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ABSTRACT: We study the Feynman propagator of free scalar fields in AdSs with a conical
defect. In the bulk, the defect is represented by a massive particle; in the dual CFT, it is a
heavy operator that creates a highly excited state. We construct the propagator by solving
the bulk equation of motion in the defect geometry, summing over the modes of the field,
and passing to the boundary. The result agrees with a calculation based on the method of
images in AdS3/Zy, where it is also a sum over geodesic lengths. On the boundary, the
propagator becomes a semiclassical heavy-light four-point function. We interpret the field
modes as double-twist primary states formed by excitations of the scalar on top of the defect,
and we check that the correlator is crossing-symmetric by matching its singular behavior to
that of the semiclassical Virasoro vacuum block. We also argue that long-range correlations
in conical AdS are “thermally” suppressed as the defect becomes more massive by studying
the critical behavior of a continuous phase transition in the correlator at the BTZ threshold.
Finally, we apply our results to holographic entanglement entropy by exploiting an analogy
between free scalars and replica twist fields.
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1 Introduction and overview

Holographic dualities [1-3] have proven to be a useful tool for exploring quantum field
theories at strong coupling, where certain aspects of their physics often become universal.
For example, thermal states in the boundary field theory are dual to black holes in a
semiclassical bulk theory of quantum gravity. In the bulk, the Hawking-Page transition
between thermal AdS and a black hole spacetime [4] is usually a first-order phase transition
that can be identified in the boundary theory [5]. But in 2 4+ 1 dimensions, one finds a
continuous phase transition in the microcanonical ensemble, because there is no minimal
temperature for a non-rotating BTZ black hole. Instead, at a critical threshold energy there
is a “massless” BTZ geometry of vanishing horizon size. Above the transition we have a
black hole — how does the physics behave below the BTZ threshold?

Gravity with defects. Without knowing the details, we can ask to what extent purely
gravitational solutions might give us a guide to that physics. From one perspective, there
are essentially no such solutions, because pure gravity in 2 + 1 dimensions has no local
propagating gravitational degrees of freedom [6]. However, the theory can contain matter
concentrated on scales much smaller than the AdS radius without producing a black hole.
(For example, in string theories one can have D-branes or other heavy objects whose size is
the string scale.) As long as the mass of the matter source is below the BTZ threshold,
no horizon will form. When the scales are very different, we can take the source to be
pointlike. Such solutions can be purely gravitational away from the matter: this is allowed
in 3 dimensions, where gravitational fields are essentially localized at their sources. In
higher-dimensional setups, such configurations would necessarily form black holes.

In this paper, we consider a massive particle at the center of AdSs, represented in
the bulk by a conical defect spacetime. The defect is labeled by a parameter N > 1 that
determines its strength: the case N = 1 corresponds to pure AdSs; integer values of N
describe the quotients AdS3/Zy; and in the limit N — oo the particle reaches the BTZ
threshold and becomes a black hole [7]. The conical defect metric tells us how gravity
responds to the particle; we can also ask how other light fields in the bulk would see it.
In this simplified model, we can bury the microscopic details under the rug: the model’s
simplicity allows us to study the physics of probe fields explicitly and analytically. In the
end, we will find that a conical defect shares some similarities with black holes without
actually being one, and we will explain how the physics of conical defects interpolates
between the behavior of empty AdS and the thermal properties of black holes.

Scalars in conical AdS. To probe the defect, we study free scalars in conical AdS;. We
construct the scalar boundary-to-boundary propagator from the bulk equations of motion
and use holographic techniques to discuss its properties. We devote particular attention to
its characterization by the method of images and in terms of geodesics in AdS3/Zy, to its
interpretation and singular behavior in the dual conformal field theory (CFT), and to its
critical behavior as the defect’s mass approaches the black hole threshold.

Field theory in AdSs is well understood [2, 8-11], and the literature on scalars in BTZ
is similarly extensive. Moreover, the propagator in AdS3/Zx has been given an elegant



treatment by the method of images [12]. But most conical geometries correspond to non-
integer values of N and cannot be handled by the method of images. For these spacetimes,
we construct the bulk propagator in canonical quantization, by summing directly over the
modes of the field. One of our goals is to fill in the gaps between the integers, and to
understand the dependence of the propagator on the defect’s mass.

CFT interpretation. We also aim to say something useful about the interpretation of
the conical defect in the dual field theory. Our first step is to regard both the scalar and
the defect as states in the CFT via the operator-state correspondence. Since the defect
stays at the center of AdS, it is a primary state; its conformal dimension is given by its
mass. Moreover, the defect’s lack of angular momentum makes it a scalar operator.

In AdS/CFT, correlators on the boundary can be obtained by taking regularized limits
of the corresponding bulk correlators [2, 13]. In our case, the bulk propagator becomes
a “heavy-heavy-light-light” four-point function involving the defect and the scalar. This
correlator encodes the excitations of the light field in the bulk, and can be used to describe
additional primary states built on top of the conical defect. It also encodes the operator
product expansion (OPE) coefficients relating these excitations to the conical defect and
the light field. In this sense, we can use the conical AdS3 propagator to learn about certain
heavy states in AdS and their OPE coefficients. This discussion takes place in the s channel;
we also do the t-channel calculation, which is dominated by the Virasoro vacuum block.
This block has been studied extensively [14, 15] and captures gravitational corrections to the
pure AdS3 propagator. Consistency between the two channels is important in understanding
the normalization of the propagator.

Effective field theory. One premise of our work is that the conical defect is so heavy
that any other fields in its presence can be treated as free fluctuations that do not backreact
on the geometry. (The defect mass is of order the central charge ¢, which we take to be
large, and we take any other excitations on top of the defect to have energies of order one.)
This premise justifies the study of non-interacting fields and allows us to compute the linear
response of the defect to the small perturbations introduced by the scalar.

Since the defect makes fields in its presence approximately free, many complicated
correlators should factorize and simplify dramatically. For instance, the entanglement
entropy of a boundary interval is computed in the CFT from a certain correlator of replica
twist fields [16]. By modeling the twist fields by quasi-free scalars, we can reproduce known
results for the entanglement entropy in several cases. However, a subtle order-of-limits
ambiguity prevents our proposal from computing the entropy more accurately.

Thermal behavior. The qualitative behavior of field theories in black hole backgrounds,
which are thermal systems, differs markedly from their behavior below the BTZ threshold.
It is natural to ask whether conical defects approach thermality as N increases, and whether
the scalar can detect a phase transition between the conical and BTZ regimes. This paper
answers both questions in the affirmative: we argue that long-range correlations of the
scalar are screened by the defect, decaying monotonically in /N; and we quantify the critical
behavior of the correlator as one approaches the BTZ threshold from below.



Related work. Recent work in several directions has demonstrated the importance of
conical defects. The quotients AdS3/Zy appear naturally in the replica trick for gravitational
entropy [17]; as contributions to the path integral of 3D gravity [18]; as solutions of the
D1-D5 system in string theory [19, 20], first identified by Lunin and Mathur [21]; and in
connection with an entropy-like quantity called entwinement [22]. Further work by Giusto,
Russo, and others has also studied the more general D1-D5-P states [23, 24]. The heavy-light
correlators in the geometries dual to these states are computed by studying the bulk wave
equation [25, 26], and also by methods developed in [27, 28]. Related work on the propagator
in conical AdS3 has also been done by Arefeva and collaborators [12, 29-31]. In several
respects, we extend their analysis and improve on some of their findings. Whereas [31]
focuses on scalars of integer dimension A € Z, , we obtain explicit results for any A > 1 and
make some remarks on the range A € (0,1).We also indicate how one should analytically
continue results in AdS3/Zy to arbitrary N € R,.
For a complementary account of the CFT side of the story, see also [32].

Outline. We begin in section 2 by solving the scalar’s equation of motion. We impose
suitable boundary conditions, normalize the field modes, canonically quantize the theory,
and obtain the boundary Feynman propagator. In section 3, we explore the singular behavior
of the propagator, study it in AdS3/Zy using the method of images, and interpret the
result as a sum over geodesic lengths. In section 4, we discuss our results in the language
of the boundary CF'T, and we compute the heavy-light four-point function in both the s-
and t-channel OPEs. In section 5, we argue that increasing the mass of the defect towards
the BTZ threshold signals an approach to thermal physics. In particular, we show that
the propagator experiences a continuous phase transition at the BTZ threshold. Finally,
in section 6 we apply our results to holographic entanglement entropy. We argue that, in
some regimes, one can extract the entropy of an interval in conical AdSs directly from the
scalar propagator. We close with a discussion of some interesting questions raised by our
work in section 7.

2 The scalar propagator in conical AdS3

Consider a free scalar field in conical AdSs. We will begin by solving the equation of motion
(O —m?)¢(x) = 0 to obtain field modes ¢;(z) that satisfy suitable boundary conditions.
After orthonormalizing these modes with respect to the appropriate inner product, we will
quantize the theory by imposing the standard equal-time commutation relations:

(@) =3 (aidi(@) +alei(@),  lai, all =0y, [as, a)) =[af, al] =0.  (21)

()

These relations serve define the ground state |0) 5 of the theory. They allow us to construct
the bulk Wightman functions G]j\[,(x, x'), which are defined by

Gy (z,2") = N {0[p(2)p(a)|0) y = Z%(x)dﬁ(:ﬂ'), Gy(z,2") =GR’ 2).  (22)

Finally, we will use the holographic extrapolate dictionary to send x and z’ to the AdS
boundary and assemble the boundary Feynman propagator.



2.1 The conical defect spacetime

In global coordinates = = (,7,0), the conical AdS3 spacetime has the following metric:*

-1
ds? = —(r2 + N12)dt2 + (r2 + ;) dr? +r2d6*, N ecR,. (2.3)
Here t € R represents time, r € Ry is a radial coordinate, and 0 € [0,27) is the angular
direction. The parameter N measures the strength of the defect, with N = 1 corresponding
to pure AdSs. (Later on we will also use a = % € (0, 1] instead of N.) In the coordinates
(T, R, ¢) defined by t = NT', r = %, and 6 = N¢, the metric reduces to that of pure AdSs,
except that ¢ ~ ¢ + QW’T experiences an angular deficit of d¢ = 27 (1 — %) The spacetime is
viewed as a stack of cones, with a static particle at the tip of the cone. In the dual CFT,
the particle is represented by a heavy primary operator. The positivity of its conformal
dimension, required by unitarity, ensures that N > 1 and rules out conical excesses.

When N is an integer, the metric (2.3) describes the quotient spacetime AdS3/Zy. As
N approaches oo, the mass M of the defect approaches the BTZ threshold M, = %: this
is the massless BTZ geometry, a black hole with zero horizon size. If one takes N = i to
be imaginary, the metric becomes that of a BTZ black hole with a horizon at r = r.

2.2 Solution of the equation of motion
In coordinates (,7,8), the Klein-Gordon equation (00 — m?)¢ = 0 reads

11, 1 1 1
[ (r+ ﬁ) 0+ -0 (7‘ (r+ N2)&> + 503 - mQ] ot r,0)=0.  (2.4)

The Killing symmetries of the metric (2.3) make this equation separable, with plane-wave
solutions in t and @ labeled by energy w and angular momentum ¢, respectively:

0i(2) = u(t,r,0) = e ™R y(r), weR, (€ (2.5)

The angular momentum is quantized as an integer due to the periodicity of the # direction,
since 0 ~ 0 + 2m, while the energy is — for now — unconstrained. After substituting the
ansatz (2.5) into (2.4), we obtain a Schrodinger-like equation for the radial modes:

1 2 1 2 L=t & 2
[r&« (r(r + NQ)&) + (7“ + m) wi— g om Ry(r) =0. (2.6)

The solutions to (2.6) are hypergeometric functions. They are most naturally expressed in
terms of A =1+ /1 + m?, the conformal dimension of the CFT operator dual to ¢:

1 1 Nw/2 L B )
Rl =5 (TQ * Nz) [Cierwf&(r) + e TN (N ) Né]:we(r)} ,

1 1 (2.7)
]-"itg(r) =9/ [2(Nw + Nl+2—A), §(Nw + N{+ A); 1+ NY; —N2r2] _

'Here and throughout, we set the AdS radius £aqs to 1. We also work in units where ¢ = h = 1.



To fix the values of c‘fé, we must ensure that the modes are finite and regular at r = 0,
and that they are normalizable.? For the first condition, we have ffg(O) =1, so near the
origin Ry(r) ~ CIZ’I”NK + c;ﬂ_Ne. When ¢ > 0, the second term diverges as r — 0, so we
set ¢_, = 0 to avoid a singularity. Similarly, when ¢ < 0, we take CIZ = 0.3 Thus we always
keep the V¥l term, which leaves us with the normalizable modes

. . 1 Nw/2
Burltyr.0) = Mo 0 (2 4 5 ) PN UE (), v
2.8

1 1
Fuor(r) = oF) {2(Nw + Nl +2—A), 5(Nw + N|¢|+ A); 1+ N|¢J; —N?r?]| .

Here N ~ %Cfe is the normalization constant: our next goal is to find its value.

2.3 Normalizability of the modes

The issue of normalization is more subtle. The modes (2.8) must be orthonormal in the
Klein-Gordon inner product on the space of solutions to the equations of motion:

(65, 63 = =i [ Pa\[os(a) 0u(2) 0,65 @) = 85, 0utl® = (s du) = 1. (29)

Here 3 is any hypersurface of constant ¢, gy, is the induced metric on 3, and #* is the
—-1/2
future-directed unit normal to X. In particular, we have /gx(z) = r(r2 + %) and

~1/2
At = \/17(&)“ = (7“2 + ﬁ) / §Ht. Substituting these and (2.8) into (2.9), we find

—gtt

[e'e) 1 —1
H¢w€H2 = 47rw/0 drr<r2 + ]\72> |ng(r)|2 =1. (2.10)

Before performing this integral to fix Ny, we observe that at large r, the integrand
behaves like %‘RWK(T)E. So in order for Hqﬁng2 to be finite, R,¢(r) must vanish at infinity.
However, an expansion of R,,(r) in small % shows that this is not always the case:

Rue(r) ~ Nige [AIE(A) A2 (1 + 0(:2)) + A (A)r A (1 + 0(7}2))] . (2.11)

The coefficients Afe(A) above can be expressed in terms of Gamma functions:
NA-N+«)=2 (A — 1)T(1 + N|¢])

P(4(A+ N0 +w))T (A + N(e] - ) (2.12)

(A) = N?722 45,2 - A).

AL(A) =

A-

wl

2Gtrictly speaking, admissible solutions ¢, must have finite action. This is a stronger condition than the
normalizability of the field profile [33], but the two requirements are identical for individual modes.

3The case £ = 0 looks special, since both terms in Ruo ~ ¢, + ¢, are regular at the origin. But the
solutions to (2.6) with £ = 0, when handled separately, are still consistent with the result (2.8).



Unless AY,(A) vanishes, the 7272 term in (2.11) will cause Ry(r) to diverge at infinity.?
Consequently, we require A:Z(A) = 0: this condition is satisfied at the poles of the two
Gamma functions in the denominator of A',(A), which occur when their arguments assume
nonpositive integer values. Therefore R,(r) is only normalizable if w is quantized:

1
AT(A) =0 <= w=wy = 5 (A+2n+N),  neN (2.13)

In order to uniquely define the vacuum state of the theory once it is quantized, we choose
the positive sign above, so that w > 0. This is consistent with pure AdS3 (N = 1), where the
descendants of ¢, i.e. the operator insertions [(179%¢ in the dual field theory, will have energy
A+ 2n + |¢] on the cylinder. We relabel all of the modes by n and ¢, and substitute (2.13)
into (2.7) to see that the normalizable radial modes take the form

N2 TNlZ‘FnE(T)a

Foe(r) = oFa [T+ n+ NJO|, A+ n+ NJfJ; 1+ NJe|; —N%?].

1\ 3(&+2n+N(e)
RnZ(T) = an <T2 + )
(2.14)

Having ensured that the integral (2.10) is finite, we evaluate it by direct substitution
of (2.14) in appendix A. The resulting value of NV, that normalizes the modes is

T(1+n+ NE)T(A+n+ NIE\)>N2A+4(n+Ne|>+1, (2.15)

N2, = ( -
2mn!T(1+ N|4|)2T(n+ A)
2.4 The Feynman propagator

We proceed to quantize the theory. The field is promoted to an operator via (2.1):

o(z) = Z Z (anee—wngteiee + a;éeiwnete—M@)Rne(r)’ [ane, a;fﬂ,} = Oy’ Oppr - (2.16)
V€Z neEN

The choice w > 0 in (2.13) is crucial: the sign of w in (2.16) determines whether a,s or a:rw

function as the annihilation operators that destroy the vacuum of the QFT on the conical
background. If we want the vacuum to have minimal energy, all operators that add energy
must be raising operators, and the lowering operators must annihilate the vacuum.

The bulk-to-bulk Wightman function is then given by (2.2):

Gllarm) =D Y ertonelimta) 0=, (1 R,y (). (2.17)
LeZ neN

Let us evaluate Gj{,(:cl, x2) in the limit r,7" — oo, as a function of the boundary opening
angle 8 = 01 — 0> and the time delay t = t; — t5. Near the boundary, the radial modes —

4This is only true when A > 2. A scalar of mass m in AdS; is subject to the Breitenlohner-Freedman
bound m? > —1 and can have one of two scaling dimensions: A = Ay =14 /1 + m? [34]. When m? > 0,
only A = A4 > 2 leads to a consistent theory, precisely because neither term in (2.11) would be normalizable
if we had used A = A_. But in the range —1 < m? < 0, both A, € (1,2) and A_ € (0,1) produce
normalizable modes, albeit with different choices of boundary conditions. Here and henceforth we adopt
A = A4, but we will return to this issue briefly in section 5 from a different perspective.



now normalizable — decay as Ry (r) ~ NypA~,(A)r~2, thanks to (2.11). According to the
extrapolate dictionary [2, 3], the boundary Wightman functlon is given by

2
G (t,0) = " liggoo(rl rs Gl (w1, 72) ) Z Z e ntle Zw( ngAng(A)) . (2.18)
’ LeZ neN
Combining (2.12) with the normalization constant (2.15) produces a few cancellations:

N'722 T(A+n)T(A+n+ N|¢|)
270(A)2 T(1+n)D(1+n+ N|f|)

2, = (/\/MA;Z)Q = (2.19)

The sum over n in (2.18), with Fourier coefficients (2.19) and wy,, given by (2.13), can be
performed in Mathematica. The Wightman function reduces to a single sum over ¢:

NI—ZA s 4
GR(t.0) =3 e nte!® = ZSe(t)efﬁ(A+N|€|)tez£9’

LeZ neN 27TF(A) LET (220)
_ (T(A+ NJY)) : -
se(t) = <F(1+N|€\) ) 2F1[A, A+ NJe|; 1+ N|t|; e N]

We split the sum over ¢ into positive and negative pieces (plus a zero mode), relabel
¢ — —( in the latter sum, and express (2.20) in light-cone coordinates x* =t + 6:

.7\/v1_2A iAtL 2it N1- 24 21At -
+ _ — . . —_—_— E 7@ —_—
G (1,0)= =5 —e VoA A e N |+ T }:SE (e et ) =
NI—QA i . N1—2A i o0 )
=3 e~ ﬁtgFl[A,A;l;e_%}—i— T(A) e I E Sg(t)e_wtcos(w). (2.21)
T T

The fact that sy(t) grows polynomially with ¢ prevents the series above from converging.
To improve the situation, one may shift ¢ — (1 — ie)t slightly off the real axis. This ic
prescription introduces exponentially decaying factors in the phases e~ above, regulates
the series, and allows the limit € — 0 to be taken safely.

The Feynman propagator G (¢, ) is constructed from the Wightman functions G?\S(t, 0):

Gn(t,0) = O(t1 — t2) G (t,0) + O(ts — t1) Gy (L, 0) =

— O()GL(1,6) + O(~H)G (~t,0). (222

Here O is the Heaviside step function, with ©(0) = % by convention, and we have used the
fact that G, is even in @ to conclude that G (t,0) = G} (—t, —0) = G} (—t,0).
At equal times (¢ = 0), the propagator simplifies: the hypergeometric functions in (2.20)

reduce at unit argument to ratios of Gamma functions,” and the phases e “ATNID/N

disappear. From (2.22) we have Gn(0) = G(0,0); when the dust settles, we find
(A + NJY)) N1—24

0) = kN Z s’ g = , KN = i (2.23)
= I'(1+ N|¢| —A) 47 cos(rA)T(2A)

This result is illustrated in figure 1. When A is a half-integer, the prefactor xy diverges; in
this case, the modified propagator Gn(#) = cos(mA)Gx(6) is non-singular.

®The hypergeometric series for s¢(0) in (2.20) converges only for A € (0, %) We evaluate it in this range,
observe that the result is analytic in A, and analytically continue to obtain the result for A > %
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Figure 1. The equal-time propagator Gy () is plotted for A = 3.25 and several values of N.
Correlations decay as N increases, especially for large separations near 6 = 7.

3 The structure of the propagator

Here we discuss in detail the behavior of the propagator. We begin with its light-cone
singularities, and specialize to the case of equal times to analyze its UV behavior. Then we
consider the quotient spacetimes AdS3/Zy, where the method of images gives a closed-form
expression for the propagator and allows us to interpret in terms of bulk geodesics.

3.1 Light-cone singularities

It is well known that propagators usually diverge at null separation [35]. In our case, the
light cones on the boundary are defined by 2% = t + 6 = 0; we seek the singularities of

Gn(t,0) there. Taking 27 = 0 in (2.21) leaves the sum of the coefficients s,(t) exposed, and

—2it/N

the hypergeometric functions in sy(t) diverge when their argument e is equal to one.

(Otherwise, e~2*/N lands in the unit circle away from 1, where the oF} is well behaved.) So

G}(t,0) and Gn(t,0) can be singular when ¢t = N7k for k € Z. The same holds for 2~ = 0,

Lx

except that now it is the e*" terms which can cause G}(t, 0) to diverge. In fact, more

is true: whenever 2% € 277Z, the light cones wrap the boundary of the AdS cylinder, and
Gn(t,0) can diverge again for certain values of ¢ and 6.

A more direct way to see this follows from (2.18), which diverges when all of the phase
iwneteiee

factors e~ are mutually equal. If two such phases labeled by (n,¢) and (n/, ') have

¢ =/, then they match when e~™ne! = e=%n¢t, This occurs at times ¢, ,/ given by

2 Nk
(wn[ — Wn’é)tn,n’ = N(n — n/)tnm/ =21k — tn,n’ = m,

ke (3.1)



In particular, ¢ = Nk is an integer multiple of all possible pairwise resonances ¢, ,,/, since

n—n' € Z. So if Gy(t,0) diverges, then it must do so at t = t;. Next we seek the locus

of positions 6§ where Gy (tx, ) diverges: this occurs when all phases, including those with

¢ # V') line up at t = t;. Therefore once again we consider two phases (n,¢) and (n/, ).

These interfere constructively at positions 6, ¢ given by

(1¢| — 1)ty — 27k’
a4 ’

Once again, taking £ and ¢ to be neighboring integers gives the condition under which all

(Wne — wprer )t — (E — 6,)9575/ =21k’ — Op o = kK eZ. (3.2)

phases are mutually equal. We find, after being careful with the absolute values, that
Oy = tty, — 21k’ = £Nkr — 2nk' <= ty + O o = 25, € 27 (3.3)

When N is a positive integer, the propagator diverges at vanishing angular separation — a
universal feature that we discuss below — and, if N is odd, also at # = 7. In pure AdSs
(N = 1), the first non-trivial divergence occurs at the opposite side of the cylinder from
where we start, while traveling at the speed of light on the boundary, as expected.

3.2 Short-distance behavior

When the separation between two boundary points is small, G () becomes singular due
to the polynomial growth of its Fourier coefficients in £. By power-counting, we expect
a divergence of the form Gy () ~ 0722, This matches the universal form of such UV
divergences in asymptotically AdS spacetimes [2, 3], and is the standard divergence of OPEs
that arises when CFT operator insertions on the boundary approach each other. We can
better understand the divergence by studying the asymptotics of the coefficients s, at large
¢. The Stirling series for a ratio of Gamma functions [36] begins

I'(A+ NJ¢) A

_ o (NI2A-1_ 2
=Ty —ay ~ WD 12

(20 — 1)(2A — 2)(N|¢)?2 73 +

(3.4)

+ 3?0@ —2)(A = 1)(24 = 3)(2A — 1)(5A + D)(N]()** 7 + O(N|¢P2 7).

Since the singular structure of Gy (#) is controlled by the behavior of its large-¢ terms,
we can replace the Fourier coefficients in (2.23) by the asymptotic expansion above, and
sum the Fourier series for each term in the expansion. Doing so — one gets polylogarithms
30

in € — and making a power expansion in 8, we find the following singular behavior:

G (0) = 9248 (1 N A 0% 4 ABGA+1) , A4+TAB+ 5A))96 n O<98)>. (3.5)

21 12N?2 1440N4 3628806

This confirms that G (6) is normalized and has the correct leading UV divergence.
As a bonus, we observe that ¢ appears in (3.4) only through the combination N|¢|.

This makes (3.5) also the expansion of Gy (0) at large N. As N — oo asymptotically, we

retain only the leading term s, = (N|¢|)**~!. There is then a cancellation between the

powers of N between the N?2~! inside the sum and the contribution of kx, and we find

that the scalar propagator in the massless BTZ spacetime is

Lip_aa(e) + Lip_ga(e™™)
4m cos(mA)(2A)

Goo(g) = KN Z(N!K\)QA_leiw —
LEZ

(3.6)



3.3 The method of images

When N is an integer, the method of images for Green’s functions gives a closed form for
the propagator [12]. The idea is to pass to the universal cover of AdSs/Zy, which is AdS;
itself. Points of AdS3 with angular coordinates differing by =%/ 2tk for k€ {0,...,N — 1}, are
identified in the quotient (see figure 2), and the scalar’s propagation from (0,0) to (t,6)
in AdS3/Zy is equivalent to its propagation from (0,0) to all of the images (¢, 60 + 2”k) in
the cover. For proof, consider the Fourier series (2.23). When N € Z,, we can drop the
absolute values in the coefficients s,.° To exploit the fact that the s, depend on ¢ only

through the product N/, we define oy = sp. We then rescale £ — ¢/ = N¢:

N-1
4 ! ol 1 . !
0) = ky UNéelw = Ky 0_5,625 0/N _ KN 0’5/626 0/N e?mké /NY _

eez VeNT =
" 2

Z S gyt B+2nR/N _ y-2a Z e <9+ W/f) (3.7)

k=0 ez

The rescaling is effectively a coordinate redefinition that ensures that 6 ~ 6 4 2w rather
than 0 ~ 0 + 7 27 in the quotient space. This factor of N is what explains how angular
momentum is quantized. In any case, it remains only to compute G explicitly.

But the form of Gy(t,6) follows from our main results (2.20) and (2.23) at N = 1:7

G1(t,0) = % [2(cost — cos 0)}_A = G1(0) = % [2 sin(g)]_2A. (3.8)

Finally, we construct G (6) by substituting (3.8) into (3.7):

N-1 —2A
Z N722¢, (9 i 2”]“) 21 [QNsin(GZi;Tk)] . (3.9)
T =0

To see that this propagator is properly normalized, note that its UV divergence is due solely
to its k = 0 term N~22G, (%) ~ 5=0722, which matches (3.5). The same reasoning above
goes through without change for the unequal-time propagator G (¢,0):

N-1 N-1 A
Gn(t,0)= Z N722G, (;; 9+]\277rk> = % Z [ZN2 (cos(zi[) —Cos<9+]\2[7rk>)] )
k=0

k=0
(3.10)

The factors of N appearing in (3.10) may seem strange, but recall that the (¢, ) coordinates
on the covering space are different than the ones we started with: they differ by a factor of

S Proof. It suffices to show that removing the absolute values in s, leaves it even in £ when N € Z,. This

. __x .. _ I(N+A) _ T(A=NL sin[r(A=NO] _
follows from the reflection formula I'(2)I'(1 —z) = S S = TA-ATND = TA-A-N§) s RATND] = 5—¢-
The hypothesis N € Z was necessary in the last step, in order to show that % =1 O

" Proof. We recognize (2.23) at N =1 as a sum of two 2F; functions in the variables et which can

be expressed in terms of x = sin(%) as e =1 — 222 + isin [2 sin_l(:c)] We then expand the resulting

hypergeometric series in powers of z. We find, besides the expected term 2 22 that the next few terms all

2w

vanish. The coefficients of hypergeometric functions are defined recursively, so this observation shows that
—2A —2A

the series for G1(0) terminates after £ — = ;- [2 sin(@/Q)] 2 The argument for ¢ # 0 is similar. O
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Figure 2. Left: a constant-time slice of AdS3, with the fundamental domain for a Zy action
shaded. Geodesics between one boundary endpoint and the images of another are shown. Right: the
geodesics of the cover descend to distinct geodesics between the same endpoints in the AdSs/Zy
quotient. All but two wind nontrivially around the conical singularity and are never minimal.

N. We have seen how this affected angles; it also extends to time. The prefactors of N 24
in (3.9)—(3.10) arise from the proper conformal rescaling of the two-point functions between
both coordinate systems at the boundary; each ¢ gets rescaled by N~2.

3.4 The geodesic approximation

The propagator derived above has a nice interpretation in the context of the geodesic
method for two-point functions [37]. In the semiclassical limit of a worldline path integral
over paths P, the propagator Gn(z,z’) localizes to a saddle-point sum over all geodesics
vk (z, ') between z and z’, weighted by their renormalized lengths L[y (z, 2')]:

Gn(z,2') = (¢(z)p(2')) / . DPe )b x § e mlhn(ea)], (3.11)
z k

In pure AdSs, a unique geodesic connects any two points p # ¢ [38], so there are N
geodesics between p and the Zy images ¢ of q. The g are all identified in the quotient,
but the AdSs geodesics descend to distinct geodesics 7o, . .., Yn—1 in AdS3/Zy between the
same two boundary points. As shown in figure 2, some of the 7y, wind around the cone and
attain a winding number wy given by the number of Zy sectors they cross in the AdSg
cover. We compute the lengths L[y(t,8)] of spacelike geodesics in AdS3/Zy in appendix B.
For purely spatial geodesics (¢t = 0), our results agree with those of [22]:

Lle(0)] = 21In [2]\7 sin(;}ff)] =2In {QN sin<0_;;ﬂk)]. (3.12)

Here ap = min{#, 27 — 0} + 2mwy, is the boundary opening angle subtended by ~.®

8Qur definition of ay differs from that of [22] by a factor of two. Together with wy = min{k, N —k — 1},
we have ag, = min{6 + 27k, 20N — (6 + 2nk)}, which proves the second equality in (3.12).
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When we substitute the geodesic length (3.12) into the saddle-point sum (3.11), the
result matches the image formula (3.9) up to a normalization constant and in the limit of
a heavy scalar, where A = 1 + /1 +m? ~ m. A more precise caclulation that includes
zero-point energy corrections, as in [39], would show that it is really A that shows up in
the exponent. An analogous match can be made at unequal times, where instead

Lvk(t,0)] =In {ZN2 <COS(;[> - cos(“ﬁg))}. (3.13)

This produces the propagator (3.10) upon substitution into the sum over geodesics. See
appendix B for an explicit calculation of the geodesic lengths (3.12) and (3.13).

The geodesic approximation gives a geometric interpretation to the sum over images:
it emphasizes that contributions to Gy (6) from geodesics that wrap the singularity are
suppressed, while the dominant contribution comes from the minimal geodesic. In particular,
in figure 2 we see that when 6 crosses m, the two geodesics on either side of the defect —
Y0 and yy_1 — attain comparable length and exchange dominance. This exchange is an
essential characteristic of the Ryu-Takayanagi phase transition: see section 6.3.

Previous work [12, 29-31] has attempted to extend the geodesic method to the case
of non-integer N, but the resulting propagator is discontinuous in 6. This is unfortunate
but not surprising, since the number of geodesics between two points in conical AdSz is not
uniform throughout the spacetime: if N ¢ Z., it varies discontinuously with the separation
between the points. This is one example where saddle-point path integral techniques cannot
be applied naively, even for free theories on a fixed background. One must sometimes resort
to the canonical formalism, as we have done in section 2, to gain full control.

It is natural to ask whether the results obtained from the method of images for integer
N can be analytically continued to arbitrary N € R, obviating the need for the analysis
of section 2. One immediate difficulty is that (3.9) and (3.10) are both sums of N terms, a
notion that only makes sense for N € Z, . Nevertheless, section 6 of [40] gives a clever way
to proceed: one writes each of the N summands of (3.9) as Fourier series whose coefficients
can be computed explicitly, and then uses Carlson’s theorem [41] to control the behavior of
the resulting analytic function at infinity. This argument reproduces the Fourier series (2.23)
exactly and provides a shortcut to our main result; however, it also obscures the story of
the propagator’s origins. We will now give the CF'T perspective on this story.

4 Heavy-light correlators in CFT

In this section, we interpret our results from the perspective of the dual CFT, where the
propagator is a four-point function involving the scalar and the defect. Our first step will
be to recast the bulk scalar’s excitations on top of the defect as two-particle states in the
CFT. We will show that the contributions of these states to the correlator are encoded in
the mode sum of section 2, which takes the form of an s-channel OPE. Meanwhile, the
t-channel OPE is dominated by the Virasoro vacuum block, which is particularly simple in
the semiclassical limit. We use it to match the singular structure of the s channel, and to
better understand the method of images and the “thermal” nature of the correlator.

- 12 —



4.1 OPEs and multiparticle states

In radial quantization, we conformally map the AdS boundary cylinder to the punctured

plane. We adopt complex coordinates z = e and z = e™ =% where 7 = it is the Euclidean

time and 0 ~ 0 + 2xw. The bulk field ¢ is dual to a light scalar primary operator Oy with
conformal dimension Ay, = A, while the conical defect is dual to a heavy scalar primary
operator Oy whose conformal dimension Ay > Ay is given by

1 1 1 12A
AH:M:<1—>ZC(1—a2), a=+=1- CH. (4.1)

Here we have used the relation ¢ = 52 [42] and introduced the defect parameter « € (0, 1].
By the operator-state correspondence, the defect operator defines an excited state via
|Om) = O (0)]0). This state is dual to the conical background geometry: see figure 3.

In this setting, the scalar propagator is really a normalized semiclassical heavy-heavy-
light-light (HHLL) four-point function involving both O, and Op:

<OH(OO)C9L(1)(9L(Z,E)OH(O».

Gn(z,2) = (Op(00)Or(0))

(4.2)
This correlator can be computed in one of two OPE channels, each of which sums over the
Virasoro conformal blocks of all local primary operators in the theory.

o The t-channel (“HHLL”) OPE converges in |1 — z| < 1, i.e. when the two light
operators are brought together. By dimensional analysis, this OPE is dominated by
the Virasoro block of the lightest primary in the theory — the identity [14].

o The s-channel (“HLLH”) OPE converges in |z| < 1, i.e. when Of(z,Zz) is brought
close to Oy (0). As shown in [14], this OPE is dominated by the exchange of an
infinite family of “double-twist” primaries, which we describe presently.

The double-twist primaries O,y = [OgOL],¢ are composite operators labeled by excitation
number n € N and angular momentum ¢ € Z. They describe two-particle states in AdSs
consisting of Fourier modes of the scalar orbiting the defect with a given energy and angular
momentum. (See [43-45] for arguments along similar lines.) Their spectrum [14] is?

hpe = hH+a(hL+n)+€+O(1/C)a hpe = hH+a(hL+n)+O(1/C)7 (43)

where hy = ATH and hy, = %. They are precisely the modes ¢,e(t,0) = Cpre™ntt e’ from
section 2, and one can check that their energies A,y = hyp¢ + hye are exactly Ay plus the
excitation energies wy, that we found in (2.13). Moreover, the normalization coefficients
Cne given by (2.19) are OPE coefficients: they are the amplitudes to produce states with n
and ¢ corresponding to a Fourier mode of ¢ on the boundary.

9More precisely, the CFT spectrum is required to contain families of primaries in “Regge trajectories”
whose spectrum is asymptotic to (4.3) at large £ [32]. But the large-spin asymptotics will be sufficient for
our purposes, since the modes with £ > 1 control the singular structure of the correlator.
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Figure 3. This figure illustrates our setup from the perspectives of the conical bulk geometry and
the dual CFT on the plane. We are particularly interested in the limit of nearby Op insertions.

The emergent picture is that the mode sum Gy(t,0) ~ 3°,,C2,e”“ntei® in (2.20)
seems to be an s-channel OPE that includes only the contributions of the primaries O,,. In
what follows, we will substantiate this interpretation by computing the correlator (4.2) in
both the s and t channels, at leading order in large ¢. The former will reproduce the sum
over modes, while the latter will make contact with the method of images.

4.2 The s channel: double-twist Bonanza

We begin by inserting in (4.2) a resolution of the identity. Because the CF'T Hilbert space
Hcpr decomposes as a direct sum of irreducible representations of (two copies of) the
Virasoro algebra, the identity can be written as a sum of the orthogonal projections P, »
h, E> and all of

its descendants, and factorizes into holomorphic and anti-holomorphic pieces:

Horr =@ (M(e,h) @ M(c,h)), 1= (P& P;). (4.4)
h,h h,h

onto each of these representations. Each one is spanned by a primary state

As discussed in [14], at large ¢ each irrep M (c,h) admits an approximately orthogonal
“semiclassical graviton basis” comprised of strings of Virasoro generators L_,, (m > 1)
acting on |h) to excite descendants (or “boundary gravitons”). The projection is

L2, - Lo |h)(h| Ly - L3

Po= Y —om |
{Wh,’,ki} <h’L’£€Tzr ce Lfr%lLkl N Lk—:TmT’h>

—m1

my, ky € N, (4.5)

where without loss of generality we take mq > -+ > m, > 1.
Resolving the identity between the two light fields in (4.2) and using (4.5), we find

(O (00)0L(1) (Ph & Py ) Or(2,2)0m(0))

Gn(2,2) = hz’; (On(50)0n () = %Vh(z)vh(z)a (4.6)
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where the semiclassical Virasoro conformal blocks V,(z) are given by

V() = Z (O (00)OL(1 )Lkl kTmT!hHh\LﬁL"‘LlfriloL(Z)OH(O»
iy (RILE - T8, TPy, - Lo B) (O ()01 (0)

T
The sum runs unrestricted over the m; and k;, but it may be organized into sectors of

(4.7)

fixed “graviton number” k = ", k;. Accordingly, within each sector there is a k-graviton
contribution V,(f;)(z) to the full block, which is then given by Vi (2) = > 72, V,(lk)(z).
Let us begin with the zero-graviton sector, corresponding to primary exchange. The
block (4.7) reduces to three-point functions of the form ((’)(H)(’)LO;L). Since their functional
0

form is fixed by conformal symmetry, we can determine V), (2) up to a constant:

_ (On(0)0r(1)O(0)){On(0)OL()On(0))  hpyyn,,

(0)
V 4.8
011010 (On (20)0u 0) -
To handle V,(Zk) (z) for k > 0, one uses the Virasoro algebra and the commutator
[Lin, On(2)] = (1 +m)2"Op(2) + w™0,04(2) (4.9)

to move the Virasoro generators past one another and the other primaries in (4.7) until
they annihilate the vacuum. Due to (4.9), the numerator of V}(lk)(z) will apply a differential

operator to V}(LO) (z) that produces a polynomial in h — hy — hy. But the present OPE is
dominated by the Virasoro blocks of the 0,4, and from (4.3) we have h — hyy — hy, = O(c%);
hence the numerator of V}(Lk)(z) will be independent of ¢. Meanwhile, the normalizing
denominator will be a degree-k polynomial in i and c; therefore overall we have V}(Lk)(z) =
O(c™%). Thus at large ¢, the only unsuppressed contribution to the Virasoro block of a
heavy-light double-twist primary comes from the exchange of the primary itself.

It is interesting to note that the same insight can be gleaned from the global conformal

blocks of Oj,. These were worked out by Dolan and Osborn [46], and take the form
Fulhg, hp;z) = 2"y By [h— hyg + by, h — hy + hr; 2h; 2], (4.10)

The first two arguments of the o Fy are O(c"), while the third, 2h,, = Ay + O(cP), scales

with ¢. By studying the asymptotics of 9 F1 [a, b;c+ \; 2] as A — oo with a, b, ¢, 2 fixed [47],

one finds that the hypergeometric part of the block is asymptotic to 1 at large c.
In any case, the double-twist Virasoro blocks reduce to “scaling blocks:”

Vi(2)V5(2) 2 VO () D) (2) = Chpp 2zl |z A=A, (4.11)

The constants C'yrp are precisely the OPE coefficients C,, that we have worked out. Their
knowledge allows us to complete the calculation: taking h = h,, as in (4.3), we substitute
the OPE data (2.19) and the Virasoro blocks (4.11) into the OPE (4.6). The result is

02AL—1
Gn(z,2) Z ZCQ |Z’(a I)AL+2cm £ _ =5 TA ZSg(Z,E)|Z|(a_1)ALZ€,
teZneN m(AL) i (4.12)
_ I'(Ap + |4/ a a
st(2,) = (T ) A (AL AL+ 8/ 1+ 8] o2,

This exactly matches the bulk expression (2.20), as well as (2.23) on the unit circle.
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Another way to think about this is that the field ¢ is quasi-free and of low dimension
in the vacuum. One would expect the OPE to be dominated by primaries of the form
OrdF O with no derivatives on the heavy operator [43]. The extra terms in the 1/c
expansion are due to recoil, but recoil is suppressed when one has a heavy operator.

4.3 The t channel: vacuum dominance

The calculation in the t channel turns out to be both simple and conceptually intriguing.
Here the OPE is dominated by the Virasoro vacuum block, which includes the stress tensor
and captures the exchange of boundary gravitons between the defect and the scalar.

The semiclassical Virasoro vacuum block was worked out by Fitzpatrick, Kaplan, and
Walters [14, 15], who showed that the t-channel Virasoro blocks for a heavy-light correlator
essentially reduce to global conformal blocks, but with the light fields evaluated in a new
set of coordinates, w(z) = 22, so that O (2) — (w'(2))"* O (w):

1— 2
«

h—2hyp,

Vh(z) = 2@ Dhe ( ) oFy [, h; 2h;1 — 29]. (4.13)
The basic idea is that the heavy operators in the correlator produce a new, “thermal”
background geometry for the light operators [15], in the same way that a massive particle
or a BTZ black hole causes the bulk geometry to backreact and modify the motion of a
light probe in its presence. It is remarkable that some notion of thermality is reflected in
the Virasoro blocks themselves, even below the BTZ threshold. (We will explore some other
features of the scalar propagator that hint at thermal behavior in section 5 below.)

In any case, we take h = h = 0 in (4.13) to obtain the vacuum block Vy(z). That this
block dominates the OPE means that we approximate Gn(z,2) by Vo(2)Vo(Z):

1 — 2@ —2Ap,

(67

Ag 1—2z2¢
(&%

2hy,
Vo(z) = z‘“‘”’“( ) — Gy(z,2) ~ |2 (4.14)

Passing from (z, %) to (¢, ) coordinates and restricting to the region |z — 1| < 1, we find

_AL

Gn(t,0) ~ {; (cos(at) — cos(a&))] , Gn(0,0) =~ th Sin<0429):|_2AL. (415)

Several comments on these results are now in order.

1. The s- and t-channel results (4.12) and (4.14) have identical singular expansions in
|1 — z|, and both are consistent with (3.5). This verifies that they are related by
crossing symmetry, and gives a nontrivial check of the crossing equation:

I'(A (A 14

i i TA+n)l(1l+n+l/a)

(See figure 4.) The main lesson here is that the asymptotic behavior of a complicated
sum on the L.h.s., which arises naturally in the bulk, controls a singularity whose form
is manifest on the r.h.s., and which is more natural on the boundary.
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o) O (0) — Y, T

Figure 4. These diagrams illustrate the crossing equation and the kinematics of our OPEs. The t

channel (left) is dominated by the vaccum block, while the s channel (right) is dominated by the
double-twist primaries. The 2 on the left is a normalization: in the OPE T'(2)T(2") ~ % +o-
the coeflicient of the leading singularity is the norm-squared of T in the Zamolodchikov metric [48].
On the right, we have labeled the OPE coefficients that correspond to the 3-point functions
<(’)H(’)L(’)ng>. Both sides can also be interpreted as bulk Witten diagrams [49].

2. The result (4.15) reproduces the dominant term in the AdSs/Zy propagator (3.9)—

(3.10) obtained by the method of images; consequently it also agrees with the geodesic
approximation, up to a normalization constant: Vp(z) ~ e~™Lhol - This highlights
a deep connection between Virasoro blocks and bulk geodesics explored in [49, 50].
There it is explained how the vacuum block arises from bulk Witten diagrams, and
how the geodesic length it computes arises from a certain worldline action.

. The factors of « in (4.15), relative to the case of pure AdSs, are manifestations of the
“thermal” coordinates of [15]. This is the boundary analog of the rescaling between
covering and quotient coordinates in AdS3/Zx that we discussed in section 3.3.

. The vacuum block is a finnicky object. While we consider here the limit ¢ — oo with
hr/c — 0 and hp/c fixed, there are also other regimes; for instance, ¢ — oo with
(hphi)/c fixed but hy,/c — 0 and hy/c — 0. In that limit, considered in [14], the
vacuum block exponentiates the global block of the stress tensor:

2
Valt(z) = exp( hihH222F1[2,2;4; z]> (4.17)

Here, unlike in (4.14), the fact that the block exponentiates is manifest. But in a
power expansion in |1 — z|, only the leading (universal) and first subleading terms of
Vo(z) and V3!(2) agree. See figure 4, and compare figure 7 of [15].

5 The onset of thermal physics

Physics in conical AdSs is not thermal. There is no horizon, no black hole, no Hawking

temperature, and no entropy; moreover, the dual CFT state |Of) is pure. Nevertheless, we

shall show that physics in conical AdSs has certain thermal features. In particular, we will

argue that G (0) decays as N increases, implying that correlations become suppressed as
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Figure 5. The propagator G (6) is monotonically increasing in a = % (hence decreasing in N)
throughout the full range of defect masses a € (0, 1], for selected values of § and A = 3.25.

we increase the defect’s mass and approach the BTZ threshold. Just as thermal correlation
lengths get shorter as one increases the temperature (i.e. the energy density), correlations
in conical AdS3 at fixed length decrease as we increase the energy of the defect state.

5.1 1In search of lost temperature

We have confirmed numerically that G (6) decreases monotonically with N. This behavior
can already be seen in figure 1, which shows G () for several values of N. It is even more
apparent in figure 5, which plots G (0) against o = % directly, for several values of 6.
This decay of correlations describes a “screening” effect, suggestive of thermality, which we
expect to persist even above the BTZ threshold. We can also see that Gy (6) is decreasing
in N from its bulk expansion (3.5), whose leading N-dependent term scales like N2,

A more transparent argument starts from the t-channel result (4.15). We have

Gn(0) ~ [2Nsin(£v)]_2A — %Cj\f[v — —%GN(G) [1 - 2]\]00‘5(2?\[)] <0, (5.1)

where the inequality follows because Gy () and the term in square brackets are both
positive. Thus the dominant image is monotonically decreasing in N. And for sufficiently
large N, the contributions of the other images are exponentially suppressed: therefore the
full image sum is decreasing in N as we approach the black hole threshold.

5.2 The response function

So far, we have studied the system by asking how the background geometry affects the
scalar. But the ground state of ¢ in this background is also affected if we perturb the
Hamiltonian of the theory by adding at the boundary a term linear in ¢. We can use linear
response theory to quantify the effect; this is another way to understand what the defect
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does to the scalar. To find the response, we pass to Euclidean signature in the dual CFT,
add a constant source J f02 " ¢(,0)df to the Hamiltonian, and study the state of the scalar.
The system’s response to this deformation, measured by the expectation value of ¢, is
obtained [51] by integrating the boundary propagator:'®

ERE

The same analysis was done in conformal perturbation theory for the CFT vacuum in [44].

(Onld(r = 0,0 = 0)|On) = /Oo ar [Tawctme.  (5.2)
J=0 0 0

There the AdS calculation was also done — one finds the s-wave mode of ¢ by introducing
a boundary source and using regularity at the origin — and it agrees with the CFT.

To evaluate the integral (5.2), we substitute (2.21) directly: the integral over 6 kills all
of the modes with ¢ # 0 by symmetry, leaving only the ¢ = 0 mode. The angular integral is

then trivial, and the integral over 7 is evaluated by setting u = e~ 7/V:

0O\ ioa [ _ArN -3 I
<6J>N—N /0 dre gFl[A,A, L e N}_

() 6
-]

The integral above converges only in the strip 0 < Re{A} < 1. But the result is analytic
in A, so it determines (¢)
automatically takes this continuation into account.) Note that (¢)  has resonances: the

N2- QAF(
+A

1
2—2A A—1 L1 .2
=N /0 duu" 2R [A, A; 1; wf] = 21+2AF<

uniquely for larger A. (The gravity computation, as in [44],

response vanishes when A is even, and diverges when A is odd. These singularities arise
from logarithmic subdivergences in conformal perturbation theory, and also lead to secular
divergences for certain time-dependent questions (see, for instance, [52]). But these details
are immaterial when we compare (5.3) to the response in pure AdSs:

The factors of N are easy to explain. For both pure AdS; and in AdS3/Zy, the
perturbation is in the s-wave of ¢: the only difference between the two is the relative
rescaling of the boundary coordinates by N. This leads to the familiar factor of N—24
(discussed also in section 3.3 above) in ®x. The rescaling of the integral measure in (5.2)
between both coordinate systems provides an extra factor of N2. The response for arbitrary
N € R, is then just the naive analytic continuation of the integer-N case. We write ®y in
terms of the difference M, — M to highlight the presence of critical exponents near M,.

The time-dependent quantity GS\S[) (1) = e ATNNI=22, 1 [A,) A; 1; e 27/N] in the top
line of (5.3) is the Green’s function for the s-wave modes. It shows that the OPE coefficients
of the ¢ = 0 excited states scale as N'=22, and that the density of states increases by a

10To be more explicit, one should start in Lorentzian signature and integrate the response function
X(th t27 91, 02) = —i@(tl —t2)<[¢(t1, 01), ¢(t27 92)]>N = @(tl —tz)G} (tl —tz, 91 —92) over the Ang boundary.
One sets t1 = 61 = 0, renames t = —t2 and § = —62, and then rotates to Euclidean signature to find (5.2).
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factor of N relative to pure AdSs. In Lorentzian time, GE\S,) (t) tells us that signals sent out

from the boundary are delayed in their return by a factor of N relative to AdSs. (See [53]
for a related analysis in pure AdS.) When N becomes large and we are near the BTZ
threshold, we might not see the signal come back before an experiment is carried out.

5.3 A curious phase transition

The power law behavior (5.4) signals a nontrivial second-order phase transition in G (),
for which the response ratio ® acts as a proxy. As long as A is not an integer, @ fails to
be analytic in M near the BTZ threshold M,. The critical exponent A — 1 dictates whether
@ vanishes or diverges at M,. For A = A, > 1, the response dies off as N grows large,
and in the massless BTZ geometry the scalar perturbation is not felt at all: there is no
response. Above M,, the perturbation becomes irrelevant in the black hole throat. But in
the range A = A_ € (0, 1), corresponding to a scalar with —1 < m? < 0 quantized using
modified boundary conditions, ® diverges as N — oo: the scalar is relevant in the black
hole throat. Thus the critical-mass defect becomes sensitive to scalar deformations of the
boundary only when the latter constitute relevant perturbations, and even then only for
the choice A = A_ of alternate boundary conditions.

Critical behavior can also be seen in the OPE coefficients C,,, near the transition, as

these also scale with powers of N. Moreover, the spectrum (4.3) shows that the gap between
1

N>
more entropy than they can near the AdS vacuum. We expect that these fluctuations

excited states closes as so small fluctuations in energy in conical AdS3; can have much
eventually become heavy enough that they form a horizon. The gap between modes of
different ¢ is still of order 1, rather than =, as can be seen from (4.3). Not much entropy
can be stored in these states, even though they individually become degenerate. To each
such angular momentum mode, we associate a tower of states with energies (A + 2n):
this is the density of states of a single chiral boson on a circle of radius N. The specific heat
of these states scales like N times the number of light species; in this sense, the specific

heat near the transition is also divergent and typical of a continuous phase transition.

6 Applications to entanglement entropy

As an application, we can use our propagator to approximate the entanglement entropy of a
boundary interval in conical AdS3. We begin by arguing that in certain regimes, the twist
fields arising in the 2D CFT replica trick should not be too heavy. This proposal simplifies
several calculations and reproduces several known results, and we show that it also agrees
with the Ryu-Takayanagi (RT) formula in AdS3/Zy in the large-c limit.

6.1 Entropy from light twist fields

Consider a holographic 2D CFT in its vacuum state p = |0)(0|, and let A = [u,v] be a
spatial interval of length ¢. The reduced density matrix pa represents the state seen by
an observer with access only to A, and the entanglement entropy Sa[p] = — Tr [pa ln p4]
measures the entanglement between degrees of freedom in A and those in the rest of the
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system. One computes S4[p] by considering the Rényi entropies Siln) [p], a family of related

quantities labeled by the Rényi index n € R and defined by

i (Trls]),  Salel = lim S50 = o (T )

n—1 n

n 1
S§lo) = 1

—n

(6.1)

n=1

Calabrese and Cardy [16] used the replica trick to express Tr[p’i] as a two-point function

of scalar primary operators oy, 7, called twist fields, with dimensions A, = {5 (n — %)

Conformal invariance then determines the entropy Salp] in the CFT vacuum:

n = 1 —c(p-1L C
Tr[p%h] = (on(u)Fn(v)) = oA = ¢ §(n3) = Syl = S0, (62)
In an excited state like p = |Og) (Og|, the calculation is much harder because we

need to evaluate a four-point function of heavy operators: Tr[p’j] <(9Hcrnc7'n(9 H> But
on comparing the dimensions Ay = 5 (1 — %) and A, = 5 (n — %), we see that in the
limit n — 1 the twist fields become lighter while the defect remains heavy [54].

We are led to believe that a calculation where the twist fields are light might be
dominated by the propagator we have computed. This is because we neglect backreaction,
so the correlator will behave much like the two-point function of ¢. (Notice that this is
a CFT idea, rather than a gravitational path integral.) When the twist fields are close
to each other, we can consider their OPE; there we expect that the identity dominates.
What about fields like ¢7 Its ground state in the defect background is characterized by a
vanishing expectation value: (), o (OgOrOp) = 0. The vanishing of this three-point
function tells us that the expansion O (2)Ox(0) ~ 2= 2CrrrOx(0) + - -+ has vanishing
OPE coefficient Crr = 0. So for the scalar, too, only the vacuum block contributes.

The upshot is that, upon taking the twist fields to be light,'! their correlator in the
defect background becomes our propagator: Tr[p’j] = Gn(#). Thus the Rényi entropies
S](\?) (0) for an interval of opening angle # in conical AdS3 are well approximated by
_ In(04(0,0)7,(0,0))y  In(Gn(0)) c ( 1)

, A— Ay=—(n——
1—n 1—n 12 n

s () (6.3)

6.2 A few consistency checks

As a first test of our proposal, we consider short distances. At small opening angles, the
universal divergence (3.6) of G (6) becomes a logarithmic divergence in the entropy:

072An
2T

Tr[p] = Gn(0) = — Sw(6) ~ 5 In(6), (6.4)

matching (6.2). (In taking the limit n — 1, we discarded an infinite constant associated
to the normalization of Gy (#), to which entropies are not sensitive.) Next, consider the
case of pure AdS3 in global coordinates. The propagator is given by (3.8), so

Te[p}] = Gu(6) = % [2 sin(gﬂ M s = “in [2 sin(Z)} (6.5)

1We are taking o, and @, to be quasi-free fields, which makes them dual to free scalars in the bulk [55].
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This is once again the standard result. Both (6.4) and (6.5) agree with the RT formula, but
we will see below that this is far from trivial in more general situations.

To move beyond the universal features of the entropy, we can leverage the semiclassical
vacuum block, which we considered in section 4. From (4.15) we find

Tr[ph] = Gn(0) = 21 [2]\[ 8111(2?\7)} o = Sn(0) = gln {2Nsin<2§\7)} (6.6)

This approximation, which is well controlled as long as 6 is small, shows explicitly how the
entropy rises as the defect becomes more and more massive.

When N is close to enough to 1 that the defect mass is small (more precisely, we take

=1- W = 12M < 1), the difference in entropies between conical and pure AdSs is
_ _c sin(0/2N)] 0 0
35(6) = Sv(0) ~ $1(6) = 5 In [N ) } ~ 2M[1 : cot(2>] (6.7)

In terms of the geodesic length £(0) = 21n [2 sm(eﬂ in pure AdSs, we find that

Sn(0) = S51(0) +05(0) = gln [2sin<§)] +ng {1 - gcot<g>] =
= % {5(0) "795’(9) } 41(; [c(e - 29) +77}

Thus for small defects, the entropy may be determined using the RT formula in pure AdSs.

(6.8)

To account for the defect, one needs only to shift the RT surface so that it subtends the
smaller angle § — 6(1 — ), and then to add n to the length.

6.3 The RT formula for quotients

The RT formula [56] says that the entanglement entropy of a spatial boundary interval A of
a holographic 2D CFT in state p is given by the length of the shortest spatial bulk geodesic
~ anchored to the endpoints of A and homologous to A. In the form

Salel = agl—lgA i[(’;] T ln(eichmm]/w)’ (6.9)
the RT formula reminds us of the formal similarity, observed also in [57], between the
entropy and a saddle-point path integral in the geodesic approximation.

In AdS3/Zy, all but two of the geodesics 7o, ..., Yn—-1 between two boundary points
are “long” and wind around the singularity. As shown in figure 2, only 7o and yny_1 are
ever minimal — the former for smaller intervals (6 < ), the latter for larger ones (6 > ).
We can find the entropy of an interval in AdS3/Zy by substituting (3.12) into (6.9):

c 0 [ 2m =0
§ [2Nsm<2N)],ln {2Nsm< 9N )}}—
sln 2N sin 0 <m, (6.10)
c ;f)j ! (N € Z+)7
5 In 2Nsm N )], 0>m

SNG_
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At § = 7, the two geodesics exchange minimality, leading to a sharp corner in S (6).
This trade-off, known as the RT phase transition, is a generic feature of setups with
multiple competing bulk geodesics. It is now understood that the RT formula receives
sizable corrections near the phase transition at O(l / \/@) = O(y/c) that smooth out the
corner [58-60]. However, such corrections do not show up in our computation.

6.4 The order of limits matters

The RT formula inhabits two extremes: it lives in the limit n — 1, and also at large c¢. But
these limits do not commute, so our prescription must be handled carefully. In AdS3/Zy,
for example, we find S](\;Z) (0) by substituting the propagator (3.9) into (6.3):

S](?)(e):ln(GN(a))z 1 m{lNZI[2Nsin<0+27rk)]_g(n_i)}. (6.11)

1—n 1—n 27rk:0 2N

Naively, the von Neumann entropy can be obtained from (6.11) by taking the limit n — 1.
If we did this, we would find a disastrous disagreement with the RT formula:

SW() = 3LN gln [2Nsm(9+2i;”“)} = &Z(W) £ SR (g). (6.12)

Evidently S]V\Y(G) computes the average — not the minimal — geodesic length in
AdS3/Zy. What went wrong is that while all N geodesics contribute to the propagator,
the contributions of the non-minimal ones should be strongly suppressed in the entropy at
large c. In accordance with the Lewkowicz-Maldacena construction [17], one should take
the limit ¢ — oo before sending the replica number n to 1, so that the only meaningful
contribution to the sum in (6.11) comes from either vg (for 6 < 7) or yy_1 (for 6 > 7). If
we neglect the other terms before sending n — 1, we recover the RT result (6.10).

The order-of-limits issue discussed above is a classic one [57, 61]. If we treat the limits
correctly, we find a simple picture of holographic entanglement entropy: in certain regimes,
it is just the logarithm of a scalar propagator. To be sure, our prescription has only a
limited range of validity; nevertheless, it serves as a useful illustration of several related
techniques for computing and understanding holographic entanglement.

7 Discussion and conclusions

In this paper, we have presented a detailed study of the free scalar propagator in conical
AdS;3. We derived the propagator directly from the bulk equations of motion, explored
its short-distance behavior, treated it by the method of images in AdS3/Zy, used CFT
techniques to stress-test our results, diagnosed the system’s approach to thermality, and
considered an application to holographic entanglement entropy using twist fields.

There are still aspects of our work that we would like to understand better. One such
point concerns Virasoro vacuum block’s lack of periodicity, which indicates that there are
important states in the t-channel OPE that we have not considered. For instance, there
are light multiparticle states formed solely from the scalar. It would be interesting to work
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out the light-light double-twist OPE coefficients, and to match the regular terms in the
bulk expansion of the correlator arising from subdominant images. A similar discussion
applies to twist fields: by letting them exchange states other than the identity, we might be
able to resolve the order-of-limits ambiguity in the entropy. More generally, the corrections
to this story at O(1/c) should in principle be tractable, and may give some insight into
thermality and the physics of boundary gravitons. In particular, one could try to capture
the contributions of double-twist Virasoro descendants in the s-channel OPE: these arise
from the Goldstone modes of the defect, and can be interpreted as recoil effects [43].

The continuous phase transition experienced by Gy (t,0) near the BTZ threshold is
one of its most intriguing features, and it would be interesting to understand it both above
and below the transition. But the presence of a horizon in the BTZ geometry makes the
analytic structure of one- and two-point functions there more subtle: it would be good to
understand them in more detail. Similar questions can also be asked in higher-dimensional
setups: see [62], for example, for some of the answers.

The average geodesic length obtained in (6.12) also raises questions. While it is certainly
not an entropy, it is related to a similar quantity called entwinement [22]. Both entwinement
and the average length use information about geodesics that penetrate deeper into the
bulk than those relevant for entanglement, so both of them could play a role in bulk
reconstruction. For instance, while recent work [63] has connected the RT formula to
questions of causality like those studied in [53, 64, 65], the former cannot always provide
complete information about the latter due to its reliance on minimal surfaces. It may
therefore be natural to turn to spacetimes like conical AdS3, where multiple geodesics can
go deeper into the bulk spacetime, to make such discussions more precise.
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A Normalization of the radial modes

Here we evaluate the integral (2.10), which gives the norm qungHz of the field modes.

We will take ¢ > 0 for simplicity, but an identical argument goes through for ¢ < 0.
The integral is finite only when the quantization condition (2.13) is satisfied. The radial
modes are given by (2.14), so the integral we seek to evaluate is

00 Nw—1
H¢n£||2 = 47rw/\/5£/0 dp 12N <7“2 + ]\12> |]:ng(7‘)|2. (A.1)

The goal will be to massage the integral into a form that Mathematica is capable of
evaluating directly. We begin by changing variables to x = Nr to scale N out of the integral.
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We have 2 + ﬁ = ﬁ(mQ +1) and dr = N~1dz, so the norm becomes

X

RS L @2

I 2 _ pr N2 N 2N () > Ao 1 T2NE (2
ne||” = AmwN, A TT (x + 1)
Anl

Next, let 2 = —22, so that 22 +1 =1 — 2z and dz = —22 dz. Then we obtain

Jouel® = 5% [z (=Y = P Fla),

(A.3)
Foe(2) =oF1[1+n+ Nl A+n+ Nt 1+ N z].
The following Kummer relation [66] proves useful:
oFifa, Biy; 2] = (1= 2 PoRi [y —a, v = B 7 2] —
(A.4)

Fuu(2) = (1= 2) M9 [—n,1—-A—n; 14 Nt 2].

We apply (A.4) to one of the two hypergeometric functions in the integrand of (A.3). Finally,
we change variables 2 — —z, whence the norm becomes

9 A ’ 00 ZNZ
[[@nell :7” dz 1+ <2F1[1+n+N€,A+n+N€,1+N€, —z] x
" (A5)

X 2F1[—71,1—A—71,1+N€,—Z}>.

Amazingly, Mathematica can evaluate this integral explicitly. The result is initially
expressed in terms of Gamma functions and regularized hypergeometric o F; functions:

2 An v I'(N/+1)2T(Nw)
fmell” = 2 (sin(wA)) (I‘(Nf +n+1)2T'(Nw — n)2>Bn£’

App = AmwN72NEHD)=1N2 (A.6)

B =T(A+n)(Nw—n)oFi[A+n,n+ N+1, A, 1]—
—T(n+1)D(n+ N+ 1R [n+1,n+NL+1,2—- A, 1].

Here the regularized hypergeometric function oF} is defined and evaluated at z = 1 by

2 F1[a, B; ; 2] L(y—a-p)
L'(v) ’ Ly —a)T(y = B)

But the 2}7’1 function in the first term of B,,, vanishes: the denominator of its expression

oFila, B; v; 2] oF1 [, B y; 1] = (A7)

via (A.7) contains the singular factor I'(—n). Thus ||¢ng||2 reduces to a product of Gamma

T
sin(7z)

functions that simplify, using I'(2)['(1 — z) = , to the desired expression (2.15):

270(n + DI(1+ NO2T(n 4+ A) . on—amene)—
( )L ( ) N—2A-4(n+N?) 1-/\/;36

2_
I énell” = T(1+n+ NOT(A+n+ NP

(A.8)
) IF'(14+n+ NOI'(A+n+ NY) N2A+HA(n+NO+T

"7 2xT(n+ 1)I(1+ NO2L(n + A)
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B The length of spacelike geodesics

Here we compute the proper length of spacelike geodesics in the conical AdSs spacetime.
In coordinates z# = (t,7,0), with t € R, r € Ry, 6 € [0,27), and N € R4, the metric is

1 1\
ds® = guda’'da” = — (r2 + NQ)dtz - (r2 - N?) dr® + 72 do? =

=—H(r)dt* + H(r)"'dr* +r*d6?,  H(r) =1r"+ —.

(B.1)

Spacelike geodesics are constrained by normalization requirement g,,##&” = +1, where a
dot denotes differentiation with respect to the proper length s. In our case, we have

—H(r) {2+ H(r) 172 +r20% = 1. (B.2)

The metric (B.1) possesses two Killing vector fields, ¢# = (9;)" and n* = (9y)". These
symmetries give rise to a conserved energy and angular momentum, respectively:

= —gué'i” = H(T)i, L =gun'i’ = r20. (B.3)

We substitute E and L into the spacelike condition (B.2) to obtain the geodesic equation
for r(s) in the form of a Newtonian problem for a particle in a one-dimensional effective
potential Vg (7). Thus the geodesic equation for r is reduced to quadratures:

2

EQ:f2+H(r)<?I:2—1> =7+ Ve (r) = f:%:\/m- (B.4)

The two other geodesic equations, which follow from (B.3), are also separable:

jod_ E o, do L (B.5)

ds  H(r) ds 72
To find the proper length of a geodesic that starts and ends on the boundary, we
integrate (B.4) from a large IR cutoff = o to the radial position r = r, of the deepest
bulk point on the geodesic — the turning point — and then back from r, to ro. The turning
point 7, is somewhat like an impact parameter in scattering theory, and is determined by

the ratio of the geodesic’s angular momentum to its energy. Formally, 7, is defined by
1\ /[L?
E? = Vig(r,) = (rf + N2) ( — 1). (B.6)

2

This equation can be solved explicitly for r,, but it will be more useful to view (B.6) as an
equation for F in terms of r,. We substitute it into (B.4) and integrate to find the length:

r

L Too drr- Too d
c :/ ds = 2/ - 2/ _
0 re  VE? = Veg(r) re A/ Vet (1) — Vet (1)

2 ;2 ONT,
= 2sinh ! (Nr* M) ~2In(re) +21In (r)
) L2+ (N72)°

(B.7)

— 96 —



Here we have assumed that the cutoff ., is much larger than all other scales involved.
In order to parametrize the length by ¢ and 6, we will determine r, = r.(¢,6) and
substitute the result into (B.7). For this, we will need the following useful relations:

dr drds  H(r) dr drds r?

2 — — 2 _
G asar - g VTVl = ag — v E V() (B.8)

Both of these differential equations are separable. After substituting E? = Vyg(r.), they
can be integrated in closed form without the need for a radial cutoff:

V() d N NTES
t:/dt_2/ e ir(r) dr :2Ntan1< /T*>, (B.9a)

IV Vet (1) — Vg (1) 1+(N7”*)2
der L
0= d9’—2/ =92Nt 1( ) B.9b
/ 12/ Vet (rs) — Ve (1) o Nr? (B-9b)

Now we solve (B.9b) for L, substitute it into (B.9a), and invert to find r,:

: o)
L= Nr? tan<2N> = ri= C]ZS( )—1—0052[]%)‘ (B.10)

Finally, we can substitute (B.10) directly into (B.7). After some algebra, we find'?

L=L(t,0)] =2In(re) +1n [2]\[2 (cos(jif) - COS(]?I))]' (B.11)

At constant time (¢ = 0), the result above reduces to

LI1(0,0)] = LIY(6)] = 2In(ra) + 21n [QN sm(gv)] (B.12)

Because we have worked locally, the result (B.11) is insensitive to global features like
the presence of multiple bulk geodesics, and only gives the length of the minimal bulk
geodesic for angles § < 7w. For larger separations 6§ > 7, one substitutes § — 27 — 0
in (B.11) to find the minimal geodesic length. Following the discussion in section 3.4, one
can find the proper length of all N bulk geodesics AdS3/Zx by passing to the AdSs cover
and considering the geodesics between the initial point and the Zy images of the final point.
Thus (B.11) still gives the length of the kth geodesic, but with 6 replaced by 6 + 27k.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited. SCOAP3 supports
the goals of the International Year of Basic Sciences for Sustainable Development.

12The absence of the term 2In(rw) in the main text indicates our use of the renormalized length.
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