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RENORMALIZED VOLUME AND AREA

Abstract
by

Aaron Tyrrell

In this dissertation we look at some problems on renormalized volume and area.
We develop a Chern-Gauss-Bonnet formula for the renormalized area of a hyper-
surface within a 5-dimensional Poincaré-Einstein manifold. This is followed by an
investigation into renormalized area in the Singular Yamabe setting. Lastly, we look
at the renormalized volume of a minimally bounded region within a 4-dimensional

Poincaré-Einstein manifold.
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SYMBOLS

Poincaré-Einstein Manifold

_l’_
~—

Properly embedded submanifold of X
M Asymptotic boundary of X

Y Asymptotic boundary of Y

r Special defining function for M

Yo YNn{r>e¢}

Y. Y.
T 7’|Y
k(e) h+‘25

py Inward pointing normal to Y with respect to g,
B Second fundamental form of Y with respect jiy
v, hy-inward unit normal to X, in Y

L, Second fundamental form of ¥, in Y,

M. Xn{r=¢}

IThe notation changes slightly in each chapter but this is outlined as we go.
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CHAPTER 1

INTRODUCTION

The renormalized volume of an even-dimensional Poincaré-Einstein manifold (X", g, )
is among its most important global invariants. Introduced in [22] (see also [16]),
it is defined by taking the order-zero term in the expansion in € of the quantity
Volg, (X N {r > €}), where r is what is known as a special defining function.

Let X™*! be the interior of a compact manifold with boundary, X. Then we say a
metric g, on X is conformally compact if § := r2¢, extends as a metric to X where

r is a defining function for M := 90X i.e.

M =r7*(0)
r>0 on X
dr#0 on M.

A special defining function r, is a defining function that also locally equals the
r?g,-distance to M i.e. \dr]% = 1 on a neighbourhood of M. If a conformally compact
manifold X" also satisfies the Einstein condition Ric(g,) = —ng, then we say that
X is a Poincaré-Einstein manifold.

For a motivating example we consider the case (X", g, ) = (B"™!, hyperbolic metric)

_ Alda]?
S A= P



We will find a special defining function for 0B = S™. Observe

1
2 2 _
|d7‘|§ =1 <= |d(log ;) o =1

which is the eikonal equation for log% in the metric g,. The distance function
d(z,0) = (hyperbolic distance from x to 0) satisfies the eikonal equation and also

d(z,0) — oo as |z| — 1 and log L — 0o as |z] — 1 so by taking
1
log — = d(z,0)
r

we get r(z) = =@ Tt is a fact of hyperbolic geometry that

1+ |z
ite0) = tog (11,

hence r = i;—m is a defining function for the boundary of the hyperbolic ball. In

particular, it is special in the sense that r corresponds to the r2g,-distance to M =
0X. It follows that
2 4]dx|?

g:rng:(

T ol (1.1)

and furthermore

1
Jlsn = Z(Standard metric on S").

Writing (dz?)? in terms of spherical coordinates we see

daf |z|?(std metric on S™) 0
Trl© =

0 1
Therefore

|dz|* = |2[*(std metric on S™) + (d|x])?. (1.2)



We note that

) 1—12
|z|* =
(1+7)?
1 (14t
(14 |z|)* 16
—2d
d|z| -
(1+7r)

Plugging ((1.2)) into ([1.1)) and applying the above substitutions gives
g=(1—-1")72gy+dr’. (1.3)

Note that we've written g = g, + (dr)?, where g, is a 1-parameter family of met-
rics on S", gy = }L(Standard metric on S™) and r measures the g-distance to S".
We can compute the renormalized volume directly in our model case (X"t g,) =
(B"*1, (hyperbolic metric)) :

For the sake of concreteness let n = 3. We know

\/det
g+r>e // 6ngd Godr
SS

Vdetgy

Vdetg, =r~*\/detg

— o detl(1— 12)2go + A7)

= r~ (1 — 1)/ detg,.

Therefore we may write

Jdet
Vol,, (r > €) = // VATt gy dr
S3

Vdetgo

3
—Areg (5°) / 7"’4(1 — r2)3d7".



Now applying integration by parts gives
1 3 1
/ r~41 —r?)3dr = ?(1 —€?)® — 2/ r2(1 —r?)%dr

1 1
/ r2(1 —r?)dr = e (1 —€*)? — 4/ 1 —ridr.

The boundary terms for IBP contribute no constant with respect to e, it follows that

the constant term in the expansion of Volg, (r > ¢€) is given by

_ Area(S?) _ 47r2. (1.4)

V
3 3

A priori it is not clear that V is independent of r, but as we said before, if r is
a special defining function on an even dimensional Poincaré-Einstein manifold then
the order-zero term in the expansion in e of the quantity Vol,, (r > €) only depends
on g,.

It turns out that, given any metric go, conformal to 72¢, | where r is any defining
function for M, we can find a unique special defining function 7 such that 7#2g, |y =
goo- The conformal class [g4]e = [g]TM] is an invariant of g, called its conformal
infinity. We now state a lemma of Graham [20] that puts the previous remarks about

special defining functions into technical terms. We follow this with a discussion of
how this generalises (1.3]).

Lemma 1.1. Given g € [g4]o there exists a unique defining function r such
that |dr|y = 1 in a neighbourhood of M in X, such that g = rgy|,,, (7 =
r2g+).

This gives a natural isomorphism of sets:

{Special defining functions for M} =

{Defining functions r for M such that |dr|; =1 in a neighbourhood of M} = [g4].



A defining function determines for some €, an identification of M x [0, ¢) with a
neighbourhood of M in X : (p,t) € M x [0, ¢) corresponds to ¢(p,t), where ¢ is the
flow of Vgr. If r is a special defining function, then r(¢(p,t)) = t. So we can think
about the ¢ coordinate as just being r and Vzr is orthogonal to the slices M x {t}.
The metric g then takes the form § = g, + dr? where g, is a 1-parameter family of
metrics on M.

Conformally transforming the Riemann tensor gives:
Ry = —=ldr2(gingj — gagir) + O (r?). (1.5)

Note we are using the convention that ¢;; = (g4 ). It follows that g, has asymptotic
sectional curvature equal to —]dr\§| > 1t can be checked that this function is an
invariant of g, . If we assume that g, satisfies the Einstein condition Ric(g,) = —ng.,
then contracting gives ]dfr|§| y = 1; which means that g, is asymptotically
hyperbolic (we will sometimes say AH for short).

Using the Einstein condition, one can compute what’s known as the Fefferman-

Graham [I2] expansion for g,. When n + 1 is even, this takes the form:

gr = 99 4+ ¢@r? 4 (even powers) + g™Vt 4 g()pn L O (L

where ¢ are tensors on M and are formally determined for 0 < j < n — 1 and g™
is trace-free with respect to any metric in [g|].
One of the basic theorems regarding renormalized volume in dimension four is

Anderson’s [3], [7] Gauss-Bonnet theorem, which states that

9+ 19+

1
4y (XY :3V+§/X|W 2 du,, . (1.6)



Here W,, is the Weyl tensor of g and, since |W,, |§+ is a pointwise conformal invari-
ant of weight -4, the integral is guaranteed to converge despite the infinite volume
of (X,gy+). In his paper, Anderson notes that, given a Poincaré-Einstein manifold
(X4, 94), implies the following rigidity result:

472

Vig:) € Zox(XY) (1.7

with equality if and only if g, is hyperbolic.

Graham and Witten [19] outlined an analogous theory on even dimensional min-
imal submanifolds Y of Poincaré-Einstein manifolds X such that the boundary of
Y extends to the boundary of X i.e. Y is properly embedded in X. Given such a
submanifold Y of a Poincaré-Einstein manifold (X, g, ) and given a choice of special
defining function r for 0.X, we can carry out a procedure in regards to the constant
term in the expansion of Area,, |, (Y N7 > €). It turns out that this is an invariant
of Y which we refer to as the renormalized area. Alexakis and Mazzeo [I] obtained
an explicit formula for the renormalized area of a minimal 2 dimensional minimal

submanifold Y of a Poincaré-Einstein manifold:

1
AY) = =2nx(Y) — 3 /Y |[TT|*dA + /Y Wigi2d Ay, (1.8)

Where I7 is the second fundamental form of Y and Wis15 is the Weyl tensor of g,
evaluated on an orthonormal from for Y.

A nice relation we have on 4-dimensional manifolds is the Chern-Gauss-Bonnet
formula. We’ll use this to give an example of a renormalized area calculation:
If we let (X°, g,) = (B®, hyperbolic metric) and let Y be the minimal hypersurface

given by {z° = 0}. The Chern-Gauss-Bonnet formula applied to Y N {r > €} gives



us

Wi 1
8x(Yﬂ{r>e})7r2:/ — 4+ =
YN{r>e} 4 24

RZ — ‘EPd Sd 1.9
Y T Vh+ —I— Vhe ( * )
OYe

where W is the Weyl tensor, Ry is scalar curvature, F is the trace-free Ricci tensor
and S is a boundary term, since Y itself is hyperbolic Wy = F = 0 and Ry = —12.

So we have

SY(Y N {r > })r? = /

6thJr —|—]{ SthE. (1.10)
YNn{r>e} 9Ye

Note that x(Y N {r > €}) = x(Y) for small enough € since ¥ can be deformation
retracted onto Y N {r > €} via the flow of V,2, r, where r is a special defining

function. It turns out that for this example ¢, Sdv,, has no constant term as

¢ — 0. Expanding the RHS of (1.9) and equating constant terms gives us

8x(Y)7m? = 6A(Y) (1.11)
which gives us the formula
4 2
A(Y) = %

In this thesis we dedicate a chapter to computing the renormalized area of a properly
embedded 4-dimensional minimal hypersurface Y of a Poincaré-Einstein manifold, X

and we obtain an explicit formula.



Theorem 1.2. Let (Y, h,) be a 4-dimensional properly embedded minimal
hypersurface of a Poincaré-Einstein manifold (X, g,). Then the renormalized
area of Y, A(Y), is given by

w2 E? Bl
6A(Y):—/Y|%dz4h+—l—/y%dfl+—/Y%OLL (1.12)

—f.p./ |BI*dA; + 87%x(Y)
Ye

Where (once r is chosen so that Y is minimal in 0X)

fp. [ 1BPdA, = lim [ / BI2dA, — / |]I|idske_1}.
Y. e—0 Y. n

where B is the second fundamental form of Y, I1 is the second fundamental
form of 9Y in 0X, F is the trace-free Ricci tensor of Y and W is the Weyl
tensor of Y.

Recently there has been work in answering the question: can the Einstein con-
dition in the above results be relaxed to constant scalar curvature? A useful tool
for analysing this question comes from a classical problem in geometric analysis:
The Yamabe problem. In 1974 Loewner and Nirenberg [26] introduced what became

known as the singular Yamabe problem. We can formulate this as follows:

Let (7““,?) be a smooth compact Riemannian manifold with boundary. Then
there exists a defining function u (which is differentiable up to order n + 1 at least)
for X such that the metric =g on X has constant scalar curvature. This metric

on X is called a Singular Yamabe metric.

Examined by Graham in [I7] and by Gover and Waldron in [I5] it turns out
that, choosing a special defining function, the constant term of the expansion in € of
Vol,,-25(r > €) will depend on this choice. However, the expansion has a log term co-
efficient that is given by an integral of local curvature terms on M and is an invariant

of (M,[g|a]), it has since been referred to in the literature as the Graham-Witten



energy. Both of the above mentioned papers answered a question posed by Gover
and Waldron in [14] and showed that this coefficient actually generalises the Willmore
energy of a surface to higher dimensions in a certain sense. Recently, in [15], Gover
and Waldron showed, among other things, that there exists an analogous invariant
on minimal submanifolds of Singular Yamabe manifolds. In Chapter 3 we will look
at an alternate approach to showing that the Graham-Witten energy of a properly
embedded submanifold in this setting is an invariant. We also compute this invariant

for a low dimensional case.

In Chapter 4 we will be considering a 3-dimensional properly embedded minimal
hypersurface of a Poincaré-Einstein space, Y. Y splits X into two pieces, one of
which we will label X . We will be concerned, not with the renormalized area of Y,
but with the renormalized volume V. of X, which we may define as the constant
term in the expansion Voly, ({z € X :r(x) > ¢}), with r a geodesic (i.e. special)
defining function. It is not immediately obvious that this quantity is independent
of the choice of r: the proof in the global case depends strongly on the product de-
composition [0,6), x M of a collar neighborhood of M in X, but generically there
is no such decomposition of a collar neighborhood of M+ = M N X" in X*. One
could prove using rather more elaborate versions of the arguments of [16] that V" is
invariant in this context, but our interest is in a Gauss-Bonnet formula, and so we
approach the result by a somewhat different path, as described below.

We note that renormalized volume of regions in AH spaces divided in two by
hypersurfaces was considered in [I5] using quite different techniques. The authors
showed that a volume could be defined in quite general circumstances — in particular,
not assuming the Einstein or minimality conditions — but did not show that it is
well-defined independent of all choices in the four-dimensional Einstein case.

Let N C X be any hypersurface, and let h = g, |7y be the induced metric on N.



Define an extrinsic curvature quantity Cy on N by the formula

Cnv =LY RS — LY R, + %HN|EN|i - %trh L3
Here Ly is the second fundamental form of N and IO/N its tracefree part, while
Hy = h®¥L,p is its mean curvature. The curvature terms appearing are the Ricci
tensors of the respective metrics, and «, § are indices on T'N. It is easy to show
(and will be shown within) that Cy is a pointwise conformal invariant of weight —3;
indeed, in the notation of [6], Cy = —1L4 — 3 Ls.

The first main result of Chapter 4 is the following.

Theorem 1.3. Let (X%, g,) be an asymptotically hyperbolic space satisfying
the Einstein condition Ric(g,) = —3g,, with conformal infinity (M?3,[h]). Let
Y3 be a complete minimal hypersurface dividing X into two pieces X+ and
X~ such that X* N X~ =Y and such that Y N M = ¥2? # (). Let r be a
fixed geodesic defining function for M, and let V" be the constant term in the
expansion

voly, ({z € X :r(z) > e}) = coe™® + coe™" + Vi 4 0(1).
Let h = g+|ry. Then

1

(A (XT) — x(2?) =3V + g/ W, §+dvg+ + / Cy dvj,. (1.13)
X+ v

One then immediately obtains

Corollary 1.4. The renormalized volume V" is independent of the choice of
geodesic defining function r, and it satisfies (1.13]).

A natural question about the newly defined renormalized volume is how it changes

if Y is varied through minimal surfaces in X. The second main result of chapter 4 is

as follows.

Theorem 1.5. Let X, M,Y, %, X+t g, h, and V. be as in Theorem . Sup-
pose that F : (—¢,¢); x Y — X is a C? variation of Y through minimal surfaces
in X, so that F(¢,3) C M for all t. Let F = F|_c)xx. Define f € C*(%)

by f = <%‘t:0 .7?, PM>, where 7y, is the inward-pointing normal vector to X in

10



M with respect to h. Define f € C*(Y) by f = <%|t:0 F, /ly>g+, where p1y is
the (X, g, )-inward unit normal vector along Y. Let r be a geodesic defining

function near M. Then

4
dt

1 ~ 1 o
V=5 § B v = gfp. [ iy,

t=0
where k = l_1|TDg, h = g.|ry, g® is the nonlocal term in the expansion inrof gy,
and f.p. [y f|Ly|3dvj, denotes the zeroth-order part, in €, of me{Tx} fILy |2 dvy,.

For discussion of the nonlocal term ¢, see (4.3).

The above theorem is stated for variations of Y through minimal surfaces, whose
existence in general we do not assert. However, one can broaden the definition of
V7 to any dividing hypersurface by using . In that case, Theorem remains
valid for any variation of Y that preserves minimality to first order; see section |4.4],
where we also explain why C3-regularity of such a variation is in general optimal.

In considering the existence problem for the variation of Y, the required boundary
data would be the induced variation of 3, so another natural question is whether the
derivative Vf only depends on the induced normal variation f. For example, suppose
there are two variations of Y through minimal surfaces that induce the same variation
of 3J; do the derivatives of V' with respect to these variations agree? The answer is
yes, at least if |Ly|}2l < 3 everywhere; see Lemma .

These theorems may be interpreted physically within the AdS/CFT correspon-
dence of high-energy and condensed matter physics. To do so, we assume that
(M3,[h]) is a spacelike slice within a static four-dimensional conformal field the-
ory €; and that (X*, g, ) is an Einstein spacelike slice within a static asymptotically
anti-de-Sitter Einstein five-dimensional spacetime Z with conformal infinity €2. The
surface X is then known as an entangling surface between M™ and M~, and Y is the
so-called Ryu-Takayanagi surface extending ¥. According to the “volume = com-
plexity” conjecture ([28, [l [1T), 4, 23]), then, V" encodes the algorithmic complexity

of the quantum state of M*. The above theorems can then be interpreted as giving

11



formulae for this complexity and for its derivative as the entangling surface X is var-
ied continuously, so long as Y also varies continuously. (As demonstrated in [5], the
latter will not always be the case.)

The assumption that X and its five-dimensional ambient Lorentzian manifold Z
are both Einstein, of course, is rather restrictive. In general physical situations, one
might expect that the Ricci tensor of X includes some extrinsic terms. But even if so,
these would have well-defined asymptotics due to the asymptotically AdS condition
on Z, and it would be straightforward, if tedious, to carry out our calculation the
same way in that context.

In section [4.2] we introduce our setting and notation. In section |4.3] we prove

Theorem ; and in section , we prove Theorem . E|

IThe notation changes slightly in each chapter but this is outlined as we go.
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CHAPTER 2

RENORMALIZED AREA OF A MINIMAL HYPERSURFACE IN A
5-DIMENSIONAL POINCARE-EINSTEIN SPACE

Let (X?,g,) be a Poincaré-Einstein manifold, let Y4 be a minimal hypersurface
that extends smoothly (enough) to the boundary of X ie. 0Y C 0X and 9Y is
smooth (enough). Let g, be a representative for the conformal infinity of g, such
that Y is minimal in 0X with respect to g, and let r be a special defining function
for X such that g := r?g, satisfies glox = goo. This r exists since it can be obtained
by solving to the following equation: given gy € [g1] let s be a function on M such

that

(H(gﬂyay) - (vgo log S)J_) =0

where H is mean curvature of dY as a submanifold of M. By the conformal trans-
formation law for mean curvature, s?g, would have 0 mean curvature on 9Y as a
submanifold of M. Then by Graham’s lemma there exists a unique special defining
function r giving us

2 2
94| = 57go

We put a bar over a metric dependant quantity to indicate that it is taken with

respect to the compactified metric. Some objects we will decorate with a subscript

13



or superscript of the the manifold they are taken with respect to; in this context

X =(X,94),
X =(X,9),
Y = (Y, hy),
Y = (Y.h)

In calculations involving indices we use g¢;; := (¢4 );;- Now if we take coordinates {z*}
on Y and extend the chart induced basis to X by the unit normal uy, letting the
index N correspond to py and letting latin indices run over the submanifold and gy,

we see

—20 = Rx
= g"¢" Ryt
= 2 Ry 070 R
= 2Ricx (py, py) + gaﬁgvéwad

= —8g(py, py) + 9* 9’ R 55

= -8 + gaﬁg’yaRi{yﬁéa

but the Gauss equation gives us

Rfyﬁé = szyﬁé + Ba(SBv,B - BaﬁszS- (2.1)

14



Therefore,

—20= -8+ gO"BgWSRMB(g

= —8+g*g"° [RZW + BasByg — BagBis)

= -8+ Ry + |B|iJr — [tThB]Q

= —8+ Ry + \Bﬁu.

This give us

—12 = Ry +|B|3, (2.2)

isolating the curvature term and squaring both sides gives us
(Ry)? = | B, + 24| B} + 144. (2.3)

By [8] Chern-Gauss-Bonnet gives us

) _ [ W, 1
8mix(Ye) = [ ——— +doa(hi P, )dAn, +

r>e 4 r=

S,,dske, (24)
where
S, = RYH, — 2Ric¥ H, — 2Ry, L% 2H3 2H,|L,|? 4t L3, (2.5
r r 1c (Vral/r) r Yadbr+§ r r’ r’h++§r( r)a ()

where {a, b, ¢, d} correspond to coordinates on 9Y. a2(h;' Py, )(p) is the second sym-
metric function of the endomorphism of 7, given by V — P?V® and where P, L s

the Schouten tensor of h,;

1 R
Pi, =3 (Rz'ch+ -5 h+).

Where L, is the second fundamental form of Y, within Y, with respect to the inward

15



pointing unit-normal and H, is the trace of L. with respect to k.. We will use ({2.3])
and ([2.4]) along with

12 ., | 1Y
Ricl}, = B, + X, (26)
and
Ricy|? 2
doy(h'P,,) = _Rievh, | Ry (2.7)
2 6
in the pursuit of a formula for the renormalized area of Y; A(Y).
Claim 2.1.
|dP|Z =1+ O(r), (2.8)
S, = 0(r), (2.9)
O-RY (7, 7,)|y—0 = 0, (2.10)
O:RY |,—o = 0, (2.11)
/ |E]}, dA} < o0, (2.12)
Y
/ B, dA, < . (2.13)
Y

Proof. Now we need to describe specific coordinates that will be used throughout
the rest of this paper. Let {z*, 2%} be coordinates on a neighbourhood U of M that
intersects ¥ non-trivially, in particular choose coordinates such that XNU = {z* = 0}
and |04y, = 1. Extend these coordinates to a local system on X via the flow of Vyr.
Because r is a special defining function for M we know that this coordinate extension
is {z',r}. Welet 0<i,5<4,1<p,A<4and 1 <a,b<3weletr correspond to
the index 0 and 0 < o, B < 3. Now we let z: R* — R be a function such that locally

Y = {2* = z(2%r)}, this induces a natural local parametrization for Y,
oz, r) = (% z(x 1), 7). (2.14)

Observations: Let 7 = r|y,= (¢~!)° then ¢.(9,) = 9;. Also {:va‘r:g} give coordinates

16



on . via ¢‘T:€. ¢ induces coordinates {:EO‘}Y} on Y, the induced coordinate basis
on Y is given by ¢.(0,), from now on, when we write a Greek index on an induced

metric, we will mean this basis i.e.

hap = 9(6+(0a), +(0s))- (2.15)

Now we make a note about notation, whenever an index attached to an object which
depends on the ambient metric appears with a hat, i.e. 9sp We mean to refer to the
object viewed with respect to the basis {¢.(0n) = 0a, 9(0;) = 0:}; ie. gz3 = hag.
We let the indices N, N correspond to py, fiy and we let n, 7 correspond to v,, 7,. It

is straightforward to compute
0+(0n) = On + 2404

hag = 9ap = Gap + 9102 + gapZa + GaazaZp.
From the minimal surface equation (see [21]), one can derive

4
r? + 2(4)(93“)% + O(r5),

Hsonn(2?)

(o, r) =~

where Hsc,p)(2%) is the mean curvature of ¥ in M. Our choice of special defining

function gives H(s—, ) = 0 and therefore
z=0(r").
It follows that

Eaﬁ = ga,@ + O(rs) (216>

17



and
B =g+ 0(r). (2.17)
Now,
jdrf2 = B Faf; = B =14 0(). (2.18)

So we get the first part of our claim. Now if we look at (2.5)) with respect to the

compactified metric, we have

_ o - — —ab  2— - 4
S, = RVH, — 2Ric* (7,,7,)H, — 2Ry anL-" + §H§ — 2H,[L, 2 + gtr(Li). (2.19)
All of the terms involving H and L' vanish on the boundary since the second funda-

mental form of ¥, within Y vanishes, to see this consider the following: Recall that

U, is the inward pointing unit-normal to dY; within Y.. Note: 7 = r|y.

U=t = = = 0, 4 0%(r)0,

= O(r) (2.20)

—rd zrr
R _ _ _ A _ _ _
ng(h) = 7{aahbd + a,;had — Gczhab} + 7{8@hbr + al;har — &ahab} = O(T)
(2.21)
hence by and ((2.18))
L, =O(r). (2.22)



This implies that S, = O(r). Next we will compute uy for use later.

V. w
fy = g+
|Vg+w|g+

4

where w = z* — z(z%, 7).

Vo w= gijé?iw(?j =720y, — 1?20, — [g‘”‘@az + O“(r4)]8M

|vg+w’g+ =r(l+ 0(72))’

it follows that

Ve w 10 72,0, [rg™0uz + O*(r®)] 0,

Vol  1+00?)  1+0(?) 1+0(?)

Therefore

py = (1 4+ O0(r*))0, + O(r*)d, + 0*(r*)d,

fy = (1+0(r*)0s + O(r*)d, + O*(r*)0,.

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

Note that @y = 94, € TM when r = 0. Now we apply the Gauss equation to the

compactified Riemann tensors

RY . = RY . + BaBsr — BapBye.

arBr arfr
This then gives us
X X Y | 12 T N
R'M - Rﬁr‘ﬁf‘ = Rrr + B'r'r - HTBTW
but
1



Hence

B,y =~y (14 00%) = 0(?).

X & =6 =& =8 =& =&
R%fﬁ = 0:I'yy — Oxlomw + Tl — FZNRW = 0(r?)

The above equality holds since

_&B

=a g _ _

Uy = =5 {2059w;5 — 039w} =0

=& ?dB — — — 5
Uiw = 5 {9%39xp + 595 — 9595w} = O()

— g _ _ _
I'y; = 7{%972»7 + 0:Gws — 059w} = O(r?).

and the first derivative of g and g—!

RX O(r?).

NiN#

Therefore

RX = RY +0(r?),

but
Rg = Rlcy(ar + Z’ra47 ar + Z'rar) - Rz + 0(72).

So we may write

R = RX +0(r?)

but we know from [20] that conformally transforming the Einstein condition

Ric(gs) +49+ =0

20

with respect to r vanish on M. Hence,

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)



gives
rGi; — 395 — 9" Gy — r9" Gy — 2rRic; =0
so we can say that the first derivative of R vanishes at 7 = 0 and therefore the first

derivative of RX does also. Combined with (2.34); this proves (3) and (4). Now we

prove (5): we first compute a Christofel symbol that we will use later on.

—rf
_ '} _ _ _
D () = 5-{0alys + B5has — Dghar} = O(r) (2.35)

ay

|E(h)[%, dAn, = |E(R)|2d Az, so we need only to show that |E(h)|; € L®(Y), to see

this, consider the following;:

Let E.5(h) := Ricap(h) + 3hag, then

Eaﬁ(h) = Ricag(h) + 3hag
= Ricas(r*h) + 3r ?hag
= Ricag(h) — 2(VEVE(—log#) — V" log 7V log )

— (AMlog 7 + |d1og 7| s + 37 2Rag

0 OaT0gT
= Ras(h) +2(V" ir s
r )haﬁ -+ 3r- hag

&ﬁ — OsT
o) =)

_ 1 s, 05707
- hévrgv(h); - hay_&;rc;i,r

7-2
(hMV ROk hayﬁgrﬁ 7
F —

— Ras(h) +2(
-0y ((9(58772
r

r

—dy 657”6 7

—(h +h

" )haﬁ +3r” hag

7 - rro- RS RSN -
20 5(h) 3R hag T, (R)h "hag 3R
g( )_ ] 4 57( ) B 4 B

2

= Ras(h) —

r r r 72

21



but Ricas(h) = O(1) and by

So .
Buphs) = (1) = 2ot 4 Sl
but also
30 hag  3(1L+O(1°)hag
r2 - r2
= P 4 o

Applying (3.1]) to (2.36) gives us

Eos(hy) = O(1).

(2.36)

(2.37)

(2.38)

Now observe that tf,, Eag(h) = Eag(h), so we get that E,g(h) = O(1), which gives

us (5). We know by the conformal transformation law for the second fundamental

form that

Therefore

RV

r2

(1) (1)
1Bl = [Bas + MYT( )9&3} [Bys + MY: )g&s]

=1*|B2 + O(r?).

It is clear then that [, |B[; dA, may diverge but [, |B[};, dA; < oco.

22
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Recall ([2.4):

2
82y (Y7) :/ m+402(h_1P)dAh++/ Sds, .

r>e€ 4 r=e€
By the same principle applied to the compactified metric we get:

12
(W5

8y (Ye) :/ +402(E_1F)dAh—l—/ Sdsy,, (2.40)

r>€ r=e

where
el Y 17 Y /(— — \7I7T d Fab 2—3 T7 T (2 4, =3
Se=R'H, = 2R (7, 7,)H, = 2By aas L, + H, — 2, |L,|* + 5tr(L,)  (241)

and

1 RX |Ric"]
doy(h 'P) = —X — [RicTly (2.42)
6 2
We will now use the following identity
12 2 Ry
and the following formula:
Lemma 2.2.
doy(h'P) = 4 4oy (K1 P) (2.44)

~ A

A (A—3] 7412.4 FaDRT o0 i a1V b La1p7s
+ 2V5 (7P |dr [T — aT +7 T&Brﬁ +7 Réérﬁ — 5" R 74)
(The Greek index here corresponds to covariant differentiation and Ay, = VEV%)

Proof.

oo(h7'P) = ([tth]2 — ’Pﬁu)

DN | —

23



Let ¢ = —log . Then the conformal transformation formula for P gives us

_ 1 _
Paﬁ - Paﬁ — PaB T Pag — §|d90|%h046

— Ts5 —
Pap = Paog — ~5" ~ o

Taking the trace of both sides gives
tryP = P*trpP — FAGF — 27 |2
This allows us to compute the conformal change of oy(h™!P)

doo(h7'P) = 2([trn PP = IPIR) =

:2([ [tryy ]—rAhr—2|dr\]

saf3
AT 7"045 A2 —aB T A28
— #*[Pag — =2 2has] [P - = 1)
= 2([[F*trzP]? — 2f3trgFAgf - 4f2trgﬁ|df|% + f2(Agf)2 + APAGF|dP 2 + 4|dF| 7]
R opah _ tr-P R R 1, ..
— PP = Py — TEC N2 + VA + SE sl + i)
= 2 Ht’f‘h ] |P| } — 4f3t7’E?AE72 — 67‘A2tT’EF|d72|%

+ 272 (ARF)? 4 67 (AR |dF|2 + 8|dF|: + 47°P P 7% 4 27%| V27| — 2|dP|
= 47 ag(h‘lﬁ) + 6|dF|2 + 6F(Ap7)|dP 2 + 2P [(ARP)? — |Vt |2 — 3try P|dF|2]

— 47¢‘3 [Faﬂ’f’aﬁ — trgﬁAgf] .

24



Therefore

472_402(h—lp) — (2.45)
oY 4650 4 65 g
+ 20 *[(Ag#)? — | Vif s — 3trpPldrf]

— AP [Pogr®? — trp PAGF] .

Expanding the second term of (2.44)) now gives the lemma. O

Plugging (2.43) into (2.42)) gives us:

EP R
4oo(h~P _ B Ry 2.46
plugging (2.46) into (2.44) gives
—1—= El; R}
4oo(h P) = (——+ 4+ X 2.47
o2(h " P) =1 (=== + o) (2.47)
X AozA 3 % 1 i
+ 2V AR — S 4 g T R — ST R )

and using the above equality to re-write 409 (E_lP) in ([2.40) we get:

W 2 R2 B2
e (v = | P+ [ g - Bl
r>€ r>e€

A a—31 18124 FaDRT o0 i a1V L1y
+2/> VE(r|dr s — —= 17 rdérﬁ +7 R&Brﬁ — 57 R 74)dA;
rT>€

+ / grdSEe .

25



Using the conformal invariance of the Weyl term and using r~*dA; = dA, yields:

WQ E2 RQ
r>e€ 4 2
.3 TaAhf L2+ B | A-1pY 4B 1 1,7,
+ DEQV( |dP[5-7a T T et T R 47 — 57 R 74)dA;

+ / grdSEG .

Using integration by parts on the second integral yields
w2 E
sr2x(Y.) = / W, | |h+ dAh+ (2.48)
r>€ 4 2

A3 gal24 TOAhr NI 1 pY A8 1. YA\ Je
_/r€2(r |dP|z7g — = i Y Rsr — 57 R Fo)dsge

Letting

fAA*?Q 25 AB | a—1pY A8 1. 4 v,
+ 7 roﬁr + 7 Rﬁﬁrﬁ—ir R* )

B, =8, — 2(F | di |27, —

allows us to write

8 x(Ye) = 13 dA;Z+ B, dsg, .
r>e€ r=¢

Now we plug (2.3)) in for R? and get

W3 E? Bl}
8m2x (Y. :/ | 4|’” dAp, —/ | 2””dA++6/ dA++/ | 2’:* +|Bly, dA,
r>e€ r>e r>e€ r>e€

+ / Br dSEG .

By Claim 1.1 we have that trace-free Ricci term and the |B|* term converge.
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lim,_,o er [W 13, dAy clearly converges since [W|3, is a conformal invariant of weight
—4. x(Y.) = x(Y) for € small enough since we can use the flow of Vg to deformation

retract Y onto Y.

So we get that

lim (6/ dA; + |B\i+dA++/ B,dsg, ) exists.
r>€ =€

e—0

In the following claim we analyze the individual terms in the above limit and we

compute their divergent parts.

Claim 2.3. We have the following equations:
3
6 / dA, =2 /E dsp. €3 — /E ZkggkggR%bddskwe‘l+6A(Y) +0(e), (2.49)
r>€

- 1
/ B,ds, = —2 / dsp. €3+ / kPkARY L — Z—lkggkgffR%bddskwe“ + O(e),
r—e > >
(2.50)

/ |B|i+dA+:/ 1]} _dssce™" +O(1), (2.51)
r>€ b

where [T is the second fundamental form of ¥ in M.

Proof. For the duration of this proof we let k& = k., first consider the following
computations that we use later in the proof: We know from the Fefferman-Graham

expansion that

1
9= o — 5P(g)” + O
now because Eaﬁ and 7,5 agree up to order 5, we can say

1/

Eab‘rzo - _2Pab<900)-

27



Therefore we can say

ab_”
k hab r=0

but

so we get

a a RMkab
= 2k P (gs0) = k b[T — RY]
RM RM Qkabk}CdRM
k,ab — o acbd
2 Ray = 2 2

R - kabdeRacbd + 2kabRa4b4

trkﬁn kabkc;R%bd '

Another preliminary calculation we need is the following

At = B VRV

= BV,
= BT ()i
- af Ty
— 17 4(h)
g
=" 5 {0ahs, + ghan, —

R ,
= T{hoz,b’} + O(T )7

Oshas}

with the last equality following from (2.17). Also

therefore

(2.52)

ab
—k Ra4b4

(2.53)

(2.54)
(2.55)

(2.56)



and so this term contributes nothing to the constant or divergent part of the expansion

of fEE Bdsy). Now because the third derivative of h vanishes on ¥, we get
p= ——"=0 1 O(r%). (2.57)

Therefore

-/
Ag(r)  tri(h ‘r:O> _ _kabdeR%bd

72 27 4r

+0(r). (2.58)

We also note that

2Ry, — RY  k®kRY,,
T = M 1 O, (2.59)

Now we look at the expansion of the area function, Ar(e) = Areas, (Y).

Ar(e) = / >€dA+_ / rYdAs (2.60)

deth
= Ar(rg) + / _4/ ¢ )

detk

/d k% /”’“i"“ )dsk%JrA( Y) +0(e).

+O(r") | dsydr

Now by (2.53) the second coefficient of the expansion for 6 [ __dA, is:

3trkﬁ,,‘r:0 _ _3kabdeR£\L/c[bd

2 4
Now we look at [ __ B.ds :
=31 7412 4 fﬁAﬁf A—2 A Aﬁ ~—1pY 8 1. 4 7. <
. 2(77°|dr |57 — o + T ot T Ryt — 5" R 75)dsy + . Srdsg, .

(2.61)
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First we note

oV detk _V detk

—ab=/
e T LA (2.62)
82 \% det% V det% —ab=/ V det% —ab. ;5 —ab=-1/
or2 = 4 [k kab]2 + 2 [(k ) kab + k kab] (263>
3Vdetk
0 ¢ ~0 (2.64)
or —0

(2.62)) vanishes on the boundary since k' = 0 on the boundary. Now, by ([2.10), (2.11]),
(2.59)) and the previous calculation

-5 1., 5 - 1
2 / [P Ry — érlR‘/f@]dsE = — / kkRY dsk .~ 4+ O(e)
r=¢ ‘ » €

contributes no constant term to the expansion of frze B,ds; . By (2.8), (2.62) and
(2.64)) it follows that

=/

1 tri(k 1
2/_ P70\ dP A sy, :2/Edskoo——/2—rk(2 )dskooz—l—O(ez)

1 kb ked RM 1
-9 d B acbdd - O 2
Jus = s 0

Recalling ([2.58) we now deduce
1 aby.cd pM aby.cd pY 1
B.ds = —2 . dskooe—3 + g —kPkR, g+ EVK Racbddssz + O(e).

Notice that by the Gauss curvature equation and the fact that ¥ is minimal in M

and also totally geodesic in Y by (2.22)), we have

kabdesz\/c[bd - kabdeRa?cbd = |II‘i-

30



Therefore

1 1
/_ BTdSEE = —2/Ed3k6—3 —/Z|]I|zd5k2+0(6)

The third part of the claim now follows also since we now that

lir% [6/ dA+—|—/ |B|,21+dA++/ Brdsks] < 00.
e~ r>e€ r>e€ r=e

Corollary 2.4. Now we get the formula for the renormalised area:

Wi, B3, |B|*
GA(Y) = — A | Ay - | A,

— fp. | |B]PdA; +87%x(Y)

Ye

Where

f.p./ BdA, = lim {/ ]B|2dA+—/ |II|idskel}.
Y, e—0 Y. n

31
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CHAPTER 3

THE SINGULAR YAMABE CASE

3.1 Renormalized Area Expansion and the Graham-Witten Energy

First we make note of some preliminary facts; let (2, 2*) be coordinates on (R'xR¥, g)
where g is some smooth metric. Then if Y* is a minimal submanifold given by

{2 = 2"(2")} (i.e. Y=graph(z)) and h := g|y, the following equations hold:

s/

hig = 9ig + 9ui2 + 937 + 9y 202 (3.1)

-/

1 . , 1. .. ., ,
aj + §(log(deth))d] |:h” (gzkz’ + gllklzfl):| - §h1] |:gij,k:’ + 29ii’,k’zfj + gi’j’,k’zfi Z‘?j = 0,

VK

note: we are abusing notation in the expression for h;;, the indices on h correspond to

IRl
the basis for 7Y induced by pushing forward {0,:} via the standard parametrization

for Y, induced by z, whereas the indices on g correspond to the basis {0,, 0, }.

Let (X,g) be a smooth compact Riemannian Manifold of dimension n + 1 with
boundary X = M. Let X = int(X), let u be a defining function for M solving the
singular Yamabe problem described in the introduction i.e. such that (X, g.) has
R,, = —n(n+ 1) where g, = v ?g. Now, the normal exponential map of M gives us

a diffeomorphism of M x [0, d) onto some neighborhood of M in X. Letting r be the
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g distance to the boundary, we see that we get the splitting;
g = dr? + 9r

for some one-parameter family of metrics, g, on M. Now let Y**! be a submanifold
of (X,g,) where 0 < k < n — 1. Assume that Y extends smoothly to X and set
¥ =Y N M. Locally, near a point p of X, we may choose (by the local immersion
theorem) coordinates {z®, 7%} 1 < a < kand 1 < o’ <n—k, so that ¥ = {z* = 0}
and as a consequence, we also get 0, Ly 0,o. Under the identification discussed
above, we may extend {Ia,l‘al} to a neighbourhood of p in X, together with 7,
this gives us a local coordinate system at p. Now we assume that Y is a minimal
submanifold of (X, g+) and that Y can be expressed in our local coordinate system

as {z% = 2% (2, r)} for some smooth function 2.

Let h = gly, then by (3.1):

=l

08 = Jag T Jora?s + Torg? + Jorpr 2y

- o o _ o B
ha'l’ - goc’ocz,r + ga’ﬁ’z,az,r

h'r'r =1 +§a’,3’z,c:" Z,BT

And by using (3.2) in the case of our submanifold {z® = 2*(2* r)} ,using the

33



equations g, = u g, hy = u~2h and defining L := log(det(h)) we get;

1 —r / —x /
(05 — (k+ 1)% + 5LB} [h ﬁga,,y,zj;i +h ’3(§M, + Gy 2]
r 1 —rr_ o Tar — o
+ [87» — (k + 1)% + 5[/7«] |:h ga/,V/Z’T + h (ga,yl -+ gaw/z’a)]

1—a,3 - o / _ 1
=57 [Faper + 2oary 2 + Ty a5

TAT 1 a/ _ Cl{/ IBI
T h [gaa/7’y/z7r + ga/ﬁ,”yl Za Z7r }

]. TrT O/ B/

- §h [galﬁl’,yl Zﬂn ’Z,T‘ ]

U~ —af _ / _ Y
+ %h [gaﬁ +2G00 2% + ga/ﬁ,zzzfg]
U~ —ar _ / _ Y
- 277h (G2 + T2z ]
U~ —rr

+—h
u

|:]_ + ga/B/ZS{ZBT,} = 0, VV’

)

note: we don’t bother with a comma when we differentiate v or L as there is no

ambiguity.

Now if we multiply the equation above by u we get M(z) = 0, where;
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u rB_ o —af ,_ _ o
M(Z),y/ = [uaﬁ — (k? + 1)71/6 + §L5j| [E ga/,y/Z7T + h (ga,y/ + ga/,y/Z7a)j| (33)

u rr__ o —ar ,__ _ o
+ [ud, — (k+ Dy, + §Lr] (B Gory 2 + 1 (Gory + Gary 2] (3.4)
= B Gugs + 22+ G 22 (3.5)
9 gaﬁ,'y’ gaa/ﬂ/z#g ga//g/’,ylz’a 2’7B .
— uﬁar [gaa’,fy’ Z’O;./ + galﬁl’,y/ Zg/Z£l] (36)
U=—rr_ o B
— Eh [galﬂ/ﬁlz’r Z’é.:| (37)
—af r_ _ o _ o B
+tuy b [Gop + 2000 2% + ga,ﬁ/zvaz,%] (3.8)
+ QUV/EO” [gaa"z?’, + ga/ﬂlzfngj] (39)
+uy B [L+ o2 27 (3.10)

Notice that if we let r = 0, every line vanishes except for the second term of line (2),

we get

(k+ Durh g2l |T:0 =0 V«
> (]C + 1)?0[/7/27(,);/ = O V '}//

= 27 =0 Vp
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Now if we observe that most of the terms of M(z),, are O(r?) we see

—rr__ o U-—af_
[ud, — (k+ 1)u,|(h Gory 2 ) — Eh Jopry = O(r?)
—rr__ o —rr__ o U—af__ . 2
= uh Gpp25, — (k+1Duh G2 — §h Jap = O(17)
— a/ — a/ 1_a —
- ga”y’z,rr - (k + 1)90/7’2,7’7’ - 59 Bgaﬁ,fy’ = O(T2)
o 1_a5_
= Koy 25r],_g = =50 gy
1—0(,8— _,y/ﬁ/

ﬁ/
= k2,

r=0 = _59 gaﬁ,’y’g

Now for convenience in some future computations, we write;
U
M(z2)y = AsB7(2)y + ArB"(2)y — EE(’Z)(Y/ +uy E(z)
where;

Bi(Z)V’ - Emga”Y’Z?“/ + B (ga'y’ + ga”}/ Z,aa/)
TaBr_ _ o _ o ’
E(Z) = h [gaﬁ + 2gaa/25 + ga//fj/z’az’%}
+ QEOCT [gaa/zfi/ + ga/B/Z:)&/ Zﬁl}

+n" [1 + ga,ﬁ,zalfzﬁ/,r}

36



Now if we write z = v + wr™, we can say

0=M(2)y = M(v+wr™),
= AgBP (v +wr™) + A, B" (v + wr™) — gE(v +wr™) o + uy E(v + wr™)
= Ag[B?(v) + O(r™)] + A [B"(v) + Ewga,ywa/mrm’l +O(r™)]

SE@)y = SE@r™)y + 5h" G50 4+ 0(™)
+ Uy E(v) + oy E(wr™) — .y [Eaﬁgaﬁ +1" T+ 0™
= M)y + [u0, — (k + 1w, ] (R Gorpw” mr™ ™) + O(r™)
= M)y + [Gorpw” m(m — 1)r™ ] = (k + 1[G w” mr™ ] + O(r™)

= M(v)y +m(m—k — 2)§aw,wa/rm*1 +O(r™)

This implies that M(v) is O(r™!) and (provided k + 2 < m)

0 (O (0) =~ 2

r=0

Hence;

M(v)

m(m — k — 2)rm1

/

w® (0) = =g (0)

} Vm<k+1
r=0

KEY: Fixing a point p € M, this allows us to compute the k+1 = dim(Y") degree

Taylor polynomial for [r +— z(p,r)| centered at r = 0.
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Now we turn our attention to the derivatives wrt r of Vdeth :

oVdeth B Vdeth

—af=/
or 2 [h haﬁ]
0?Vdeth  Vdeth —ap— Vdeth  —ap. B I E—
87’2 = 4 [h‘ haﬁ]Q + 2 [(h )Ihaﬁ + h hozﬁ + hrr]
Okt deth

= Vdeth * Polynomiaul(ﬁab,Eab,ﬁ;b7 (ﬁ“b)/7 7t (E‘lb)(k) E(k—&-l))

8r’f+1 o Pab o » "Cab

[where a,b run over the greek indices and r]

Now recall the formulae:

>

aB — gaﬁ + 2§a/(az%) + ga/ﬁ/Zi;Z%

7 — al _ 0/ /
hor = Gwa?s + Jop?a zé,

hrr =1+ ga/ﬁ/Z?, Zﬁ,

In light of the previous facts we uncovered about z, it’s clear that Eaﬁ is formally
determined up to order k+ 1, using the fact that g, is O(r) as r — 0 and z is O(r?),

we see that hg, and h,, are also formally determined up to (and including) order k+1.

Therefore, it follows that the (k+1)st Taylor polnomial of Vdeth is formally de-

termined.
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Now we know that we can write;
u=r+rip=r+ uPr? @3 4 DD ey (D) log(r) +O(r"*?)

— 1470 =14+uPr +u®r2 + a4 Lrlog(r) + O(r™H)

Now we write

Vdethdy, = v~ Y dethdzdr = r~* (1 + ro) =" dethdzdr =
—e+1y V. deth Vdeth

\/ dethodzdr = r_(k“)(l + rgo)_(k“)—_dVNdr

—(k;+1)(] + )
r TQO
V detho \V detho

Now we investigate the term (1 + r¢)~**1) we know we can write
(1 + 1)~ ¢+ = -
(1+rp)ktt
B 1
1= [1— (1 4+ )kt
= Z[l — (14 r)Frh)t (shrinking the collar nbhd if necessary)

T
=

1= (1 rp)H

NE

T
=

[1— (1 +u@r +u®r? 4 L+ ™D 4 L™ log(r) + O(r™T))F)!

NE

T
=

q(r) + O(r" logr)

where ¢(r) is an n degree polynomial in r, whose coefficients are formally determined.

Therefore, we may write
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(14 rg)-tr Y deth
\V detho

where /% is formally determined for 0 < i < k + 1.

= O 4 W Wk DR O (PR og (1)),

—

—k+1) Y deth
\V detﬁo

Now we look at the asymptotics of the function A(e) := Ar,, (Y N {r > €})

r~FHD (1 4 ) = Oyt )@=k Bl D 4 O(log 1)

Ale) = / Vdethduy,
r>€
= / pOp= D) W=k W=t D 1 O(log ) duy, + Aeq)
€0 >T>€
€0 J—
= / / pOp=kt) W=k W=t L)) L O(log r)dundr + A(eg)
€ N

0) M 1
= / V—dl/Ne_k + / v dvye' ™ F + .+ / v®dyy log +A+o0(1)
N k nk—1 N

€

Claim 3.1. The log coefficient of the above expansion for A(e) is a conformal
invariant of g.

Proof. Let § = €2¥g for some smooth function w. Let # be the g-distance to M. We
may write r = 7b(x,7) for some smooth non-vanishing function b. (shrinking our
collar nbhd if neccesary). Notice that, for p € M, , 9; = C(p)d, on M. Where C' > 0,
hence b(x(p),0) = C(p) > 0. And observe that;

Opb(x,7)|._, = b(z,0) = C > 0.

7=0

Therefore we may shrink our collar nbhd if neccesary to ensure that 7b(z, ) is strictly

increasing wrt 7. Now if we define € := eb(x, €), it follows by the previous considera-

40



tions that # > ¢ <= r > é. Now we will compare the asymptotic expansions A(e)
and A(e) that we get from g and g and show that the difference has no log term,

giving us the claim.

Now

Areay, ({r > €}) — Areay, ({7 > €}) = Areay, ({r > €}) — Arean, ({r > €}) =

/ / r= (1 4 )~ RHD) detf drdvy =
N Je \V detho

/ / “) Wk @R Bt D L O (log ) drduy =
Z / 7 e b(z, €)'k 1]dVN+/ v ¥ (z) log(b(x, €))dvy + Constant + o(1)
0<I<k—1 - N
Which clearly has no log(e) term as € goes to 0. ]

3.2 Computation of Graham-Witten Energy for a Selected Case

In this section, we will calculate the invariant f N v®) dyy for the case where k+1 =

2.
Vdeth

(1+w>—(k+1)_€_ = O p Wy @2 Bk g D) kL Ok o0 (1)),
V d@tho

Case: k+1=2

(14+7p)~ ¢+ Z (1+uPr+u®r? 4 e 4 Lt og(r) + O (X)) Y=
1=0
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o
S [ (1 u®r b e g L g (r) 4+ O(rm )2 =
=0

i[—@u@)r + 00 =1 —2u®r +0(r?)

T
=

_(kt1) V deth
V d@tﬁo

B 1,
(1+ry) =1 = 2uPr][1 + S[7 G, = 1 — 20 + 577G

— u® PG, ,lr* + O(r?)

Now note that
-

hos(0) = 8T§GB‘T:O = 0,(0n, 08) = (V;0u, 03) + (Ou, V:05) = (Va0r,03) + (0n, V30;)

But (95,0,) =0 => 0,(95,0,) =0

= (Va0 05) = —(0,,Va0s) = —Lap = —Blg, where L is the second funda-

mental form of M and B is the second fundamental form of N corresponding to 0.
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/

Eaﬂ(O) = —2Lqg = —2Bl,

Also,
1 —ii— 1 ..

~in Wlr=0 4ng i =

where H,; is the mean curvature of M.

Hence,

H
(k) — =M _ gr
v - N
and so the Graham-Witten energy is given by

Hy
— — H%d
N T NN
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CHAPTER 4

RENORMALIZED VOLUME OF MINIMALLY BOUNDED REGIONS

4.1  Acknowledgement of Collaboration

In this section we cover joint work from a paper with my adviser, Matthew Gursky,

and collaborator Stephen McKeown.

4.2 Setting and Notation

Recall that an asymptotically hyperbolic (AH) manifold is a compact manifold
X" with boundary M", equipped on the interior X with a metric g+ such that, for
any defining function ¢ for M, the metric § = p?g, extends to a Riemannian metric
on X = X; and such that, in addition, |dp|; = 1 along M. The optimal regularity of
g is in general a delicate question, but in the context of this chapter (i.e., X is four
dimensional) by a result of Chrusciel- Delay-Lee-Skinner [I0] we may assume that
there is a compactification such that g is smooth up to the boundary. The canonical

example of an AH manifold is hyperbolic space itself, where X is the unit ball B"*!,

4|dzx|?
(1—fx[2)2"

and the metric is gy = Given an AH metric, the metric h = glrar is a
metric on M, but is not well defined since the choice of ¢ is arbitrary. However, the
conformal class [h] is well defined, and is called the conformal infinity.

A defining function r for M is called geodesic if |dr|,2,, = 1 on a neighborhood

of M. Such a function induces a diffeomorphism

Wi[0,8), x M = X (4.1)
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onto a neighborhood of M in X such that

yg, = (12)
r

where h, is a one-parameter family of metrics on M. A lemma of Graham-Lee ([18])
states that geodesic defining functions are in one-to-one correspondence with the
representatives h of [h], according to the correspondence hy = h. The form (4.2 is
called the geodesic normal form corresponding to h = hy. We may assume that any

geodesic compactification of X is smooth ([10]).
An AH metric is called Einstein (or AHE) if it satisfies as well the condition
Ric(g) + ng = 0. We will be concerned exclusively with four-dimensional AHE
spaces, i.e. the case n = 3. In this case, it is known ([12] [I3, [16]) that in geodesic

normal form, h, has the expansion
hy = h — 2P + 139 4 O, (4.3)
where trj, ¢ = 0 and where P" is the Schouten tensor of , given by
3 oo 1o
Py = Ry — 7 Bby. (4.4)

Apart from the trace condition, the tensor ¢ is not locally determined by the
geometry of (M3, h).

The renormalized volume of (X, g, ) is defined as follows ([22], 16]). Choose a
metric h € [h], and let r be the corresponding geodesic defining function. Then the

set {r > €} has volume

voly, ({r > e}) = coe® + o™ + V4 0(1). (4.5)
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The renormalized volume is V., and it is independent of the choice of h (that is, of
r).

In our setting of interest, there exists as well an orientable minimal surface Y3 C
X, intersecting M transversely in a closed two-manifold ¥2 = Y N M, and dividing
X into two connected pieces X and X~ such that Y = XT N X~. We write
Mt =X"NMand M~ = X" NM,sothat ¥ = M* N M~. The assignment of the
signs + and — is arbitrary, and corresponds to a choice of unit normal vector field
on Y.

We now introduce the notations we will use. We let (X* M3, g,) be an AHE
space, and Y3 C X a minimal surface as above. We will let [A] be the conformal
infinity, and corresponding to the metric h will be the geodesic defining function .
The compactified metric is § = r?¢g,. Furthermore, X+, M+, and X2 will be as above.
For ¢ > 0, we let X, = {r > ¢}, with X = Xt N X,. Weset Y. = Y NX, and
M. = {r = ¢}. Similarly we set M = X* N M. Finally, . =Y n M.

Next, there are a number of metrics to name. We let h. = g, |, while h, =
e2h. = Glrar.. We let b = g, |ry, while ho= 12 = glry. We let k = g|ry, while
k. = gi|lrs. and k. = r2k. = €%k.. The decorations of ¢ will sometimes change
position as needed; for example, we will write hZ,,, but ht”.

Now, near ¥ C M, we can uniquely solve the eikonal equation and find w €
C>(M) such that |dw|? = 1 near ¥, w|y = 0, and w > 0 on M*. The metric h
then takes the form h = dw? + k,, with k, a one-parameter family of metrics on
Y. Near any point p € X, we can choose coordinates z', 22 on a neighborhood of p

3

in ¥; then by the flow of grad; w on M, the system (2!, 2% 2® = w) extends to a

coordinate system on a neighborhood of p in M. Finally, by the flow of grad; r, the

system (r = 2° 2!, 22, 3 = w) extends to a coordinate system on a neighborhood of
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pin X. Now, we will regard Y as given by a function
w = u(r,z', 2%, (4.6)

where u(0, ', %) = 0. This is the same convention as in [19]. In fact, we may regard
a neighborhood of ¥ in this way as a product [0, €), X 3 X (—¢,¢€),; when using this
product identification, we will use ( to refer to a point of ¥, so that a generic point
may be written (7, (, w).

When using index notation locally, we will let 0 < 7,7 < 3 be indices on T'X;
1 < p,v < 3 be indices on T'M; and 1 < a,b < 2 be indices on TY. We also let
0 < a,f <2, which we will use when discussing TY.

Turning to extrinsic geometry, we let jiys, iy be the X T-inward unit g-normal
to the given hypersurface; the unbarred versions will refer to the unit normal with
respect to g.. We let 7y, be the g-unit normal to X. that is directed into M,
and 7y, similarly, the Y.-inward g-unit normal to ¥.. We let Ly, Ly be the second
fundamental forms of the indicated hypersurfaces with respect to the inward unit

normals iy, and fiy, and computed with respect to g. Thus, for example,
zY(‘Aa B) = _<ViﬂY7 B>

The tracefree parts are denoted fME, etc. In all of these, we will sometimes write
the hypersurface in the upper position, should it be convenient to do so to place
covariant indices; similarly, an unbarred L will refer to the second fundamental form
with respect to g, instead of g. We let Hy, = Bg”ffj be the mean curvature of
M, with respect to g (or, if we omit the ¢, that of M); similarly for Hy, while H).
and Hy are the same quantities with respect to g, (recall we assume Hy = 0). We

let ITy. be the second fundamental form of X, viewed as a hypersurface of Y. with

respect to ?L, while 7. is the same for ¥ viewed as a hypersurface in M, with respect
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to he. The traces of these (i.e., the mean curvatures of ¥, viewed as a hypersurface of
the respective three-manifold) we denote 7y., 7ys.. Again, the unbarred versions are
with respect to the unbarred metrics i and h.. We also let 7; be the mean curvature
of (X, k) C (M, h).

We define a smooth function 65 € C*(X.) to be the angle, at each point, between
Y and M,; that is, cos(65) = —(fiy, finr.). If the € is omitted, then it denotes the
angle between M and Y at a point of ¥. Since 6 is manifestly a conformal invariant,
we do not distinguish between barred and unbarred versions.

If A is a vector or tensor field, we write A = Oy(y), for ¢ a function, whenever

[Alg = O(p).

4.3 The Gauss-Bonnet Formula

We now prove Theorem [[.3] We do so by using a form of the Gauss-Bonnet
formula that has good conformal invariance properties, which allows us to compute

using g instead of ¢, .

Proof of Theorem|[1.3. Let (X, M, g,) be an AHE space with conformal infinity [],
and let Y be as in the previous section. Let h € [h], and let r be the corresponding
geodesic defining function. Let ¢ > 0. Then X7 is a four-manifold with codimension-
two corner Y., and boundary hypersurfaces M1 and Y. (see section for all no-
tation). The Gauss-Bonnet theorem for Riemannian manifolds with corners (in this

case X7), proven first in [2] (and see [9]), can be rewritten in the following conformally

useful way ([27], building on [6]).

1 1
1n (XD = [ (§Waul 450 ) du + [ &y + Ty
X+ 8 + 2 Y.
E ‘ (4.7)
+ / . (EME + TME) dUh +f (UZE + st) d'Uk:a-
ME £

Here, Wy, is the Weyl tensor of g, and the norm in question is its two-tensor norm
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WM Wik, Meanwhile, @, is the Q-curvature of g, defined for any metric g by

1 L, 1.,
Qg = —EAgRg + ERQ — ERZQJRU.
Here, the Laplacian is a negative operator and the curvatures are respectively the
scalar and Ricci curvatures of g. For any metric g, the quantity [W|2dv, is a pointwise
conformal invariant of weight zero. Under a conformal transformation g = e?**g, the

() curvature transforms as

Qs = Qy + Pl

where PY is the Paneitz operator associated to g; we will not use the Paneitz operator
and so omit it here.

We give the definition of £y and Ty, due to [6], for an arbitrary boundary hyper-
surface (N3, h) embedded in a four-manifold endowed with metric g. The definition
is

° o 2 o °
Ly =LY RS, —2LA'R:, + gHN|LN|i — try, LY, (4.8)

where Ly and Hy are the second fundamental form and the mean curvature as before,

and p, v are indices on T'N. Similarly, the T-curvature is defined by

1 . . 1 . 9
Ty == Sn(Ry) = LN RY, + LY R, — S Hy|Lali + 5t Ly o
1 1 1 ‘
—R,Hy — —H3 — —AH
+ g lmiN = ooy = BN,

where p is the inward-pointing unit normal to N. Under the conformal change

g = e?¥g, this transforms according to the equation

Ty = Ty + Pw, (4.10)

49



where P§ : C*(X) — C*°(N) is the conformally covariant boundary operator

1 - 1
Pf =5nlof = Anplf) = HyOnf = LYViVLf = SHY S,
(4.11)

1 1 1. 1
—R,— =Ry, — =|Ly|? + -H3 .
+(6Rg 2Rh 2‘ N|h+3 N)M(f)

Next we turn to the corner quantities. For a corner (Z, k) that forms the inter-
section between two boundary hypersurfaces N and S making angle §, € C*>°(Z), G

is defined by
1 o 9 o9 o N o ab
Gz = icot(Go)(HIN\k + | I1gly) — csc(00) 11,11, (4.12)

where I1, etc., are as in section 4.2, The G curvature is a pointwise conformal
invariant of weight —2 (when the ambient metric on the four-manifold is changed

conformally). Next, Uz is defined by

1 1 1
UE = (7‘(’ — eo)Kg — Z COt(Qo)(’f]]ZV + T]?g) + 5 CSC<90>77NT]S — §<I/NHN + VSHS)' (413)

Here, Kz is the Gaussian curvature of =, and the other quantities are defined anal-
ogously to those in the previous section. Under a global conformal change § = e*g,

U transforms according to the equation
Uz = Uz + Plw, (4.14)
where P§ : C*°(X) — C*°(Z) is the conformally covariant operator

Pl f =00 — m)Arf + vnpn f + vspsf
+ cot (o) (nvvn f +nsvsf) — esc(bo) (nsvn f + nnvsf) (4.15)

1
+ g(HNVNf + Hgvsf).

50



We now analyze formula in the context of our space (X, g;). Because
W, +|3+ dvg, is a pointwise conformal invariant of weight zero, its integral converges
as € = 0 to [y, [Wg|2dvg, which in particular is finite.

In our setting, R} = —3¢; and Ry, = —12, s0 Ay Ry =0 and Q,, = 6. The
integral of %Qg . therefore is simply the integral of 3, so the second integral over X
becomes simply 3 voly, ({r > e}NXT), which is the same quantity considered in (4.5)),
except that the latter is over all of X instead of X ™. To compute the contribution
from this integral, we consider four different regions of X. First, let 1o > 0 be
small — sufficiently small, in particular, that the geodesic normal form holds for
r < 2rg, and that the region U = {r < 2ry, —2rq < w < 2r¢} has the decomposition
[0,2r9) x ¥ x (=2r9, 2r¢), with |u(r,{)| < iro on U. Having chosen ry, we will leave
it fixed for all time.

The first region of interest to us is then A = {p € X+ : r(p) > ro}. (This set does
not depend on ¢, which we assume is smaller than ry.) Next, we want to capture the
points near the boundary M. The obvious set to consider is B. = (e,ry) X M.
The problem is that this may omit points that are contained in X+ or include points
contained in X~ because Y is given not by w = 0 but by w = u(r, (), where u may

be positive or negative away from Y. To address this, we need to add the volume of

the omitted points, C., and subtract the volume of the over-included points D,, viz.,
X =(AuB.UC.)\ D..

To proceed, we analyze the volume form dv, . First, at all points, we have

dvg, = r~*dvg. Near M, we can write

dvg = dvy, dr

using the normal-form identification (4.1)). Now in local coordinates (r,z!, 2% z*)
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near M, we may write

det(h,) ,
det(h) "

dvy, =

As shown for example in [16], we have the expansion

det(h,.)
det(h)

=1+ 07 4 oWt 1 O(r%),

where v?) v € C®(M) are the so-called renormalized volume coefficients. Either
by direct computation using or by using equation (4.5) and the equation at the
top of the same page of ([17]) (remembering that M is totally geodesic with respect to
g and that the singular Yamabe metric for g is g, ), we may show that v(?) = —%R,;.

Thus,

1
dvg, = rt (1 — g?“QR,; + O(r4)) dvy,dr

1
= (7’4 — gr’QR;L + O(l)> dvrdr.

We next derive an expression for dv; (and thus dv,, ) near ¥. Since h = dw? + k,,

near Y, we have

det (k)
)= ) dued
YA et (k) R

= (1 + O(w))dvgdw.
Hence, near ¥, we have

dvg, = (7“4 - érzRﬁ + O(l)) (1 + O(w))dvjdwdr.
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We then have

voly, (X) = vol,, (A) + voly, (B:) + vol,, (C.) — vol,, (D.)

v [ emeon)an,

_ fz / /0 " (r* + 0(r™?)) (1 + O(w))dwdrdvi(C),  (4.16)

where the last integral represents voly, (C.) — volg, (D.). Now, by equations (2.13)
and (2.14) in [19],

u(r, Q) = 37T (€) + r*1og(r)v() + OG*), (117)

where 7,, is the mean curvature of ¥ viewed as a hypersurface of (M, h) and v €

C>(¥). Thus, we find

3voly, (X) = 3vol,, (A +3/ / ( ——7"*2Rh+0( )) drdvy,

- 372/ (ZT_2ﬁM + vlog(r) + 0(1)) drdvg

3 3
=3 volp(MT) — 7! (—/ Rydvy, + — ]{ ﬁMdvk,)
8 Jor+ 4 Js

+ 3V, + o(1). (4.18)

Here V' is the collection of all the order-zero terms in ¢ in the volume expansion,
and is defined to be the renormalized volume; of course, we have not shown so far
that V" is independent of the choice of h € [h] (or equivalently, of 7).

Since (as we saw above) Q,, = 6, the above right-hand side is thus the integral
/ -+ %Qg . dvg, . We next turn to the boundary integrals over Y. and M., beginning
with Y.. We will analyze Ly and Ty with respect to the metric g,; of course,

since Ly is a pointwise conformal invariant, it is automatic that the integral of Ly
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over Y. will converge as ¢ — 0. Now, because ¢, is Einstein and Y is minimal in
(X, g+), the first and third terms in vanish in this case. Thus, we get simply
Ly = —2LSP Rl — tr; LY.

Next turning to Ty, we again compute with respect to the ambient metric g, i.e.,
with respect to the non-compactified setting. Again, due to the Einstein condition
of g, and the minimal condition on Y, the first, second, fourth, sixth, seventh, and

eighth terms of (4.9)) vanish, so we get

o = 2 o
Ty = L°Rl, + 3t L3

1 1 o
= _§£Y + étrfz Lg/.

Now, Ly and trj L% are both pointwise conformal invariants of weight —3, so we

have exhibited Ty itself as such a pointwise conformal invariant. We define

1 1 °
Cy = §£y + étr;l L:;)/

This is a pointwise conformal invariant, and the upshot of the above remarks is that

e e Y

We now turn to the integral over M in (4.7). Here, we will compute Ty, and
L., the extrinsic curvature quantities with respect to the compactified metrics § and
he; then we will compute the transformation to g4, h. using equation (4.10]), which

in particular implies that

/ +([,M—|—TM)dvg+ = / (ZM+TM+P§7(—10gT))dvg
M

M

Our goal is thus to compute the right-hand side of this equation. We begin by
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computing some basic quantities. Recalling that § = dr? 4 h, and M, = {r = ¢}, we
find that

€

— 1 _ - -
LM = _§8rhr|r:£ = EPh + 0(52),

where P" is the Schouten tensor of h, and we have used {D Thus,

Har, = (By)! + O(?) = %RB + O, (4.20)

The reason the error is O(g?) is that the 7% term in the expansion of h, is trace-free.

We also have

Ly, =P+ 0(?).

We next wish to compute R; on M.. To do this, we use the fact that R —12 and

9+ —

that g, = r=2g. Thus, we will use the conformal transformation formula for scalar

curvature. Let w = —log(r). It will be useful to record that
. 2
Agw =1r""+ ZRB + O(r?), (4.21)

which follows easily from (4.3). Thus, from the conformal change formula, we find

3
=2 (Rg —6r 7" — SRy —6r 7 O(rz)) :
whence
3 2
R; = §R,; + O(r?).

We next compute the tracefree tangential Ricci tensor ]O%g,,. We will use again the

same technique of conformal transformation and the fact that Ric(g,) = —3g,. We
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first find using (4.3)) that
g7d, , _ ph
ViIViw = P}, + O(r).

It then follows from the equation
RIt = RZV — QVf’LV;‘Zw + 2w, w, — (Ajw — 2|dw|§)§,ﬂ,

that

or ook
RY, =2P,, +O(r).

We are ready to analyze the curvature integrands on M,. First, we easily find using
(4.8) and the above that
ZM = O(E),

where the first-order contribution is from the first two terms of (4.8)), and the last
two terms provide contributions of order O(¢%). Next, we compute Ty, recalling
that iy, = %. Then it again follows from the above computations that

€

The lowest-order contributions come once again from the first three terms of ,
as well as the sixth.

We next turn to computing PJ(w) = —PJ(log(r)) for P§ associated to M.. First,
observe that wly, = —log(e), and jip, (w) = . Thus, all tangential derivatives of
both quanties vanish, which means the second through fifth terms of vanish.
Thus, only the first and last remain. It follows from that

1
FhaAgw = —e72 + 0(e).

Next, using again the facts that Ry = %R,; + O(r?) and our above calculations, we
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find that the last term of (4.11)) simplifies to

1 1 1= 1—2 _ 1 _
(37— 3 = IEw, + 33, ) nl=loglr)) = 3o~ + 0

Now, we wish to perform the integral over M, not M.. Just as for the interior

g )
integral, the simplest approach will be first to compute the integral over {e} x M™,
and then subtract or add whatever was missed near the corner due to turning of Y

away from Y. First, we observe that from our above computations, it is clear that

| @i+ T+ PR og(r))dvs, = [P log(r))d, + O(c).

MF

We may focus therefore only on contributions from PJ(—log(r)). We write

[, B = [ P,
= gpX

u(e,)
_]i/o P (w)(1+ O(w))dwduvy (C).

(Compare (4.16).) We compute the first term first. Recall that dv;, = (1 — $e?Ry, +
O(e"))dvy,. Thus,

_ 1 1
/ P{(w) = / (—5_3 + e 'Ry + O(s)) <1 — —&’R; + 0(54)) dvy,
{e}x M+ M+ 4 8
= —& 3voly(M™) + gs_l / Ry dv;, + O(g).

M+

As for the corner integral, we find using (4.17)

wed)
]i/o P (w)(1+ O(w))dwdvg(C) :]{(_5—3+O(6_1)).

>
1
. (ZezﬁM +O(e* log(a))) dvy,

1

= =g 7{ Mydvi, + O(eloge).
4 >
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Thus, we have found that

/ +(TM + Lar)dv,y, = — e ?voly(M™)
M

3 1
+8—1 (g/ N thvﬁ + Z }{ ﬁMd’Uk) + O(l)
M by

We are finally ready to evaluate the corner terms Us_ and Gy, in (4.7). Just as

(4.22)

for M7, our strategy will be to evaluate first with respect to g, and then use the
conformal transformation formula (4.14) and the pointwise conformal invariance of

G. Thus, we will find

7{ (Gr + Uy)dvy, = 7{ (Gs. +Us, + Pg(—logr))dv,gi.

To begin, we wish to estimate 6, which enters the formulas for U, G, and P,.
To do this, we find normal vectors iy, and jiy. The first is easy: fiy. = %. For
the second, we observe that, for £ small, we can write Y as the zero level set of

F =w —u(r,¢) (where, again, ( € ¥). Now,

0 Ooud -,0u 0

_ 2\ Y Y _ (3 ,
grad; F' = (14 O(r ))8111 5 By k D7 Db + O*(r° log(r))0;
o 1 O 1 ,-,07m, 0
_ oy ¢ L O L1 oraOlu 3
=(1+0(r ))8w 5 g~ 47 k 5t Db + O4(r° log(r)).

Since ‘8%|§ =1+ O(r?), we have
|grad, Flg =1+ O(r?).

Consequently,

grad; F'

i = oy = (0035 (57 + 06 ox(r)) 37+ 04(s%). (42)
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Thus,

1
cos(6y) = —(fins., fly) = 5551\4 + O(” log(e)).

Next we wish to estimate the second fundamental form ITy. of ¥. viewed as a sub-
manifold of Y.. To do this, we first want to know the inward-pointing unit normal

vector Iy, to X, in Y.. By inspection, we can see that

0 OFgrad; F

" or  or |dF|2

is normal to . and tangent to Y;, so

o 1 )
=(1+ 0(52))5 + 55—+ O(e*loge). (4.24)

by =
OV

Qi

Now, a local frame for T'Y, is given by {X;, Xy}, where

0 OF 0

T 9rt Qe 0w’

Since V¥, 0, = O'()9; (which is easy to check), we may conclude that (V% iy,, X;)5 =

O(g). Thus, by Weingarten’s equation,
[I1y.]g = O(e).

It now follows that Gyx_ = O(¢): the first term in because cot(65) = O(e),
and the second because of the estimate on ITy..

We next turn to Us;,. The second and third terms in are O(e) for the same
reason. Turning to the fourth term, oy, Hy,. = O(e) by . To compute vy, Hy,
we first compute Hy using the conformal change formula. Recall that Hy = 0.

Then again taking w = —logr, we find from the conformal transformation formula
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Hy = c(Hy — 371y (w)) that
0=r(Hy — =7y + O(r?log(r))),

whence

3
Hy = ST+ O(r* log(r)).

Thus, vy, Hy = O(elog(e)); so since 65 = Z + O(e), we have

Us, = gK,; + O(eloge).

Consequently,
7{ (Gs. + Us.)dv, = 7mx(X) + O(eloge).

€

We still need to compute the integral of Py(—logr). First, still letting w = —logr,

observe that w|y, = —loge and that fiyw = —1. Thus, the first and second terms of

(4.15) in P§(w) vanish identically, as do the terms 7, Var.w, Ty, Var.w, and H y Uag w.

Now, the third term takes the form

1
l7y£/jbyw = 17}/'E <§ﬁM + 0(7"2 lOg(T)))

1
= ZsﬁMawﬁM + O(eloge)

= O(eloge).
Next, ry,w = —2 + O(g), so cot(65)7y. Py.w = O(e).

On the other hand, — csc(65)7,,. Pv.w = ™', + O(e), since 775, = 75, + O(e?) and
csc(65) =1+ O(£?).
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Finally,

1— 1
gHyﬂyEw = —§€*1ﬁM + O(eloge).

Adding together all these terms, we therefore find that Pjw = 1717, + O(cloge).
Thus,

%

— - 1
?{ (G. 4+ U. + PJ(—logr)) dvg, = 55’1 % Taydvp + 72X (X) + O(eloge).  (4.25)

Combining (4.7), (4.18]), (4.19), (4.22)), and (4.25)), we find

1
(A (X)) — x(2) =3V + §/+ Wy, |2, dug, —|—/ Cydv;, + O(eloge).
X? Ye

Letting ¢ — 0 yields the result. O]

4.4  Variation of Renormalized Volume

In this section we give a proof of Theorem Since this will require extensive

calculations we begin by establishing some new notational conventions.

1

In addition to using the coordinate system (7, x!, 2% w), it will be convenient to

0

use the system (20, 21, 22, 23) = (r, 2", 2%, w — u), where u is as in (4.6). We will still
use 0 < 1,7 < 3 to refer to coordinate fields on X, but will use 0 < a, B < 2 to refer
to the coordinate fields tangent to Y. It will also be useful on the interior X to let
2" be the g,-distance to 50/, so that a%ﬁ = py is the g,-unit inward normal vector
to Y. The system (r, zt, 2%, ™) is clearly another coordinate system near f/, and the
corresponding coordinate vector fields tangent to Y are the same.

As in the introduction, suppose F : (—¢,¢); x Y — X is a C? variation of Y
through minimal surfaces in X such that F(t,¥) C M for all t. For each t € (—¢,¢),

F(Y) = Y" splits X into two disjoint sets, X,;", X;” and we can make our choice of

X;" consistent by fixing a point p € X and requiring that p € X, for ¢ in a possibly
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smaller time interval ¢ € (—4,9). Let V;F () = V(X,"). We will also use the notation
VF(F(Y)). Our goal is to use the formula to compute a formula for the first
variation, Vf

Before proceeding we recall that strictly speaking, the formula for V" given by
only holds for minimal Y. However, as we remarked in the introduction, one
can use this formula to define V" for any dividing hypersurface, in particular for
Yt = Fi(Y), where F; is a general variation of Y.

We begin by showing that we can make two simplifying assumptions about the
variation F. First, we show that it suffices to consider normal variations of Y. We
then show that we can weaken the assumption that Y = F,(Y") is minimal for each
t, and only assume that minimality is preserved infinitesimally.

To see why it suffices to consider normal variations, let Z be the variation field
of F:

d

~Fl =z
dt” ',

We may uniquely write Z = Z++Z ", where the two fields are respectively orthogonal
to Y (with respect to any compactification g) and tangential to Y. Clearly, it does
not matter which compactification is chosen when defining Z+, since orthogonality
is a conformally invariant notion.

We claim that V' only depends on Z*. By Theorem 9.34 of [25] and the fact
that F;(X) C M for all ¢, there is a smooth flow F' : (—¢,¢) x Y — X generated by

Z7, such that £ (Y) =Y. Therefore,

d
—VI(F(Y) = 0.
dt +( t )t:()

Also, if F£: (—¢,6) xY — X is any normal variation of Y such that % o Ft=27+

62



then by linearity of the derivative

d d d
@Vf (F(Y)) L @Vf (F () . + %Vf (F-(v)) »
d
- %V: (F-(Y)) .

Therefore, the derivative only depends on Z+, as claimed.

The same argument shows that if Hy« is the mean curvature of F(Y) and Hy,
is the mean curvature of F;*(Y), then

d
— " Hye
0= Gty

d
= —Hi,
o dat Y

(4.26)

The upshot is that it suffices to consider normal variations F of Y with Y* = F,(Y)
minimal to first order; i.e., such that

d
= Hy-

= 0.
dt

t=0

(4.27)

Let F: (—¢,e) x Y — X, be a C® normal variation satisfying (4.27). As in the
statement of Theorem , we let f = <,uy, %‘t:o ]-">g+, where py is the (X, gy)-

inward unit normal vector along Y. Since F is normal, we can write

— = . 4.2
dt|,_, Fi = fuy (4.28)
Also, let F = Fl(—ceyxx. Then F determines f € C°(X) given by
F={ & Fo (4.29)
- dt —o ) Vm ) .

where 7y, is the inward-pointing normal vector to ¥ in M+ with respect to h.
From now on, to simplify notation we will let primes denote

% i=0. By the formu-
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las (4.74), (4.81), and (4.82) in the appendix, the variations of the induced metric,

second fundamental form, and mean curvature of Y are given by

h.5=—2fLg, (4.30)
L= VAVEf =1 LasLgsf + R sl

H' = Apf + (ILy[; = 3)f.
By (4.26), H = 0, so the last formula above implies that f must satisfy

Anf=B—ILy[)f. (4.31)

Lemma 4.1. f € Coo(}of) has an asymptotic expansion of the form
f=r"tf+o(1), (4.32)
where f € C>®(%) is given by (4.29)).

Conversely, if [Ly|? < 3 on Y, then given f € C(X), there is a unique
solution f to (4.31) satisfying the expansion (4.32)).

Proof. We first observe that near M,
Ly |2 = O(r?). (4.33)

This follows from (4.62)) below, but it can also be seen by using the fact that Ly is
trace-free (since Y is minimal), and the the trace-free second fundamental form is
a conformal invariant (of weight 1). Using (4.33)), it is easy to see that the indicial

roots of the operator

P =2 - (- |Lvl)

64



are —1 and 3. It follows that f has an expansion of the form

f=r"f+0),

for some f_; € C*(X). However, using the expansion of the metric h near M in

(4.3), we have h% = 1+ O(r?), and using this it is easy to see that
f=r"tf=o0(1).
as in (4.32)). Since py = riy, (4.28) implies

- Fie= [y

t=0
= [T71f71 + 0(1)] Ty

= f—llaY + O(T>7

and it follows from 1} and the definition of F that f_, = f.

Conversely, given f, if we let
fa=r7f

then Pf_; = O(1). It then follows from standard arguments (see [24]) that there is
a unique solution of Pf = 0 with f = r~1f_; + O(1). Again using the expansion of
the metric it is readily checked that f = r~! f +o(1).

]

Remark 4.2. Although f € C’OO(}D/), since the indicial roots of the equation
satisfied by f are —1 and 3, the expansion of f must in general be expected to
have a term 73 logr, so rf € C**(Y), and optimal regularity of F is C3.

Proof of Theorem[1.5. The statement of Theorem consists of two claims: the

65



formula for the derivative of V', and the assertion that f determines f. Since the
latter follows from the uniqueness claim in Lemma [4.1] to complete the proof of the

theorem we just need to carry out the calculation of VI

By Theorem [1.3],
1
3V:(Xt) = 7T2(4X(Xt+) - X(@yf)) — §/+ |VVgJr §+dyg+ —/ Cythﬁt.
X; vt

We let h, = 9+lry,- For e > 0 small, recall that X, = {z € X :r(x) > c}. We let

Y!=Y'N X, and define

1
3V.(t) = 7r2(4)((X;r N X.) — x(0Y})) — —/ W, 527+ dvg, — / Cy: dvy,,.
X nx. Y

8
Then
d 1d d
3—V.(t = ——— W, |2 d —— | Cy:du;
dt ( )|t:0 Sdt X:"OXE ’ 9+ 1g+ U9+ =0 dt /;/Et Y Uht =0
For the first integral,
1d 1
—_— W,. |12 dv,, =~ W,. |2 fdv;. 4.34
8 dt tzo/xjmxey 9+ lgy os S/YE’ ol S0 (4.54)

To analyze the second integral, we let dv%t = tbdvy,, where ¢ = O(r — €), with 0 the
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Heaviside function. Then

= lim — 1 |:/ (Cyr o Fr)(¢o fT)(F:dU;LT — dvy)
+/}&~of}—&awOfUMm
Y
- /ch(w o Fr — w)dva}

.

.1
dv;; + lliI(l] ; YCy(w oF; — w)dvh.

Now by the Implicit Function Theorem, the equation r(F(¢,7,()) = ¢ can be written
r=¢(t,¢) for some smooth £ : (—¢,¢) x ¥ — R. Writing dv;, = nr~3drduvy_ for some
smooth correction factor n that is one on ., we may use the fundamental theorem
of calculus to write the last term as

lim 2 [ ¢y (6o F, — w)duy — — lim & / / Y (r, O)r=drduy, (C)

=0T Jy T—=0 T

__/250“ _

tC)
/ Cy (r, ), O)r~drdu, (€)
t=0 e
0
_/Es CY(& C)gfg 8_5

= / Cye™'dr(fpy)dvy,
Ye

dv_(€)

Cy (ro, fuy)g, dvy, .

e

Therefore

d

Cyid
dt Jy

d
= /Y (S eyl ) + / e (v l,L)  (439)
+/ CY<7'ar>f,uY>g+dvkE'

€
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We dispose of the last term with

Claim 4.3.
li | Cr(r0h. finv)sdon. =0,

Proof. We know that py = rfiy and that CJ* = 7“305‘7/. We also know from (4.23|) that
(roy, fiy)g = O(?).
So we get

Cig/+ <rar7 /IJY>9+ = rgciq/(r@h ,UY>9+ = 0(54)'

Therefore, taking into account the asymptotics of f, we get

Cy (rOr, fliy) g, dvr. = O(e). (4.36)

e
[]

By (4.27) and the formula for the variation of the volume form (4.83)) in the

appendix we have

_o = Hydv;, =0, (4.37)

since Y us minimal. The minimality of Y to first order also implies Hy: = O(t?).

Since gy is Einstein, the formula for Cy+ thus simplifies to

s 1
Cre = =(Ly)Rgs = 3 i, (Ly)” + O, (4.38)

where Ly is the second fundamental form of Y with respect to py and RM™ is the
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Ricci tensor of . Combining (4.35), (4.36), (4.37) and we obtain

d
- + do-
dt /Y;CY O

d t\&iB ~t
t=0 T /Ya E((LY ) BRZB) }tzo dvy

L[ d
‘g/y b (L] o+ O(0)

We intend to apply integration by parts on the integrand of this expression to write
quantities in terms of boundary integrals on . We first write the integrands in terms

of geometric quantities on Y.

Define

A= (Ly)* Rl

B = tI'Bt (Lyt>3.
Differentiating A gives

A= TP RENVEVES + 3f (L) RL; + fR WP RIRY - (4.39)

A standard formula for the variation of the Ricci tensor (see e.g. [29]) gives us

ho\/ 1 71 h % 31 <7 h—h 71
(R:3) =— i[AEh&B — Via(05h') = Vi(dal') + VEV(try 1)] (4.40)

S

s s 1er = - 1eor = -
_ KR ph p o ZpCph o ZpiaCphopl
h"h R&,yﬁéhﬁg—i— 2h Ra77 ﬂ<+ 2h R,Bﬁhd('

Here 6 is the divergence with respect to h. Now, by (4.30)), A;jz’dB = —2fLs5- By

the same equation,

try, il, =0.
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Taking the divergence of both sides above gives us

S = hEIVER (4.41)

= —2fV§Ls5—2Ls5V5 f.

Now by Codazzi, we have

9+ _xohr __ _xohT.
R&B% = VéLO,y Vilzs
along Y. Contracting & and 7 and using the Einstein condition on g, along with the

fact that Y is minimal gives
_p9r _ _jeivhr . o FAVTRT L XTUT - hpr _ _xgar .
0= RB;; = —h""V5Ls +h 7VBLOW = V%Lm + VBH = —Vj Lss-

Hence

Vi

LB& =0 (4.42)
and
5Bhl = —QLB&VVf.

Turning to the fifth term of (4.40]), we consider the Riemann tensor on Y. As the

dimension of Y is three, it follows that the Weyl tensor of i vanishes, giving us

7 7 R 7 R rT J
— h&gRyy — hBiR&S + h&SR&B - —-R h&Bh&S

oS
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Thus,

c ez 2 - U P P 1 ;-
_pARCph o pCagr i ph B KR B ZRRR
h'h Rawahﬁc R; hﬁghaﬁ—kh Rﬁﬁth—I—h R 5 2R hdﬁ’

So we can write the last three terms of (4.40)) as

R 1os - - 1-s - -
_ YIRS ph _ pr o ZpACph pr o ZpaCph pr
h7h R&%ﬁéhﬁc + 2h Ranh5<+ 2h Rﬁﬁhd(

AT 3.7 5 - 3. 7 - 1 ;-
_ ph_ ¢y 5 ¢ ph 1 ¢ ph 1t~ phpt
R2:(h )h(w+2h RE e + 5h™ Raghtze — S R'hG5

Therefore we have found

(RE;) =AMfLyz) — VE(L3 VT f) = VA(Lax V7 f) + 2f (RELT)hy

—3fLs R, —3fL; Rhs + fR'L ;5.
This then lets us write down an expression for (L, (Ricﬁ )i
L3(RSY = LY Ny (fLyg) — 2L%V(Las V7 f) — 6L Rl 5 + fRM L
hence

A= ROVEVAEf = 3f(L))* Rl + fRYRY

anfBn

+ LA (fLyg) — 2LV (Lo VI f) + FRV|LP
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Rather more straightforwardly, we may now write B’ as

B' = (tr L*) = 3(h®7)RPIh* Lyg Las Loz + 3h®T WO Lo L5
= Gf| L2 + 3R [VEVh f — 12 f
+ (Ri*;zﬁﬁLgLB’Y)f ] LysLye

n

= 3f|L*} + 3(VEVEF)(LA™ + 3R . (L2).

It will also be useful to record that, by Gauss’s equation and the Einstein condi-
tion,

Rb: = =3hge — R — (L), (4.43)

men

It then also follows that

R; = —6— |L|*. (4.44)

We now focus on rewriting four terms in A" and B’ to make them amenable to

integration by parts. We thus make the following definitions:
D, = /Y RYVEV" fdu,
Dy = / L AG(fLy5)du;

Dy = — / 2LV (L V] f)duy,

€

Dy = / 3(L) VAV fdu;,

We will write each of the above terms as an integral over Y. plus an integral over ..
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Recall that vy, is the inward pointing h unit-normal vector field to Y. in Y.. We find

D, / hamﬁéRh AV A fduy,
/ i’z%“vth v A fduv, — 72 R! A v’ 2 fdug,
= / %(ngﬁ)v’}& fdv; — 7{3 R 13V fduy,
/Y i f; + ]{2 5 [%REVYE () — Rics (., V1) o,

; ~
/ <6+|L’ ) yLyQ—:a)fdv;L—j([ {Ric;L(VYE,Vhf)—%R;st(f)]dvks
Y- e

LI* | 3|LJ? Le iy (v
/ (— 3| | 9) de;L — % (RiC;L ——R;Lh) (Vhfa VYg)dvks‘
Y. 2 e 2

LY NG(fLgg)dv,

{|L| Asf+ fFLYA; L~6+2LQBV7]‘V7 aﬁ} dvy,
= [ |1zPais + 2o+ T L
_ /Y FLAPAGL vy — b (Lo (Fdv

We now recall Simon’s identity, which in this setting reads
N ‘ 1
AjLss =2REL75 + Ly 5R§‘3 — (L, Ricj)hy; — LaRY . — ~R'Lo;.  (4.45)

AnBn 2 af

We provide a derivation for the reader’s convenience, as there are many versions in
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different conventions in the literature. By Codazzi we know

g _xvhr _ hr
RY . =ViL.;— VL3,

yaBn

SO we may write

hWIVARY: . = hVAVEL 5 — hVEVEL (4.46)

Now, letting I' f] be the Christoffel symbols of g., we observe the following:

Vi RI*

57 "5aBn

= V¥R TR R™ . —T2 R —T7RY (4.47)

yapn 07" 'néfn d&~ "npn 56 Aann
— 9+ I+ ~ g+ _ g+
Therefore we get
WOIVERS = WV RY 4 LG RY
yaph 5

5abh FnBn’

The second Bianchi identity gives

Vg*RQ+ + V[;Rg+ -+ ViR =0.

FaBh Fané JaéB

Contracting on é and 7 yields

ROV RI* 9t RIL 4 9t RIL =
hIVERY .+ VRS, + Vi RY = 0.

By the Einstein condition, the last two terms of the above equation vanish, so

IV RS =0,

Fapn
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Thus we may write
POV Th P9t T A PRI+
h'V3R Lg R%BA, (4.48)

yaBn A

which gives us

AjLsz=h"ViVEL. 5 — hYIVERY

0~ "Aapn

= WPVhVEL ; — LR

AnBn’

Now we want to commute the covariant derivatives in the first term on the right-hand

side of this equation. By the Ricci identity,

hoh hxoh b7 ho 7

Contracting 6 and 5 and using (4.42) gives
7 8 hoh _ 78y ph 7] hord

Now the second term on the right-hand side of (4.49) is

R R e L = W1RY L hsg Rl; — hszRhs — hogRl: + hac Rl

This yields (4.45)).
We express each term in Simon’s identity in terms of L and Riem,, using (4.43),
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which allows us to write the first term on the right-hand side of (4.45)) as
Cph_ o1 C[_a7 2y .
2L,5 Rdg - 2L,3 [_3h&g B Rg;ﬁm — (L )&g]

= —6Lg5 — 2R, LS — 2(LY) 55
Then again allows us to write
—(L,Ric;) = Lﬁngggﬁ + tr; (L),
which gives us for the third term of

—(L,Rici)hss = LR . Ry + trp (L) g

Anch aB

Using (4.44) gives us that the last term on the right-hand side of (4.45) may be

written as

1 1
—5fhlag = —§La5[—6 — |L?]

1 2
== 3L&B + §|L| L&B.

Putting the above formulas into (4.45) gives

a5 ohoh 5
AjLag = hPVIVEL — L RY:

BS:YR‘?+ ﬁLﬁB + ES:VRQJF ﬁLﬁ& - L&&Rg+~

ooy ooy ynpn

. L 5 } 1 -
h 6 ph : h
= 2Rd,~yL75~ + Lg RSB — (L, RIC;L>th - L,ydR?f;Bﬁ - §R LdB

= —6L,5 — 2R%:- L5 — 3(L%);5 — 2R% L1

anyn Brya &

5 . . 1
+ LRI hag + tr(L%)has + §]L]2Ld3.
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Therefore,

P o5 1
L¥ ALz = —4(L*)RY: - — 6| L[* — 3| L2 + §|L|4.

This allows us to write

deBA}}LdBdUE - |L|*vy. (f)dvg, =

Ye e

e 1
[ |- - 6L = s+ ey

5

- |L|2VYs(f)dUk?a'

Ye

Therefore,

; 1
D, = / {_ ALY PRE 5, = OfILE = 3/\LF + 5 fILI| du

€

- |L|2VYE(f)dU]€6'

e

Meanwhile, more straightforwardly,

Dy = — / 2LV (L V] f)duy,

€

—9 / {Lfv@ngBﬁvzfﬂﬁ)Mvgvg fldog

- 7{ 2L2(V™ £, iy, )duy..

€
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Now using integration by parts and applying (4.42)) we see

Dy = / 3(LY) VAV fdv,
- / 3LOVE LIV  fduvy, — jq{ 3Las L0V vg fdoy,..

5 5

Next we consider the following:

ayvrh he &y (h T _
—3L VVL Vif=-=-3L V(V&LB

By v A

— ViLas) Vi f = 3LV Las VI f - (4.51)

¥

% 3 3 3
—3LYRY_ vef - §VB\L\2V§f.

Then (4.48) allows us to write

BLYVIRY [ =3fLY L R (4.52)
We also observe that
3
3 fvﬁLMRgt =3 f(VhLm VAL )Ry, P, (4.53)
_ 3 BéA
2 algfyn 9+ n
- __f 04,3’771 Jflﬁ&ﬁ'

So if we apply integration by parts to Dy, use (4.51)), apply integration by parts again
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(to both terms on the RHS of (4.51)) ) and then use (4.52)) and (4.53) we get

4 3 53
D4=/ {3f(L2)37R€+ — = fw Wg+a5%+§|L|2ABf dvy,

&'"' 3 3
— f | = S )

+ 34V, VYE)} doy,..

Now we want to compute ng Cldv; = — ng A'dv;, — % ng B'dvj;. Using our expressions
for Dy, Dy, D3 and D, and gathering together all of the terms that appear as integrals

over Y. we get:

L|2 L4 -
—3f(L*)*Rl; + fRZéRj;LBﬁ + fR;|L|?
1 o5 1
—3f|L7)* + §f|L|4 + f(L)PRY . — W W, %7,

anpn 97 " apya 9+

1 B
+ I LPARS + FILP)P + fRY 5. (L7)™ | oy,

Next, we apply (4.44)), (4.43)), and

R¥* . =W, —h_s (4.55)

anfn anBn apo

which implies

h 2 T .
Rl = —L%; — 2hg; — WO

anpBn’

79



and (4.54) becomes

3|LI? LI* -
h=- [%f Ly op gyt g ow b

IR+ 6f — AFIHPW 4 Af|LE — 6|1

< BFLY AL~ LI~ GILPS + 3IL2PF + 6L

+ 3(L2)°‘5Wg+ A 2AL RS (L)W i — LIS

3
W LR - S W, 55 2y
1
- Sl

:—/ [—3f SWIL W, SR f - W WS gy

apAyn anpn

We may simplify this helpfully:
Claim 4.4.

1
Wg+ W aﬁvn+Wj:L—BnWanﬁn: |Wg

Wik (4.56)

+1g9+-°

Proof. Observe that

9+ igkl
W, |2 = WiuWy

+19+

_4Wg+ Wnaﬁ'y+4wg+ Wnanﬁ+4W§EQ5Waﬁa6

nafy nanf

— 4W9+ Wnaﬁ*y +4w9+ Wncmﬁ +4w9+a Wg+5a5

nafy nanf

Note that

Wg; o ng n(s
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Therefore

AWE WM L AW s WS 000 = AW S W Rend o AW IR s om0

nanf '’ g+ n
— QY han
which gives
Wy |2, = AWEE, WO 4+ 8WEE ;W iens,

O

It follows from this and (4.31)) that (4.54)) is equal to

1

Iy = / [|L|2f + §|I/Vg+ if} dv;, + ]{ vy.(f)dvy. . (4.57)

Yo e

Gathering the boundary terms from Dy, Do, D3 and D4 and the normal derivative

term on the above line we get

74 K%R,;B—Ricﬁ)(vﬁf,wg)—|L|2Vyg(f)+2L2(VﬁfaVYg) (4.58)

€

+ fLYRY V) + %ILI%(f) — L(Vfve) + Vyg(f)} vy,

BaAN

Now we use (4.55) to re-write —L2(V"f, 1), and we use R%:_ = W9 _ to re-write
apyn apyn

fLMR?&%VEB , giving us

$ | o) 22T o) = FLWES W

€
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Combining this with (4.34)), (4.35)) and (4.57) gives us

d o
S I I [—W% ViV 4+ L ()

dt anpn
— 2L L&B,,ggvg f+ LWW&QO%& fyfﬁg] dvg. + O(e). (4.59)

Next we will examine the asymptotics of the term —de;;éﬁl/% fB . Now, it follows from

(4.3]), (4.4), and the second-last equation on the bottom of page 52 of [13] that
WOg;LOV = O(T)
Moreover, from the first equation on p. 53 of the same book, we may conclude that

. 3
W()g,uOV - _§Tgngl/)7
with ¢® as in (4.3). By the conformal change formula for the Weyl tensor, therefore,
we find

3 _
Wik = 577199 + Oy(1) (460)

Now by (4.32)),

_Wg+ (VY57 My, vﬁf7 ﬂY) = _T3Wg+(1767 Ly, Vyfa ,BY) + O(TA)

= W, ﬁ{’}efg +O(r")

anBn

= W 53 g0, f + O(rY)

anfBn

= 7’3W(]7—L(]7—L17§)/6_]g + O(TA),

where 7 corresponds to fiy. Taking (4.23)), (4.24), (4.60), and (4.32), we see that the
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first corner term of (4.59) may be written

- 3 B
7{ _W9+(Vye’quvhfa py )dvy, = j{ 59(3)(DMa77M)fdvl} + O(e). (4.61)
e 2

We now simplify the remaining terms of (4.59):
Claim 4.5.
/ —|L|2fdv,;+]£ {deg%u%vgf— \LPvy. (f) + 2Las L7 513 V2 f
o L:ySWg+~
Fabhn

:f-p-/?—llede,;jLO(aloge).

f y{‘}g } duy,

Proof. Observe that

.. =
_ Lapg iy (r)
Lap=——+ 3 9a- (4.62)
Now
fiy = (1+0(r*)dw — (% + O(r*log r)) O + 0%(r*)d,. (4.63)
Therefore
1
fy (r) = —5 [0 + O(r® logr)]. (4.64)

Now using the fact that g5 = gap + O(r?) we may write

— 1 1
Lap = 5 gas + O(r*) = ~50ufap + O(r?). (4.65)
Therefore we may write
L= —Qudas _ Midas 100 y) (4.66)
ap 2r 2r
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Hence

2 _ Ad-avy=86
Lo (o, = <11 |y T

811)7& n 7a
Jap | Tubos -I—O(slogs)] :

2e 2e

. |:awg’75 I N Y9~s + O(elog 5)} [fg_l + O(E)} dvy,

= [e7YTTm|2f + O(eloge)]dug,,
SO we may write

Lo, (f)duy, = ]4 TTa fdve™ + O(e log ).
>

e

Now,
o35 | Owla Np19a
2 . Azay 30 B MYap .
|L|5 fdv;, = "™ g { o + o +O(rlogr)}
awgvé NaGys ;-1 -
. { o + o + O(rlogr) [fr ~|—O(7")] dvj,
= [F?[Tulif + O(log )] duy,
SO

To
/ |L|%fdv;lzC+/ j{|L|%fdvkdr
Y- € b))

70 B
=C +/ ]{ r 2|11y 7 f + O(log r)duydr
€ b

=C —¢! ]{ 1T |2 fdvy, + O(eloge)
>

for come constants C' and C” and rg > 0 chosen small enough. Observe that

C":f.p.ﬁ |L? fdv;.
v
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By (4.66) we can write

Now we can write

Las LWEVPf = Las LIVEf" + Los LIV f7 + Lag LIV 0 + Lo L2 0.

= 0(r*)

It follows that

Las LTvEV? fdvy = O(e)du,

SO
?{ LMLgi‘Vﬁfdvk = 0O(e).
Now we turn our attention to the term L7 Wts, frve. First observe that
Wg+~ — TWg+~
S St
and )
g ~
gr _  Aaba
jash g2 7

where 7 corresponds to fiy. Now

g — PRI
506n — T 506
7979 gra
- VGL'}S o V’YI“S
T BT .. _TPT- T TP T —TPT .
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This gives us

LYW 10 = O(r?)

5067
and
LW U = DOWogss ful + LW [l
_ TASY9+ 0 2
= L7 Waégﬁfye + O(r?)

=0(r?).
Therefore we may write

LYW f18dv, = O(e)duy.

Fasn

We then get that
f LW 18 fduy, = O(e).

Fadh

This proves the claim.

O

Combining Claim [4.5|with (4.59) and (4.61) and letting ¢ — 0 yields the theorem.

4.5 Appendix

]

In this appendix we give a brief summary of the formulas needed in the proof

of Theorem [I.5], based on notes provided by Nicholas Edelen. Although they are all

standard, due to differences in notation and convention we have decided to present

a summary of the calculations.

Let (X,g) be a Riemannian manifold of dimension n + 1, and V denote the

Riemannian connection. Let Y be a smooth manifold of dimension n, and consider

a one-parameter family of smooth immersions F : (—¢€,€) x Y — X. Let h = (F)*g
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be the induced metric on Y, and V¥ the corresponding connection.

Let V' denote the variation field of F;:

d
V= _F

t=0

Eventually we will assume that F; is a normal variation; i.e., if v is a choice of unit
to Y then there is a function f € C*°(Y') such that V = fv.

Let {z',..., 2"} be local coordinates near a point 0 € Y. They induce coordinates
on F;(Y) defined via (t,z',...,2") — F(x',... 2"), and we have the corresponding

coordinate vector fields {0, ...,0,}, along with 9, = V. Let

has(t, ©) = 97,(v) (O, Op)-

Then

0
!
— _h/Oé
ST

= g(vazaom aﬁ) + g(aom vﬁtaﬁ)

=9(Va,V,05) + 9(0a; Va, V).
If V = fv, then this becomes
s = f9(Va,v,08) + g0 Va,v). (4.72)
Given a choice of normal v our definition of the second fundamental form of Y is

L(&a, 8/3) = g(u, Vaoﬁﬁ) = —g(Vaal/, 85) (473)

87



Therefore, by (4.72) we conclude

h.s = —2fLag. (4.74)

By the standard formula for the inverse, this implies

(h*PY = 2fL* LP. (4.75)

By our definition of second fundamental form,

0
!/
= —La
afs at B _
t=0 (4.76)

= 9(Vo,v,Va,03) + g(v,V5,Va,0s).

The first term on the right is easily seen to vanish, since 0 = 0,g(v,v) = 2g(Vo,v,v)

implies that

g(vana Vaaaﬁ) = _La,B g(vatya V) = 0. (477>

For the second term, we commute derivatives to get

g(y, Vatvaaaﬁ) = g<]/7 vaavataﬁ) + R(V7 aa, 8/3, V) (4 78)

= g(V, VQaVaBV) + R(‘/, 6a, 85, l/),

where R is the curvature tensor of g. If V' = fv then by (4.77)) and (4.78)), (4.76]
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simplifies to

L:lﬁ = g(ya v@tvaaaﬁ)

= g(l/, Vaavaﬁ(fV)) + fR(Va 8047 aﬂ? V)
(4.79)

= V};V};f—l—g(l/, aafvaﬁl/‘{‘aﬁfvaaV+fV@av(9ﬁl/) +fR(V7 804785a1/>

= V?}c/vgf + fg(”’ Vaava,ey) + fR<V7aOma,37V)a

where in the last line we used the fact that 0,g(v, ) = 0. Using this fact again we
also find

9(v,Vo,Va,v) = —g(Va,v, Vo). (4.80)
It follows from the definition of the second fundamental form that
Vo.v =—L1 0y,
hence
—g(Va,v, Vaﬁu) = —L)Lg,.
Substituting this into (4.80) and combining with , we arrive at

Lig = VaVyf = f LLLgy + [ R(v, 0,05, v). (4.81)

For the variation of the mean curvature H = h*?L,5 we use (4.75) and (4.81)) to

obtain

H' = Ay f+ (|L]* + Ric(v,v)) f. (4.82)
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Finally, using the standard formula for the derivative of the volume form, we have

(dvh)’ = —fH dl)h. (483)
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