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Abstract — A dissipative method that allows to access the family of phantom Bethe states (PBS)
of boundary-driven X X Z spin chains is introduced. The method consists in coupling the ends of
the open spin chain to suitable dissipative magnetic baths to force the edge spins to satisfy specific
boundary conditions necessary for the PBS existence. Cumulative monotonous depopulation of
the non-chiral components of the density matrix with growing dissipation amplitude is analogous
to the depopulation of high-energy states in response to thermal cooling. Compared to generic
states, PBS have strong chirality, non-trivial topology and carry high spin currents.
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Introduction. — Dissipation does not need to be
always destructive for quantum protocols but it can rep-
resent a resource for manipulating quantum systems.
Dissipation alone [1] or in combination with coherent
dynamics [2-10], indeed, can be used to create quantum
non-equilibrium stationary states (NESS) which are at-
tractors of the dynamics and therefore are stable even in
the presence of noise.

Most protocols, however, require a tailored set of op-
erations used in pumping cycles to target each specific
state [5,11]. If the protocols are implemented by sta-
tionary control fields, they usually require sophisticated
dissipations that make the NESS targeting more compli-
cated [12].This is due to the fact that the targeted NESS
must be an eigenstate of the coherent part of the dynam-
ics and a dark state for all jump operators in the dissipa-
tor [13,14].

Here we demonstrate how to generate a remarkable fam-
ily of NESS containing an arbitrary number of qubits,
employing simple boundary-localized dissipation, and ma-
nipulating just one parameter. These are the phantom
Bethe states (PBS), i.e., eigenstates of integrable XXZ

(2) B-mail: vladipopkov@gmail.com (corresponding author)

spin chains on special parameter manifolds [15-17], pos-
sessing unusual chiral and topological features.

The phenomenon is based on a subtle mechanism that
makes (within the quantum Zeno limit [18-21]), a highly
selective “phantom” invariant subspace the basin of at-
traction for the density matrix. Consequently, the NESS
responds in a singular resonant way to an increase of the
dissipation strength in the vicinity of “phantom” mani-
folds, restricting the density matrix to states with chiral-
ity of the same sign and thus rendering the NESS chiral.
The resonances become sharper as the dissipation strength
is increased and their number grows with the number of
spins involved.

Dynamically, the “freezing out” of the non-chiral com-
ponents of the density matrix with growing dissipation
amplitude is analogous to the depopulation of high-energy
states in response to thermal cooling.

The “dissipative cooling” method consists in coupling
the ends of the open chain to dissipative baths of polar-
ization constraining the first and the last spin to relax to
predefined pure qubit states that satisfy boundary condi-
tions necessary for the PBS existence. We show that by
changing the control parameter, i.e., the misfit azimuthal
angle of the dissipatively targeted boundary polarizations,
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Fig. 1: Model setup. An open XXZ spin chain is edge-coupled
to dissipative fully polarizing baths (blue and pink boxes).
When baths’ polarizations (big arrows inside boxes) match
eq. (8), phantom Bethe states carrying large spin currents come
into existence. The figure shows a pure spin-helix state corre-
sponding to case M4 = 0 in eq. (8).

it is possible to thread “phantom” manifolds, passing from
one chiral NESS to another one with different topology
(see fig. 2). To the best of our knowledge, a quantum
protocol that allows to target the whole PBS family is
presently lacking.

The simplest states belonging to the phantom family
are the spin-helix states (SHS) (see top panel of fig. 4 for
an example). Recently, SHS were created and used as a
sensitive tool to measure the anisotropy in experiments
on XXZ chains implemented via ultracold atoms [22,23].
While in [22,23] the lifetime of the SHS is restricted by
finite size effects, the stability of dissipatively created SHS
(and other PBS) is guaranteed as long as the boundary
dissipation strength is kept sufficiently strong.

Note that while SHS are pure states, all other PBS are
mixed states corresponding, in terms of the mean varia-
tion of the magnetization along the chain, to helices with
a variable radius (see middle panel of fig. 4 for an exam-
ple). Quite interestingly, we find that in comparison to
generic pure and mixed states of the open X X Z chain,
the PBS have strong chirality and carry relatively high
spin currents (see fig. 3), a feature that can be of poten-
tial interest for future applications.

Model setting and near Zeno limit relaxation. —
Our dissipative setup is schematically depicted in fig. 1.
An X X7 Heisenberg spin % chain of N + 2 sites, num-
bered as 0,1,... N + 1, is coupled to Lindbladian baths
of polarizations at the ends [18,24], see details in the
Supplementary Material Supplementarymaterial.pdf
(SM). We assume dissipative targeting of generic pure
qubit states pr.r = (I+7Lr-0)/2 at sites 0 and
N + 1, where n, ig are unit vectors of polarization.
The strength of the dissipation I' is measured by the in-
verse time needed for edge spins to relax, e.g., pp/r(t) =
é + %5’177,;/};{ + O(e~T), if the coherent part (XXZ spin
chain Hamiltonian) is neglected. If 7i;, # 7ir, a non-
equilibrium gradient is created and a spin current j* can
flow, typically obeying the Fourier law j% = O(1/N).

In (8) we fix a resonance condition under which steady
currents can be increased up to maximally possible values,
j* = O(1). Using the criterion of [25] one finds that the
NESS is always unique.

It was shown in [26] that close to quantum Zeno limit
I' — oo the relaxation to NESS undergoes a three-stage

process, each stage occurring at different timescale. On
the shortest timescale: ¢ < O(1/T'), the boundary spins
relax towards their targeted states. From this point
on, the density matrix is approximately given by p =
pL @ R(t) ® pr, where R(t) = trp rp(t) describes the time
evolution of the the internal part of the system, which
becomes approximately coherent again [2] and is gov-
erned by the dissipation projected Hamiltonian hp given
by [26]

N—1
= G- JGuga+ Jiip -G+ Jiig -Gy, (1)

n=1
with J = diag(1,1,A). Note that the dissipation-
projected Hamiltonian (1) depends on polarizations of the
baths through its boundary fields.

On the intermediate timescale: O(1/T") < ¢t < O(1),

the reduced density matrix R(t) acquires the approximate

form
ZP ) | @) a|+0()
t

where 7 = ¢ and |a) are hp eigenstates, with positive
coefficients P, significantly changing on long time scales
7 = O(1). Finally, on the long time scale O(1) < ¢ <
O(T) the coefficients P, (7) — Py(c0) = P, relax to their
stationary NESS values, by following the effective Markov
process

(2)

Z wgan

o

Z U}QBP

o

(3)

with rates wag = wa—p given by [20]

was =B gL [ ) [+ (B 1gr|a) [, (4)

where g1, gr are operators acting on the first and the last
spin respectively, given by

gL = g(iL) ® r=1%""1®g(ir), (5)
NGOD) :j(ﬁ(g—9,<p+7r) —iﬁ(g,w—f—g)) G,
(6)

where 6, ¢ are spherical coordinates of a unit vector. The
final state, the NESS, in the Zeno limit has the form

ON_
INI’

PRESs = pL ® (Z Po | a)(a |> ® PR, (7)

where P, is the time-independent solution of (3), and | &)
are eigenstates of hp (1).

Phantom Bethe states. — Phantom Bethe states are
eigenstates of the Hamiltonian (1) that have exceptional
chirality and correspond to special manifolds of the bound-
ary fields in (1) JiiL (0L, ¢1), Jir(Or, ¢r), with 0, ¢ given
by [15,16]

eL = HRa

or—prL =(N+1-2M;)y, (8)
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where M, = 0,1,...N + 1 (see footnote ') and =
parametrizing the X X Z model anisotropy A

A = cosH. 9)

The substitution My — M_ = N +1 — My in (8) leads
to the physical setup with the opposite boundary gradi-
ent, op — pr, — —(vr — L), and consequently flips the
steady current j* — —j*. The respective NESSs are re-
lated via the left-right reflection ¢, <> ¢ and subsequent
rotation in the XY plane, see the SM. Using this property
we restrict the M range to the My =0,1,..., [%]
For fixed M = M in this range all eigenstates | ) of
hp (1) which determine Zeno NESS (7) split into two chi-
ral families, {| ay)}, {| @—)} characterized by the so-called
phantom Bethe roots [15]. All eigenstates from each fam-
ily share common chiral properties [16]. Introducing the
function b(n,m) = > ;- (]]X), the number of eigenstates
dy,d_ in {| a4)}, {| a-)} is given by dy = b(0, My).
In addition, in our case (8) a smaller invariant subfam-
ily {| a$)>} € {|] a4)} exists (see the SM), yielding

further splitting {| ay)} = {| ag_l)}} ® {| af)>} where
1 2
dP =b(M —1,M) = (N1, dP = b(0, M — 2).

According to the above, the reduced density matrix R
in (2) on “phantom” manifolds (8) splits as
Be)

2 dy
K k k
LhDIDD B (1) | o) (|

=140 2

+ X:P_(T)|oz_><a_|.

The sum (10) contains projectors on states with op-
posite chiralities and is generically approximately neutral.
The time evolution obeys the effective Markov process (3),
i.e., depends on rates wgs exclusively. Analyzing the rates
(see the SM) we find a remarkable property: all the rates

_}a(f) =0 (11)

o remain finite. Thus, the sub-

(10)

vanish, while generic w PR

family {| o >} becomes an adsorblng basin of the Markov
process (3) [27] resulting in depopulation of all other states
with time, and leading to the NESS of the form

(%)
Z P (1) |a

(1),

1
PNEEE™(M) = pr ® <+ || ®pg.

(12)

IPhantom Bethe roots criterium for open X X Z spin chain with
boundary fields is given by eq. (17) of [16]. For our special case
hp (1) we set oy = @ = —5 = ~iy, By + B =0, 0_ = i(r — pr),
0+ =i(r—pRr), 1/ cosh(B-) = sinfy, tanh(8_) = — cos 0L, leading
to eq. (8), with M = 0,...,N — 1. Another choice of parameters
ar = a- =n =1y, B+ +B- =0, 0 = —ipL, 0+ = —ipR,
1/cosh(B—) = sinfr, tanh(B-) = cosf leads to the same hp.
Inserting it into eq. (17) of [16] leads to the same eq. (8) with M —
M +2, thus enlarging the M range in (8) to values M =0, ..., N+1.

Ny

0.6

-6

NN

Fig. 2: Top panel: steady magnetization current j* vs. bound-
ary misfits of azimuthal angle ® = pr — @1 and polar an-
gle Or — O, in Zeno limit, for N = 5,A = 0.6,0r, = 7/2,
and ¢, = 0. The targeted spin polarizations are 7y =
(1,0,0),7r = (sinfr cos @, sin O sin P, cos Or). Bottom panel:
cut of the j* surface at Or — 0, = 0, for different dissipation
strengths T" = 20,100, 1000 (more spiky functions correspond
to increasing I'. Vertical black and red dotted lines indicate
the misfit angles ® = +(N + 1 — 2M)~.

All eigenstates | a$)> in (12) are phantom Bethe eigen-
states [15] of the same chirality and the chirality gets more
pronounced for small M. For M = 0, the sum in (12) con-
tains just one term, a projector on the spin-helix state

(SHS) (13),

3

k=1

Usns(y) = (13)

O
cos =3
%L eiky+ier |’
visualized in fig. 1, characterized by a large current of
magnetization

Y

JjSHS = <2(07€0n+1 — U%O’i_i_l»s]{s = 2sin? 0, sin~y.

(14)

A possibility to target spin-helix state (13) dissipatively
was also noted in previous studies [14,28,29].

For M > 0 the ideal helix (13) gets blurred but the
NESS (12) remains chiral. For M = 1 the current of mag-
netization (o [5%| o) averaged over states | ay) is of the
order (j*(M)) = jsus(1 —2/N), while for arbitrary M <
N/2, estimates yield (j*(M)) ~ jsus(1 —2M/N) [16].

From the above result we predict the existence of chiral
Zeno NESS with unusually high magnetization current at
phantom Bethe manifolds (8).
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Fig. 3: Steady magnetization current j* (blue curve) vs. XY
plane misfit angle ® = pr — ¢ (bottom horizontal axis) in
the Zeno limit I' — oo, computed using the method in [31,32].
Parameters are: N =25, A = 0.6,0 = /2. ® coordinates of
black/red dots correspond to angles ®.(M) = ¢r — ¢ with
M =0,1,...,N+1in (7). The dashed blue line shows j. vs.
® for a chain with an additional boundary misfit 7/6 in the
polar angle: 7y, = (1,0,0), g = (@ cos ®, @ sin®, 1). The
empty black and red circles referring to the top horizontal axis
permit to identify the values of M associated to each j* peak,
as indicated by the purple dashed lines with arrows (find the
corresponding open circle of equal amplitude and read the M

value on the top horizontal axis).

Numerical results. — To check our predictions we
study NESS magnetization current for fixed anisotropy
A and varying boundary gradient, for systems of size
4 < N < 30. We use exact numerical diagonalization
for small chains [30] and Matrix product ansatz for NESS
in the Zeno limit [31,32] for large chains. Already for
N =5 we find all j* peak positions at predicted points (8)
and their vicinity, see fig. 2. Namely, all points (8) with
My = 0,1,2 correspond to peaks of various amplitudes
(j# = 0 for My = (N +1)/2 = 3, since they correspond
to zero misfit angle ® = £(N +1—2M )y = 0 and hence
to absence of the boundary gradient 7, = 7ig).

For larger chains (fig. 3) the agreement and the phe-
nomenon becomes striking: most j* peaks appear as
sharp resonances centered at phantom Bethe states man-
ifolds (8), on top of a background with j* = O(1/N).
Notice that the empty black and red circles in fig. 3 show
the dependence of the j*# peaks on M (top horizontal axis).

The role of the parameter M determining the NESS
rank in (12) via r(M) = (NA‘/[H) deserves special discus-
sion. The highest and sharpest of all j* peaks always
corresponds to M1 = 0, see figs. 2, 3, i.e., to pure Zeno
NESS, with the magnetization winding in a perfect he-
lix around the z-axis, see (13) and fig. 4. For M > 0,
perfect chirality is lost: the basis of “phantom” manifold
for M = 1 consists of 2 disjointed helix pieces separated
by a kink at some position n; phantom Bethe states are

Fig. 4: Top and middle panels: PBS of the XXZ open chain
with N = 25 and for cases M = 0 (top panel) and M = 1
(middle panel) in eq. (8). The z-axis is directed along the chain
while the left big arrow points in the positive z-direction. Bot-
tom panel: variation of the averaged spin (helix radius) along
the chain for M = 0,1, ...,12 (curves from top to bottom, re-
spectively). The dotted curve at the bottom, depicted for com-
parison, refers to a generic NESS out of the phantom manifold.
All parameters are fixed as in fig. 3.

linear combinations of basis states for all possible kink po-
sitions [16]. The resulting NESS magnetization profile is
a distorted helix with variable radius, see middle panel of
fig. 4. Basis states for arbitrary M contain M kinks [16],
introducing more helix imperfections. For large M NESS
becomes a mixture of exponentially large number of states.
E.g., the peak with M = 8 in fig. 3 has (286) > 1.5%10° con-
tributing states, about 5% of full Hilbert space containing
225 states. Nevertheless, due to the similar chiral proper-
ties of all contributing components, the respective NESS is
chiral.

In fig. 4 we show typical PBS profiles of the XXZ chain
with N = 25, for different M values. We see that for
each M there is a specific variation of the helix radius
(curves in the bottom panel) for the corresponding PBS.
Notice that as M increases the PBS curves accumulate
toward a limiting curve which is well above the curve cor-
responding to a generic NESS out of the phantom man-
ifold (bottom line with dots). Thus, quite interestingly,
the magnetization profile for all “phantom” manifolds
0 < M < N/2is qualitatively different from that of typical
(non-chiral) NESS. This fact also well correlates with the
large j* current observed for PBS with respect to generic
NESS.

It is also worth noting that, due to larger number of
contributing states, peaks with larger M are less sharp and
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have smaller amplitude, but, on the other side, the NESS
gets more stable with respect to perturbations (boundary
misfits, lowering dissipation, etc.). This effect can be seen
by comparing the behavior of peaks at increasing 0 — 6},
misfit (upper panel of fig. 2) and for different I" values (the
bottom panel).

In particular, as I' decreases, the near Zeno limit de-
scription of an effectively coherent evolution (2) becomes
invalid, and the peaks gradually smear out, the sharper
peaks first. In contrast, for parameters chosen away
from “phantom” manifolds, variations of I' do not lead to
any drastic effects (data not shown), especially for large
enough N. The reason is, beyond a certain characteristic
value I' > T, (V) = O(1/N), the effective quantum Zeno
regime sets in.

Conclusion. — We demonstrated that the spikes of the
steady magnetization current in open X XZ spin chains
with dissipatively created boundary gradient are due to
the existence of special manifolds (8) where phantom
Bethe roots solutions of the Bethe Ansatz equations ex-
ist. The mechanism by which the PBS can be physically
accessed was identified to be the strong dissipation which
drives the system towards a chiral invariant subspace. The
gradual depopulation of the non-chiral states resembles
the depopulation of highly energetic states in a quantum
system coupled to a cold thermal bath. The amplitude of
dissipation plays the role of inverse temperature and a chi-
ral subset of states plays the role of a subset of low-energy
states close to the ground state of the system. We showed
that, by varying the system size, the bulk anisotropy and
the boundary dissipative driving, one can manipulate a
number of peaks of the magnetization current, the dis-
tance between the peaks in the parameter space, and their
magnitudes. All the resulting stationary states are easily
distinguishable by the value of the carried spin current,
and by their non-trivial topology [33].

We expect the dissipative cooling approach considered
in this paper to be effective also for other open quantum
many body systems that are integrable via the off-diagonal
Bethe ansatz method.
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