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\Ve discuss the influence of dark energy on structure formation, especially the effects on us. 
Our interest is particularly focused on quintessence models with time-dependent equation 
of state and non-negligible quintessence component in the early universe. We obtain an 
analytic expression for u8 valid for a large class of dark energy models. We conclude that 
5tructure formation is a good indicator for the history of dark energy and use our results to 
set constraints on quintessence models. 

Introduction 

Derk Energy 

- ·-evidence of dark energy contributing up to about 70% of the total energy of the universe 
- The nature of dark energy is an open question, a cosmological constant or a dynamical scalar 

J called quintessence4 being two major options. Telling the difference between a cosmological 
_,_~.ut and quintessence or between different quintessence models is complicated because of 

n-genericness of quintessence. 
IT quintessence couples only gravitationally to matter, the only way of detection is possibly 
exploration of its time dependent energy density and equation of state, as the relative energy 

--•Y tiuctuations bpd/ Pd within the horizon are negligible 5. In order to find this time depen­
measurements of different epochs are necessary. For that reason, the interplay between 

-escnce and nucleosynthesis 6 , cosmic microwave background ( CMB) 7 , weak lensing!! and 
=;;::ernovae Ia data 9 has recently been explored . 

• "\.lso1 t he theory of structure formation can in principle test the history of quintessence in 
P2rge range ofredshift z E [O, 104]. As has been noticed ins,io,u , the presence of dark energy 

- influence the growth of structure in the universe from matter radiation equality onwards. 
- pa.-ticular, e78 , the rms density fluctuations averaged over 8h- 1 Mpc spheres, is a sensitive 

-ameter. 
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Figure 1: Three types of dark energy with !1� = 2/3. Solid line: Cosmological Constant, w = -1.  Dashed line: 
Quintessence with (almost) constant w, here w = -0.6, corresponding to an inverse power law potential. Dotted 
line: Quintessence model with early quintessence. Structure formation turns out to be very sensitive to the area 

between these curves. 

Supernovae Ia observatiorii'P indicate that the equation of state Wct = Pd/ Pd of dark energy 
is negative today. This gives rise to the fine-tuning problem: We have (Oct (a)/Om(a) ) ex a-3wd , 
where a is the scale factor and Wct is an appropriate mean 'value for the equation of state. If 
wd has always been negative, like in the case of the cosmological constant, Oct(a) has been 
extremely small in the early universe, and its importance just today lacks a natural explanation. 
The problem can be surrounded if we assume that Wct became negative relatively recently and 
Pd has scaled in the past like radiation or matter 12,13 . In this case, a quintessence component 
in the early universe has to be taken into account. We wiU call such models 'models with early 
quintessence' and pay particular attention to them. 

CMB measurements 2,14 suggest that the universe is flat, 0 = Om + Or + Oct = 1 and we 
assume this throughout the talk. (We use here conventions where 0 denotes today's value of a 
quantity and the subscript m, r and d denote matter, radiation and dark energy respectively.) 

1 :2  Structure Formation 

The structure growth exponent f of the density contrast Jk is defined as 

!( 
) = 

d ln Jk (a) 
a 

d ln a ' 
(1) 

and is roughly k-independent for a wide range of k. One can use linearized General Relativity in 
the synchronous gauge to compute f(a). For sub-horizon modes in SCDM models, one obtains 
f --+ 0 in the radiation and f = 1 in the matter eras. In general, the sub-horizon growth of 
density perturbations is governed by 

As long as Od(a) is small, this equation is approximately solved (in the matter era) by 

3 
f(a) � 1 - 50d(a) + O((Od (a) )2) .  

(2) 

(3) 

The COBE normalization 15 of the CMB power spectrum determines a s  for any given model by 
essentially fixing the fluctuations at decoupling. This prediction is to be compared to values of 
as infered from other experiments, such as cluster abundance constraints which yield 16 

as = (0.5 ± O.l)O;;,'Y , (4) 



where / is slightly model dependent and usually I � 0.5. A model where these two as values do 
not agree can be ruled out. SCDM without dark energy and with standard values !1� = 0.65, 
h = 0.65, n = 1 ,  !1bh2 = 0.02 with -1 < w < -0.5 for instance gives a�mb � 1 . 5, a�lus. � 0.5±0 . l  
and i s  hence incapable of  meeting both constraints. ACDM gives a�mb � 0.9, a�lus. � 0.9 ± 0.2 
and is consistent with the data. 

2 The Influence of Dark Energy on as 

There are several differences in the computation of the CME-normalized as-value between a 
universe with dark energy and SCDM: 

Equality shift: The scale factor at matter radiation equality is aeq = !1�/!1� = 4.3 x 
10-5h-2 (1 - !1� )- 1 .  If !1� � 0.6, then aeq is larger than in SCDM by a factor of 2.5. There­
fore f starts growing much later for the as-relevant modes, leading to a substantially lower 
as-value. This effect is the strongest for many dark energy models. We circumvent the difficulty 
of computing this effect analytically by comparing models with the same dark energy content 
today and therefore identical values of aeq. It is then sufficient to determine as numerically (by 
CMBFAST 17 or CMBEASY 18 ) for one model of this class, e.g. ACDM. 

Matter depletion: From Equation (2) we see that a decrease of !1m leads to a decrease of f .  
Accelerated expansion: Also from Equation (2) we see that an accelerated expansion, i.e. a 

lower value of wd(a)!1d(a), leads to a decrease of f.  
Normalization shift: The different age of universes with dark energy leads to a shift in the 

normalization of 8k with respect to the CMB power spectrum lO.  

Our main result is an estimate of the CME-normalized as-value for a very general class of 
Quintessence models Q just from the knowledge of their "background solution" (!1d (a) , wd(a)] 
and the as-value of the ACDM model A with the same amount of dark energy today !1� = !1� (A): 

where 
1 
1]j 

(5) 

(6) 

If Q is a model with 'early quintessence', O,�f is an average value for the fraction of dark.energy 
during the matter dominated era, before !1d starts growing rapidly at scale factor atr· If Q is a 
model without early quintessence, 0,�f is zero. The effective equation of state w is an average 
value for wd during the time in which !1d is growing rapidly. Finally, To is the conformal age 
of the universe. Equation (5) in combination with (4) can be used to make general statements 
about the consistency of quintessence models with as-constraints. 
The first factor comes from the matter depletion effect during the early matter era (a < air) · 
The second factor is due to the matter depletion and the accelerated expansion effects in the 
recent epoch (a > air ) .  The last factor is an approximation for the normalization shift. The 
exponents in the first two factors are proportional to the area between the curves in figure 1 .  
Using CMBEASY simulations of several quintessence models we found equation (5) to b e  precise 
within 2-53. 

3 Conclusions 

We have analyzed the effects of dark energy on structure formation. We found that as is a 
very promising indicator for constraining dark energy models, especially the amount of early 



quintessence O,�f. The CME-normalized value of ag depends on all cosmological parameters. As 
a rough guide for the strength of these dependencies around standard values (see above) we get 

-Increasing h by 0.1 =} Increase of as by 20 % 
-Increasing O� by 0 . 1  =} Decrease of as by 20% 
-Increasing n by 0 . 1  =} Increase of ag by 25% 
-Increasing w by 0 . 1  =} Decrease of o-8 by 5-10% 
-Increasing Obh2 by 0.01 =} Decrease of as by 10% 
-Increasing O.'J by 0 . 1  =} Decrease of o-8 by 50% 

An overall bound for early quintessence can be obtained from Equation (4) if we assume h < 
0.75, O� > 0.5 and n < 1 .2. One finds 

(7) 

This is of the same order as the bound from big bang nucleosynthesis, O�bn < 0.2 19•20 . This 
bound can be substantially improved by more precise determinations of h, O� and n. For 
standard values (see above) we obtain fl';[ 2i 0.04. 
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