elements.4

6.2.1.1 State of the wider system post-operation

The Wigner function describing this system after the application of the

unitary is given by the coordinate transform,

𝑊out(𝒙, 𝒑) =𝑊in(𝛬𝑥 ⋅ 𝒙, 𝛬𝑝 ⋅ 𝒑) (236)

= (−1)𝑛

𝜋𝑁+1√det𝑉
𝐿𝑛[2𝒙𝑇𝛬𝑇𝑥(1 ⊕ 0𝑁)𝛬𝑥𝒙 + 2𝒑𝑇𝛬𝑇𝑝(1 ⊕ 0𝑁)𝛬𝑝𝒑]

× exp[−𝒙𝑇𝛬𝑇𝑥(1 ⊕ 𝑉𝑥)−1𝛬𝑥𝒙 − 𝒑𝑇𝛬𝑇𝑝(1 ⊕ 𝑉𝑝)−1𝛬𝑝𝒑], (237)

which we can write simply as

𝑊out(𝒙, 𝒑) =
(−1)𝑛

𝜋𝑁+1√det𝑉
𝐿𝑛[2(𝜆𝑥 ⋅ 𝒙)2 + 2(𝜆𝑝 ⋅ 𝒑)2]

× exp[−𝒙𝑇 ̃𝑉−1𝑥 𝒙 − 𝒑𝑇 ̃𝑉−1𝑝 𝒑] (238)

by noting that

𝒙𝑇𝛬𝑇𝑥(1 ⊕ 0𝑁)𝛬𝑥𝒙 = ∑
𝑖,𝑗
𝑥𝑖(𝛬𝑇𝑥)𝑖,1(𝛬𝑥)1,𝑗𝑥𝑗 = (𝝀𝑥 ⋅ 𝒙)2, (239)

for 𝝀𝑥/𝑝 the first row of 𝛬𝑥/𝑝, and defining

̃𝑉 = 𝛬−1(𝐼2 ⊕𝑉)(𝛬−1)𝑇. (240)

ThisWigner function represents a full characterisation of the wider state-

environment system. In this form, though, it tells us very little about the

state of the single outputmode of the Gaussian channel that we have access

to, which is likely to the be the object of most interest. To find the single-

mode output of the channel, we must trace out the remaining auxiliary

modes; a task we consider in the next subsection.

6.2.1.2 Tracing over a joint Fock-Gaussian system

The form of a single subsystem of a wider multi-mode state,𝑊sys(𝒒), can
be found by tracing out any unwanted modes. In the Wigner formalism,

this is achieved by integrating over those modes’ quadratures as [16]

𝑊subssys(𝒒1) = ∫
ℝ2𝑁

𝑑𝒒2,…,𝑁+1𝑊sys(𝒒), (241)

4Note that (𝐴⊕𝐵)−1 = 𝐴−1⊕𝐵−1 so 1 ⊕ 𝑉−1 = (1⊕𝑉)−1.
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where 𝒒𝑖 are the quadratures representing modes 𝑖. In the wholly Gaussian
case, this is a trivial and well-known Gaussian integral that reduces to the

matrix transforms we have discussed in section 2.1.2.

For a system consisting of both Gaussian and Fock modes, mixed ac-

cording to some unitary 𝑈̂𝛬, the integral is complicated by the additional
presence of a Laguerre polynomial,

𝑊𝜓′ =
(−1)𝑛

𝜋𝑁+1√det𝑉
∫
ℝ2𝑁
𝑑𝒙′𝑑𝒑′ {

𝐿𝑛[2(𝝀𝑥 ⋅ 𝒙)2 + 2(𝝀𝑝 ⋅ 𝒑)2]

× exp[−𝒙𝑇 ̃𝑉−1𝑥 𝒙 − 𝒑𝑇 ̃𝑉−1𝑝 𝒑]
} (242)

and is not immediately trivial to evaluate.

We tackle this integral in appendix B by first solving the foundational

integral,5

∫
ℝ𝑁
𝑑𝑁𝑥 (∏

𝑖∈𝛽
𝑥𝑖) exp(−𝒙𝑇𝑉−1𝒙 + 𝒂𝑇𝒙), (243)

for some arbitrary vector of indices 𝛽𝑖 in theoremB.3. By exploiting the sym-
metry inherent to Laguerre polynomials and the powers of vector-products,

this integral can be used to construct the full integral of equation (242)

through a number of stepping-stone integrals.

The reader is directed to appendix B for a full derivation of these integrals;

let us here instead simply note the structure of this derivation. By expanding

the Laguerre polynomial to the summations

𝐿𝑛[2(𝝀𝑥 ⋅ 𝒙)2 + 2(𝝀𝑝 ⋅ 𝒑)2]

=
𝑛
∑
𝑎=0

(𝑛𝑎)
(−1)𝑎
𝑎! 2𝑎[(𝝀𝑥 ⋅ 𝒙)2 + (𝝀𝑝 ⋅ 𝒑)2]

𝑎
(244)

=
𝑛
∑
𝑎=0

(𝑛𝑎)
(−1)𝑎
𝑎! 2𝑎

𝑎
∑
𝑏=0

(𝑎𝑏)(𝝀𝑥 ⋅ 𝒙)
2𝑏(𝝀𝑝 ⋅ 𝒑)2𝑎−𝑏, (245)

we can build up to the solution to the Laguerre polynomial integral by

using theorem B.3 to solve the integral of each of these ‘blocks’ in turn. We

5This integral can be recognised as a generalisation of the known integral underpinning

Wick’s theorem given by [76]

∫
ℝ𝑁
𝑑𝑁𝑥(∏

𝑖∈𝛽
𝑥𝑖) exp(𝒙𝑇𝑉−1𝒙) =

⎧
⎨
⎩

0 𝑛 odd
𝜋𝑁/2
2𝑛/2

√det𝑉 ∑
𝜍∈𝑃(𝛽)

𝑉𝜍0,𝜍1,… ,𝑉𝜍𝑛−2,𝜍𝑛−1 𝑛 even,

for 𝑛 = |𝛽| and 𝑃(𝛽) the set of all pairings of 𝛽. To enable us to perform the integral

in equation (242) over only a subset of the 𝑥𝑖 indices and not the whole 𝒙 space (i.e. to
perform a partial trace), we must introduce the additional linear term 𝒂𝑇𝒙.
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first solve for the integral of a Gaussian multiplying the power of a vector

dot product,

∫
ℝ𝑁
𝑑𝑁𝑥(𝝀𝑥 ⋅ 𝒙)𝑛 exp(−𝒙𝑇𝑉−1𝒙 + 𝒂𝑇𝒙), (246)

in theorem B.5 before extending this to polynomials of both quadratures

of the form [(𝝀𝑥 ⋅ 𝒙)2 + (𝝀𝑝 ⋅ 𝒑)2]𝑛 in theorem B.7. This foundation allows

us to finally solve for an integral of the general form

∫
ℝ2𝑁
𝑑𝒙′𝑑𝒑′ 𝐿𝑛[2(𝝀𝑥 ⋅ 𝒙)2 + 2(𝝀𝑝 ⋅ 𝒑)2] exp[−𝒙𝑇𝑉−1𝑥 𝒙 − 𝒑𝑇𝑉−1𝑝 𝒑)], (247)

under some 𝑥-𝑝 symmetry conditions, in theorem B.8. This integral is

immediately applicable to our use, but in the interest of simplicity we use

the knowledge that 𝑉 is a symmetric covariance matrix and 𝛬 is symplectic
to specify the result further in corollary B.11 and theorem B.14.

6.2.2 Statement of theorem

The integrals solved in appendix B allow us to present the following general

theorem for the output of a Gaussian quantum protocol acting on a Fock

state.

Theorem 10. The first output mode of a symplectic, (𝑥 − 𝑝)-balanced (see
definition 9) quantum unitary acting on a Fock state |𝑛⟩ and zero-mean
Gaussian auxiliary state |𝐺(0, 𝑉𝑟)⟩ as

̂𝜌out = Tr2,…[𝑈̂𝛬( ̂𝜌𝑛 ⊗ ̂𝜌𝐺(0,𝑉𝑟))], (248)

is given in the Wigner formalism by

𝑊out(𝑥, 𝑝) =
(−1)𝑛
𝜋

(𝜂 − 𝑣)𝑛
(𝜂 + 𝑣)𝑛+1

𝐿𝑛[
2𝜂

𝜂2 − 𝑣2 (
𝑥2 + 𝑝2)] exp[− 1

𝜂 + 𝑣(𝑥
2 + 𝑝2)],

(249)

or by the diagonal density matrix in Fock space

̂𝜌out = ∑
𝑚
𝐶𝑚|𝑚⟩⟨𝑚| (250)

for

𝐶𝑚 =
2

(𝑣 + 𝜂 + 1)𝑛+𝑚+1
min(𝑚,𝑛)
∑
𝑏=0

(𝑛𝑏)(
𝑚
𝑏)(4𝜂)

𝑏(𝑣 + 𝜂 − 1)𝑚−𝑏(𝑣 − 𝜂 + 1)𝑛−𝑏.

(251)
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Here,

𝑣 = 𝛬𝑇𝑝𝐼𝐽 ⋅ 𝑉𝑟𝑥 ⋅ 𝛬𝑝𝐼𝐽 = 𝛬𝑇𝑥𝐼𝐽 ⋅ 𝑉𝑟𝑝 ⋅ 𝛬𝑥𝐼𝐽, (252)

𝜂 = [(𝛬𝑥)1,1]2 = [(𝛬𝑝)1,1]2, (253)

for 𝛬 the transformation matrix representing the unitary.

Proof. This theorem is simply a restatement of theorem B.14 from ap-

pendix B in ket notation, noting that 𝛬J = √𝜂 and 𝑉J = 𝜂 + 𝑣.

Finally, noting that the Hilbert-Schmidt overlap, or fidelity, is given

simply by the𝑚 = 𝑛 element of the density matrix as

F = ⟨𝑛| ̂𝜌out|𝑛⟩ = ∑
𝑚
𝐶𝑚⟨𝑛|𝑚⟩⟨𝑚|𝑛⟩ = 𝐶𝑛, (254)

we can immediately state the following corollary of theorem 10.

Corollary 11. The fidelity between the first output mode of a symplectic,

(𝑥 − 𝑝)-balanced (see definition 9) quantum unitary acting on a Fock state

and a zero-mean Gaussian auxiliary state,

Tr2…𝑁[𝑈̂𝛬(|𝑛⟩|𝐺(0, 𝑉𝑟)⟩)], (255)

and the original Fock state is given by

F = 2
[𝑣2 − (1 − 𝜂)2]𝑛

(𝜂 + 𝑣 + 1)2𝑛+1
𝑛
∑
𝑏=0

(𝑛𝑏)
2

[ 4𝜂
𝑣2 − (1 − 𝜂)2 ]

𝑏
, (256)

for 𝑣, 𝜂 as defined in theorem 10.

6.2.3 Example: thermal attenuating channels

To illustrate this method, let us now consider the action of a canonical

Gaussian channel: linear attenuation in the presence of thermal noise.

This channel represents some portion 𝜖 < 1 of the signal — here the Fock

state — being lost and replaced by thermal environment noise, and can be

modelled simply as a beamsplitter with a thermal environment.

The coordinate transform for an attenuating channel is

𝛬𝑥 = 𝛬𝑝 = (
√1 − 𝜖 √𝜖
−√𝜖 √1 − 𝜖

) , (257)
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acting on the system ̂𝜌𝑛 ⊗ ̂𝜌th for ̂𝜌th a Gaussian thermal state with covari-
ance matrix 𝑉x = 𝑉p = (1 + 2 ̄𝑛)𝐼2 for ̄𝑛 representing the temperature of
the environment state. In the language of theorem 10, then,

𝜂 = 1 − 𝜖, 𝑣 = 𝜖(2 ̄𝑛 + 1). (258)

When the environment mode is traced out, theorem 10 states that the

output state will be described by the Wigner function

𝑊out(𝑥, 𝑝) =
(−1)𝑛

𝜋(1 + 2 ̄𝑛𝜖)[
2(1 − 𝜖)
1 + 2 ̄𝑛𝜖 − 1]

𝑛

× 𝐿𝑛[
2(1 − 𝜖)

(1 − 𝜖)2 − (2 ̄𝑛 + 1)2𝜖2 (
𝑥2 + 𝑝2)]

× exp[− 1
1 + 2 ̄𝑛𝜖(𝑥

2 + 𝑝2)], (259)

or by the density matrix ̂𝜌out = 𝐶𝑚|𝑚⟩⟨𝑚| with diagonal elements

𝐶𝑚 =
1

(1 + ̄𝑛𝜖)𝑛+𝑚+1
min(𝑚,𝑛)
∑
𝑏=0

(𝑛𝑏)(
𝑚
𝑏)(1 − 𝜖)

𝑏( ̄𝑛𝜖)𝑚−𝑏((1 + ̄𝑛)𝜖)𝑛−𝑏.

(260)

In the special case of ideal de-amplification (for which ̄𝑛 = 0), the output
simplifies to

𝑊out =
(−1)𝑛(1 − 2𝜖)𝑛

𝜋 𝐿𝑛[
1 − 𝜖
1 − 2𝜖(2𝑥

2 + 2𝑝2)] exp[−(𝑥2 + 𝑝2)], (261)

and

𝐶𝑚 =
min(𝑚,𝑛)
∑
𝑏=0

(𝑛𝑏)(
𝑚
𝑏)(1 − 𝜖)

𝑏[0]𝑚−𝑏𝜖𝑛−𝑏 (262)

= {
(𝑛𝑚)(1 − 𝜖)𝑚𝜖𝑛−𝑚 𝑚 ≤ 𝑛

0 𝑚 > 𝑛
. (263)

The output of an ideal amplitude de-amplification operation on a Fock

state, then, is a weighted distribution of all Fock states of lower energy than

the original as might be expected from a purely de-amplying process.When

the environment consists of thermal excitations above the vacuum, the de-

amplification no longer results in a probability distribution of strictly lower-

energy states. The thermal noise acts on each of the potential outputs by

randomly displacing their phase-space amplitude according to a zero-mean

Gaussian distribution. Consequently, although the output state probability

remains centred around the pure deamplified Fock state, there exists a

possibility that even very high-energy states may be found.
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Although these are not novel results, the application of theorem 10

makes the output of this channel immediately accessible.

6.3 gaussian channels acting on fock superposition

states

Finally, before returning to our discussion of quantum state sharing, let us

consider the modelling of the impact of Gaussian channels on superposi-

tions of the Fock eigenstates. These are states of the form

|𝜓⟩ = ∑
𝑛
𝛼𝑛|𝑛⟩, (264)

with∑|𝛼𝑛|2 = 1.
In the density matrix formalism, these states consist not only of diagonal

|𝑛⟩⟨𝑛| eigenstate components but also of coherences between the eigen-
states of the form |𝑛⟩⟨𝑚|.We have studied in the previous section the impact
of a Gaussian channel on the diagonal components, so it remains here to

consider the impact on the coherences.

Recall from section 2.1.2 the Wigner function describing such superpos-

ition states is given by the sum of the eigenstate Wigner functions and

coherence terms as

𝑊𝜓(𝑥, 𝑝) = ∑
𝑛
|𝛼𝑛|2𝑊𝑛(𝑥, 𝑝) + ∑

𝑛≠𝑚
𝛼†𝑛𝛼𝑚𝐼𝑛,𝑚(𝑥, 𝑝). (265)

For two Fock states, these coherence terms are given by the expression [77]

𝐼𝑛,𝑚(𝑥, 𝑝) =
(−1)𝑛
𝜋 √

𝑛!
𝑚![

√2(𝑥 + i𝑝)]
𝑚−𝑛

𝐿(𝑚−𝑛)𝑛 [2(𝑥2 + 𝑝2)] e−(𝑥2+𝑝2)

(266)

for 𝑛 > 𝑚 and by its complex conjugate for 𝑛 < 𝑚; here, 𝐿(𝛼)𝑛 (𝑥) is the
generalised Laguerre polynomial given by

𝐿(𝛼)𝑛 (𝑥) =
𝑛
∑
𝑗=0

(−1)𝑗
𝑗! (𝑛 + 𝛼𝑛 − 𝑗)𝑥

𝑗. (267)

Despite the presence of an imaginary part in each of the coherence terms,

the Wigner function remains wholly real as the imaginary components of

𝐼𝑛,𝑚 and 𝐼𝑚,𝑛 cancel fully.
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After the application of the unitary, 𝑈̂𝛬, the output system will again be

dictated by the coordinate transformation,

𝑊out(𝒒) =𝑊in(𝛬 ⋅ 𝒒) (268)

=∑
𝑛
|𝛼𝑛|2𝑊𝑛((𝛬 ⋅ 𝒒)1)𝑊𝐺((𝛬 ⋅ 𝒒)2…𝑁)

+ ∑
𝑛≠𝑚

𝛼†𝑛𝛼𝑚𝐼𝑛,𝑚((𝛬 ⋅ 𝒒)1)𝑊𝐺((𝛬 ⋅ 𝒒)2…𝑁), (269)

for 𝒒 the quadrature coordinates. We already know the form of the partial

trace of this first summation from theorem 10. Integrating over the second

summation, however, poses some challenge due to the presence of the

additional (𝑥 ± i𝑝)𝑛 component that breaks the previous symmetry.
To tackle these coherence term integrals, we return to the fundamental

integral from theorem B.3, following the general process

1. expand the polynomial recursively to reach a sum of integrals of the

form given in equation (243);

2. solve each integral individually using theorem B.3;

3. sum these integral solutions to get the result.

The results presented in section 7.2 on the use of quantum state sharing

for Fock superposition states are derived following algorithm 1, implemen-

ted usingWolframMathematica [78], an algebraic computing library which

produces an analytic output. Although this process must be performed

separately for every superposition combination, the symbolic nature of the

Algorithm 1 Integration of a superpositionWigner function

To trace out the auxiliary modes from a superposition containing eigen-

states drawn from the setN𝜓.

set solution = 0
▷ Solve for the eigenstate terms

for 𝑛 ∈ N𝜓 do

apply theorem 10 to |𝑛⟩⟨𝑛| to get result
add |𝛼𝑛|2×result to solution

▷ Solve for the coherence terms

for 𝑛 ∈ N𝜓,𝑚 ∈ N𝜓 where𝑚 ≠ 𝑛 do
expand 𝐼𝑛,𝑚((𝛬 ⋅ 𝒒)1)𝑊𝐺((𝛬 ⋅ 𝒒)2…𝑁) to a sum of integrals

set result_sum = 0
for each integral in 𝐼𝑛,𝑚((𝛬 ⋅ 𝒒)1)𝑊𝐺((𝛬 ⋅ 𝒒)2…𝑁) do

apply theorem B.2 to integral to get result

add result to result_sum

add 𝛼†𝑛𝛼𝑚×result_sum to solution

return solution
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computations ensures that a full characterisation of the output for each su-

perposition class is achieved. In particular, the analysis covers an arbitrary

weighting of the eigenstates; the specific superposition is not specified.

We also use this approach to find the reconstruction fidelity by solving

the integral

F =2𝜋∫
ℝ2
𝑑𝑥𝑑𝑝𝑊𝜓′(𝑥, 𝑝)𝑊in(𝑥, 𝑝), (270)

using an approach analogous to algorithm 1.
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(a) |1⟩ (input) (b) |1⟩ (8 dB reconstruction) (c) |1⟩ (13 dB reconstruction)

(d) |3⟩ (input) (e) |3⟩ (8 dB reconstruction) (f) |3⟩ (13 dB reconstruction)

Figure 18: Input and reconstructed-output states for |1⟩ and |3⟩ Fock-eigenstate secrets shared using a
TMSV resource state with 8 dB or 13 dB squeezing as labelled. In every case, the output state is
a smoothed, noisy copy of the input state due to the added thermal noise from the resource

state residue, but the essential features of the original Wigner function are clearly visible. As

resource-state entanglement increases, the similarity of the reconstruction to the original input

state increases.

Discrete-variable systems, in which the quantum states are represented

as eigenstates of a countable variable such as particle number, are widely

used within quantum technology and form the basis of many quantum

computation stacks [79–82]. However, their usefulness is tempered by

the relative difficulty in the distribution of such states. In contrast to

continuous-variable communication schemes, which operate fully determ-

inistically, discrete-variable protocols are inherently probabilistic due to

their reliance on the outcome of a probabilistic Bell measurement [68,

83, 84]. A certain proportion of attempted transmissions will fail, posing

a problem for the communication of quantum information that cannot

be readily copied. On the other hand, continuous-variable communica-

103
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tion can provide a 100% success rate at the cost that every transmission

will be degraded in some way [70]. Further, continuous-variable entan-

glement can be readily generated and distributed in a deterministic way

simply by interfering squeezed states [85], while the generation of discrete-

variable entanglement requires sophisticated quantum equipment. The

development of so-called hybrid protocols which allow for the use of such

continuous-variable entanglement and communication protocols for the

transmission of discrete-variable states is therefore of great interest.

In this chapter we will consider the potential for our quantum state

sharing protocol to be used as such a hybrid protocol, sharing discrete

variable states using Gaussian entanglement. In section 7.1 we will first

consider the sharing of particle-number eigenstates. Using the framework

established in chapter 6, we will demonstrate that this protocol remains

useful for the full range of Fock eigenstates given a suitably-entangled

resource state. As the eigenstates are perfectly distinguishable using a

particle-number measurement, and thus perfectly clonable, we do not

present a security condition for such states here. However, we will discuss

briefly the potential for security for this type of state.

We will then, in section 7.2, go on to consider two-level superpositions

of number states, most notably the |0⟩/|1⟩ and |1⟩/|2⟩ qubit states.

7.1 sharing fock eigenstates

Let us begin our discussion of the use of our protocol for discrete-variable

states by considering the photon-number eigenstates.

In section 4.2.4 we introduced pre-amplification or post-attenuation

steps, as required, to our quantum state sharing protocol to correct for the

amplification it imposes on the secret state and thus preserve the phase-

space mean. The Fock states we will consider in this chapter, though, are

always zero-mean so it is worth asking at this stage whether this correction

remains useful. For much of our discussion of Fock eigenstate QSS, we

will consider both the uncorrected generally-amplifying protocol and the

corrected nonamplifying version.
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7.1.1 Output state

Let us begin by considering what the output of this protocol will look like.

We know from theorem 10 that Gaussian protocols induce no superposition

so the output density matrix will be wholly diagonal and take the form

̂𝜌out = ∑
𝑚
𝐶𝑚|𝑚⟩⟨𝑚|, (271)

for a set of coefficients 𝐶𝑚 summing to 1.
Let us initially consider what we will term the ‘raw’ output from the

protocol, where no correction is made for the amplification. Applying

theorem 10 to the protocol outlined in section 4.2.3 yields an output state

described by the density matrix elements

𝐶𝑚 =
2
𝜂2

min(𝑚,𝑛)
∑
𝑏=0

4𝑏(𝑛𝑏)(
𝑚
𝑏)
(𝐸1|2(𝑔) − 1 + 1/𝜂2)𝑛−𝑏(𝐸1|2(𝑔) + 1 − 1/𝜂2)𝑚−𝑏

(𝐸1|2(𝑔) + 1 + 1/𝜂2)𝑚+𝑛+1
,

(272)

for 𝜂 = 1/√2 − 𝑔2 representing the amplification of the output state.
These contributions to the output state are shown for varying reconstruc-

tion parameter 𝑔 in figure 19. Unsurprisingly, the form of the output state

shows a clear gradient in photon number as 𝑔 (and thus the amplification)
increases. For values of 𝑔 below 1, the state becomes increasingly likely
to be found with a number of photons below the photon number of the
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Figure 19: Density matrix contributions to the uncorrected (generally-amplified)

reconstruction of (a) |2⟩, (b) |3⟩ input secret state using a TMSV re-
source state exhibiting 6 dB of squeezing, and so a steering parameter
of 𝐸1|2(𝑔) ≈ 0.5. Vertical dashed lines outline the 𝑔 = 1 non-amplifying
case; horizontal dashed lines outline the output contribution that

matches the input state.
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original input state. Conversely, as 𝑔 increases above 1 the state becomes
more sparsely distributed across a distribution of higher-energy eigenstates.

We also begin to see the emergence of a curious result, particularly in the

|2⟩ case — some of the deamplifying protocols (those for which 𝑔 < 1) pro-
duce an output result in which there is a greater likelihood of reproducing

the input state than in the nonamplifying (𝑔 = 1) protocol. We will discuss
this result more in section 7.1.2.

Let us now turn our attention to the case in which this amplification

has been corrected for through either an additional pre-amplification (for

𝑔 < 1) or post-attenuation (for 𝑔 > 1) step. Applying theorem 10 again to

this corrected protocol produces an output state described by the density

matrix 𝐶𝑚|𝑚⟩⟨𝑚| with elements

𝐶𝑚 =
⎧

⎨
⎩

2
(1+𝜂2𝐸1|2(𝑔)−𝜂2)𝑛+𝑚

(3+𝜂2𝐸1|2(𝑔)−𝜂2)𝑛+𝑚+1
∑min(𝑛,𝑚)
𝑏=0 (𝑛𝑏)(

𝑚
𝑏 )[

2
1+𝜂2𝐸1|2(𝑔)−𝜂2

]
2𝑏

𝑔 ≤ 1

2
(1+𝐸1|2(𝑔)−1/𝜂2)𝑛+𝑚

(3+𝐸1|2(𝑔)−1/𝜂2)𝑛+𝑚+1
∑min(𝑛,𝑚)
𝑏=0 (𝑛𝑏)(

𝑚
𝑏 )[

2
1+𝐸1|2(𝑔)−1/𝜂2

]
2𝑏

𝑔 ≥ 1,

(273)

for an input state with known photon number 𝑛. These contributions are
shown for varying 𝑔 and the same example resource state in figure 20.
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Figure 20: Density matrix contributions to the ampification-corrected reconstruc-

tion of (a) |2⟩, (b) |3⟩ input secret state using a TMSV resource state ex-
hibiting 6 dB of squeezing, and so a steering parameter of 𝐸1|2(𝑔) ≈ 0.5.
Vertical dashed lines outline the 𝑔 = 1 non-amplifying case; horizontal
dashed lines outline the output contribution that matches the input

state.

Comparing to figure 19, the effect of this amplification correction becomes

apparent. Much of the 𝑔-dependence in the spread of output contributions
has vanished, with the output state much more closely bunched around

the input state for all values of 𝑔. There remains potential for the output
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state to be a different Fock state to the input state, but this probability now

presents in a broadly uniform way and is limited to the region immediately

around the input state.

On the other hand, however, the improved likelihood of finding the

output state in the correct eigenstate seen for 𝑔 < 1 in figure 19 has been
lost, so for some 𝑔 values correcting for the amplification may produce a
worse result. We will consider this trade-off more when we discuss the

benefits of correcting for amplification in more detail in section 7.1.3.

Finally, let us consider for a moment the special case in which 𝑔 = 1 and
no phase-space amplification is imparted by the protocol. In addition to

gaining the benefits of a non-amplifying protocol without requiring the use

of noise-inducing correction steps, 𝑔 = 1 represents the space in which the
best-quality entanglement can be found. When 𝑔 = 1, the density matrix
elements reduce to

𝐶𝑚 =
2

(𝐸1|2(𝑔) + 2)𝑚+𝑛+1
min(𝑚,𝑛)
∑
𝑏=0

(𝑛𝑏)(
𝑚
𝑏)4

𝑏[𝐸1|2(𝑔)]𝑚+𝑛−2𝑏. (274)

Notably, the summation runs only to the smaller of 𝑚 and 𝑛— only when

𝑚 = 𝑛 does the 2𝑏 = 𝑚 + 𝑛 case, in which the term does not directly scale

with 𝐸1|2(𝑔), exist. In the perfect entanglement limit, when 𝐸1|2(𝑔) → 0
only the 𝐶𝑛 term will survive therefore and the original secret state will

always be reproduced perfectly.

The makeup of this output state is shown for a non-amplifying protocol

for a number of example input states in figure 21. Clearly, increasing the

(a) 8 dB TMSV resource (b) 13 dB TMSV resource
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Figure 21: Output state contributions for the first 10 Fock input states at 𝑔 = 1,
using the labelled resource states. Each row in the figure represents

a the noted input state, with each box in the row representing the

contributions to the output density matrix, as labelled above. Tighter

horizontal distributions represent better reconstructions.
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energy level of the input state increases the photon-number variance in

the output. Low particle-number states can be shared and reconstructed

relatively easily with limited introduction of neighbouring states; as the

particle number increases, though, the spread in potential photon number

increases and the output state becomes less pure. Although these higher-

photon-number states decohere quickly for the worse-entangled resource

state in figure 21a by increasing the resource squeezing even the high-

energy states return to the reasonably tight distribution seen in figure 21b.

This output state can be described by a classical probability distribution

with variance strongly dependent both on the resource steering parameter

and original input state as1

𝜎2 = 𝐸1|2(𝑔) +
1
2𝑛𝐸1|2(𝑔) +

1
4𝐸1|2(𝑔)

2, (275)

indicating that although higher photon number states are more susceptible

to the noise added by the protocol this can indeed be offset by increas-

ing entanglement. In the perfect entanglement limit, the input state is

reproduced perfectly with no variance in photon number. One can see

intuitively why this might be the case by returning to theWigner functions

shown in figure 18: as the photon number increases, the state contains

more complex quantum features and is thus more susceptible to the impact

of added Gaussian noise. This represents a continuation of the trend we

have returned to throughout this thesis, that the more ‘quantum’ an input

state is the harder it is to share.

Although this distribution appears to be centred on the input state, in

fact even in the non-amplifying case the output state has a mean photon

number slightly above the input state given by

⟨ ̂𝑛⟩ = 𝑛in +
1
2𝐸1|2(𝑔), (276)

reflecting the slight photon-increasing bias inherent to thermal noise.2 This

distribution in output photon number is shown more clearly in figure 22

for selected input states.

1This variance and the following mean measure were found through a numerical fit that

perfectly predicted the first 150 Fock state outputs. Given the natural form of the result

(consisting only of simple rational coefficients), we conjecture that these results are exact

and hold for all |𝑛⟩ input.
2This bias is easily explained by considering that the random thermal fluctuations act on

phase-space amplitude, which is not bounded by 0. A large enough shift in the direction

initially reducing photon number will eventually surpass the origin and begin to increase

photon number again, while a shift in the opposite direction will always increase photon

number. When these random fluctuations are described by a Gaussian distribution the

tails will be photon-increasing in both directions, causing a small but not-insignificant

bias towards photon-number increase.
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Figure 22: Photon probability distribution in the reconstructed output state for

given Fock input states when shared at 𝑔 = 1 using a two-mode
squeezed vacuum resource state with 8 dB squeezing.

The output probability closely resembles a Gaussian distribution, taper-

ing exponentially as the distance between the input and output photon

numbers increases, but exhibits a degree of skewness due to the asymmet-

ric bounds on photon number. A standard Gaussian is therefore unable to

properly describe the output, although there are a number of asymmetric

Gaussian distributions that allow for skewness, including the skewed-

normal [86, 87] and folded normal [88] distributions, that may be able to

be applied to model these results.

7.1.2 Reconstruction quality

Let us now focus more closely on the quality with which this protocol

reconstructs Fock input states. As the spectrum of possible output states

is orthogonal, the fidelity of the output state is precisely the probability

amplitude describing the likelihood that it would be found in the |𝑛⟩⟨𝑛|
state, given by the relevant density matrix element

F = 𝐶𝑛. (277)

For the ‘raw’ QSS protocol, prior to the application of any amplification

corrections, a Fock-state secret |𝑛⟩ is reconstructed with fidelity

F = 2
𝜂2(𝐸1|2(𝑔) + 1 +

1
𝜂2 )

2𝑛+1

𝑛
∑
𝑏=0
4𝑏(𝑛𝑏)

2
(𝐸1|2(𝑔)2 − (1/𝜂2 − 1)2)𝑛−𝑏,

(278)

for 𝜂 = 1/√2 − 𝑔2 as usual.



110 hybrid fock-gaussian quantum state sharing

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
0.0

0.2

0.4

0.6

0.8

1.0

(a) |1⟩

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
0.0

0.2

0.4

0.6

0.8

1.0

(b) |2⟩
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Figure 23: Achievable reconstruction fidelity using an uncorrected QSS protocol parameterised by 𝑔 with
a Gaussian resource state with steering parameter 𝐸1|2(𝑔) to share the labelled Fock states. Only
shown is the region 𝐸1|2(𝑔) > |1 − 𝑔2| for which steering is able to exist. Region enclosed by the
dashed line denotes F > 2/3 as a benchmark only as this does not guarantee security for the
set of Fock eigenstate inputs.

This fidelity is shown for the first three excited Fock states for varying

setup parameters in figure 23. We can see again here the curious behaviour

for 𝑔 < 1 we noted in section 7.1.1 emerge from the fidelities shown in this

figure. Ordinarily, all other circumstances being equal, we would expect

that the best result would be obtained at 𝑔 = 1, when the output state
is least-distorted by amplification. As can be seen most clearly in the |2⟩
reconstruction profile in figure 23b, though, the optimal value of 𝑔 for any
set steering parameter lies some point below 𝑔 = 1. As the photon number
increases, the optimal reconstruction parameter increases towards 𝑔 = 1
with further de-amplified reconstructions again producing a worse result.

There are two effects contributing to this phenomenon, the first of which

we have previously seen affect Gaussian states in chapter 5. While a de-

amplification in the protocol represents a degradation of the information

describing the state, it also reduces the thermal noise added by the remain-

ing resource state contributions. As deamplifiction is a multiplicative effect

— impacting larger photon-number states more than lower energy ones

— the negative impact is more fully offset by the reduced thermal contri-

butions for lower Fock states. As the energy level of the input state rises,

though, the deamplification begins to have a much more significant effect

that outweighs any potential improvement from the reduced thermal con-

tribution, so the optimal reconstruction parameter moves again towards

𝑔 = 1.
There is, additionally, a further effect that only emerges when we con-

sider Fock states: as we found in section 7.1.1, thermal noise is not zero-

mean in photon-number space. Even at 𝑔 = 1 this protocol has a mild
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Figure 24: Achievable reconstruction fidelity using an amplification-correctedQSS protocol parameterised

by 𝑔 and a Gaussian resource state with steering parameter 𝐸1|2(𝑔) to share the labelled Fock
states. Only shown is the region 𝐸1|2(𝑔) > |1 − 𝑔2| for which steering is able to exist. Dashed
region denotes F > 2/3 as a benchmark only, as this does not guarantee security for the set of
Fock eigenstates.

photon-number increasing effect and so, in contrast to the phase-space

picture, the unity-gain point for this protocol will lie mildly below 𝑔 = 1.
As any deamplification acts proportionately to the photon number 𝑛, while
the photon-number increase from thermal noise is constant, this is not an

amplification that can be universally corrected for. When the input states

are drawn from a known distribution of Fock states, a specific optimal

𝑔unity can be derived that minimises the average amplification across that
distribution (although some input states will still be amplified while oth-

ers will be de-amplified). In the absence of such implementation-specific

details, however, we will continue to use 𝑔 = 1 as our unity-gain point to
avoid an outsize impact on very high photon number states.

Let us consider now the reconstruction quality when we do make a

correction such that there is no phase-space amplification at any value of 𝑔.
The same protocol with this correction applied produces a reconstruction

fidelity of

F =
⎧

⎨
⎩

2
(1+(𝐸1|2(𝑔)−1)𝜂2)2𝑛

(3+(𝐸1|2(𝑔)−1)𝜂2)2𝑛+1
∑𝑛
𝑏=0 (

𝑛
𝑏)
2[ 2
1+(𝐸1|2(𝑔)−1)𝜂2

]
2𝑏

𝑔 ≤ 1

2
(1+𝐸1|2(𝑔)−1/𝜂2)2𝑛

(3+𝐸1|2(𝑔)−1/𝜂2)2𝑛+1
∑𝑛
𝑏=0 (

𝑛
𝑏)
2[ 2
1+𝐸1|2(𝑔)−1/𝜂2

]
2𝑏

𝑔 ≥ 1
(279)

which is shown in figure 24. As anticipated, applying an amplification

correction has removed the fidelity bonus observed in the 𝑔 < 1 region.
Indeed, in every case the peak achievable reconstruction fidelity is now

found at 𝑔 = 1, where no amplification correction is required. However,
this mild loss in fidelity for values of 𝑔 < 1 close to 1 is accompanied by
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Figure 25: The achievable reconstruction fidelity using a QSS protocol implemen-

ted at 𝑔 = 1 for Fock input states as denoted and a Gaussian resource
state with steering parameter 𝐸1|2(𝑔).

a significant increase in the achievable reconstruction fidelity in highly

asymmetric 𝑔 ≠ 1 regions.
As the pre-amplification correction for 𝑔 < 1 setups occurs prior to

the application of the QSS protocol, this setup continues to benefit from

the resource-contribution deamplification that we attributed much of the

increased fidelity to. However, this amplification step is itself necessar-

ily noisy, so imparts an additional thermal distortion to the secret state.

The quality of the amplification-corrected output is a tradeoff between

this additional noise added by the amplification and the improvement by

undoing the deamplification on the output state. For low photon num-

bers and reconstruction parameters already close to 𝑔 = 1 the negative
impacts of this correction may well outweigh any gains from removing the

de-amplification.

Finally, let us comment briefly on the special 𝑔 = 1 case in which the
protocol is naturally non-amplifying in phase-space and no correction is

required. This is also the point in which the greatest levels of quantum

steering is possible, as the level of steering present in a resource state is

bounded by |𝑔2 − 1|. In this case, the reconstruction fidelity for a Fock |𝑛⟩
input is given by

F𝑔=1 =
2

(𝐸1|2(𝑔) + 2)2𝑛+1
𝑛
∑
𝑏=0
(𝑛𝑏)

2
4𝑏𝐸1|2(𝑔)2(𝑛−𝑏). (280)
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This obtainable reconstruction fidelity for varying degrees of resource

entanglement is shown for the first 10 Fock states in figure 25. Although a

deep reduction in reconstruction fidelity is observed as 𝑛 increases, with
extremely good entanglement necessary to achieve high fidelity for high-

photon-number input states, in the limit of ideal entanglement every Fock

state is reproduced perfectly. Although in practical terms the resource

requirements may be prohibitively high in some cases, every Fock state

can therefore in theory be shared with arbitrarily good fidelity — the only

limit to protocol effectiveness is the availability of entanglement resources.

7.1.3 To amplify or not to amplify

Having now considered both uncorrected (amplifying) and corrected (non-

amplifying) forms of the protocol, let us briefly discuss the question of

which should be used. As with many questions of optimising for quantum

information, there is no single answer here; the preferable protocol depends

greatly on which set of Fock states are used and at which reconstruction

parameter.

Consider for example figure 26, which shows the reconstruction and

steering parameters for which an improvement in fidelity can be found

by correcting for the amplification. Although most states show a fidelity

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
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Figure 26: The regions in which reconstruction fidelity would be improved by

introducing an amplification correction for the labelled Fock input

states. Filled regions indicate that improvement is possible from the

correction.

improvement from the amplifiction-correction for 𝑔 > 1, the low photon-
number states — those least affected by attenuation — are improved by
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leaving the de-amplification uncorrected for 𝑔 < 1. As the photon number
increases, though, the region in which not correcting for the amplification

is preferable shrinks.

We should consider here also themagnitude of this improvement, though.

This is shown for the |3⟩ and |4⟩ states in figure 27 . Although there may be
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(b) |4⟩
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Figure 27: Ratio of reconstruction fidelity using corrected F𝑐 and uncorrected
F𝑛𝑐 QSS protocols on (a) |3⟩ and (b) |4⟩ input secret states when using
a resource state with steering parameter 𝐸1|2(𝑔) and reconstruction
parameter 𝑔 as indicated. Coloured region indicates improvement from
correcting for amplification; grey region indicates a better fidelity can

be achieved by leaving the output in its amplified form.

a reduction in fidelity from correcting for the amplification in the region

around 𝑔 = 1 (shown in grey), this loss is small compared to the loss from
leaving the state (de)amplified elsewhere (shown in colour). The maximal

loss from correcting for the amplification is a ∼ 20% reduction in fidelity,
while the potential loss from not correcting for it approaches the complete

loss of information about the state. Were the amplified output found to be

optimal for some of the set of input states and the non-amplified output

optimal for others, it is likely then that correcting for the amplification

would provide the best overall fidelity.

Finally, let us note that the amplification correction opens up the use

of this protocol for future hybrid CV-DV states. The displaced Fock state,

in which a phase-space displacement operation has been applied to a

photon number state, has the ability to carry information both in its original

discrete Fock state form and through the continuous displacement of its

mean [89]. Any remaining phase-space amplification would distort this

mean vector as it would for the coherent state, disproportionately reducing

the reconstruction fidelity for highly-displaced states. For the protocol to

be useful to this class of state, then, the amplification correction is required

regardless of its impact on the underlying Fock state.



7.2 sharing fock superposition states 115

7.1.4 Security

Finally, let us consider for a moment the matter of security. Although we

have frequently highlighted the F > 2/3 region to enable easier compar-
ison between figures, we do not present a security analysis for the set of

Fock eigenstates. This is because our usual no-cloning criteria cannot be

applied here. As the Fock states consist of an orthogonal set, there is no

limit on the quality with which they can be cloned — a Fock state can be

readily identified through a particle-counting measurement, after which

any number of perfect clones can be created directly. The lack of an upper

limit on cloning fidelity for these states means we are unable to be certain

of security based on the achieved reconstruction fidelity alone.

However, let us briefly note that although the input states are drawn from

an orthogonal set, the intermediate shares they produce are not orthogonal

— and form part of a wider entangled system— and so cannot themselves

be readily cloned. The protocol therefore retains a degree of security from

measure-and-resend attacks.

A security analysis for these states could be performed by considering the

information available to an adversary directly. In the ideal case, this would

correspond to simply comparing the amount of information contained in

a single share to the information obtainable from the reconstruction. In a

realistic implementation, however, a full analysis would have to consider

all sources of loss as these could be due to the presence of an eavesdropper

siphoning part of the signal.

The lack of a defined security condition on the Fock eigenstates may

limit the use of this protocol for state transmission. However, QSS still has

uses outside of secure quantum cryptography; for example, in recovery

from transmission loss. The high-fidelity reconstruction of Fock states

therefore remains of interest regardless of the security of the protocol. Let

us now turn our attention to superpositions of such states, where security

can again be guaranteed.

7.2 sharing fock superposition states

In this section, we continue our analysis of the Fock states by considering

superposition states of the general form

|𝜓⟩ = ∑
𝑛
𝛼𝑛|𝑛⟩ (281)

for∑|𝛼|2 = 1.
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In the previous section, in addition to looking at the non-amplifying QSS

protocol we also considered the output states in their ‘raw’ uncorrected

form. In some limited cases, such as the |0⟩ / |1⟩ qubit state, an improvement
in fidelity may be found by allowing for such a de-amplifying QSS protocol.

However, as the de-amplification acts on each eigenstate differently — and

directly transforms some |1⟩ states into |0⟩ states — care would need to
be taken when allowing for a generally-amplifying protocol to ensure the

superposition was not unduly affected. To avoid this problem, we focus

here exclusively on the non-amplifying case.

In any event, much of our discussion in this section will focus on the

𝑔 = 1 case where the two cases coincide.

7.2.1 Overview of process and security condition

In our discussion of superposition QSS, we will initially consider the single-

shot fidelity obtainable for a fully specified state— that is to say, for specific

values of 𝛼𝑖— as

F(𝜶) = 2𝜋∫
ℝ2
𝑑𝑥𝑑𝑝𝑊in(𝑥, 𝑝, 𝜶)𝑊out(𝑥, 𝑝, 𝜶), (282)

which can be solved using algorithm 1 outlined in section 6.3. As we will

see, the fidelity with which a given superposition state is reconstructed

depends on the balance between its contributing eigenstates. As a simple

example, we already know from the previous section that the extremal

|0⟩ and |1⟩ members of the general superposition class 𝛼0|0⟩ + 𝛼1|1⟩ are
reconstructed with vastly different fidelities.

Much of our interest, though, will be in the average reconstruction

fidelity achievable across an entire class of superposition state, given by

integrating across the superposition coefficients as

Favg =
1
N ∫𝑑𝜶F(𝜶), (283)

for someN = ∫𝑑𝜶 which normalises the average.
We will here parameterise an 𝑁-mode superposition using the unit-

radius hyperspherical coordinate system as

|𝜓⟩ = cos 𝜃1|𝜓1⟩ + sin 𝜃1 cos 𝜃2|𝜓2⟩ +⋯ + sin 𝜃1 sin 𝜃2… sin 𝜃𝑁−1|𝜓𝑁⟩,
(284)
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to ensure it remains normalised, in which case the average fidelity across

the superposition class is given by the integral3

Favg =
𝛤(𝑁2 )
𝜋𝑁/2

∫
𝜋

0
𝑑𝜃1𝑑𝜃2…𝑑𝜃𝑁−1(

𝑁−2
∏
𝑖=1

sin𝑖𝜃𝑁−1−𝑖)F(𝜽), (285)

for 𝛤(⋅) the Gamma function.4 For a two-mode superposition this average
can be found simply as

Favg =
1
𝜋 ∫

𝜋

0
𝑑𝜃F(𝜃), (287)

while for three-mode superpositions it is given by

Favg =
1
2𝜋 ∫

𝜋

0
∫

𝜋

0
𝑑𝜃1𝑑𝜃2 sin 𝜃1F(𝜃1, 𝜃2). (288)

As the specific superposition within each class is not distinguishable

by a single measurement (as the Fock eigenstates are, for example), com-

munication using them is again protected by the no-cloning theorem. The

ability to optimally clone arbitrary Fock superpositions has been studied

by Bužec & Hillery [58] who prove that the best possible fidelity from two

clones of an 𝑁-level superposition state is

Fopt. cloning =
𝑁 + 2
2𝑁 + 2. (289)

As we discussed in section 4.3, exceeding this fidelity guarantees that the

state reconstruction is secure. For qubit states, this equates to security

threshold fidelity of F = 2/3, while for qutrits the security threshold is
reduced to F = 5/8.

3Ordinarily this integral over the unit hypersphere would consist of 𝑁 − 2 integrals
over the range 𝜃1…𝑁−2∶0 ↦ 𝜋 and one integral over the range 𝜃𝑁−1∶0 ↦ 2𝜋. For a
quantum state, though, the lower hemisphere represents only a global phase shift from

the upper hemisphere and so can be neglected.
4For integer parameters 𝑛 the Gamma function is given by 𝛤(𝑛) = (𝑛 − 1)!. For half-
integer parameters 𝑛 + 1/2, it is given by

𝛤(𝑛 + 1
2) = √𝜋

(2𝑛)!
4𝑛𝑛! . (286)
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7.2.2 Qubit states

Let us start our discussion of Fock superposition QSS with the lowest-

energy qubit state: the superposition of the ground and first excited states

given by

|𝜓⟩ = cos 𝜃|0⟩ + sin 𝜃|1⟩. (290)

In the Wigner formalism this qubit state is given by

𝑊(𝑥, 𝑝) = 1
𝜋 [cos

2𝜃 + sin2𝜃 (2𝑥2 + 2𝑝2 − 1) + 2√2 sin 𝜃 cos 𝜃𝑥] e−𝑥2−𝑝2,

(291)

taking a varying form as the superposition balance changes between the

|0⟩ and |1⟩ eigenstates, as shown in figure 28.

(a) 1|0⟩ + 0|1⟩ (b)
√2
√3
|0⟩ + 1

√3
|1⟩ (c) 1

√3
|0⟩ + √2

√3
|1⟩ (d) 0|0⟩ + 1|1⟩

Figure 28: Wigner function representation of indicated qubit superpositions

between |0⟩ to |1⟩.

The fidelity after applying the quantum state sharing protocol to this

state can be obtained by applying algorithm 1 to the fidelity integral in

equation (282) — splitting the resultant product into a sum of individually

solvable integrals before summing their solutions. For the standard 𝑔 = 1
case, we find that such a superposition state can be reconstructed with a

𝜃-dependent fidelity given by

F𝜃 =
[4 cos(2𝜃) − cos(4𝜃) + 2𝐸1|2(𝑔) + 5]𝐸1|2(𝑔) + 8

(𝐸1|2(𝑔) + 2)3
, (292)

which is shown in figure 29a. Although the full spectrum of superposition

states spans from 𝜃 ∶ 0 ↦ 𝜋, as the achievable fidelity is symmetric about
𝜋/2 we only present the range in which both coefficients are positive.
As might be expected, this superposition is relatively easy to share. In-

deed, those superpositions that lie close to the |0⟩ vacuum eigenstate can be
sharedwithF = 2/3with very small degrees of steering. As these nearly-|0⟩
states are approximately Gaussian in nature, with the vacuum state be-

longing to the class of coherent states, this result is simply an application
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Figure 29: (a) Single-shot reconstruction fidelity achievable at 𝑔 = 1 for a cos 𝜃|0⟩+
sin 𝜃|1⟩ qubit secret state for varying steering parameter. (b) Average
reconstruction fidelity across a flat 𝜃 distribution for the same input
state for varying 𝑔. Dashed line in each case denotes theF > 2/3 region
for which security can be guaranteed.

of the Gaussian protocol we have studied extensively in section 5.2. As

the superposition ratio moves further towards the |1⟩ eigenstate, though,
the reconstruction fidelity achievable for a given level of steering drops

monotonically with a steering parameter of 𝐸1|2(𝑔) ≈ 0.31 required to
guarantee security at 𝜃 = 𝜋/2. Notably, though, the reconstruction fidelity
never drops below that achievable for the |1⟩ eigenstate; any member of
this superposition class can be reconstructed with no-worse fidelity than

the first excited state.

In analysing the effectiveness of this protocol for the full class of such

superposition states, we should consider the expected reconstruction fidel-

ity from an unknown state randomly selected from the class — otherwise

known as the average fidelity obtainable across the class from 𝜃 = 0 to
𝜃 = 𝜋. In the 𝑔 = 1 special case this averaged fidelity is given by

Favg =
8 + 5𝐸1|2(𝑔) + 2𝐸1|2(𝑔)2

(𝐸1|2(𝑔) + 2)3
. (293)

The average expected fidelity is shown above for varying reconstruction

parameter 𝑔 and steering parameter 𝐸1|2(𝑔) in figure 29b. As we found
previously for Gaussian and Fock eigenstate secrets, the best average re-

construction fidelity is found around 𝑔 = 1, with decreasing fidelity — and

thus greater entanglement requirements for guaranteed security — as we

move away from this range.

Although the steering required to achieve security is increased compared

to that for wholly-Gaussian quantum state sharing, there remains a sizeable
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(a) cos𝜃|0⟩ + sin𝜃|2⟩
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(b) cos𝜃|0⟩ + sin𝜃|3⟩
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(c) cos𝜃|0⟩ + sin𝜃|4⟩
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Figure 30: Single-shot reconstruction fidelity achievable at 𝑔 = 1 for the two-level superpositions of the
vacuum and one excited Fock state as labelled. Dashed line in each case denotes the F > 2/3
region for which security can be guaranteed.

region within which secure QSS can be achieved, denoted by the dashed

black line in figure 29b . For the standard 𝑔 = 1 special case, for example,
the resource state need only exhibit steering of around 𝐸1|2(𝑔) ≈ 0.60,
corresponding tomarginallymore than 5 dB squeezing for aTMSVresource
state — well within the routinely achievable range. Although secure QSS

for these qubit states is limited to the broadly symmetric region (0.76 ≲
𝑔 ≲ 1.14), this covers a large number of common resource states; greatly
asymmetric states are rare in practice as asymmetry severely limits the

potential entanglement.

We have found here that secure quantum state sharing of qubit states

can be achieved using presently-achievable Gaussian entanglement with

no change to the protocol. Let us now consider whether this holds for the

more general two-level Fock superposition.

7.2.3 Other two-level superpositions

We will here consider the wider class of Fock superposition states of the

form

|𝜓⟩ = cos 𝜃|𝑛⟩ + sin 𝜃|𝑚⟩. (294)

As discussed in section 6.3,wehave not solved this class of state for a general

𝑛 and𝑚, instead relying on an algorithmic (but fully analytic) approach
for specific (𝑛,𝑚) pairings. We will therefore consider the protocol here
through a series of example states.
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Every example of a two-level superposition that contains the vacuum

state acts similarly to the qubit state from the previous subsection.Very high

fidelities are achievable while the superposition state remains similar to

the |0⟩ eigenstate, while increasingly imperfect copies are reconstructed as
the input state moves towards the other eigenstate. A number of examples

are shown in figure 30. As might be predicted from the increasing diffi-

culty with which larger Fock eigenstates are reconstructed, as the second

contributing eigenstate increases in photon-number the average recon-

struction fidelity across the superposition class reduces. Even for relatively

high photon numbers, though, the entanglement required to guarantee

security remains broadly achievable. The case of the cos 𝜃|0⟩ + sin 𝜃|3⟩
superposition, for example, is securely sharable using a TMSV resource

with ∼ 8.8 dB squeezing, which approaches the upper limit of squeezing
levels that are readily achievable but remains within the feasible range.

When we consider superpositions of two excited states, though, a more

interesting result begins to emerge. Consider, for example, the single-shot

fidelity achievable for the (|1⟩, |2⟩) and (|2⟩, |3⟩) superpositions shown in
figures 31a and 31b. Although the achievable reconstruction fidelity at

each extreme of the superposition remains low compared to the vacuum

state, a peak in fidelity emerges between the eigenstates. It turns out that

some Fock superposition states can be shared and reconstructed with a

greater fidelity than either of their contributing eigenstates.
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Figure 31: Single-shot reconstruction fidelity achievable at 𝑔 = 1 for two-level superpositions of excited
Fock states as labelled. Dashed line in each case denotes the F > 2/3 region for which security
can be guaranteed.
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This initially counter-intuitive result makes sense when one considers

the states’ similarity to the Gaussian. Recall that the coherent state with

complex amplitude 𝛼 can be defined as the superposition of Fock states

|𝛼⟩ = e−
1
2 |𝛼|

2 ∞
∑
𝑛=0

𝛼𝑛

√𝑛!
|𝑛⟩. (295)

Although the non-vacuum coherent state is a superposition of all Fock

states, it is likely that a well-selected superposition of two Fock states

may be ‘more Gaussian’ than either eigenstate alone. It should be entirely

expected, then, for such superpositions to be more resilient to Gaussian

noise than their eigenstate relatives. This is not uniformly the case for all

Fock superpositions, though, as shown by the (|2⟩, |4⟩) superposition in
figure 31c for which the improvement in fidelity is only found at low levels

of resource entanglement. Some combinations of eigenstate, such as the

(|1⟩, |4⟩) superposition, show no improvement at all indicating that not all
superpositions have the potential to increase Gaussianess.

Finally, let us comment on the average reconstruction fidelity for such

states and thus their ability to be shared securely. The lowest-energy non-

vacuum superposition — the 𝛼1|1⟩ + 𝛼2|2⟩ state — can comfortably be

shared securely using presently achievable entanglement, with ∼ 8.6 dB
squeezing required in a TMSV state. This is an important result as such

states are a popular second choice for qubit-style information carriers

alongside the |0⟩ and |1⟩ superposition.
Securely sharing higher photon number superpositions may be presently

out of reach, however. For example, the (|1⟩, |3⟩), (|2⟩, |3⟩) and (|1⟩, |4⟩) su-
perposition states each require between 10𝑑𝑏 and 11𝑑𝑏 of resource squeez-
ing. Although achievable with existing technology, this would be unlikely

to leave enough flexibility to accommodate losses or environment noise

in a real-world setup. Gaussian entanglement generation continues to in-

crease at pace, though, so QSS may be routinely usable for such states in

the near-to-mid term.

7.2.4 Multi-level superpositions

Finally, let us briefly address the question of larger Fock superpositions by

considering the three-level superposition of the form

|𝜓⟩ = cos 𝜃1|𝑛1⟩ + sin 𝜃1 cos 𝜃2|𝑛2⟩ + sin 𝜃1 sin 𝜃2|𝑛3⟩, (296)
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(a) cos𝜃1|0⟩ + sin𝜃1 cos𝜃2|1⟩ + sin𝜃1 sin𝜃2|2⟩
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(b) cos𝜃1|0⟩ + sin𝜃1 cos𝜃2|1⟩ + sin𝜃1 sin𝜃2|3⟩
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(c) cos𝜃1|0⟩ + sin𝜃1 cos𝜃2|1⟩ + sin𝜃1 sin𝜃2|4⟩
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(d) cos𝜃1|0⟩ + sin𝜃1 cos𝜃2|2⟩ + sin𝜃1 sin𝜃2|3⟩
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(e) cos𝜃1|0⟩ + sin𝜃1 cos𝜃2|2⟩ + sin𝜃1 sin𝜃2|4⟩

𝐸1|2(𝑔) = 0.75 𝐸1|2(𝑔) = 0.5 𝐸1|2(𝑔) = 0.25

Figure 32: Single-shot reconstruction fidelity at 𝑔 = 1 for indicated superpositions and resource steering
parameters. Grey line at 𝜃1 = 𝜋/2 indicates the cos 𝜃2|𝜓2⟩ + sin 𝜃2|𝜓3⟩ two-level superposition
with no contribution from |𝜓1⟩. Green and red lines at 𝜃2 = 0, 𝜋/2 similarly indicate two-level
superpositions of |𝜓1⟩ & |𝜓3⟩ and |𝜓1⟩ & |𝜓2⟩ respectively. Green and red stars indicate the |𝜓2⟩
& |𝜓3⟩ eigenstates while the |𝜓1⟩ eigenstate exists along the entire axes at 𝜃1 = 0, 𝜋. Black
dashed line indicates the secure region for which F > 5/8.
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(f) cos𝜃1|0⟩ + sin𝜃1 cos𝜃2|3⟩ + sin𝜃1 sin𝜃2|4⟩
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(g) cos𝜃1|1⟩ + sin𝜃1 cos𝜃2|2⟩ + sin𝜃1 sin𝜃2|3⟩
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(h) cos𝜃1|1⟩ + sin𝜃1 cos𝜃2|2⟩ + sin𝜃1 sin𝜃2|4⟩
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(i) cos𝜃1|1⟩ + sin𝜃1 cos𝜃2|3⟩ + sin𝜃1 sin𝜃2|4⟩

0 π

4

π

2

3 π

4

π
0

π

4

π

2
★

★
0 π

4

π

2

3 π

4

π
0

π

4

π

2
★

★
0 π

4

π

2

3 π

4

π
0

π

4

π

2
★

★

(j) cos𝜃1|2⟩ + sin𝜃1 cos𝜃2|3⟩ + sin𝜃1 sin𝜃2|4⟩

𝐸1|2(𝑔) = 0.75 𝐸1|2(𝑔) = 0.5 𝐸1|2(𝑔) = 0.25

Figure 32 (continued): Single-shot reconstruction fidelity at 𝑔 = 1 for indicated superpositions and resource
steering parameters. Grey line at 𝜃1 = 𝜋/2 indicates the cos 𝜃2|𝜓2⟩+sin 𝜃2|𝜓3⟩ two-level superposition with
no contribution from |𝜓1⟩. Green and red lines at 𝜃2 = 0, 𝜋/2 similarly indicate two-level superpositions
of |𝜓1⟩ & |𝜓3⟩ and |𝜓1⟩ & |𝜓2⟩ respectively. Green and red stars indicate the |𝜓2⟩ & |𝜓3⟩ eigenstates while
the |𝜓1⟩ eigenstate exists along the entire axes at 𝜃1 = 0, 𝜋. Black dashed line indicates the secure region
for which F > 5/8.
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for 𝜃1, 𝜃2 ∈ [0, 𝜋]. The single-shot fidelity for varying 𝜃1, 𝜃2 is shown for
every combination of superpositions up to the |4⟩ eigenstate in figure 32.
As was the case for two-level superpositions, no improvement can be found

over the fidelity achievable for a vacuum input so every superposition

containing |0⟩ (figures 32a to 32f) shows maximal fidelity at the 𝜃 = 0, 𝜋
edges of the plot where that eigenstate is found.

For a number of the other superpositions, though, a more complex

dependency on the superposition coefficients emerges in which the fidelity

is not maximised for any individual eigenstate. Consider, as an example,

the (|1⟩, |2⟩, |3⟩) case in figure 32g or the (|2⟩, |3⟩, |4⟩) case in figure 32j. In
each case a reasonable fidelity can be achieved along the left and right

extremes, indicating the first eigenstate, with a lesser fidelity achievable

for the second and third eigenstates indicated by the red and green stars.

In both cases, though, an ‘egg’ of significantly increased fidelity emerges in

the bottom left of the plot. In the marginal cases, a fidelity of 5/8 indicating
secure reconstruction is only achievable within this ‘egg’ — and is not

obtainable for any eigenstate alone. That this phenomenon appears more

pronounced for three-level superpositions than two-level superpositions

supports the hypothesis that it derives from the state’s increasing similarity

to the coherent state as more levels are added to the superposition.

As previously, though, the more important result for our purposes is the

expected average fidelity for an unknown member of the superposition

class obtained by integrating over the 𝜃1, 𝜃2 space. This average reconstruc-
tion fidelity is shown for the three lowest-energy superpositions in figure 33.

Three-level systems, consisting of more degrees of freedom, are more diffi-

cult to clone than two-level ones so the slightly looser threshold of F > 5/8
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Figure 33: Single-shot reconstruction fidelity achievable at 𝑔 = 1 for three-level Fock states superpositions
as labelled. Dashed line in each case denotes the F > 5/8 region for which security can be
guaranteed.
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is sufficient to guarantee security here. This turns out to be only very mar-

ginally more difficult to achieve than for two-level superpositions. Using a

two-mode squeezed vacuum at 𝑔 = 1 as our usual standard entanglement
source, the lowest-energy three-level superposition (|0⟩ + |1⟩ + |2⟩) can be
securely shared with only ∼ 5.5 dB of resource squeezing (𝐸1|2(𝑔) ≈ 0.57).
Indeed, every three-level superposition consisting of at most the |4⟩ num-
ber state can securely shared using no more than 10 dB squeezing, with
security achievable for many of them5 with 8 dB squeezing.
This relative ease with which superposition states can be shared appears

to continue as more levels are added to the superposition. Security can be

guaranteed for every permutation of 4-level superposition with eigenstates

up to |4⟩ for only 9 dB TMSV squeezing, while the 5-level superposition
class 𝛼0|0⟩ + 𝛼1|1⟩ + 𝛼2|2⟩ + 𝛼3|3⟩ + 𝛼4|4⟩ needs only ∼ 7.75 dB resource
squeezing to certify security.

7.3 conclusion

In this chapter we have considered the use of the Gaussian quantum state

sharing protocol outlined in chapter 4 for sharing discrete-variable particle

number states and their superpositions.

Such states are essential to discrete-variable quantum information pro-

cesses, but the generation and distribution of non-Gaussian entanglement

is a comparatively difficult task. Exploiting Gaussian entanglement for the

communication of discrete-variable states then allows one to combine the

benefits such states bring to some quantum information tasks with the

relative ease of Gaussian entanglement generation.

We have shown that low particle-number states can be shared with high

fidelity using readily available Gaussian entanglement. Further, any Fock

eigenstate can be sharedwith arbitrarily good fidelity given a suitably strong

entanglement resource. The space of number-state inputs this protocol

is useful for will only increase in size as better entanglement sources are

developed in the future.

For this class of states, however, security cannot be guaranteed through

the no-cloning theorem, which may limit the protocol’s usefulness. Other

tools may be available for future to analyse the security of Fock-eigenstate

protocols; we have considered security based on other considerations to be

out of the scope of this thesis.

5The |0⟩ + |1⟩ + |2⟩, |0⟩ + |1⟩ + |3⟩, |0⟩ + |2⟩ + |3⟩, and |1⟩ + |2⟩ + |3⟩ superpositions all
have a squeezing requirement of around 8 dB.
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Considering the Fock superposition states, we have demonstrated that

security is possible for a large number of classes of superposition, many

with existing, readily-available entanglement sources. Many more are se-

curely sharable with cutting-edge entanglement sources. Beyond two-level

superposition states, we have also demonstrated security for a number of

three- or four-level superpositions. Although we have only considered a

subset of the possible Fock superpositions, we outlined in section 6.3 an

algorithm to use for the study of any Fock superposition state.

The results we have found in this chapter indicate that there is significant

potential for this protocol to be used for the secure distribution of some

of the most commonly used qubit-like and qutrit-like states using only

Gaussian entanglement with limited difficulty over sharing Gaussian states.

Even modest increases in our ability to generate Gaussian entanglement

should expand the set of states for which this protocol can be guaranteed

to be secure.





8
CONCLUS ION

In this part of the thesis, we have presented a quantum state sharing pro-

tocol utilising continuous-variable sources of entanglement for the secure

distribution of Gaussian and Fock-like states.

After introducing the protocol in chapter 4, we demonstrated in chapter 5

that it is useful for the secure sharing of coherent states even at very low

levels of entanglement. In particular, assuming an input set making up the

full range of coherent amplitudes, any 2-mode Gaussian state exhibiting

any degree of EPR-steering can be used for secure QSS. Notably, this is

a looser condition than is necessary for teleportation, which requires the

existence of EPR-steering in both directions and so excludes the use of

weaker single-directional entanglement [45]. Further, our QSS protocol

is less state-distorting than teleportation, so for asymmetric steering of

any quality a better reproduction of the initial state is obtained from the

use of a quantum state sharing protocol. The protocol pays for this, how-

ever, by protecting against a slightly weaker threat model. In contrast to

quantum teleportation — which is secure against the compromise of any

transmission channel — quantum state sharing only defends against at-

tackers unable to gain access to a majority of the communication channels.

Assuming the selected state transmission methods are suitably independ-

ent — for example, fibre-optical cables taking different routes along the

network without overlapping nodes — we believe this represents an ac-

ceptable level of risk for many consumer uses. It may be that the lower

resource cost and higher-quality reproduction of QSS protocols opens the

use of quantum security for more applications which may not justify the

increased cost involved in teleportation-based communication.

We have also demonstrated the protocol’s effectiveness for the full-range

of Gaussian states, including squeezed states and thermal states. Although

we are unable to present a security analysis for thermal states as the ques-

tion of their optimal cloning remains open, we have shown that arbitrarily

good reconstructions can be achieved at any level of thermality or squeez-

ing given a suitably-entangled resource. The QSS protocol as presented

here is then ready to be immediately-applicable to secure thermal state

distribution once their cloning properties are more well understood. Under

the assumption that the Gaussian input states remain pure, we have de-
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rived stronger security conditions under two different assumptions. First,

relying on no unproven conjectures, we show that any squeezed-state QSS

protocol that only accepts states up to some defined minimum level of

squeezing is provably secure, and derive the level of EPR-steering that is

necessary for a set envelope of allowed squeezed states. This sufficient

condition for security does not account for the fact that squeezed states

are harder to clone than coherent states and assumes the worst-quality

reconstruction for all input states, so does not represent a tight bound on

security. It has been conjectured [56] that the optimal coherent-state clon-

ing machine is also optimal for squeezed states. Under the assumption that

this is true, we have additionally shown that the sharing of squeezed states

drawn from a Gaussian distribution is secure under the same conditions as

for coherent states — that the resource state exhibit any EPR-steering. As

this remains an unproven hypothesis, however, we would caution against

relying on this tighter security condition at this time. We present it here in

the hope that this conjecture will be proven, in which case our protocol

can be immediately trusted for such a class of squeezed states.

In chapter 7 we have considered the use of quantum state sharing as a

so-called ‘hybrid protocol’, utilising Gaussian entanglement for the shar-

ing of discrete-variable Fock-like states. We compared two forms of the

protocol, in which the output state is corrected for any de-amplification

occurring during state reconstruction and in which it is not, finding that

the optimal protocol is dependent on the specific distribution of Fock states

the protocol is intended for. An interesting extension to this analysis would

be to consider the information obtainable about which Fock state is en-

coded within one of the shares, to potentially certify security under certain

limited circumstances. Despite the input states being orthogonal, the set

of potential shares are non-orthogonal and so will not provide perfect

knowledge of the input photon number.

We further found that security can be guaranteed for the sharing of

Fock superposition states for a large variety of common two- and three-

level superpositions. In many of the cases studied, the required level of

entanglement is well withinwhat is experimentally achievablewith current

technology, indicating that QSS is ready as a hybrid protocol for qubit states.

Indeed, the 𝛼0|0⟩ + 𝛼1|1⟩ state required only just over 5 dB of squeezing
in a two-mode squeezed state resource, a level readily achievable in any

quantum optical setup. Although the results presented here represent a full

characterisation of the selected superpositions, it would be helpful to have

an analytic understanding of the output of an arbitrary superposition, as

we do for the Fock eigenstates. Such an understanding could be obtained
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by solving the partial-trace integrals for the coherence terms in a similar

fashion to the solutions found for the eigenstate terms in appendix B. This

would be a fruitful area not only for the study of quantum state sharing,

but of hybrid quantum information in general.

8.1 outlook

As we move towards a quantum-connected future, a wide selection of

quantum protocols will be necessary to ensure the security of the quantum

internet. Quantum state sharing as a protocol is likely to take a role along-

side quantum teleportation and remote state preparation in the secure

distribution of quantum information.

Alongside the natural applications QSS has to the secure distribution of

quantum information, there has been promising research into the use of

QSS schemes for blind computing [34] and transmission loss-recovery [35]

applications. Further research is required to fully understand the potential

for QSS schemes to be useful for blind computation — including whether

such potential exists for the QSS scheme outlined in this thesis and how

QSS-blind computing compares to other protocols achieving similar tasks.

Quantum loss-recovery is immediately achievable from the quantum state

sharing protocol with no further adaptation necessary, however it would

be interesting to see whether the redundancy built in to QSS protocols can

be used for wider classes of error correction.

A particularly interesting avenue for continued research in this area is the

further development of QSS as a hybrid protocol. Despite their usefulness

for a large number of quantum information tasks—most notably quantum

computation [79, 90], there are a number of fundamental and experimental

constraints on the transfer of discrete-variable states [67, 68]. It has been

shown for quantum teleportation [91] that under optimal choice of protocol

amplification the photon-increasing effects from the thermal noise inherent

to Gaussian entanglement can be eliminated. Consequently, it was shown

that qubit states can be teleported using CV entanglement without the

need to expand the size of their Hilbert space. It would be interesting to

apply similar techniques to this protocol to understand whether a similar

correction can be made for hybrid quantum state sharing.

Another direct extension of this work may be the investigation of global

multi-mode QSS protocols. As discussed in section 5.4, the naïve applic-

ation of single-mode QSS locally to each mode of a multi-mode secret

state has the effect of destroying the state’s entanglement. However, the

question of whether a global protocol — one acting on all modes of the
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Figure 34: A proposed dealer protocol for general {𝑘, 2𝑘 − 1}-threshold QSS. 𝑘 − 1
independent two-mode entangled resource states are prepared and

passed to the dealer alongside a secret state 𝜓. The secret state is then
mixed with one mode from each resource state in a cascading series

of beamsplitters with transmissivity 𝜏 = 1/(𝑘 + 1 − 𝑖) for the 𝑖th beam-
splitter to prepare the first 𝑘 shares. Each of these shares is left with
an equal 1/𝑘 contribution from the secret state. The remaining 𝑘 − 1
modes of the resource states are mixed on a similar setup of cascading

beamsplitters with 𝜏 = 1/(𝑘 − 𝑖) to produce the final 𝑘− 1 shares. Each
of these latter shares contain no direct information about the state of 𝜓
but act as keys to disentangle the resource states from the upper set of

shares. Any selection of 𝑘 of these shares is capable of reconstructing
the original secret state.
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secret collectively — that preserves entanglement exists has been left open.

Indeed, in the field of optimal quantum cloning, it has been shown that

such global protocols outperform local ones [22]; there is no reason to

believe the same would not be true of quantum state sharing.

Perhaps the most interesting avenue for future research, though, is the

extension to general {𝑘, 𝑛}-threshold QSS. Recently, work in this area been
carried out by two undergraduate students at the University of St Andrews

investigating the sharing of coherent-state secrets between five players.

Dan Travers [92] investigated the use of dual two-mode squeezed vacuum

states to achieve this task, and found that secure QSS between five players

was possible with presently-achievable entanglement levels. This work was

then extended by Rosie Gittings [93] to allow for the use of two arbitrary,

in-general asymmetric and impure resource states of the sort considered

in this thesis. She found that, when the two resource states used were

identical, they had to exhibit steering of 𝐸1|2(𝑔) ≤ 0.5 to achieve secure
QSS; a necessary steering parameter half the value of that required for

{2, 3} quantum state sharing. It would be interesting to see whether, as

conjectured by Gittings, this is the beginning of a trend with {𝑘, 2𝑘 − 1}-
threshold QSS requiring steering of 𝐸1|2(𝑔) ≤ 1/(𝑘 − 1).
A dealer protocol for general {𝑘, 2𝑘 − 1}-threshold QSS satisfying the

constraints outlined in Ref. [43] (see section 4.1.1) can be trivially construc-

ted through the use of a cascading series of beam-splitters. A proposed

setup for such a dealer protocol is shown in figure 34. The observation that

the worst reconstruction would be found using the bottom 𝑘 − 1 shares
in figure 34 (those with no 𝜓 contribution) alongside only one of the top
shares may enable a general discussion of security requirements. However,

we caution that unlike the {2, 3}-threshold scheme this dealer protocol has
not been proven optimal — it is simply one dealer protocol that works.

Finally, let us note that work is ongoing at theWalther-Meißner Institute

for Low Temperature Research at the Bavarian Academy of Sciences and

Humanities in Munich looking at experimental demonstrations of {2, 3}-
threshold QSS. Led by Karolina Weber under the supervision of Kirill

Fedorov, this work is investigating the ability for the protocol outlined

in this thesis to be used in the microwave domain — the region of the

electromagnetic spectrum used for mobile and wireless communication.

This follows similar work from that group demonstrating the successful

teleportation of microwave states [53]. Results regarding the quantum

state sharing of microwave coherent states at high fidelity are presently

being prepared for publication [94, 95], with further research into the

demonstration of hybrid QSS sharing Fock states planned.
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9
INTRODUCT ION

Quantum sensing— the art of designing quantum states that enable deeper

investigation than would otherwise be possible — is perhaps the most

immediately-promising quantum technology, with applications already

present and significant continued development of quantum measurement

technology expected in the next decade [1].

The precise measurement of physical systems is fundamental not only to

the academic study of related phenomena, but to the increasingly-powerful

technology built on such measurements for healthcare, navigation and re-

search applications. Our ability to measure any physical property is strictly

limited, however, with increases in precision requiring quadratic increases

in infrastructure or measurement time [96]. Improving the quality of meas-

urements therefore necessitates large increases in equipment size, power

usage, and expense. Often, one or the other of these is not feasible and

measurement precision is capped by practical considerations. Taking a

quantum approach instead, in which a network of measurement probes

are entangled prior to being used for a measurement allows one to sidestep

these limits and gainmore information from the same system size and time.

In fact, taking this quantum approach reduces the previously-necessary

quadratic increase in system size to a linear increase [96], offering increas-

ing advantage as the size of the available measurement system grows.

In this part of the thesis, we consider the usefulness of quantum metro-

logical approach to the estimation of field gradients. Precise estimations of

gradients in the magnetic field are extensively used in a number of real-

world tasks from the location of underground mineral deposits [97] and

the detection of seaborne mines [98] to the imaging of the human brain

[99, 100]. Improving the resolution with which such measurement can be

made is therefore of great interest across a number of fields.

Although the measurement of fields is an area in which quantum met-

rology is anticipated to begin to deliver returns in the short-term [1], there

has been little study in to the quantum entanglement networks that are

best suited to this task in the abstract.While the generation of the ‘designer

states’ necessary to implement the approach discussed in this thesis re-

mains a longer-term goal of quantum metrology, a greater understanding
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of the conditions under which certain quantum states are optimal may

help inform the design of future implementations.

We will first consider the estimation of linear field gradients, extending

existing results to consider the estimation of multiple gradient directions

simultaneously. We will also consider the impact real-world noise fields

have on these results, and the adjustments to the entanglement networks

necessary to mitigate these noise fields as much as possible. We will show

that, while in the ideal case sequential estimation of the gradient directions

individually cannot be improved upon, in the presence of noise it becomes

optimal to measure multiple directions simultaneously.

9.1 a brief introduction to quantum metrology

Before we go on to consider the estimation of field gradients in detail,

in the remainder of this chapter let us first cover the tools from classical

and quantum estimation theory we will use. This is by no means a com-

plete overview of the field, nor a formal discussion of these concepts on

solid statistical principles;1 rather its intent is to cover only those core

ideas necessary for this thesis. For a more complete introduction to the

field, including a full derivation of the (quantum) Fisher information and

Cramér-Rao bounds, the reader is directed to the excellent review article

by Jasminder Sidhu and Pieter Kok in Ref. [101] or book by Carl Helstrom

[102].

At their core, all quantum metrology protocols derive from the same

principle: estimating the relative phase between eigenstates of a quantum

superposition acts as a proxy for some physical parameter of interest. Con-

sider, for example, the effect of a quantum unitary 𝑈̂ on a single-mode
spin state, |𝜓⟩ = 𝛼|↑⟩ + 𝛽|↓⟩. The two eigenstates will accumulate phase in
a different way, depending on the form of the unitary, such that after its

operation the state will take the form

𝑈̂|𝜓⟩ = 𝛼 ei𝜙1|↑⟩ + 𝛽 ei𝜙2|↓⟩. (297)

Some amount of information about the properties of the unitary is now

encoded within the phases of the state. When one knows the structure

of the unitary, an estimation of the phase difference can then be directly

converted into an estimation of the unitary itself.

1In particular, many of these results are only valid in the asymptotic case, but represent a

‘good enough’ approximation under the assumption that one will be running multiple

rounds of measurements.
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Now, let us imagine that we have access to a network of 𝑁 such probes.
It is likely that some eigenstates of this wider system will obtain more

information than others; for example, perhaps the impact of opposing

spins cancel such that the |↑↓⟩ and |↓↑⟩ eigenstates accumulate no useful
information. By limiting oneself to the classical case2 in which no entangle-

ment is permitted between the probes, designing states that maximise the

contribution from the useful eigenstates may be impossible. In allowing

for an arbitrary entanglement structure within the probe network, on the

other hand, the collective superposition that maximises information gain

can be constructed regardless of the specific combination of eigenstates

this requires. It is in this increased flexibility that quantummetrology finds

its advantage over classical approaches.

9.1.1 Classical parameter estimation

The aim of any parameter estimation, classical or quantum, is to minimise

the space in which we believe the true value of the parameter to lie, termed

the 95% confidence interval. This is the region we expect will fail to contain

the true value in only 1 in 20 experimental runs.3 Assumingmeasurements

to be normally distributed4 around the true value, the size of this confidence

region is proportional to the standard deviation of the measurement set

[103].

More formally, let us imagine the parameter has a true value denoted by

𝜃, and that in estimating this value we have access to a related observable
̂𝑋, not necessarily of the parameter itself. As no measurement process is
perfect, measurement outcomes 𝑥 will be drawn from some probability

distribution 𝑝(𝑥|𝜃) centred around the true value of the parameter. Assum-
ing that the form of this probability is known— that is to say, assuming

we have a model describing the physical process — an estimator function,

̂𝜃({𝑥}), can be constructed that takes as input a set of measurement out-
comes on ̂𝑋 and returns a best estimate of the value of 𝜃. The accuracy

2In the field of quantum metrology the ‘classical’ case is taken to mean the case in

which entanglement is forbidden but superposition is allowed. Strictly speaking, we are

discussing the so-called classical-quantum case in which entangled measurements are

permitted. It has been shown [96] that this gives no improvement over the fully classical

case, however, and so the distinction is not important here.
3For reasons discernible only to statisticians, this is not the same as there being a 95%

likelihood of the true value lying within this interval in any given experiment.
4The central value theorem states that when a suitably large set of independent measure-

ments are drawn from the same probability distribution they will tend towards a normal

distribution [104]. Each of the problems we consider here consist of measurements

drawn in such a way, and so we will assume the estimator to be normally-distributed

throughout.
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of this estimator can then be assessed by the average expected difference

between it and the true value,

𝜎2( ̂𝜃) = ⟨( ̂𝜃({𝑥}) − 𝜃)2⟩𝑝({𝑥}|𝜃) = ∫𝑑𝑛𝑥𝑝({𝑥}|𝜃) ( ̂𝜃({𝑥}) − 𝜃)2, (298)

for a specific value of the true parameter 𝜃. For an unbiased estimator (one
that does not systematically over- or under-estimate the true value) this

error coincides with the estimator’s variance, [101]

𝑉( ̂𝜃) = ⟨ ̂𝜃2⟩𝑝({𝑥}|𝜃) − ⟨ ̂𝜃⟩2𝑝({𝑥}|𝜃), (299)

and so in 95% of experiments the true value will lie within the range

confidence interval = [ ̂𝜃 − 2√𝑉, ̂𝜃 + 2√𝑉]. (300)

This quantification of the information we gain from the measurement set

is clearly dependent on our choice of estimator function, though; some

functions on {𝑥} are going to produce a better estimate of 𝜃 than others. In
assessing an observable ̂𝑋more generally, a better question to ask might
be: how much information is fundamentally exposed by the observable?

Ultimately, the information obtainable from an observable will depend

on the extent to which the parameter 𝜃 is reflected in its probability dis-
tribution, 𝑝(𝑥|𝜃). The greater the impact a small change in 𝜃 has on the
distribution of measurement outcomes, the better one will be able to see in

them the true value of 𝜃. This tendency of the true value to impact themeas-
urement outcomes can be quantified through the probability distribution’s

logarithmic derivative, or its score, as [101]

𝐿𝜃 =
𝜕 ln𝑝(𝑥|𝜃)

𝜕𝜃 . (301)

Averaging the variance5 of this score over the full range of possiblemeasure-

ment outcomes,we obtain an overallmeasure of the information obtainable

from the observable,

𝐹𝜃 = ⟨𝐿2𝜃⟩𝑝(𝑥|𝜃), (302)

termed the Fisher information (FI) [101]. Notably, this measure (alongside

the others introduced earlier in this section) depends on the true value of

𝜃— some areas of the parameter space may be easier to characterise than

others.

5given only by the expectation of the square, as the expectation value of 𝐿 itself is 0 due
to the symmetry implied by the assumption the estimator is unbiased.
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The Fisher information scales linearly with the number of measure-

ments, such that after𝑚measurements — or, equivalently the measure-

ment of a separable system of 𝑚 identical subsystems — it is given by

𝐹𝑚 = 𝑚𝐹1. (303)

Similarly, the Fisher information for two different measurements can be

combined as

𝐹total = 𝐹1 + 𝐹2. (304)

As classical measurements are by-definition separable, this acts to bound

the information obtainable from such a network of probes. This limit —

allowing at best an𝑁-scaling with probe number in FI and so a√𝑁-scaling
in confidence interval — is termed the ‘shot noise limit’ [96].

This Fisher information bounds the variance of any estimator on 𝜃 after
𝑚measurements of the observable through the Cramér-Rao bound, as

𝑉( ̂𝜃) ≥ 1
𝑚𝐹𝜃

, (305)

which is saturated only by the optimal estimators [105]. It has been shown

[106] that for a large-enough sample size this bound is always achievable,

so the best-possible confidence region size can be further expressed as the

equality

confidence region size = 4
√𝑚𝐹𝜃

, (306)

again potentially a function of the true value of 𝜃.

9.1.2 Quantum parameter estimation

In assessing quantum metrology protocols, we abstract this concept one

step further by considering the quantum state, ̂𝜌, from which these meas-

urements are drawn. Rather than asking how much information could be

obtained from a given observable, we instead ask how much information

is fundamentally contained within the state irrespective of the measure-

ment used to access it. To answer this question, we turn to the quantum

Fisher information (QFI), 𝐹𝑄( ̂𝜌), which in turn bounds the classical FI as
𝐹(𝑋) ≤ 𝐹𝑄( ̂𝜌). It has been shown [101, 107] that under optimal selection of
observable this bound is saturated — and thus the QFI and FI coincide —



142 introduction

so in the remainder of this thesis we will drop the distinction and denote

the QFI simply as 𝐹.
The Cramér-Rao bound is then immediately applicable to the QFI, such

that the estimation variance is bounded by

𝑉( ̂𝜃) ≥ 1
𝑚𝐹𝑄( ̂𝜌)

(307)

after 𝑚 measurements using identically-prepared states ̂𝜌. Notably, al-
though we remain limited by the 𝑚 scaling in number of experimental

runs, the effect of the size of the measurement system has been moved into

the calculation of the quantum Fisher information itself, so the shot-noise

limit no longer applies. Instead, it has been shown that a different limit —

termed the Heisenberg limit — applies to for entangled states that allows

an 1/𝑁2-scaling with probe number in QFI and so a 1/𝑁-scaling in confid-
ence interval [96]. As well as potentially delivering more information from

a set number of probes, taking a quantum approach allows for a much

faster increase in information from increasing network size than would be

possible classically.

When the parameter of interest arises from a quantum unitary of the

form 𝑈̂ = exp[− i 𝑡𝐻̂(𝜃)] for Hamiltonian 𝐻̂, the QFI can be found directly
through an intermediate generator matrix [108, 109],

H𝜃 = i (𝜕𝜃𝑈†)𝑈. (308)

This matrix, independent as yet of the choice of state, contains a complete

description of the unitary’s phase behaviour. For a pure input state, |𝜓⟩,
the QFI is then simply the expected variance of this generator matrix with

respect to the state,

𝐹𝜃 = 4⟨𝛥2H𝜃⟩𝜓, (309)

for

⟨𝛥2H𝜃⟩𝜓 = ⟨𝜓|H2
𝜃|𝜓⟩ − ⟨𝜓|H𝜃|𝜓⟩2. (310)

The QFI for a mixed state, ̂𝜌, can be found by first splitting the state into
its pure state components, ̂𝜌 = ∑𝑖 𝑝𝑖|𝜓𝑖⟩⟨𝜓𝑖|, as

𝐹 = ∑
𝑖
4𝑝𝑖⟨𝛥2H𝜃⟩𝑖 −∑

𝑖≠𝑗

8𝑝𝑖𝑝𝑗
𝑝𝑖 + 𝑝𝑗

|⟨𝜓𝑖|H𝜃|𝜓𝑗⟩|2, (311)
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where ⟨⋅⟩𝑖 = ⟨𝜓𝑖| ⋅ |𝜓𝑖⟩ denotes the expectation over eigenstate 𝜓𝑖. Notably,
the QFI is a convex function on the set of quantum states [101], so is always

maximised by a pure state probe network. In searching for optimal states

one can therefore restrict the search space to the set of pure states, vastly

reducing the required computational resources. Although this remains

true in the presence of noise — the optimal initial setup will continue to

be a pure state [110] — by the time one makes a measurement the system

will have degraded into a mixed state and the full form of the QFI from

equation (311) will remain necessary.

9.1.3 Multi-parameter estimation

Our discussion of Fisher information and variance measures thus far has

been in the context of the measurement of a single parameter. In the bulk

of this part of the thesis, though, we will be interested in the simultaneous

measurement of multiple parameters that may or may not interact.

As might be expected, in considering multiple parameters the estim-

ator variance is replaced by a covariance matrix over a set of estimators,

𝑉({ ̂𝜃𝑖}), representing the individual variance for each parameter and any
correlations between them as

𝑉𝑖,𝑗 = ⟨ ̂𝜃𝑖 ̂𝜃𝑗⟩ − ⟨ ̂𝜃𝑖⟩⟨ ̂𝜃𝑗⟩. (312)

This covariance matrix defines a 90% confidence region analogous to the

single-parameter confidence interval, which has area proportional to the

square root of its determinant,√det𝑉 [103]. The quantum Fisher informa-

tion is similarly replaced by a quantum Fisher information matrix which

reproduces the single-parameter QFIs along the diagonal and represents

confounding relationships between the parameters (that reduce our abil-

ity to distinguish the impact of each parameter in the observable) as off-

diagonal elements. The same generator matrices H𝜃 = i(𝜕𝜃𝑈†)𝑈 can be
used to find the elements of the QFI matrix as [109]

𝐹𝛼,𝛽 =
𝑀
∑
𝑖=1
4𝑝𝑖cov𝑖(H𝛼,H𝛽) −∑

𝑖≠𝑗

8𝑝𝑖𝑝𝑗
𝑝𝑖 + 𝑝𝑗

Re(⟨𝜓𝑖|H𝛼|𝜓𝑗⟩⟨𝜓𝑖|H𝛽|𝜓𝑗⟩), (313)

which reduces to the single-parameter QFI from equation (311) when

𝛼 = 𝛽.
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The Cramér-Rao bound is reproduced in matrix form as the positive

semi-definiteness condition, [101] 6

𝑉 ≥ 1
𝑚𝐹

−1. (314)

In contrast to single-parameter estimation, however, this bound is not

always achievable. Recall that the Cramér-Rao bound is only saturated

for the optimal choice of measurement operator; in the quantum context,

though, if the optimal observables for two parameters do not commute

they cannot both be measured on a single state. While each parameter can

be estimated maximally individually, they may not necessarily all be able

to be estimated maximally at the same time. When the generator matrices

for two parameters commute, such that

[H𝛼 ;H𝛽] = 0, (315)

though, the parameters represent commuting elements of the Hamiltonian

and can always be measured simultaneously [109]; in this case the Cramér-

Rao bound is automatically achievable regardless of the form of the state.

Finally, although the diagonal elements of the QFI matrix coincide with

the individual QFI of each parameter, we caution the reader that these ele-

ments alone do not represent the amount of information obtainable about

that parameter. These single-parameter QFIs are only achievable when

all other relevant parameters are perfectly known; when multiple unknown

parameters are present, the full matrix inversion must be performed to find

the parameter variances. Indeed, as the QFI matrix is positive definite,7

the optimal variance of a single parameter,

𝑉𝑖,𝑖 = (𝐹−1)𝑖,𝑖 ≥
1
𝐹𝑖,𝑖
, (316)

will be strictly greater than the inverse of the single-parameter QFI unless

no covariances with the other parameters exist [111]. The off-diagonal

elements of the QFI act to reduce the amount of information available,

and represent our inability to separate information obtained about some

linear combination of them into information about each individually. As

6The positive semi-definiteness condition is equivalent to saying that for every 𝑥 ∈ ℝ𝑛,

𝑥𝑇(𝑉 − 1
𝑀𝐹−1)𝑥 ≥ 0.

7Strictly speaking, the QFI matrix need only be positive semi-definite. However, a positive

semi-definite matrix with non-zero determinant is by-definition promoted to being

positive definite so the only time equation (316) may not apply is when the QFI matrix

is singular and the covariance does not exist anyway! Such cases represent no capture of

information and so we can assume the QFI matrices we discuss in this thesis to always

be positive definite.
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the QFI matrix can always be diagonalised through a coordinate rotation,

the existence of off-diagonal elements can alternatively be considered

indicative of the chosen frame of reference being non-optimal for the

given measurement setup. In the tasks we consider in this thesis, the

frame of reference — Cartesian coordinates with the measurement device

defining the origin — is essentially arbitrary so such a rotation should

always be possible. We will consider this point further in section 9.2.2

when we introduce the determinant of the variance as a reference-frame-

independent measure.

This distinction between the QFI matrix diagonal elements and the

individual QFIs is an important consideration even when one is only in-

terested in estimating a single parameter, as one’s ability to estimate it

may be impeded by the absence of knowledge of related parameters. Such

‘nuisance parameters’ must be included in the QFI matrix alongside the

desired parameters for the calculation of the covariance matrix before they

can be discarded.

9.2 numerical optimisation methods

The optimal states presented in this part of the thesis have all been found

through a numerical optimisation process performed over the full set of

𝑛-particle states. Let us outline the optimisation methods we have used for
this here.

9.2.1 Optimisation algorithms

The core local optimisations are performed using the Scipy [112] imple-

mentation of a gradient following optimisation algorithm termed L-BFGS-

B [113]. At each step of the optimisation, this algorithm estimates the

gradients and (indirectly) the Hessian matrix of the function. Small steps

are then repeatedly taken in the direction of steepest descent, until either a

local minima is found or the optimisation exceeds the maximum allowed

number of rounds.

Optimisations such as this work very well for scenarios where a local

minima can be trusted to coincide with the global minima. When this is

not the case, however, there is no guarantee that the result found by the

optimisation algorithm is indeed the optimal result. A number of pseudo-

global optimisation algorithms have been developed that attempt to correct

for this deficiency in some way. One such approach to global optimisation

is the Basin Hopping algorithm proposed byWales and Doye in 1997 [114],
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Algorithm 2 Population basin hopping (PBH)

▷ Initialise the population

randomly select𝑚 pops within the state-space, 𝑋 ′ = {𝑋 ′1, 𝑋 ′2,…𝑋 ′𝑚}
𝑋 = {minimise(𝑋 ′1), minimise(𝑋 ′2), … , minimise(𝑋 ′𝑚)}
▷ Run optimisation rounds

repeat

for 𝑘 = 1…𝑚 do
𝑌 ′𝑘 = perturb(𝑋𝑘)
𝑌𝑘 = minimise(𝑌 ′𝑘)

for 𝑘 = 1…𝑚 do
𝐶 = nearest 𝑋 pop to 𝑌𝑘
if dist(𝐶, 𝑌𝑘) ≥ min_dist then

𝐶 = worst_of(𝑋)
if 𝑓(𝑌𝑘) ≥ 𝑓(𝐶) then

𝑐 = index of 𝐶 in 𝑋
replace 𝑋𝑐 = 𝑌𝑘

which involves the repeated operation of the local optimisation process,

finding a series of local minima and returning the best of them. After the

first local optimisation, its result is stored and a ‘hop’ is made in a random

direction in an attempt to escape the catchment of that local minima,

or ‘basin’. Ideally, this hop will be such that the next result consists of a

neighbouring basin. After the new basin is found, it either replaces the old

minimum if it is an improvement or is discarded. In either case, the hop-

and-minimise process is repeated to find the next basin for a set number of

rounds. This approach is highly effective for the computational chemistry

problems for which it was designed — such energy minimisations tend to

take the form of a single funnel of minima of increasing depth, leading

towards the single lowest energy state [115, 116].

Basin hopping algorithms are less effective, however, when the basins

are potentially arranged across multiple of these funnels. While highly

capable at escaping local minima to continue moving down a funnel, basin

hopping is not designed to be able to escape a so-called local funnel. Take

as an example a scenario in which the GHZ state is optimal but the Dicke

state also outperforms separable probes. Sampling the entire state-space,

one might then find multiple funnels — one leading towards the Dicke

state and another towards the GHZ state. The basin hopping algorithm

may well get stuck in the Dicke state funnel and never find the GHZ state

at all!

To prevent this, we have deployed an adaptation of basin hopping de-

veloped by Grosso, Locatelli and Schoen [117, 118] termed population
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basin hopping (PBH). We used a custom Python implementation of this

algorithm, further augmented with a simple adaptive step-size algorithm.

The core approach taken by population basin hopping is to run multiple

basin hopping optimisations (the population, or ‘pops’) in tandem— find-

ing multiple funnels — before selecting the best result as the presumed

global optimum. Coordination between the individual basin hopping op-

timisations ensures they keep a distance from each other so do not fall

into the same funnel. The algorithm is outlined in algorithm 2. The pops

begin randomly distributed across the parameter space. At the beginning

of each round, every pop independently performs a random hop from their

previous position and finds the local minimum around that point, exactly

in accordance with the standard basin hopping algorithm. The PBH al-

gorithm then decides whether each of these new minima displaces one of

the previous minima according to the following rules.

• If the new minimum is within some set min_dist of any old min-

imum, it is compared against the closest of the old minima. If it beats

the nearest old minimum the nearest old minimum is replaced by

the new minimum.

• Otherwise, the new minimum is compared to the worst of the old

minima. If it beats the worst old minimum, it takes its place.

This process is then repeated a set number of times. In our setup, we have

used a population of 10 pops running for 75 rounds for a total of 750 local

optimisations per scenario. In every case, the optimum was seen to be

stable by the end of these rounds indicating a high likelihood that the

global optimum had been found. To establish pop distance we have used

the trace distance,8 [119]

dist(𝜓, 𝜙) = √1 − |⟨𝜓|𝜙⟩|2, (317)

with a minimum distance of min_dist = 0.15 enforced between the pops.
For our purposes,wehave augmented this processwith a further adaptive

step size algorithm. For an ideal optimisation, the step size should be

precisely the distance between two basins while the min_dist should be

precisely the distance between two funnels. The closer these parameters are

to their ideal values the more effective the algorithmwill be. As we have no

prior estimate of whether multiple funnels exist, or the distance between

them, our conservative minimum distance between pops runs the risk of

8For pure states this trace distance metric is equivalent to enforcing a maximum fidelity

between pops.
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multiple pops being trapped in the same funnel. Although this would not

prevent the establishment of the bottom of the funnel, with one pop always

allowed to move towards the centre, the remaining pops would be stuck

along the periphery making small hops that never escape the funnel. To

avoid these pops being locked out of the optimisation, at the end of each

round the step size for each pop is changed according to algorithm 3. If a

Algorithm 3 Adaptive step

for k = 1…𝑛 do
if 𝑋𝑘 has not changed in 20 rounds then

increase step_size[k] by 10%

else

reset step_size[k] to default_step_size

pop has not been able to move for 20 rounds, it starts to be allowed to make

larger and larger jumps to attempt to get out of its funnel. Eventually, these

jumps will be large enough that the pop is effectively reset to starting at

random anywhere within the parameter space. This augmentation allows

pops that would otherwise remain useless — those that have already found

the bottom of their funnel or are stuck on the periphery of another pop’s

funnel — to continue to contribute by searching elsewhere. The results of

each of these jumps are compared to the old results in the usual way, so

the bottom of a funnel will not be lost when its pop jumps unless the pop

discovers a better basin.

9.2.2 Optimisation metrics

The output of each measurement setup will be a 2 × 2 quantum Fisher

information matrix collectively representing the information obtainable

from the setup. To directly compare two states, we must select a metric

function,

M ∶ ℝ2×2 → ℝ, (318)

that maps these matrices to a scalar value representing an overall view of

the state’s usefulness. This allows the optimisation algorithm to compare

two QFI matrices asM(𝐹1)
?< M(𝐹2), to keep only the best of them. In

the field of experiment design, there are a huge number of established

choices for reducing a Fisher information matrix to a scalar optimisation

metric [103]. We considered three options for our optimisation process, as

outlined below.
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a-optimisation Average-optimisation is the simplest choice: optim-

ising over the trace of the covariance matrix as a proxy for the average

variance across the 𝑛 parameters. This approach naïvely maximises the
precision along the selected parameterisation axes. By neglecting the cov-

ariances, however, this metric does not account for the potential impact

of a poor parameterisation choice. Additionally, by only considering the

average variance such optimisations may prioritise one parameter over the

other.

e-optimisation Eigenvalue-optimisation or extreme-optimisation

maximises the information gain of the worst performing parameter by

minimising max𝑖 𝑉𝑖,𝑖, for 𝑉 the measurement covariance matrix from equa-

tion (307). Although this may not provide the maximum overall inform-

ation gain, it ensures all parameters are estimated reasonably well and

guards against scenarios in which one parameter is neglected in favour

of the others. In most cases,9 the states returned by this optimisation are

optimal under A-optimisation, with the additional constraint that they

deliver symmetric estimations.

d-optimisation Determinant-optimisation minimises the determin-

ant of the covariance matrix, otherwise known as the generalised variance,

equivalent to minimising the area of the likelihood region. This approach

fixes the key problem with A-optimisation: that it is dependent on our

choice of axes. Unlike the spans of a region, its area is invariant under

reparameterisation or axis rotation. Consequently, unlike both other optim-

isation metrics, this metric fully represents the information content of the

measurement. However, by minimising the size of the likelihood region

with no other context, this approach is vulnerable to producing measure-

ments that sacrifice precision in one parameter for the other, potentially

delivering ‘squeezed’ covariance matrices.

We have opted here to use a D-optimisation metric. The tasks we will

consider in this part of the thesis do not have an objective parameterisation;

there is no globally established 𝑥 and 𝑦 axis for the gradients to be defined
against. Indeed, if there were defined directions one wished to measure,

one would still be able to reparameterise the coordinate system simply by

rotating the measurement device. An optimisation that maximises inform-

9although this is in no way guaranteed by the metric.
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ation gain only for one essentially-arbitrary coordinate parameterisation —

as A- and E-optimisation do — is not a good fit here.10

10That D-optimisationmay produce unbalanced outputs remains a concern here, albeit one

that is mitigated through the imposed symmetry in the allowed measurement positions.

To ensure that this did not impact our results, the output covariance matrices for each

result were manually checked to ensure balance and each was found to be perfectly

symmetric between parameters.



10
QUANTUM-ENHANCED F IELD GRADIENT

EST IMAT ION

The use of physical systems to estimate field gradients has previously been

considered in some way by a large number of papers, usually assessing the

potential for specific well-defined setups to improve the quality of meas-

urements [120–122]. The task did not receive systematic attention from a

quantummetrological point of view, though, until 2017 when Altenburg et

al. [100] showed that under ideal conditions GHZ states were best suited

to the measurement of single-dimensional field gradients. Since then, the

analysis of this problem has been generalised to allow for the use of ar-

bitrary spin-𝑗 particles [123] and similar problems have been considered
for the measurement of a single-dimensional gradient in all three field

components [124, 125].

In this thesis, we generalise the problem in a different way by consider-

ing a single field component that changes linearly in multiple directions.

Initially, in section 10.3, we will consider the ideal case in which no noise is

present and the probe network is affected only by the magnetic field. Here,

we will find that the optimal approach is simply to measure each gradient

individually by devoting the full entanglement network to one gradient

direction, before repeating the process for other directions. A significant

improvement in resolution can be found over any approach that attempts

to measure both gradients simultaneously.

Although we limit our discussion to magnetic fields, these results are

immediately applicable to the measurement of spatial gradients in any

field that can couple to probes through the Pauli-z operator— that is to say,

whenever a basis can be found in which the field affects two eigenstates in

opposite ways.

Of particular interest in the analysis of quantum metrological protocols

is their performance under real-world conditions with many previously-

optimal approaches breaking down in the presence of noise [110, 126, 127].

We will go on to find in section 10.4 that this is true of the ideally-optimal

setup in this case, which begins to underperform classical measurements

in the presence of mid-strength noise fields. By making changes to the

entanglement structures used in the measurement, however, the noise

levels under which quantum advantage is obtainable can be extended. Of

151
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particular interest in this section will be the conditions under which the

simultaneous estimation of all parameters outperforms sequential single-

parameter estimation.

10.1 statement of task

Consider a magnetic field consisting only of some constant ‘offset’ field, 𝐵0
and a linear gradient of the form

𝑩(𝒓) = 𝐵0 ̂𝒛 + 𝑮 ⋅ (𝒓 − 𝒓0) ̂𝒛, (319)

for 𝑮 = (𝐺𝑥, 𝐺𝑦, 𝐺𝑧)𝑇 = (𝜕𝑥𝐵𝑧, 𝜕𝑦𝐵𝑧, 𝜕𝑧𝐵𝑧)𝑇. We assume for simplicity that
the field direction ̂𝑧 is known and that all higher-order derivatives of the
field are 0. Any 𝑥 and 𝑦 components to the offset field (but not the gradient
component) can be neglected by assuming the 𝑧 component of the offset
field to be sufficiently large1 [100].

The task we study here is the estimation of the parameters defining the

field gradient, 𝐺𝑖, under the assumption that the offset field 𝐵0 is known.
In practice, this offset field can be ascertained simply by measuring the

field at some defined origin point 𝑥0.
To perform this task, we have at our disposal a set of 𝑛 probes which we

may place any at position with the ‘measurement device’, defined as a unit

box placed such that its bottom-left corner lies at the origin. To minimise

the number of measurement rounds — and hence operation time and

resource usage — necessary to reach a set precision, we wish to answer the

question: what spatial layout and entanglement structure will maximise

information gain about the field gradients? Of particular interest will be

the ability of entangled probes to beat the information obtainable from a

separable set, or show quantum advantage.

The single-dimensional version of this problem — measuring a field

that varies only in one direction — was studied extensively by Altenburg

et al. [100] in 2017. They found that when the offset field is fully known,

the best possible strategy is simply to measure the strength of the magnetic

field at the furthest allowed point, 𝑥max, using a network of 𝑛 probes all
within a single GHZ state,

|𝜓opt⟩ =
1
√2
(|↑⟩⊗𝑛 + |↓⟩⊗𝑛). (320)

1This can be achieved at will by imposing a suitably large artificial field in the desired

direction, as described in Ref. [100].
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That GHZ states are particularly well-suited to this taskmight be intuitively

expected, as the magnetic field acts on a spin state proportionally to its spin

value — spin up states gain phase while spin down states lose it. The best

measurement of a magnetic field is therefore gained from the difference in

phase between the all-up and all-down eigenstates.

To make the optimisations used in solving this problem computationally

tractable, we will here consider only the 2-dimensional case and assume

𝐺𝑧 = 0. It is conjectured that the improvements from multi-parameter

approaches found here will be applicable to 3-dimensional estimation also.

10.2 methods

10.2.1 Field interaction model

When a spin state sits in a magnetic field, the spin-up and spin-down

eigenstates interact with the field in opposing ways according to the Pauli

equation, [100]

𝐻̂ = −𝑞ℏ
2𝑚 𝝈 ⋅ 𝑩, (321)

for particle mass 𝑚 and charge 𝑞, and magnetic field strength 𝑩. Here,
𝝈 = (𝜎𝑥, 𝜎𝑦, 𝜎𝑧)𝑇 is a vector of the Pauli matrices and we have neglected
terms such as magnetic potential that affect only global phase.

Substituting the field structure from equation (319), and working in

units where ℏ = −𝑞 = 𝑚 = 1, we can reduce the effective single-probe
Hamiltonian acting on probe 𝑖, to

𝐻̂(𝑖) = 1
2[𝐵0 + 𝐺𝑥(𝑥𝑖 − 𝑥0) + 𝐺𝑦(𝑦𝑖 − 𝑦0)]𝜎

(𝑖)
𝑧 , (322)

for (𝑥𝑖, 𝑦𝑖) the probe position, and where

𝜎(𝑖)𝑧 = 𝕀⊗ ... ⊗ 𝕀⏟⎵⎵⏟⎵⎵⏟
𝑖−1

mode 𝑖
⏞⎴⏞⎴⏞⊗ 𝜎𝑧⊗ 𝕀⊗ ... ⊗ 𝕀⏟⎵⎵⏟⎵⎵⏟

𝑛−𝑖
(323)

represents the Pauli z operator acting only on mode 𝑖.
For an entangled network of probes in a spatially-varying field, each

multi-probe eigenstate will accumulate phase depending on the state and

positions of its constituent probes. The global field Hamiltonian, describing
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the action on the full network, is then given by the sum of each of these

local Hamiltonians as

𝐻̂ = 1
2𝐵0∑𝑖

𝜎(𝑖)𝑧 + 12 ∑𝑖
[𝐺𝑥(𝑥𝑖 − 𝑥0) + 𝐺𝑦(𝑦𝑖 − 𝑦0)]𝜎

(𝑖)
𝑧 . (324)

We can find the QFI using the two single-parameter generator matrices

H𝑥/𝑦 = i [𝜕𝑥/𝑦 exp(i
𝛾𝑡
2 𝐻̂)] exp(i

𝛾𝑡
2 𝐻̂) (325)

= −𝛾𝑡2 ∑𝑖
(𝒓𝑖 − 𝒓0)𝑥/𝑦𝜎

(𝑖)
𝑧 , (326)

for field interaction time 𝑡 and coupling strength 𝛾, both of which we here
set to 1.2 Notably, the two generator matrices commute, [H𝑥 ;H𝑦] = 0
so the Cramér-Rao bound can be saturated for this problem and the two

parameters can always be simultaneously estimated.

At this point, let us note again that by excluding it as an estimation

parameter we have assumed perfect knowledge of 𝐵0. As it acts on all
probes in a fully known way, its impact can always be removed in the

information post-processing stage and has no impact on the quality of

gradient estimation. The case in which 𝐵0 is unknown is discussed in
detail for a single-dimensional estimation in Ref. [100] where it was shown

that the loss of information about 𝐵0 is equivalent to the action of global
dephasing noise.

Recalling the relationship between these generators and the obtainable

information from equations (309) and (311), one can immediately see that

the greatest information is gained by placing probes at the extreme allowed

points, 𝒓𝑖 ∈ {(1, 0), (0, 1), (1, 1)}. Additionally assuming an equal interest
in each of the gradient components — such that knowledge about one is

not prioritised over the other — we have only considered setups in which

• each probe is placed at one of the extreme points of themeasurement

box: along an axis at (1, 0) or (0, 1) or at the extremal corner at (1, 1),
and

• the same number of probes are placed along the 𝑥 and 𝑦 axes.

The two 4-probe layouts and three 6-probe layouts satisfying these con-

ditions that we have considered in each case are shown in figure 35. We

do not include the case in which all probes are placed at (1, 1) despite it
meeting these criteria, as trivially a set of field strength measurements

from a single location cannot distinguish 𝑥 and 𝑦 gradients.
2Effectively, this means we now working in temporal units of ‘measurement time mul-

tiples’, although this will be of no consequence as we do not consider measurement time

as a factor here.
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𝑦

𝑥(i) Axis layout

𝑦

𝑥(ii) Triangular layout

𝑦

𝑥(iii) Axis layout

𝑦

𝑥(iv) Triangular layout

𝑦

𝑥 (v) Corner layout

Figure 35: The probe network layouts considered for (left hand box) 4-probe meas-

urement networks, and (right hand box) 6-probe measurement net-

works. In every case, the triangular layout in (ii) and (iv) was found to

be optimal for multi-parameter estimation.

The optimal states are found for each of these layouts in turn using the

process outlined in section 9.2.1, alongside the optimal sequential approach

in which all 𝑛 probes are allocated to the measurement of a single gradient.
The overall optimal approach is then identified as the best of this set. We

have found that for multi-parameter estimation, the layout in which two

probes are placed in the corner (the triangular layout) is optimal in every

case. In no case is the 4- or 6-probe axis layout or the 6-probe corner layout

optimal and so the probe layout will not be discussed further.

In some cases, the Schmidt decomposition between subsystems placed

at different points appeared to indicate a bi-separable state was optimal.

To allow for this, every optimisation was repeated over the space of bi-

separable states, with the bi-separable result kept if it was within 1% of the

optimum from the full set of states.

A further optimisation was performed for each of these layouts over the

space of separable states to establish the classical benchmark.

10.2.2 Noise modelling

Much of this chapter will be spent discussing the impact of a variety of

sources of noise on our ability to measure field gradients. In each case, the

noise acts probabilistically throughout the time the probes are exposed,

with the overall impact depending both on the strength of the noise field

and on the interaction time. As we have already decided to work in units

such that 𝑡 = 1 in section 10.2.1, these implementation details can be neg-
lected here and we will quantify the strength of the noise fields by a single

probability 𝑝 ∈ [0, 1] that either the state will be affected or unaffected
after its time in the noise field. We will use this probability — the ‘noise

parameter’ — to label the strength of the noise fields here.

As the measurement is performed in a single step after the full applica-

tion of the noise field, the information obtainable from an initially-pure

state evolving under the simultaneous application of the noise and mag-
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netic field is equivalent to the sequential application of each. The amount

of information obtainable from an initially pure probe |𝜓⟩ in the presence
of a noisy fieldN is therefore simply given by the relevant QFI matrix for

the noisy state ̂𝜌 = N (|𝜓⟩⟨𝜓|).
This output from a noise channel can be found through the Kraus oper-

ators, { ̂𝐾𝑖}, describing the channel, as outlined in section 2.1.4, as

N ( ̂𝜌) = ∑
𝑖

̂𝐾𝑖|𝜓⟩⟨𝜓| ̂𝐾†𝑖 . (327)

10.3 noiseless gradient detection

Before we go on to discuss the primary question of this chapter (the meas-

urement of field gradients in the presence of noise), let us briefly consider

the noiseless case. We already know from Ref. [100] that the optimal ap-

proach to measure a single field gradient is to clump probes at the furthest

allowed point and entangle them as a single GHZ state of the form

|𝜓⟩ = |GHZ⟩ = 1
√2
(|↑⟩⊗𝑛 + |↓⟩⊗𝑛). (328)

In extending this approach to multiple dimensions two answers present

themselves.

Within a single measurement round, the greatest information content

— that is, the measurement which minimises the size of the resultant

confidence region — is obtained by using a single entangled network to

measure both gradients simultaneously. In the 4-probe case, this advantage

is obtained through the use of the superposition state

|𝜓⟩ ≈ sin(1.25)|𝜓1⟩ + cos(1.25)|𝜓2⟩, (329)

for

|𝜓1⟩ =
1
2(|↑↓⟩ + |↓↑⟩) ⊗ (|↑↑⟩ + |↓↓⟩), (330)

|𝜓2⟩ =
1
√2
(|↑↑↑↑⟩ + |↓↓↓↓⟩). (331)

The single-round information content of det𝐹(𝜓) = 16.2 obtainable from
this approach marginally outpaces the information obtainable from split-

ting the probes into two groups, each measuring only a single gradient

direction at det𝐹(individual) = 16. A similar result is found when us-
ing 6 probes, where the optimal setup for single-round information gain

is to place two probes along each axis and two at the corner, as shown
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in figure 35 (iv). The optimal state for this setup is any superposition

sin 𝜃|𝜓1⟩ + cos 𝜃|𝜓2⟩ of the states

|𝜓1⟩ =
1
√3
(|↑↑↓↓⟩ + |↓↓↑↑⟩)|↓↓⟩ + 1

√3
|↑↑↑↑↑↑⟩ (332)

|𝜓2⟩ =
1
√3
(|↑↑↓↓⟩ + |↓↓↑↑⟩)|↑↑⟩ + 1

√3
|↓↓↓↓↓↓⟩, (333)

including the extremal cases of |𝜓1⟩ and |𝜓2⟩ individually. Notably, this
class of optimal states includes the 6-probe generalisation of the 4-mode

optimal state,

1
√6
(|↑↑↓↓⟩ + |↓↓↑↑⟩)(|↑↑⟩ + |↓↓⟩) + 1

√6
(|↑↑↑↑↑↑⟩ + |↓↓↓↓↓↓⟩), (334)

in which the tensor product of opposing spins between the axis states with

a Bell pair on the extremal corner is combined with the full GHZ state.

This naïve approach to the independent measurement of two paramet-

ers does not fully represent the potential information gain from quantum

estimation, however. Rather than splitting the 𝑁 probes into two 𝑁/2 sys-
tems to measure each gradient independently, what if one were to instead

devote the entire 𝑁-probe network to a single direction, before repeating
the process for the opposite direction? Such an approach would enable

each single-parameter measurement to take full advantage of the 𝑁2 in-
formation scaling allowed from quantum metrological approaches, with

the overall information gained after the two measurement rounds given by

the sum of the QFI matrices for each individual measurement as

𝐹total = ∑
𝑖
𝐹𝑖. (335)

Comparing this result with two rounds of the optimal multi-parameter

case3—with QFI matrix given by 𝐹2 = 2𝐹1— therefore represents a more

balanced test. In practice, it is never going to be the case that one performs

a single measurement and then stops, so this change is representative of

real-world uses.

A comparison of the obtainable information after two rounds using each

of these approaches is shown in table 1.While the best information possible

from a single measurement round is indeed given by the multi-parameter

approach — albeit with a coordinate-system reparameterisation necessary

3Note that the optimal two-round setup for a multi-parameter measurement is simply to

run the optimal single-round setup twice. By testing for the overall information after a

single run, we have already optimised for the states that best simultaneouslymeasure

both field gradients. It is only by fully neglecting one parameter each round that the

single-parameter result changes.
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4-probe network 6-probe network

Classical
𝐹 = (6 4

4 6)

𝑉 = ( 0.3 −0.2
−0.2 0.3 )

√det𝑉 ≈ 0.224

𝐹 = (8 4
4 8)

𝑉 ≈ ( 0.167 −0.0833
−0.0833 0.167 )

√det𝑉 ≈ 0.144

Multi-

parameter 𝐹 = (10.8 7.2
7.2 10.8)

𝑉 ≈ ( 0.167 −0.111
−0.111 0.167 )

√det𝑉 ≈ 0.124

𝐹 = (21.3 10.7
10.7 21.3)

𝑉 ≈ ( 0.0625 −0.0313
−0.0313 0.0625 )

√det𝑉 ≈ 0.0541

Single-

parameter

(simultaneous)
𝐹 = (8 0

0 8)

𝑉 = (0.125 0
0 0.125)

√det𝑉 = 0.125

𝐹 = (18 0
0 18)

𝑉 ≈ (0.0556 0
0 0.0556)

√det𝑉 ≈ 0.0556

Single-

parameter

(sequential)
𝐹 = (16 0

0 16)

𝑉 = (0.0625 0
0 0.0625)

√det𝑉 = 0.0625

𝐹 = (36 0
0 36)

𝑉 ≈ (0.0278 0
0 0.0278)

√det𝑉 ≈ 0.0278

Table 1: Quantum Fisher information matrices and corresponding covariance

matrices (assuming the Cramér-Rao bound to be saturated) after two

measurement rounds. Results are for optimal setups in each case in the

absence of noise. The size of the confidence region is proportionate to

the square root of the determinant of the covariance matrix. Smaller

√det𝑉 implies a better overall measurement precision, while smaller
diagonal elements of 𝑉 indicate a better estimation for this particular
parameterisation of the spatial axes. Consequently, although the paral-

lel single-parameter estimation approach produces a better estimate of

the 𝐺𝑥 and 𝐺𝑦 gradients, this represents a worse estimation of the 2-
dimensional field gradient overall as a different parameterisation exists

in which the multi-parameter estimation approach provides (marginally)

more information. Specific numbers relate to the somewhat convoluted

unit system modelled here and should not be taken to have any physical

significance beyond comparative.



10.4 noisy gradient detection 159

— any approach that attempts to measure both gradients in one round is

vastly outclassed by sequential single-parameter estimation. Indeed, the

information advantage from this approach represents a halving of the size

of the confidence region compared to a multi-parameter measurement,

and so half the number of measurement rounds would achieve the same

precision!

The huge increase in precision obtainable from sequential approaches is

attributable to their ability to utilise larger entanglement networks for the

measurement of a single parameter. As we will see in the following section,

however, these large entanglement networks are often no longer optimal in

the presence of environment noise. Recalling that aside from their ability

to dedicate large networks to each parameter individually single-parameter

approaches are (marginally) outperformed by multi-parameter measure-

ments one should expect these networks to become competitive again in

the presence of large amounts of background noise.

10.4 noisy gradient detection

Let us now consider the real-world implementation of this task, in which

measurements are performed in the presence of environmental noise. We

will consider in this section three of the most common sources of noise

affecting discrete-variable systems, which each impact the probe network

in different ways. In each case, we assume a flat noise field with no spatial

variation in strength, which acts on each probe equivalently.

The first of these is depolarising noise, representing some probability

𝑝 that any given probe will be fully depolarised, disconnected from the

network and replaced by the maximally mixed state [27]. Such a depol-

arisation eliminates quantum and classical features alike, so leaves the

probe unable to contribute any information to the field measurement, an

outcome functionally equivalent to complete probe loss. Consequently,

this type of noise additionally models the scenario in which the probes are

themselves flawed with a failure rate 𝑝.
The amplitude-damping channel we will consider next models the decay

of spin-up states into spin-down states through random energy loss to the

environment; for example, through spontaneous emission of photons [27].

As the mechanism by which probes accumulate information relies on the

difference in field action on spin-up and spin-down eigenstates, this form

of noise will naturally reduce our ability to measure field strength.

Finally, we will consider local dephasing noise, otherwise known as the

phase damping channel, representing the loss of phase information to de-
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coherence effects [27]. By altering the relative phase between eigenstates,

this form of noise directly destroys the information encoded within the

probes so should be expected to have a significant impact on measurement

efficiency. In addition to being a form of noise that may directly impact a

physical implementation, the classical uncertainty in phase accumulation

resulting from this channel is also representative of experimental uncer-

tainty, such as one’s inability to perfectly know the field interaction time

or precise probe placement.

We find that the states previously found to be optimal in Ref. [100],

discussed in section 10.3, are susceptible to each of the noise channels here.

The performance of each compared to a classical approach is shown in

the dashed lines in figure 36; in the presence of mid-strength noise fields,

these states gain less information than a classical strategy.
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Figure 36: The advantage obtainable from introducing quantum entanglement to (a) a 4-probe measure-

ment network and (b) a 6-probe measurement network in the presence of indicated noise.

Advantage is quantified through the change in the size of the confidence region surrounding

the two parameters, with+1 denoting a 100% reduction in size (i.e. no remaining measurement
error) and−1 denoting a 100% increase in size. Solid lines correspond to the optimal approaches
in each case, while corresponding dashed lines denote the results if the ideal optimum state is

not changed to compensate for the noise.

By adjusting the entanglement structures within the probe network

to suit the noise field, though, quantum advantage can continue to be

found at higher noise levels, shown by the solid lines in figure 36. The

degree of quantum advantage obtainable decreases as the noise levels

increase, reflecting the loss of useful quantum features in the presence of

each of these noise channels. In fact, no significant quantum advantage

is possible in the presence of high levels of dephasing and depolarising
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noise even with perfect knowledge of the noise field and full control over

the entanglement structures. In the presence of amplitude-damping noise,

though, a quantum advantage is possible through very high levels of noise

(≈ 90% amplitude-damping probability), albeit in a reduced form as we

are limited to the use of states found in the codomain of the channel.

Let us now consider each of these noise channels in turn.

10.4.1 Depolarising noise

We first consider the probabilistic depolarising channel. This type of noise

represents a possibility that the state will be completely depolarised (re-

placed by the maximally mixed state with the loss of all prior classical

and quantum features) with some classical likelihood 𝑝 ∈ [0, 1]. For a
qubit-like input state, this channel implements the transformation [27]

Ndepolarising( ̂𝜌) = (1 − 𝑝) ̂𝜌 + 𝑝
𝕀2
2 , (336)

representative of the 1−𝑝 probability that the state will be fully unaffected
by the noise channel and 𝑝 probability that it will be fully depolarised.
As this is a classically probabilistic process, for any 𝑝 ≠ 0 the output will
be a generally-mixed state representative of our lack of knowledge of the

outcome.

The qubit depolarising channel can alternatively be written as the Kraus

operators,

K = {√1 − 34𝑝 𝕀, √𝑝/2 𝜎𝑥, √𝑝/2 𝜎𝑦, √𝑝/2 𝜎𝑧}, (337)

for 𝜎𝑥, 𝜎𝑦, 𝜎𝑧 the Pauli matrices, with the output state given by

Ndepolarising( ̂𝜌) = ∑
𝐾̂∈K

̂𝐾 ̂𝜌 ̂𝐾†. (338)

We consider here only the local version of depolarising noise in which each

probe may be depolarised individually. Global depolarisation, in which the

full system is depolarised or not as a whole, simply represents the failure

of some set proportion of measurement rounds. The impact of a global

failure rate on Fisher information is well understood, reducing the FI to

[101]

𝐹(N ( ̂𝜌)) = (1 − 𝑝)2

1 − 𝑝 + 𝑝
2𝑛+1

𝐹( ̂𝜌), (339)
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for 𝑛 the number of probes in the system, and so we do not consider this
form of noise further here.

It is widely known that GHZ entanglement is uniquely vulnerable to

local depolarisation as its entanglement exists only in multipartite form

and cannot be split into smaller bipartite-entangled pairs [25]. The removal

of a single particle from a GHZ state leaves the remaining system in a fully

mixed state, eliminating its ability to gain useful information about the

field. The entire system of our previously-ideal setup would therefore be

knocked out by a single depolarisation event! A relatively small local loss

rate 𝑝 will not only be more impactful — destroying the whole system

rather than only one probe — but also becomes significantly more likely,

spiralling to a system loss probability of 1 − (1 − 𝑝)𝑛 in a system 𝑛 probes.
It is clear that in the presence of depolarising fields a new strategy will be

required.

10.4.1.1 Results

Perhaps unsurprisingly, given its tendency to completely disable probes’

information collection, we have found depolarising noise to be the most

destructive of the three channels we have studied. Its blanket replacement

of affected probes with the fully mixed state makes this a variety of noise

whose local impact cannot be eliminated simply through judicious choice

of initial state. Further, as depolarisation is a highly contagious variety of

noise capable of spreading through an entanglement network, our usual

information-increasing tool actively works against us in this space. Design-

ing probe networks for depolarisation-resiliance, then, represents a tradeoff

between the larger entanglement structures that maximise information

gain and smaller ones limiting this cascade effect.

As in every case discussed here, we have optimised over the full space of

potential probe states through the mechanism outlined in section 9.2.1, to

find the best possible approach at each noise level. In every case, the best

multi-parameter setup was that with two probes placed in the corner posi-

tion with the remaining probes distributed between the axes (the triangular

layout shown in figure 35 (i) and (iv)).

The amount of information obtainable from the optimal entangled and

classical approaches is shown in figure 37, quantified through our ability to

use the gained information to narrow the confidence region surrounding

the parameters. The presence of a depolarising field very quickly eliminates

the previously-optimal setup’s ability to collect information. Indeed, using a

4-probe network in the presence of a noise field with a local depolarisation

probability of 40%, would require nearly 25 times as many measurements
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Figure 37: The size of the two-parameter confidence region after 2 measurement rounds in the presence of

indicated local depolarisation noise, relative to the ideal confidence region size in the absence

of depolarisation, on a logarithmic scale. (a) Results for a 4-probe measurement network; (b)

results for a 6-probe measurement network. Solid lines represent the information obtainable

froma fully classicalmeasurement (orange) and fromameasurementmade using theGHZ-state

approach, which would be the optimal approach in the absence of noise, with no adaptation

for the depolarising field (blue). Red and green dots represent the obtainable information from

multi-parameter and alternating single-parameter measurements optimised for the noise field.

Smaller values represent a better measurement; larger values indicate an increasing number

of measurement rounds would be required to achieve the same precision as possible in the

absence of noise.

to gain the same confidence as that found in the absence of noise. In the

6-probe case this rises to 120 times as many measurements!

Although there does remain a limit on the noise in which a quantum

approach remains useful— indeed in the presence of this 40% depolarising
field there remains very little quantum advantage to be found at all — by

adapting the states the region in which quantum advantage is possible can

be stretched.

optimal 4-probe setups For a measurement network consisting

of 4 probes, quantum advantage is almost exclusively obtained through

sequential single-parameter measurements. Recall that the best possible

measurement in the noiseless case (represented by the blue line in figure 37)

is obtained through the use of a single 4-particle GHZ state,

|𝜓⟩ = 1
√2
(|↑↑↑↑⟩ + |↓↓↓↓⟩). (340)

When there is a low risk of depolarisation, this approach remains optimal

and no change is necessary to compensate for the field; the huge informa-

tion advantage obtainable from this approach outweighs the risk of total
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(a) Optimal single-parameter measurement states
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(b) Optimal multi-parameter measurement states

Figure 38: The optimal states for field gradient measurement using a 4-probe network to (a) measure each

gradient direction sequentially, (b) measure both gradients simultaneously. The vertical line

between 𝑝 = 0.30 and 𝑝 = 0.35 indicates the point at which the optimal approach switches
from sequential single-parameter estimation to simultaneous multi-parameter estimation.

D(𝑛, 𝑘) represents the (𝑛, 𝑘) Dicke state with 𝑘 excitations distributed across 𝑛 particles. Note
that as GHZ4 and GHZ

⊗2
2 are not orthogonal, the values in the early part of (a) do not square

and add to 1 despite the states being normalised.

loss from occasional depolarisation. As the depolarisation probability rises,

though, the loss of information from failed runs becomes more signific-

ant and alterations to the state become necessary to preserve information

collection.

Initially, the changes required remain light-touch, as shown on the left

of figure 38a: dilute the entanglement by introducing smaller structures to

the superposition. These early optimal states consist of a superposition of

the (non-orthogonal) 4-mode GHZ state and 2-mode Bell states,

𝛼|GHZ4⟩ + 𝛽|𝛷2⟩ ⊗ |𝛷2⟩, (341)

where 𝛷2 = 1
√2
(|↑↑⟩ + |↓↓⟩) is the Bell state and 𝛼, 𝛽 are dependent on the

noise parameter. In the event that any single probe is depolarised, the full

4-mode GHZ component to the superposition will be destroyed but one

half of the pair of Bell states will survive. When no depolarisation occurs,

though, the significantly larger amount of information accessible from the

full GHZ state remains available, albeit in a lesser form. This approach

builds redundancy into the system by sacrificing best-case information gain

to ensure not all information is lost in the worst-case scenario. Eventually,
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(b) Optimal multi-parameter states

Figure 39: The optimal states for field gradient measurement using a 6-probe network to (a) measure

each gradient direction sequentially, (b) measure two directions simultaneously. The vertical

line between 𝑝 = 0.15 and 𝑝 = 0.2 indicates the point at which a sequential single-parameter
approach ceases to outperform a multi-parameter estimation. Note that the eigenstates in (a)

are not orthogonal; the states presented there are normalised.

though, the probability of depolarisation increases such that even with this

correction a GHZ-state approach ceases to be useful.

With a 4-probe network, the region of quantum advantage can be exten-

dedmarginally by switching to amulti-parameter approach above 𝑝 = 0.30
(this transition point is shown by the vertical line in figure 38). The optimal

states for a multi-parameter setup are shown in figure 38b. Although ini-

tially (at 𝑝 = 0.35) improvements in information collection can be found
by diluting the previously-optimal state with different entanglement struc-

tures, the optimal state quickly becomes increasingly indistinguishable

from the fully separable state. This similarity between the best possible

quantum approach and the separable state is reflected in the extremely

minor quantum advantage obtainable in the presence of high depolarising

fields shown in figure 37.

optimal 6-probe setups As the number of probes in the network

increases, the usefulness of the single-parameter approach breaks down

much earlier. Recalling that the probability of full-system collapse in the

presence of a locally depolarising field scales with the power of 𝑛, it is clear
that the advantage in information gain in these cases will more quickly be

outweighed. In the case of a 6-probe network, the preservation of quantum

advantage requires switching to multi-parameter estimation approaches at

depolarisation strengths as low as 𝑝 = 0.2, although ultimately quantum
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Figure 40: Entanglement structures present within the optimal multi-parameter 6-

probe states, quantified by the logarithmic negativity. Red line indicates

the entanglement between the three different positions probes can take;

blue line indicates the entanglement between the two probes at each of

the positions. Each of the three positions has the same intra-position

entanglement properties. Maximal entanglement is indicated by a log

negativity of 1.0 for the intra-position entanglement (blue) and 2.0 for

inter-position entanglement (red).

advantage can be found beyond the region possible for a 4-probe network.

The optimal measurement state for a 6-probe network in the single- and

multi-parameter cases are shown in figure 39. Initially, these optimal setups

look very similar to the 4-probe case. In the presence of very small depolar-

ising fields (for 6-probe networks covering only the 𝑝 = 0.05 data point) no
adjustment to the previously-optimal GHZ state is needed. After this point,

the average information gain can then be improved by again introducing

redundancy in the form of smaller systems: initially two 3-mode GHZ

states, then three 2-mode Bell states. In the event of a single probe being

depolarised the entirety of the 6-mode GHZ component will be destroyed

but some subsystems of the smaller-system components will survive.

These smaller systems do not gather as much information as the full 6-

probe GHZ state, so quickly find their advantage over the multi-parameter

approach diminished. Once the depolarisation probability reaches 20%,

it becomes optimal to switch to the multi-parameter states shown in fig-

ure 39b. Initially, as expected, these look very similar to the optimal noise-

less state (shown in red), mildly adapted with an increasing contribution

from the |↑⟩⊗4|↓⟩⊗2+|↓⟩⊗4|↑⟩⊗2 state (blue) as the field strength increases.
As was the case with the 4-probe networks, though, this wholly quantum

approach is still only practical up to a point, after which the optimal state

becomes increasingly close to the fully separable state.
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Although not immediately clear from the form of the contributions,

the shift from full entanglement to subsystem entanglement seen in the

single-parameter probes is reflected in the multi-parameter system as well.

Consider the entanglement properties (quantified by the logarithmic neg-

ativity between subsystems) across the network shown in figure 40. The

change in balance between the eigenstates acts to reduce the entanglement

between probe positions, while strengthening the quality of the 2-probe

entanglement within each of those positions. The wider 6-probe entangle-

ment — highly vulnerable to depolarisation — is progressively swapped

out for smaller structures, introducing guards against full depolarisation.

10.4.2 Amplitude-damping noise

The amplitude-damping channel represents the noise induced by random

energy transfer between a quantum state and its environment [27]. Con-

sider a two-level energy system akin to the spin up/down states we are

discussing in this chapter. At any given time, there is a small probability of

the excited eigenstate decaying — through the spontaneous emission of a

photon, for example — back into the ground state.4

This has the overall effect of reducing the probability that the state will

be found in the spin-up state, represented by the transformation

|↓⟩⟨↓| ↦ |↓⟩⟨↓|, (342)

|↑⟩⟨↑| ↦ 𝑝|↓⟩⟨↓| + (1 − 𝑝)|↑⟩⟨↑|, (343)

for 𝑝 the probability of phase transition. As this represents a classically
probabilistic process, the density-matrix coherences also degrade, such

that |↓⟩⟨↑| ↦ √1 − 𝑝|↓⟩⟨↑|, reducing the purity of the state. The channel
can equivalently be represented through the Kraus operators [27]

𝐾0 = (
1 0
0 √1 − 𝑝

) , (344)

𝐾1 = (
0 √𝑝
0 0

) , (345)

4There is often, of course, additionally a probability that a stray photon will collide with a

ground-state particle and promote it into the excited state. Such a two-way energy transfer

with the environment can be modelled through the generalised amplitude-damping

channel [27] — otherwise known as the thermal channel we saw in part I! To avoid

undue complication, we do not consider the energy-gain effects in this part of the thesis.
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Figure 41: The quantity of information obtainable from (a) a 4-probe measurement network and (b) a

6-probe measurement network in the presence of increasing levels of amplitude-damping

noise, relative to the information optimally obtainable in the absence of noise. Solid lines

indicate the the information obtainable from a fully-separable probe network (orange) and

from the optimum noiseless setup (blue) if the latter was not adapted for the noise. Information

is quantified through the size of the confidence region after two measurement rounds. Smaller

values indicate a better quality measurement

again acting as

NAD( ̂𝜌) = ̂𝐾0 ̂𝜌 ̂𝐾†0 + ̂𝐾1 ̂𝜌 ̂𝐾†1 . (346)

Recalling that our ability to estimate field gradients is rooted in the

accumulation of phase between spin-up and spin-down eigenstates, it is

anticipated that measurement performance will be significantly degraded

by a channel causing random transitions from one to the other. As we will

see, though, with prior knowledge of the probability of energy transfer,

we are able to compensate for this process to an extent, initially simply by

adjusting the balance of eigenstates in the superposition. In the limit of a

fully-damping field, though, the entire measurement system will consist of

spin-down states with no potential for the gain of information.

10.4.2.1 Results

Amplitude damping is the form of noise that gradient detection is most

resilient to, with a significant quantum advantage obtainable even through

90% damping fields. As we sawwhen we considered depolarising fields, the

ideally-optimal approach of grouping probes as a single GHZ state breaks

down in the presence of noise and eventually ceases to match even the clas-

sically available information. The obtainable information from this GHZ

setup is shown alongside the optimal quantum and classical approaches in
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figure 41. By initially adapting the precise setup used for single-parameter

estimation before switching to a multi-parameter approach at higher noise

levels, a quantum advantage can be maintained even in the presence of

very highly amplitude-damping fields.

optimal single-parameter estimation strategies The

optimal approach to gradientmeasurements at low levels of noise continues

to be the individual measurement of each parameter. The optimal states for

this task, found through numerical optimisation, are shown in figure 42. In
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Figure 42: The optimal setup for measuring a single-dimensional gradient using a measurement network

of (a) 4 probes, (b) 6 probes. Vertical line between 𝑝 = 0.4 and 𝑝 = 0.45 in (a) and between
𝑝 = 035 and 𝑝 = 0.4 in (b) indicates the point at which this sequential single-parameter
strategy ceases to outperform a multi-parameter approach.

the presence of very low levels of amplitude-damping noise, its effect can

be directly compensated for by increasing the pre-noise likelihood of each

individual probe being found in the spin-up state. The general structure

of the entanglement — GHZ-like superpositions of fully spin-up and fully

spin-down eigenstates — is retained, such that

|𝜓⟩opt = 𝛼|↑⟩⊗𝑛 +√1 − 𝛼2|↓⟩⊗𝑛, (347)

with the eigenstate coefficients 𝛼 varying dependent on the degree of noise
present.

This correction is not side-effect free, however. By acting probabilistically

on spin-up states only, amplitude damping reduces the purity of a state in

proportion to its spin-up coefficient; this effect is shown for a 4-probe state
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Figure 43: The purity of the denoted GHZ-like state after being passed through

an amplitude-damping field with 30% amplitude-damping probability,

compared to a dual-Bell-state baseline

in figure 43. By increasing the spin-up contribution to compensate for the

energy loss, then, we also inadvertently reduce the purity of the network

further.

At a certain point, the loss of purity from this correction becomes so

great that it is no longer an effective way to compensate for the noise. At

this point, we can take inspiration from the corrections made to counteract

depolarising noise: introduce smaller entanglement structures that retain

good information-gathering potential but that limit the wider impact of a

single amplitude-damping event. The optimal state for the 4-probe system

then becomes

|𝜓opt⟩ = 𝛼|↑↑↑↑⟩ + 𝛽|↓↓↓↓⟩ + 𝛾|𝛷2⟩⊗2, (348)

augmenting the previously optimal GHZ-like states with two-mode bell

states of the form

|𝛷2⟩ =
1
√2
(|↑↑⟩ + |↓↓⟩). (349)

A similar effect can be seen in figure 42b for the 6-probe network. After

the initial energy-loss-compensation approach breaks down at 𝑝 = 0.2,
the GHZ state components are joined by new terms representing smaller

entanglement structures of the form

(𝛼|↑↑⟩ + √1 − 𝛼2|↓↓⟩)⊗3, (350)

for 𝛼 dependent on 𝑝.
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optimal multi-parameter estimation strategies This

performance gain from single-parameter estimation strategies stems from

their ability to devote larger numbers of probes simultaneously to each

dimension, and thus to establish larger entanglement networks. When

the noise becomes such that these larger networks are no longer optimal

— and smaller entanglement structures become necessary — this advant-

age begins to diminish and multi-parameter estimation protocols become

competitive. For 4-probe networks the critical point at which simultan-

eous estimation of both gradients becomes preferable lies at single-probe

damping probabilities of 𝑝 = 0.45, while for 6-probe networks the switch
becomes necessary sooner at 𝑝 = 0.4. It is likely that as the size of the
probe networks increases further, the region in which single-parameter

estimation is preferable will continue to shrink and that multi-parameter

approaches will become preferable at increasingly-small energy loss prob-

abilities.

Recall from section 10.3 that when one has access to a network of 4

probes, the optimal multi-parameter approach in the absence of noise is

to use a superposition of the 4-mode GHZ state 1
√2
(|↑⟩⊗4 + |↓⟩⊗4) and the

bi-separable state

1
2 (|↑↓⟩ + |↓↑⟩)⏟⎵⎵⏟⎵⎵⏟

Axes subsystem

⊗ (|↑↑⟩ + |↓↓⟩)⏟⎵⎵⏟⎵⎵⏟
Corner subsystem

. (351)

In the presence of amplitude-damping noise the optimal GHZ state con-

tribution quickly decays and vanishes by 𝑝 = 0.2, a point at which the
multi-parameter approach remains vastly out-classed by single-parameter

estimation.

Remarkably, though, the optimal state of the first subsystem— repres-

enting the probes spread across the axes — remains constant throughout

all noise levels, with the two probes always Bell-entangled as

|𝜓𝐴⟩ =
1
√2
(|↑↓⟩ + |↓↑⟩). (352)

The second subsystem— the two probes grouped together at the furthest

corner — initially retains the general form of the previously-optimal Bell-

like state,

|𝜓𝐵⟩ = 𝛼|↑↑⟩ + √1 − 𝛼2|↓↓⟩, (353)

in changing proportions 𝛼 depending on the strength of the noise field.
The state of this second subsystem from the point at which the optimal
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Figure 44: Optimal state of the second subsystem (placed at the extreme corner) of

a 4-probe entanglement network for the simultaneous measurement of

two-dimensional field gradients in the presence of amplitude-damping

noise.The vertical line between = 0.4 and 𝑝 = 0.45 indicates the point
at which this measurement setup begins to outperform the single-

parameter estimation strategy shown in figure 42a.

state becomes bi-separable at 𝑝 = 0.2 is shown in figure 44. The region at
which the Bell-like entangled states remain useful for gradient detection is

shown by the red (|↑↑⟩) and orange (|↓↓⟩) lines on the left of the plot. Even-
tually, though, even these very small entanglement structures become an

impediment to information gain; as can be seen in figure 44, from 𝑝 = 0.6
the optimal state of this subsystem very quickly becomes dominated by

the separable state.

The optimal state of the first subsystem remains entangled throughout all

levels of amplitude-damping noise studied. Hence, a quantum advantage

remains achievable even in the high-noise regions, despite the second

subsystem tending towards a fully classical measurement. This is shown at

the right edge of figure 41, in which the optimal quantum protocols (red

dots) continue to produce smaller confidence regions than are obtainable

from classical approaches.

A similar behaviour is observed for 6-probe multi-parameter gradient

estimation. The optimal 6-probe layout is to place the probes in three pairs:

along the two axes at positions (1, 0) and (0, 1) and at the extremal corner,
(1, 1) as show in figure 35(iv) on page 155. Initially, the optimal approach
involves a fully-entangled system consisting of all 6 probes, but in the

presence of increasing amplitude-damping probability the optimal setup

increasingly has the corner probes disconnected from the 4 probes distrib-

uted between the systems. Selected entanglement properties for these states

are shown in figure 45, quantified by the remaining logarithmic negativity

between two subsystems after the third subsystem has been traced out.

The optimal 6-probe entanglement structures echo those for the 4-probe
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Figure 45: The entanglement structures present within the optimal 6-probe state

in the presence of amplitude-damping noise, quantified by the log-

arithmic negativity between two subsystems. Red line indicates the

entanglement between the two subsystems (of two probes each) placed

along each axis. Blue line indicates the entanglement present between

either of those subsystems and the two probes placed at the extremal

corner. Yellow line indicates the entanglement between the two probes

placed at the corner. Note that as the subsystems have different sizes,

the red and blue inter-position measurement would indicate maximal

entanglement at a log negativity of 2.0 while the intra-position meas-

urement would be maximal at a log negativity of 1.0.

network: while cross-axis entanglement (red line) remains useful even in

the presence of extremely high levels of noise, there quickly becomes no

use for entanglement between those subsystems and the probes placed in

the corner (blue line). Indeed, from 𝑝 = 0.55 the optimal state is effectively
bi-separable5 between the two axes and the corner subsystems. Within the

corner system, the entanglement between the two probes (orange line) also

breaks down in a similar way to the corner probes in the 4-probe network,

with the optimal setup in the presence of highly damping fields tending to

the fully separable state. As was the case for the 4-probe networks, the ex-

istence of this entanglement throughout the spectrum of noise parameters

is reflected by the existence of a significant achievable quantum advantage

in the presence of any level of amplitude-damping.

10.4.3 Dephasing noise

The final form of noise we consider in this chapter is dephasing noise,

otherwise known as the phase damping channel, representing the loss of

5The optimal bi-separable state |𝜓⟩axes⊗ |𝜓⟩corner produces a confidence region within
1% of the size of the optimal 6-probe-entangled state.
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information about relative phase between eigenstates. Traditionally, this is

representative of an unknown random rotation in phase space, described

by a Gaussian distribution with variance 2𝑝, such that the output state is
described by [27]

N ( ̂𝜌) = 1
√4𝜋𝑝

∫
∞

−∞
𝑑𝜃 e−𝜃2/4𝑝 𝑅̂(𝜃) ̂𝜌𝑅̂†(𝜃), (354)

for 𝑅̂(𝜃) the rotation operator. Under the application of this type of noise,
the probability with which the state will be found in any given eigenstate

remains unchanged, but it will gain or lose phase in proportion to its ei-

genvalue. As eigenvalue-proportionate phase accumulation is the conduit

through which the probes couple to the field, any loss of relative phase

information will have a large impact on our ability to make accurate meas-

urements.

Although dephasing is ordinarily thought of as a source of continuous

noise — with the state always impacted to a degree dictated by the noise

parameter — it has been shown to be equivalent to the probabilistic phase-

flip channel, in which a qubit either remains completely unaffected or

accumulates a 𝜋 phase difference between the eigenstates with probability
𝑝. Consequently, dephasing noise can be described through the Kraus
operators [27]

𝐾0 = (
1 0
0 √1 − 𝑝

) , (355)

𝐾1 = (
0 0
0 √𝑝

) , (356)

with

N ( ̂𝜌) = 𝐾†0 ̂𝜌𝐾0 + 𝐾†1 ̂𝜌𝐾1. (357)

In general, there are twoways for a quantum state to be dephased: locally

and globally, distinguished by the degree of coordination between the

random phase shifts. In both cases, the random phase shifts on each probe

are drawn from the same probability distribution. In a locally-dephasing

field, though, a different random phase shift is drawn from this distribution

for each probe — meaning, for example, that the eigenstates |↑⟩|↓⟩ and
|↓⟩|↑⟩ will not necessarily accumulate the same phase. Such random shifts

might occur for example from experimental imperfections such as one’s

inability to decouple all probes from the field simultaneously or perfectly

know their spatial position. In a globally-dephasing field, by contrast, a



10.4 noisy gradient detection 175

single random phase shift is applied equally to all probes — for example

through an unknown but spatially constant offset field 𝐵0 — with the

phase difference accumulated by each eigenstate simply proportional to

the number of excited probes it represents. In this case, although an element

of randomness is introduced to the eigenstate phases, it remains certain

that no phase difference accumulates between eigenstates of equal total

energy.

Globally dephasing noise is comparatively simple to combat. As it works

equally on all configurations with the same total number of spin-up/spin-

down states, there exists a class of state — the so-called decoherence-free

states, to which the Dicke states belong — for which global dephasing is

reduced to an irrelevant global phase accumulation. By restricting oneself

to these probes then, any level of global dephasing can be tolerated. This

approach to combating dephasing noise for single-dimensional gradient

detection is discussed in detail in Ref. [100], and so in this chapter we will

focus exclusively on local dephasing.

10.4.3.1 Results
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Figure 46: The size of the two-parameter confidence region after 2 measurement rounds using (a) a

4-probe measurement network, (b) a 6-probe measurement network in the presence of a locally

dephasing field, relative to that achievable in the ideal noiseless case. Solid lines represent the

information obtainable from a classical measurement (orange) and a measurement using the

ideal-optimum state with no adaptation (blue). Red and green dots represent the obtainable

information frommulti-parameter and alternating single-parametermeasurements respectively

that have been optimised for the noise field. Smaller values represent a better measurement.

Considering dephasing noise’s direct pollution of any accumulated in-

formation, it is unsurprising to see that it is highly destructive and difficult

to combat at high levels. Indeed, while quantum advantage can be exten-
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ded into the mid-noise region, at high noise levels the optimal quantum

approach quickly becomes indistinguishable from a classical measurement.

A comparison of the quantum and classical measurements is shown in

figure 46. As was the case for depolarising noise, there is very little use for

entangled probes in the high-noise limit. Instead, the aim in this section is

again to extend the region in which quantum advantage can be found —

the area in which the green or red dots outperform the orange separable

curve in figure 46 — above that for a naïve GHZ-state approach. Although

these previously-optimal states quickly begin to underperform a classical

measurement, we have found that the region of quantum advantage can

be extended significantly by changing the states used.

optimal single-parameter estimation strategies As we

have found to be the case throughout this chapter, in the first instance

the greatest quantum advantage is obtained through alternating single-

parameter estimation. In contrast to results for other sources of noise,

though, this advantage is not obtained from the introduction of alternative

entanglement structures. Rather, the optimal state overwhelmingly consists

of a superposition of the original GHZ state and the separable state, with

only extremely minor contributions from other Dicke states,6 as can be

seen from the state contributions shown in figure 47.
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Figure 47: The optimal states for estimating a single field gradient in the presence of dephasing noise

using (a) a 4-probe network, and (b) a 6-probe network. Vertical line between 𝑝 = 0.45 and
𝑝 = 0.5 in (a) and 𝑝 = 0.25 and 𝑝 = 0.3 in (b) indicates the point at which this approach ceases
to be preferable to a multi-parameter estimation strategy.

6We note for the avoidance of doubt that although Dicke states individually belong to the

class of (global) decoherence-free states, combinations of Dicke states do not.
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In the case of a 4-probe network, the potential for quantum advantage

is almost exclusively provided by this sequential case. By the point at

which a multi-parameter approach is preferable (at 𝑝 = 0.5), the size of
the confidence region would be reduced by less than 10% by using an

entangled approach instead of a classical one. In the 6 probe case, though,

the information obtainable from sequential single-parameter estimation

breaks down much faster and the multi-parameter estimation approach

becomes preferable by 𝑝 = 0.3, where it reduces the size of the confidence
region by nearly a third from the classical result.

optimal multi-parameter estimation strategies The

optimal states for a simultaneous multi-parameter estimation setup are

shown in figure 48. Recalling that very little quantum advantage can be
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Figure 48: The optimal states for simultaneously estimating two field gradients in presence of dephasing

noise using (a) a 4-probe network, and (b) a 6-probe network.Vertical line between𝑝 = 0.45 and
𝑝 = 0.5 in (a) and 𝑝 = 0.25 and 𝑝 = 0.3 in (b) indicates the point at which this multi-parameter
estimation approach becomes preferable to the sequential single-parameter estimation shown

in figure 47.

achieved at high noise levels, it is unsurprising to see that the optimal

states become increasingly close to the fully separable case. In the case

of a 4-probe network, shown in figure 48a, the optimal state is initially

primarily made up of Bell pairs and GHZ states — as was optimal for

the noiseless case — in changing proportions, before being increasingly

dominated by the separable contribution. The optimal setup for a network

of 6 probes looks similar. The primary contributions, shown in figure 48b,

again come from the optimal noiseless state (red line) and the separable

state (orange). However, in this case the entangled state represents the
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largest contribution into larger noise levels, resulting in themore persistent

quantum advantage seen in figure 46.

That quantum advantage survives longer for larger probe networks is

not surprising. Recall that the QFI for quantum-networked measurements

can (in the ideal case) scale with 𝑁2, while classical ones only scale with
𝑁. Although the noise may impact entangled networks more strongly, the
greater potential for quantum advantage from large networks increases

their resilience compared to a classical measurement. It should be expected,

then, that the region in which quantum advantage will be possible for

dephasing noise will only increase as the allowed size of the measurement

network increases.



11
CONCLUS ION

We have considered in this part of the thesis the usefulness of quantum

approaches to the measurement of field gradients, the precise estimation

of which is crucial to a wide range of academic, industrial and medical

tasks [97–99].

We have found that in the ideal case, in the absence of environment

noise and decoherence effects, the optimal approach to the measurement

of multi-dimensional field gradients is simply the sequential estimation

of each of the gradients in turn. There is no benefit to taking a multi-

parameter approach that attempts to use a single probe network tomeasure

multiple gradients simultaneously. The optimal strategy is to entangle the

full network as a single 𝑛-dimensional GHZ state, placed as a group at the
extremal point of one of the axes, as outlined in [100], before repeating this

process for the second axis. Practically, this second measurement could be

trivially achieved by rotating the measurement device such that the probes

now lie along the second axis, so long as that rotation is performed around

the defined reference point.

In the presence of any suitably-strong noise field, though, this single-

parameter approach ceases to be optimal and better-quality measurements

are obtained by switching to an approach that estimates multiple gradi-

ents simultaneously. The advantage in information accrual from single-

parameter estimation is drawn from their ability to devote the full entan-

glement network to one parameter at a time, and thus take full advantage

of the scaling improvement obtainable from entangled networks. In the

presence of noise, however, the advantage from these highly-entangled

states either wanes due to the loss of quantum features from the noise or in

some cases becomes an active hinderance to themeasurement by spreading

the impact of local noise beyond a single probe. Once noise levels become

such that these large entanglement structures are no longer optimal, this

single-parameter advantage vanishes, and the multi-parameter approach

becomes necessary.

In the presence of depolarising noise, we have found that the advantage

obtainable from a quantum approach very quickly decays, such that in the

presence of even mid-level depolarising fields the best possible measure-

ment is obtained from a separable network of probes. That this is the case
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reflects the unique way depolarising noise interacts with entanglement

networks. By essentially destroying an affected probe, tracing it out of

the system, depolarisation can spread through an entanglement network.

Often, learning the state of one probe in a system provides significant

information about the state of the remaining networks. Tracing a probe

out of the system (replacing its quantum superposition with a classical

probability) can therefore collapse other parts of the superposition into a

mixed state also. By minimising the size of entanglement networks, one

limits the effect of any given depolarisation, which in the high-noise region

vastly outweighs the potential information gain benefits from entangled

approaches. The noise region in which quantum advantage is possible can

be extended, though, by making small adjustments to the probe network.

By augmenting the initially-optimal 𝑁-probe GHZ states with smaller en-
tanglement structures — 2-probe Bell states, for example — one is able to

retain some of the information advantage from the larger networks without

losing all information in the presence of a single depolarisation event.

The quantum approach does remain robust to even very high levels

of amplitude-damping noise, however. Given a suitable adaptation of the

entanglement network, a quantum advantage is possible even at a damping

probability of up to 90%. Initially, preserving the quantum advantage is a

simple matter of adjusting the balance between spin-up and spin-down

eigenstates in the prepared state to compensate for the effect of the noise

field. This is only an effective approach in the relatively low-noise region,

however; to maintain a quantum advantage in the presence of higher levels

of amplitude-damping noise, switching to a multi-parameter approach

with bespoke entanglement structures that suit the noise level becomes

necessary.

A not-insignificant quantum advantage can also be maintained through

the mid-noise region in the presence of a dephasing channel, additionally

representative of experimental error. Although this advantage is primarily

found by increasing the similarity between the state and the wholly sep-

arable state, quantum advantage can be found in the presence of higher

levels of noise than would be possible for the depolarising channel. In

the presence of very high dephasing noise, though, no improvement over

classical measurement strategies is possible.

We should note, however, that the ability to find a quantum advantage

at these higher noise levels does not necessarily represent the potential

for a high-quality measurement. Often many times more measurement

rounds will still be necessary to obtain a good estimate of the gradients

than would be required in the absence of noise.
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11.1 outlook

A number of open questions remain in this field, most significantly the

large-probe-number behaviour. Due to computational constraints, we were

only able to investigate networks of four and six probes. Although some

trends appear to emerge — such as the optimality of multi-parameter

setups emerging at lower noise levels as the probe number increases — it

would be desirable to have more datapoints to confirm these. Of particular

interest here would be in the distribution of extra probes between the three

positions. In both 4- and 6-probe entanglement networks the optimal setup

is to place two probes at the corner and distribute the remaining probes

between the axes. In particular, this outperforms the case in which there

is a single probe along each axis and four probes at the corner. It would

be particularly interesting to learn where the additional probes are most

useful for 8- and 10- probe networks — whether only two probes are ever

necessary on the corner or if there is a more complex allocation algorithm

to describe the optimal layout.

The emergence of quantum computers capable of efficiently optimising

over large-dimensional systems may make this future study possible [128].

A particularly promising avenue is variational quantum algorithms, which

combine quantum operations with classical optimisation processes [129].

The potential for such algorithms to be applied to quantum metrology

processes has been studied in Refs [130, 131], where it has been shown to

be an effectiveway to find optimal probe layouts. Once quantum computing

infrastructure develops to allow for the implementation of such algorithms,

this is likely to be an effective way to continue the research presented in

this thesis.

As well as the trivial extension to include the third dimension — ex-

cluded here again because of computational constraints — it would be

interesting to see results for the estimation of gradients in the presence of

partial information about the offset field, 𝐵0. Although the case in which
the offset field is fully unknown has been studied in Ref. [100], to the

author’s knowledge there has as yet been no investigation of the case of

partial knowledge. Such an investigation would require taking a Bayesian,

rather than Fisher, approach1 in which the parameters are allocated priors

representative of the state of our knowledge of them before the estimation

process.

Finally, the estimation of more complex forms of field gradient would

pose an interesting task. Estimating the first and second derivatives of the

1for example as discussed in Ref. [101]
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field simultaneously would be relatively simply to model mathematically,

but the more complex form of the estimation problem would require a

larger number of probes, making the optimisations more computationally

challenging. It is additionally likely that such a task would break the as-

sumption that the optimal layout is trivially one that places the probes at

the extremal points, necessitating the inclusion of probe position in the

optimisation as well.
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A
RELAT IONSH IP BETWEEN THI S WORK AND MY MASTER’ S

THES I S

Aprevious iteration of this protocolwas presented in a dissertation for the degree of

Master of Physics in 2020 [50]. The overwhelming majority of the work presented

here is new, with those results that overlap derived from a new framework.

For the avoidance of doubt, let us note any similarities here.

• The dealer protocol is the same for both works, but was previously selec-

ted only for its simplicity. The principles-based derivation presented in

section 4.2.1 is novel.

• The prior work considered {1,3} (and by extension {2,3}) reconstruction

by modelling each element in a specific experimental setup. This thesis

puts the analysis on a more sound theoretical footing by constructing the

quantum channel representing the reconstruction directly. The discussion

of the channel presented here is entirely novel, and although some results

overlap (see below) those presented here are new in that they are re-derived

from this more-sound basis.

• The prior work considered the amplification and attenuation corrections

discussed in section 4.2.4 to both occur after the reconstruction. In this work

we have found improved fidelities by moving the amplification correction

to before the dealer protocol. Consequently, all results presented here for

𝑔 < 1 differ from those previously presented and are entirely novel.

• The discussion on mode-swapping in section 5.2.3 is entirely new.

• The {1,2} reconstruction protocol is unchanged, but as the pre-amplification

step is new the discussion of the impact this has is novel.

• The discussion of more generalised {𝑘, 𝑛} QSS schemes is entirely new.

• The previous work only considered coherent states, so all work from sec-

tion 5.3 onwards is entirely novel, as is the security analysis for a limited

codebook presented in section 5.2.5.

Other than some parts of the form of the protocol itself, therefore, the only

results produced here that have appeared in previous work are those for coher-

ent states for 𝑔 > 1. Even those, however, have been re-derived based on an
information-theoretic approach with a quantum-channel framework that was not

used in prior work.
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B
GAUSS IAN INTEGRALS

In this appendixwe solve a series of Gaussian integrals underpinning the theorems

in chapter 6. Ultimately, in theoremB.8, wewill solve the integral in equation (242)

of the main text representing the potential forms of a coordinate transform of the

tensor product of a Fock state and a Gaussian state given as

∫
ℝ2𝑁′

𝑑𝑁′𝑥I 𝑑𝑁
′𝑝I 𝐿𝑛([𝝀𝑥 ⋅ 𝒙]2 + [𝝀𝑝 ⋅ 𝒑]2) exp(−𝒒𝑇𝑉−1𝒒 + 𝒂𝑇𝒒), (B1)

for 𝒒 = 𝒙 ⊕ 𝒑, where 𝐿𝑛(⋅) is the Laguerre polynomial.
We will achieve this through a series of stepping stone integrals, starting in

theorem B.3 with the simple case of

∫
ℝ𝑁′

𝑑𝑁′𝑥
I
(∏
𝑖∈𝛽

𝑥𝑖) exp(−𝒙𝑇𝑉−1𝒙 + 𝒂𝑇𝒙), (B2)

for 𝛽 any arbitrary tuple of indices of 𝑥.
We will then, in theorems B.5 and B.7 go on to solve the case in which these

integrals are drawn from a power of a vector inner product as,

∫
ℝ2𝑁′

𝑑𝑁′𝑥
I
(𝝀𝑥 ⋅ 𝒙)𝑛 exp(−𝒙𝑇𝑉−1𝒙 + 𝒂𝑇𝒙), (B3)

and

∫
ℝ2𝑁′

𝑑𝑁′𝑥
I
𝑑𝑁′𝑝

I
[(𝝀𝑥 ⋅ 𝒙)2 + (𝝀𝑝 ⋅ 𝒑)2]𝑛 exp(−𝒒𝑇𝑉−1𝒒 + 𝒂𝑇𝒒), (B4)

in which we are able to exploit the natural symmetry arising from themultinomial

theorem to dramatically simplify the result. As the Laguerre polynomial can be

written as a sum of powers of its input, this result then immediately allows us to

solve our desired integral.

Finally, having achieved the general result in theorem B.8, we will present a

number of special cases of particular interest in the study of Gaussian channels

acting on Fock states in corollary B.11 and theorem B.14.

b.1 mathematical tools

We will in this appendix make use of some mathematical tools not used in the

main body of this thesis. Let us briefly introduce those now.

We will make frequent reference in this appendix to results catalogued in the

Digital Library of Mathematical Functions by the National Institute of Standards

and Technology. As a large web-based reference for results, we will refer to the
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results used directly, with references of the form [132, (15.2.E1)] referring to

equation 15.2.E1 within Ref. [132].

matrix properties Consider an invertible matrix𝑀 written in block nota-

tion

𝑀 = (
𝐴 𝐵
𝐶 𝐷

) . (B5)

The Schur complement of 𝑀 with respect to subblock 𝐴 is defined as

𝑀/𝐴 ≔ 𝐷 − 𝐶𝐴−1𝐵, (B6)

and similarly

𝑀/𝐷 ≔ 𝐴 − 𝐵𝐷−1𝐶. (B7)

The matrix inverse can be found using the Schur complement as [133]

(
𝐴 𝐵
𝐶 𝐷

)
−1

= (
(𝐴 − 𝐵𝐷−1𝐶)−1 −(𝐴 − 𝐵𝐷−1𝐶)−1𝐵𝐷−1

−𝐷−1𝐶(𝐴 − 𝐵𝐷−1𝐶)−1 (𝐷 − 𝐶𝐴−1𝐵)−1
) (B8)

= (
(𝑀/𝐷)−1 −(𝑀/𝐷)−1𝐵𝐷−1

−𝐷−1𝐶(𝑀/𝐷)−1 (𝑀/𝐴)−1
) , (B9)

The Schur complement can also be used to prove the Sherman-Morrisson

formula, that [133]

(𝑀 + 𝒖𝑇𝒗)−1 = 𝑀−1 − 𝑀
−1𝒖𝑇𝒗𝑀−1

1 + 𝒗𝑀−1𝒖𝑇
. (B10)

combinatorics We will use 𝑥! to denote the factorial of 𝑥 consisting of the
product of 𝑥 with all smaller positive integers. We will additionally make use of
the rising and falling factorials of 𝑥, defined as the product of 𝑥with the following
or preceding 𝑛 − 1 integers, which we denote

(𝑥)(𝑛) = (𝑥 + 𝑛 − 1)!
(𝑥 − 1)! = 𝑥(𝑥 + 1)(𝑥 + 2)… (𝑥 + 𝑛 − 1) (B11)

(𝑥)(𝑛) =
𝑥!

(𝑥 − 𝑛)! = 𝑥(𝑥 − 1)(𝑥 − 2)… (𝑥 − 𝑛 + 1). (B12)

Unlike the regular factorial these do not stop at 0, and so the falling factorial of
𝑥 > 0 for any 𝑛 > 𝑥 is simply 0, and likewise the rising factorial for 𝑥 < 0. The
two representations are related two each other by

(𝑥)(𝑛) = (−1)𝑛(−𝑥)(𝑛), (B13)

(𝑥)(𝑛) = (−1)𝑛(−𝑥)(𝑛). (B14)

http://dlmf.nist.gov/15.2.E1
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We will represent as 𝑆𝜍 the set1 of all permutations of the tuple 𝜎. When 𝜎 is
a non-repeating tuple this is also the symmetric group over 𝜎. When 𝜎 contains
multiple identical elements, 𝑆𝜍 as considered here treats those as distinct elements
such that

𝑆(𝑎,𝑎,𝑏) = {(𝑎, 𝑎, 𝑏), (𝑎, 𝑏, 𝑎), (𝑎, 𝑎, 𝑏), (𝑎, 𝑏, 𝑎), (𝑏, 𝑎, 𝑎), (𝑏, 𝑎, 𝑎)}. (B15)

Tomaintain notational consistency,wewill denote as𝑆𝑘𝜍 the set of all𝑘-permutations
of 𝜎: all possible ways to draw 𝑘 elements from 𝜎. For example,

𝑆2(𝑎,𝑎,𝑏) = {(𝑎, 𝑎), (𝑎, 𝑎), (𝑎, 𝑏), (𝑎, 𝑏), (𝑏, 𝑎), (𝑏, 𝑎)}, (B16)

again treating repeating elements as distinguishable.

hypergeometric series The set of hypergeometric series are an exten-

sion of the geometric series that introduces a fraction consisting of rising factorials

to the summand. In this thesis, we will make use only of the 2𝐹1 hypergeometric
series [134] [135, (15.2.E1)] — also known as the Gaussian hypergeometric series

— of the form

2𝐹1 (
𝑎, 𝑏
𝑐 ; 𝑥) =

∞
∑
𝑛=0

(𝑎)(𝑛)(𝑏)(𝑛)

(𝑐)(𝑛)
𝑥𝑛
𝑛! . (B17)

The series terminates only when one of the upper parameters, 𝑎 or 𝑏, is a nonneg-
ative integer, in which case the summation variable 𝑛 will at some point equal 𝑎
or 𝑏 causing the rising factorial to evaluate to 0 for all following elements.
There exist a number of useful transforms on the hypergeometric series, which

we will make use of here. These will each be introduced when they are used.

b.2 preliminary derivative

In solving the integral in equation (B2), we shall make repeated use of the derivat-

ives of

𝐸 = exp(12𝒂𝑉𝒕 +
1
4𝒕𝑉𝒕), (B18)

with respect to some series 𝑡𝛽𝑖. Let us first, then, consider this derivative in isola-
tion.

1Although not strictly a mathematical set, as it may contain repeating elements, we will continue to

use the notation of sets here as this distinction is not important for our purposes.
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The first 4 derivatives in this series are given by

𝜕𝐸
𝜕𝑡𝛽1

= 1
2(𝑎𝑘1 + 𝑡𝑘1)𝑉𝑘1,𝛽1𝐸 (B19)

𝜕2𝐸
𝜕𝑡𝛽2𝜕𝑡𝛽1

= [(12)
2
(𝑎𝑘1 + 𝑡𝑘1)𝑉𝑘1,𝛽1(𝑎𝑘2 + 𝑡𝑘2)𝑉𝑘2,𝛽2 +

1
2𝑉𝛽1,𝛽2] 𝐸 (B20)

𝜕3𝐸
𝜕𝑡𝛽3𝜕𝑡𝛽2𝜕𝑡𝛽1

=
⎡
⎢
⎢
⎢
⎣

(12)
3
(𝑎𝑘1 + 𝑡𝑘1)𝑉𝑘1,𝛽1(𝑎𝑘2 + 𝑡𝑘2)𝑉𝑘2,𝛽2(𝑎𝑘3 + 𝑡𝑘3)𝑉𝑘3,𝛽3

+(12)
2
{
𝑉𝛽1,𝛽2(𝑎𝑘3 + 𝑡𝑘3)𝑉𝑘3,𝛽3 + 𝑉𝛽1,𝛽3(𝑎𝑘2 + 𝑡𝑘2)𝑉𝑘2,𝛽2

+𝑉𝛽2,𝛽3(𝑎𝑘3 + 𝑡𝑘3)𝑉𝑘3,𝛽3
}

⎤
⎥
⎥
⎥
⎦

𝐸

(B21)

𝜕4𝐸
𝜕𝑡𝛽4𝜕𝑡𝛽3𝜕𝑡𝛽2𝜕𝑡𝛽1

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

(12)
4
{
(𝑎𝑘1 + 𝑡𝑘1)𝑉𝑘1,𝛽1(𝑎𝑘2 + 𝑡𝑘2)𝑉𝑘2,𝛽2

× (𝑎𝑘3 + 𝑡𝑘3)𝑉𝑘3,𝛽3(𝑎𝑘4 + 𝑡𝑘4)𝑉𝑘4,𝛽4
}

(12)
3

⎧
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎩

𝑉𝛽1,𝛽2(𝑎𝑘3 + 𝑡𝑘3)𝑉𝑘3,𝛽3(𝑎𝑘4 + 𝑡𝑘4)𝑉𝑘4,𝛽4
+𝑉𝛽1,𝛽3(𝑎𝑘2 + 𝑡𝑘2)𝑉𝑘2,𝛽2(𝑎𝑘4 + 𝑡𝑘4)𝑉𝑘4,𝛽4
+𝑉𝛽1,𝛽4(𝑎𝑘2 + 𝑡𝑘2)𝑉𝑘2,𝛽2(𝑎𝑘3 + 𝑡𝑘3)𝑉𝑘3,𝛽3
+𝑉𝛽2,𝛽3(𝑎𝑘1 + 𝑡𝑘1)𝑉𝑘1,𝛽1(𝑎𝑘4 + 𝑡𝑘4)𝑉𝑘4,𝛽4
+𝑉𝛽2,𝛽4(𝑎𝑘1 + 𝑡𝑘1)𝑉𝑘1,𝛽1(𝑎𝑘3 + 𝑡𝑘3)𝑉𝑘3,𝛽3
+𝑉𝛽3,𝛽4(𝑎𝑘1 + 𝑡𝑘1)𝑉𝑘1,𝛽1(𝑎𝑘2 + 𝑡𝑘2)𝑉𝑘2,𝛽2

⎫
⎪
⎪
⎪

⎬
⎪
⎪
⎪
⎭

(12)
2
{𝑉𝛽1,𝛽2𝑉𝛽3,𝛽4 + 𝑉𝛽1,𝛽3𝑉𝛽2,𝛽4 + 𝑉𝛽1,𝛽4𝑉𝛽2,𝛽3}

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

𝐸, (B22)

where repeated 𝑘𝑖 indices indicate implicit summation.
We can see in these first four derivatives a pattern emerging. The 𝑛th derivative

consists of a weighted sum of every way to distribute 𝑛 indices 𝛽1,…𝛽𝑛 between
1
2𝑉𝛽𝑖,𝛽𝑗 and

1
2 (𝑎𝑗+𝑡𝑗)𝑉𝑗,𝛽𝑘. The distribution between these two terms can be described

by the number of ways to split 𝑛 indices between 𝑖 pairs and 𝑛−2𝑖 single indices for
all 𝑖. We prove this observation in the following lemma, in which we symmetrise
the result as 𝑉𝑎,𝑏 = 1

2 (𝑉𝑎,𝑏 + 𝑉𝑏,𝑎),

Lemma B.1. Given

𝐸 = exp(12𝒂𝑉𝒕 +
1
4𝒕𝑉𝒕), (B23)

where 𝒂 ∈ ℝ𝑁, 𝒕 = (𝑡1,… , 𝑡𝑁), and 𝑉 ∈ ℝ𝑁×𝑁 symmetric, the 𝑛th-order derivative
with respect to some {𝑑𝑡𝛽𝑖} is given by

𝜕𝑛𝐸
𝜕𝑡𝛽𝑛…𝜕𝑡𝛽1

= [(12)
𝑛 ⌊ 𝑛2 ⌋

∑
𝑚=0

1
𝑚!(𝑛 − 2𝑚)! ∑𝜍∈𝑆𝛽

(
𝑚−1
∏
𝑖=0

𝑉𝜍2𝑖,𝜍2𝑖+1)(
𝑛−1
∏
𝑖=2𝑚

(𝑎𝑘 + 𝑡𝑘)𝑉𝑘,𝜍𝑖)]𝐸,

(B24)

where 𝑆𝛽 is the symmetric group on 𝛽 (representing the set of all permutations of 𝛽),
⌊⋅⌋ is the floor function, and repeated 𝑘 indices indicate an implicit summation over
all 𝑘 ∈ ℤ𝑁.
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Further,

𝜕𝑛𝐸
𝜕𝑡𝛽𝑛…𝜕𝑡𝛽1

|
|
|𝒕→0

= (12)
𝑛 ⌊ 𝑛2 ⌋

∑
𝑚=0

1
𝑚!(𝑛 − 2𝑚)! ∑𝜍∈𝑆𝛽

(
𝑚−1
∏
𝑖=0

𝑉𝜍2𝑖,𝜍2𝑖+1)(
𝑛−1
∏
𝑖=2𝑚

(𝒂𝑇𝑉)𝜍𝑖).

(B25)

Proof. We will prove this result by induction. It can be seen from equations (B19)

to (B22) that the first few derivatives of 𝐸 fit this pattern. It suffices, then, to show
that the formula holds for 𝑛 if it holds for 𝑛 − 1 to prove it true for all 𝑛.
Before we begin, let us define for notational convenience the shorthand

𝐴𝑖 = (𝑎𝑘 + 𝑡𝑘)𝑉𝑖,𝑘 = (𝑎𝑘 + 𝑡𝑘)𝑉𝑘,𝑖 =
1
2(𝑎𝑘 + 𝑡𝑘)(𝑉𝑖,𝑘 + 𝑉𝑘,𝑖), (B26)

implicitly summed over 𝑘, and note that

𝜕𝐸
𝜕𝑡𝑖

= 1
2(𝑎𝑘𝑉𝑖,𝑘 + 𝑡𝑘𝑉𝑖,𝑘)𝐸 =

1
2𝐴𝑖𝐸, (B27)

𝜕𝐴𝑖
𝜕𝑡𝑗

= 𝑉𝑖,𝑗 = 𝑉𝑗,𝑖 =
1
2(𝑉𝑖,𝑗 + 𝑉𝑗,𝑖). (B28)

Let us now assume that equation (B24) holds upon differentiating over the

tuple 𝛼 = 𝛽∖𝛽𝑛 = (𝛽𝑛−1,… , 𝛽1) consisting of the first 𝑛 − 1 elements of 𝛽, such
that

𝜕𝑛−1𝐸
𝜕𝑡𝛽𝑛−1…𝜕𝑡𝛽1

= [(12)
𝑛−1 ⌊

𝑛−1
2 ⌋

∑
𝑚=0

1
𝑚!(𝑛 − 2𝑚 − 1)! ∑𝜍∈𝑆𝛼

(
𝑚−1
∏
𝑖=0

𝑉𝜍2𝑖,𝜍2𝑖+1)(
𝑛−2
∏
𝑖=2𝑚

𝐴𝜍𝑖)]𝐸.

(B29)

We can now find the result of the 𝑛th derivative as

𝜕𝑛𝐸
𝜕𝑡𝛽𝑛…𝜕𝑡𝛽1

= 𝜕
𝜕𝑡𝛽𝑛

[(12)
𝑛−1 ⌊

𝑛−1
2 ⌋

∑
𝑚=0

1
𝑚!(𝑛 − 2𝑚 − 1)! ∑𝜍∈𝑆𝛼

(
𝑚−1
∏
𝑖=0

𝑉𝜍2𝑖,𝜍2𝑖+1)(
𝑛−2
∏
𝑖=2𝑚

𝐴𝜍𝑖)]𝐸 (B30)

=[(12)
𝑛−1 ⌊

𝑛−1
2 ⌋

∑
𝑚=0

1
𝑚!(𝑛 − 2𝑚 − 1)! ∑𝜍∈𝑆𝛼

(
𝑚−1
∏
𝑖=0

𝑉𝜍2𝑖,𝜍2𝑖+1)(
𝑛−2
∏
𝑖=2𝑚

𝐴𝜍𝑖)]
𝜕𝐸
𝜕𝑡𝛽𝑛

+ [(12)
𝑛−1 ⌊

𝑛−2
2 ⌋

∑
𝑚=0

1
𝑚!(𝑛 − 2𝑚 − 1)! ∑𝜍∈𝑆𝛼

(
𝑚−1
∏
𝑖=0

𝑉𝜍2𝑖,𝜍2𝑖+1)(
𝑛−2
∑
𝑗=2𝑚

𝜕𝐴𝜍𝑗
𝜕𝑡𝛽𝑛

𝑛−2
∏
𝑖=2𝑚
𝑖≠𝑗

𝐴𝜍𝑖)]𝐸

(B31)

=[(12)
𝑛−1 ⌊

𝑛−1
2 ⌋

∑
𝑚=0

1
𝑚!(𝑛 − 2𝑚 − 1)! ∑𝜍∈𝑆𝛼

(
𝑚−1
∏
𝑖=0

𝑉𝜍2𝑖,𝜍2𝑖+1)(
𝑛−2
∏
𝑖=2𝑚

𝐴𝜍𝑖)
1
2𝐴𝛽𝑛]𝐸

+ [(12)
𝑛−1 ⌊

𝑛−2
2 ⌋

∑
𝑚=0

1
𝑚!(𝑛 − 2𝑚 − 1)! ∑𝜍∈𝑆𝛼

(
𝑚−1
∏
𝑖=0

𝑉𝜍2𝑖,𝜍2𝑖+1)(
𝑛−2
∑
𝑗=2𝑚

1
2(𝑉𝜍𝑗,𝛽𝑛 + 𝑉𝛽𝑛,𝜍𝑗)

𝑛−2
∏
𝑖=2𝑚
𝑖≠𝑗

𝐴𝜍𝑖)]𝐸.

(B32)
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We have lowered the upper bound of the second summation here as there are be

no 𝐴𝜍𝑖 terms when𝑚 = (𝑛 − 1)/2. Let us now consider the two square brackets
individually.

first term The new𝐴𝛽𝑛 termwithin the first square bracket can be absorbed
into the 𝐴𝜍 product as

(12)
𝑛−1 ⌊

𝑛−1
2 ⌋

∑
𝑚=0

1
𝑚!(𝑛 − 2𝑚 − 1)! ∑𝜍∈𝑆𝛼

(
𝑚−1
∏
𝑖=0

𝑉𝜍2𝑖,𝜍2𝑖+1)(
𝑛−2
∏
𝑖=2𝑚

𝐴𝜍𝑖)
1
2𝐴𝛽𝑛 (B33)

=(12)
𝑛 ⌊

𝑛−1
2 ⌋

∑
𝑚=0

1
𝑚!(𝑛 − 2𝑚 − 1)! ∑𝛾∈A′

(
𝑚−1
∏
𝑖=0

𝑉𝛾2𝑖,𝛾2𝑖+1)(
𝑛−1
∏
𝑖=2𝑚

𝐴𝛾𝑖), (B34)

by defining the set

A′ = {(𝜎, 𝛽𝑛) ∣ 𝜎 ∈ 𝑆𝛼}, (B35)

of all previous 𝜎 ∈ 𝑆𝛼 tuples with 𝛽𝑛 appended. However, this set still imposes that
𝐴𝛽𝑛 appear at the end of the product. To symmetrise the product, let us instead
define

A𝑚 = {(𝜋, 𝜏) ∣ 𝜋 ∈ 𝑆2𝑚𝛼 , 𝜏 ∈ 𝑆𝛼∖𝜋∪{𝛽𝑛}}, (B36)

the set of permutations of 𝛽 in which the first 2𝑚 elements are drawn exclusively

from 𝛼, where we have used 𝑆𝑘𝑋 to denote the set of all 𝑘-permutations of 𝑋.
This set overcountsA′ by a factor of

|A𝑚|
|A′| =

|𝑆2𝑚𝛼 ||𝑆𝛼∖𝜋∪{𝛽𝑛}|
|𝑆𝛼|

=
(𝑛−1)!

(𝑛−1−2𝑚)! (𝑛 − 2𝑚)!
(𝑛 − 1)! = (𝑛 − 2𝑚)!

(𝑛 − 2𝑚 − 1)! = 𝑛 − 2𝑚,

(B37)

for the 𝑛−2𝑚 positions𝐴𝛽𝑛 could take in the product. Due to the commutativity of
multiplication we can replaceA′ byA simply by correcting for this overcounting

as

(12)
𝑛 ⌊

𝑛−1
2 ⌋

∑
𝑚=0

1
𝑚!(𝑛 − 2𝑚 − 1)!

1
𝑛 − 2𝑚 ∑

𝛾∈A𝑚

(
𝑚−1
∏
𝑖=0

𝑉𝛾2𝑖,𝛾2𝑖+1)(
𝑛−1
∏
𝑖=2𝑚

𝐴𝛾𝑖), (B38)

=(12)
𝑛 ⌊

𝑛−1
2 ⌋

∑
𝑚=0

1
𝑚!(𝑛 − 2𝑚)! ∑𝛾∈A𝑚

(
𝑚−1
∏
𝑖=0

𝑉𝛾2𝑖,𝛾2𝑖+1)(
𝑛−1
∏
𝑖=2𝑚

𝐴𝛾𝑖), (B39)

which resembles our desired result.
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second term Let us now consider the second square bracket, given by

(12)
𝑛−1 ⌊

𝑛−2
2 ⌋

∑
𝑚=0

1
𝑚!(𝑛 − 2𝑚 − 1)! ∑𝜍∈𝑆𝛼

(
𝑚−1
∏
𝑖=0

𝑉𝜍2𝑖,𝜍2𝑖+1)(
𝑛−2
∑
𝑗=2𝑚

1
2(𝑉𝜍𝑗,𝛽𝑛 + 𝑉𝛽𝑛,𝜍𝑗)

𝑛−2
∏
𝑖=2𝑚
𝑖≠𝑗

𝐴𝜍𝑖)

(B40)

=(12)
𝑛 ⌊

𝑛−2
2 ⌋

∑
𝑚=0

1
𝑚!(𝑛 − 2𝑚 − 1)! ∑𝜍∈𝑆𝛼

𝑛−2
∑
𝑗=2𝑚

(
𝑚−1
∏
𝑖=0

𝑉𝜍2𝑖,𝜍2𝑖+1)(𝑉𝜍𝑗,𝛽𝑛 + 𝑉𝛽𝑛,𝜍𝑗)(
𝑛−2
∏
𝑖=2𝑚
𝑖≠𝑗

𝐴𝜍𝑖).

(B41)

We can similarly absorb the new 𝑉 terms into the 𝑉𝜍2𝑖,𝜍2𝑖+1 product as

(12)
𝑛 ⌊

𝑛−2
2 ⌋

∑
𝑚=0

𝑛 − 2𝑚 − 1
𝑚!(𝑛 − 2𝑚 − 1)! ∑𝛾∈B′

𝑚

(
𝑚
∏
𝑖=0

𝑉𝛾2𝑖,𝛾2𝑖+1)(
𝑛−1
∏

𝑖=2(𝑚+1)
𝐴𝛾𝑖), (B42)

by noting that the 𝜎 and 𝑗 summations can be equivalently written as the set

B′𝑚 ={(𝜋, 𝑗, 𝛽𝑛, 𝜏) ∣ 𝜋 ∈ 𝑆2𝑚𝛼 , 𝑗 ∈ 𝛼∖𝜋, 𝜏 ∈ 𝑆𝛼∖𝜋∖{𝑘}}

∪{(𝜋, 𝛽𝑛, 𝑗, 𝜏) ∣ 𝜋 ∈ 𝑆2𝑚𝛼 , 𝑗 ∈ 𝛼∖𝜋, 𝜏 ∈ 𝑆𝛼∖𝜋∖{𝑘}}, (B43)

which undercounts the previous expression by a factor of 𝑛 − 2𝑚 − 1 for the
𝑛 − 2𝑚 − 1 positions in the 𝐴 product from which

𝜕𝐴𝑗
𝜕𝑡𝛽𝑛

could have originated.

As we saw when we considered the first square bracket, though, this set still

imposes that the new 𝑉 term exist only at the end of the product. We can symmet-

rise this set to allow for the new term to take any of the𝑚+1 positions within the
product by defining the set of permutations of 𝛽 in which the latter 𝑛 − 2𝑚 − 2
indices are drawn exclusively from 𝛼 as

B𝑚 = {(𝜏, 𝜋) ∣ 𝜋 = 𝑆𝑛−2𝑚−2𝛼 , 𝜏 = 𝑆𝛼∖𝜋∪ {𝛽𝑛}}. (B44)

This new set, as expected, overcounts B′𝑚 by a factor of

|B𝑚|
|B′𝑚|

=
|𝑆𝑛−2𝑚−2𝛼 ||𝑆𝛼∖𝜋∪{𝛽𝑛}|
2|𝑆2𝑚𝛼 ||𝛼∖𝜋||𝑆𝛼∖𝜋∖{𝑗}|

(B45)

=
(𝑛−1)!

[(𝑛−1)−(𝑛−2𝑚−2)]! [(𝑛 − 1) − (𝑛 − 2𝑚 − 2) + 1]!

2 (𝑛−1)!
(𝑛−1−2𝑚)! (𝑛 − 1 − 2𝑚)(𝑛 − 1 − 2𝑚 − 1)!

(B46)

= 𝑚+ 1, (B47)

and so replacing B′𝑚 by B𝑚 causes the expression to pick up a 1/(𝑚 + 1) factor
and become

(12)
𝑛 ⌊

𝑛−2
2 ⌋

∑
𝑚=0

𝑛 − 2𝑚 − 1
𝑚!(𝑛 − 2𝑚 − 1)!(𝑚 + 1) ∑

𝛾∈B𝑚
(
𝑚
∏
𝑖=0

𝑉𝛾2𝑖,𝛾2𝑖+1)(
𝑛−1
∏

𝑖=2(𝑚+1)
𝐴𝛾𝑖) (B48)

=(12)
𝑛 ⌊

𝑛−2
2 ⌋

∑
𝑚=0

1
(𝑚 + 1)!(𝑛 − 2𝑚 − 2)! ∑𝛾∈B𝑚

(
𝑚
∏
𝑖=0

𝑉𝛾2𝑖,𝛾2𝑖+1)(
𝑛−1
∏

𝑖=2(𝑚+1)
𝐴𝛾𝑖). (B49)
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Reparameterising the summation index as𝑚 → 𝑚− 1 gives

(12)
𝑛 ⌊ 𝑛2 ⌋

∑
𝑚=1

1
𝑚!(𝑛 − 2𝑚)! ∑

𝛾∈B𝑚−1
(
𝑚−1
∏
𝑖=0

𝑉𝛾2𝑖,𝛾2𝑖+1)(
𝑛−1
∏
𝑖=2𝑚

𝐴𝛾𝑖), (B50)

which again resembles the final result.

recombining the terms Taking together these two terms, equation (B32)

can be written

𝜕𝑛𝐸
𝜕𝑡𝛽𝑛…𝜕𝑡𝛽1

= (12)
𝑛
⎡
⎢
⎢
⎢
⎢
⎣

⌊ 𝑛−12 ⌋

∑
𝑚=0

1
𝑚!(𝑛 − 2𝑚)! ∑𝛾∈A𝑚

(
𝑚−1
∏
𝑖=0

𝑉𝛾2𝑖,𝛾2𝑖+1)(
𝑛−1
∏
𝑖=2𝑚

𝐴𝛾𝑖)

+
⌊ 𝑛2 ⌋

∑
𝑚=1

1
𝑚!(𝑛 − 2𝑚)! ∑

𝛾∈B𝑚−1
(
𝑚−1
∏
𝑖=0

𝑉𝛾2𝑖,𝛾2𝑖+1)(
𝑛−1
∏
𝑖=2𝑚

𝐴𝛾𝑖)

⎤
⎥
⎥
⎥
⎥
⎦

𝐸.

(B51)

Noting that B𝑚−1 = ∅when𝑚 = 0 andA𝑚 = ∅when𝑚 = 𝑛/2 (because 𝑆𝑛𝛼 = ∅
when 𝛼 has fewer than 𝑛 elements), we can equalise the limits of both summations
to𝑚 ∶ 0 → ⌊𝑛2 ⌋ and so combine the sums as

(12)
𝑛
[
⌊ 𝑛2 ⌋

∑
𝑚=0

1
𝑚!(𝑛 − 2𝑚)! ∑

𝛾∈A𝑚∪B𝑚−1
(
𝑚−1
∏
𝑖=0

𝑉𝛾2𝑖,𝛾2𝑖+1)(
𝑛−1
∏
𝑖=2𝑚

𝐴𝛾𝑖)]𝐸. (B52)

Let us now consider the combined summation set, A𝑚 ∪ B𝑚−1. The set A𝑚

consists of the set of all permutations of 𝛼 with 𝛽𝑛 inserted into one of the final
𝑛−2𝑚 positions. The setB𝑚−1meanwhile consists of the same set of permutations
of 𝛼 but with 𝛽𝑛 inserted to one of the initial 2𝑚 positions. The union of these
two sets is identically 𝑆𝛽, and so we can immediately say that

𝜕𝑛𝐸
𝜕𝑡𝛽𝑛…𝜕𝑡𝛽1

= (12)
𝑛
[
⌊ 𝑛2 ⌋

∑
𝑚=0

1
𝑚!(𝑛 − 2𝑚)! ∑𝜍∈𝑆𝛽

(
𝑚−1
∏
𝑖=0

𝑉𝜍2𝑖,𝜍2𝑖+1)(
𝑛−1
∏
𝑖=2𝑚

(𝑎𝑘 + 𝑡𝑘)𝑉𝑘,𝜍𝑖)]𝐸,

(B53)

showing that this formula holds for 𝑛 derivatives if it holds for 𝑛 − 1 and thus
completing the proof.

The second result follows trivially by setting 𝒕 → 0.
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b.3 foundational integral

Let us now consider the foundational integral underpinning every result in this

appendix, given in equation (B2). There are two core theorems in this section,

theorem B.2 in which we perform the full integration over the entire set of 𝒙
variables, and theorem B.3 in which we integrate over only a subset of those

variables.

Theorem B.2. The integral

∫
ℝ𝑁
𝑑𝑁𝑥 (∏

𝑖∈𝛽
𝑥𝑖) exp(−𝒙𝑇𝑉−1𝒙 + 𝒂𝑇𝒙), (B54)

for 𝒂 ∈ ℝ𝑁, 𝑉 ∈ ℝ𝑁×𝑁 symmetric positive semi-definite, and 𝜷 a tuple of not
necessarily unique indices of 𝒙, is given by

𝜋
𝑁
2 √det𝑉 (12)

𝑛 ⌊ 𝑛2 ⌋

∑
𝑚=0

1
𝑚!(𝑛 − 2𝑚)! ∑𝜍∈𝑆𝛽

(
𝑚−1
∏
𝑖=0

𝑉𝜍2𝑖,𝜍2𝑖+1)(
𝑛−1
∏
𝑖=2𝑚

(𝒂𝑇𝑉)𝜍𝑖) exp(
1
4𝒂

𝑇𝑉𝒂),

(B55)

where, 𝑆𝛽 is the symmetric group of all permutations of 𝛽, ⌊⋅⌋ is the floor function,
and 𝑥! represents the factorial of 𝑥.
Notably, in the special case where 𝒂 = 0 only the𝑚 = 𝑛

2 terms remain and this

reduces to the previously known result given in equation (244).

Proof. This integral can be solved in the usual Gaussian fashion by first recasting

it as the derivative of a known integral as

∫
ℝ𝑁
𝑑𝑁𝑥 (∏

𝑖∈𝛽
𝑥𝑖) exp(−𝒙𝑇𝑉−1𝒙 + 𝒂𝑇𝒙) (B56)

=∫
ℝ𝑁
𝑑𝑁𝑥 𝜕𝑛

𝜕𝑡𝛽𝑛…𝜕𝑡𝛽1
exp[−𝒙𝑇𝑉−1𝒙 + (𝒂 + 𝒕)𝒙]

|
|
| 𝒕→0

(B57)

= 𝜕𝑛
𝜕𝑡𝛽𝑛…𝜕𝑡𝛽1

∫
ℝ𝑁
𝑑𝑁𝑥 exp[−𝒙𝑇𝑉−1𝒙 + (𝒂 + 𝒕)𝒙]

|
|
| 𝒕→0

, (B58)

for 𝒕 = (𝑡0,… , 𝑡𝑁−1)𝑇. Performing the Gaussian integration then reduces the
problem to the derivative given by

𝜋
𝑁
2

√det𝑉−1
𝜕𝑛

𝜕𝑡𝛽𝑛…𝜕𝑡𝛽1
exp[14(𝒂 + 𝒕)

𝑇𝑉(𝒂 + 𝒕)]
|
|
| 𝒕→0

(B59)

=𝜋
𝑁
2 √det𝑉 exp(14𝒂

𝑇𝑉𝒂) 𝜕𝑛
𝜕𝑡𝛽𝑛…𝜕𝑡𝛽1

exp(12𝒂𝑉𝒕 +
1
4𝒕𝑉𝒕)

|
|
| 𝒕→0

, (B60)

which we have previously solved in lemma B.1. Substituting in that result com-

pletes the proof.

Let us now consider the case in which the above integral is performed over only

some 𝑁′ of the 𝑁 elements of 𝒙.
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Theorem B.3. The integral

∫
ℝ𝑁′

𝑑𝑁′𝑥I (∏
𝑖∈𝛽

𝑥𝑖) exp(−𝒙𝑇𝑉−1𝒙 + 𝒂𝑇𝒙), (B61)

performed over some subset 𝒙I of the variables in 𝒙, such that (down to an incon-
sequential reordering of indices)

𝒙 = 𝒙J ⊕ 𝒙I, 𝒂 = 𝒂J ⊕𝒂I, 𝑉 = (
𝑉J 𝑉JI

𝑉IJ 𝑉I
) , (B62)

is given by

𝜋
𝑁′
2

√
det𝑉
det𝑉J

exp(14𝒂
𝑇
I𝐵𝒂I) (∏

𝑖∈𝛽J
𝑥𝑖) exp(−𝒙𝑇J (𝑉J )−1𝒙J + 𝜽𝑇𝒙J )

× (12)
𝑛′ ⌊

𝑛′
2 ⌋

∑
𝑚=0

1
𝑚!(𝑛′ − 2𝑚)! ∑

𝜍∈𝑆𝛽I

(
𝑚−1
∏
𝑖=0

𝐵𝜍2𝑖,𝜍2𝑖+1)(
𝑛′−1
∏
𝑖=2𝑚

(𝐵𝒂I + 2𝐷𝒙J)𝜍𝑖), (B63)

where 𝛽I and 𝛽J represent the respective I/J elements of 𝛽, 𝑛′ = |𝛽I|, and

𝜽 = 𝒂J + 𝐷𝑇𝒂I (B64)

𝐵 = 𝑉/𝑉J = 𝑉I − 𝑉IJ𝑉−1J 𝑉JI (B65)

𝐷 = 𝑉IJ𝑉−1J . (B66)

Although we have presented the ‘integrated’ and ‘non-integrated’ indices as a

contiguous block in this result, this is for notational convenience only and the result

applies immediately to any set I of indices.

Proof. First, let us note the form of the inverse matrix 𝑉−1 using blockwise inver-
sion as [133]

(
𝑉I 𝑉IJ

𝑉JI 𝑉J
)
−1

= (
(𝑉I − 𝑉IJ𝑉−1J 𝑉JI)−1 −(𝑉I − 𝑉IJ𝑉−1J 𝑉JI)−1𝑉IJ𝑉−1J

−𝑉−1J 𝑉JI(𝑉I − 𝑉IJ𝑉−1J 𝑉JI)−1 (𝑉J − 𝑉JI𝑉−1I 𝑉IJ )−1
)

(B67)

≕ (
(𝑉/𝑉J )−1 −(𝑉/𝑉J )−1𝐷

−𝐷𝑇(𝑉/𝑉J )−1 (𝑉/𝑉I)−1
) , (B68)

where 𝐷 ∶= 𝑉IJ𝑉−1J and for notational convenience we additionally define

(𝑉/𝑉J ) ∶= 𝐵 and (𝑉/𝑉I) ∶= 𝐴.2

2Each of the inverses in equation (B68) are guaranteed to exist through the non-singularity of 𝑉
[133].
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We can use these definitions to split the integral into ‘integrated’ I (𝛽I) and

‘non-integrated’ J (𝛽J ) components as

∫
ℝ𝑁′

𝑑𝑁′𝑥I (∏
𝑖∈𝛽

𝑥𝑖) exp(−𝒙𝑇𝑉−1𝒙 + 𝒂𝑇𝒙)

=(∏
𝑖∈𝛽J

𝑥𝑖) exp(−𝒙𝑇J 𝐴−1𝒙J + 𝒂J𝒙J )

×∫
ℝ𝑁′

𝑑𝑁′𝑥I (∏
𝑖∈𝛽I

𝑥𝑖) exp(−𝒙𝑇I𝐵−1𝒙I + (𝒂I + 2𝐵−1𝐷𝒙J )𝑇𝒙I), (B69)

which is exactly the integral in theorem B.2 for 𝑉 → 𝐵, 𝒂 → 𝒂I + 2𝐵−1𝐷𝒙J .
Substituting the result from that theorem gives

(∏
𝑖∈𝛽J

𝑥𝑖) exp(−𝒙𝑇J 𝐴−1𝒙J + 𝒂J𝒙J )𝜋
𝑁′
2 √det𝐵 (12)

𝑛′

×
⌊ 𝑛′2 ⌋

∑
𝑚=0

1
𝑚!(𝑛′ − 2𝑚)! ∑

𝜍∈𝑆𝛽I

(
𝑚−1
∏
𝑖=0

𝐵𝜍2𝑖,𝜍2𝑖+1)(
𝑛′−1
∏
𝑖=2𝑚

(𝒂I + 2𝐵−1𝐷𝒙J )𝑘𝐵𝑘,𝜍𝑖)

× exp[14(𝒂I + 2𝐵−1𝐷𝒙J )𝑇𝐵(𝒂I + 2𝐵−1𝐷𝒙J )] (B70)

=𝜋
𝑁′
2 √det𝐵 exp(14𝒂

𝑇
I𝐵𝒂I) (∏

𝑖∈𝛽J
𝑥𝑖) exp[−𝒙𝑇J (𝐴−1 − 𝐷𝑇𝐵−1𝐷)𝒙J + (𝒂J + 𝐷𝑇𝒂I)𝑇𝒙J ]

× (12)
𝑛′ ⌊

𝑛′
2 ⌋

∑
𝑚=0

1
𝑚!(𝑛′ − 2𝑚)! ∑

𝜍∈𝑆𝛽I

(
𝑚−1
∏
𝑖=0

𝐵𝜍2𝑖,𝜍2𝑖+1)(
𝑛′−1
∏
𝑖=2𝑚

(𝒂I + 2𝐵−1𝐷𝒙J )𝑘𝐵𝑘,𝜍𝑖).

(B71)

Applying blockwise inversion again to equation (B68) to find (𝑉−1)−1 = 𝑉, we
can see that

(𝐴−1 − 𝐷𝑇𝐵−1𝐷)−1 = 𝑉J . (B72)

Substituting in this result and noting that det𝐵 = det𝑉 det𝑉−1J [133] allows us to

condense the implicit 𝑘 sum into a matrix multiplication,3

𝜋
𝑁′
2

√
det𝑉
det𝑉J

exp(14𝒂
𝑇
I𝐵𝒂I) (∏

𝑖∈𝛽J
𝑥𝑖) exp(−𝒙𝑇J 𝑉−1J 𝒙J + (𝒂J + 𝐷𝑇𝒂I)𝑇𝒙J )

× (12)
𝑛′ ⌊

𝑛′
2 ⌋

∑
𝑚=0

1
𝑚!(𝑛′ − 2𝑚)! ∑

𝜍∈𝑆𝛽I

(
𝑚−1
∏
𝑖=0

𝐵𝜍2𝑖,𝜍2𝑖+1)(
𝑛′−1
∏
𝑖=2𝑚

(𝐵𝒂I + 2𝐷𝒙J )𝜍𝑖), (B73)

which completes the proof.

In the 𝒙I = 𝒙 case, that is to say integration over the completeℝ𝑁 domain, this

result reduces to that in theorem B.2.

3Note that 𝐵 is symmetric so 𝐵𝑘,𝜍𝑖 = 𝐵𝜍𝑖,𝑘.
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b.4 gaussian integrals of powers of vector dot products

In this section, we consider integrals of Gaussians multiplying vector products.

First, let us note a brief lemma on the partitioning of ℤ𝑛
𝑁 tuples.

LemmaB.4. Consider a function acting ona tuple of integers𝜎 ∈ ℤ𝑛
𝑁,𝑓(𝜎) ∶ ℤ𝑛

𝑁 → ℝ
for which the order of 𝜎 is irrelevant; that is where

𝑓(𝜎) = 𝑓(𝜏) ∀𝜏 ∈ 𝑆𝜍. (B74)

Then the sum over the set of all tuples can be partitioned into a 0…𝑁′ sum and a

𝑁′ + 1…𝑁 sum as

∑
𝜍∈ℤ𝑛

𝑁

𝑓(𝜎) =
𝑛
∑
𝑛′=0

∑
𝜍1∈ℤ𝑛′

𝑁′

∑
𝜍2∈ℤ𝑛−𝑛′

𝑁−𝑁′

𝑛!
𝑛′!(𝑛 − 𝑛′)!𝑓(𝜎1, 𝜎2 + 𝑁

′), (B75)

where 𝜎 + 𝑁′ denotes the tuple 𝜎 with 𝑁′ added to each element.

Proof. Consider an 𝑛-tuple 𝜎 drawn from set of integers 𝑍𝑁 with 𝑛′ elements
drawn from 𝑁′ and 𝑛 − 1 elements drawn from 𝑁 ∖ 𝑁′.
The function is not sensitive to reordering within 𝜎, so any element 𝜎 ∈ ℤ𝑛

𝑁
can be reordered such that all elements drawn fromℤ𝑁′ precede the remaining

elements.

It is trivially true that the set

A𝑖 = {(𝜎, 𝜏)|𝜎 ∈ ℤ𝑛𝑖
𝑁′, 𝜏 ∈ ℤ𝑛−𝑛𝑖

𝑁−𝑁′} (B76)

contains all such-reordered tuples containing precisely 𝑛𝑖 elements fromℤ𝑁′.

There are 𝑛! opportunities to draw such an 𝑛-tuple from ℤ𝑁′ if one does not

care about order, but only 𝑛𝑖!(𝑛 − 𝑛𝑖)! ways to draw it fromA𝑖, hence a cardinality

correction of

𝑛!
𝑛𝑖!(𝑛 − 𝑛𝑖)!

(B77)

is required.

The summation over all suchA𝑖 sets with this correction is then equivalent to

a summation overℤ𝑛
𝑁.
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b.4.1 Gaussian integrals of (𝜆 ⋅ 𝑥)𝑛

Theorem B.5. The integral

∫
ℝ𝑁′

𝑑𝑁′𝑥I(𝝀 ⋅ 𝒙)𝑛 exp(−𝒙𝑇𝑉−1𝒙 + 𝒂𝑇𝒙), (B78)

performed over only the last 𝑁′ members of 𝒙 such that the relevant vectors and
matrices split into ‘integrated’ I and ‘non-integrated’ J parts as

𝒙 = 𝒙J ⊕ 𝒙I, 𝒂 = 𝒂J ⊕𝒂I,

𝑉 = (
𝑉J 𝑉JI

𝑉IJ 𝑉I
) , 𝝀 = 𝝀J ⊕ 𝝀I,

is given by

𝜋
𝑁′
2

√
det𝑉
det𝑉J

(− i
√𝝀𝑇I𝐵𝝀I

2 )
𝑛
𝐻𝑛(i

(𝝀J + 𝐷𝝀I)𝑇𝒙J + 1
2𝝀

𝑇
I𝐵𝑇𝒂I

√𝝀𝑇I𝐵𝝀I

)

× exp(−𝒙𝑇J 𝑉−1J 𝒙J + 𝜽𝑇𝒙J +
1
4𝒂

𝑇
I𝐵𝒂I), (B79)

where𝐻𝑛 is the 𝑛th Hermite polynomial,

𝜽 = 𝒂J + 𝐷𝒂I

𝐵 = 𝑉/𝑉I = 𝑉I − 𝑉IJ𝑉−1J 𝑉JI

𝐷 = 𝑉−1J 𝑉JI = 𝑉−1J 𝑉JI,

and 𝑉−1X = (𝑉X )−1 is the inverse of the X block of 𝑉.
We have presented this theorem in block form for notational convenience. It equival-

ently applies to a set of integration and non-integration indices which do not form a

contiguous block with appropriately defined I , J vectors and matrices.

Proof. We can derive this result by first expanding (𝝀 ⋅ 𝒙)𝑛 to get the sum of

integrals,

∫
ℝ𝑁′

𝑑𝑁′𝑥I(𝝀 ⋅ 𝒙)𝑛 exp(−𝒙𝑇𝑉−1𝒙 + 𝒂𝑇𝒙) (B80)

=∫
ℝ𝑁′

𝑑𝑁′𝑥I ∑
𝜍∈ℤ𝑛

𝑁

(
𝑛−1
∏
𝑖=0

𝜆𝜍𝑖𝑥𝜍𝑖) exp(−𝒙
𝑇𝑉−1𝒙 + 𝒂𝑇𝒙) (B81)

= ∑
𝜍∈ℤ𝑛

𝑁

(
𝑛−1
∏
𝑖=0

𝜆𝜍𝑖)∫
ℝ𝑁′

𝑑𝑁′𝑥I(
𝑛−1
∏
𝑖=0

𝑥𝜍𝑖) exp(−𝒙
𝑇𝑉−1𝒙 + 𝒂𝑇𝒙). (B82)
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Wecan thenuse lemmaB.4 to partition𝜎 between integrated (𝜎) andnon-integrated
(𝜏) indices as

𝑛
∑
𝑛′=0

∑
𝜍∈ℤ𝑛′

𝑁′

𝜏∈ℤ𝑛−𝑛′
𝑁−𝑁′

𝑛!
𝑛′!(𝑛 − 𝑛′)! [∏𝑖∈𝜍

(𝜆I)𝑖∏
𝑖∈𝜏
(𝜆J )𝑖(𝑥J )𝑖]

×∫
ℝ𝑁′

𝑑𝑁′𝑥I[∏
𝑖∈𝜍
(𝑥I)𝑖] exp(−𝒙𝑇𝑉−1𝒙 + 𝒂𝑇𝒙), (B83)

where 𝑁′ denotes the number of integration indices, and evaluate the integrals
using theorem B.3 as

𝜋
𝑁′
2

√
det𝑉
det𝑉J

exp(14𝒂
𝑇
I𝐵𝒂I) exp(−𝒙𝑇J 𝑉−1J 𝒙J + 𝜽𝑇𝒙J )

×
𝑛
∑
𝑛′=0

(12)
𝑛′ 𝑛!
𝑛′!(𝑛 − 𝑛′)! [ ∑

𝜏∈ℤ𝑛−𝑛′
𝑁−𝑁′

(∏
𝑖∈𝜏
(𝜆J )𝑖(𝑥J )𝑖)]

×
⌊ 𝑛′2 ⌋

∑
𝑚=0

1
𝑚!(𝑛′ − 2𝑚)! { ∑

𝜍∈ℤ𝑛′
𝑁′

∑
𝜋∈𝑆𝜍

[∏
𝑖∈𝜍
(𝜆I)𝑖][

𝑚−1
∏
𝑖=0

𝐵𝜋2𝑖,𝜋2𝑖+1][
𝑛′−1
∏
𝑖=2𝑚

(𝐵𝑇𝒂I)𝜋𝑖 + 2(𝐷
𝑇𝒙J)𝜋𝑖]} .

(B84)

The commutativity of multiplication allows us to replace the product over 𝜎
with a product over one of its permutations 𝜋 ∈ 𝑆𝜍, removing the 𝜎 dependence
from the summand. We can then note that for a summation of the form

∑
𝜍∈ℤ𝑛′

𝑁′

∑
𝜋∈𝑆𝜍

𝑓(𝜋), (B85)

with no dependence on 𝜎, summing over the symmetric group of elements of
a set which already contains every permutation precisely once, as ℤ𝑛

𝑁 does, is

superfluous and can be replaced by a cardinality multiplication, |𝑆𝜍| = 𝑛′!. We
can therefore combine the summations into

𝜋
𝑁′
2

√
det𝑉
det𝑉J

exp(14𝒂
𝑇
I𝐵𝒂I) exp(−𝒙𝑇J 𝑉−1J 𝒙J + 𝜽𝑇𝒙J )

×
𝑛
∑
𝑛′=0

(12)
𝑛′ 𝑛!
𝑛′!(𝑛 − 𝑛′)! [ ∑

𝜏∈ℤ𝑛−𝑛′
𝑁−𝑁′

(∏
𝑖∈𝜏
(𝜆J )𝑖(𝑥J )𝑖)]

×
⌊ 𝑛′2 ⌋

∑
𝑚=0

𝑛′!
𝑚!(𝑛′ − 2𝑚)! { ∑

𝜍∈ℤ𝑛′
𝑁′

[
𝑚−1
∏
𝑖=0
(𝜆I)𝜍2𝑖(𝜆I)𝜍2𝑖+1𝐵𝜍2𝑖,𝜍2𝑖+1][

𝑛′−1
∏
𝑖=2𝑚

(𝜆I)𝜍𝑖(𝐵
𝑇𝒂I + 2𝐷𝑇𝒙J )𝜍𝑖]} .

(B86)
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By partitioningℤ𝑛
𝑁 between the two products as

∑
𝜍∈ℤ𝑛′

𝑁′

[
𝑚−1
∏
𝑖=0
(𝜆I)𝜍2𝑖(𝜆I)𝜍2𝑖+1𝐵𝜍2𝑖,𝜍2𝑖+1][

𝑛′−1
∏
𝑖=2𝑚

(𝜆I)𝜍𝑖(𝐵
𝑇𝒂I + 2𝐷𝑇𝒙J )𝜍𝑖]

=[ ∑
𝜍∈ℤ2𝑚

𝑁′

𝑚−1
∏
𝑖=0
(𝜆I)𝜍2𝑖(𝜆I)𝜍2𝑖+1𝐵𝜍2𝑖,𝜍2𝑖+1][ ∑

𝜋∈ℤ𝑛′−2𝑚
𝑁′

∏
𝑖∈𝜋
(𝜆I)𝑖(𝐵𝑇𝒂I + 2𝐷𝑇𝒙J )𝑖], (B87)

and noting that

∑
𝜋∈ℤ𝑛

𝑁

∏
𝑖∈𝜋

𝑋𝑖 = (
𝑁
∑
𝑖=0
𝑋𝑖)

𝑛

(B88)

∑
𝜋∈ℤ2𝑛

𝑁

𝑛−1
∏
𝑖=0

𝑓(𝜋2𝑖, 𝜋2𝑖+1) = (
𝑁
∑
𝑖,𝑗=0

𝑓(𝑖, 𝑗))
𝑛

, (B89)

we can factorise this result as

𝜋
𝑁′
2

√
det𝑉
det𝑉J

exp(14𝒂
𝑇
I𝐵𝒂I) exp(−𝒙𝑇J 𝑉−1J 𝒙J + 𝜽𝑇𝒙J ) (B90)

×
𝑛
∑
𝑛′=0

⌊ 𝑛′2 ⌋

∑
𝑚=0

(12)
𝑛′ 𝑛!
𝑚! (𝑛 − 𝑛′)! (𝑛′ − 2𝑚)!

× [
𝑁−𝑁′

∑
𝑖=0

(𝜆J )𝑖(𝑥J )𝑖]
𝑛−𝑛′

[
𝑁′

∑
𝑖,𝑗=0

(𝜆I)𝑖(𝜆I)𝑗𝐵𝑖,𝑗]
𝑚
[
𝑁′

∑
𝑖=0
(𝜆I)𝑖(𝐵𝑇𝒂I + 2𝐷𝑇𝒙J )𝑖]

𝑛′−2𝑚

and identify the summations as vector/matrix products, to get

𝜋
𝑁′
2

√
det𝑉
det𝑉J

exp(14𝒂
𝑇
I𝐵𝒂I) exp(−𝒙𝑇J 𝑉−1J 𝒙J + 𝜽𝑇𝒙J ) (B91)

×
𝑛
∑
𝑛′=0

⌊ 𝑛′2 ⌋

∑
𝑚=0

(12)
𝑛′ 𝑛!
𝑚! (𝑛 − 𝑛′)! (𝑛′ − 2𝑚)![𝝀

𝑇
J 𝒙J]

𝑛−𝑛′

[𝝀𝑇I𝐵𝝀I]
𝑚
[𝝀𝑇I𝐵𝑇𝒂I + 2𝝀𝑇I𝐷𝑇𝒙J]

𝑛′−2𝑚
.

Let us now swap the order of the summation as

𝑛
∑
𝑛′=0

⌊ 𝑛′2 ⌋

∑
𝑚=0

→
⌊ 𝑛2 ⌋

∑
𝑚=0

𝑛
∑

𝑛′=2𝑚
→

⌊ 𝑛2 ⌋

∑
𝑚=0

𝑛−2𝑚
∑
𝑛′=0

, (B92)
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(relabelling 𝑛′ → 𝑛− 𝑛′) which leaves the expression in the form

𝜋
𝑁′
2

√
det𝑉
det𝑉J

exp(14𝒂
𝑇
I𝐵𝒂I) exp(−𝒙𝑇J 𝑉−1J 𝒙J + 𝜽𝑇𝒙J ) (B93)

×
⌊ 𝑛2 ⌋

∑
𝑚=0

𝑛−2𝑚
∑
𝑛′=0

(12)
𝑛−𝑛′ 𝑛!

𝑚! 𝑛′! (𝑛 − 2𝑚 − 𝑛′)! [𝝀
𝑇
J 𝒙J]

𝑛′

[𝝀𝑇I𝐵𝝀I]
𝑚
[𝝀𝑇I𝐵𝑇𝒂I + 2𝝀𝑇I𝐷𝑇𝒙J]

𝑛−2𝑚−𝑛′

=𝜋
𝑁′
2

√
det𝑉
det𝑉J

exp(14𝒂
𝑇
I𝐵𝒂I) exp(−𝒙𝑇J 𝑉−1J 𝒙J + 𝜽𝑇𝒙J ) (B94)

×
⌊ 𝑛2 ⌋

∑
𝑚=0

(12)
𝑛{ 𝑛!
𝑚!(𝑛 − 2𝑚)![𝝀

𝑇
I𝐵𝝀I]

𝑚
}

× {
𝑛−2𝑚
∑
𝑛′=0

(𝑛 − 2𝑚)!
𝑛′! (𝑛 − 2𝑚 − 𝑛′)! [2𝝀

𝑇
J 𝒙J]

𝑛′

[𝝀𝑇I𝐵𝑇𝒂I + 2𝝀𝑇I𝐷𝑇𝒙J]
𝑛−2𝑚−𝑛′

}.

Finally, we can use the binomial theorem to factorise the second term as

𝜋
𝑁′
2

√
det𝑉
det𝑉J

exp(14𝒂
𝑇
I𝐵𝒂I) exp(−𝒙𝑇J 𝑉−1J 𝒙J + 𝜽𝑇𝒙J ) (B95)

×
⌊ 𝑛2 ⌋

∑
𝑚=0

(12)
𝑛 𝑛!
𝑚!(𝑛 − 2𝑚)![𝝀

𝑇
I𝐵𝝀I]

𝑚
[2𝝀𝑇J 𝒙J + 𝝀𝑇I𝐵𝑇𝒂I + 2𝝀𝑇I𝐷𝑇𝒙J]

𝑛−2𝑚

=𝜋
𝑁′
2

√
det𝑉
det𝑉J

exp(14𝒂
𝑇
I𝐵𝒂I) exp(−𝒙𝑇J 𝑉−1J 𝒙J + 𝜽𝑇𝒙J ) (B96)

×
⌊ 𝑛2 ⌋

∑
𝑚=0

(12)
𝑛 𝑛!
𝑚!(𝑛 − 2𝑚)![𝝀

𝑇
I𝐵𝝀I]

𝑚
[2(𝝀J + 𝐷𝝀I)𝑇𝒙J + 𝝀𝑇I𝐵𝑇𝒂I]

𝑛−2𝑚
,

which we can identify as a Hermite polynomial of the form

𝐻𝑛(𝑥) = 𝑛!
⌊ 𝑛2 ⌋

∑
𝑚=0

(−1)𝑚
𝑚!(𝑛 − 2𝑚)! (2𝑥)

𝑛−2𝑚, (B97)

to rewrite the result succinctly as

𝜋
𝑁′
2

√
det𝑉
det𝑉J

(− i
√𝝀𝑇I𝐵𝝀I

2 )
𝑛
𝐻𝑛(i

(𝝀J + 𝐷𝝀I)𝑇𝒙J + 1
2𝝀

𝑇
I𝐵𝑇𝒂I

√𝝀𝑇I𝐵𝝀I

) (B98)

× exp(−𝒙𝑇J 𝑉−1J 𝒙J + 𝜽𝑇𝒙J +
1
4𝒂

𝑇
I𝐵𝒂I),

completing the proof.
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Corollary B.6. The partial integration of theorem B.5 with no linear term, given by

∫
ℝ𝑁′

𝑑𝑁′𝑥I(𝝀 ⋅ 𝒙)𝑛 exp(−𝒙𝑇𝑉−1𝒙), (B99)

over only the first 𝑁′ members of 𝒙 so that the relevant vectors and matrices split
into ‘integrated’ I and ‘non-integrated’ J parts as

𝒙 = 𝒙I ⊕ 𝒙J , 𝝀 = 𝝀I ⊕ 𝝀J , 𝑉 = (
𝑉I 𝑉IJ

𝑉JI 𝑉J
)

is given by

𝜋
𝑁′
2

√
det𝑉
det𝑉J

(i
√𝝀𝑇I𝐵𝝀I

2 )
𝑛
𝐻𝑛(− i

(𝝀J + 𝐷𝝀I)𝑇𝒙J
√𝝀𝑇I𝐵𝝀I

) exp(−𝒙𝑇J 𝑉−1J 𝒙J ) (B100)

where𝐻𝑛 is the 𝑛th Hermite polynomial,

𝐵 = 𝑉/𝑉I = [(𝑉−1)I]−1 = 𝑉I − 𝑉IJ𝑉−1J 𝑉JI

𝐷 = 𝑉−1J 𝑉JI = 𝑉−1J 𝑉JI,

and 𝑉−1X = (𝑉X )−1 is the inverse of the X block of 𝑉.
We have presented this theorem in block form for notational convenience. It equival-

ently applies to a set of integration and non-integration indices which do not form a

contiguous block with appropriately defined I , J vectors and matrices.

Proof. This corollary follows immediately by setting 𝒂 = 0 in theorem B.5 and

noting that therefore 𝜽 = 0.

b.4.2 Gaussian integrals of [(𝜆𝑥 ⋅ 𝑥)2 + (𝜆𝑝 ⋅ 𝑝)2]𝑛

Let us now consider integrals over two independent sets of variables, 𝒙 and 𝒑
which form a single integrand as

[(𝜆𝑥 ⋅ 𝑥)2 + (𝜆𝑝 ⋅ 𝑝)2]𝑛 exp(−𝒒𝑇𝑉−1𝒒 + 𝒂𝑇𝒒)

=[(𝜆𝑥 ⋅ 𝑥)2 + (𝜆𝑝 ⋅ 𝑝)2]𝑛 exp(−𝒙𝑇𝑉−1𝑥 𝒙 + 𝒂𝑥𝒙) exp(−𝒑𝑇𝑉−1𝑝 𝒑 + 𝒂𝑝𝒑) (B101)

for 𝒒 = 𝒙 ⊕ 𝒑.
We will assume in this section that the variables contain some symmetry

between 𝑥 and 𝑝 such that

𝝀𝑇𝑥I(𝑉𝑥/𝑉𝑥I)𝝀𝑥I = 𝝀𝑇𝑝I(𝑉𝑝/𝑉𝑝I)𝝀𝑝I (B102)

for 𝜆𝑥I, 𝜆𝑝I the portions of 𝜆𝑥/𝑝 respectively corresponding to integrated variables.
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Theorem B.7. The partial integral

∫
ℝ2𝑁′

𝑑𝑁′𝑥I 𝑑𝑁
′𝑝I [(𝝀𝑥 ⋅ 𝒙)2 + (𝝀𝑝 ⋅ 𝒑)2]𝑛 exp(−𝒒𝑇𝑉−1𝒒 + 𝒂𝑇𝒒), (B103)

for 𝒒 = 𝒙 ⊕ 𝒑 performed over only the final 𝑁′ members of 𝒙 and 𝒑, such that the
relevant vectors and matrices split into ‘integrated’ I and ‘non-integrated’ J parts is

given by

𝜋𝑁′

√
det𝑉
det𝑉J

exp(14𝒂
𝑇
I(𝑉/𝑉J )𝒂I) exp(−𝒒𝑇J 𝑉−1J 𝒒J + 𝜽𝑇𝒒J )𝑛!

× 𝑛!𝐺𝑛𝐿𝑛(−
(𝑨𝑇𝑥𝒙J + 1

2𝐹𝑥)
2 + (𝑨𝑇𝑝𝒑J + 1

2𝐹𝑝)
2

𝐺 ), (B104)

when the condition

𝝀𝑇𝑥I(𝑉𝑥/𝑉𝑥J )𝝀𝑥I = 𝝀𝑇𝑝I(𝑉𝑝/𝑉𝑝J )𝝀𝑝I ≔ 𝐺 (B105)

is satisfied. Here, 𝐿𝑛(⋅) denotes the 𝑛th Laguerre polynomial,

𝜽 = 𝒂J + 𝑉−1J 𝑉JI𝒂I,

𝑨𝑥 = 𝝀𝑥J + 𝑉−1𝑥J 𝑉𝑥JI𝝀𝑥I, 𝑨𝑝 = 𝝀𝑝J + 𝑉−1𝑝J 𝑉𝑝JI𝝀𝑝I,

𝐹𝑥 = 𝝀𝑇𝑥I(𝑉𝑥/𝑉𝑥J )𝒂𝑥I, 𝐹𝑝 = 𝝀𝑇𝑝I(𝑉𝑝/𝑉𝑝J )𝒂𝑝I,

and𝑀 is assumed to refer to𝑀𝑥 ⊕𝑀𝑝 when presented with no 𝑥/𝑝 subscript.

Proof. First, let us expand the binomial into two integrals

∫
ℝ2𝑁′

𝑑2𝑁′𝑞I[(𝝀𝑥 ⋅ 𝒙)2 + (𝝀𝑝 ⋅ 𝒑)2]𝑛 exp(−𝒒𝑇𝑉−1𝒒 + 𝒂𝑇𝒒) (B106)

=
𝑛
∑
𝑛𝑥=0

( 𝑛𝑛𝑥
)[∫

ℝ𝑁′
𝑑𝑁′𝑥I(𝝀𝑥 ⋅ 𝒙)2𝑛𝑥 exp(−𝒙𝑇𝑉−1𝑥 𝒙 + 𝒂𝑥𝒙)] (B107)

× [∫
ℝ𝑁′

𝑑𝑁′𝑝I(𝝀𝑝 ⋅ 𝒑)2(𝑛−𝑛𝑥) exp(−𝒑𝑇𝑉−1𝑝 𝒑 + 𝒂𝑝𝒑)],

each of the form solved in theorem B.5. Substituting that result and recombining

𝑽 = 𝑽𝑥 ⊕𝑽𝑝 gives

𝑛
∑
𝑛𝑥=0

( 𝑛𝑛𝑥
)𝜋𝑁′

√
det𝑉
det𝑉J

exp(14𝒂
𝑇
I𝐵𝒂I) exp(−𝒒𝑇J 𝑉−1J 𝒒J + 𝜽𝑇𝒒J ) (B108)

× {(− i
√𝝀𝑇𝑥I𝐵𝑥𝝀𝑥I

2 )
2𝑛𝑥
𝐻2𝑛𝑥(i

(𝝀𝑥J + 𝐷𝑥𝝀𝑥I)𝑇𝒙J + 1
2𝝀

𝑇
𝑥I𝐵𝑇𝑥𝒂𝑥I

√𝝀𝑇𝑥I𝐵𝑥𝝀𝑥I

)}

× {(− i
√𝝀𝑇𝑝I𝐵𝑝𝝀𝑝I

2 )
2(𝑛−𝑛𝑥)

𝐻2(𝑛−𝑛𝑥)(i
(𝝀𝑝J + 𝐷𝑝𝝀𝑝I)𝑇𝒑J + 1

2𝝀
𝑇
𝑝I𝐵𝑇𝑝𝒂𝑝I

√𝝀𝑇𝑝I𝐵𝑝𝝀𝑝I
)},

for 𝜽𝑇𝒒J = 𝜽𝑇𝑥𝒙J + 𝜽𝑇𝑝𝒑J , and 𝜃𝑥/𝑝, 𝐵𝑥/𝑝, 𝐷𝑥/𝑝 as defined in theorem B.5.
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Let us now, for notational convenience, denote

𝜒 ≔ 𝜋𝑁′

√
det𝑉
det𝑉J

exp(14𝒂
𝑇
I𝐵𝒂I) exp(−𝒒𝑇J 𝑉−1J 𝒒J + 𝜽𝑇𝒒J ) (B109)

𝐺𝑥 ≔ 𝝀𝑇𝑥I𝐵𝑥𝝀𝑥I = 𝝀𝑇𝑥I(𝑉𝑥I − 𝑉𝑥IJ𝑉−1𝑥J 𝑉𝑥JI)𝝀𝑥I, (B110)

𝑨𝑥 ≔ 𝝀𝑥J + 𝐷𝑥𝝀𝑥I = 𝝀𝑥J + 𝑉−1𝑥J 𝑉𝑥JI𝝀𝑥I (B111)

𝐹𝑥 ≔ 𝝀𝑇𝑥I𝐵𝑥𝒂𝑥I = 𝝀𝑇𝑥I(𝑉𝑥I − 𝑉𝑥IJ𝑉−1𝑥J 𝑉𝑥JI)𝒂I, (B112)

and similarly define 𝐺𝑝, 𝑨𝑝, and 𝐹𝑝, which allows us to rewrite equation (B108) as

𝜒
𝑛
∑
𝑛𝑥=0

( 𝑛𝑛𝑥
)(− i

√𝐺𝑥
2 )

2𝑛𝑥
(− i

√𝐺𝑝
2 )

2(𝑛−𝑛𝑥)
𝐻2𝑛𝑥(i

𝑨𝑇𝑥𝒙J + 1
2𝐹𝑥

√𝐺𝑥
)𝐻2(𝑛−𝑛𝑥)(i

𝑨𝑇𝑝𝒑J + 1
2𝐹𝑝

√𝐺𝑝
).

(B113)

We can then use the Hermite-Laguerre polynomial identity [75, (18.7.19)], that

𝐻2𝑛(𝑥) = (−4)𝑛𝑛!𝐿
(− 1

2 )
𝑛 (𝑥2), (B114)

to rewrite this as a sum of Laguerre polynomials as

𝜒𝑛!
𝑛
∑
𝑛𝑥=0

𝐺𝑛𝑥𝑥 𝐺𝑛−𝑛𝑥𝑝 𝐿(−
1
2 )

𝑛𝑥 (−
(𝑨𝑇𝑥𝒙J + 1

2𝐹𝑥)
2

𝐺𝑥
)𝐿(−

1
2 )

𝑛−𝑛𝑥(−
(𝑨𝑇𝑝𝒑J + 1

2𝐹𝑝)
2

𝐺𝑝
). (B115)

In the limited case in which 𝐺𝑥 = 𝐺𝑝 ≔ 𝐺, we can then use the Laguerre polyno-
mial addition formula [75, (18.18.10)],

𝑛
∑
𝑖
𝐿(𝛼)𝑖 (𝐴)𝐿

(𝛽)
𝑛−𝑖(𝐵) = 𝐿

(𝛼+𝛽+1)
𝑛 (𝐴 + 𝐵), (B116)

to rewrite this expression as

𝜒𝑛!𝐺𝑛𝐿𝑛(−
(𝑨𝑇𝑥𝒙J + 1

2𝐹𝑥)
2 + (𝑨𝑇𝑝𝒑J + 1

2𝐹𝑝)
2

𝐺 ), (B117)

which completes the proof.

http://dlmf.nist.gov/18.7.E19
http://dlmf.nist.gov/18.18.E10
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b.5 gaussian integrals of laguerre polynomials

b.5.1 General case

In this section we will finally solve the integrals of primary interest to us in this

section, that of the product of a Laguerre polynomial with a Gaussian, which

closely represents the Fock state.

Theorem B.8. The partial integral

∫
ℝ2𝑁′

𝑑𝑁′𝑥I 𝑑𝑁
′𝑝I 𝐿𝑛([𝝀𝑥 ⋅ 𝒙]2 + [𝝀𝑝 ⋅ 𝒑]2) exp(−𝒒𝑇𝑉−1𝒒 + 𝒂𝑇𝒒), (B118)

where 𝐿𝑛(⋅) is the Laguerre polynomial of degree 𝑛, and 𝒒 = 𝒙 ⊕ 𝒑, performed over
only the final 𝑁′ members of 𝒙 and 𝒑 so that the relevant vectors and matrices split
into ‘integrated’ I and ‘non-integrated’ J parts, under the condition that

𝝀𝑇𝑥I(𝑉𝑥/𝑉𝑥J )𝝀𝑥I = 𝝀𝑇𝑝I(𝑉𝑝/𝑉𝑝J )𝝀𝑝I (B119)

is given by

𝜋𝑁′

√
det𝑉
det𝑉J

exp(14𝒂
𝑇
I𝐵𝒂I) exp(−𝒒𝑇J 𝑉−1J 𝒒J + 𝜽𝑇𝒒J )

×
𝑛
∑
𝑚=0

(𝑛𝑚)(−𝐺)
𝑚𝐿𝑚(

−1
4𝐺[(2𝑨

𝑇
𝑥𝒙J + 𝐹𝑥)2 + (2𝑨𝑇𝑝𝒑J + 𝐹𝑝)2]), (B120)

or by

=𝜋𝑁′

√
det𝑉
det𝑉J

exp(14𝒂
𝑇
I𝐵𝒂I) exp(−𝒒𝑇J 𝑉−1J 𝒒J + 𝜽𝑇𝒒J )

× (1 − 𝐺)𝑛𝐿𝑛(
1

1 − 𝐺[(𝑨
𝑇
𝑥𝒙J + 𝐹𝑥)2 + (𝑨𝑇𝑝𝒑J + 𝐹𝑝)2]) (B121)

where

𝜽 = 𝒂J + 𝑉−1J 𝑉JI𝒂I, 𝐺 = 𝝀𝑇𝑥I(𝑉𝑥/𝑉𝑥J )𝝀𝑥I = 𝝀𝑇𝑝I(𝑉𝑝/𝑉𝑝J )𝝀𝑝I,

𝑨𝑥 = 𝝀𝑥J + 𝑉−1𝑥J 𝑉𝑥JI𝝀𝑥I, 𝑨𝑝 = 𝝀𝑝J + 𝑉−1𝑝J 𝑉𝑝JI𝝀𝑝I,

𝐹𝑥 =
1
2𝝀

𝑇
𝑥I(𝑉𝑥/𝑉𝑥J )𝒂𝑥I, 𝐹𝑝 =

1
2𝝀

𝑇
𝑝I(𝑉𝑝/𝑉𝑝J )𝒂𝑝I.
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Proof. The first result follows immediately from theorem B.7. If we first expand

the Laguerre polynomial into its closed form and substitute the integral result

from that theorem, as

∫
ℝ2𝑁′

𝑑𝑁′𝑥I 𝑑𝑁
′𝑝I 𝐿𝑛([𝝀𝑥 ⋅ 𝒙]2 + [𝝀𝑝 ⋅ 𝒑]2) exp(−𝒒𝑇𝑉−1𝒒 + 𝒂𝑇𝒒)

=
𝑛
∑
𝑚=0

(𝑛𝑚)
(−1)𝑚
𝑚! ∫

ℝ2𝑁′
𝑑𝑁′𝑥I 𝑑𝑁

′𝑝I [(𝝀𝑥 ⋅ 𝒙)2 + (𝝀𝑝 ⋅ 𝒑)2]
𝑚
exp(−𝒒𝑇𝑉−1𝒒 + 𝒂𝑇𝒒)

(B122)

=𝜋𝑁′

√
det𝑉
det𝑉J

exp(14𝒂
𝑇
I𝐵𝒂I) exp(−𝒒𝑇J 𝑉−1J 𝒒J + 𝜽𝑇𝒒J )

×
𝑛
∑
𝑚=0

(𝑛𝑚)
(−1)𝑚
𝑚! 𝑚!𝐺𝑚 𝐿𝑚(

−1
4𝐺[(2𝑨

𝑇
𝑥𝒙J + 𝐹𝑥)2 + (2𝑨𝑇𝑝𝒑J + 𝐹𝑝)2]) (B123)

=𝜋𝑁′

√
det𝑉
det𝑉J

exp(14𝒂
𝑇
I𝐵𝒂I) exp(−𝒒𝑇J 𝑉−1J 𝒒J + 𝜽𝑇𝒒J )

×
𝑛
∑
𝑚=0

(𝑛𝑚)(−𝐺)
𝑚𝐿𝑚(

−1
4𝐺[(2𝑨

𝑇
𝑥𝒙J + 𝐹𝑥)2 + (2𝑨𝑇𝑝𝒑J + 𝐹𝑝)2]). (B124)

To derive the second result we start by expanding the Laguerre polynomials so

that

𝑛
∑
𝑚=0

(𝑛𝑚)(−𝐺)
𝑚𝐿𝑚(

−1
4𝐺[(2𝑨

𝑇
𝑥𝒙J + 𝐹𝑥)2 + (2𝑨𝑇𝑝𝒑J + 𝐹𝑝)2])

=
𝑛
∑
𝑚=0

(𝑛𝑚)(−𝐺)
𝑚

𝑚
∑
𝑏=0

(𝑚𝑏)
(−1)𝑏
𝑏! (−14𝐺[(2𝑨

𝑇
𝑥𝒙J + 𝐹𝑥)2 + (2𝑨𝑇𝑝𝒑J + 𝐹𝑝)2])

𝑏
.

(B125)

Reordering the summations as

𝑛
∑
𝑚=0

𝑚
∑
𝑏=0

→
𝑛
∑
𝑏=0

𝑛
∑
𝑚=𝑏

, (B126)
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and relabelling the summation index so that𝑚 → 𝑚+ 𝑏 then leaves

𝑛
∑
𝑏=0

𝑛−𝑏
∑
𝑚=0

( 𝑛
𝑚 + 𝑏)(

𝑚 + 𝑏
𝑏 )(−𝐺)𝑚+𝑏 (−1)

𝑏

𝑏! (−14𝐺[(2𝑨
𝑇
𝑥𝒙J + 𝐹𝑥)2 + (2𝑨𝑇𝑝𝒑J + 𝐹𝑝)2])

𝑏

(B127)

=
𝑛
∑
𝑏=0

𝑛−𝑏
∑
𝑚=0

𝑛!
𝑏!𝑏!𝑚![𝑛 − 𝑚 − 𝑏]! (−𝐺)

𝑚+𝑏(−1)𝑏(−14𝐺[(2𝑨
𝑇
𝑥𝒙J + 𝐹𝑥)2 + (2𝑨𝑇𝑝𝒑J + 𝐹𝑝)2])

𝑏

(B128)

=
𝑛
∑
𝑏=0

𝑛!
𝑏!𝑏![𝑛 − 𝑏]! [

𝑛−𝑏
∑
𝑚=0

[𝑛 − 𝑏]!
𝑚![𝑛 − 𝑏 − 𝑚]! (−𝐺)

𝑚]𝐺𝑏(−14𝐺[(2𝑨
𝑇
𝑥𝒙J + 𝐹𝑥)2 + (2𝑨𝑇𝑝𝒑J + 𝐹𝑝)2])

𝑏

(B129)

=
𝑛
∑
𝑏=0

(𝑛𝑏)
1
𝑏! (1 − 𝐺)

𝑛−𝑏(−14[(2𝑨
𝑇
𝑥𝒙J + 𝐹𝑥)2 + (2𝑨𝑇𝑝𝒑J + 𝐹𝑝)2])

𝑏
(B130)

=(1 − 𝐺)𝑛
𝑛
∑
𝑏=0

(𝑛𝑏)
(−1)𝑏
𝑏! (14

1
1 − 𝐺[(2𝑨

𝑇
𝑥𝒙J + 𝐹𝑥)2 + (2𝑨𝑇𝑝𝒑J + 𝐹𝑝)2])

𝑏
(B131)

=(1 − 𝐺)𝑛𝐿𝑛(
1
4

1
1 − 𝐺[(2𝑨

𝑇
𝑥𝒙J + 𝐹𝑥)2 + (2𝑨𝑇𝑝𝒑J + 𝐹𝑝)2]) (B132)

Recombining this with the first part from equation (B124) completes the proof.

Corollary B.9. The partial integral of theorem B.8 with no linear term,

∫
ℝ2𝑁′

𝑑𝑁′𝑥I 𝑑𝑁
′𝑝I 𝐿𝑛([𝝀𝑥 ⋅ 𝒙]2 + [𝝀𝑝 ⋅ 𝒑]2) exp(−𝒒𝑇𝑉−1𝒒), (B133)

where 𝐿𝑛(⋅) is the Laguerre polynomial of degree 𝑛, and for 𝒒 = 𝒙 ⊕ 𝒑, performed
over only the first 𝑁′ members of 𝒙 and 𝒑 so that the relevant vectors and matrices
split into ‘integrated’ I and ‘non-integrated’ J parts as

𝒙 = 𝒙I ⊕ 𝒙J , 𝒑 = 𝒑I ⊕𝒑J , 𝒒 = 𝒙 ⊕ 𝒑,

𝑉𝑥 = (
𝑉𝑥I 𝑉𝑥IJ

𝑉𝑥JI 𝑉𝑥J
) , 𝑉𝑝 = (

𝑉𝑝I 𝑉𝑝IJ

𝑉𝑝JI 𝑉𝑝J
) , 𝑉 = 𝑉𝑥 ⊕𝑉𝑝,

𝝀𝑥 = 𝝀𝑥I ⊕ 𝝀𝑥J , 𝝀𝑝 = 𝝀𝑝I ⊕ 𝝀𝑝J ,

under the condition that

𝝀𝑇𝑥I(𝑉𝑥I − 𝑉𝑥IJ𝑉−1𝑥J 𝑉𝑥JI)𝝀𝑥I = 𝝀𝑇𝑝I(𝑉𝑝I − 𝑉𝑝IJ𝑉−1𝑝J 𝑉𝑝JI)𝝀𝑝I (B134)

is given by

𝜋𝑁′

√
det𝑉
det𝑉J

(1 − 𝐺)𝑛𝐿𝑛(
1

1 − 𝐺[(𝑨
𝑇
𝑥𝒙J )2 + (𝑨𝑇𝑝𝒑J )2]) exp(−𝒒𝑇J 𝑉−1J 𝒒J ) (B135)
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where

𝑨𝑥 = 𝝀𝑥J + 𝑉−1𝑥J 𝑉𝑥JI𝝀𝑥I

𝑨𝑝 = 𝝀𝑝J + 𝑉−1𝑝J 𝑉𝑝JI𝝀𝑝I
𝐺 = 𝝀𝑇𝑥I(𝑉𝑥I − 𝑉𝑥IJ𝑉−1𝑥J 𝑉𝑥JI)𝝀𝑥I = 𝝀𝑇𝑝I(𝑉𝑝I − 𝑉𝑝IJ𝑉−1𝑝J 𝑉𝑝JI)𝝀𝑝I,

𝑉J = 𝑉𝑥J ⊕𝑉𝑝J ,

and 𝑉−1X = (𝑉X )−1 is the inverse of the X block of 𝑉.
We have presented this theorem in block form for notational convenience. It equival-

ently applies to a set of integration and non-integration indices which do not form a

contiguous block we appropriately defined I , J vectors and matrices.

Proof. This result follows immediately from theorem B.8 by setting 𝒂 = 0 and
noting that this implies 𝜽 = 0 and 𝐹𝑥/𝑝 = 0.

b.5.2 Single-mode output case

As our output states should be expected to be a mixture of Fock states, it will be

instructive to rewrite the output of this integral as a summation over the Fock

stateWigner functions. Before we do so, though, we prove a lemma that will come

in useful.

b.5.2.1 Preliminary lemma

Lemma B.10. For 𝑛,𝑚 ∈ ℤ≥0, 𝐴, 𝐵 ∈ ℝ and |𝐵| < 1,

𝑛
∑
𝑎=0

∞
∑

𝑏=max(𝑚−𝑎,0)
(𝑛𝑎)(

𝑎 + 𝑏
𝑚 )(𝑎 + 𝑏𝑎 )𝐴𝑎𝐵𝑏

= 𝐵𝑚
(1 − 𝐵)𝑛+𝑚+1

min(𝑚,𝑛)
∑
𝑏=0

(𝑛𝑏)(
𝑚
𝑏)(

𝐴
𝐵 )

𝑏(𝐴 + 1 − 𝐵)𝑛−𝑏 (B136)

= 1
(1 − 𝐵)𝑛+𝑚+1

min(𝑚,𝑛)
∑
𝑏=0

(𝑛𝑏)(
𝑚
𝑏)𝐴

𝑏𝐵𝑚−𝑏(𝐴 + 1 − 𝐵)𝑛−𝑏. (B137)

Proof. Let us start by splitting the summation into 𝑎 ≤ 𝑚 and 𝑎 > 𝑚 components
as

𝑛
∑
𝑎=0

∞
∑

𝑏=max(𝑚−𝑎,0)
(𝑛𝑎)(

𝑎 + 𝑏
𝑚 )(𝑎 + 𝑏𝑎 )𝐴𝑎𝐵𝑏

=
min(𝑚,𝑛)
∑
𝑎=0

∞
∑

𝑏=𝑚−𝑎
(𝑛𝑎)(

𝑎 + 𝑏
𝑚 )(𝑎 + 𝑏𝑎 )𝐴𝑎𝐵𝑏 +

𝑛
∑

𝑎=𝑚+1

∞
∑
𝑏=0

(𝑛𝑎)(
𝑎 + 𝑏
𝑚 )(𝑎 + 𝑏𝑎 )𝐴𝑎𝐵𝑏,

(B138)

which we consider separately.



210 gaussian integrals

𝑎 ∶ 0 ↦ 𝑚 summation

Let us first consider the 𝑎 ∶ 0 ↦ 𝑚 summation. Noting that the 𝑏 summation
extends to infinity, we can rebase the index as 𝑏 ↦ 𝑏 +𝑚− 𝑎 without changing
the upper limit, to give

min(𝑚,𝑛)
∑
𝑎=0

∞
∑
𝑏=0

(𝑛𝑎)(
𝑚 + 𝑏
𝑚 )(𝑚 + 𝑏𝑎 )𝐴𝑎𝐵𝑚+𝑏−𝑎 (B139)

=
min(𝑚,𝑛)
∑
𝑎=0

∞
∑
𝑏=0

𝑛!
𝑎!(𝑛 − 𝑎)!

(𝑚 + 𝑏)!
𝑚!𝑏!

(𝑚 + 𝑏)!
𝑎!(𝑚 + 𝑏 − 𝑎)!𝐴

𝑎𝐵𝑚+𝑏−𝑎 (B140)

=
min(𝑚,𝑛)
∑
𝑎=0

𝑚!𝑛!
𝑎!𝑎!(𝑛 − 𝑎)!(𝑚 − 𝑎)!𝐴

𝑎𝐵𝑚−𝑎
∞
∑
𝑏=0

1
𝑏!
(𝑚 + 𝑏)!
𝑚!

(𝑚 + 𝑏)!
𝑚!

(𝑚 − 𝑎)!
(𝑚 − 𝑎 + 𝑏)!𝐵

𝑏

(B141)

=
min(𝑚,𝑛)
∑
𝑎=0

𝑚!𝑛!
𝑎!𝑎!(𝑛 − 𝑎)!(𝑚 − 𝑎)!𝐴

𝑎𝐵𝑚−𝑎
∞
∑
𝑏=0

1
𝑏!
(𝑚 + 1)(𝑏)(𝑚 + 1)(𝑏)

(𝑚 − 𝑎 + 1)(𝑏)
𝐵𝑏, (B142)

for

(𝑥)(𝑎) = (𝑥 + 𝑎 − 1)!
(𝑥 − 1)! (B143)

the rising factorial.

We can then identify the 𝑏 summation as an instance of the 2𝐹1 hypergeometric
series, defined for |𝑧| < 1 as [135, (15.2.E1)]

2𝐹1 (
𝑎, 𝑏
𝑐 ; 𝑧) =

∞
∑
𝑖=0

1
𝑖!
(𝑎)(𝑖)(𝑏)(𝑖)

(𝑐)(𝑖)
𝑧𝑖. (B144)

Substituting this result in, noting that we have restricted 𝐵 to |𝐵| < 1, gives

min(𝑚,𝑛)
∑
𝑎=0

𝑚!𝑛!
𝑎!𝑎!(𝑛 − 𝑎)!(𝑚 − 𝑎)!𝐴

𝑎𝐵𝑚−𝑎 2𝐹1 (
𝑚 + 1,𝑚 + 1
𝑚 − 𝑎 + 1 ; 𝐵) . (B145)

We can now use the Euler transformation [135, (15.8.E1)],

2𝐹1 (
𝑎, 𝑏
𝑐 ; 𝑧) = (1 − 𝑧)

𝑐−𝑎−𝑏
2𝐹1 (

𝑐 − 𝑎, 𝑐 − 𝑏
𝑐 ; 𝑧) , (B146)

to transform the hypergeometric function into one in which the upper parameters

are negative integers,

min(𝑚,𝑛)
∑
𝑎=0

𝑚!𝑛!
𝑎!𝑎!(𝑛 − 𝑎)!(𝑚 − 𝑎)!𝐴

𝑎𝐵𝑚−𝑎(1 − 𝐵)−𝑎−𝑚−1 2𝐹1 (
−𝑎,−𝑎
𝑚 − 𝑎 + 1; 𝐵) . (B147)

https://dlmf.nist.gov/15.2.E1
http://dlmf.nist.gov/15.8.E1
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Transforming the upper parameters into negative integers means that the pre-

viously infinite series now terminates, as (−𝑎)(𝑏) = 0∀𝑏 > 𝑎 and we can write
the hypergeometric series as [135, (15.2.E4)]

min(𝑚,𝑛)
∑
𝑎=0

𝑚!𝑛!
𝑎!𝑎!(𝑛 − 𝑎)!(𝑚 − 𝑎)!

𝐴𝑎𝐵𝑚−𝑎
(1 − 𝐵)𝑚+𝑎+1

𝑎
∑
𝑏=0

1
𝑏!
(−𝑎)(𝑏)(−𝑎)(𝑏)

(𝑚 − 𝑎 + 1)(𝑏)
𝐵𝑏

=
min(𝑚,𝑛)
∑
𝑎=0

𝑚!𝑛!
𝑎!𝑎!(𝑛 − 𝑎)!(𝑚 − 𝑎)!

𝐴𝑎𝐵𝑚−𝑎
(1 − 𝐵)𝑚+𝑎+1

𝑎
∑
𝑏=0

1
𝑏!

(𝑎)(𝑏)(𝑎)(𝑏)
(𝑚 − 𝑎 + 1)(𝑏)

𝐵𝑏 (B148)

=
min(𝑚,𝑛)
∑
𝑎=0

𝑚!𝑛!
𝑎!𝑎!(𝑛 − 𝑎)!(𝑚 − 𝑎)!

𝐴𝑎𝐵𝑚−𝑎
(1 − 𝐵)𝑚+𝑎+1

𝑎
∑
𝑏=0

1
𝑏!

𝑎!
(𝑎 − 𝑏)!

𝑎!
(𝑎 − 𝑏)!

(𝑚 − 𝑎)!
(𝑚 − 𝑎 + 𝑏)!𝐵

𝑏

(B149)

=
min(𝑚,𝑛)
∑
𝑎=0

𝐴𝑎𝐵𝑚−𝑎
(1 − 𝐵)𝑚+𝑎+1

𝑎
∑
𝑏=0

𝑚!𝑛!
𝑏!(𝑛 − 𝑎)!(𝑎 − 𝑏)!(𝑎 − 𝑏)!(𝑚 − 𝑎 + 𝑏)!𝐵

𝑏, (B150)

where we have made use of the relationship between rising and falling factorials

that (−𝑥)(𝑎) = (−1)𝑎(𝑥)(𝑎). Finally, we invert the summation, making the change
of index 𝑏 → 𝑎 − 𝑏, to give

min(𝑚,𝑛)
∑
𝑎=0

𝑎
∑
𝑏=0

𝑚!𝑛!
(𝑎 − 𝑏)!(𝑛 − 𝑎)!𝑏!𝑏!(𝑚 − 𝑏)!

𝐴𝑎𝐵𝑚−𝑏
(1 − 𝐵)𝑚+𝑎+1

=
min(𝑚,𝑛)
∑
𝑎=0

𝑎
∑
𝑏=0

(𝑛𝑎)(
𝑎
𝑏)(

𝑚
𝑏)

𝐴𝑎𝐵𝑚−𝑏
(1 − 𝐵)𝑚+𝑎+1

. (B151)

𝑎 ∶ 𝑚 + 1 ↦ 𝑛 summation
Let us now return to the 𝑎 ∶ 𝑚 + 1 ↦ 𝑛 summation, given by

𝑛
∑

𝑎=𝑚+1

∞
∑
𝑏=0

(𝑛𝑎)(
𝑎 + 𝑏
𝑚 )(𝑎 + 𝑏𝑎 )𝐴𝑎𝐵𝑏. (B152)

By again expanding the binomials and identifying rising factorials we can write

this as a 2𝐹1 hypergeometric series,

𝑛
∑

𝑎=𝑚+1

∞
∑
𝑏=0

(𝑛𝑎)(
𝑎 + 𝑏
𝑚 )(𝑎 + 𝑏𝑎 )𝐴𝑎𝐵𝑏.

=
𝑛
∑

𝑎=𝑚+1

∞
∑
𝑏=0

𝑛!
𝑎!(𝑛 − 𝑎)!

(𝑎 + 𝑏)!
𝑚!(𝑎 + 𝑏 − 𝑚)!

(𝑎 + 𝑏)!
𝑎!𝑏! 𝐴𝑎𝐵𝑏 (B153)

=
𝑛
∑

𝑎=𝑚+1

𝑛!
(𝑎 − 𝑚)!𝑚!𝐴

𝑎
∞
∑
𝑏=0

1
𝑏!
(𝑎 + 𝑏)!
𝑎!

(𝑎 + 𝑏)!
𝑎!

(𝑎 − 𝑚)!
(𝑎 − 𝑚 + 𝑏)!𝐵

𝑏 (B154)

=
𝑛
∑

𝑎=𝑚+1

𝑛!
(𝑎 − 𝑚)!𝑚!𝐴

𝑎
∞
∑
𝑏=0

1
𝑏!
(𝑎 + 1)(𝑏)(𝑎 + 1)(𝑏)

(𝑎 − 𝑚 + 1)(𝑏)
𝐵𝑏, (B155)

=
𝑛
∑

𝑎=𝑚+1

𝑛!
(𝑎 − 𝑚)!𝑚!𝐴

𝑎
2𝐹1 (

𝑎 + 1, 𝑎 + 1
𝑎 − 𝑚 + 1 ; 𝐵) . (B156)

http://dlmf.nist.gov/15.2.E4
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Again, applying the Euler transformation allows us to rewrite the upper para-

meters as negative integers, which ensures the series terminates, as

𝑛
∑

𝑎=𝑚+1

𝑛!
(𝑎 − 𝑚)!𝑚!𝐴

𝑎(1 − 𝐵)−(𝑚+𝑎+1) 2𝐹1 (
−𝑚,−𝑚
𝑎 −𝑚+ 1; 𝐵) (B157)

=
𝑛
∑

𝑎=𝑚+1

𝑛!
(𝑎 − 𝑚)!𝑚!

𝐴𝑎
(1 − 𝐵)𝑚+𝑎+1

𝑚
∑
𝑏=0

1
𝑏!

(𝑚)(𝑏)(𝑚)(𝑏)
(𝑎 − 𝑚 + 1)(𝑏)

𝐵𝑏 (B158)

=
𝑛
∑

𝑎=𝑚+1

𝑚
∑
𝑏=0

𝑛!𝑚!
𝑏!(𝑚 − 𝑏)!(𝑚 − 𝑏)!(𝑎 − 𝑚 + 𝑏)!(𝑛 − 𝑎)!

𝐴𝑎𝐵𝑏
(1 − 𝐵)𝑚+𝑎+1

. (B159)

Again, reversing the order of the inner summation by taking the index transform

𝑏 → 𝑚− 𝑏 allows us to write this as

𝑛
∑

𝑎=𝑚+1

𝑚
∑
𝑏=0

(𝑛𝑎)(
𝑎
𝑏)(

𝑚
𝑏)

𝐴𝑎𝐵𝑚−𝑏
(1 − 𝐵)𝑚+𝑎+1

. (B160)

Finally, we note that by definition, (𝑚𝑏 ) = 0 ∀ 𝑏 > 𝑚. Hence, for 𝑎 > 𝑚 we can
set the upper limit of the inner summation to 𝑎 to match equation (B151), with
the additional terms from 𝑏 ∶ 𝑚 + 1 → 𝑎 all vanishing. We finally write this
component, then, as

𝑛
∑

𝑎=𝑚+1

𝑎
∑
𝑏=0

(𝑛𝑎)(
𝑎
𝑏)(

𝑚
𝑏)

𝐴𝑎𝐵𝑚−𝑏
(1 − 𝐵)𝑚+𝑎+1

. (B161)

collectively Returning to equation (B151), we can recombine the two

outer summations as

min(𝑚,𝑛)
∑
𝑎=0

∞
∑

𝑏=𝑚−𝑎
(𝑛𝑎)(

𝑎 + 𝑏
𝑚 )(𝑎 + 𝑏𝑎 )𝐴𝑎𝐵𝑏 +

𝑛
∑

𝑎=𝑚+1

∞
∑
𝑏=0

(𝑛𝑎)(
𝑎 + 𝑏
𝑚 )(𝑎 + 𝑏𝑎 )𝐴𝑎𝐵𝑏

(B162)

=
min(𝑚,𝑛)
∑
𝑎=0

𝑎
∑
𝑏=0

(𝑛𝑎)(
𝑎
𝑏)(

𝑚
𝑏)

𝐴𝑎𝐵𝑚−𝑏
(1 − 𝐵)𝑚+𝑎+1

+
𝑛
∑

𝑎=𝑚+1

𝑎
∑
𝑏=0

(𝑛𝑎)(
𝑎
𝑏)(

𝑚
𝑏)

𝐴𝑎𝐵𝑚−𝑏
(1 − 𝐵)𝑚+𝑎+1

(B163)

=
𝑛
∑
𝑎=0

𝑎
∑
𝑏=0

(𝑛𝑎)(
𝑎
𝑏)(

𝑚
𝑏)

𝐴𝑎𝐵𝑚−𝑏
(1 − 𝐵)𝑚+𝑎+1

. (B164)

Let us now swap the order of the two summations, as

𝑛
∑
𝑎=0

𝑎
∑
𝑏=0

→
𝑛
∑
𝑏=0

𝑛
∑
𝑎=𝑏
, (B165)
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and reindex 𝑎 → 𝑎 + 𝑏 to get

𝑛
∑
𝑏=0

𝑛−𝑏
∑
𝑎=0

( 𝑛
𝑎 + 𝑏)(

𝑎 + 𝑏
𝑏 )(𝑚𝑏)

𝐴𝑎+𝑏𝐵𝑚−𝑏

(1 − 𝐵)𝑚+𝑎+𝑏+1
(B166)

=
𝑛
∑
𝑏=0

(𝑛𝑏)(
𝑚
𝑏)

𝐴𝑏𝐵𝑚−𝑏

(1 − 𝐵)𝑚+𝑏+1
𝑛−𝑏
∑
𝑎=0

(𝑛 − 𝑏𝑎 )( 𝐴
(1 − 𝐵))

𝑎
(B167)

=
𝑛
∑
𝑏=0

(𝑛𝑏)(
𝑚
𝑏)

𝐴𝑏𝐵𝑚−𝑏

(1 − 𝐵)𝑚+𝑏+1
(1 + 𝐴

(1 − 𝐵))
𝑛−𝑏

(B168)

= 𝐵𝑚
(1 − 𝐵)𝑛+𝑚+1

𝑛
∑
𝑏=0

(𝑛𝑏)(
𝑚
𝑏)(

𝐴
𝐵 )

𝑏(𝐴 + 1 − 𝐵)𝑛−𝑏. (B169)

Noticing that (min(𝑛,𝑚)𝑏 ) = 0 for 𝑏 > min(𝑚, 𝑛), allowing us to short-circuit the
summation, completes the proof.

b.5.2.2 Theorem

Corollary B.11. In the limited case in which the integration is performed over all

but one 𝑥, 𝑝 variable termed 𝑥J , 𝑝J , and in which the 𝑥 and 𝑝 components conform
to the symmetry conditions

𝑉𝑥J = 𝑉𝑝J ∶= 𝑉J (B170)

𝝀𝑇𝑥I(𝑉𝑥I/𝑉𝑥J )𝝀𝑥I = 𝝀𝑇𝑝I(𝑉𝑝I/𝑉𝑝J )𝝀𝑝I ∶= 𝐺 (B171)

(𝝀𝑥J + 𝑉−1𝑥J 𝑉𝑥JI𝝀𝑥I)2 = (𝝀𝑝J + 𝑉−1𝑝J 𝑉𝑝JI𝝀𝑝I)2 ∶= 𝐴2, (B172)

the integral

∫
ℝ2(𝑁−1)

𝑑𝑁−1𝑥I 𝑑𝑁−1𝑝I 𝐿𝑛([𝝀𝑥 ⋅ 𝒙]2 + [𝝀𝑝 ⋅ 𝒑]2) exp(−𝒒𝑇𝑉−1𝒒), (B173)

is given by

𝜋𝑁−1
√det𝑉
𝑉J

(−1)𝑛(𝐺 − 1)𝑛𝐿𝑛(
𝐴2

2(1 − 𝐺)[2𝑥
2
J + 2𝑝2J ]) exp(−

1
𝑉[𝑥

2
J + 𝑝2J ]),

(B174)

or by the strongly convergent infinite series

𝜋𝑁′(−1)𝑛√det𝑉
∞
∑
𝑚=0

(−1)𝑚𝐶𝑛𝑚 𝐿𝑚(2𝑥2J + 2𝑝2J ) exp(−𝑥2J − 𝑝2J ) (B175)

for

𝐶𝑛𝑚 =
2

𝑉J + 1

min(𝑚,𝑛)
∑
𝑏=0

(𝑛𝑏)(
𝑚
𝑏)(

√2𝐴
1 + 1/𝑉J

)2𝑏(
𝑉J − 1
𝑉J + 1

)𝑚−𝑏( 𝐴2
1 + 1/𝑉J

+ 𝐺 − 1)𝑛−𝑏.

(B176)
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Proof.

first result The first result is a direct corollary of corollary B.9 where

𝑨𝑥 ↦ 𝐴, 𝑨𝑝 ↦ 𝐴, 𝒒𝑇J 𝑉−1J 𝒒J is expanded to 𝑥 and 𝑝 terms with equal 𝑉J .

second result Let us start with the more general result of corollary B.9

that

∫
ℝ2(𝑁−1)

𝑑𝑁−1𝑥I 𝑑𝑁−1𝑝I 𝐿𝑛([𝝀𝑥 ⋅ 𝒙]2 + [𝝀𝑝 ⋅ 𝒑]2) exp(−𝒒𝑇𝑉−1𝒒)

=𝜋𝑁−1
√
det𝑉
det𝑉J

(−1)𝑛(𝐺 − 1)𝑛𝐿𝑛(
1

2(1 − 𝐺)[2(𝑨
𝑇
𝑥𝒙J )2 + 2(𝑨𝑇𝑝𝒑J )2]) exp(−𝒒𝑇J 𝑉−1J 𝒒J ),

(B177)

for 𝐺𝑥 = 𝐺𝑝 =∶ 𝐺 and where 𝐺, 𝑨 are as defined in that result.
We now consider the case where the integration is performed over all but one

𝑥, 𝑝 index. Let us denote the surviving indices 𝑥J and 𝑝J . We further impose that
𝑉𝑥J = 𝑉𝑝J =∶ 𝑉J and 𝐴2𝑥 = 𝐴2𝑝 =∶ 𝐴2, noting that 𝑥J , 𝑝J , and 𝐴 are now of length
one and treated as scalars. This leaves,

𝜋𝑁−1
√det𝑉
𝑉J

(−1)𝑛(𝐺 − 1)𝑛𝐿𝑛[
𝐴2

2(1 − 𝐺)(2𝑥
2
J + 2𝑝2J )] exp[−

1
𝑉J
(𝑥2J + 𝑝2J )]

(B178)

=𝜋𝑁−1
√det𝑉
𝑉J

(−1)𝑛(𝐺 − 1)𝑛𝐿𝑛[
𝐴2

2(1 − 𝐺)(2𝑥
2
J + 2𝑝2J )]

× exp(−𝑥2J − 𝑝2J ) exp[(
1

1 − 𝑉J
)(𝑥2J + 𝑝2J )] (B179)

Let us now rewrite the Laguerre polynomial and the second exponential as a

summation of monomials as

𝜋𝑁−1
√det𝑉
𝑉J

(−1)𝑛(𝐺 − 1)𝑛[
𝑛
∑
𝑎=0

(𝑛𝑎)
(−1)𝑎
𝑎! ( 𝐴2

2(1 − 𝐺))
𝑎
(2𝑥2J + 2𝑝2J )

𝑎
]

× [
∞
∑
𝑏=0

1
2𝑏𝑏!

(1 − 1
𝑉J
)
𝑏
(2𝑥2J + 2𝑝2J )

𝑏
] exp(−𝑥2J − 𝑝2J ) (B180)

=𝜋𝑁−1
√det𝑉
𝑉J

(−1)𝑛(𝐺 − 1)𝑛

× [
𝑛
∑
𝑎=0

∞
∑
𝑏=0

(𝑛𝑎)
1
𝑎!𝑏! (

1
2
𝐴2
𝐺 − 1)

𝑎
(12(1 − 1/𝑉J ))

𝑏
(2(𝑥2J + 𝑝2J ))

𝑎+𝑏
] exp(−𝑥2J − 𝑝2J ).

(B181)

Let us now substitute the polynomial terms for their Laguerre representation

using

𝑥𝑛 = 𝑛!
𝑛
∑
𝑚=0

(𝑛𝑚)(−1)
𝑚𝐿𝑚(𝑥) (B182)
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to give

𝜋𝑁−1
√det𝑉
𝑉J

(−1)𝑛(𝐺 − 1)𝑛 exp(−𝑥2J − 𝑝2J )

× {
𝑛
∑
𝑎=0

∞
∑
𝑏=0

(𝑛𝑎)
1
𝑎!𝑏! (

1
2
𝐴2
𝐺 − 1)

𝑎
(
1 − 1/𝑉J

2 )
𝑏
[(𝑎 + 𝑏)!

𝑎+𝑏
∑
𝑚=0

(𝑎 + 𝑏𝑚 )(−1)𝑚𝐿𝑚(2(𝑥2J + 𝑝2J ))]}

(B183)

=𝜋𝑁−1
√det𝑉
𝑉J

(−1)𝑛(𝐺 − 1)𝑛 exp(−𝑥2J − 𝑝2J ).

× [
𝑛
∑
𝑎=0

∞
∑
𝑏=0

𝑎+𝑏
∑
𝑚=0

(𝑛𝑎)(
𝑎 + 𝑏
𝑚 )(𝑎 + 𝑏𝑎 )(12

𝐴2
𝐺 − 1)

𝑎
(
1 − 1/𝑉J

2 )
𝑏
(−1)𝑚𝐿𝑚(2(𝑥2J + 𝑝2J ))]

(B184)

Swapping the order of the summations so that

𝑛
∑
𝑎=0

∞
∑
𝑏=0

𝑎+𝑏
∑
𝑚=0

→
∞
∑
𝑚=0

𝑛
∑
𝑎=0

∞
∑

𝑏=max(𝑚−𝑎,0)
(B185)

leaves

𝜋𝑁−1
√det𝑉
𝑉J

(−1)𝑛
∞
∑
𝑚=0

[(𝐺 − 1)𝑛
𝑛
∑
𝑎=0

∞
∑

𝑏=max(𝑚−𝑎,0)
(𝑛𝑎)(

𝑎 + 𝑏
𝑚 )(𝑎 + 𝑏𝑎 )(12

𝐴2
𝐺 − 1)

𝑎
(
1 − 1/𝑉J

2 )
𝑏
]

× [(−1)𝑚𝐿𝑚(2(𝑥2J + 𝑝2J )) exp(−𝑥2J − 𝑝2J )] (B186)

= 𝜋𝑁−1(−1)𝑛√det𝑉
∞
∑
𝑚=0

𝐶𝑛𝑚[(−1)𝑚𝐿𝑚(2(𝑥2J + 𝑝2J )) exp(−𝑥2J − 𝑝2J )], (B187)

where we define

𝐶𝑛𝑚 =
(𝐺 − 1)𝑛
𝑉J

𝑛
∑
𝑎=0

∞
∑

𝑏=max(𝑚−𝑎,0)
(𝑛𝑎)(

𝑎 + 𝑏
𝑚 )(𝑎 + 𝑏𝑎 )(12

𝐴2
𝐺 − 1)

𝑎
(
1 − 1/𝑉J

2 )
𝑏
.

(B188)

We can here immediately use lemma B.10, that

𝑛
∑
𝑎=0

∞
∑

𝑏=max(𝑚−𝑎,0)
(𝑛𝑎)(

𝑎 + 𝑏
𝑚 )(𝑎 + 𝑏𝑎 )𝐴𝑎𝐵𝑏 = 1

(1 − 𝐵)𝑛+𝑚+1
min(𝑚,𝑛)
∑
𝑏=0

(𝑛𝑏)(
𝑚
𝑏)𝐴

𝑏𝐵𝑚−𝑏(𝐴 + 1 − 𝐵)𝑛−𝑏,

(B189)

for

𝐴 = 1
2
𝐴2
𝐺 − 1 (B190)

𝐵 = 1
2(1 − 1/𝑉J ). (B191)
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The infinite series then reduces to a closed form as

𝐶𝑛𝑚 =
(𝐺 − 1)𝑛
𝑉J

1
( 12 +

1
2𝑉J
)𝑛+𝑚+1

(B192)

×
min(𝑚,𝑛)
∑
𝑏=0

(𝑛𝑏)(
𝑚
𝑏)(

1
2
𝐴2
𝐺 − 1)

𝑏(12(1 − 1/𝑉J ))
𝑚−𝑏(12

𝐴2
𝐺 − 1 +

1
2 +

1
2𝑉J

)𝑛−𝑏,

=(𝐺 − 1)
𝑛

𝑉J
1

(1 + 1/𝑉J )𝑛+𝑚+1
(B193)

×
min(𝑚,𝑛)
∑
𝑏=0

2𝑏+1(𝑛𝑏)(
𝑚
𝑏)(

𝐴2
𝐺 − 1)

𝑏(1 − 1
𝑉J
)𝑚−𝑏( 𝐴2

𝐺 − 1 + 1 +
1
𝑉J
)𝑛−𝑏

= 1
𝑉J (1 + 1/𝑉J )𝑛+𝑚+1

min(𝑚,𝑛)
∑
𝑏=0

2𝑏+1(𝑛𝑏)(
𝑚
𝑏)𝐴

2𝑏(1 − 1
𝑉J
)𝑚−𝑏(𝐴2 + (𝐺 − 1)(1 + 1

𝑉J
))𝑛−𝑏.

(B194)

Subsuming the (1 + 1/𝑉J )𝑛+𝑚 term into the relevant terms in the summation by

introducing an additional (1 + 1/𝑉J )2𝑏 allows us to simplify the brackets as

𝐶𝑛𝑚 =
1

𝑉J (1 + 1/𝑉J )

min(𝑚,𝑛)
∑
𝑏=0

2𝑏+1(𝑛𝑏)(
𝑚
𝑏)𝐴

2𝑏(
1 − 1/𝑉J
1 + 1/𝑉J

)𝑚−𝑏( 𝐴2
1 + 1/𝑉J

+ 𝐺 − 1)𝑛−𝑏( 1
1 + 1/𝑉J

)2𝑏

= 2
𝑉J + 1

min(𝑚,𝑛)
∑
𝑏=0

(𝑛𝑏)(
𝑚
𝑏)(

√2𝐴
1 + 1/𝑉J

)2𝑏(
𝑉J − 1
𝑉J + 1

)𝑚−𝑏( 𝐴2
1 + 1/𝑉J

+ 𝐺 − 1)𝑛−𝑏

(B195)

which completes the proof.
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b.6 gaussian integrals of a laguerre polynomial subject to

a coordinate transform

Finally, let us now consider integrals of the form we expect from our output state:

a Laguerre component and a Gaussian component with covariance matrix 𝐼2⊕𝑉𝑟
that have each been subject to a coordinate transform. Before we go on to solve

this integral in theorem B.14, let us first consider two Lemmas that tell us what

form the 𝐺 and 𝐴 variables will take.

b.6.1 Lemmas

Lemma B.12. Consider an 𝑛 + 1 × 𝑛 + 1 square real matrix 𝛬, given in block form
by

𝛬 = (
𝛬J 𝜦JI

𝜦IJ 𝛬I

) , (B196)

where 𝛬J ∈ ℝ1×1, 𝜦JI ∈ ℝ1×𝑛, 𝜦IJ ∈ ℝ𝑛×1, and 𝜦I ∈ ℝ𝑛×𝑛.

Consider also a second matrix given by

𝑉 = 𝛬−1(1 ⊕ 𝑽𝑟)𝛬−1
𝑇 ∶= (

𝑉J 𝑉JI

𝑉IJ 𝑉I
) . (B197)

Then,

𝐺 ∶= 2𝜦JI ⋅ (𝑉/𝑉J ) ⋅ 𝜦𝑇JI = 2 −
2
𝛾 ∈ ℝ, (B198)

𝐴 ∶= √2(𝛬J +
𝑉JI𝜦𝑇JI

𝑉J
) =

√2
𝛾 (𝛬/𝛬I) ∈ ℝ (B199)

for

𝛾 = 1 + 𝜦JI(𝛬𝑇I𝑉−1𝑟 𝛬I)−1𝜦𝑇JI = 1 + (𝜦JI𝛬−1I )𝑉𝑟(𝜦JI𝛬−1I )𝑇 ∈ ℝ, (B200)

where (𝐵/𝐶) denotes the Schur complement of 𝐵 with respect to block 𝐶.

Proof. We will prove here of these results separately. Let us first, though, derive

the form of 𝑉/𝑉J .

form of 𝑉/𝑉J To derive the form of the Schur complement, let us note the

two ways we can write the inverse matrix 𝑉−1. First, directly from the form of

equation (B197) as

𝑉−1 = 𝛬𝑇(1/𝑣𝜓 ⊕𝑽−1𝑟 )𝛬 = (
𝛬2J + 𝜦𝑇IJ𝑉−1𝑅 𝜦IJ 𝛬J𝜦JI + 𝜦𝑇IJ𝑉−1𝑅 𝛬I

𝛬J𝜦𝑇JI + 𝛬𝑇I𝑉−1𝑅 𝜦IJ 𝜦𝑇JI𝜦JI + 𝛬𝑇I𝑉−1𝑅 𝛬I

) ,

(B201)
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and second using blockwise inversion as

𝑉−1 = (
(𝑉/𝑉I)−1 −(𝑉J )−1𝑉JI(𝑉/𝑉J )−1

−(𝑉/𝑉J )−1𝑉IJ (𝑉J )−1 (𝑉/𝑉J )−1
) . (B202)

These allow us to read off the form of the Schur complement of 𝑉 with respect to
block 𝑉J as

𝑉/𝑉J = [(𝑉−1)I]−1 = [𝜦𝑇JI𝜦JI + 𝛬𝑇I𝑉−1𝑅 𝛬I]−1. (B203)

The Sherman-Morrison formula for a square invertible matrix𝑀 and column

vectors 𝒖, 𝒗 states that

(𝑀 + 𝒖𝑇𝒗)−1 = 𝑀−1 − 𝑀
−1𝒖𝑇𝒗𝑀−1

1 + 𝒗𝑀−1𝒖𝑇
. (B204)

Applying this formula to equation (B203) we can rewrite the Schur complement

as

𝑉/𝑉J = (𝛬𝑇I𝑉−1𝑅 𝛬I)−1 −
(𝛬𝑇I𝑉−1𝑅 𝛬I)−1(𝜦𝑇JI𝜦JI)(𝛬𝑇I𝑉−1𝑅 𝛬I)−1

1 + 𝜦JI(𝛬𝑇I𝑉−1𝑅 𝛬I)−1𝜦𝑇JI

(B205)

= 𝛬−1I 𝑉𝑅(𝛬−1I )𝑇 −
𝛬−1I 𝑉𝑅(𝛬−1I )𝑇𝜦𝑇JI𝜦JI𝛬−1I 𝑉𝑅(𝛬−1I )𝑇

1 + 𝜦JI𝛬−1I 𝑉𝑅(𝛬−1I )𝑇𝜦𝑇JI

. (B206)

form of 𝐺 Let us now consider to the first result in this Lemma, shown in

equation (B198), that

𝐺 ∶= 2𝜦JI ⋅ (𝑉/𝑉J ) ⋅ 𝜦𝑇JI. (B207)

Substituting in the form of the Schur complement found above, this becomes

2𝜦JI ⋅ [𝛬−1I 𝑉𝑅(𝛬−1I )𝑇 −
𝛬−1I 𝑉𝑅(𝛬−1I )𝑇𝜦𝑇JI𝜦JI𝛬−1I 𝑉𝑅(𝛬−1I )𝑇

1 + 𝜦JI𝛬−1I 𝑉𝑅(𝛬−1I )𝑇𝜦𝑇JI

] ⋅ 𝜦𝑇JI (B208)

=2(𝜦JI𝛬−1I )𝑉𝑅(𝜦JI𝛬−1I )𝑇 − 2
(𝜦JI𝛬−1I )𝑉𝑅(𝜦JI𝛬−1I )𝑇(𝜦JI𝛬−1I )𝑉𝑅(𝜦JI𝛬−1I )𝑇

1 + (𝜦JI𝛬−1I )𝑉𝑅(𝜦JI𝛬−1I )𝑇

(B209)

=2(𝛾 − 1) − 2(𝛾 − 1)
2

𝛾 (B210)

=2 − 2𝛾 , (B211)

for 𝛾 defined as

𝛾 ∶= 1 + (𝜦JI𝛬−1I )𝑉𝑅(𝜦JI𝛬−1I )𝑇 ∈ ℝ. (B212)

form of 𝐴 Now consider the expression in equation (B199),

𝐴 ≔ √2(𝛬J +
𝑉JI𝜦𝑇JI

𝑉J
). (B213)
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We can use the expression for the inverse of 𝑉 from equation (B202) to first

rewrite 𝑉JI as

𝑉JI = −𝑉𝐽(𝑉−1)JI(𝑉/𝑉J ). (B214)

Consequently, 𝐴 becomes

√2 [𝛬J − (𝑉−1)JI(𝑉/𝑉J )𝜦𝑇JI] (B215)

=√2 [𝛬J − (𝛬J𝜦JI + 𝜦𝑇IJ𝑉−1𝑅 𝛬I)(𝑉/𝑉J )𝜦𝑇JI] (B216)

=√2 [𝛬J − 𝛬J [𝜦JI(𝑉/𝑉J )𝜦𝑇JI] − 𝜦𝑇IJ𝑉−1𝑅 𝛬I(𝑉/𝑉J )𝜦𝑇JI] (B217)

=√2 [
𝛬J

𝛾 − 𝜦𝑇IJ𝑉−1𝑅 𝛬I(𝑉/𝑉J )𝜦𝑇JI], (B218)

where we have recognised the term within the inner square bracket as equal to

1/2𝐺. Let us now focus on the second term. Expanding out the Schur complement
using equation (B206), cancelling the 𝑉−1𝑅 𝛬I matrices, and substituting in 𝛾 we
can reduce this part to

𝜦𝑇IJ𝑉−1𝑅 𝛬I(𝑉/𝑉J )𝜦𝑇JI (B219)

=𝜦𝑇IJ𝑉−1𝑅 𝛬I[𝛬−1I 𝑉𝑅(𝛬−1I )𝑇(1 − 𝜦𝑇JI

𝜦JI𝛬−1I 𝑉𝑅(𝛬−1I )𝑇

1 + 𝜦JI𝛬−1I 𝑉𝑅(𝛬−1I )𝑇𝜦𝑇JI

)]𝜦𝑇JI (B220)

=𝜦𝑇IJ (𝛬−1I )𝑇𝜦𝑇JI(1 −
(𝜦JI𝛬−1I )𝑉𝑅(𝜦JI𝛬−1I )𝑇

1 + (𝜦JI𝛬−1I )𝑉𝑅(𝜦JI𝛬−1I )𝑇
) (B221)

=𝜦𝑇IJ (𝛬−1I )𝑇𝜦𝑇JI
1
𝛾 . (B222)

Equation (B218) can then be written

√2 [
𝛬J

𝛾 − 𝜦𝑇IJ𝑉−1𝑅 𝛬I(𝑉/𝑉J )𝜦𝑇JI] = √2
𝛬J − 𝜦𝑇IJ (𝛬−1I )𝑇𝜦𝑇JI

𝛾 , (B223)

which we can recognise as the Schur complement 𝛬/𝛬I =
det(𝛬)
det(𝛬I)

(noting 𝛬/𝛬I is

scalar), completing the proof.

Lemma B.13. Consider a symplectic matrix 𝛬 given in block form as

𝛬 =
⎛
⎜
⎜
⎜
⎝

𝛬𝑥J 𝛬𝑥JI

𝛬𝑥IJ 𝛬𝑥I

𝛬𝑝J 𝛬𝑝JI

𝛬𝑝IJ 𝛬𝑝I

⎞
⎟
⎟
⎟
⎠

, (B224)

with zeros in the empty off-diagonal blocks, and a second matrix given by

𝑉 = 𝛬−1(1 ⊕ 𝑽𝑟)𝛬−1
𝑇 ∶= (

𝑉J 𝑉JI

𝑉IJ 𝑉I

) . (B225)
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When the conditions

𝛬𝑥J = 𝛬𝑝J ∶= 𝛬J , (B226)

𝑉𝑥J = 𝑉𝑝J ∶= 𝑉J (B227)

are met, then 𝛾𝑥 = 𝛾𝑝 ∶= 𝛾 is automatically satisfied for 𝛾 as given in lemma B.12,
which becomes

𝛾 =
𝑉J
𝛬2J
. (B228)

Consequently, the expressions for 𝐺, 𝐴 from lemma B.12 reduce to

𝐺𝑥/𝑝 = 2𝜦(𝑥/𝑝)𝐽𝐼 ⋅ [𝑉(𝑥/𝑝)/𝑉(𝑥/𝑝)𝐽] ⋅ 𝜦𝑇(𝑥/𝑝)𝐽𝐼 =2 − 2
𝛬2J
𝑉J
, (B229)

𝐴𝑥/𝑝 = √2[𝛬(𝑥/𝑝)𝐽 +
𝑉(𝑥/𝑝)𝐽𝐼𝜦𝑇(𝑥/𝑝)𝐽𝐼

𝑉(𝑥/𝑝)𝐽
] =√2

𝛬J

𝑉J
, (B230)

and 𝐺𝑥 = 𝐺𝑝, 𝐴𝑥 = 𝐴𝑝 are automatically satisfied.

Proof.

form of 𝛾 Let us first note the property of symplectic matrices with zero

off-diagonal block that

(𝛬𝑥)−1 = (𝛬𝑝)𝑇. (B231)

Comparing this to the form of (𝛬𝑥)−1 found through blockwisematrix inversion,

𝛬−1𝑥 = (
(𝛬𝑥/𝛬𝑥I)−1 −(𝛬𝑥/𝛬𝑥I)−1𝛬𝑥JI(𝛬𝑥I)−1

−(𝛬𝑥I)−1𝛬𝑥JI(𝛬𝑥/𝛬𝑥I)−1 (𝛬𝑥/𝛬𝑥J )−1
) , (B232)

we can read off the form of 𝛬J as

𝛬J = (𝛬𝑇𝑝)1,1 = (𝛬𝑥/𝛬𝑥I)−1. (B233)

Equating these forms as

𝛬−1𝑥 = (
𝛬J −𝛬J𝛬𝑥JI(𝛬𝑥I)−1

−(𝛬𝑥I)−1𝛬𝑥IJ𝛬J (𝛬𝑥/𝛬𝑥J )−1
) = (

𝛬J 𝛬𝑇𝑝IJ

𝛬𝑝JI𝑇 𝛬𝑇𝑝I
) = 𝛬𝑇𝑝 , (B234)

also allows us to read off the result that

𝜦𝑥JI𝛬−1𝑥I = −
𝛬𝑇𝑝IJ

𝛬J
. (B235)
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Now let us directly calculate the form of 𝑉J , the upper left element of 𝑉𝑥, as

𝑉𝑥 = 𝛬−1𝑥 (1 ⊕ 𝑉𝑟𝑥)(𝛬−1𝑥 )𝑇 (B236)

= (
𝛬J 𝛬𝑇𝑝IJ

𝛬𝑇𝑝JI 𝛬𝑇𝑝I
) (
1 0
0 𝑉𝑟𝑥

) (
𝛬J 𝛬𝑝JI

𝛬𝑝IJ 𝛬𝑝I
) (B237)

= (
(𝛬J )2 + 𝛬𝑇𝑝IJ ⋅ 𝑉𝑟𝑥 ⋅ 𝛬𝑝IJ …

… …
) , (B238)

so

𝑉J = (𝛬J )2 + 𝛬𝑇𝑝IJ ⋅ 𝑉𝑟𝑥 ⋅ 𝛬𝑝IJ . (B239)

These results in equations (B235) and (B239) allow us to rewrite the form of 𝛾𝑥
as

𝛾𝑥 ∶=1 + (𝜦𝑥JI𝛬−1𝑥I)𝑉𝑟𝑥(𝜦𝑥JI𝛬−1𝑥I)𝑇 (B240)

=1 + 1
𝛬2J
𝛬𝑇𝑝IJ𝑉𝑟𝑥𝛬𝑝IJ (B241)

=1 +
𝑉J − 𝛬2J
𝛬2J

(B242)

=
𝑉J
𝛬2J
. (B243)

An identical process can be followed to find 𝛾𝑝, which takes the same final form.

forms of g, a Recall from lemma B.12 that 𝐺 and 𝐴 are defined as

𝐺𝑥 ∶=2 −
2
𝛾𝑥
, (B244)

𝐴𝑥 ∶=√2
1
𝛾𝑥
(𝛬𝑥/𝛬𝑥I). (B245)

Substituting the form of 𝛾 from equation (B243) and (𝛬𝑥/𝛬𝑥I) = 1/𝛬J from

equation (B233), we can immediately write these as

𝐺𝑥 =2 − 2
𝛬2J
𝑉J
, (B246)

𝐴𝑥 =√2
𝛬J

𝑉J
. (B247)

The form of 𝐺𝑝 and 𝐴𝑝 can found identically.
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b.6.2 Theorem

TheoremB.14. Consider a symplectic coordinate transform𝛬 acting on a symmetric
positive-definite matrix 𝐼2⊕𝑉𝑟 where 𝑉𝑟 and 𝛬 are such that the transformed matrix
can be written in separate 𝑥/𝑝 components as

𝑉𝑥 = 𝛬−1𝑥 (1 ⊕ 𝑉𝑟𝑥)(𝛬−1𝑥 )𝑇 𝑉𝑝 = 𝛬−1𝑝 (1 ⊕ 𝑉𝑟𝑝)(𝛬−1𝑝 )𝑇.

Let us for simplicity denote as 𝝀𝑥, 𝝀𝑝 the first row of 𝛬𝑥,𝛬𝑝. Then, when the symmetry
condition

(𝛬𝑥)1,1 = (𝛬𝑝)1,1 ≕ 𝛬J (𝑉𝑥)1,1 = (𝑉𝑝)1,1 ≕ 𝑉J (B248)

is satisfied, the integral

∫
ℝ2𝑁−2
𝑑𝑥2,…,𝑁𝑑𝑝2,…,𝑁𝐿𝑛(2[𝝀𝑥 ⋅ 𝒙]2 + 2[𝝀𝑝 ⋅ 𝒑]2) exp(−𝒙𝑇𝑉−1𝑥 𝒙 − 𝒑𝑇𝑉−1𝑝 𝒑),

(B249)

is given by the closed form

𝜋𝑁−1
√det𝑉
𝑉𝑛+1J

(2𝛬2J − 𝑉J )𝑛𝐿𝑛(
𝛬2J

𝑉J (2𝛬2J − 𝑉J )
[2𝑥21 + 2𝑝21]) exp(−

1
𝑉J
(𝑥21 + 𝑝21)),

(B250)

or by the infinite series

𝜋𝑁−1(−1)𝑛√det𝑉
∞
∑
𝑚=0

𝐶𝑚(−1)𝑚 𝐿𝑚(2(𝑥21 + 2𝑝21)) exp(−𝑥21 − 𝑝21) (B251)

for

𝐶𝑚 =
2

(𝑉J + 1)𝑛+𝑚+1
min(𝑚,𝑛)
∑
𝑏=0

(𝑛𝑏)(
𝑚
𝑏)(4𝛬

2
J )𝑏(𝑉J − 1)𝑚−𝑏(𝑉J + 1 − 2𝛬2J )𝑛−𝑏.

(B252)

Proof. This result is a special case of corollary B.11 for

𝑉 → 𝛬−1(𝐼2 ⊕𝑉𝑟)(𝛬−1)𝑇 (B253)

𝜆𝑥 → √2𝜆𝑥 (B254)

𝜆𝑝 → √2𝜆𝑝. (B255)

Under the conditions outlined in equation (B248), lemma B.13 shows that the

𝐺, 𝐴 variables in corollary B.11 become

𝐺 = 2 − 2
𝛬2J
𝑉J
, (B256)

𝐴 = √2
𝛬J

𝑉J
, (B257)
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and 𝐺𝑥 = 𝐺𝑝 and 𝐴𝑥 = 𝐴𝑝 are automatically satisfied.

result 1 Let us consider the first result from corollary B.11, that the solution

to the integral can be written

𝜋𝑁−1
√det𝑉
𝑉J

(1 − 𝐺)𝑛𝐿𝑛(
𝐴2

2(1 − 𝐺)[2𝑥
2
J + 2𝑝2J ]) exp(−

1
𝑉J
(𝑥2J + 𝑝2J )), (B258)

which in this case becomes

𝜋𝑁−1
√det𝑉
𝑉J

(2
𝛬2J
𝑉J
− 1)𝑛𝐿𝑛(

1

2𝑉J −
𝑉2
J

𝛬2J

[2𝑥2J + 2𝑝2J ]) exp(−
1
𝑉J
(𝑥2J + 𝑝2J ))

(B259)

=𝜋𝑁−1
√det𝑉
𝑉𝑛+1J

(2𝛬2J − 𝑉J )𝑛𝐿𝑛(
𝛬2J

𝑉J (2𝛬2J − 𝑉J )
[2𝑥2J + 2𝑝2J ]) exp(−

1
𝑉J
(𝑥2J + 𝑝2J )).

(B260)

result 2 Alternatively, the integral output can be written as the infinite series

𝜋𝑁′(−1)𝑛√det𝑉
∞
∑
𝑚=0

(−1)𝑚𝐶𝑛𝑚 𝐿𝑚(2𝑥2J + 2𝑝2J ) exp(−𝑥2J − 𝑝2J ) (B261)

with

𝐶𝑛𝑚 =
2

𝑉J + 1

min(𝑚,𝑛)
∑
𝑏=0

(𝑛𝑏)(
𝑚
𝑏)(

√2𝐴
1 + 1/𝑉J

)2𝑏(
𝑉J − 1
𝑉J + 1

)𝑚−𝑏( 𝐴2
1 + 1/𝑉J

+ 𝐺 − 1)𝑛−𝑏.

(B262)

In this case, for 𝐺, 𝐴 as given by lemma B.13, the expression for the coefficients
becomes

𝐶𝑛𝑚 =
2

𝑉J + 1

min(𝑚,𝑛)
∑
𝑏=0

(𝑛𝑏)(
𝑚
𝑏)(

2𝛬J /𝑉J
1 + 1/𝑉J

)2𝑏(
𝑉J − 1
𝑉J + 1

)𝑚−𝑏(
2𝛬2J /𝑉2J

1 + 1/𝑉J
+ 1 − 2

𝛬2J
𝑉J
)𝑛−𝑏

(B263)

= 2
(𝑉J + 1)𝑛+𝑚+1

min(𝑚,𝑛)
∑
𝑏=0

(𝑛𝑏)(
𝑚
𝑏)(4𝛬

2
J )𝑏(𝑉J − 1)𝑚−𝑏(𝑉J + 1 − 2𝛬2J )𝑛−𝑏.

(B264)
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