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Abstract: Based on the bosonization approach, the N = 1
supersymmetric Burgers (SB) system is transformed to a
coupled pure bosonic system. The Painlevé property and
the Backlund transformations (BT) of the bosonized SB
(BSB) system are obtained through standard singularity
analysis. Explicit solutions such as the muti-solitary waves
and error function waves are provided for the BT. The exact
solutions of the BSB system are obtained from the gener-
alized tanh expansion method.
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1 Introduction

Super extensions of classically integrable systems lead to
super integrable systems. These have undergone exten-
sive development over the years. There exists an exten-
sive literature devoted to construction of the supersymmet-
ric integrable models, such as Korteweg-de Vries, modi-
fied Korteweg-de Vries, Burgers, Sine-Gordon, Kadomtsev-
Petviashvili hierarchy and nonlinear Schrédinger equa-
tion [1-8]. Supersymmetric systems provide more prolific
fields for mathematical and physical researchers. They ex-
hibit the Painlevé property, the Lax representation, an in-
finite number of conservation laws, the Backlund the Dar-
boux transformations, bilinear forms and multi-soliton so-
lutions [9-15, 26]. However to treat the integrable systems
with fermions, such as the supersymmetric integrable sys-
tems and pure integrable fermionic systems, is much more
complicated than to study the integrable pure bosonic sys-
tems [17]. It is significantly important to establish a proper
bosonization procedure to deal with the supersymmetric
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systems. Recently, a simple bosonization approach to treat
the super integrable systems has been proposed [18, 19].
The method can effectively avoid difficulties caused by in-
tractable anticommuting fermionic fields [18-21]. In this
work, we shall use the bosonization approach tothe N = 1
SB system.

The paper is organized as follows. In Section 2, the SB
system is changed to a system of coupled bosonic equa-
tions based on the bosonization approach. The Painlevé
property and the BT of the coupled bosonic equations are
studied by the standard singularity analysis. Section 3 is
devoted to the generalized tanh expansion approach for
the coupled bosonic equations. A nonauto-BT theorem is
given through the approach. Some novel exact solutions
of the BSB system can be expressed with the nonauto-BT
theorem. The conclusions and discussions are given in last
section.

2 Bosionization of the SB equation
and Painlevé property

2.1 Bosonization approach with two
fermionic parameters

The SB system reads [5]
D¢ + DDy + Dy = 0, )

where @ = @(x, t, 0) is a fermionic superfield depending
on the usual variable (x, t) and super spatial variable 6.
Expansion of @ in terms of 6 yields @(6, x, t) = é(x, t) +
Ou(x, t). D = 9g + 60y is the covariant derivative. In terms
of the component fields, (1) yields to

(2a)
(2b)

Up + Ul + Uex — &&= 0,
&+ Ex +&ux =0.

It is obvious that (2) includes a commuting u and an an-
ticommuting ¢ field. (1) and (2) are invariant under the
supersymmetric transformation 6,u = néx, 6,¢ = nu,
where 7 is a arbitrary odd parameter. It will degenerate to
the usual classical system with vanishing fermionic sec-
tor. In order to avoid the difficulties in dealing with the
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anticommutative fermionic field &, the component fields
¢ and u expand by introducing the two fermionic parame-
ters [18-21]

(3a)
(3b)

uGx, ) =v+wiila,

&0, ) =p+ 46,

where {; and {; are two Grassmann parameters, while
the coefficients v, p, g and w are four usual real or com-
plex functions with respect to the spacetime variable (x, t).
Substituting (3) into the SB system (2), we obtain

Ve+ Vax + VVx =0, (4a)
Pt+Pxx +pvx =0, (4b)
gt + Qux + qvx = 0, (4c)
Wi+ Wix + (VW)x = qPxx — Pqxx. (4d)

The above approach is just the bosonization procedure for
the SB system (2) with two fermionic parameters (2-BSB).
(4a) is exactly the usual Burgers equation which has been
widely studied. (4b)-(4d) are linear homogeneous in p, g
and w, respectively. These pure bosonic systems can be
easily solved theoretically. This is just one of the advan-
tages of the bosonization approach.

2.2 Painlevé property, Backlund
transformations and explicit solutions
for the 2-BSB system

In this section, the Painlevé property and the BT of the 2-
BSB system will be studied. If the solution is single val-
ued for every non-characteristic singularity manifold, the
equation is proclaimed to possess the Painlevé property
[22]. In order to perform Painlevé analysis, the bosonic
fields v, p, g and w expand about the singularity manifold

TN
o

¢(x, t) =0as:
v = Z ]al’ p= Zp(p)az
q = Z ¢J a4 W=ij¢i—a4’ (5)
j=0

j

with the (vj, pj, g;, w;) being arbitrary functions of (x, t).
From the leading order analysis result, all the constants
a1, a2, a3 and a, are positive integers, i.e., 1,1, 1, 2 re-
spectively. Consequently, the recursion relations to deter-
mine the functions v;, p;, g; and w; can be obtained. The
resonance values of j are given by:

j=_1’0’0’052’393’3- (6)
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After detailed calculations, the resonance conditions are

satisfied identically because the functions v, p;, g¢; and w;

are all determined by eight arbitrary functions ¢, po, qo,

Wo, V2, P3, g3 and ws. From the above considerations we

deduce that the 2-BSB system is really Painlevé integrable.
The standard Painlevé truncated expansion is:

v
V= 4? +vy, p-= % +p1,
qdo Wo Wi
q= $+Q1, W=& ¢+Wz, )
where vo = 2¢x, W1 = (xWo x — PxxWo)Px2. Equation (7)

defines a BT, where two pairs of function (v, p, g, w) and
(v1,p1, q1, w2) satisfy (4). The following theorem thus
arises.

Theorem 1. If the fields ¢, po, go and w; are the solu-
tions of the following Schwarzian 2-BSB system

(£)3((8)) +(8), 0 - o

(8a)
2 X 203

pO,t +p0,xx _pO,x 3::)( — Do <(g;t ¢¢);i - $;X> = 0;
X X

(8b)
2 2

qdo,t + 9o,xx — qo,x ;?XX —qo (ﬁf d)(;ix - i;x) = 0,
X

(8¢

Wa e+ W2 xx t (viwa)x +P191,xx — q1P1xx = O.

(8d)

2
where {¢;x} = ('ﬁ;x) - %(‘7;;*) is the Schwarzian
X X X
derivative of ¢p. The solution (vq, p1, q1, w>) is related to

(¢, po, g0, wo) by:
_(,bt + ¢xx

Vi = ) (9a)
X
p _ pO(,bxx - 2p0,x¢x _p0¢t
1 2¢)2( ’
q0¢xx - 240 x(,bx - q0¢t
= > s b
q1 297 (9b)
1 1 3¢ ol
gt (35 * ) or
+ 2¢x (poCIO XX pO,quO)
+ 3¢XX ¢xx¢t ¢xxx ¢xt Wo
20% 208 291 243
+ Par = (Poqo,x — Po.xqo)- (9¢)

o3

An auto-BT (7) and a nonauto-BT (9) are obtained with
the singularity analysis. It is useful to find new solutions
from a simple seed solution. Here, we take the trivial so-
lution vi = p1 = g1 = wp = O for (4). The solution for

Brought to you by | CERN library
Authenticated
Download Date | 1/10/17 3:55 PM



DE GRUYTER OPEN

8t

SRR, il \
il
il

Bl

I
k (e
e
10 5 \!\M\\\\\\\\\\\\&W%W

i
4 10

-10

Figure 1: Plot of four-solitary wave fusion for p.

(¢, Po, qo, wo) will be obtained by considering (8) and (9).
The multi-solitary waves solution ¢ can be written as [23]

p=1+ Z exp(kix + w;t), (10)

i=1
where k; and w; satisfy the dispersion relation w; + kf = 0.
By substituting (10) into (9b) and combining with (8b) and
(8c), the solutions of pg and g, result:

n
Po=qo = Z ki exp(kix + w;t). (11)

i=1
The solution for wq can also be solved with (8d) and (9c¢).
We omit the expression of this solution since it is very
lengthy. Finally, the solution (v, p, g, w) can be given with
the BT (7). Figure 1 shows the solution p with the parame-
tersn=4,k1 =—1,k2 = 1,k3 =2,k4=—2.

In addition, the field ¢ possesses an error function so-
lution
bs

2t

where the error function erf(x) is defined by:

¢ = erf( ), (12)

_2 h _#2
erf(x) = \/ﬁo/exp( &)dé.

The solution pg, go, wo can be obtained with the similar
procedure.

3 Generalized tanh function
expansion method of 2-BSB
system

The truncated Painlevé expansion and the tanh expansion
method can be used to find exact solutions of the partially
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solvable nonlinear models, thus, the methods are valid
for all integrable systems and even non-integrable mod-
els [21]. The methods have been established to find abun-
dant interaction solutions among solitons and other types
of nonlinear waves [21, 24, 25]. According to the general-
ized tanh function expansion method, the expansion so-
lution has the form

v = vg + v; tanh(f), (13a)
p = po + p1 tanh(f), (13b)
g = qo + g1 tanh(f), (13¢c)
W = wo + wy tanh(f) + w, tanh?(f). (13d)

where vo, V1, Po, P1, 9o, 91, Wo, W1, W> and f are functions
of (x, t) and should be determined later. By substituting
(13) into the 2-BSB system (4), we can prove the following
nonauto-BT theorem after some detail calculations.
Theorem 2 (Nonauto-BT theorem). If (f, g, h, n)isaso-
lution of

<£)t B % [(]{;)2] * 2<£> + {3 X — 4ffi = O,

(14a)
2
gt+gxx+%gx_ (f}ix +%_ Zjl:;(x)g:o, (14b)
ht+hxx+%hx— (f;ix +%— 2}3") h=0, (14c¢)
Ne + Nyoxx — nxxw - nt%
2
+ Ny <9fxx ;23fXXft - 2t ;Xl"fxxx - Zf)?) + (hgxx — ghxx)x
(14d)
2 2
XX XX 6 XXJ XXX xXxJ xt — X - Jxxxx
+n<%_f;g N frxf +£?ft fifxt +ftt 2}:
_4fxfxx> - 2fx(fwo)x + (ghx — hgx) (W
* ZfXXf}z_ 4f3x) +1t _fff = (hgxx - ghx) = 0, (14e)

NNy
2f2 2f3

(gh*‘gxzhf)yf*zf“) + 88l Then, the field (v, p, g, w) with:

- n)(ft*fxx

XX, +3 xx ) xt)x ") xxxJx
where wg = -n + + n% _

- JZCXTX - % + 2fy tanh(f), (15a)
b= g}} _ % - %ghgtanh(f), (15b)
q- Z% _ % - 2};3 h + htanh(f), (15¢)
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_ ng Nixx _ 3fxx ft fXXft 3f)%x
T ARY (zfe 2f3 > & ( 218 " 2f
fxt fxxx
_2f3 — 2 - 1) 212 (ghxx hgxx) (15d)
RPN h Jt h
fx(gx ghx) + f3( x8 — 8xh)
+ (f }in 7 > tanh(f) + n tanh?(f), (15e)

is a solution of the 2-BSB system (4).

Some nontrivial solutions of the 2-BSB system em-
anate from some quite trivial solutions of (14). Here we list
two examples. A quite trivial solution of (14) has the form

f =kox + wot + Iy, g=lkix+1,

h=Ilox+1, n=k3x+wst+ls, (16)

where ko, k1, ko, k3, lo, 11, 5, I3, wo and w5 are all the
free constants. The soliton solution of 2-BSB system has
in the following form using the line solution (16) and the
nonauto-BT theorem:

V= —% + 2ko tanh(f), (17a)
0
p= thanh(f) _ (Uole + WoX1 + 2k1k0 , (17b)
2k5
g = 2h tanh(f) - wokax + wox;y + 2k2k0’ (170)
2k(2)
w = ntanh?(f) - % tanh(f) - n
a)()k3 + (U3k0 +2ali(;k1X2 - (UokzXl (17d)

Though the soliton solution (17) is a traveling wave in the
space time (x, t) for the boson field v, it is not a traveling
wave for other boson fields p, g and w, then the superfiled
@ of SB system is not a traveling wave except for the case
g, h and n being constants, i.e., k; = ko = k3 = 0. Besides,
we assume the traveling wave solutions f, g, h and n read

f=F@mn), g=:G),
h=H(n), n=N(), n=kx+wt+l (18)
Substituting (18) into (14), we have
" 4FF, 3F}
Fi - Fll L _4F,F2 + F%l =0, F,=F, (19a)
(@ 2R\, (2F2 Fi wFi ) _
G+<k2 F1>G+<F% Fi kK F; G=0,
(19b)
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© (w 2F )\, (2F2 F, wF )\,
H+<k2 F1>H+<F% FoReE |20

(19¢)
8F, 33F2 10F,
NXXXX NXXX }:‘:l NXX< F%l - Fl 1 - 4F%)
. (2F, 66F} 4OFF, '
Ny < F + F{ F% +8FF4
S4F% 52F2F, 4F,F, 6F2 _ -
N 1 _ 141 111 1 8F2
’ ( F F F2 TR TN
” ’ ’ ” 12F'1 Zw
+(GH—GH)( F, _F>
6F) 6EF, 3F, 20F, o'F,
+(CH- GH)( B R F kR KR
+(G H-GH )‘*F 1 (19d)
o 27F'3 F_20F L, o
+(GH -G H)( 22 K kE o
+4GH -G H)=0 (19€)
The traveling wave solution of (19a) thus reads
/C1+16C2
e M "2 (np+C3)) +32C
F; = +arctanh Xp(F25 1+ G)) 2. (0)

8y/C1 + 16C2 ’

with Cy, C, and C5 are arbitrary constants. The corre-
sponding solution of the 2-BSB system reads

w
v = 2kF; tanh(f) - kFT_f’ (21a)
_ G w G GF1
p = Gtanh(f) F—l WF, 2R (21b)
_ G _ w H_HF,
q = Htanh(f) - =— W 2 (210)
 Ntanh? F_N N 3R
w = N tanh“(f) + <NF% F1) tanh(f) + o N P
3F, F,
N(=E- L -1
Gr-am)
,Fi(GH-GH) GH -HG _ w GH -HG
+ b
F 2F? 22 R
(21d)

4 Conclusions

In summary, we have presented the bosonization pro-
cedure for the SB equation. The SB equation is simpli-
fied to the Burgers equation with three linear differential
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equations. The 2-BSB system is shown to possess Painlevé
property. An auto-BT and a nonauto-BT are constructed
by truncating the standard Painlevé expansion. We have
found explicit solutions such as muti-solitary waves and
error function waves by using the BT theorem. In addition,
some exact solutions of the 2-BSB system are obtained
from the generalized tanh expansion method. All these so-
lutions are obtained via the bosonization procedure and
are different from those obtained via other methods such
as the Hirota bilinear method [26, 27]. We believe that there
are still many interesting applications for the bosonization
approach. For instance, (i) the exploration of the N > 2
supersymmetric systems with the bosonization approach,
(ii) the extension of the bosonization approach to deal with
a Clifford algebra in place of a Grassmann one. This will be
focus of future work.
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