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ABSTRACT
Many quantum algorithms operate on classical data, by first encoding classical data into the quantum domain using quantum
data encoding circuits. To be effective for large data sets, encoding circuits that operate on large data sets are required. However,
as the size of the data sets increases, the encoding circuits quickly become large, complex and error prone. Errors in the
encoding circuit will provide incorrect inputs to quantum algorithms, making them ineffective. To address this problem, a
formal method is proposed for verification of encoding circuits. The key idea to address scalability is the use of abstractions that
reduce the verification problem to bit‐vector space. The major outcome of this work is that using this approach, the authors have
been able to verify encoding circuits with up to 8191 qubits with very low memory (85 MB) and time (0.29s), demonstrating that
the proposed approach can easily be employed to verify even much larger encoding circuits. The results are very significant
because, traditional verification approaches that rely on modelling quantum circuits in Hilbert space have only demonstrated
verification scalability up to 250 qubits. Also, this is the first approach to tackle the verification of quantum encoding circuits.

1 | Introduction

Classical‐quantum hybrid computing is pervasive and is able to
tackle hard problems in various fields. Chemical and pharma-
ceutical industry, finance, satellite communication, physics,
cyber‐security, logistics optimisation, database search, and ma-
chine learning [1, 2] are only a few areas to quote where
quantum computing and algorithms have proven their worth
working in a hybrid mode with classical computing. Niche
technology domains such as wireless network optimisation [3],
large language model processing [4], computer graphics [5],
semiconductor defect detection [6], and image processing also
benefit extensively from quantum computing and algorithms.
Quantum computing continues to enhance technological capa-
bilities by solving real‐world challenges through integration
with classical computing systems. Quantum support vector

machines (QVSM) show superior efficiency compared to tradi-
tional machine learning methods in medical field for predicting
conditions such as breast cancer [7], and thyroid anomalies [8].
Data security, quantum communication, simulation, product
development [9], internet of things [10], quantum internet and
6G [11], and software defined networks [12] are a few critical
scenarios, where quantum computing techniques and algo-
rithms are showing potential in hybrid mode with classical data
being transformed into quantum domain for computational
advantage. Verification of the encoded data to ensure the cor-
rectness of computation is thus vital in real‐life scenarios and is
often overlooked aspect, which is the core motivation of this
work.

Cortese and Braje [13] have patented a technique that efficiently
encodes classical data into entangled quantum basis states. This
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method is notably versatile, capable of encoding 2n classical bits
into n + 1 qubits. However, the complexity of the circuit is
exponential in n. Given that the accuracy of computation results
is contingent upon the correctness of the input data, it is
essential to verify the data encoding circuit utilised.

Verifying quantum circuits poses significant challenges, as these
circuits operate within Hilbert space (a complex vector space),
which is the framework used to model qubit states. Super-
imposed qubit states pose another challenge in verifying quan-
tum circuits. Formal verification utilises mathematical
reasoning and proofs to validate designs against their specifi-
cations. This approach is particularly effective in identifying
hard‐to‐detect corner case bugs and can provide a high degree of
assurance regarding the correctness of the design [14]. Formal
verification can reduce the quantum circuit verification problem
from Hilbert space to bit‐vector space by using abstractions. This
enables scalability even when encoding circuits become large as
the input data set increases. Domain‐ and problem‐specific
verification approaches have been extensively explored to ach-
ieve scalability in quantum circuit verification. Govindankutty
et al. [15] present a scalable, domain‐specific method for veri-
fying the quantum Fourier transform. Sitou Campbell and Sri-
nivasan [16] describe a verification technique for cyclic
quantum walks using a novel abstraction that decouples the
verification of the circuit's functionality from the verification of
its superposition behaviour (we call superposition abstraction).
In this paper, we extend the concept of superposition abstrac-
tion with new abstractions and methodologies to tackle the
challenge of verifying circuits used for encoding classical data
into quantum states, which we refer to as quantum encoding
circuits.

Contributions: Our major contributions are summarised
below:

1. Application of superposition abstraction to decouple su-
perposition behaviour of quantum data encoding circuits.

2. Quantum gate abstractions and methodology to reduce
quantum data encoding circuit verification from Hilbert‐
space to bit‐vector space.

3. Correctness properties for the quantum data encoding
circuit.

The remainder of the paper is organised as follows: Section 2
explores existing formal verification techniques for quantum
algorithms and circuits. Section 3 presents the background on
quantum encoding circuits and motivation for this work. Sec-
tion 4 outlines the key abstractions and property definitions
used in our approach. Section 5 details the working principles
and correctness of the abstractions. Section 6 reports the
experimental verification results. Finally, Section 7 concludes
the paper.

2 | Related Works

Formal verification of quantum algorithms and circuits is an
active area of research, with approaches focusing on ensuring
algorithm correctness. In this section, we review related works

and highlight the differences with our approach. Although
previous methods primarily concentrate on verifying algo-
rithms, none directly address the critical problem of quantum
data encoding. To the best of our knowledge, our work is the
first to tackle this challenge, ensuring that classical data is
correctly encoded into quantum states. This is a crucial step for
reliable quantum computation, as the accuracy of quantum
algorithms depends on the fidelity of the initial data encoding
process. By focusing on this often‐overlooked aspect of quan-
tum circuit verification, our approach fills a key gap in the
field. Another notable characteristic of our approach is
reducing the verification problem from Hilbert space to bit‐
vector space, significantly enhancing scalability. This trans-
formation enables the application of the method to large‐scale
quantum systems.

Algorithm‐specific verification methods have been explored to
increase efficiency and scalability of verification. Govindankutty
et al. [15] use the idea of abstracting the rotational impact of
quantum gates to verify circuits that implement the Quantum
Fourier transform (QFT). The method is specific to QFT. Sitou
Campbell and Srinivasan [16] introduced the idea of super-
position abstraction to verify quantum walk circuits. Ours is a
continuation in this line of work. We extend the superposition
abstraction approach further and apply it to the verification of
quantum encoding circuits.

Amy [17, 18] proposes a verification method utilising reduction
techniques and rewrite rules, where quantum gates are
modelled using complex path‐sum models. The Haskell theo-
rem prover is employed to perform reductions, and the rewrite
rules simplify the circuit into a normal form, which is then
verified. However, the method relies on dyadic arithmetic,
which leads to integer overflow for larger quantum circuits with
the proposed implementation. The largest circuit verified using
this approach contains 96 qubits, whereas our method suc-
cessfully verifies circuits with up to 8191 input qubits.

Gay et al. [19] proposed a property‐checking method for quan-
tum cryptography systems. This approach allows for the
modelling and verification of quantum security protocols
expressible in the quantum stabiliser formalism [20]. The
properties of the protocol are expressed using Quantum
Computational Tree Logic (QCTL) [21]. They demonstrate the
verification of a protocol with single qubit transfer (quantum
coin tossing). Neither scalability, nor verification of quantum
encoding is demonstrated. Similarly, Seiter et al. [22] also pro-
pose a property‐checking method utilising quantum multiple‐
valued decision diagrams. They demonstrate verifying Grover's
search circuit with a maximum of 10 qubits. Both of these
methods rely on the temporal evolution of quantum systems,
requiring the evaluation of all possible quantum states and
outcomes. This approach significantly limits scalability and
execution time efficiency compared to our method as we ab-
stract the verification problem to bit‐vector space.

Equivalence checking methods for quantum circuit verification
are proposed by Burgholzer and Wille [23] and Yamashita and
Markov [24]. Equivalence checking is applicable in the context
where a design already exists that is known to be verified/
trusted. Optimisations/refinements of the design can then be
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checked against the original. The encoding circuits we consider
are designed from scratch and therefore equivalence checking is
not appropriate here. A second issue is that, when the problem
is not reducible to binary states, they rely on a hybrid approach,
solving the problem in Hilbert space [25]. Our approach does
not need a reference model, and we reduce the problem
completely to binary space using abstractions. Therefore, our
approach can handle circuits with a large amount of qubits
compared to the maximum of 35 and 128 qubits in the above
works.

Hong et al. [26] propose an approximate equivalence checking
method, which focuses on analysing the impact of noise in
quantum circuits, aiming to improve functional accuracy in the
Noisy Intermediate‐Scale Quantum (NISQ) era. By employing
tensor network contraction, they compute the distance between
the output states of the ideal circuit and its noisy counterpart,
followed by calculating Jamiolkowski fidelity (average‐case er-
ror measure). If the fidelity exceeds a predetermined threshold,
the circuits are considered equivalent. This approach, while
effective in evaluating quantum circuits under noisy conditions,
does not address the correctness of the algorithm's imple-
mentation. Additionally, the largest circuit considered in their
method contains only 16 qubits, significantly smaller than the
circuits verified in our approach.

Beillahi et al. [27] and Mahmoud et al. [28] propose theorem
proving approaches using higher‐order logic (HOL). They
formalise specific quantum gates such as controlled‐phase (CZ)
and controlled‐not (C‐NOT) by modelling optical gate primi-
tives. Their work verifies specific individual quantum gates and
Shor's algorithm for factorising integer 15 which has only 4
input qubits. Scalability of the method is not established. Liu
et al. [29] formalise Quantum Hoare Logic using the Isabelle‐
HOL prover. They use the framework to prove the correctness
of the Grover's search algorithm. Their proof needed 5 months
of manual effort. In contrast, our approach is fully automatic.
They have also not demonstrated the use of their framework for
the verification of encoding circuits.

To the best of our knowledge, this is the first work to address the
verification of quantum data encoding as previous methods
focus on verifying algorithms. Table 1 highlights a comparison
between our method and existing methodologies, showcasing
the highest number of qubits benchmarked successfully. This
elucidates the superior scalability of our approach.

3 | Background

Quantum computers are physical machines that employ and
utilise the laws of quantum mechanics for computation and
solving problems. Quantum circuit model is one of the widely
used computation models in quantum information processing
[30] and we also use the same in this work. A detailed description
of quantum circuit model can be found in refs. [31–33].

3.1 | Quantum Encoding

Quantum encoding is the technique for converting classical data
bits into qubits using a set of basis vectors, so that quantum
algorithms can be effectively applied for computations. Several
methods have been proposed to achieve this purpose, including
basis encoding, amplitude encoding, and angle encoding [34].
Rath and Date [35] provide a comparison of various data
encoding schemes for machine learning applications. One of
their significant conclusions is that the use of Basis encoding is
most often superior to classical encoding of data. Liu et al. [36]
have shown that reducing the number of qubits and the depth of
the quantum encoding circuit significantly improves the per-
formance of quantum algorithms. Cortese and Braje [13] pro-
vide a state‐of‐the‐art patented encoding method, which does
logarithmic compression of qubits at the output, significantly
reducing the number of qubits for processing. However, this
logarithmic compression comes at the cost of circuit complexity
and vulnerability to errors. Therefore, verification methods that
can guarantee encoding correctness can enable the use of this
method and significantly improve the performance of a large
class of quantum algorithms.

The quantum encoding circuit consists of Hadamard gates (H‐
gates) and controlled‐swap gates (C‐Swap gates) Figure 1. The
H‐gate introduces equal superposition of states to the qubit and
is defined below [31]:

H =
1
̅̅̅
2

√ [
1 1
1 −1 ]

The C‐Swap gate takes two data qubits and one control qubit as
input. The data qubits are swapped if the control qubit is in state
|1〉. Otherwise, the input qubits are not swapped. The C‐swap
gate is defined below [31]:

TABLE 1 | Benchmark comparison.

Related work Benchmark program verified Qubits handled successfully
Amy [17] GF (232)‐Mult 96

Gay et al. [19] Quantum coin flipping —

Seiter et al. [22] Grover10 10

Burgholzer and Wille [23] c2_182 of RevLib benchmark 35

Yamashita and Markov [24] Modular multiplication 258

Hong et al. [26] bv16 16

Beillahi et al. [27] Shor 4

This work Quantum data encoding 8191
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C‐Swap =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

The circuit encodes p = 2n classical bits to a superposition of one
data qubit and n control qubits. The circuit for quantum encoding
of 4 classical bits is shown in Figure 2a. Here, |bi〉 represents the
classical bit value in quantum state. That is, if classical bit has
value 0, then |bi〉 = |0〉 and if the value is 1, then |bi〉 = |1〉. The
circuit uses 4 data qubitsQD

3 ,Q
D
2 ,Q

D
1 andQD

0 , which aremapped to
classical bits b3, b2, b1 and b0, respectively. The circuit has 3 con-
trol qubits QC

2 ,Q
C
1 and QC

0 . “H″ represents the H‐gate. “.” repre-
sents the connection of the control qubit line of the C‐Swap gate
and “x” represents the corresponding qubit connections that will
be swapped. Initially, in the first stage of the circuit, an H‐gate is
applied to each of the control qubits, bringing them into an equal
superposition of the basis states. These qubits are then used as
control inputs to the C‐Swap gates in the second stage, where
consecutive data bits are swapped based on the value of the cor-
responding control qubit. Specifically, b0 and b1 are swapped
based on the value of QC

1 , b2 and b3 based on QC
2 . This controlled

swap process continues through subsequent stages.

At the output, one control qubit and three data qubits are dis-
carded. The output state |QCout

0 QCout
1 QDout

0 〉 is represented by the
mathematical equation given below:

|QCout
0 QCout

1 QDout
0 〉 = |00〉 ⊗ |b0〉 + |01〉 ⊗ |b1〉

+ |10〉 ⊗ |b2〉 + |11〉 ⊗ |b3〉
(1)

In the above Equation, ⊗ denotes the tensor product. The cir-
cuit is synthesising the function of a p to 1 multiplexer. All the
classical data bits are encoded into QDout

0 in a superposition. The
control qubits QCout

0 and QCout
1 act as the multiplexer selectors. To

elaborate, when |QCout
0 QCout

1 〉 = |00〉, then |QDout
0 〉 = |b0〉. When

|QCout
0 QCout

1 〉 = |01〉, then |QDout
0 〉 = |b1〉 and so on.

A general p‐qubit quantum encoding circuit for this technique
will have p data qubits and p − 1 control qubits. At the output,
all the data will be encoded using one data qubit and n control
qubits |QCout

0 QCout
1 …QCout

n − 1Q
Dout
0 〉. The output equation is given

below:

FIGURE 1 | (a) Hadamard gate (b) Controlled‐Swap (C‐Swap) gate.

FIGURE 2 | (a) 4‐bit to 3‐qubit quantum encoding circuit. [13].
(b) An 8‐bit to 4‐qubit quantum encoding circuit.
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|QCout
0 QCout

1 …QCout
n−1Q

Dout
0 〉 = |00…0〉n ⊗ |b0〉

+ |00…01〉n ⊗ |b1〉 + |00…10〉n ⊗ |b2〉 +⋯
+ |11…11〉n ⊗ |bp−1〉

(2)

Larger circuits are obtained by replicating the “4‐bit to 3‐qubit”
circuit with additional control qubits. For example, the “8‐bit to
4‐qubit” circuit (shown in Figure 2b) will have two copies of the
“4‐bit to 3‐qubit” circuit and an additional control qubit. The
“16‐bit to 5‐qubit” circuit will have two copies of the “8‐bit to 4‐
qubit” circuit with an additional control qubit and so on.

4 | Verification Methodology

This section details the proposed abstractions and properties
used to verify quantum encoding circuits.

4.1 | Abstractions

A qubit state is represented as follows:

|q〉 = α|0〉 + β|1〉,

where α and β are complex numbers, and |0〉 and |1〉 are the
computational basis states.

Quantum gates act linearly on their inputs. This means that the
action of a gate on a qubit state is determined by how it acts on
the computational basis states |0〉 and |1〉. In other words, if we
know how a gate acts on a basis state, we can use the linearity of
quantum mechanics to determine how it acts on any super-
position of states.

Therefore, to fully characterise a gate, it is sufficient to specify
its behaviour on all possible computational basis inputs.
Computational basis states are those of the form |qAqBqC〉,
where each qA, qB, and qC takes one of the values |0〉 or |1〉 for
eample, consider the C‐Swap gate, which operates on three
qubits with inputs qA, qB, and qC. The C‐Swap gate swaps the
states of qubits qB and qC if qA is in the state |1〉, and leaves them
unchanged if qA is in the state |0〉. The computational basis
states are given explicitly in Table 2.

Note that it is sufficient to specify the behaviour of the gate on
only the possible combinations of computational basis states
(i.e., the qubit states where either α = 0 and β = 1, or α = 1
and β = 0) of the inputs.

The behaviour of the gate on noncomputational basis states (or
superposition of computational basis states), that is, states where
both α and β are nonzero, does not need to be explicitly specified.

For example, consider a state such that α =
̅̅
3

√

2 and β = 1
2. This is

a superposition state where neither of the coefficients α or β is
zero, and the state is not a simple computational basis state such
as |0〉 or |1〉, but a linear combination of both.

In quantum computing, due to the linear nature of quantum
gates, the action of a gate on such a superposition state can be
determined by applying the gate to the individual basis states |0〉
and |1〉 and then using the linearity property of the gate to
extend the result to the full state. Specifically, for a qubit state
|q〉 = α|0〉 + β|1〉, the gate will act on the basis states |0〉 and
|1〉, and the overall effect on the superposition state can be
written as follows:

G(|q〉) = αG(|0〉) + βG(|1〉),

where G denotes the quantum gate.

Thus, the behaviour of the gate on superposition states, such as

the one with α =
̅̅
3

√

2 and β = 1
2, can be inferred without needing

to explicitly specify the gate's action on these states. The key
point is that the gate's action on the superposition state follows
from the gate's action on the computational basis states |0〉
and |1〉.

Now, we extend this key idea to quantum circuits. Since
quantum circuits are composed of quantum gates, the overall
behaviour of a quantum circuit is also linear. This follows from
the fact that quantum gates themselves are linear operators, and
the composition of linear operators is also linear. In other
words, if a quantum gate G acts linearly on the qubit state
|q〉 = α|0〉 + β|1〉, then for a sequence of gates, the final state of
the system can be obtained by applying the gates in sequence,
preserving the linearity of the transformation. Specifically, if the
circuit consists of a sequence of quantum gates G1,G2,…,Gn,
then the overall operation of the circuit is the result of the
composition of these gates, and the effect on any input state is
determined by the combined action of all the gates.

As a result, understanding the circuit's action on all possible
computational basis inputs is sufficient to fully characterise its
behaviour. This is because, as discussed earlier, any quantum
state can be expressed as a linear combination of the compu-
tational basis states |0〉 and |1〉, and the circuit's action on these
basis states determines the action on any superposition of them.
Thus, the behaviour of the entire quantum circuit can be
deduced by examining its effect on the computational basis
states |0〉 and |1〉.

We leverage this property for circuit verification. Since the
overall behaviour of a quantum circuit is determined by its ac-
tion on the computational basis states, verifying the behaviour

TABLE 2 | C‐Swap gate with abstract qubits.

qA qB qC
|0〉 |0〉 |0〉

|0〉 |0〉 |1〉

|0〉 |1〉 |0〉

|0〉 |1〉 |1〉

|1〉 |0〉 |0〉

|1〉 |0〉 |1〉

|1〉 |1〉 |0〉

|1〉 |1〉 |1〉

5 of 11
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of the circuit on these basis states provides a complete method
for checking the correctness of the circuit's operation. Thus, by
verifying the circuit on all possible computational basis inputs,
we can ensure that the quantum circuit performs the desired
operations and computations are correct for the superposition
states as well. The abstraction of a qubit is described next.

Definition 1. (Abstract Qubit) [16] Superposition abstraction
Q of a qubit is a bit‐vector tuple (s, q), where s is a 2‐bit bit‐
vector that represents the superposition status of the qubit and q
represents the qubit computational basis state.

The value of q represents the state of a qubit, which can be
either |0〉 or |1〉, and are abstracted to the classical bit values 0b0
and 0b1, respectively. Specifically, q = |0〉 is abstracted to the
classical state 0b0, while q = |1〉 is abstracted to classical state
0b1. These classical bit values signify that the qubit is in a
definite state, either 0 or 1, without any quantum superposition.
In quantum computing, however, qubits can also exist in a su-
perposition, which is a linear combination of the computational
basis states |0〉 and |1〉, and is described by the bit‐vector s. The
bit‐vector s encodes not only the possibility of the qubit being in
a classical state but also captures the quantum superposition.

The bit‐vector s can take values that indicate whether the qubit
is in a definite classical state or a superposition. Specifically, the
values 0b00 and 0b10 indicate that the qubit is in a definite state.
On the other hand, the values 0b01 and 0b11 represent super-
positions of the computational basis states, meaning the qubit is
not in a definite state but is instead in a probabilistic combi-
nation of |0〉 and |1〉. We will consider individual gates and their
effect on qubit states next.

The C‐Swap gates are used to implement the functionality of the
quantum encoding circuit by performing a conditional swap
operation between two qubits, typically based on the state of a
control qubit. However, since C‐Swap gates do not alter the
quantum superposition of the qubits, they do not update the bit‐
vector s, which encodes the superposition information.

In contrast, the H‐gates (Hadamard gates) are primarily
responsible for inducing superposition in the quantum circuit.
An H‐gate applied to a qubit transforms its state from a definite
state |0〉 or |1〉 into a superposition of these states. Therefore, in
our abstraction, we model H‐gates as operations that modify the
s values, representing the superposition state, while leaving the
q values, representing the classical state, unchanged. This
abstraction allows us to separate the effects of quantum gates
that induce superposition (such as the H‐gate) from those that
operate on classical states (such as the C‐Swap gate). The
abstraction of the H‐gate is detailed next, where we will describe
how it affects the superposition state and the underlying
computational basis.

Definition 2. (Abstract H Gate) [16] Superposition abstrac-
tion of the H‐gate is as follows. If s = 0b00 then return (0b01, q),
else if s = 0b01 then return (0b10, q), else if s = 0b10 then return
(0b11, q), else if s = 0b11 then return (0b10, q).

The abstract H‐gate takes the abstracted qubit (s, q) as input. If
the input qubit is in superposition, the H‐gate transitions the

qubit to a nonsuperposition state. If the input qubit is not in
superposition, the H‐gate places the qubit in superposition. The
abstraction also keeps track of the number of H‐gates that have
been applied to the qubit. State 0b00 indicates the qubit is not in
superposition and no H‐gates have been applied. State 0b10
indicates the qubit is not in superposition and two or more H‐
gates have been applied. State 0b01 indicates the qubit is in
superposition and one H‐gate has been applied. State 0b11 in-
dicates the qubit is in superposition and three or more H‐gates
have been applied. This count of H‐gates is sufficient for veri-
fication, as no qubit in the circuit has more than one H‐gate
applied. The different superposition states are exploited in the
correctness properties detailed in Section 4.2. Abstract C‐swap
gate is defined next.

Definition 3. (Abstract C‐Swap Gate) Superposition abstrac-
tion of the C‐Swap gate takes two abstract qubit data inputs
Qi
1(si1, qi

1) and Qi
2(si2, qi

2), one abstract control qubit QC(sC, qC),
and has two abstract qubits as output Qo

1(so1, qo
1) and Qo

2(so2, qo
2). If

qC = 0b1, then Qo
1 = Qi

2 and Qo
2 = Qi

1. Else if qC = 0b0, then
Qo
1 = Qi

1 and Qo
2 = Qi

2.

The abstract C‐Swap gate swaps the data inputs if the control
qubit is in state |1〉 (indicated by qC = 0b1). Otherwise, the
inputs are not swapped. Note that the control qubit state is
unchanged. The superposition states of the input qubits are
unchanged by the abstract C‐Swap gate.

The abstract encoding circuit is obtained by replacing the H‐
gates and C‐Swap gates with their abstracted versions in the
original encoding circuit. Superposition abstraction, abstract
quantum gates and quantum encoding abstraction function
(QEAbs()) is elucidated in Figure 3.

4.2 | Properties

We now provide the correctness properties required to ensure
the correctness of a quantum encoding circuit that encodes p
binary data bits, where p is a power of 2 (p = 2n). The cor-
rectness properties are defined for the abstract circuit. In

FIGURE 3 | (a) Qubit abstraction showing the abstract qubit tuple Q
(s,q). (b) Abstract H‐gate with abstract qubit at input and output.
(c) Abstract C‐Swap gate with abstract data and control qubits.
(d) Quantum Encoding abstraction function with abstract qubits (p
data inputs and p‐1 control inputs and nþ1 outputs).
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Section 5, we show that if the abstract circuit satisfies the cor-
rectness properties, then the original circuit is guaranteed to be
correct.

Let the function QEAbs() denote the abstract version of the
encoding circuit. The abstract circuit will have p data qubits QDin

0

(sDin
0 , qDin

0 ), …, QDin
p − 1 (s

Din
p − 1, qDin

p − 1) and p − 1 control qubits QCin
0

(sCin
0 , q

Cin
0 ), …, Q

Cin
p − 2 (s

Cin
p − 2, q

Cin
p − 2) at the input. The abstract circuit

will reduce p data bits to n + 1 qubits at the output, that is, QCout
0

(sCout
0 , qCout

0 ), …, QCout
n − 1 (s

Cout
n − 1, qCout

n − 1) and QDout
0 (sDout

0 , qDout
0 ) at the

output. The first correctness property is defined below.

Property 1. (Encoding Functional Correctness) 〈 ∀ qDin
p − 1, …,

qDin
0 , q

Cin
p − 2, …, q

Cin
0 ∈ {0b0, 0b1}, sDin

p − 1, …, s
Din
0 , s

Cin
p − 2, …, s

Cin
0 = 0b00,

{(QDout
0 , QCout

n − 1, …, QCout
0 ) = QEAbs (QDin

p − 1, …, QDin
0 , QCin

p − 2, …, QCin
0 )

∧ x = qCout
0 .qCout

1 ….qCout
n − 2.q

Cout
n − 1} → qDout

0 = qDin
x 〉

In the above, the symbol ⋅ denotes bit‐vector concatenation. The
notation qCin

p − 2,…, q
Cin
0 represents the computational basis states

of the p − 1 control qubits at the input of the circuit. Similarly,
the notation qDin

p − 1,…, q
Din
0 refers to the computational basis states

of the p data qubits at the input.

At the output, qDout
0 represents the computational basis state of

the 0th data qubit. This qubit is where all the data inputs are
encoded and ultimately outputted after the circuit performs its
operations. The states of the control qubits at the output are
denoted as qCout

0 ,…, qCout
n − 1, where these n control qubits are used

for selection. These selection qubits determine which of the
possible inputs will be selected based on the values of the
control qubits at the output.

In Property 1, the value of x is obtained by concatenating the
values of the selection control qubits at the output of the circuit.
This concatenation process forms a bit‐vector that encodes the
outcome of the selection, which can be used to determine which
data input to choose at the output based on the control qubits'
states. Overall, the property is obtained by lifting Equation (2) to
the abstract circuit and essentially captures the functional
behaviour of the circuit if H‐gates are not employed, which is
that the circuit synthesises the functionality of a p to 1
multiplexer.

For example, for the 4‐bit to 3‐qubit circuit shown in Figure 2a,
Property 1 will expand to:

If x = 3, then qDout
0 = qDin

3 , else if x = 2, then qDout
0 = qDin

2 , else if
x = 1, then qDout

0 = qDin
1 , else if x = 0, then qDout

0 = qDin
0 .

Property 2. (Superposition Correctness for Control Qubits) If
sCin
p − 2 = 0b00 ∧ sCin

p − 3 = 0b00 ∧ …∧ sCin
0 = 0b00, then the following

two constraints need to be satisfied:

a. sC1p − 2 = 0b01 ∧ sC1p − 3 = 0b01 ∧ …∧ sC10 = 0b01

b. sCout
p − 2 = 0b01 ∧ sCout

p − 3 = 0b01 ∧ …∧ sCout
0 = 0b01

The above property addresses the correct use of H‐gates for the
control qubits. sC1x is the superposition state of the xth control
qubit at stage 1, which corresponds to the state of the qubits
after which H‐gates have been applied. Constraint (a) states that
if the control qubits are not in superposition at the input, that is,
sCin
p − 2 = 0b00 ∧ sCin

p − 3 = 0b00 ∧ …∧ sCin
0 = 0b00, then at stage 1,

they should be in the superposition state of 0b01, the state ob-
tained after the application of one H‐gate, that is, sC1p − 2 = 0b01
∧ sC1p − 3 = 0b01 ∧ …∧ sC10 = 0b01. Constraint (b) states that all the
control qubits should remain in the superposition state 0b01 at
the output stage as well. Constraint (b) ensures that no H‐gates
have been applied to the control qubits after stage 1.

Property 3. (Superposition Correctness for Data Qubits) If
sDin
p − 1 = 0b00 ∧ sDin

p − 2 = 0b00 ∧ …∧ sDin
0 = 0b00, then sDout

p − 1 = 0b00
∧ sDout

p − 2 = 0b00 ∧ …∧ sDout
0 = 0b00.

The above property states that no H‐gates should be applied to
data qubits, that is, if the data qubits are in the superposition
state 0b00 at the input, they should remain in that state at the
output as well.

4.3 | Verification Process

The goal of this process is to verify the quantum encoding
program written in a quantum programming language, for
which we employ Qiskit [37]. The verification process as illus-
trated in Figure 4 is carried out through the following steps.

Step 1: Abstraction — The first step involves precoding the
abstractions of the quantum gates in the SMT (Sat-
isfiability Modulo Theory) language as functions.

Step 2: Translation — In the second step, the Qiskit pro-
gram is translated into SMT using the previously
precoded abstract gate functions.

Step 3: Instantiation — The third step is to instantiate
Properties 1–3, based on the size of the circuit being
verified (note that the properties are generically
defined for p = 2n classical bits) and encode these
properties in SMT.

Step 4: Verification — An SMT solver, such as z3, is then
used to check the SMT file. A correct circuit will not
produce a counterexample, while an erroneous cir-
cuit should produce one.

The resulting counterexample can then be used to trace the
source of the error in the Qiskit/quantum program that specifies
the circuit.

5 | Correctness

Equation (2) defines the specification of the quantum encoding
circuit. In this section, we provide a proof demonstrating that if

7 of 11

 26328925, 2025, 1, D
ow

nloaded from
 https://ietresearch.onlinelibrary.w

iley.com
/doi/10.1049/qtc2.70002, W

iley O
nline L

ibrary on [15/10/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



the abstracted circuit satisfies Properties 1, 2, and 3, then the
encoding circuit will be correct, meaning it will satisfy
Equation (2).

Lemma 1. If there is no H‐gate in stage 1 on any control qubit
line or more than one H‐gate on any control qubit line, property 2
will not be satisfied.

Proof. Property 2 verifies that if the superposition state of all
control qubit lines at the input is 0b00, then the superposition
state will transition to 0b01 at stage one and remain 0b01 at the
output stage. If, in stage 1, no Hadamard (H) gate is applied to a
control qubit line, its superposition state will remain 0b00, and
consequently, Property 2 will be violated. Furthermore, if more
than one H‐gate is applied to a control qubit line, the super-
position state of that qubit will transition to either 0b10 or 0b11
(as defined in Definition 2), which will also result in the
violation of Property 2. ▫

Lemma 2. If there are any H‐gates applied to any data qubit
line, property 3 will not be satisfied.

Proof. Property 3 checks that if the superposition state of all
data qubit lines at the input is 0b00, then their superposition
state will remain in 0b00 at the output stage. If there is one or
more H‐gates on a data qubit line, then the superposition state
of that qubit will transition to 0b01, 0b10 or 0b11 (see Definition
2) and therefore property 3 will be violated. ▫

Lemma 3. If the abstract encoding circuit without H‐gates sat-
isfies Property 1, the corresponding quantum encoding circuit
without H‐gates will satisfy Equation (2).

Proof. Without the H gates, the encoding circuit with only C‐
Swap gates synthesises the function of a p to 1 multiplexor
(MUX) (Equation 2) for computational basis inputs, that is,
when qCout

0 …qCout
n − 1 = |0…00〉, then qDout

0 = qDin
0 , when qCout

0

…qCout
n − 1 = |0…01〉, then qDout

0 = qDin
1 , and so on. Property 1 checks

that the circuit with only abstract C‐Swap gates synthesises the
function of a p to 1 multiplexer (MUX) for Boolean inputs. The
behaviour of the abstract C‐Swap gate is identical to the C‐Swap

gate when computational basis states |0〉 and |1〉 are abstracted
with Boolean values 0b0 and 0b1 (Definition 3). Therefore, if the
abstracted circuit satisfies Property 1, the encoding circuit will
synthesise the function of a p to 1 multiplexer (MUX) for
computational basis inputs, and will therefore satisfy
Equation (2). ▫

Theorem 1. If the abstract encoding circuit satisfies Properties
1, 2, and 3, then the quantum encoding circuit under test will
satisfy Equation (2).

Proof. The superposition behaviour of the circuit will be cor-
rect, that is, the placement of the H gates in the circuit will be
correct if Properties 2 and 3 are satisfied (Lemmas 1 and 2). If
Property 1 is satisfied, the circuit with only C‐Swap gates will
satisfy Equation (2) without superposition (Lemma 3). Since
only H‐gates induce superposition in the circuit, the encoding
circuit will satisfy Equation (2) if Properties 1, 2, and 3 are
satisfied by the abstracted circuit. ▫

6 | Results

In this section, we present the verification results. The bench-
marks for verification were generated by varying the number of
input qubits in the quantum encoding circuit, ranging from 7
qubits (representing 4 classical data bits) to 8191 qubits (rep-
resenting 4096 classical data bits). The verification experiments
were conducted on an Intel(R) Core(TM) i9‐12900K CPU @
3.2 GHz with 32 GB of RAM, running the Ubuntu 64‐bit oper-
ating system. Each verification experiment involved checking
whether a quantum encoding circuit satisfied the conjunction of
Properties 1–3. The properties were checked using the z3 SMT
solver, version 4.8.12 [38].

Table 3 summarises the verification outcomes for quantum
encoding circuits that are free of errors. The “Quantum
Encoding Circuit” column indicates the number of classical
input bits and the corresponding number of input qubits in the
circuit. All benchmarks without errors satisfied the conjunction
of Properties 1–3. The “Circuit With No Error” column details

FIGURE 4 | Verification process flow.

8 of 11 IET Quantum Communication, 2025
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the verification time (in seconds) and peak memory usage (in
megabytes) required to check Properties 1–3. Remarkably, the
largest circuit, consisting of 8191 qubits, was successfully veri-
fied in just 0.29 s, with a peak memory usage of 85.85 MB. This
clearly demonstrates the efficiency and scalability of our pro-
posed method in this work compared to the existing work
detailed in Section 2.

Error scenarios were introduced into the quantum encoding
circuit to demonstrate the effectiveness of the verification
methodology in detecting faults within the circuit. Figure 5 il-
lustrates the various error scenarios (highlighted in red). Four
types of errors were introduced: multiple H‐gates (or missing H‐
gates) in the control qubit lines, H‐gates incorrectly placed in
the data qubit lines, incorrect control inputs for C‐Swap gates,
and incorrect swap inputs for C‐Swap gates.

The verification times and peak memory usage for error sce-
narios are detailed in Table 4. The “Data Qubit H‐gate Error”
column provides data for the case where an H‐gate is mistakenly
applied to a data qubit. The “Control Qubit H‐gate Error” col-
umn presents results for incorrect H‐gate placement on a con-
trol qubit line. The “Control Qubit Swap Error” column
addresses the scenario where the control input to the C‐swap
gate is incorrect, while the “Data Qubit Swap Error” column
shows statistics for cases where one of the data inputs to the C‐
swap gate is erroneously connected. Error locations were varied
across circuit depth and qubit lines, and all benchmarks with
errors failed to satisfy Properties 1‐3.

The verification method successfully classified all benchmarks
as either correct or erroneous. For erroneous benchmarks, the
z3 tool generated a counterexample, further confirming the
effectiveness of the approach. As stated earlier, other verifica-
tion approaches model quantum circuits in Hilbert space
(complex vector space). However, our approach employs ab-
stractions to reduce the problem to bit‐vector space. The sig-
nificance of the results is that they validate our approach to be
more efficient and scalable one. We have demonstrated that we

TABLE 3 | Verification Results 2.

Quantum encoding circuit Circuit with No error
Classical bits Input qubits Time(s) Memory (MB)
4 7 0.01 19.32

8 15 0.01 19.46

16 31 0.01 19.52

32 63 0.01 19.72

64 127 0.01 20.20

128 255 0.02 21.06

256 511 0.03 22.61

512 1023 0.06 26.05

1024 2047 0.06 28.66

2048 4095 0.12 46.32

4096 8191 0.29 85.85

FIGURE 5 | 4‐Bit to 3‐qubit quantum encoding circuit with error
scenarios.

TABLE 4 | Verification Results 1.

Quantum encoding
circuit

Data qubit H‐gate
error

Control qubit H‐gate
error

Control qubit swap
error

Data qubit swap
error

Classical
bits

Input
qubits

Time
(s)

Memory
(MB)

Time
(s)

Memory
(MB)

Time
(s)

Memory
(MB)

Time
(s)

Memory
(MB)

4 7 0.01 19.08 0.01 19.09 0.01 19.41 0.01 19.41

8 15 0.01 19.09 0.01 19.08 0.01 19.45 0.01 19.46

16 31 0.01 19.08 0.01 19.09 0.01 19.52 0.01 19.52

32 63 0.01 19.08 0.01 19.18 0.01 19.81 0.01 19.80

64 127 0.01 19.08 0.01 19.28 0.01 20.19 0.01 20.20

128 255 0.01 19.18 0.01 19.48 0.02 21.05 0.02 21.05

256 511 0.01 19.27 0.01 19.96 0.03 22.94 0.03 22.72

512 1023 0.01 19.61 0.02 20.83 0.05 26.22 0.05 26.24

1024 2047 0.01 20.02 0.03 22.58 0.04 30.21 0.04 30.24

2048 4095 0.02 21.40 0.04 26.56 0.08 50.47 0.08 50.46

4096 8191 0.03 24.05 0.08 42.45 0.15 87.51 0.15 87.49
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can verify quantum encoding circuits with up to 8191 qubits
with very low memory and time, demonstrating that the pro-
posed approach can easily be employed to verify even much
larger encoding circuits. As can be seen from Table 1 in Sec-
tion 2, other approaches have demonstrated verification of cir-
cuits with only up to 250 qubits. Also, this is the first approach
that tackles the problem of quantum encoding circuit verifica-
tion. Other approaches have not addressed this problem.

7 | Conclusion

We present a formal verification methodology for a quantum
data encoding scheme, capable of verifying quantum circuits
with over 8000 qubits in under 1 s, a significant advancement in
comparison with existing methods. By leveraging superposition
abstraction, we reduce quantum circuits from Hilbert space to
bit‐vector space, significantly improving verification efficiency
and scalability. The method's completeness and robustness have
been rigorously validated through extensive testing across
various error scenarios. Looking ahead, we plan to extend this
superposition abstraction methodology to a broader range of
quantum algorithms and programs, driving efficient, reliable,
and scalable verification processes that are critical for advancing
quantum computing.
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