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Abstract: Using DESI DR2 baryon acoustic oscillation (BAO) distance measurements and
Planck cosmic microwave background distance priors, we have measured the dark energy
density ρX(z) and dark energy equation of state wX(z) as free functions of redshift (smoothly
interpolated from values at {zi} = {0, 1/3, 2/3, 1, 4/3, 2.33}), and find both to be consistent
with a cosmological constant, with only deviations of ∼ 1σ for ρX(z) and ∼ 2σ for wX(z) at
z = 2/3. We also find that measuring {ρX(zi)} is preferred to measuring {wX(zi)} by model
selection using the Akaike Information Criterion (AIC) as well as the Bayesian Information
Criterion (BIC); we confirm our earlier finding in Wang & Freese (2006) that wX(z) is
significantly less constrained by data than ρX(z). We show that varying the choice of redshift
values of the ρX(z) measurements leads to very consistent results, with AIC/BIC slightly
favoring the case of our fiducial redshifts {zi} but with z = 4/3 omitted. We find agreement
with a cosmological constant except for the 1–2σ deviation at 0.4 ≲ z ≲ 0.9, where DESI DR2
BAO measurements deviate from a cosmological constant at similar statistical significance.

Our results differ noticeably from those of the DESI Collaboration, in which they used
the same DESI DR2 data combined with Planck data and found a 3.1σ deviation from a
cosmological constant, a finding which is primarily the consequence of their assuming the
parametrization wX(z) = w0 + wa(1 − a). Our results indicate that assuming a linear wX(z)
could be misleading and precludes discovering how dark energy actually varies with time
at higher redshifts. In our quest to discover the physical nature of dark energy, the most
urgent goal at present is to determine definitively whether dark energy density varies with
time. We have demonstrated that it is of critical importance to measure dark energy density
as a free function of redshift from data. Future galaxy redshift surveys by Euclid and Roman
at higher redshifts will significantly advance our understanding of dark energy.
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1 Introduction

Twenty-seven years after the discovery of cosmic acceleration [1, 2], its physical cause
remains a mystery. We still cannot differentiate between an unknown energy density and the
modification of general relativity as the explanation for cosmic acceleration, but its unknown
cause is generally referred to as “dark energy” (see [3] for a textbook introduction). Given our
ignorance of the nature of dark energy, it is critically important to derive model-independent
constraints on dark energy from observational data, to ensure that we are asking the right
questions about dark energy.

Galaxy clustering (using data from galaxy redshift surveys) provides a robust probe of
cosmic acceleration by enabling the distance measurements from baryon acoustic oscillations
(BAO) [4, 5] sensitive to cosmic expansion history, and large-scale structure growth rate
measurements from linear redshift space distortions (RSD) [6] which enable the test of general
relativity [7, 8]. Recently, the DESI Collaboration found that DESI DR2 BAO data combined
with Planck Cosmic Microwave Background (CMB) data lead to 3.1σ deviation from a
cosmological constant [9], under two assumptions: (i) a flat Universe, and (ii) the dark energy
equation of state can be described by the popular parametrization wX(z) = w0 + wa(1 − a)
(with a denoting the cosmic scale factor), the Taylor expansion of wX(z) keeping the leading
term only. In a second paper [10], the DESI collaboration extended their analysis to a variety
of alternative approaches and claimed that these other approaches all validate conclusions
in [9]. However, in this paper, we will show that we find a lower statistical significance
for a deviation from a cosmological constant, using the same DESI DR2 + CMB data sets
as the DESI collaboration but without assuming the linear parametrization of the dark
energy equation of state.
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Instead, we directly obtain the dark energy density from the data as a free function as
described below. As previously shown by Wang and Freese (2006) [11] and reviewed below,
measuring the dark energy density function is more direct and accurate than taking the
intermediate step of extracting the dark energy equation of state from data. We will comment
on comparison of our work with the DESI extended analysis paper [10] in the discussion
section below. Our approach is extremely simple and nonparametric and finds lower statistical
significance for time variation of dark energy than was found by the DESI Collaboration.

In this paper, we measure the dark energy density ρX(z) and wX(z) as free functions
of redshift z, parametrized by their values at {zi} = {0, 1/3, 2/3, 1, 1.33, 2.33}, spanning
the redshift range of DESI BAO distance measurements. We also investigate the impact
of varying {zi} on the measurment of ρX(z). We present methodology in section 2, and
analysis results in section 3. We compare our work with that of the DESI Collaboration
in section 4, and conclude in section 5.

2 Methodology

2.1 Basic equations

Since our main goal is to compare with the DESI DR2 findings [9] in a flat Universe, we
assume a flat Universe as well. For simplicity, we also fix the neutrino parameters following
the usual practice as they are unconstrained by DESI DR2 data. We assume the effective
number of neutrino species to be Neff = 3.04, and the sum of neutrino masses to be 0.06 eV
(converted to Ων =

∑
i mi

ν/93.14 eV). The basic equations are:

DM (z) ≡ r(z) = cH−1
0

∫ z

0
dz′ 1

E(z′) (2.1)

DH(z) ≡ c/H(z) = cH−1
0 /E(z)

DV (z) ≡
[
z D2

M (z) DH(z)
]1/3

= cH−1
0

 z

E(z)

[
r(z)

cH−1
0

]2


1/3

E2(z) = Ωbc(1 + z)3 + Ωγ(1 + z)4 + Ων
ρν(z)
ρν,0

+ ΩXX(z)

where r(z) is the comoving distance; H(z) is the Hubble parameter (cosmic expansion rate),
H0 is the Hubble constant today, E(z) ≡ H(z)/H0; and DV (z) is related to the spherically
averaged distance. Note that energy density fraction Ωbc = Ωb + Ωc, with the subscript “b”
and “c” denoting baryons and cold dark matter. Ωγ , Ων , and ΩX denote the energy density
fractions of radiation, neutrinos, and dark energy, respectively. Since we are assuming a
flat Universe, ΩX = 1 − Ωbc − Ωγ − Ων . Neutrinos transition from radiation at very high z

to matter at lower z, with the transition occurring at (1 + z) ∼ mν/(5 × 10−4eV) [12, 13],
i.e., z ∼ 120 (mν/0.06 eV). We define

X(z) ≡ ρX(z)/ρX(0) (2.2)

the ratio of the dark energy density at redshift z to its value today, where subscript X refers
to the dark energy component of the Universe.
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For comparison with DESI DR2 data [9], we compute rd, the sound horizon at the baryon
drag epoch (i.e., the BAO scale), the same way as [9], by using eq. (2) in [9]:

rd = 147.05 Mpc
(

ωb
0.02236

)−0.13 (
ωbc

0.1432

)−0.23 (
Neff
3.04

)−0.1
, (2.3)

where ωb ≡ Ωbh2, and ωbc ≡ Ωbch
2. The dimensionless Hubble constant h is defined by

h ≡ H0/(100 km s−1 Mpc−1). Neff is the effective number of neutrino species. Following [9], we
assume the standard neutrino content of Neff = 3.04, and the sum of neutrino masses

∑
mν =

0.06 eV, which are also the assumptions made in [16] in deriving the CMB distance priors.
We measure both X(z) and wX(z) from data. They are related by

X(z) ≡ ρX(z)
ρX(0) = exp

[∫ z

0
dz′ 1 + wX(z′)

1 + z′

]
(2.4)

The set of parameters we estimate are the cosmological parameters {Ωmh2, h, Ωbh
2} and

dark energy parameters, which are X(zi) (i = 2, 3, . . . , 6) for ρX(z) (note that X(0) = 1),
and wX(zi) (i = 1, 2, 3, . . . , 6) for wX(z):

zi = (i − 1)/3, i = 1, 2, 3, 4, 5; z6 = zmax = 2.33 (2.5)

X(z) =


1, z = z1 = 0
interpolated via cubic-spline from {X(zi)}(i = 1, 2, . . . , 6), 0 < z < zmax
X(zmax), z ≥ zmax

(2.6)

wX(z) =
{

interpolated via cubic-spline from {wX(zi)}(i = 1, 2, . . . , 6), 0 ≤ z < zmax
wX(zmax), z ≥ zmax

(2.7)

We use cubic spline for interpolation, the standard technique for obtaining a smooth function
from a set of discrete measurements. In addition, we impose X(z > 2.33) = X(2.33) and
wX(z > 2.33) = wX(2.33) for convergence where there is no data. Fixing X(z > zmax)
and wX(z > zmax) reflects the limit of current data (with zmax = 2.33), and avoids making
assumptions about dark energy at higher redshifts that can be propagated into artificial
constraints on dark energy at lower z [14, 15].

For reference, the popular linear parametrization for wX(z) and its corresponding
X(z) are:

wX(z) = w0 + wa

(
z

1 + z

)
= w0 + wa(1 − a) (2.8)

X(z) = (1 + z)3(1+w0+wa) exp
(

−3waz

1 + z

)
(2.9)

where a is the cosmic scale factor, a = 1/(1 + z).

2.2 DESI data used

We use the DESI DR2 BAO distance measurements from the first seven rows (excluding
the labels row) in Tabe IV of [9]:

(1) DV/rd at z = 0.295 (BGS), 1st row, 5th column.

– 3 –



J
C
A
P
0
2
(
2
0
2
6
)
0
2
3

(2) DM/rd (8th column) and DH/rd (9th column), and their correlation (10th column), at
z = 0.51 (LRG1), 0.706 (LRG2), 0.934 (LRG3+ELG1), 1.321 (ELG2), 1.484 (QSO),
2.33 (Lyα); rows 2–7.

The correlation of DM/rd and DH/rd are included in the analysis by constructing the
covariance matrix of DM/rd and DH/rd, with the off-diagonal element given by rM,H.

2.3 Planck CMB distance priors

DESI DR2 data alone does not place meaningful constraints on dark energy. We add either
CMB distance priors or wide priors on {Ωmh2, h, Ωbh

2}, where Ωm is the total matter density
fraction, following [15, 16]. The CMB distance priors were first introduced by one of us [15] as
an effective way to compress cosmological information from CMB data, and are independent
of the dark energy model assumed. When combined with other data, the CMB distance
priors and the full set of CMB data give very similar results on dark energy parameters (for
further discussion of this point, see section 3.3 and table 3). Note that the full CMB data by
itself only place weak constraints on dark energy parameters, which are also sensitive to the
prior range of these parameters; thus one must be cautious in using the full CMB data in
constraining dark energy, to avoid biasing estimates on dark energy parameters. In contrast,
the CMB distance priors are robust, and do not bias the dark energy estimates.

The CMB shift parameters are defined as [15]

R =
√

ΩmH2
0 r(z∗)/c (2.10)

la = πr(z∗)/rs(z∗)

where z∗ is the redshift to the photon-decoupling surface. The comoving sound horizon
at redshift z is given by

rs(z) =
∫ t

0

cs dt′

a
= cH−1

0

∫ ∞

z
dz′ cs

E(z′) ,

= cH−1
0

∫ a

0

da′√
3(1 + Rb a′) a′4E2(z′)

. (2.11)

For z ≥ z∗, a4E2(z) = Ωbca + Ωrad + (1 − Ωm)X(z)a4, Ωrad = Ωbcaeq, and
zeq = 2.5 × 104Ωbch

2(TCMB/2.7 K)−4, since neutrinos become non-relativistic at z ∼
120 (mν/0.06 eV) [13]. The sound speed is cs = 1/

√
3(1 + Rb a), with Rb a = 3ρb/(4ργ),

Rb = 31500Ωbh
2(TCMB/2.7 K)−4. We take TCMB = 2.7255 K.

2.3.1 Planck 2015 distance priors

We primarily use the Planck 2015 distance priors on {R, la, Ωbh
2, ns} for a flat Universe from

eq. (15) and eq. (16) in [16], marginalizing over ns (the scalar spectral index, which is the
power law index of the primordial matter power spectrum) since we are only using DESI
DR2 BAO distance measurements which do not depend on ns.
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The redshift to the photon-decoupling surface, z∗, is given by the fitting formula [19]:

z∗ = 1048
[
1 + 0.00124(Ωbh

2)−0.738
] [

1 + g1(Ωmh2)g2
]

, (2.12)

g1 = 0.0783 (Ωbh
2)−0.238

1 + 39.5 (Ωbh2)0.763

g2 = 0.560
1 + 21.1 (Ωbh2)1.81

The Planck CMB priors {R, la, Ωbh
2} are included as correlated Gaussian priors, see

eq. (18) in [16]. In order to investigate whether the Planck CMB distance priors bias the
dark energy measurements, we also consider two additional cases in which we replace the
Planck CMB distance priors with a wide flat prior on Ωmh2 for comparison.

It is worth noting that the CMB distance priors compress CMB data by deriving
constraints on {R, la, Ωbh

2} from Planck MCMC chains using a fixed set of formulae,
eqs. (2.10)–(2.12) [15, 16], with mν = 0, which can be easily computed for any given model.

2.3.2 Planck 2018 distance priors allowing neutrino mass to vary

In order to check the robustness of our results, we also use the Planck 2015 and 2018 distance
priors on

{
R, la, Ωbh

2, Ωch
2, Neff

}
from [17], which allow neutrino mass and Neff to vary. We

use eq. (4.1) and eq. (4.2) from [17], valid for a flat Universe with massive neutrinos. We
marginalize over Neff , as it is not a parameter in our analysis, but we allow it to vary to
test the robustness of our results on X(z). This should lead to less stringent results than
using the Planck 2015 priors from [16], which were derived from Planck MCMC chains
with mν = 0.06 eV.

Since the Planck 2015 and 2018 distance priors (allowing mν to vary) from [17] are
derived using CAMB to compute z∗, we use the fitting formula for z∗ from [18], derived using
generic algorithms, and accurate to 0.0005% [18]. For fixed Ωm, r(z∗) differs by ∼ 0.025%
between mν = 0.06 eV and mν = 0, thus r(z∗) can be computed using eq. (2.1) with Ων

absorbed into Ωm. The sound horizon at z∗, rs(z∗), can be computed using eq. (2.11).
The Planck 2018 distance priors from [17] have not been broadly used, perhaps because [17]

specifies the requirement of running a full CMB code such as CAMB to compute r(z∗). With
our simple prescription above, the Planck 2015 and 2018 distance priors (allowing mν to
vary) from [17] can be conveniently computed with sufficient accuracy, without running
a full CMB code.

Note that allowing mν and Neff to vary, Planck 2015 distance priors prefer Neff = 3.0676,
while Planck 2018 distance priors prefer Neff = 2.8979 [17], which may indicate that the
Planck 2015 distance priors are more reliable since the standard value is Neff = 3.04.

2.4 Model selection

To evaluate the various cases we have studied in our primary analysis for measuring ρX(z)
and wX(z) as free functions, we use the Akaike Information Criterion (AIC) [21] and the
Bayesian Information Criterion (BIC) [22] for model selection:

AIC ≡ −2 ln(L) + 2Npar (2.13)
BIC ≡ −2 ln(L) + Nparln

(
Ndata

)
,
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where L = exp(−χ2/2) is the maximized likelihood of the model, Npar and Ndata are the
numbers of model parameters and data points respectively. The models with the lowest
AIC and BIC values are generally preferred. When comparing two models, the difference
in the values of these quantities between the two, ∆AIC or ∆BIC, determines the strength
of the evidence favoring the model with the lower AIC or BIC over the other, as follows:
0 < ∆AIC < 2 or 0 < ∆BIC < 2 indicate weak evidence; 2 ≤ ∆AIC < 4 or 2 ≤ ∆BIC < 6
indicate moderate evidence; and larger ∆BIC and ∆BIC values indicate strong evidence,
with ∆AIC > 10 or ∆BIC > 10 representing very strong evidence favoring the model with
the lower AIC or BIC values.

3 Analysis results

The set of parameters in our MCMC analysis is {Ωmh2, Ωbh
2, h, X(zi+1)} (i = 1, 2, . . . , N)

for measuring the dark energy density ρX(z) (note that X(z) ≡ ρX(z)/ρX(0)). Further, the
set of parameters in our MCMC analysis for measuring the dark energy density equation
of state wX(z) is {Ωmh2, Ωbh

2, h, wX(zi)} (i = 1, 2, . . . , N). The study of wX(z) requires
one additional parameter compared to the study of X(z) at the same redshifts, the value
of wX(z = 0). On the other hand, X(z = 0) = 1 (i.e., its value at z = 0 is fixed). In our
MCMC analysis, we have imposed wide flat priors on all of the parameters, such that the
relevant parameter space is fully sampled, and further widening these priors has no impact
on the resultant constraints for parameters that are constrained by the data. For parameters
not constrained by the data, e.g., wX(zi) at zi > 1, we choose very wide priors to show
that they are not bound by the data.

We carry out an MCMC analysis [20] using the data, with 12 chains and a few million
samples for each case, reaching excellent convergence per Gelmann-Rubin criterion, with
R − 1 < 0.005.

Section 3.1 and section 3.2 contain our primary analysis results from using the DESI DR2
BAO measurements, combined with CMB distance priors [15, 16]. Figure 1 in section 3.1
shows our main result, which is that the ρX(z) obtained directly from the combination of
these two data sets only differs from a cosmological constant by ∼ 1σ. Further, in the same
subsection, we show that measuring ρX(z) is preferred to measuring wX(z) by model selection
via AIC and BIC, and that CMB distance priors do not bias the dark energy measurements. In
section 3.2, we test a variety of redshift choices for the measurements to derive the optimized
ρX(z) measurement favored by AIC and BIC. In section 3.3, we derive (w0, wa) constraints
for comparison with the work by others, using DESI DR2 BAO data combined with two
different approaches for compressed CMB statistics: (1) CMB distance priors and (2) the
alternative compression of CMB statistics used by the DESI team.

3.1 Measurements of X(z) and wX(z) as free functions

Figure 1 shows the measured dark energy density ρX(z) (left panel) and dark energy equation
of state wX(z) (right panel) from our analysis in three cases:

– 6 –
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Figure 1. Dark energy density ρX(z) and dark energy equation of state wX(z) measured from DESI
DR2 data. Our results, obtained with a simple nonparametric approach, are shown in magenta for
DESI DR2 data + Planck CMB distance priors from [16], and in cyan and blue for DESI DR2 +
priors on Ωmh2 (no CMB) as labeled in the legend. The error bars represent the 68.3% C.L. intervals.
The pink shaded regions correspond to the 68.3% C.L. intervals of the interpolated ρX(z) and wX(z)
corresponding to the magenta points. Best fit models obtained by [9] using w0wa parametrization are
shown in olive green for data sets as labeled. For comparison with theory, the dot-dashed horizontal
line is a cosmological constant. Note that the redshift range marked “Current Data Gap” (there is
only a single BAO measurement from DESI Lyα at z = 2.33) will be covered by upcoming data from
space missions Roman and Euclid, with redshift coverages as shown.

(1) DESI DR2 + Planck (magenta points and pink shaded regions);1

(2) DESI DR2 + 0.13 ≤ Ωmh2 ≤ 0.15, 0.02 ≤ Ωbh
2 ≤ 0.024, 0.3 ≤ h < 1 (cyan points);

(3) DESI DR2 + 0.11 ≤ Ωmh2 ≤ 0.17, 0.02 ≤ Ωbh
2 ≤ 0.024, 0.3 ≤ h < 1 (blue points).

For comparison with our results, best fit models obtained by [9] using w0wa parametriza-
tion are shown in olive green for data sets as labeled. For comparison with theory, the
dot-dashed horizontal line is a cosmological constant. There are physically motivated dark
energy models, e.g., models inspired by decaying vacuum energy [24] and the tracking oscillat-
ing energy model [25] all predict very different dark energy behavior from both a cosmological
constant and the w0wa model in the redshift range marked “Current Data Gap” (there is only
a single BAO measurement from DESI Lyα at z = 2.33), which will be covered by upcoming
data from the space missions Roman and Euclid, with redshift coverages as shown.

In the left panel of figure 1, it is striking to note that the best fit wX(z) = w0 + wa(1 − a)
models from [9] all converge toward X(z) < 1 (X(z ≫ 1) = 0) in the data gap at z > 1.5
(there is only a single BAO measurement from DESI Lyα at z = 2.33), while predicting very
different X(z) at lower redshifts. The cause for this strange high redshift behavior is: all of

1For each set of {X(zi)} parameters (X(z) ≡ ρX(z)/ρX(0)) in the MCMC chains, we obtain X(zj) at a
set of densely spaced redshift values {zj} by cubic-splining over {X(zi)}. Then at each redshift zj , we find
the 68.3% C.L. interval of X(zj). The shaded 68.3% C.L. region of X(z) results from connecting all of these
68.3% C.L. intervals of X(zj).
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Dark energy measurement Data Ndata Npar χ2
ν AIC BIC

ρX(zi), zi = 1/3, 2/3, 1, 4/3, 2.33 DESI DR2 + 0.11 ≤ Ωmh2 ≤ 0.17 13 8 0.70 19.52 24.04
ρX(zi), zi = 1/3, 2/3, 1, 4/3, 2.33 DESI DR2 + 0.13 ≤ Ωmh2 ≤ 0.15 13 8 0.71 19.55 24.07
ρX(zi), zi = 1/3, 2/3, 1, 4/3, 2.33 DESI DR2 + Planck 16 8 0.53 20.20 26.38

wX(zi), zi = 0, 1/3, 2/3, 1, 4/3, 2.33 DESI DR2 + 0.11 ≤ Ωmh2 ≤ 0.17 13 9 0.87 21.48 26.56
wX(zi), zi = 0, 1/3, 2/3, 1, 4/3, 2.33 DESI DR2 + 0.13 ≤ Ωmh2 ≤ 0.15 13 9 0.86 21.43 26.52
wX(zi), zi = 0, 1/3, 2/3, 1, 4/3, 2.33 DESI DR2 + Planck 16 9 0.69 22.81 29.76

Table 1. AIC, BIC, and χ2 per degree of freedom for the ρX(z) and wX(z) measurements from
our MCMC analysis, for data sets and priors as shown, with redshift bins as shown. Ndata is the
number of data points used. Npar is the number of fitted parameters. Flat priors 0.02 ≤ Ωbh2 ≤ 0.024,
0.3 ≤ h < 1 are imposed in all cases.

the best fit (w0, wa) models from [9] have w0 + wa < −1, which drives X(z) to small values at
higher redshifts (see eq. (2.9)). This highlights the limitation of the (w0, wa) parametrization:
with only wX(0) and w′

X(0), no freedom is allowed for higher redshift behavior, thus precluding
discovering how dark energy actually varies with time at higher redshifts.

When DESI data are combined with the CMB distance priors derived from Planck data,
we find that X(z) deviates from a cosmological constant at ∼ 1σ at z = 2/3. The X(z)
constraints from DESI data alone but with priors on Ωmh2 are sensitive to the choice of Ωmh2

prior, but qualitatively consistent over a wide range of flat priors on Ωmh2, and consistent
with the DESI plus Planck results (∼ 1σ tension with ΛCDM).

The wX(z) constraints from DESI data alone are more sensitive to the Ωmh2 prior, in
comparison to the ρX(z) constraints. In the left panel of figure 1, one can see that the
mean estimated value of ρX(z) remains relatively unchanged for our two choices of priors,
0.13 ≤ Ωmh2 ≤ 0.15 and the wider flat prior 0.11 ≤ Ωmh2 ≤ 0.17. On the other hand, in the
right panel of figure 1, one can see that the mean estimated value of wX(z) is significantly
shifted between the same two choices of priors on Ωmh2.

We find that wX(z) is significantly less constrained than ρX(z) by the same data,
consistent with the finding by [11], since wX(z) is not constrained by data directly, but
through X(z) via an integral (see eq. (2.4)). This is reflected in the fact that it requires an
extra parameter, wX(0), to represent wX(z) in the same redshift intervals as X(z). DESI
combined with Planck data leads to a measured wX(z) that deviates from a cosmological
constant at ∼ 2σ at z = 2/3, a larger deviation than for the measured ρX(z), but becomes
unconstrained at z > 1 (in contrast to the measured ρX(z), see figure 1).

Indeed, table 1 shows the clear advantage of measuring ρX(z) over wX(z). The table
lists the data sets and priors we used, and the resulting χ2

ν (χ2 per degree of freedom), AIC,
and BIC in each case for ρX(z) and wX(z). Measuring X(z) is preferred to measuring wX(z)
at the same set of redshift values, with ∆AIC = 2.61 (moderate evidence) and ∆BIC = 3.4
(moderate evidence) in favor of measuring X(z) over wX(z) from combining DESI DR2 BAO
data with Planck CMB distance priors [16].

Figures 2–4 show probability density distributions (pdf) for fully marginalized posterior
(solid lines) and mean relative likelihood of the MCMC samples (dotted lines) corresponding
to figure 1. These two distributions could differ because the marginalized posterior combines
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Figure 2. Probability density distributions (pdf) for cosmological parameters {Ωmh2, h, Ωbh2} and
dark energy parameters measured from DESI DR2 and Planck CMB distance priors from [16]. The
redshift values of the X(z) ≡ ρX(z)/ρX(0) and wX(z) measurments are shown as subscripts for
simplicity. The solid lines show the fully marginalized posterior; the dotted lines show the relative
mean likelihood of the MCMC samples. Left panel: {ρX(1/3), ρX(2/3), ρX(1), ρX(4/3), ρX(2.33)}.
Right panel: {wX(0), wX(1/3), wX(2/3), wX(1), wX(4/3), wX(2.33)}.

the likelihood (of the data given the parameter values) with the priors on parameters. The
priors can shift the marginalized posterior, especially if they add no information, e.g., very
wide flat priors. The mean relative likelihood gives useful complementary information to
the marginalized posterior; it corresponds to the mean likelihood of the samples at each
value of the parameter. In practice, it is the mean value of the likelihood projected in bins
of each parameter (see appendix C of [20]), and a byproduct of the CosmoMC software
analysis package.

Figure 2 shows the pdf for cosmological parameters {Ωmh2, h, Ωbh
2} and dark energy

parameters measured from DESI DR2 and Planck CMB distance priors from [16]. Dis-
tributions are shown in the left panel for the case where we measure the energy density
Xzi ≡ ρX(zi)/ρX(z = 0) (with redshift values given in the caption) while distributions where
we measure wX(zi) are shown in the right panel. Figure 2 shows that adding Planck distance
priors to DESI DR2 data is sufficient to place constraints on dark energy, with all of the
ρX(z) parameters, and most of the wX(z) parameters constrained by the joint data analysis.

Figure 3 shows that instead of adding Planck priors, we can impose very reasonable priors
of 0.13 ≤ Ωmh2 ≤ 0.15, 0.02 ≤ Ωbh

2 ≤ 0.024, 0.3 ≤ h < 1, and obtain results very similar to
those from adding Planck distance priors as was done in figure 2. This indicates that our
dark energy measurements are robust and not sensitive to the priors, and that Planck CMB
distance priors do not introduce a bias in the dark energy measurements (as shown in [15]).
Figure 4 shows that relaxing the matter density prior to the wide range of 0.11 ≤ Ωmh2 ≤ 0.17
still leads to meaningful constraints on dark energy. However, comparison of the left panels
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Figure 3. The same as figure 2, but for DESI DR2 data only with flat priors 0.13 ≤ Ωmh2 ≤ 0.15,
0.02 ≤ Ωbh2 ≤ 0.024, 0.3 ≤ h < 1.

Figure 4. The same as figure 2, but for DESI DR2 data only with flat priors 0.11 ≤ Ωmh2 ≤ 0.17,
0.02 ≤ Ωbh2 ≤ 0.024, 0.3 ≤ h < 1.

(the ρX(z) case) and right panels (the wX(z) case) in figures 3, 4 indicates that while all of
the fitted parameters are well behaved2 in the ρX(z) case, they are not so in the wX(z) case.

Figures 3, 4 (right panels) show the fitted parameters for the wX(z) case are very sensitive
to the priors imposed, with unphysical peaks in the marginalized distributions of Ωmh2 and

2By referring to a parameter as “well behaved”, we mean that its entire probability distribution is well
constrained (no cutoff or divergence at either end), and insensitive to the range of flat priors assumed for the
MCMC analysis.
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Ωbh
2. In contrast, in the ρX(z) case (figure 3, 4, left panels), the marginalized distributions

for Ωbh
2 are essentially flat, whereas those for Ωmh2 have only slight tilts favoring higher

Ωmh2 (the rising probability density distributions are indicative of the fact that DESI prefers
a higher value of Ωm).

Figure 5 and figure 6 show the 68.3% and 95.4% joint confidence level contours of the dark
energy parameters for ρX(z) and wX(z) respectively, corresponding to left and right panels
in figures 2–4, with the cosmological constant represented by a small cross. Figure 5 shows
that compared to adding Planck distance priors, adding the flat prior 0.13 ≤ Ωmh2 ≤ 0.15
leads to nearly identical constraints at z ≤ 1, with ρX(z = 2/3) deviating from a cosmological
constant at ∼ 1σ (see also figure 1). The top two rows in figure 6 show that wX(z) constraints
at z ≤ 1 are highly sensitive to priors, in contrast to the ρX(z) constraints at z ≤ 1 (top
two rows in figure 5). The bottom two rows in figure 6 show that wX(z) is unconstrained at
z > 1 (see also figure 1), with wX(z = 4/3) only having an upper limit (no lower limit), and
wX(z = 2.33) completely unconstrained, as also shown in the probability density distributions
for these parameters in figures 2–4 (right panels).

The difference between the ρX(z) and wX(z) measurements may in part arise from the
fact that the flat high z cutoff at zmax has different implications for the two functions:

(1) For ρX(z), ρX(z > zmax) = ρX(zmax) simply means that the dark energy density is
assumed to be flat where there is no data.

(2) For wX(z), wX(z > zmax) = wX(zmax) implies X(z) = (1 + z)3[1+wX(zmax)] at z > zmax,
i.e., ρX(z) is assumed to be a power law of (1 + z) where there is no data, which is a
very strong assumption — the same one implied by assuming wX(z) = w0 + waz/(1 + z)
(see eq. (2.9)).

If we want to make the equivalent weak assumption of ρX(z > zmax) = ρX(zmax) for
wX(z > zmax), we need to impose wX(z > zmax) = −1, which leads to a discontinuity at
z = zmax, thus requiring at least one more additional parameter to smooth it at z = zmax.
This is another implicit disadvantage of measuring wX(z) from data.

Comparing the left panel (X(z)) and right panel (wX(z)) in figures 2–6, it is clear that
all of the X(z) parameters are well constrained by the data, while wX(1.33) only has an
upper limit (no lower limit), and wX(2.33) is unconstrained by the data. This indicates that
the {X(zi)} are the preferred physical parameters to measure from the data, instead of the
{wX(zi)}. This is as expected, since X(z) enters the theoretical prediction in a straightforward
manner (see eq. (2.1)), while wX(z) enters via an integral through X(z) (see eq. (2.4)).

Figure 1 illustrates another advantage of measuring X(z) over wX(z). The X(z) mean
value is well behaved for all z as z increases, whereas the mean value of wX(z) leaps to large
negative values with large error bars at z ≥ 4/3, due to prior volume effects.3 As wX(z)
becomes more and more negative in eq. (2), the role of dark energy in cosmology becomes
utterly negligible; hence a large volume of negative wX(z) is equivalent in the MCMC chains
(see the one-sided pdf for wX(4/3) and the flat pdf for wX(2.33) in figures 2–4), pulling

3By “prior volume effects”, we refer to the fact that the measured wX(z) values are sensitive to the range
of the flat priors imposed, since they are not bound from below, and could be as negative as one wants them
to be.
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Figure 5. The 68.3% and 95.4% joint confidence level contours of the ρX(z) dark energy parameters
corresponding to left panels in figures 2–4, for DESI DR2 BAO plus one of the following: (1) Planck
CMB priors from [16] (thick magenta solid lines), (2) flat prior 0.13 ≤ Ωmh2 ≤ 0.15 (thin dotted black
lines), and (2) flat prior 0.11 ≤ Ωmh2 ≤ 0.17 (thin solid blue lines). The small cross represents the
cosmological constant in each contour plot. Note that (2) is nearly identical to (1) at z ≤ 1 (the 2D
contours completely overlap in the top left and top right plots), with ρX(z = 2/3) deviating from a
cosmological constant at ∼ 1σ.

the probability distributions of wX(4/3) and wX(2.33) to more negative values and giving
rise to large error bars.

Table 2 shows the mean, standard deviation, and 68% C.L. ranges for the X(zi) measured
from DESI DR2 data combined with Planck 2015 distance priors with mν = 0.06 eV [16]
(plotted in figure 1), and Planck 2015 and 2018 distance priors allowing mν to vary [17]. As
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Figure 6. The 68.3% and 95.4% joint confidence level contours of the wX(z) dark energy parameters
corresponding to right panels in figures 2–4, for DESI DR2 BAO plus one of the following: (1) Planck
CMB priors from [16] (thick magenta solid lines), (2) flat prior 0.13 ≤ Ωmh2 ≤ 0.15 (thin dotted black
lines), and (3) flat prior 0.11 ≤ Ωmh2 ≤ 0.17 (thin solid blue lines). The small cross represents the
cosmological constant in each contour plot.

expected, allowing neutrino mass to vary gives less stringent constraints, but the difference is
very small except for X(2.33) (∼ 20% larger when varying mν). The Planck 2015 and 2018
distance priors allowing mν to vary [17] give very similar results. The three different Planck
distance priors give nearly identical constraints on the deviations from a cosmological constant:
∼ 1σ at z ∼ 2/3. This comparison indicates that the Planck 2015 distance priors from [16]
provides correct CMB constraints for fixing mν = 0.06 eV, and that our measurement of
X(z) is robust and model-independent.
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Planck (2015), fixing mν Planck (2015), varying mν Planck (2018), varying mν

mean σ 68.3% C.L. mean σ 68.3% C.L. mean σ 68.3% C.L.
X1/3 1.1926 0.4545 (0.7747, 1.5996) 1.1853 0.4576 (0.7719, 1.5840) 1.1833 0.4511 (0.7784, 1.5768)
X2/3 1.2989 0.2545 (1.0619, 1.5328) 1.2854 0.2545 (1.0518, 1.5125) 1.2817 0.2513 (1.0517, 1.5072)
X1.0 1.0093 0.2934 (0.7344, 1.2797) 0.9804 0.2895 (0.7125, 1.2403) 0.9727 0.2846 (0.7099, 1.2305)
X4/3 0.9355 0.2685 (0.6835, 1.1849) 0.9212 0.2763 (0.6620, 1.1755) 0.9101 0.2730 (0.6541, 1.1618)
X2.33 0.7869 0.3905 (0.4170, 1.1553) 0.7896 0.4796 (0.3349, 1.2406) 0.7565 0.4716 (0.3090, 1.2028)

Table 2. X(zi) measured from DESI DR2 data combined with Planck 2015 distance priors from [16]
with mν = 0.06 eV, and Planck 2015 and 2018 distance priors from [17] allowing mν to vary.

3.2 Varying the redshift choices to optimize the ρX(z) measurement

In order to demonstrate the robustness of the ρX(z) measurement shown in figure 1, we test
their dependence on different choices of redshift at which we measure X(z) ≡ ρX(z)/ρX(0).
Note that we are not actually binning in redshift, but choosing a set of redshift values {zi}
for interpolating X(z), with {X(zi)} estimated as free parameters from data. Figure 7 shows
the results from our MCMC analysis of DESI DR2 BAO data combined with Planck CMB
priors for four different choices for dividing up the redshift range for the X(z) ≡ ρX(z)/ρX(0)
measurement (each of these will be considered a “model” for computing AIC/BIC). We
parametrize X(z) with its values at {zi}, {X(zi)}, with the four different choices listed
below (the redshift “bin-size” dz is defined to be the spacing between the evenly spaced
redshift values):

(1) {zi} = {1/3, 2/3, 1, 4/3, 2.33} (dz = 1/3), the fiducial case shown in figure 1.

(2) {zi} = {0.37, 0.74, 1.11, 1.48, 2.33} (dz = 0.37), with the same number of parameters as
in (1).

(3) {zi} = {0.45, 0.90, 1.35, 2.33} (dz = 0.45), with one less parameter than in (1), i.e., 4
redshifts instead of 5.

(4) {zi} = {1/3, 2/3, 1, 2.33} (dz = 1/3), the same as (1) but with one less parameter, i.e.,
with z = 4/3 removed.

All of our four model choices for {zi} have evenly spaced redshift values except for the final
two redshifts, since in all cases, the Lyman-α measurements are at zmax = 2.33. The DESI
DR2 BAO measurements are only made at z = 0.295, 0.510, 0.706, 0.934, 1.321, 1.484, 2.33,
which constrains our possible choices for {zi}.

Table 3 shows the AIC and BIC values for our ρX(zi) measurements with four different
choices for {zi}, for DESI DR2 BAO measurements combined with Planck CMB distance
priors from [16]. Table 4 gives the corresponding X(zi) measurements. All of the models have
∆AIC < 2 and ∆BIC < 2, thus they are all essentially equivalent, with a slight preference for
the fourth case, i.e., our fiducial model with the X(z = 4/3) removed. This is not surprising,
since from figure 1, it is clear that X(z) is consistent with X(z) = 1 at z > 1, thus X(z = 4/3)
provides negligible additional information.

The reddish shaded region in figure 7 shows the 68.3% confidence level contour of X(z)
corresponding to the AIC and BIC preferred parametrization with dz = 1/3 and omitting
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Figure 7. Dark energy density ρX(z) obtained with a simple nonparametric approach, for DESI DR2
BAO data + Planck CMB distance priors from [16], with four different choices of dividing up the
redshift range for the ρX(z) measurement, as indicated in the figure legend. The reddish shaded region
indicates the 68.3% confidence level contours of ρX(z) corresponding to the AIC/BIC favored choice
with dz = 1/3 (dark red points), which is the same as the case in figure 1 (reproduced here as magenta
points) but with the z = 4/3 point removed. The ρX(z) parametrizations with dz = 0.37 (blue
points) and dz = 0.45 (cyan points) lead to results that are consistent within 1σ with the fiducial case,
with the larger “bin-size” resulting in smaller statistical errors at z < 1, where the DESI DR2 BAO
measurements are most precise. Thus our ρX(z) measurement is insensitive to the choice of redshifts
used for the interpolation, and deviate from a cosmological constant at 1–2σ over the same redshift
range where DESI DR2 BAO measurements deviate from a cosmological constant. Our method is
effective in accurately translating the BAO measurements into dark energy density measurements.

X(z = 4/3) (dark red filled points); it’s very similar to the dz = 1/3 with X(z = 4/3)
parametrization (the fidicial case of figure 1 reproduced here as magenta points), with
slightly smaller error bars for X(zi) due to the smaller number of parameters. The X(z)
parametrizations with dz = 0.37 (blue points) and dz = 0.45 (cyan points) lead to results
that are consistent within 1σ with the AIC/BIC preferred parametrization, with the larger
“bin-size” naturally resulting in smaller statistical errors at z < 1, where the DESI DR2 BAO
measurements are most precise. Our X(z) constraints are consistent from the four different
sets of choices of redshift values for the measurements. Shifting the redshift values for the
X(z) measurements consistently finds 1–2σ deviation from a cosmological constant over the
redshift range of 0.4−0.9, corresponding precisely to where DESI DR2 BAO measurements
deviate from a cosmological constant (see figure 6 of [9]), and with about the same statistical
significance. This indicates that our method is effective in accurately translating the BAO
measurements into dark energy density measurements.
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We also tried dividing the redshift range more finely, e.g., with dz = 0.3, in measuring
X(z), and found that the MCMC chains have poor convergence, which indicates that DESI
DR2 BAO measurements do not favor such choices. This is as expected, since there is only
one DESI BAO measurement at z ≤ 0.3 (BGS at z = 0.295).

If the “bin-size” is too large, the detailed behavior of X(z) is washed out. If the “bin-size”
is too small, noise dominates, and no meaningful constraints on X(z) can be derived. Our
fiducial case of dz = 1/3 is optimal since it is the smallest “bin-size” that gives convergent
constraints in the MCMC analysis, and captures the detailed behavior of X(z) as a function
of z (see figure 7).

The pdf of the estimated parameters and the joint confidence level contour plots of
the dark energy parameters corresponding to figure 7 are shown in in figure 8 for the X(z)
parametrization with four parameters with dz = 1/3 (left panels, AIC/BIC preferred) and
dz = 0.45 (right panels), and in figure 9 for the alternative case of five X(z) parameters with
dz = 0.37. These are very similar to those for our fiducial case of dz = 1/3 in figures 2–5,
indicating the robustness of our approach.

To summarize, here is the recipe for optimizing the X(z) = ρX(z)/ρX(0) measurement:

(1) Divide the redshift range with sufficient data into a set of evenly distributed redshift
values, {zi} = (i − 1)dz (i = 1, . . . , N), and zN+1 is the maximum redshift from the
data.

(2) For each choice of {zi}, carry out an MCMC analysis with {X(zi+1)} (i = 1, 2, . . . , N)
as dark energy parameters (noting that z1 = 0 and X(z1) = 1), and obtain X(z) using
cubic-spline from {X(zi)} (i = 1, 2, . . . , N + 1).

(3) Find the set of {zi} with the smallest dz that has {X(zi+1)} (i = 1, 2, . . . , N) well
constrained by data.

(4) Remove X(zj) if it contains no additional information, i.e., it can be inferred from the
two adjacent measurement, X(zj−1) and X(zj+1).

(5) Compute AIC and BIC for the analysis with X(z) parameterized by N parameters, and
that of a smaller number of parameters (with the redundant X(z) parameters removed,
as described in step (4)), to confirm that the reduced set represents the optimal X(z)
measurement preferred by AIC and BIC.

We followed this procedure and studied the four different sets of {zi} for parametrizing
X(z) listed at the beginning of this section, and found little sensitivity to these choices in
the resultant X(z) measured. Removing the parameter point at z = 4/3 from the fiducial
case in figure 1 leads to the lowest AIC and BIC values (i.e., preferred by model selection,
see table 3) but with very similar X(z) as previously obtained in figure 1 (see figure 7).

3.3 Constraints on (w0, wa)

For comparison with the work by others, we have also derived constraints on (w0, wa) by
combining DESI DR2 BAO measurements with two different ways of adding compressed
Planck CMB constraints:
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Figure 8. Same as figure 2 and figure 5, but for measuring ρX(z) using DESI DR2 BAO
and Planck CMB distance priors from [16] at {zi} = {1/3, 2/3, 1, 2.33} (left panels), and
{zi} = {0.45, 0.9, 1.35, 2.33} (right panels). Note that there are four redshifts in each case rather than
the five earlier in the paper; the left panel is identical to the earlier fiducial case but with z = 4/3
removed. Top panels: probability density distributions for cosmological parameters {Ωmh2, h, Ωbh2}
and dark energy parameters. The solid lines show the fully marginalized posterior; the dotted lines
show the relative mean likelihood of the MCMC samples. Bottom panels: the corresponding 68.3% and
95.4% joint confidence level contours of the dark energy parameters, with the small cross representing
the cosmological constant.

(1) {R, la, Ωbh
2} as proposed by one of us in [15], from [16].

(2) {θ∗, Ωbh
2, Ωbch

2} from [23], with Ωbc = Ωb + Ωcdm as [9].
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Figure 9. Same as figure 8, but for measuring ρX(z) using DESI DR2 BAO measurements and Planck
priors from [16] at {zi} = {0.37, 0.74, 1.11, 1.48, 2.33}. Probability density distributions of cosmological
and dark energy parameters (left) and the corresponding 68.3% and 95.4% joint confidence level
contours of the dark energy parameters (right), with the small cross representing the cosmological
constant.

{zi} used in ρX(zi) Npar χ2 χ2
ν AIC BIC

{1/3, 2/3, 1, 4/3, 2.33} 8 4.200 0.525 20.20 26.38
{0.37, 0.74, 1.11, 1.48, 2.33} 8 4.800 0.600 20.80 26.98
{0.45, 0.90, 1.35, 2.33} 7 6.234 0.693 20.23 25.64
{1/3, 2/3, 1, 2.33} 7 5.340 0.593 19.34 24.75

Table 3. Comparison of ρX(zi) with four different choices for {zi}, for DESI DR2 BAO measurements
combined with Planck CMB distance priors from [16], Ndata = 16. The AIC and BIC favored
parametrization is marked in bold face.

Each set of CMB constraints are added as Gaussian priors, with their correlations
properly accounted for (see eq. 18 in [16]). Table 5 lists our constraints on (w0, wa) from
combining DESI DR2 BAO measurements with each of these two compressed Planck CMB
data sets. In the fourth column of the table, r is the correlation coefficient of w0 and wa.
One can see that they are always highly correlated.

We find consistent constraints from the two different ways of compressing CMB data.
We reexamined the same compressed CMB data set {θ∗, Ωbh

2, Ωbch
2} used by the DESI team,

and we find essentially the same marginalized mean values but slightly larger errors (∼ 10%
larger). They find that using the full Planck CMB data set shrinks the errors by ∼ 10% due
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{zi} X(zi) {zi} X(zi) {zi} X(zi) {zi} X(zi)
1/3 1.193 (0.775, 1.600) 0.37 1.193 (0.888, 1.487) 0.45 1.318 (1.137, 1.499) 1/3 1.25 (0.897, 1.608)
2/3 1.299 (1.062, 1.533) 0.74 1.259 (1.105, 1.410) 0.9 1.138 (1.036, 1.240) 2/3 1.315 (1.093, 1.531)
1.0 1.009 (0.734, 1.280) 1.11 0.891 (0.631, 1.145) 1.35 0.929 (0.730, 1.128) 1.0 1.074 (0.859, 1.286)
4/3 0.936 (0.684, 1.185) 1.48 0.977 (0.721, 1.233) 2.33 0.830 (0.490, 1.171) 2.33 0.882 (0.563, 1.197)
2.33 0.787 (0.417, 1.155) 2.33 0.760 (0.395, 1.124)

Table 4. X(zi) measurements corresponding to table 3, with mean values and 68% C.L. ranges for
each parameter. The AIC and BIC favored parametrization is marked in bold face.

Planck CMB data w0 wa r(w0, wa)
{R, la, Ωbh2}
This paper −0.46 ± 0.24 −1.62 ± 0.71 −0.982
{θ∗, Ωbh2, Ωbch2}
(a) this paper −0.43 ± 0.23 −1.71 ± 0.70 −0.981
(b) DESI team [9] −0.43 ± 0.22 −1.72 ± 0.64 (not provided)
Full CMB data
DESI team [9] −0.42 ± 0.21 −1.75 ± 0.58 (not provided)

Table 5. Constraints on (w0, wa) from combining DESI DR2 BAO measurements with Planck CMB
data. Note that r is the correlation coefficient of w0 and wa. One can see that w0 and wa are always
highly correlated.

to the inclusion of CMB lensing (see also [26]) and thus claim 3.1σ deviation in (w0, wa)
from ΛCDM. Given the nature of statistical analysis, it is difficult to attach a great deal
of significance to the small differences in table 5.

4 Comparison with previous work

Subsequent to the original DESI DR2 papers, many authors have reexamined the evidence
for time-varying dark energy in the data, e.g., [27–36] as well as many others (see also,
e.g. [37–40], for analysis using DESI DR1 data). In this section, we compare our work with
the follow-up approaches of the DESI Collaboration in their extended dark energy analysis
paper [10], and discuss the major differences. Note that we have not included supernova (SN)
data in our results and instead restricted to DESI + CMB (or priors on Ωmh2), to avoid
introducing complications arising from the differences among the different SN data sets.

In [10], the DESI collaboration extended their analysis to a variety of alternative dark
energy models beyond the original linear model and claimed that these other approaches all
validate the w0wa results from their original study in [9]. First they reproduced the same
results as their first paper using four alternative w0wa parameterizations. Secondly they
used an expansion in terms of Chebyshev polynomials; their figure 5 shows results similar
to ours; they find DESI + CMB consistent with ΛCDM at ∼ 2σ (their X(z) is consistent
with Λ at 2σ at all redshifts; their wX(z) contours for DESI+CMB are obscured by their
DESI+CMB+SN contours at 0.3 < z < 0.5, but consistent with Λ at other redshifts at 2σ),
smaller than the 3.1σ discrepancy they found using the w0wa parametrization for the same
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data. They focus their discussion on the fact that their Chebyshev results are consistent
with their w0wa analysis, which is true, but in fact their results are also not a bad fit to
ΛCDM, although they do not compute that fit. Thirdly, they apply two non-parametric
approaches: binning, and Gaussian process regression (GP).

Gaussian process regression (GP) samples the parameter space randomly, assuming a
mean function, with a kernel that controls the correlation length of the samples, and the
typical deviations from the mean function. The results from GP in the second DESI paper [10]
for the statistical significance for time-varying DE using DESI+CMB are not very different
from ours. As can be seen in their figure 9 (top left panel), their error bars on w(z) grow
with redshift (sensibly becoming very large at high redshift where there are no data). Again,
their discussion focuses on the consistency of their GP method results with those from their
w0wa method where, in fact, the deviation from ΛCDM appears to be just over 2σ in their
GP reconstructed wX(z), consistent with our results on wX(z). It is worth noting that the
ρX(z) associated with their GP reconstructed w(z) (see their figure 9, left panel) deviates
by more than 2σ from a constant at z ≳ 2.33, where there is no data. This is a generic
implication of wX(z) measurements: boundary conditions placed on wX(z) at high z implies
big assumptions about ρX(z) unjustified by the data.

In the binned analysis of the data by [10], they assume:

w(z) = w0 +
N∑

i=1

(wi − wi−1)
2

[
1 + tanh

(
z − zi

s

)]
(4.1)

where wi are the bin amplitude parameters, N is the number of bins, and s is the smoothing
scale. This approach is somewhat similar to ours (they took smoothed steps where we took
cubic spline in between points wi). Here are the main differences between their results and
ours: (1) They only showed results for DESI + CMB + SN. We have shown results from DESI
+ CMB, without including SN, which is far more robust at present. (2) They binned the data
(eq. (4.1) is effectively a smoothed step function based on {wi}), while we interpolate wX(z)
and X(z) smoothly using cubic spline from {wi} and {Xi}, which joins adjacent points using
cubic polynomials, thus the two are similar yet different: a step function is less physical than
a smooth function without artificial steps. (3) Our choice of {zi} is closer to where the data
are (see section 3.2). The DESI bins are uniform out to z = 2.1, even though there is only
one BAO measurement at z > 1.5. Our redshift values for the dark energy measurements
are uniformly distributed only at 0 < z ≲ 1.33, the range where most of the DESI BAO
measurements are, plus z = 2.33 (the highest redshift data point). However, the {zi} choices
are not likely to play a major role in the conclusions.

Their figure 7 shows binned wX(z) and X(z) from DESI+CMB+Union3, which are
inconsistent with each other at 0.5 < z < 1: their binned wX(z) is consistent with ΛCDM well
within 2σ, but their X(z) deviates from ΛCDM at ∼ 3σ. Further, there is another puzzling
discrepancy between these two results from the DESI collaboration. On the one hand, at
z < 0.5, there is only one distance measurement from DESI BGS, and that measurement (at
z = 0.295, see the top left panel of figure 6 in [9]) is consistent with ΛCDM. Yet, in the same
redshift region z < 0.5, both of DESI’s binned wX(z) and ρX(z) deviate from ΛCDM at > 2σ.
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Note that our results do agree qualitatively with that of the DESI Collaboration, but
at a significantly reduced statistical significance: we find less than 2σ deviation, while they
find 3σ deviation (assuming a linear dark energy equation of state), from a cosmological
constant. This is important since 3σ is commonly regarded as the threshold for “evidence”
for a possible discovery, while 2σ is still considered to be within statistical uncertainties. It
is important that Euclid and Roman will provide data points in the current data gap at
z > 1.5 (see figure 1 and figure 7), which will help clarify whether dark energy does vary
with time, independent of model assumptions.

5 Summary and discussion

In this paper, we have measured the dark energy density ρX(z) and equation of state
wX(z) from data in a truly model-independent fashion. Using DESI DR2 BAO distance
measurements [9] and Planck CMB distance priors [16], we measured both as free functions
of redshift z, parametrized by their values at z = 0, 1/3, 2/3, 1, 1.33, 2.33 (we smoothly
interpolated between these redshifts using cubic spline). Our main result is that for a flat
Universe (assumed in the DESI DR2 BAO measurement), we find ρX(z) and wX(z) to be
consistent with a cosmological constant, with only a deviation at ∼ 1σ for ρX(z) and ∼ 2σ for
wX(z) at z = 2/3 (see figure 1). Note that current data do not place meaningful constraints
on dark energy without assuming a flat Universe.

In addition, we find that measuring ρX(z) is preferred to measuring wX(z) by model
selection using AIC and BIC (see table 1), and that wX(z) is significantly less constrained
by data than ρX(z) (see figure 1), confirming our results in [11].

We tested the robustness of our ρX(z) measurement by adding Planck distance 2015
and 2018 priors that are more relaxed (allowing mν to vary) from [17], and find that the
results are very similar to our baseline choice of Planck 2015 distance priors from [16] (fixing
mν = 0.06 eV), with nearly identical deviation from a cosmological constant, ∼ 1σ at z = 2/3.
This indicates that [16] does give the correct and simplest way of adding Planck constraints.

We have also showed that varying the specific choice of redshifts of the X(z) ≡
ρX(z)/ρX(0) measurement (away from the fiducial ones), as well as varying the number of
X(z) parameters, leads to very consistent results, see figure 7. The AIC and BIC values change
less than two (thus all models are practically equivalent) but slightly favoring our fiducial case
with the X(z = 4/3) parameter removed (see table 2). All of these are in agreement with a
cosmological constant except for the 1–2σ deviation at 0.4 ≲ z ≲ 0.9, the same redshift range
where DESI DR2 BAO measurements deviate from a cosmological constant at about the
same statistical significance (see figure 6 of [9]). This indicates that our method is effective in
accurately translating the BAO measurements into dark energy density measurements. We
summarize how to obtain the optimized X(z) measurement at the end of section 3.2.

The DESI Collaboration, on the other hand, finds that DESI DR2 data combined with
Planck CMB data (the full data instead of compressed statistics) leads to 3.1σ deviation
from a cosmological constant (reduced to 2.4σ for using compressed CMB data without
CMB lensing) [9], assuming wX(z) = w0 + wa(1 − a). Our results differ primarily due to
our model-independent approach of measuring ρX(z) as a free function, as opposed to the
(w0, wa) parametrization used by the DESI collaboration. This indicates that assuming a
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linear wX(z) is misleading, as it cannot capture the dark energy properties from data in
a model-independent manner.

It is worth noting that the best-fit wX(z) = w0 + wa(1 − a) models from DESI DR2
from [9] all fall within the 1σ contours of our model-independent measurements (see figure 1
and figure 7). Thus even though the DESI DR2 best-fit wX(z) = w0 + wa(1 − a) models
deviate from a cosmological constant by more than 3σ [9], they are consistent with dark energy
density measured as a free function that deviates from a cosmological constant by only 1σ.
This means that the results from fitting wX(z) = w0 +wa(1−a) must be interpreted with care.

Our analysis has not included ACT CMB data, to supplement Planck out to smaller
scales. It is likely that adding ACT would lead to even less significance of tension vs. ΛCDM,
for comparison see [41, 42] (still a subject of controversy).

We have focused on the DESI DR2 plus Planck CMB data only in this paper, in order to
make the simplest comparison with the DESI Collaboration results in a straightforward and
transparent manner, especially since they find a 3.1σ deviation from a cosmological constant
with only Planck CMB data added. Adding supernova data is more complicated, since the
different supernova data sets give somewhat different results, which is worthy of investigation
in its own right, which we will leave to a future study.

We have found that the assumption about wX(z) at high z (beyond the last DESI DR2
data point) has a significant impact on the resultant constraints on wX(z), in particular, how
much it deviates from a cosmological constant. Note that the most natural parametrization
of wX(z) all trend to a constant w at high z, which implies a dark energy density ρX(z) ∝
(1 + z)3(1+w). This seems to be a fundamental limitation of parametrizing our ignorance of
dark energy using its equation of state — assuming ρX(z) ∝ (1 + z)3(1+w) at high z is a big
assumption about dark energy without any observational evidence. Removing this assumption
requires the introduction of additional parameters, which introduce more assumptions about
dark energy at high z.

In our quest to discover the physical nature of dark energy, the most urgent goal at
present is to determine definitively whether dark energy density varies with time. Thus it
is of critical importance to measure dark energy density from data in a model-independent
manner. Dark energy equation of state is less constrained by data since it only enters
theoretical prediction via the dark energy density ρX(z), which is given by integrating over
a function of wX(z) (see eq. (2.4)).

Given the current data gap at z > 1.5 (with a single BAO measurement from DESI
Lyα at z = 2.33), future data from Euclid at 0.9 ≤ z ≤ 1.8 [43, 44] and Roman Space
Telescope at 1 ≤ z ≲ 3 [45, 46] will significantly advance our understanding of dark energy
(see figure 1, left panel, and figure 7).
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