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1 Introduction

Locality has been the central guiding principle in the searching for the fundamental laws of
Nature in modern physics since the era of Einstein. Together with the principle of Quantum
Mechanics, it is one of the pillars of Quantum Field Theory [1, 2]. Over the past several
decades, physicists have made tremendous efforts to formalize and understand the foundations
of QFT. One framework that incorporates locality deeply in its roots is the approach of
algebraic QFT [3, 4]. Following the proposal of [5], a ℂ∗-algebra 𝒜(R), which is taken
to be a von Neumann algebra of bounded operators on the Hilbert space ℋ, is attached
to a general region R of spacetime [6]. This approach to QFT, and its modification in
the presence of gravity, are particularly useful in recent developments on the algebra of
observables in de Sitter space [7, 8]. Nevertheless, in this work, we restrict ourselves to
the study of QFT without gravity.

One of the most important features of a QFT is its global symmetry. The observations in
the early days [9–23] were coined in the foundational work [24] as generalized global symmetries,
whose various facets, including higher form symmetries, higher group symmetries, and non-
invertible symmetries have been extensively studied in the past decade [25–78]. The interested
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readers can also consult the excellent reviews [79–84]. It was found that a particular effective
tool for analyzing global symmetries of a QFT is the method of Symmetry Topological Field
Theory (SymTFT) [14, 26, 35, 55, 68, 70, 76, 85–92]. For a QFT 𝒯ℱ with global symmetry ℱ
defined on spacetime Md, the gist of SymTFT is to separate the symmetry and the dynamics
of 𝒯ℱ at two boundaries of a space homeomorphic to Md × [0, 1], where the dynamics of 𝒯ℱ
is encoded by the boundary conditions at the physical boundary on Md × {1} ∼=Md while
the symmetry is encoded by the boundary conditions at Btop := Md × {0}.

Although the von Neumann algebra of observables and the global symmetries of QFT
have long been studied mostly parallelly, recent advances have revealed deep connections
between them [8, 93–101]. Of particular relevance to the study in this paper is the recent
work [102], where the authors explored the connections between the algebraic approach and
non-invertible symmetries in 2D. Their analysis focuses on the interplay between the existence
of certain non-local operators and certain key locality properties of the symmetric sector
von Neumann algebra 𝒜ℱ (to be defined later) of diagonal RCFT and lattice examples.
In this work, we aim to sharpen and generalize the result of [102] to arbitrary dimensions,
in which case we find that the SymTFT perspective is particularly useful in proving the
existence of the aforementioned specific non-local operators.

A careful reader may have already noticed an important subtlety. On one hand, for
an ordinary QFT, the algebraic approach is carried out by assigning an algebra 𝒜(R) of
observables in each spacetime region R. The way of this assignment is in principle part of
the definition of a QFT and reflects the deep structures and properties of it. On the other
hand, the generalized symmetry emphasizes the role of non-local, in particular extended
higher-dimensional, operators. Therefore, an important question is whether such non-local
operators living in R should be included in the von Neumann algebra 𝒜(R). For this, we
will follow the choice made in [102] where the non-local operators are included in 𝒜(R)
as long as they do not extend to the boundary of spacetime. This constraint is imposed
to exclude the defects that modify the whole Hilbert space rather than being an operator
acting on the states in the Hilbert space. One should keep in mind that for a QFT defined
alternatively, e.g. by a Hamiltonian or a Lagrangian, there is some freedom in the assignment
of 𝒜(R) hence is entitled study the properties of various choices, regardless of whether
there is a “correct” one [102].

Another subtlety worth noting is that, unlike the full von Neumann algebra 𝒜, 𝒜ℱ
by itself may not yield a well-defined theory. For example, the torus partition function of
ℤ2-even sector of 2d Ising CFT is

Zeven
Ising = TrP+e

−βĤ , P+ = 1
2
(
1 + Ûℤ2

)
, (1.1)

with P+ the projection operator and Ûℤ2 the ℤ2 generator. It is obvious that the partition
function is not invariant under the modular S-transformation, which brings in states in the
ℤ2-twist sector and cannot be defined on general 2d manifolds. However, the symmetric
sector of a theory is still an interesting object to study. It was pointed out in [4] that two
crucial properties of the algebra of observables, namely additivity and Haag duality, cannot
hold simultaneously in the local ℤ2-even sector. This observation motivates the authors
of [102] to further study how these two properties are preserved and violated in the symmetric
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sector von Neumann algebra 𝒜ℱ of other 2d QFTs with the global symmetry ℱ. Motivated
by the same reason, in this work we also focus on these properties of 𝒜ℱ.

The paper is organized as follows. We will first state the main results in section 1.1. In
section 2, we briefly review the basic notions of von Neumann algebra with an emphasis on
its additivity and Haag duality, which are the main properties of von Neumann algebra of
interest to us. After that, we define the symmetric sector von Neumann algebra 𝒜ℱ. In
section 3, we study the operator content of the symmetric sector von Neumann algebra of
𝒯ℱ with an emphasis on the uncharged bi-local and the uncharged bi-twist operators (to
be defined in that section), both of which will play crucial roles in later discussions. In
section 4, we use the SymTFT method to construct the bi-local and the bi-twist operators
of 𝒯ℱ and relate the existence of these operators to certain properties of the Lagrangian
algebra ℒ of the corresponding SymTFT. In section 5, we follow the construction of [102]
to show that additivity and Haag duality of 𝒜ℱ are violated in the presence of bi-local and
bi-twist operators respectively, hence generalizing the results of [102] to arbitrary dimensions.
Combining with the SymTFT construction in section 4, we formulate a theorem relating the
violation of additivity and Haag duality of 𝒜ℱ to the properties of ℒ. Finally, in section 6,
we present several concrete examples of 2d QFT, including the diagonal RCFT, where we
prove the equivalence of the results of [102] and ours.

1.1 Main results

In this work, we study a d-dimensional QFT 𝒯ℱ with (non)-invertible 0-form symmetry ℱ
together with its (d−2)-form dual symmetry and focus on its symmetric sector von Neumann
algebra 𝒜ℱ(R) attached to a general spacetime region R. Namely, we focus on the local
and non-local operators living in R that are invariant under the action of any symmetry
generator in ℱ.

Motivated by the 2d cases studied in [102], where the violation of additivity or Haag
duality of 𝒜ℱ is determined by the properties of the symmetry algebra ℱ, we expect that
the possible violation of additivity or Haag duality of 𝒜ℱ for 𝒯ℱ in higher dimension can
similarly be determined using only the properties of ℱ. Therefore, it is natural to expect that
they can be formulated in the language of SymTFT. The topological boundary condition at
Btop and the symmetry ℱ are both determined by an algebraic object ℒ in the SymTFT
which, generalizing the Lagrangian algebra for d = 2, encodes all operators in the SymTFT
that can simultaneously end on Btop. Thus we will call ℒ the Lagrangian algebra of the
SymTFT in general dimensions. The fact that an extended operator W ∈ ℒ can end on Btop
does not forbid it to connect to other non-trivial operators Ni ∈ ℱ as depicted in figure 1
for d = 2. For our purpose, we introduce the subalgebra ℒ̃ which includes only the bulk
extended operators in ℒ that cannot connect to any non-trivial element of ℱ supported
on any submanifold of Btop.1 In this work, we will focus only on the 1d and the (d− 1)-d
extended operators in the bulk which can possibly connect to 1d and (d − 1)-d extended
objects on Btop, respectively. We will also assume that the Totalitarian principle holds, i.e.
all allowed representations of ℱ appear in the physical spectrum of 𝒯ℱ. Given the above
assumptions, for the symmetric sector von Neumann algebra 𝒜ℱ our main results are

1We will define this in section 4.
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W

W

Ni

Btop

Figure 1. When d = 2, a bulk line operator W ∈ ℒ can still connect to certain non-tivial line
operators Ni ∈ ℱ on Btop. Here Ni should be a summand of t(W ) which is introduced in (4.3).

• The additivity of 𝒜ℱ is violated if ℒ̃ ≠W0 ⊕U0, where W0 and U0 are respectively the
identity line operator and the identity (d − 1)-dimensional extended operator in the
SymTFT.

• The Haag duality of 𝒜ℱ is violated if ℒ̃ ̸= ℒ.

When restricted to 2d diagonal RCFT, the above two criteria are respectively equivalent
to the existence of invertible elements and non-invertible elements in ℱ, which in turn match
the criteria in [102] under which additivity and Haag duality are violated in 2d diagonal
RCFT, respectively. We find that, most generally the existence of an invertible element
in ℱ is not sufficient for additivity to be violated, for which we present a counterexample
in 2d with Rep(S3) symmetry in section 6.

2 Additivity and Haag duality of von Neumann algebra

In this section, we review several basic facts about von Neumann algebras with an emphasis
on their additivity and Haag duality. The readers can consult [3, 4, 6, 103]. We study
QFT 𝒯ℱ in spacetime Md whose global symmetries are characterized by 0-form symmetry
algebra ℱ. Without loss of generality, we assume the spacetime is locally Md−1 ×ℝ with
Cauchy surface Md−1.

The von Neumann algebra 𝒜 of a QFT is defined to be a weakly closed ∗-subalgebra
of bounded operators ℬ(ℋ) on the Hilbert space ℋ of the QFT which contains the unit
operator [4]. The commutant of a set of bounded operators S is defined to be

S′ = {a′ ∈ ℬ(ℋ)|[a′, a] = 0, ∀a ∈ S} . (2.1)

A useful fact about a von Neumann algebra 𝒜 is that it satisfies (Theorem 2.1.4 of [4])

𝒜′′ = 𝒜 . (2.2)

A QFT is characterized by a net of assignments of the algebras

R→ 𝒜(R) (2.3)
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where R is an open, finitely-extended region of Md. For a region R, we define R′ to be the
causal complement of R which is the set of all points that are space-like separated from all
points of R. The causality structure is expressed by the facts that 𝒜(R1) commutes with
𝒜(R2) when R1 and R2 are space-like separated, and 𝒜(R) ⊂ 𝒜(R′′) where R′′ is the causal
completion of R. We will restrict ourselves to the assignment R→ 𝒜(R) for R a subset of
a Cauchy surface of the spacetime which is Md−1 by our assumption.

The von Neumann algebra 𝒜(Md−1) has several properties due to the requirement of
locality of QFT. Following [102], in this work we shall focus on two of them, additivity and
Haag duality [3]. The von Neumann algebra is said to satisfy additivity if ((III.1.2) of [4])

𝒜(R1 ∪R2) = (𝒜(R1) ∪𝒜(R2))′′ (2.4)

for two disjoint regions R1 and R2 of Md−1.2 On the other hand, the von Neumann algebra
is said to satisfy Haag duality if ((III.4.9) of [4])

𝒜(R′) = 𝒜(R)′ (2.5)

for a region R ∈Md−1 and its complement R′.3 As we have said in the introduction, we will
follow the choice of [102] to include certain non-local operators in 𝒜(Md−1) and check the
consequences they lead to for additivity and Haag duality. Roughly speaking, the additivity
means that the von Neumann algebra in R1 ∪ R2 is generated by algebras in R1 and R2,
and the Haag duality means that the algebra of the causal complement is equal to the
commutant of the algebra.

Of particular interest is what we shall call in this work the symmetric sector von Neumann
algebra defined as

𝒜ℱ(Md−1) = {𝒪 ∈ 𝒜(Md−1)|N𝒪 = 𝒪N, ∀N ∈ ℱ} , (2.6)

where we do not distinguish an element N of ℱ and its representation on the Hilbert space
ℋ of 𝒯ℱ. When the global symmetry on ℋ is a representation of group G, 𝒜G(Md−1) is
nothing but the set of G-neutral operators and forms a closed subalgebra of 𝒜(Md−1). Thus
𝒜ℱ(Md−1) can be viewed as a generalization of 𝒜G(Md−1) to arbitrary fusion algebra ℱ
which can contain both invertible and non-invertible elements. We will see in section 5 that
additivity and Haag duality of 𝒜ℱ(Md−1) can be violated in the presence of certain non-local
neutral operators in 𝒜ℱ, whose existence is completely determined by ℱ. Therefore, our task
is to first investigate what types of neutral non-local operators are there in 𝒜ℱ.

3 Operator content of symmetric sector von Neumann algebra

In this section, we study various (non-local) operators in 𝒜ℱ for the QFT 𝒯ℱ defined by (2.6)
using only the properties of the 0-form symmetry ℱ, which is most generally described by

2The additivity of 𝒜 is can be written as 𝒜(R1 ∨ R2) = (𝒜(R1) ∪𝒜(R2))′′ ((III.4.8 of [4])) where R1 ∨ R2

is the causal completion of the union of two causally complete sets R1 and R2. When R1 and R2 and space-like
separated we have R1 ∨ R2 = R1 ∪ R2 [104]. Therefore when R1 and R2 are two disjoint regions on a Cauchy
surface we have R1 ∨ R2 = R1 ∪ R2, hence (2.4) holds.

3Strictly speaking, this holds only for diamonds, i.e. the causal completion of a ball in Md−1 [4]. We will
see in section 5 that all the regions we consider in this work are indeed of this type.
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ψ(x)

N

Md

Symmetry−−−−−−−−→
action

∑
η

ψ′(x)

N

η

Md

Figure 2. The action of symmetry operator N ∈ ℱ on a charged operator. The symmetry can be
invertible or non-invertible.

a fusion algebra with fusion rule

Ni ×Nj =
∑

k

𝒩k
ijNk, Ni , Nj , Nk ∈ ℱ , (3.1)

where 𝒩k
ij ∈ ℤ≥0 are the fusion coefficients. An object N is invertible if there exists an object

M ∈ ℱ such that N ×M = 1. As the local operators in 𝒜ℱ are nothing but the uncharged
local operators, there exist more non-trivial non-local operators in 𝒜ℱ.

Generally, for any local operator ψ(x) ∈ 𝒜4 suppported on a Cauchy surface Σ which
transforms non-trivially under N ∈ ℱ, we have

U(N)ψ(x) = ρ(N)ψ(x)U(N) . (3.2)

Without loss of generality, we assume that the local operator is located at x0 = 0 and N

on the l.h.s. of (3.2) is supported on a Cauchy surface at x0 > 0 and that on the r.h.s. is
supported on a Cauchy surface at x0 < 0 as illustrated in figure 2. In general, the action
ρ(N) can be very complicated and does not have to be a linear transformation. Actually,
for a non-invertible symmetry, various defects η can be generated when N passes across
ψ(x) and all possible configurations need to be summed over. In this sense, ρ(N) in (3.2)
is a condensed notation for this complicated action. On the other hand, no defects will be
generated when an invertible symmetry generator passes across ψ(x), in which case ρ(N)
acts as a linear transformation on ψ(x).

We first consider an invertible element N ∈ ℱ. Actually, all invertible elements of a
general ring ℱ must form a group G ⊂ ℱ, and one can assume that there exists local field
ψi

r(x) living in the vector space Vr of a representation r of G. Concretely, the symmetry
action (3.2) of N can be characterized by

ρ(N) ∈ GL(Vr) : Vr → Vr . (3.3)

Therefore, in the superselection sector Vr, (3.2) can be written as

Nψi
r(x) = ρr(N)i

jψ
j
r(x)N . (i, j = 1, · · · , dim Vr) (3.4)

4There is a subtlety that strictly speaking a local operator is unbounded, therefore technically one has to
smear it out [105]. Nevertheless this subtlety will not affect the discussions in this work, we therefore insist on
calling it a local operator for simplicity.
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ψ(x) ψ(y)

N

Md

Symmetry−−−−−−→
action

ψ(x) ψ(y)

N

η η

Md

Deformation−−−−−−−→
ψ(x) ψ(y)

η

N

Md

Figure 3. Symmetry action of a non-invertible element on a bi-local operator where a defect line Dℓ

connecting x and y is generated upon deformation.

Using (3.4) and the fact that in an ordinary QFT the existence of a local operator that
transforms non-trivially under the action of N also guarantees the existence of its charge
conjugation living in the dual vector space Vr, one can construct the following bi-local operator

trψr(x)ψr(y) := ψi
r(x)ψri(y) , (3.5)

for ψi
r(x) ∈ Vr and ψri(x) ∈ Vr. It is not hard to check that

N(trψr(x)ψr(y)) = (ψi
r(x)ρr(N)j

iρr(N) k
j ψrk(y))N = (trψr(x)ψr(y))N . (3.6)

Therefore, the bi-local operator trψr(x)ψr(y) is invariant under the action of N ∈ G. When ℱ
is a group, the local operator ψi

r(x) lives in a representation of ℱ and the bi-local operator (3.5)
is invariant under all action of elements of ℱ, hence is in 𝒜ℱ(Md−1).

The situation becomes tricky when there exist non-invertible elements in ℱ, since a
representation of G ⊂ ℱ does not fully characterize the transformation of ψ(x) under ℱ.
As illustrated in figure 2, typically under the action of a non-invertible symmetry generator
N , a defect line η is generated, which stretches between the local operator ψ(x) and the
support of the symmetry operator. Therefore, the bi-local operator trψ(x)ψ(y) built upon
such ψ(x) cannot be invariant under N , rather a defect line η(γxy) connecting ψ(x) and ψ(y)
is generated in the process illustrated in figure 3. Hence, such a bi-local operator is not an
element of 𝒜ℱ(Md−1). A prominent example is the order operator σ with conformal wright
(h, h) = (1/16, 1/16) in Ising CFT [106–108], which is odd under the invertible ℤ2-symmetry
generator, but transforms non-trivially in the fashion illustrated in figure 2 under the non-
invertible object of the symmetry category of Ising CFT. Therefore, it becomes rather tricky
to determine if a bi-local operator is in 𝒜ℱ(Md−1) when ℱ is non-invertible. We will see in
the next section that this can be determined by a simple criterion via the SymTFT method.

Allowing non-local operators in 𝒜ℱ(Md−1) also opens up the possibility of having
more general extended operators beyond bi-local operators. In general, there exist twist
operators of the form Ψ(∂Σd−1)N(Σd−1) where N(Σd−1) is a symmetry generator N ∈ ℱ
supported on Σd−1 ∈Md−1 and Ψ(∂Σd−1) is a dressing on the boundary ∂Σd−1. A prominent
example is the operator ψ(x)Lϵψ(y) in Ising CFT, where ψ is a left-moving fermion with
conformal weight (h, h) = (1/2, 0) and Lϵ the invertible ℤ2-symmetry generator supported
on a segment connecting x and y in the 1D space S1.5 Generalizing such 2d twist operator,

5It is argued in [102] that this operator is in 𝒜ℱ(S1) for ℱ the symmetry category of Ising CFT.
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Ψ1 Ψ2

N(Σd−1)Md−1

Md

Figure 4. A twist operator supported on Σd−1 ⊂ Md−1 with dressing Ψ1(Σd−2) and Ψ2(Σ′
d−2) at

the boundary of Σd−1.

Ψ(∂Σd−1)

N(Σd−1)x1 = 0

x0 = 0

x0 = 0+

x0 = 0−

Md

Figure 5. A twist operator supported on Σ with dressing Ψ at ∂Σ to ensure consistent termination
of N . In this figure x0 is the coordinate of the vertical direction and x1 is the coordinate of the
horizontal direciton. Σd−1 extends from −∞ to 0 along the vertical direction and is put at x1 = 0
with ∂Σd−1 its boundary at x0 = 0.

we assume that Md−1 is locally Md−2 × ℝ and consider an element N ∈ ℱ supported on
Σd−1 ∼= Md−2 × (0, 1) denoted by N(Σd−1). We then dress N(Σd−1) by Ψ1 supported on
Σd−2 = Md−2 × {0} and Ψ2 supported on Σ′

d−2 = Md−2 × {1} to form what we call a
bi-twist operator Ψ1(Σd−2)N(Σd−1)Ψ2(Σ′

d−2), which is plotted schematically in figure 4. To
avoid clustering symbols, we will omit the supports in Ψ1(Σd−2) and Ψ2(Σ′

d−2) when it
does not cause any confusion.

Before checking if there exists any bi-twist operator Ψ1N(Σd−1)Ψ2 in 𝒜ℱ(Md−1), we need
to check its existence in 𝒜(Md−1) first. We will make the discussion general by considering
the twist operator Ψ(∂Σd−1)N(Σd−1) where Σd−1 is a general simply-connected open subset
of Md−1. Physically, Ψ(∂Σd−1) is dressed on N(Σd−1) to ensure consistent termination of
N(Σd−1) at ∂Σd−1.

To see how the consistency condition constrains Ψ for given N , we consider the configu-
ration in figure 5. For any local field ϕ(x) that is charged under N , we have

ϕ(x0 = 0−, x1 = 0+, x⃗) = N · ϕ(x0 = 0−, x1 = 0−, x⃗),
ϕ(x0 = 0+, x1 = 0+, x⃗) = ϕ(x0 = 0+, x1 = 0−, x⃗)

(3.7)

– 8 –
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where x⃗ = (x2, · · · , xd−1) and the specific representation of N is not specified in order to keep
complete generality. If we apply a global symmetry transformation g such that ϕ→ ϕ′ = g ·ϕ,
the boundary conditions will change to

ϕ′(x0 = 0−, x1 = 0+, x⃗) = N ′ · ϕ′(x0 = 0−, x1 = 0−, x⃗),
ϕ′(x0 = 0+, x1 = 0+, x⃗) = ϕ′(x0 = 0+, x1 = 0−, x⃗) ,

(3.8)

with N ′ = gNg−1, which implies the tail of the twist operator Ψ(∂Σd−1)N(Σd−1) will be
transformed to N ′(Σd−1). When g is an element of the centralizer Cℱ(N) of N in ℱ, we have
N = N ′ and Ψ is allowed to transform as a representation of (or more precisely, a module
over) Cℱ(N). One may further induce a module over ℱ from a module over Cℱ(N). Hence,
for a twist operator Ψ(∂Σd−1)N(Σd−1) to exist, we require Ψ live in a module over Cℱ(N).6

For a global symmetry described by a group G, this is equivalent to requiring Ψ live in a
vector space carrying a representation of CG(N) for N ∈ G.

We now investigate the conditions for Ψ(∂Σd−1)N(Σd−1) to be in 𝒜ℱ(Md−1). Now we
will restrict the discussion to the bi-twist operators Ψ1N(Σd−1)Ψ2. For simplicity, we start
with N ∈ Z(ℱ), the set of elements of ℱ that commute with everything else in ℱ. To
construct a twist operator Ψ1N(Σd−1)Ψ2 in 𝒜ℱ(Md−1), we need to dress suitable Ψi’s at
the boundaries of Σd−1. As discussed earlier, each Ψi is labeled by a module over Cℱ(N).
Since we restrict to N ∈ Z(ℱ), we have Cℱ(N) ∼= ℱ hence each Ψi is characterized by a
module over ℱ. When ℱ is invertible, i.e. a group, each Ψi transforms linearly under all
generators of ℱ, and we could simply choose Ψ1 to be in representation r and Ψ2 to be
in the dual representation r. Contracting all the indices by taking the trace like in (3.5)
yields Ψ1N(Σd−1)Ψ2 ∈ 𝒜ℱ(Md−1).

However, the above construction of uncharged bi-twist operators works only for invertible
ℱ with non-trivial center, and does not generalize to non-invertible ℱ or ℱ with trivial
center. The point, though, is to show that there does exist ℱ such that 𝒜ℱ(Md−1) contains
bi-twist operators. Again, we will see in the next section that uncharged bi-twist operators
can be constructed conveniently via the SymTFT method.

4 Symmetric sector von Neumann algebra from SymTFT

The bi-local and the bi-twist operators in the symmetric sector von Neumann algebra
discussed in the last section can be studied in a more transparent and unified manner from
the perspective of SymTFT. The idea of SymTFT is to attach 𝒯ℱ with global ℱ-symmetry
on Md to a topological field theory on Md × [0, 1] with two boundaries Btop ∼=Md × {0} and
Bphys ∼=Md × {1}, as depicted in figure 6. The data of the symmetry and the dynamics of
𝒯ℱ are separately stored at the topological boundary Btop and the physical boundary Bphys.
A symmetry generator N ∈ ℱ is supported on a (d − 1)-dimensional submanifold of Btop
bordant to a Cauchy surface Md−1 ⊂ Bphys, and a local operator ψ on Bphys is extended into
the bulk to be a line operator W stretching between the two boundaries. A symmetry action
of N on a local operator ψ in 𝒯ℱ can be understood from the SymTFT perspective as N

6The cautious readers may note that this resembles the data of the Drinfeld center of the category of
G-graded vector spaces when ℱ ∼= G [109]. This is by no means a coincidence and will be studied in [110].
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⇔

⇕

ψ

N
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⇔

W

N
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⇕

W

N

ψ̃

Btop Bphys

Figure 6. The SymTFT description of a symmetry action of 𝒯ℱ.

on Btop passing through the end point of the corresponding W on Btop. We anticipate the
possibility that a defect connecting N and W on Btop can be generated (in particular when
ℱ is non-invertible), which is represented by the dashed line in figure 6 (cf. figure 2).

To be concrete, we will first study 2d theory with symmetry ℱ, whose corresponding 3d
SymTFT was first introduced in [111, 112]. The set of line operators (anyons) was studied
in detail and shown to be in one-to-one correspondence with irreducible representations of
ℱ [113–116]. This fact plays an important role in the following discussion. We will review
various types of (extended) operators in the SymTFT and discuss the conditions for them
to be in the symmetric sector von Neumann algebra 𝒜ℱ(M1). We will then generalize the
discussion to d > 2.

4.1 Uncharged operators from SymTFT

Local operators. We begin with the local operators of 𝒯ℱ. A generic line operator in
its corresponding SymTFT can be written as

Lα = nαWα , (nα ∈ ℤ≥0) (4.1)

where Wα is a line operator in the bulk SymTFT as shown in figure 6. The coefficient nα

will be explained later. A line operator Lα is in a Lagrangian algebra ℒ, i.e. Lα ∈ ℒ (and
Wα ∈ ℒ), if it is allowed to end on Btop [117], which in turn means the corresponding Wα

– 10 –



J
H
E
P
0
1
(
2
0
2
6
)
1
0
5

ψ
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⇔ W0

N

ψ

Btop Bphys

Figure 7. An uncharged local operator seen from the SymTFT perspective.

is terminable at a point on Btop.7 More precisely, one can write ℒ as

ℒ =
⊕

α

Lα , (4.2)

where Lα’s mutually commute with each other and satisfy certain technical conditions [117,
118]. In particular, the identity line operator W0 in the bulk is always in the direct sum (4.2)
with n0 = 1. Inequivalent topological boundary conditions at Btop are in one-to-one corre-
spondence with inequivalent choices of the Lagrangian algebras of the SymTFT. Moreover,
Lα corresponds to a local operator of 𝒯ℱ upon interval compactification.

By definition, the local operators in 𝒜ℱ(M1) are the ones invariant under the actions of
all N ∈ ℱ on Btop. From the SymTFT perspective, such an uncharged local operator is always
represented by the identity line W0 connecting the operator to Btop as shown in figure 7.
Equivalently, we say that the endpoint of W0 at Btop furnishes a trivial representation of ℱ.
Hence, an uncharged local operator is essentially trivial from the SymTFT perspective.

Twist operators. For a given ℒ, a line Wα is not terminable on the Btop if Lα = nαWα /∈ ℒ,
∀nα > 0 [42]. Rather, a “tail” labeled by N ∈ ℱ along γ on Btop going to infinity must be
attached to such Wα as shown in figure 8. Such an operator ψN(γ) in 𝒯ℱ on M2, or its
SymTFT incarnation ψ̃WαN(γ) in M2 × [0, 1], is called a twist operator. Since the boundary
condition at infinity is changed due to N , a twist operator should actually be thought of
as an operator of a different theory characterized by the boundary condition at infinity
prescribed by N . Therefore, all twist operators with N(γ) stretching to infinity must be
excluded from the von Neumann algebra 𝒜(M1) of 𝒯ℱ, since it is simply not an operator
acting on the Hilbert space of 𝒯ℱ.

Despite the fact that twist operators with N(γ) extending to infinity are not in 𝒜(M1),
they are still very important because we can truncate N(γ) and dress it at the point of
truncation in a consistent manner as discussed in section 2. Before discussing such truncation
from the SymTFT perspective, we note that it is possible that a line in the bulk extends to
inequivalent tails on Btop. Conversely, the same tail can also be attached to different lines

7A line Wα is said to be not terminable on Btop when it has to connect to a defect line, which will later be
called a “tail”, on Btop extending to infinity. We will encounter this case in a moment.
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Figure 8. A twist operator in the SymTFT picture. For the configuration on the right we have
N(γ) ∈ t(Wα).

in the bulk. For a line Wα that can extend to different tails in Btop, we write

t(Wα) =
⊕

Ni∈ℱ
aiNi , (ai ∈ ℤ≥0) (4.3)

where each Ni (more precisely, Ni(γ)) is a tail to which W can attach, and the physical
meaning of ai will be explained in a moment. We note that in the notation (4.3), L ∈ ℒ
if the identity of ℱ, or a multiple of it, is a summand in t(L). For Wα with t(Wα) = aN

and Wβ with t(Wβ) = bM , we have

Homℱ(t(Wα), t(Wβ)) =

ℂab , (N =M)
∅ , (N ̸=M)

(4.4)

where ab is number of ways that t(Wα) can be joined to t(Wβ) when N =M . To see why,
we first consider two tails aN and N on Btop. The coefficient a means there is an a-fold
ambiguity for choosing an N on Btop, which in turn implies that there are a inequivalent
ways to join aN with N .8 Now it should be clear that for Wα with tail aN and Wβ with
tail bN , there are ab inequivalent ways to join them. Therefore, for generic Wα with tail⊕
aiNi and Wβ with tail

⊕
biNi, we have

Homℱ(t(Wα), t(Wβ)) =
⊕

i

ℂaibi , (4.5)

with total dimension
∑

i aibi. Physically,
∑

i aibi is the total number of inequivalent ways
that t(Wα) can be joined with t(Wβ) on Btop, where each aibi is the number of ways that
ith component of the two tails can be joined.

Physically, for t(Wα) =
⊕

i aiNi and t(Wβ) =
⊕

i biNi, when aibi is non-zero for certain
i, Wα can be joined to Wβ through Ni. Hence, to check if Wα and Wβ can be joined on
Btop, we need to look for the corresponding tails represented in terms of the elements of ℱ.
As (4.4) counts the number of inequivalent ways the tails can be joined on Btop, it is natural
to look for its SymTFT version in terms of W ’s. For this, we have [117–121]

Homℱ(t(Wα), t(Wβ)) = HomSymTFT(Wα,Wβ ⊗ℒ) . (4.6)
8The coefficient in (4.1) is interpreted similarly.
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Figure 9. The bi-twist operator in the SymTFT picture. When N = 1 is the identity line, the
operator becomes a bi-local operator in 𝒯ℱ.

Physically, while the l.h.s. counts of the number of ways that two tails can be joined on Btop,
the r.h.s. of the above equation simply counts the times of appearances of Wα in the fusion
Wβ ⊗ℒ, and the symmetry ℱ is implicitly determined by the choice of ℒ.

A terminable line Wα ∈ ℒ on Btop (with its endpoint ψ̃(x) at Bphys) may become a
twist operator ψ̃WαN(γ) under the action of an element of ℱ as illustrated in figure 6. When
this is the case, one says that ψ(x) together with ψ(x)N(γ) for all possible N ’s which can
be obtained via symmetry actions in ℱ form a multiplet in 𝒯ℱ.

Bi-twist and bi-local operators. Let us consider two lines Wα and Wβ in the bulk. As
discussed previously, they can be connected on Btop by a line N iff

HomSymTFT(Wα,Wβ ×ℒ) ̸= ∅ . (4.7)

Therefore, when (4.7) holds, Wα and Wβ together with the line connecting them on Btop can
form a bi-twist operator as shown in figure 9. In particular, when N = 1, or equivalently
when Wα,Wβ ∈ ℒ, the endpoints of Wα and Wβ form a bi-local operator in 2D. Similar to a
single local operator, a generic bi-local or bi-twist operator can become a different bi-local or
bi-twist operator under a symmetry action (cf. figure 6). Since both the bi-twist and bi-local
operators have finite volume support and do not change the boundary condition at infinity,
we choose to include them in 𝒜(M1) and the same choice has been made in [102].

We now look for bi-twist and bi-local operators that are in 𝒜ℱ(M1). The construction
of such operators, which was a bit cumbersome and subject to many edge cases in section 2
from the perspective of the physical QFT living on the boundary, becomes transparent from
the SymTFT perspective in the bulk. We consider connecting ψ̃1 with ψ̃2 by a line Wα in the
bulk, assuming such a line exists. Then aftering dragging and projecting Wα onto Btop, the
composite operator ψ̃1Wαψ̃2 must commute with all ℱ on Btop, since we can simply drag
it back into the bulk to make it not touch anything on Btop. The operators are shown in
figure 10 and are referred to as patch operators [122–126].

Recall that when Wα can be connected to different tails Ni on Btop, we write t(Wα) =⊕
aiNi where ai’s specify the ambiguities for each Ni. This means one can connect Wα to Wα

(the overline indicates orientation-reversal) by an Ni on Btop. However, one generically cannot
drag WαNiWα into the bulk in the manner discussed previously. Otherwise, WαNiWα can be
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⇓

⊕iaiNi

ψ1ψ2

M2

Figure 10. A set of symmetric bi-twist (or bi-local depending on whether ⊕iaiNi ∝ 1) operators can
be constructed by bending the bulk operator Wα and dragging it onto Btop.

dragged into the bulk then dragged back onto Btop with a different Nj connecting them where
the transformation from Ni to Nj is realized by a symmetry action in ℱ. Hence WαNiWα is
non-invariant under an action in ℱ, which contradicts the fact that any bi-twist operator
which can be freely dragged into the bulk must commute with all actions in ℱ. Therefore, to
ensure that a boundary line can be freely dragged into the bulk, we must connect Wα and Wα

by the full
⊕

i aiNi as illustrated in figure 10. In other words, an uncharged bi-twist/bi-local
operator is realized by the operator Wα (

⊕
i aiNi)Wα in the SymTFT in the bulk. These

operators are therefore by definition in 𝒜ℱ(M1) and will play important roles in section 5.

4.2 Generalization to higher dimensions

In this section, we generalize the above construction to higher dimensions, where the distinction
between bi-local operators and bi-twist operators becomes manifest. While the bi-local and
the bi-twist operators can be constructed in essentially the same manner as illustrated in
figure 10, one has to be careful about the dimensionality of various operators. For example,
when ℱ is a 0-form symmetry, while an uncharged bi-local can still be constructed by a line
in the bulk ending on Btop, a bi-twist operator should be viewed as a (d− 1)-dimensional
hypersurface in the bulk joined with a (d − 1)-dimensional tail on Btop.

The BF -SymTFT proposed in [68] provides a natural framework for the construction
of such operators in general dimension, at least for invertible symmetries. To be concrete,
we focus on QFT 𝒯SU(n) with non-anomalous SU(n) flavor symmetry on a d-dimensional
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manifold Md. The SymTFT action in the bulk is an SU(n) BF -action

S =
∫

Md+1
trB ∧ F , (4.8)

for Md+1 ∼= Md × [0, 1] and the QFT lives on Bphys ∼= Md × {1}. To construct a bi-local
operator from the SymTFT perspective, we consider a Wilson line Wr connecting two local
operators on Bphys

tr ψ̃1(x)Wr(γxy)ψ̃2(y) ≡ ψ̃1(x)𝒫 exp
(
i

∫
γxy

A

)
ψ̃2(y) , (4.9)

for a path γxy connecting x and y in the bulk. Since 𝒫 exp
(
i
∫

γxy
A
)

with fixed x and y is
topological in Md+1, it can be freely restricted onto or dragged away from Btop, therefore
such an operator must become an uncharged bi-local operator tr(ψ1(x)ψ2(y)) after shrinking
the interval (cf. (3.5)).

The construction of a bi-twist operator with codimension-1 support is a bit more tricky.
The bulk topological operator in this case is U[α](Σd−1) with codimension-2 support Σd−1 in
the bulk, which depends on a conjugacy class [α] of SU(n). Without reviewing the details
of [68], the key observation is that a (hyper)surface operator of this type that depends on a
single element of SU(n) cannot be topological and hence cannot be freely dragged into the
bulk. Therefore, unless α takes certain special values, e.g. α ∈ Z(SU(n)) which is the center
element of SU(n), the tail of U[α](Σd−1) on Btop cannot commute with all elements of SU(n).
Note that there is no contradiction here since any α ∈ Z(G) is the only representative of its
own conjugacy class. However, when α /∈ Z(SU(n)), one has to include all elements in its
conjugacy class to construct the topological operator U[α](Σd−1) in order for it to be freely
moved away from Btop hence is a candidate in 𝒜SU(n)(Md−1).

More precisely, this topological operator can be written explicitly as [68]

U[α](Σd−1) =
∫
dg exp

(
i

∫
Σd−1

(α̃, B)
)
, (4.10)

where dg is the Haar measure of G and α̃ is the parallel transport of gα(p)g−1 for a covariantly
constant α at an arbitrary p ∈ Σd−1 by the holonomy of A. One may recognize that this is
a concrete realization of (4.3), where the integral plays the role of the direct sum in (4.3).
We then terminate such U[α](Σd−1) on Bphys with suitable Ψ̃1 and Ψ̃2 at the two boundaries
of Σd−1 to obtain a bi-twist operator trΨ1N(Σd−1)Ψ2 ∈ 𝒜SU(n)(Md−1) after projecting
to 𝒯SU(n) (cf. figure 4). In this work, we will not explicitly give a full construction of
bi-twist operators in the presence of non-invertible symmetries; rather, we just note that
the construction should be similar to the one given above.

In the above discussion, we assumed the topological boundary Btop supports the 0-
form SU(n) flavor symmetry. If we gauge the non-anomalous SU(n) flavor symmetry9 in
𝒯SU(n), a (d − 2)-form Rep(SU(n)) non-invertible symmetry whose charged objects are
(d − 2)-dimensional extended operator will emerge. In the SymTFT picture, the gauging

9The SU(n) symmetry is gauged by summing over flat SU(n)-connections on Md.
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corresponds to switching to another topological boundary B′
top with boundary condition

such that only (d− 1)-dimensional extended operator U[α] can end on B′
top. The Wilson line

operators W in the bulk will become the generators (d− 2)-form Rep(SU(n)) symmetry on
B′

top. The roles of bi-local operators and bi-twist operators are exchanged after the gauging.
The extended operator U[α](Σd−1) terminated at Ψ̃1 and Ψ̃2 on Bphys become a bi-local
operator tr Ψ̃1Ψ̃2 ∈ 𝒜Rep(SU(n))(Md−1) and is uncharged under the (d− 2)-form symmetry
after projecting to 𝒯Rep(SU(n)). On the other hand, the local operators ψ̃1(x), ψ̃2(y) on Bphys
connected by a bulk Wilson line operators Wr(γxy) will project to the bi-twist operator
ψ1(x)𝒫 exp

(
i
∫

γxy
A
)
ψ2(y) ∈ 𝒜Rep(SU(n))(Md−1) after projecting to 𝒯Rep(SU(n)).

We can also gauge only the center subgroup Z(SU(n)) = ℤn in 𝒯SU(n), the resulting
symmetry would be a mixture between a 0-form PSU(n) symmetry and a (d− 2)-form ℤn

symmetry. In the SymTFT picture, only the Wilson line operators Wr whose representation r
is neutral under the ℤN center can end on the new topological boundary. They give rise to the
local operators ψ(x) charged under the PSU(n) symmetry after projecting to 𝒯PSU(n)×ℤ

(d−2)
n

.
The (d − 1)-dimensional extended operator U[α] with the conjugacy class [α] ∈ Z(SU(n))
can also end on the topological boundary, and they give rise to the (d − 2)-dimensional
extended operators Ψ(Σd−2) charged under the (d− 2)-form ℤn symmetry. Therefore, we
have two kinds of symmetric bi-local (extended) operators in 𝒯PSU(n)×ℤ

(d−2)
n

. Other Wilson
line operators W ′ and extended operators U ′ cannot end on the topological boundary, and
they should connect to 1-dimensional or (d− 1)-dimensional tails. The tails are generators of
the (d− 2)-form ℤn symmetry and 0-form PSU(n) symmetry on the topological boundary.
As a consequence, we also have two kinds of symmetric bi-twist (extended) operators in
𝒯PSU(n)×ℤ

(d−2)
n

after such ℤn-gauging.
In general, one can study a d-dimensional theory 𝒯ℱ whose ℱ contains 0-form and/or

(d− 2)-form symmetries. In the (d+ 1)-dimensional SymTFT, we can define the topological
boundary Btop via choosing the collection of line operators Wα and (d − 1)-dimensional
extended operator Uµ in the bulk that can end simultaneously on Btop and write formally
as (cf. (4.2))

ℒ =
(⊕

α

Wα

)⊕(⊕
µ

Uµ

)
. (4.11)

If ℱ happens to have other p-form symmetries in it, one must also include other compatible
endable extended operators in the SymTFT to ℒ.

As a final remark, note that we see a (d− 2)-form symmetry arise as the consequence of
gauging 0-form symmetry ℱ. On the other hand, if ℱ is a pure 0-form symmetry, then the
local operators are not allowed to transform to twist operators under non-invertible symmetry
action when d > 2, since the tail of the twist operators are 1-dimensional which implies the
(d− 2)-form symmetry should coexist in the theory. In the following discussion, we will allow
the presence of (d− 2)-form symmetry in ℱ, which can interact non-trivially with the 0-form
symmetry to allow the transition from local operators to twist operators. We will denote
the generator of (d− 2)-form symmetry by η(γ) for a line γ, the fact that it can attach to a
non-invertible 0-form generator N(Md−1) supported on Md−1 implies

η(γ)N(Md−1) = N(Md−1)η(γ) = N(Md−1) , (γ ⊂Md−1) (4.12)
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such that η(γ) can be absorbed into N(Md−1). Multiply N(Md−1) on both side and assume
1 ∈ NN , one has η(γ) ∈ N(Md−1)N(Md−1) for any γ ⊂Md−1. Therefore, one would expect

N(Md−1)N(Md−1) = 𝒞(Md−1) , (4.13)

where 𝒞(Md−1) is known as a condensation of η(γ) on Md−1. Notice that (4.13) does not
contradict with 1 ∈ NN since the identity element 1 is also an ingredient of 𝒞. For example,
when Md−1 is a compact manifold and η(γ) generates an ℤk (d − 2)-form symmetry, we
can write

𝒞(Md−1) =
⊕

γ∈H1(Md−1,ℤk)
η(γ) , (4.14)

which is known as 1-gauging the (d − 3)-form symmetry along Md−1 [127].
In the literature, similar N -defects are constructed as the duality defects of the theory

under the gauging of a p-form symmetry, and they are symmetries of the theory only when
it is self-dual. For example, the 2d Ising model at temperature T is mapped to itself with
dual temperature T ′ under the Kramers-Wannier (KW) transformation, or ℤ2-gauging. The
KW duality defect N becomes a symmetry only at the critical temperature Tc. Duality
defects in 4d on gauging 1-form symmetries are also studied in [49, 50, 69, 70, 128, 129].
In the following, we will assume the existence of such N as a non-invertible symmetry and
not delve into the details of its construction.

4.3 Relation to the non-SymTFT construction and a sub-algebra of the
Lagrangian algebra

It should be clear from our construction in section 3 that 𝒜ℱ(M1) contains a bi-local operator
whenever there exists a local operator ψ(x) that does not become a twist operator connecting
to a defect line under any non-intertible element of ℱ. The SymTFT construction presented in
section 4 makes this construction sharper by encapsulating the above somewhat complicated
condition into a simpler one constraining the property of the Lagrangian algebra ℒ.

Recall that a charged local operator ψ(x) corresponds to a terminable line W ∈ ℒ
with one end on Btop and the other end on ψ̃(x). Requiring W be terminable means
t(W ) = a01 ⊕ (⊕i ̸=0aiNi) with non-zero a0. If t(W ) ̸= a01, there must exist certain non-
invertible symmetries, say M ∈ ℱ, upon which the identity tail 1 can be transformed to
another Ni of t(W ). Therefore, after projection to 𝒯ℱ, ψ(x) cannot be invariant under M
as it must become a twist operator joined to Ni defect line. Therefore, in order to have a
bi-local operator in 𝒜ℱ(M1), we must require that there exists L ∈ ℒ such that t(L) ∝ 1. We
define ℒ̃ ⊂ ℒ to be the subset containing all L ∈ ℒ such that t(L) ∝ 1 on Btop. Therefore,
the necessary and sufficient condition for 𝒜ℱ(M1) containing a bi-local operator is ℒ̃ ≠W0,
which means it contains non-trivial elements other than the bulk identity.

On the other hand, there always exist symmetric bi-twist operators in 𝒜ℱ(M1). Clearly,
for any bulk line operator W ′ /∈ ℒ̃ with t(W ′) ̸= a01, it can be transformed into a twist
operator connecting to a defect line on Btop. We then construct the lines ψ̃1W

′ and ψ̃2W
′

in M3 and connect the lines by t(W ′) = ⊕ia
′
iNi on Btop. Since this operator can be freely

dragged into M3, it must be uncharged under all symmetry actions in ℱ. After projection
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to 𝒯ℱ, the two operators ψ1 and ψ2 connecting by t(W ′) = ⊕ia
′
iNi transform under two

representations of ℱ that dual to each other, since they are lifted to W ′ and its orientation
reversal in the bulk SymTFT.

In higher dimension, we similarly define ℒ̃ ⊂ ℒ to be the subset containing all line
operators W and (d − 1)-dimensional extended operators U in ℒ that cannot attach to
non-trivial 1-dimensional and (d− 1)-dimensional tails on Btop. Then 𝒜ℱ(Md−1) contains
bi-local (extended) operators if ℒ̃ ≠W0 ⊕ U0, which means it contains operators other than
the trivial line and (d−1)-dimensional extended operators. On the other hand, one can always
construct symmetric bi-twist operators using line operators W ′ /∈ ℒ̃ or (d− 1)-dimensional
extended operators U ′ /∈ ℒ̃, connecting two local operators or two (d − 2)-dimensional
extended operators on Bphys as discussed in section 4.2.

In summary, we introduce ℒ̃ ⊂ ℒ to be the subset generated by all line operators
W ∈ ℒ and (d − 1)-dimensional extended operator U ∈ ℒ that cannot join to any non-
trivial tail on Btop. Thus, any local operator on Bphys that is the endpoint of W cannot
be transformed to a twist operator under any symmetry action in ℱ. A similar argument
holds for any (d − 2)-dimensional extended operator on Bphys that is the ending locus of
U . Clearly, ℒ̃ is closed under fusion.

5 Additivity and Haag duality in the presence of Bi-local and Bi-twist
operators

We are now ready to discuss the implications of the operator content of 𝒜ℱ(Md−1) on certain
properties of it. In particular, we focus on additivity and Haag duality of 𝒜ℱ(Md−1). We
anticipate the case where ℱ is a mixture of 0-form and (d− 2)-form symmetry as discussed
at the end of section 4.2, which allows the transition between local operators and twist
operators under non-invertible symmetries. In general, we will consider four kinds of bi-local
and bi-twist operators in 𝒜ℱ(Md−1).

• Bi-local operators trψ1(x)ψ2(y);

• Bi-local extended operators trΨ1(Σd−2)Ψ2(Σ′
d−2);

• Bi-twist operators trψ1(x)η(γxy)ψ2(y);

• Bi-twist extended operators trΨ1(Σd−2)N(Σd−1)Ψ2(Σ′
d−2) with ∂Σd−1 = Σd−2

⋃
Σ′

d−2.

Following [102], we will show the following holds in general, regardless of the details
of the dynamics of 𝒯ℱ:

• Additivity of 𝒜ℱ(Md−1) is violated whenever 𝒜ℱ(Md−1) contains bi-local operators
trψ1(x)ψ2(y) or bi-local (d− 2)-dimensional extended operators trΨ1(Σd−2)Ψ2(Σ′

d−2).

• Haag duality of 𝒜ℱ(Md−1) is violated whenever 𝒜ℱ(Md−1) contains bi-twist operators
trΨ1(Σd−2)N(Σd−1)Ψ2(Σ′

d−2) or trψ1(x)η(γxy)ψ2(y) that commute with all compo-
nents of bi-local (extended) operators in 𝒜ℱ(Md−1).

We will first show the above holds in general dimensions, then we will specialize to 2d, where
the conditions in the above claim can be made concrete using the Lagrangian algebra explicitly.
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𝒪1 𝒪2

R1 R2

Md−1

Md

Figure 11. Putting a bi-local operator on Md−1. Here the operator 𝒪 can be either local operator
ψ(x) or extended operator Ψ(Σd−2).

5.1 Violation of additivity and Haag duality in general dimensions

Recall from section 4.3 that there exist bi-local operators trψ1(x)ψ2(y) ∈ 𝒜ℱ(Md−1) or
bi-local extended operators trΨ1(Σd−2)Ψ2(Σ′

d−2) when ℒ̃ ≠ ℒ. When this is the case,
we pick two disjoint regions R1 and R2 on the Cauchy surface Md−1 and put one of the
component operators of the bi-local operator, say ψ1(x) or Ψ1(Σd−2), in R1 while the other
one ψ2(y) or Ψ2(Σ′

d−2) in R2 as illustrated in figure 11. While ψ1(x),Ψ1(Σd−2) /∈ 𝒜ℱ(R1)
and ψ2(y),Ψ2(Σ′

d−2) /∈ 𝒜ℱ(R2) as both are charged operators under N , we have

trψ1(x)ψ2(y) ∈ 𝒜ℱ(R1 ∪R2) , trΨ1(Σd−2)Ψ2(Σ′
d−2) ∈ 𝒜ℱ(R1 ∪R2) , (5.1)

due to (3.6) (or visually as figure 9 with N = 1). On the other hand, we have [102]

trψ1(x)ψ2(y) /∈ (𝒜ℱ(R1)∪𝒜ℱ(R2))′′ , trΨ1(Σd−2)Ψ2(Σ′
d−2) /∈ (𝒜ℱ(R1)∪𝒜ℱ(R2))′′ , (5.2)

the additivity of 𝒜ℱ(Md−1) is violated. The reason is that we can construct a bi-twist
operator with two endpoint operators lying in the blue region, and the symmetry generator
connecting the two operators covers either R1 or R2. This operator is an element of the
commutant (𝒜ℱ(R1) ∪𝒜ℱ(R2))′, and it does not commute with the above bi-local operators
in general. By the discussion in section 4.3, this means that addivity of 𝒜ℱ(Md−1) is violated
whenever ℒ̃ ̸= W0 ⊕ U0.

On the other hand, Haag duality can potentially be violated by the configuration in
figure 12 where R ∪ R′ = Md−1 and R ∩ R′ = ∅. Let us first focus on a bi-twist extended
operator Ψ1(Σd−2)N(Σd−1)Ψ2(Σ′

d−2) plotted in figure 12, which is by definition not in 𝒜ℱ(R)
since its support is not entirely within R. Hence by (2.5) Haag duality will be violated
if Ψ1(Σd−2)N(Σd−1)Ψ2(Σ′

d−2) happens to commute with everything in 𝒜ℱ(R′), i.e. if it
is in 𝒜ℱ(R′)′.

Clearly, Ψ1(Σd−2)N(Σd−1)Ψ2(Σ′
d−2) /∈ 𝒜ℱ(R′)′ when ℱ is invertible, i.e. when ℱ is a

group. To see this, we note that for ℱ to be really a symmetry of 𝒯ℱ, there must exist
at least one charged local operator that transforms non-trivially under ℱ. Thus one can
form a bi-local operator trψr(x)ψr(y) whose components ψr(x) and ψr(y) both transform
non-trivially under the action of N but is itself in 𝒜ℱ(Md−1). We then put ψr(x) in the
middle R′ region and ψr(y) in the leftmost R′ region in figure 12. Clearly, we have

trψr(x)ψr(y) ∈ 𝒜ℱ(R′) (5.3)
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𝒪1 𝒪2

R′ R R′ R R′

Γ Md−1

Md

Figure 12. Putting a bi-twist (extended) operator 𝒪1Γ𝒪2 on Md−1. Here 𝒪1Γ𝒪2 can be either
ψ1(x)η(γxy)ψ2(y) or Ψ1(Σd−2)N(Σd−1)Ψ2(Σ′

d−2). Note that though the tail Γ connecting two op-
erators is represented by the dashed curve slightly away from Md−1 for clarity, we indeed have
Γ ⊂Md−1.

but since the charged local component ψr(x) does not commute with N(Σd−1), we have

Ψ1(Σd−2)N(Σd−1)Ψ2(Σ′
d−2) /∈ 𝒜ℱ(R′)′ . (5.4)

Therefore, when ℱ is invertible, Haag duality of 𝒜ℱ(Md−1) cannot be violated by any bi-twist
extended operators. The argument also holds for bi-twist operator ψ1(x)η(γxy)ψ2(y) where
we can consider putting the bi-local extended operator trΨ(Σd−2)Ψd−2(Σd−2) in different
R′ region.

It should now be clear that in order for Haag duality to potentially be violated in
𝒜ℱ(Md−1), ℱ has to be non-invertible. For example, to violate Haag duality by a twist
operator Ψ1(Σd−1)N(Σd−2)Ψ2(Σ′

d−1) we have to ensure that any uncharged bi-local oper-
ator trψ1(x)ψ2(y) ∈ 𝒜ℱ(Md−1) and bi-local extended operator trΨ1(Σd−2)Ψ2(Σ′

d−2) have
both ψ1(x),Ψ1(Σd−2) and ψ2(y),Ψ2(Σ′

d−2) invariant under N(Σ), otherwise we would have
Ψ1(Σd−1)N(Σd−2)Ψ2(Σ′

d−1) /∈ 𝒜ℱ(R′)′ hence not violating Haag duality. Obviously, one pos-
sibility is that there are no non-trivial bi-local and bi-local extended operators in 𝒜ℱ(Md−1)
at all. This in turn means that any local and extended operator will become a twist operator
upon the action of a non-invertible element of ℱ. Hence, it implies that ℒ̃ = W0 ⊕ U0.

More generally, when ℒ̃ ≠W0 ⊕ U0 and ℒ̃ ≠ ℒ to ensure ℱ has non-invertible 0-form
generators which can generate tails acting on the local (extended) operators. There are
bi-local (extended) operators in 𝒜ℱ(Md−1), which can be easily seen from the SymTFT
construction in section 4. The question is then whether there exists an N ∈ ℱ such that
any local component of a bi-local (extended) operator in 𝒜ℱ(Md−1) is invariant under the
action of N . Recall that, by definition, for any trψ1(x)ψ2(y) ∈ 𝒜ℱ(Md−1), the component
local operators ψ1(x) and ψ2(x) can never become a twist operator under any symmetry
action in ℱ. In other words, a component local operator of an uncharged bi-local operator
can at most undergo a linear transformation under any symmetry action in ℱ. Let us say
it undergoes a linear transformation

ψ1(x) →M(Σd−1)ψ1(x) = ρ(M)ψ1(x)M(Σd−1) , (5.5)

under the action of certain 0-form symmetry M ∈ ℱ and similarly for ψ2(y). Let us choose
a non-invertible M ∈ ℱ and consider the action of MM with M the orientation reversal
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of M , we have

ψ1(x) →M(Σd−1)M(Σd−1)ψ1(x) = ρ(M)ρ(M)ψ1(x)M(Σd−1)M(Σd−1) , (5.6)

where the fusion between M(Σd−1) with M(Σd−1) generally gives

M(Σd−1)M(Σd−1) = n01⊕
(⊕

N

N(Σd−1)
)
, (5.7)

where N(Σd−1) on the r.h.s. can include genunie (d − 1)-dimensional generator and also
line operators η(γ) condensing on Σd−1, as discussed in section 4.2. Alternatively, we can
first fuse M and M and obtains

M(Σ)M(Σ)ψ1(x) =
(
n01⊕

(⊕
N

N(Σd−1)
))

ψ1(x) = ψ1(x)n01⊕
(⊕

N

ρ(N)ψ1(x)N(Σ)
)
.

(5.8)
Compared to the r.h.s. of (5.6), we immediately have

ρ(M)ρ(M) = ρ(N) = 1 , ∀N ∈MM , (5.9)

which holds for any local operators ψ1(x) that cannot become a twist operator. Therefore, if
there exists a bulk operator U such that N ∈ t(U) and N ∈ MM for some non-invertible
symmetry M , we can construct the bi-twist operator Ψ1(Σd−2)N(Σd−1)Ψ2(Σ′

d−2) which
commutes with trψ1(x)ψ2(y) for the configuration in figure 12. Notice that the above
discussion is independent of the dimension of the operator and can be generalized to any
charged objects 𝒪 as long as M is non-invertible such that (5.7) holds. In particular, it
also applies to the components of the bi-local extended operator trΨ1(Σd−2)Ψ2(Σ′

d−2) ∈
𝒜ℱ(Md−1).

In SymTFT, the set of operators in ℒ gives natural candidates of the bi-twist operators
in 𝒜ℱ(Md−1) commuting with trψ1(x)ψ2(y) and trΨ1(Σd−2)Ψ2(Σ′

d−2). Since ℒ̃ ̸= ℒ, we
can always pick a bulk line operator W ′ ∈ ℒ or (d − 1)-dimensional extended operator
U ′ ∈ ℒ such that W ′, U ′ /∈ ℒ̃, and construct a symmetric bi-twist (extended) operator as
illustrated in section 4. After projection to 𝒯ℱ, the former gives a bi-twist local operator
connected by line operators η′, and the latter gives a bi-twist extended operator connected
by (d− 1)-dimensional generators N ′. Since both η′ and N ′ are tails that can end on some
non-invertible generator M , they belong to MM and commute with all operators constructed
by ℒ̃ as we have just shown.

As a result, we can rephrase the two statements at the beginning of this section in
the language of SymTFT. Given a topological boundary Btop defined by the set of endable
operators (Lagrangian algebra) ℒ, we have

• Additivity of 𝒜ℱ(Md−1) is violated if ℒ̃ ̸=W0
⊕
U0.

• Haag duality of 𝒜ℱ(Md−1) is violated if ℒ̃ ̸= ℒ.

Here ℒ̃ ⊂ ℒ is the subset of operators in ℒ that cannot join to any non-trivial tail on Btop,
and W0, U0 are respectively the identity line operator and the identity (d− 1)-dimensional
extended operator.
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5.2 Violation of additivity and Haag duality in 2d

Let us return to the 2D theory 𝒯ℱ with 0-form symmetry ℱ, where the topological boundary
Btop is well classified by the Lagrangian algebra ℒ (4.2) of the SymTFT. In this case, the
statements in the previous section become

• Additivity of 𝒜ℱ(M1) is violated if ℒ̃ ̸=W0.

• Haag duality of 𝒜ℱ(M1) is violated if ℒ̃ ̸= ℒ.

The violation of additivity is straightforward, since ℒ̃ ≠ 0, we can construct symmetric
bi-local operators using line operators in ℒ̃ and thus the additivity is broken. On the other
hand, suppose ℒ̃ ̸= ℒ, there exists a bulk line operator W ∈ ℒ but W /∈ ℒ̃, such that
it can connect a tail N on Btop. After projecting to 𝒯ℱ, that indicates the local operator
ψ corresponding to W can be transformed to a twist operator ψ attached by N via some
non-invertible symmetry M , and N ∈MM since N is attached to M on the other end. The
same argument in (5.8) implies N must commute with any local operators in ℒ̃, and thus the
symmetric bi-twist operator ψt(W )ψ′ constructed via W can be used to break Haag duality.

We will provide another proof for the 2d theory to show the violation of Haag duality
based on the following fact.10 Suppose we have two line operators Wα,Wβ in the bulk
SymTFT linked with each other, and consider the quantity S∗

αβS00/S0αS0β, where Sαβ is
the modular S-matrix in the bulk. If S∗

αβS00/S0αS0β = eiϕ(α,β) is a pure phase, then the
braiding between Wα with Wβ is abelian in the sense that

Wα Wβ

=
S∗

αβS00

S0αS0β
×

Wα Wβ

. (5.10)

In the following, we will show the linking between Wα ∈ ℒ̃ with Wβ ∈ ℒ is always
trivial, namely

S∗
αβS00

S0αS0β
= 1 , ∀ Wα ∈ ℒ̃ ,Wβ ∈ ℒ . (5.11)

It is a consequence of the fact that the line operators in the Lagrangian algebra are mutually
local. If we further restrict Wβ /∈ ℒ̃ and use Wβ to construct a symmetric bi-twist operator,
then it should commute with any local operator ψ constructed using Wα ∈ ℒ̃ by lifting the
bi-twist operator to the bulk and moving it past through Wα.

To show Wα braid trivially with Wβ , we will make use of the following two properties of
the Lagrangian algebra [117]. First, the quantum dimension of ℒ is defined as

dimℒ =
∑

Wα∈ℒ
nαdα , (5.12)

10We refer [130] for a review of anyon systems.
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where dα is the quantum dimension of Wα. It turns out that dimℒ is related to the total
quantum dimension D𝒵(ℱ) of the SymTFT 𝒵(ℱ) as

dimℒ = D𝒵(ℱ) , (5.13)

where the quantum dimension D𝒵(ℱ) is defined by

D𝒵(ℱ) =
√ ∑

Wα∈𝒵(ℱ)
d2α . (5.14)

Second, all the line operators Wα ∈ ℒ are bosonic.
Recall that the modular S-matrix is given by

Sαβ = 1
D𝒵(ℱ)

∑
γ

𝒩γ
αβ

θγ

θαθβ
dγ , (5.15)

where θ is the topological spin of W , which is the diagonal element of the modular T -matrix.
If Wα ∈ ℒ̃, the fusion Wα ×ℒ should only contains elements inside ℒ, otherwise there
exists a Wγ /∈ ℒ such that

Homℱ(Wγ ,Wα) = HomSymTFT(Wγ ,Wα ×ℒ) ̸= 0 , (5.16)

where we use (4.6). That means t(Wα) shares common elements with t(Wγ) on Btop. Since
Wγ must project to the non-trivial generator in ℱ on the Btop, we have a contradiction.
Therefore Wγ ∈ Wα ×Wµ ∈ ℒ is also bosonic and we can set all topological spin θα, θµ

and θγ equal to one and get

Sαβ = 1
D𝒵(ℱ)

∑
γ

𝒩γ
αβdγ = dαdβ

D𝒵(ℱ)
, (5.17)

where we use the identity

dαdµ =
∑

γ

𝒩γ
αµdγ . (5.18)

Therefore we have

S∗
αβS00

S0αS0β
= dαdβ

D𝒵(ℱ)
× S00
S0α

× S00
S0β

× S−1
00 = 1 , (5.19)

where we use S0α/S00 = dα and S00 = D−1
𝒵(ℱ).

6 Examples

In this section, we will study three types of 2D examples and illustrate the analysis of the
violation of additivity and Haag duality from the SymTFT perspective. We will begin with
the simplest abelian group ℤN and then move to general non-abelian groups and investigate
S3 as a concrete example. Then, we will consider the diagonal RCFT whose symmetries are
generated by Verlinde lines and recover the criteria in [102].
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6.1 ℤN symmetry

The first example is the 2D anomalous free ℤN theory 𝒯ℤN
. The SymTFT is the 3d

BF-theory with level-N

S = N

2π

∫
B ∧ dA , (6.1)

where we have a pair of U(1)-valued gauge field A and B. The anyons are given by the
gauge invariant Wilson line operators W(α,β)[Γ]

W(α,β)[Γ] = exp
(
i

∮
Γ
αA+ βB

)
, (α, β ∈ ℤN ) (6.2)

with α, β = 0, 1, · · · , N − 1 and Γ is a 1-cycle. The fusion rule is simply

W(α,β) ×W(α′,β′) =W(α+α′,β+β′) . (6.3)

The Lagrangian algebras can be found by finding the maximal commuting set of operators.
We have two basic Lagrangian algebras, the Dirichlet one and the Neumann one

ℒDir =
⊕

α∈ℤN

W(α,0) , ℒNeu =
⊕

β∈ℤN

W(0,β) . (6.4)

If N is not prime, for any positive integers P,Q satisfying N = PQ and gcd(P,Q) ̸= 1,
one has others Lagrangian algebras

ℒP,Q =
⊕

α∈ℤQ,β∈ℤP

W(P α,Qβ) , (6.5)

and the Dirichlet (Neumann) algebra is the special case when P = 1 (Q = 1).
Begin with the topological boundary BDir where the anyons W(α,0) can end on that, it

supports a ℤN symmetry generated by W(0,1). The Neumann boundary BNeu is obtained by
gauging the ℤN symmetry generated by W(0,1) and the corresponding Lagrangian algebra
becomes ℒNeu. The role between W(α,0) and W(0,β) are exchanged on BNeu such that W(0,α)
can end on the boundary while W(1,0) serves as symmetry generator of the dual ℤN symmetry.
Moreover, if we only gauge a subgroup of ℤP ∈ ℤN we will obtain the topological boundary
B(P,Q) whose Lagrangian algebra is ℒ(P,Q). The symmetry supported on B(P,Q) is ℤP × ℤQ

with a mixed anomaly between the two factors, generated separately by W(1,0) and W(0,1).
For all of them, one finds

ℒ̃Dir = ℒDir , ℒ̃Neu = ℒNeu , ℒ̃P,Q = ℒP,Q . (6.6)

Therefore, the additivity is violated, and the Haag duality is preserved. It matches our result
for invertible ℱ, i.e. when ℱ is a group.

6.2 S3 symmetry

For a general discrete group G, the elements of its SymTFT 𝒵(G) are described by the
pair α = (A, r) where A labels the conjugacy class Cl(G) of G and r labels the irreducible
representation under the centralizer group of Cl(G).
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⊗ W0 W1 W2 W3 W4 W5 W6 W7
W0 W0 W1 W2 W3 W4 W5 W6 W7
W1 W1 W0 W2 W4 W3 W5 W6 W7
W2 W2 W2 W0 ⊕W1 ⊕W2 W3 ⊕W4 W3 ⊕W4 W6 ⊕W7 W5 ⊕W7 W5 ⊕W6

W3 W3 W4 W3 ⊕W4
W0 ⊕W2 ⊕W5
⊕W6 ⊕W7

W1 ⊕W2 ⊕W5
⊕W6 ⊕W7

W3 ⊕W4 W3 ⊕W4 W3 ⊕W4

W4 W4 W3 W3 ⊕W4
W1 ⊕W2 ⊕W5
⊕W6 ⊕W7

W0 ⊕W2 ⊕W5
⊕W6 ⊕W7

W3 ⊕W4 W3 ⊕W4 W3 ⊕W4

W5 W5 W5 W6 ⊕W7 W3 ⊕W4 W3 ⊕W4 W0 ⊕W1 ⊕W5 W7 ⊕W2 W6 ⊕W2
W6 W6 W6 W5 ⊕W7 W3 ⊕W4 W3 ⊕W4 W7 ⊕W2 W0 ⊕W1 ⊕W6 W5 ⊕W2
W7 W7 W7 W5 ⊕W6 W3 ⊕W4 W3 ⊕W4 W6 ⊕W2 W5 ⊕W2 W0 ⊕W1 ⊕W7

Table 1. The fusion table of 𝒵(S3).

Let us consider the non-anomalous order-3 cyclic group S3 = {e, a, a2, b, ab, a2b}. a and
b are the generators of ℤ3 and ℤ2 satisfying a3 = b2 = 1 and the constraint ba = a2b. There
are three conjugacy classes represented by [e], [a], [b]

[e] = {e} , [a] = {a, a2} , [b] = {b, ab, a2b} , (6.7)

and the centralizer group for e, a, b are separately

C(e) = S3 , C(a) = ℤ3 , C(b) = ℤ2 , (6.8)

where ℤ3 and ℤ2 are generated by a and b separately. Recall that the irreducible represen-
tations for ℤN are characterized by an ℤN -integer k with

rk(g) = e
2πi
N

k, (g is the generator of ℤN ) (6.9)

and the irreducible representations for S3 contain the trivial representation r+, sign repre-
sentation r− and the 2-dimensional standard representation rE . There are in total 8 line
operators labeled by

([e], r+), ([e], r−), ([e], rE), ([b], r0), ([b], r1), ([a], r0), ([a], r1), ([a], r2) (6.10)

and we shall label them as W0, · · · ,W7 in the following. The fusion rule is summarized
in table 1.

There are four Lagrangian algebras given by [117]

ℒ1 =W0 ⊕W1 ⊕ 2W2 , ℒ2 =W0 ⊕W3 ⊕W5 ,

ℒ3 =W0 ⊕W1 ⊕ 2W5 , ℒ4 =W0 ⊕W2 ⊕W3 .
(6.11)

For each Lagrangian algebra ℒi, we have the corresponding topological boundary Bi, and
they are related as follows. Begin with ℒ1 where W0,W1,W2 can end on the topological
boundary B1, it supports a S3 symmetry whose generators will be identified later. If we
gauge S3 on B1, we will obtain B2 characterized by ℒ2, and the underlying symmetry is
Rep(S3). Alternatively, we can also gauge ℤ3 ∈ S3 or ℤ2 ∈ S3, and we will get separately
B3 and B4 whose Lagrangian algebras are ℒ3 and ℒ4. The symmetries supported on B3
and B4 are still S3 and Rep(S3).
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Wα |Wα ×ℒ1⟩
W0 |1, 1, 2, 0, 0, 0, 0, 0⟩
W1 |1, 1, 2, 0, 0, 0, 0, 0⟩
W2 |2, 2, 4, 0, 0, 0, 0, 0⟩
W3 |0, 0, 0, 3, 3, 0, 0, 0⟩
W4 |0, 0, 0, 3, 3, 0, 0, 0⟩
W5 |0, 0, 0, 0, 0, 2, 2, 2⟩
W6 |0, 0, 0, 0, 0, 2, 2, 2⟩
W7 |0, 0, 0, 0, 0, 2, 2, 2⟩

Table 2. The fusion between line operators with ℒ1

In order to determine the tails of each line operator on the topological boundary, we
need to consider the homorphism introduced in (4.6) and thus consider the fusion Wα ×ℒi.
It is convenient to label each line operator Wα using 8-dimensional orthogonal basis such that

|Wα⟩ ≡ |0, · · · 0, 1, 0, · · · ⟩︸ ︷︷ ︸
The (α + 1)-th component is 1

(6.12)

and one can write

|ℒ1⟩ =|1, 1, 2, 0, 0, 0, 0, 0⟩ , |ℒ2⟩ = |1, 0, 0, 1, 0, 1, 0, 0⟩ ,
|ℒ3⟩ =|1, 1, 0, 0, 0, 2, 0, 0⟩ , |ℒ4⟩ = |1, 0, 1, 1, 0, 0, 0, 0⟩ .

(6.13)

Then the dimension of homomorphism in 𝒵(S3) is dimHom𝒵(S3)(Wα,Wβ) = ⟨Wα|Wβ⟩, and
the dimension of homomorphism in ℱ(Bi) is

dimHomℱ(Bi)(t(Wα), t(Wβ)) = ⟨Wα|Wβ ×ℒi⟩ . (6.14)

We will mainly focus on ℒ1 and ℒ2, and the discussion of ℒ3 and ℒ4 are totally parallel
to ℒ1 and ℒ2.

Topological boundary B1 : S3-Symmetry. One can work out the fusion between each
line operator Wα with ℒ1 as summarized in table 2. One can see 2W0, 2W1,W2 are all the
same after fusing ℒ1, and one can write

Homℱ(B1)(t(Wα), t(2W0)) = Homℱ(B1)(t(Wα), t(2W1)) = Homℱ(B1)(t(Wα), t(W2)) , (6.15)

for any Wα ∈ 𝒵(S3). That indicates 2W0, 2W1,W2 project to the same elements on the
topological boundary. Since t(W0) is the identity element in ℱ(ℒ1), we can conclude

t(W0) = t(W1) = 1 , t(W2) = 1⊕ 1 . (6.16)

Similarly, we also have the following identifications

t(W3) = t(W4) , t(W5) = t(W6) = t(W7) , (6.17)

on the topological boundary. We also need to determine whether they are simple or not
at the boundary. Using (4.6) it is easy to find

dimHomℱ(ℒ1)(t(W3), t(W3)) = 3 , dimHomℱ(ℒ1)(t(W5), t(W5)) = 2 , (6.18)
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Wα |Wα ×ℒ2⟩
W0 |1, 0, 0, 1, 0, 1, 0, 0⟩
W1 |0, 1, 0, 0, 1, 1, 0, 0⟩
W2 |0, 0, 1, 1, 1, 0, 1, 1⟩
W3 |1, 0, 1, 2, 1, 1, 1, 1⟩
W4 |0, 1, 1, 1, 2, 1, 1, 1⟩
W5 |1, 1, 0, 1, 1, 2, 0, 0⟩
W6 |0, 0, 1, 1, 1, 0, 1, 1⟩
W7 |0, 0, 1, 1, 1, 0, 1, 1⟩

Table 3. The fusion between line operators with ℒ2

which indicates W3 is composed of three simple elements and W5 is composed of two simple
elements on the boundary, and we can write

t(W3) = β1 ⊕ β2 ⊕ β3 , t(W5) = α1 ⊕ α2 . (6.19)

Moreover, the fusion rules between W3 and W5 in table 1 implies the following fusion
rules on B1

(α1 ⊕ α2)× (α1 ⊕ α2) = 1⊕ 1⊕ α1 ⊕ α2 ,

(β1 ⊕ β2 ⊕ β3)2 = 3⊕ α1 ⊕ α2 ,

(β1 ⊕ β2 ⊕ β3)× (α1 ⊕ α2) = 2β1 ⊕ 2β2 ⊕ 2β3 .
(6.20)

The first one is satisfied if we think of α1, α2 generating a ℤ3 symmetry and identify
α1 = a, α2 = a2. If we further identify

β1 = b, β2 = ab, β3 = a2b, (6.21)

where b is the ℤ2 generator satisfying ba = a2b, then they solve the second and third fusion
rules. Therefore, we can deduce the symmetry ℱ(ℒ1) on B1 is S3 and W0,W3,W5 are
conjugacy classes [e], [a], [b] when restricting to the boundary.

Since the fusions between W0,W1,W2 with ℒ1 are all inside ℒ1, we have ℒ̃1 = ℒ1 so
that the additivity is violated but the Haag duality is preserved.

Topological boundary B2 : Rep(S3). One can work out the fusion between each line
operator Wα with ℒ2 as summarized in table 3. And we should identify the following line
operators on the topological boundary

t(W2) = t(W6) = t(W7) , t(W5) = t(W0) + t(W1) ,
t(W3) = t(W0) + t(W2) , t(W4) = t(W1) + t(W2) .

(6.22)

We can pick three generators t(W0), t(W1), t(W2). Here t(W0) = 1 is the identity, and
from (4.6) we can read the multiplicity

dimHomℱ(ℒ2)(t(W1), t(W1)) = 1 , dimHomℱ(ℒ2)(t(W2), t(W2)) = 1 , (6.23)
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E

ψ[b],r0

⇒

E

E

ψ′
[b],r0

E

ψ[a],r0

⇒ −1
2

E

ψ′
[a],r0

+
(
ω + 1

2

)
ψ′
[a],r0

E

η

Figure 13. The local operators can transform to twist operators under the E-transformation in
Rep(S3). Here ω = e2πi/3 is the 3rd-root of unity.

therefore all of the three line operators are simple on the boundary. Let us denote t(W1) = η

and t(W2) = E, the fusion rules between W1 and W2 in table 1 further implies

η × η = 1 , η × E = E , E × E = 1⊕ η ⊕ E , (6.24)

which are exactly the fusion rules of Rep(S3): 1 is the trivial representation r+, η and E

are the sign representation r− and the 2-dimensional representation rE .
Since we have t(W3) = 1⊕E and t(W5) = 1⊕ η, therefore ℒ̃2 =W0. One may conclude

that the additivity is preserved, but the Haag duality is violated. Indeed, if we denote the
local operators represented by W3 and W5 as ψ[b],r0 and ψ[a],r0 , they will transform under the
non-invertible E-symmetry according to figure 13 [118]. Since both ψ[b],r0 and ψ[a],r0 form
multiplets with twist operators, one cannot build a symmetric bi-local operator to violate the
additivity. On the other hand, we can easily construct a symmetric bi-twist operator using
bulk lines so that the Haag duality is violated. Notice that this is an example where we have
an invertible symmetry η ∈ Rep(S3) but the additivity is not violated.

6.3 Diagonal RCFT

Finally, we will revisit the diagonal RCFT whose symmetry ℱ is generated by the Verlinde
lines, and show that the two conditions are the same as those in [102]. The local primary
operators of the diagonal RCFT are denoted as ϕα,α∗(z, z̄) with conformal weight (hα, hα).
They are one-to-one correspondent to the Verlinde lines Lα in the diagonal RCFT with
the topological spin θα = exp (2πihα).

The Verlinde lines generate a non-invertible symmetry ℱ, and the SymTFT 𝒵(ℱ) of
ℱ is the quantum double defined by

𝒵(ℱ) = ℱ ⊠ ℱ̄ , (6.25)

where the bulk anyons W(α,β) are labeled by a pair (α, β) as

W(α,β) ≡ Lα ⊠ Lβ̄ . (6.26)
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In the SymTFT picture, the local primary operators ϕα,α∗(z, z̄) are considered as the anyon
W(α,α) emitting from an operator in the physical boundary and ending on the topological
boundary Btop. Therefore, the Lagrangian algebra for a diagonal RCFT is

ℒDiag =
⊕

α

W(α,α) =
⊕

α

Lα ⊠ Lᾱ . (6.27)

On the other hand, the non-diagonal anyons W(α,β) cannot end on Btop and will connect to
non-trivial Verlinde lines on the topological boudary. They will lead to the twist primaries
ϕα,β∗(z, z̄) with α ̸= β, which is attached to some Verlinde line Lγ in the diagonal RCFT.

The subalgebra ℒ̃Diag is given by the subset of diagonal anyon W(α,α) satisfying

W(α,α) ×ℒDiag ∈ ℒDiag , (6.28)

so that it cannot transit to any non-trivial Verlinde lines on the boundary according to (4.6).
In particular, the fusion between Wα,α with Wᾱ,ᾱ ∈ ℒDiag implies Lα is invertible

Lα × Lᾱ = 1 , (6.29)

otherwise there will be non-diagonal anyons like W(0,γ) and W(γ,0) generated in the fusion
W(α,α) ×W(ᾱ,ᾱ). One can also prove W(α,α) ∈ L̃Diag is equivalent to Lα × Lᾱ = 1. Suppose
the latter is true, which means the fusion coefficient satisfies

Nβ
αᾱ =

1 , (β = 0)
0 , (β ̸= 0)

(6.30)

Notice that the fusion coefficient satisfies the identity∑
f

Nd
afN

f
bc =

∑
e

N e
abN

d
ec . (6.31)

Setting a = ᾱ, b = α one has ∑
f

Nd
ᾱfN

f
αc = δd

c , (6.32)

where we used Nd
0c = δd

c . Then sum over d we have

∑
f

(∑
d

Nd
ᾱf

)
Nf

αc = 1 , (6.33)

which holds for any c. The point is one cannot have Lᾱ × Lf = 0 since that would imply
Lf = 0 by multiplying Lα on both side, therefore one must have

∑
dN

d
ᾱf ∈ ℤ≥1 for any

f . Since the fusion coefficients Nf
αc are also non-negative integers, that implies there exist

a γ(c) depending on c such that

∑
d

Nd
ᾱγ(c) = 1 , Nf

αc =

1 , f = γ(c) ,
0 , f ̸= γ(c) .

(6.34)
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Thus we arrive at

Lα × Lc = Lγ(c) , (6.35)

which means the fusion between Lα with any other Verlinde line Lc will map that into a
single Verlinde line Lγ(c), and one has

W(α,α) ×W(β,β) =W(β(c),β(c)) ∈ ℒDiag ⇒ W(α,α) ×ℒDiag ∈ ℒDiag . (6.36)

Therefore ℒ̃Diag contains all the diagonal anyons W(α,α) = Lα ⊠ Lᾱ with invertible
Verlinde lines Lα

ℒ̃Diag =
⊕

invertible Lα

Lα ⊠ Lᾱ . (6.37)

Let us denote Cab ∈ ℱ as the set generated by the invertible Verlinde lines, then the addivitiy
is violated if ℒ̃Diag ̸= L0 ⊠ L0, or equivalently Cab contains Verlinde lines other than L0.
That indicates ℱ contains non-trivial invertible symmetries. On the other hand, the Haag
duality is violated when ℒ̃Diag ̸= ℒDiag, or equivalently when Cab ⊊ ℱ. Which means ℱ
contains non-invertible symmetry generators.

7 Conclusion and discussion

In this work, we generalize the result of [102] by exploiting the power of SymTFT in the
analysis of the global symmetries of the QFT. The many edge cases when attempting the
construction of uncharged non-local operators purely by analyzing the symmetry algebra of
QFT as exemplified in section 3 are once-and-for-all resolved by analyzing the Lagrangian
algebra of the corresponding SymTFT in a simple and unified way as shown in section 4. In
section 5 we summarize and prove the conditions for the violation of additivity and Haag
duality of the von Neumann algebra as certain constraints on the Lagrangian algebra, which
offers an immediate generalization to any dimension. We then provide concrete examples in
the SymTFT language to cross-check our statements in section 6.

The key observation is that the violation of additivity or Haag duality of the von Neumann
algebra can be detected when restricting the von Neumann algebra to its uncharged sector
and including in it certain types of non-local operators. The operators we consider are either
bi-local or bi-twist operators, the former is an uncharged pair of charged local operators (or
extended operators each of which projects to a local operator when projecting its support
down to a point) while the latter is an uncharged combination of two charged operators
connected by an operator labeled by an element of ℱ supported on a manifold whose two
boundaries support the aforementioned two charged operators. The neutralness of such
non-local operators can then be determined conveniently by analyzing the corresponding
operator in the SymTFT as graphically displayed in figure 9 and 10. We define the notion of
the tail of a bulk operator to facilitate the analysis and the set ℒ̃ ⊂ ℒ of the bulk operators
that cannot join to non-trivial tails on the topological boundary. Using the segmentation of
the Cauchy surface proposed in [102], we summarize and prove the condition for the violation
of additivity as ℒ̃ ≠ W0 ⊕ U0 and for the violation of Haag duality as ℒ̃ ̸= ℒ.
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An interesting future direction would be to generalize the current framework to spacetime
symmetries. Recently, the author of [131] has made progress on incorporating spacetime
symmetry in SymTFT, resulting in symmetry-enriched topological (SET) order. The challenge
lies in the construction of the non-local operators in such SymTFT with spacetime symmetry
data and we would like to attempt this in future works.
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