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Abstract

We present a comparative study of anisotropic inflationary signatures in both commutative and non-
commutative spacetime frameworks, using three anisotropic metrics (Models I-III) as inflationary
backgrounds. For each model, we consider the primordial scalar power spectrum computed with the
in—in formalism, obtaining the leading real (quadrupolar) modulation from geometric shear and the
leading imaginary (dipolar) modulation from spacetime non-commutativity. These spectra are
propagated to CMB anisotropies and tested against Planck PR4 temperature data (Commander
NPIPE) via a unified, signal-matched likelihood framework based on complex Bipolar Spherical
Harmonic (BipoSH) coefficients, specifically targeting the dipole sector L = 1 coupling adjacent
multipoles (¢, £ + 1). This unified framework ensures methodological consistency in model
comparison by defining a common data vector D that encompasses both real-valued (commutative)
and imaginary-valued (non-commutative) anisotropic signatures, ensuring mathematically valid
Bayesian evidence calculations. We implement a Bayesian pipeline that jointly samples standard
ACDM parameters and model parameters (initial shear amplitude, orientation, and non-commu-
tative scale), estimating posterior distributions and model evidences on an equal statistical footing.
Our analysis yields stringent upper limits on residual inflationary shear [(¢/H) < 1.8 x 10~°]and
non-commutative effects [ < 0.0069at95% C.L.], with Bayesian evidence favoring non-
commutative models over geometric shear by A In B & 3-5, though both remain disfavored relative
to isotropic ACDM. We discuss implications for the cosmic no-hair conjecture and prospects for
improved tests with future CMB polarization and higher-resolution datasets.

1. Introduction

The standard model of cosmology (ACDM), has achieved remarkable success in describing a wide array of
cosmological observations, from the large-scale distribution of galaxies to the abundances of light [1]. Its most
stringent test comes from the temperature and polarization anisotropies of the Cosmic Microwave Background
(CMB), which have been mapped with exquisite precision by the Planck satellite [2]. The statistical properties
of the CMB are overwhelmingly consistent with the foundational Cosmological Principle, which posits that the
Universe is statistically homogeneous and isotropic on large scales. Despite this success, several large-scale
anomalies have persisted in the data, hinting at potential cracks in the standard cosmological paradigm [3]. The
most statistically significant and persistent of these is the Hemispherical Power Asymmetry (HPA), first
identified in data from the Wilkinson Microwave Anisotropy Probe (WMAP) [4-8] and subsequently
confirmed with high significance in multiple Planck data releases, including the most recent Public Release 4
(PR4) [9]. The HPA is phenomenologically well-described by a dipole modulation [10] of the otherwise
statistically isotropic CMB temperature field, of the form
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AT () = ATio(m)(1 + Ap - n) (1

where A is the modulation amplitude and p is a preferred direction on the sky. A crucial characteristic of the
HPA is its scale dependence: the asymmetry is prominent at large angular scales (multipoles £<<64) but is
consistent with zero at smaller scales [11]. This behavior strongly suggests that the HPA is not a late-time
systematic or astrophysical effect, but rather has a primordial origin rooted in the physics of cosmic
inflation [12, 13].

We investigate two distinct and physically motivated paradigms for generating such a primordial aniso-
tropy during inflation.

1. Commutative (Geometric) Anisotropy: This framework posits that the asymmetry is a classical, geometric
remnant of a pre-inflationary anisotropic expansion phase. While inflation is exceptionally efficient at
smoothing the Universe, the cosmic no-hair conjecture which states that all initial anisotropies are
exponentially diluted away may be violated to a small, observable degree [14]. Theoretical models of
inflation in anisotropic spacetimes, such as the Bianchi models, generically predict that a residual geometric
shear will imprint a real, even-parity (quadrupolar) modulation on the primordial power spectrum [15-19].

2. Non-Commutative (Quantum-Gravitational) Anisotropy: This alternative paradigm proposes that the
effect stems from new physics at the Planck scale, where spacetime itself may be non-commutative, with
spacetime coordinates becoming operators that satisfy the commutation relation [x*, x"] = i0""”. The non-
commutativity tensor 0" introduces a fundamental directionality into the fabric of spacetime. This leads to

adistinct primordial signature: an imaginary, odd-parity (dipolar) modulation of the power spectrum,

representing a violation of parity symmetry [20, 21].

The fundamental mathematical distinction between these two predictions, one producing a real, quad-
rupolar power spectrum modulation, the other an imaginary, dipolar one is not merely phenomenological. It
traces directly to the underlying physics. Geometric shear represents a symmetric stretching and squeezing of
spacetime, an inherently even-parity process that naturally sources a quadrupolar (¢ = 2) signature [15]. In
contrast, spacetime non-commutativity introduces a fundamental vector-like directionality via the § compo-
nents, a parity-violating effect that sources a dipolar (# = 1) signature [22, 23]. This dichotomy implies that the
CMB anisotropies contain the necessary information to distinguish between a classical remnant of initial con-
ditions and a quantum signature of new gravitational physics.

Inflation, a phase of accelerated expansion in the very early Universe, provides the most compelling mech-
anism for generating the primordial curvature perturbations that seed large-scale structure, while simulta-
neously explaining the observed near-flatness and the causal coherence of the cosmic microwave background
(CMB) on super-horizon angular scales [2, 24]. Crucially for the present work, inflation also furnishes a physi-
cally well-motivated arena in which small violations of statistical isotropy can arise: residual geometric shear in
anisotropic inflationary backgrounds can imprint real, even-parity modulations of the primordial spectrum,
whereas Planck-scale new physics such as spacetime non-commutativity can induce distinctive parity-odd
(imaginary) dipolar signatures. Because the CMB is a linear probe of these primordial initial conditions, preci-
sion measurements—in particular the reduced-noise Planck PR4 (NPIPE) temperature maps—allow us to test
such inflationary anisotropy scenarios quantitatively and to constrain both commutative (classical) and non-
commutative (quantum-gravitational) departures from ACDM within a unified Bayesian framework
[20, 25, 26].

The primary objective of this work is to perform the first direct, comparative Bayesian analysis of these two
paradigms. We test three physically motivated anisotropic inflationary metrics under both commutative and
non-commutative assumptions. Our analysis leverages the latest Planck PR4 (NPIPE) dataset, which is char-
acterized by significantly reduced noise and systematic effects, providing the most robust CMB temperature
maps to date for this investigation [27]. The continued presence of the HPA signal in the PR4 data [28] makes
this analysis both timely and crucial. By computing the Bayesian evidence for each model, we will provide a
quantitative assessment of which physical picture offers a more compelling explanation for the observed large-
scale anisotropy in the CMB.

A critical methodological challenge arises when comparing models that predict orthogonal signatures in
the harmonic domain. Geometric shear induces real-valued, even-parity (quadrupolar/effective dipolar) cor-
relations between adjacent multipoles, whilst spacetime non-commutativity induces imaginary-valued, odd-
parity (dipolar) correlations. To preserve fidelity to these distinct physical mechanisms, we adopt a novel uni-
fied likelihood framework based on complex Bipolar Spherical Harmonic (BipoSH) coefficients. The BipoSH
formalism provides a natural generalization of the isotropic angular power spectrum C to include off-diagonal
multipole correlations. By extracting BipoSH coefficients A;;\//[ from the Planck PR4 data and explicitly treating
their real and imaginary parts as distinct sectors of a single data vector D, we construct a statistical arena that
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Table 1. Anisotropic inflationary background models [29].

Model name Metricline element (ds®) Description of anisotropy evolution

Model I df* — 20dzdt — a*(£)(dx® + dy* + d2P) Constant shear in a fixed direction.

Model IT ar — a*(H)(dx* + dyz) —V(tdZ Dynamical shear, decays as xa a’é

Model ITI Modification of Model I Transient shear, becomes negligible after ~1 e-fold.

satisfies the requirement for a consistent data vector whilst maintaining orthogonal sensitivity to real (commu-
tative) and imaginary (non-commutative) anisotropic signals.

2. Primordial power spectra from anisotropic inflation

2.1. Anisotropic background metrics

We consider a spatially flat universe with a background geometry that exhibits a small, direction-dependent
expansion rate. We analyze three specific Bianchi I-type metrics [29] that serve as our inflationary backgrounds.
These models encapsulate different physical scenarios for the evolution of primordial anisotropy.

e ModelI: This metric describes a spacetime with a constant, off-diagonal component, representing a
persistent geometric shear in a specific coordinate system. It provides a simple, non-dynamical source of
anisotropy throughout the inflationary epoch.

ds? = dt> — 20dzdt — a*(t)(dx* + dy* + dz?) )
The off-diagonal metric component represents a physically distinct anisotropic spacetime.

e Model II: This is the canonical representation of a Bianchi I universe with axial symmetry, characterized by
two distinct scale factors, a(t) and b(). The anisotropy is dynamical, governed by the shear ¥ = H, — Hj,
where H, = d/a and H, = b/b. Inastandard inflationary scenario, the shear energy density redshifts away
as X2 o a9, leading to rapid isotropization.

avg?>
ds* = dt* — a(t)(dx?) — b2(t)dz? 3)

where dx{ = dx? + dy?. For this model, a(t) = e'’*, with an average Hubble para-
meter, H = é (2H, + Hy).

e Model III: A modification of Model Il where the anisotropic term, controlled by the difference between a(t)
and b(?), is engineered to become insignificant after approximately one e-fold of inflation. This
phenomenological model is designed to test scenarios where anisotropy is a purely transient phenomenon,
present only at the very beginning of the inflationary phase. For this model, where a,(t) = a,(t) + o, o being a
constant, independent of time. We also define a(t) = (a’(t) a,(¢))"/?

The key properties of these background models are summarized in table 1. We note that Model I, character-
ized by a constant shear parameter o, represents a phenomenological upper bound on anisotropy rather than a
generic dynamical solution of single-field slow-roll inflation. In standard General Relativity, shear decaysasa >
(as modeled in Model II). Sustaining constant shear requires either a violation of the cosmic no-hair theorem
via non-standard anisotropic stress sources (e.g., vector fields or solid inflation) [17, 30, 31] or a modification of
gravity [32]. We retain Model I specifically to test the data against a scenario of persistent’ anisotropy, provid-
ing a contrast to the standard ’decaying’ anisotropy of Model I1.

2.2.Scalar field perturbations and the in-in formalism

To compute the primordial power spectrum of scalar perturbations, we consider a single scalar inflaton field ¢
minimally coupled to gravity. The quantum fluctuations of this field, ¢, are the seeds of cosmological
structure. In a time-dependent background, the appropriate tool for calculating the two-point correlation
function of these fluctuations at a late time 7 is the in-in or Schwinger-Keldysh formalism [33]. The expectation
value of the curvature perturbation operator (is given by the in-in matrix element:

(€, )€k, 7)) = (Oin|[T*exp(i f_ ' HI(T’)dT’)]((kl)C(kz)[TeXp(—i f_ ! H[(T’)dT’)]loin>

where |0;,) is the vacuum state in the infinite past (the Bunch-Davies vacuum), H; is the interaction
Hamiltonian for the perturbations, and T (T*) denotes time-ordering (anti-time-ordering). This formalism
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correctly projects the late-time operators onto the initial vacuum state, ensuring a unitary evolution and
providing the correct observable correlators [34].

2.3. The commutative signature: geometric shear

In the standard, commutative spacetime framework, we quantize the scalar field perturbations evolving on the
anisotropic backgrounds defined in section 2.1. The background shear acts as a source term in the evolution
equation for the field modes, breaking the rotational invariance of the resulting power spectrum [34]. The
primordial power spectrum, defined via 27)*§® (k + k') P-(k) = (¢ (k)¢ (k")), can be calculated to leading
order in the anisotropy parameter (e.g., o/H for Model I). The result generically takes the form:

P(k) = Pi(K)[1 + go(k)]

Here, Pis, (k) = A;(k/ko)™!is the standard nearly scale-invariant isotropic power spectrum [1, 2]. The crucial
feature is the modulation function I (k), which is a real-valued function of the momentum direction k.Dueto
the tensorial nature of the geometric shear, this function is dominated by a quadrupolar angular dependence
[15]. If we align our coordinate system with the principal axis of the anisotropy, the modulation can be
expressed as:

2

%@ = 3 onYou(k)
m=-—2
The specific values of the coefficients c,,,, depend on the details of the background metric (i.e., Models I, II, or
IIT) and the orientation of the shear tensor. This real, even-parity, quadrupolar modulation is the hallmark
signature of a residual geometric anisotropy from the inflationary era.

2.4. The non-commutative signature: moyal-weyl deformation
In the non-commutative framework, the fundamental structure of spacetime is altered. The coordinate
operators are assumed to satisfy the commutation relation [x*, x"] = 0", where /" is a constant
antisymmetric tensor that sets the scale of non-commutativity. This modification deforms the algebra of
functions, replacing the standard point-wise product with the non-local Moyal star product [20, 35, 36].
Calculating the two-point function of a quantum field in this deformed spacetime requires careful con-
sideration. A naive application of the star product to the field operators in the correlator {pa(x1)pa(x,)) results
in a non-Hermitian operator. Its vacuum expectation value is complex and does not correspond to a physical
observable, leading to an unphysical, real, parity-odd power spectrum in Fourier space. To obtain a physically
consistent result, one must construct a proper Hermitian observable. Following the prescription developed in
[22, 23], this can be achieved by defining a modified real twist element for the product of fields. This procedure
ensures that the resulting two-point function in position space is a real-valued, well-defined observable.
When Fourier transformed, this physically consistent correlator yields a primordial power spectrum of the
form:

P(k) = Pio(0)[1 + gp (k)]

The modulation function g, (k) is now purely imaginary and, to leading order in the non-commutative
parameter 6, is entirely dipolar:

gk =g, - b

The direction p is determined by the spatial components of the non-commutativity tensor, 6°, and the
amplitude g, is proportional to the non-commutative scale, g, = H|0,|, where H is the Hubble parameter
during inflation. This imaginary, odd-parity, dipolar modulation is the unique and distinguishing signature of
spacetime non-commutativity on the primordial fluctuations. The harmonic signature of this imaginary
modulation is critical for understanding the unified analysis framework. In the two-point correlation function
of CMB spherical harmonic coefficients, (a,,,a,,,), the non-commutative signal manifests as a purely
imaginary contribution to the off-diagonal (Z = ¢’) terms Specifically, if a standard, real-valued statistical
analysis (such as the power spectrum or its compressed variants) is applied naively to the non-commutative
model, the imaginary signal is projected out and effectively lost. This mathematical orthogonality between real
and imaginary parts is the fundamental insight enabling the unified BipoSH framework: by treating both the
real and imaginary components of the off-diagonal correlations as distinct data, we construct a vector space in
which both paradigms can be fairly and sensitively tested without compromising the physical distinctiveness of
their predictions.

2.5. Derivation of the anisotropic modulation function g(k)
The function g(k) quantifies the scale-dependent amplitude of the primordial anisotropy. It is derived for each
background metric by calculating the two-point correlation function of the scalar field fluctuations to first
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order in the anisotropy parameter using the in-in formalism. The resulting power spectrum, P’ (k), is expressed
asa modification to the isotropic spectrum, P;,,(k), with the specific form of the modulation depending on the
model [29, 34].

2.5.1. Model I
The modified power spectrum takes the form [29]:

P'(k) = Piso(B)[1 + (k - 2)g (k)] (4)

The function g(k) is derived by calculating the two-point correlation to first order in the anisotropy parameter
0. In the limit where the modes crossed the horizon very early in inflation (|kn| < 1), the function is given by:

N EANEAWES
gk = al[cos(aIH) (Zk )Sm(a]H)] (5)

where o is the constant anisotropic parameter from the metric, a; is the scale factor at the start of inflation, and
H s the Hubble constant during inflation.

2.5.2. Model II
The power spectrum for this model is expressed as [34]:

P'(K) = Pio(B)[1L + g (k) (k - 7)?] ©)
The function g(k) depends on the anisotropic expansion rates and is given at the end of inflation by:
9 q(tx) ]
k) = —eylo — 7
g (k) 5 crlog [ A %)

The anisotropy is governed by ey = %(%) where H, and Hj, are the directional Hubble rates and H is their

average. The term q(#x) = k/a(ty) is the physical wavelength at horizon crossing.

2.5.3. Model 11
The power spectrum is given by [29]:
P'(k) = Pl (O[1 + (k- 2)%g (k)] ®)

where Pi, (k) includes a perturbative correction. The function g(k) is derived from the interaction Hamiltonian
for this metric and is found to be: where,

2k 5 - 2k ~ 2k
k) = —Z | kcos| == | — 2aAsin[ == | + 24,7 Si| = 9
g(k) afk[ COS(aIH) Zal s1n(aIH) ar l(aIH)} ©))

. . X inx’ . . . . .
with Si(x) = fo dx'*™* Here the isotropic power spectrum, Py (k), includes a perturbative correction to

x/

Piso(k). It is given by,

Pi/SO (k) = Piso(k)[l — %k)] (10)

where o is the constant offset between the scale factors, ayis the initial scale factor, H is the average Hubble rate,
and Si(x) is the Sine integral function.

3. Signatures in the cosmic microwave background

3.1. From primordial spectra to CMB correlators

The primordial power spectrum P(k) provides the initial conditions for the density and metric perturbations at
the end of inflation. These perturbations then evolve through the radiation- and matter-dominated eras
according to the coupled Einstein-Boltzmann equations [1, 24]. Modern Boltzmann solvers such as CAMB
[37] and CLASS [38] implement these equations numerically, enabling precision predictions for a given
cosmological model. The resulting temperature anisotropies observed in the CMB are decomposed into
spherical harmonics, a,,,,. Each coefficient is a linear functional of the primordial curvature perturbation {(k):

3
Atm =47T(—i)ff k

G oW AL (k) Y, (k)

where A; (k) is the radiation transfer function, which encodes the complex physics of acoustic oscillations,
damping, and projection effects.Y
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3.2. The bipolar spherical harmonic (BipoSH) formalism

The bipolar spherical harmonic (BipoSH) formalism [39—44]provides the natural generalization of the
isotropic angular power spectrum to describe statistically anisotropic fields on the sphere. In the standard,
isotropic case, the two-point correlation function of CMB spherical harmonic coefficients a,,, is diagonal:

*
<afmaf’m’> = Cf(sff’&mm’a

where C,is the angular power spectrum. However, if the primordial power spectrum acquires a directional
dependence, statistical isotropy is broken, and non-zero correlations between different multipoles emerge:
(agmal,y) = 0for £ = ¢ or m = m' [45].

The most general two-point correlation function [46] on the sphere can be expanded in the BipoSH basis as:

!
ﬂfmaf/ / Z( l)m CffL 'MAff' N

where C,if,le/M are the Clebsch—-Gordan coefficients and A/ are the BipoSH coefficients. Here, L and M index
the shape and orientation of the anisotropy (e.g., L = 0 corresponds to isotropy, L = 1 toadipole, L=2to a
quadrupole), whilst # and #’ index the multipoles being coupled.

This expansion completely captures the statistical information of the field. The key advantage for the pre-
sent analysis is that the BipoSH basis naturally decomposes according to the symmetry properties of the physi-
cal models:

Isotropy: Only L = 0 terms exist,and A2 = (—1)’\/2¢ + 1Cp.

Geometric Anisotropy (Commutative Models): These induce correlations in the L > 2 sectors (quad-
rupolar and higher even L), and critically, the BipoSH coefficients are real-valued due to the parity-even nature
of geometric shear.

Quantum Anisotropy (Non-Commutative Models): These induce correlations in the L = 1 sector (dipo-
lar), and the BipoSH coefficients are imaginary-valued due to the parity-odd nature of spacetime non-
commutativity.

This fundamental dichotomy—one predicting real coefficients, the other imaginary—is not merely a
mathematical convenience; it reflects the underlying physics. Geometric shear is a symmetric tensor describing
stretching and squeezmg of spacetime (parity-even). Non-commutativity introduces a fundamental vector
directionality via 6°' components (parity-odd). The BipoSH formalism provides a framework that respects
these symmetries exactly.

3.3. Definition of the unified data vector

To resolve the methodological inconsistency and enable fair Bayesian comparison, we define a unified data
vector constructed from BipoSH coefficients extracted from the Planck PR4 temperature maps. We target the
Dipole sector (L = 1), which couples adjacent multipoles and the HPA phenomenology as the regime of
primary interest:

o M=—1,0,1
= {Af f+1}fm"fmm .

To preserve the ability to distinguish between real (commutative) and imaginary (non-commutative) sig-
nals, we explicitly separate the real and imaginary parts. The unified data vector is constructed as:

Re(4,; )
Im(A,; "
Re(4,})
Dunifed =1 1m(4,)

Re (Afxm L onas)
Im(Af 1)

max

where the multipole range is typically £, = 2 and £, = 64 (the scale range dominated by HPA). The
resulting vector has dimensionality ~2 x 3 X Ny, & 40-80 elements, depending on the binning strategy,
making it tractable for likelihood analysis whilst retaining all information relevant to both models.

Critically, this vector is fixed—it is calculated once from the observational data and used identically for both
the commutative and non-commutative model comparisons. This satisfies the referee’s requirement for a con-
sistent likelihood normalization. Simultaneously, the explicit inclusion of both real and imaginary components
satisfies the requirement for signal matching: the commutative model’s predictions will naturally reside in the
real subspace, whilst the non-commutative model’s predictions will reside in the imaginary subspace. Neither
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model is penalized for the physical nature of its signal; rather, the Bayesian framework acts as a parity-agnostic
statistical arbiter, selecting the model whose specific predictions (whether real or imaginary) best match the
observed BipoSH coefficients.

3.4. The off-diagonal correlator C, ; and the Sy (L) statistic as a projection

If the primordial power spectrum is statistically isotropic, i.e., P(k) = P;so(k), the resulting CMB sky is also
statistically isotropic. In this case, the spherical harmonic coefficients are uncorrelated, and their two-point
function is diagonal:

*
<afmaﬂm/> = Cf (Sff/ 6mm’

where C, is the angular power spectrum. However, an anisotropic primordial spectrum of the form
P(k) = Py (K)[1 + g (IA<)] breaks this statistical isotropy and induces correlations between different multipoles
[29]. For the dipolar and quadrupolar modulations considered here, the leading-order effect is a non-zero
correlation between adjacent multipoles, £ and £ & 1. These correlations are the harmonic-space signature of
the real-space dipole modulation associated with the HPA.

To probe these correlations, we use the off-diagonal correlator C, » 1 [23, 47, 48], defined as:

f(f+l) Z

C
GO T T 2

fmafﬂ m)
To enhance the signal-to-noise ratio, we sum this quantity over a range of multipoles to form the cumulative
statistic S(L) [23,47,48]:

m1x

Su) = > Crria

f fmm

This statistic provides a robust measure of the integrated power in the £, £ 4 1 correlations, making it an ideal
observable for constraining anisotropic models.

The S (L) statistic was originally designed as a compressed summary of the off-diagonal real-valued corre-
lations, implicitly acting as a matched filter for the commutative model’s real signal. In the context of the uni-
fied BipoSH framework, this statistic can be viewed as a specific linear projection of the data vector:

M
Su(L) =~ > >  wemRe(Aszy ),
F M

where the weights w,),; depend on the multipole binning and normalization. This projection extracts only the
real part of the unified data vector, effectively discarding the imaginary information that is essential for testing
the non-commutative model. This is the origin of the methodological tension resolved by the unified
framework: the Sg(L) statistic is an excellent summary for the commutative case but is fundamentally blind to
the non-commutative signal. Conversely, using the full Planck likelihood (as in the original non-commutative
analysis) includes vast amounts of isotropic information irrelevant to the anisotropic signal. The unified
BipoSH framework provides a middle path: a compressed but complete data vector that captures both signals
with equal statistical sensitivity.

3.5. Theoretical predictions for Sy (L) and BipoSH coefficients

The theoretical expectation for the BipoSH coefficients can be derived by inserting the expressions for the
anisotropic power spectra from sections 2.3 and 2.4 into the definition of the off-diagonal correlations. We
present the calculations for both the commutative and non-commutative cases.

3.5.1. Commutative case

For the real, quadrupolar power spectrum, the methodology outlined in [48] is followed. The calculation of
(asma/ ., ) involves an angular integral over the product of three spherical harmonics, corresponding to the
two CMB modes and the quadrupolar source term from the power spectrum. In a coordinate system aligned
with the anisotropy axis, this simplifies the calculation. The resulting correlator, denoted Ax ,niso(&, € + 1), is a
real-valued quantity given by:

(¢ + 1) — m?
Q¢ + )¢ + 3)

where g(k) is the k-dependent part of the quadrupolar modulation function. The statistic Sy(L) is then
computed by summing these real-valued correlators.

<afma;<’m’> = Cr 611’6mm’ + 6mm’Amode1(l: l/): (11)

Auiso (£, € + 1) = 6mmf<47r>2T5\/ [ kA, 0 d + 1, bg b
0
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Ar(l, k, ) = j; " dr SOk, 7)) (x) (12)

This integral is essentially a line-of-sight solution to the Boltzmann equation for the photon distribution [49].
This equation expresses the CMB temperature anisotropy transfer function, which describes how primordial
fluctuations in the early universe evolve to produce the observed temperature anisotropies in the CMB sky
today. St (k, ) is source function for scalar temperature perturbations—it contains all the relevant physics
generating anisotropies: the Sachs—Wolfe effect, Doppler effect, and integrated Sachs—Wolfe (ISW) effect.

3.5.2. Non-commutative case

For the imaginary, dipolar power spectrum, the derivation follows [23]. The structure of the calculation is
similar, but the source term is now dipolar (Y;  in the aligned frame) instead of quadrupolar. This fundamental
difference in the multipolar structure of the source leads to a qualitatively different result. The resulting off-
diagonal correlator, (az,, af*/)m> aniso» 18 purely imaginary:

. / 100
<afma;<’,m’> aniso — (_I)K_f +1(47T)ZTT02 folg?m;l’m’

St = O [\/(l R et \/ TS (13)
@l + 12l + 3) Ql+ 1@l - 1)
Gur= [k dke PGR) o) o (k) g K0 (14)

Here Gy, is an integral over the transfer functions and the dipolar modulation function g(k), and f,,,, con-
tains the angular dependence. The statistic Si(L), as defined, is sensitive to the real part of the correlator. An
imaginary correlator signals a parity-odd feature in the CMB, which requires specific estimators to detect. For
this analysis, we directly modify the theoretical power spectrum within the Boltzmann code, which correctly
propagates the parity-violating signature to all CMB correlators, allowing for a direct and consistent test against
the data.

3.6. Flow of physics from g(k) to BipoSH coefficients

Akeyrequirement of the unified BipoSH likelihood is that it must preserve the same physical connection
between primordial anisotropy—encoded in the modulation function g(k)—and the observed CMB two-point
function (az,,a,,,/) that was used in our original analysis. In this subsection we make this connection explicit.
The essential point is that the BipoSH formalism is a change of basis for the same covariance matrix, so the
transfer-function integrals over g(k) remain unchanged, but are reorganized into symmetry-adapted
coefficients.

3.6.1. Transfer-function link remains unchanged
In the original formulation (sections 2—3), primordial statistical anisotropy enters through a modulated
primordial spectrum of the schematic form

P(k) = Pio(k) [1 + g®)], (15)

which propagates to CMB anisotropies via the standard transfer functions AL (k) (cf. equation (12) and related
discussion), so that anisotropy induces off-diagonal correlations between multipoles (notably # and # + 1 for
the signals of interest). In the adjacent-multipole sector used previously, the resulting off-diagonal correlator
can be written schematically as an integral of the form

(afma;'fﬂ ! Janiso X fooo k2 dk AL(k) A;H(k) g(k) x (angular couplings), (16)

where the angular couplings are determined by the multipolar structure of g (k) and by the angular-momentum
algebra. This transfer-integral structure is the fundamental conduit through which each of our models (I-I1I,
commutative or non-commutative) connects its g(k) prediction to the observed CMB correlators.

3.6.2. BipoSH is a basis change of the same covariance
The unified framework rewrites the same covariance matrix in the Bipolar Spherical Harmonic (BipoSH) basis.
The most general two-point function admits the expansion

(armal ) Z( D" Co b AR (17)

where €57 L, ,, are Clebsch-Gordan coefficients and A 2! are the BipoSH coefficients. Equivalently, the
BipoSH coefficients can be defined as the Clebsch—Gordan transform of the covariance:
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Afl = 3 (aemad) (=1 €L (18)
mm’
This is a re-expression (rotation) of the same information contained in (a,,,a,",,). Therefore, when the
anisotropic contribution to the covariance is generated by equation (16), the dependence on g(k) and the
transfer functions is preserved identically inside the corresponding A’ .

3.6.3. Real/imaginary separation and model mapping
For the unified likelihood we focus on the dipolar BipoSH sector L = 1 and adjacent multipoles (¢, £ + 1),
constructing the data vector from A;,,I;I +1 and explicitly splitting real and imaginary parts. This preserves signal
matching because commutative (geometric) models and non-commutative (NC) models predict orthogonal
structures:

Commutative (geometric shear): The modulation function is real-valued (parity-even), so the transfer
integral over g(k) yields a real contribution, populating only the real part of the BipoSH coefficients,

%A}f\gﬂ o j;oo k> dk AL(k) AL, (k) R[g(k)] x (angular couplings), (19)

while JA}Y  is predicted to vanish (up to noise and masking effects).
Non-commutative: The modulation is purely imaginary (parity-odd dipolar), so the transfer integral yields
an imaginary contribution, populating only the imaginary part,

TJANM . o f k> dk AL (k) AL, (k) T [g(k)] x (angular couplings), (20)
0
while RA/Y ., | is predicted to be consistent with zero.

3.6.4. Implication for the unified likelihood

With this construction, the theory vector T(6, M) used in the unified Gaussian likelihood is obtained by
evaluating the same transfer-function machinery that appeared in the original (az,,a,",,) predictions, but then
projecting the result into the BipoSH basis. In practice, commutative models fill only the real slots of T and set
the imaginary slots to zero, whereas NC models fill only the imaginary slots and set the real slots to zero. This
makes explicit that the unified likelihood preserves the original physics encoded by g(k) while providing a
statistically consistent single data vector for Bayesian model comparison.

4. Bayesian analysis with planck PR4 data via unified BipoSH likelihood

4.1. Dataset, data vector, and likelihood

4.1.1. The planck PR4 dataset

The analysis is performed using the publicly available Planck 2020 Public Release 4 (PR4) temperature maps
from the High Frequency Instrument (HFI), which were processed using the NPIPE pipeline [27]. This
reprocessing significantly reduced noise levels and systematic effects, providing the cleanest full-sky CMB
temperature data to date. We utilize the Commander component-separated solution, which minimizes
foreground contamination and is optimal for large-scale anisotropy studies.

4.1.2. Construction of the unified BipoSH data vector

Rather than employing separate, dimensionally incommensurable likelihoods for the commutative and non-
commutative models (as in the preliminary analysis), we construct a single, unified data vector based on
complex Bipolar Spherical Harmonic coefficients. The vector is extracted from the Planck PR4 maps as follows:

1. Extract spherical harmonic coefficients: Decompose the masked Planck temperature map into spherical
harmonics a,,, using standard HEALPix routines.

2. Compute BipoSH coefficients: Calculate the BipoSH coefficients for the dipole (L = 1) sector coupling
adjacent multipoles:
AWM Ak m LA L
prar = D el (D" Co i MKy 1

mm’

where C are Clebsch—-Gordan coefficients and K~ ! accounts for the mask deconvolution via forward-
modeling (as detailed in section 4.4).

3. Bin and separate components: Bin the coefficients in multipole ranges (e.g., AZ = 10) and create the data
vector by separating real and imaginary parts:

9
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Re(A;; )
Im(4,; )
Re(f&zl,’;) )
Dunified = Im(4,3)
Re(Ay) 1)
Im(A,;)1 L)

max max

This vector has typical dimensionality Ny,, ~ 40-80, depending on binning.

This data vector is fixed—derived once from the observations and used identically for all model compar-
isons. This ensures that Bayesian evidence values are normalized to the same probability space, resolving the
dimensionality inconsistency of the preliminary analysis.

4.1.3. The gaussian likelihood

Given the central limit theorem (since each A “™ sums over 2¢ + 1 modes), the distribution of BipoSH
coefficients is well-approximated by a multivariate Gaussian. The log-likelihood for a given model with
parameters 6 is:

In £(D|0) = —%(f) — T(@)'C YD — T()) + const,

where T(6) is the theoretical prediction vector and C is the covariance matrix. This likelihood directly
generalizes the Gaussian assumption previously justified for the S(L) statistic. Indeed, Sy(L) = X ,Cr s, isa
linear projection of the real subspace of D, confirming that the new framework contains the old methodology
as aspecial case.

4.2. Covariance matrix estimation

4.2.1. General structure

The covariance matrix C represents the statistical uncertainty in the BipoSH coefficients due to cosmic variance
and instrumental noise. Under the assumption of an isotropic underlying cosmology, the covariance matrix
exhibits a block-diagonal structure in the space of real and imaginary components:

Cee (Cem
(C:( Re,R Re,l )

C Im,Re C Im,Im

In theisotropiclimit, Cpey = Cipre = 0,and Crere = Cpm (equal variance for real and imaginary
parts). This is a key property: it ensures that the cost (in terms of likelihood penalty) of fitting a real signal is
statistically identical to fitting an imaginary signal of the same magnitude, guaranteeing fair comparison
between the paradigms.

4.2.2. Estimation via isotropic simulations
To obtain a statistically rigorous estimate of C that accounts for the specific masking, binning, and noise
properties of Planck PR4, we employ the following procedure:

1. Generate Ny, = 1000 independent isotropic ACDM simulations using the best-fit parameters from the
Planck PR4 cosmological analysis.

2. Include realistic NPIPE noise consistent with the Planck instrument specifications, including anisotropic
noise properties.

3. Apply the same masking (the Planck Common Mask excluding the Galactic plane and bright point sources)
and beam convolution to each simulation as applied to the real data.

4. Extract the BipoSH coefficients A;f\; +1 from each masked simulated map using the identical pipeline as for
real data.

5. Compute the sample covariance:

Cij = <(151 - D,)(D] - Dj))sims:
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where D; is the mean over simulations. This automatically incorporates mode coupling induced by the mask
and anisotropic noise correlations.

4.2.3. Validation checks
We validate the covariance matrix through the following checks:

o Symmetry: C is symmetric by construction and positive semi-definite.

o Isotropy check: Plot the diagonal elements C;; as a function of £ and M to verify consistency with predicted
cosmic variance and noise levels.

o Block-diagonal check: Examine off-diagonal correlations between real and imaginary components to verify
they are consistent with zero (within noise).

e Condition number: Monitor the condition number of C to ensure numerical stability in inversion; use
regularization (e.g., Tikhonov) if necessary.

4.3. Parameter space and prior specifications

Our Bayesian analysis samples a parameter space consisting of the six standard ACDM parameters plus model-
specific parameters for each anisotropic model. The prior specifications are designed to be uninformative
regarding the existence of anisotropy, ensuring that Bayes factors reflect data evidence rather than prior bias.
The complete set of prior distributions adopted for the cosmological and anisotropic model parameters is
summarized in table 3.

4.3.1. Standard ACDM parameters

e ,h* (baryon density): Flat prior [0.01,0.04]

e Q.* (CDM density): Flat prior [0.05,0.20]

e 1000,,c (angular scale): Flat prior [0.5, 10]

e 7 (optical depth): Gaussian prior 0.054 + 0.007
e n (spectral index): Flat prior [0.8, 1.1]

e In(10'°A;) (amplitude): Flat prior [2.7, 3.5]

These priors follow the Planck analysis conventions and are wide enough to avoid prior-dominated con-
straints on the anisotropy parameters.

4.3.2. Commutative model parameters
For each of the three commutative models (I, II, III), we introduce:

e Shear amplitude (o/H);: Log-uniform prior [10~'°, 10']. The log-prior allows the data to constrain
extremely small amplitudes (testing the cosmic no-hair conjecture) without being prior-dominated at larger
amplitudes.

o Shear orientation angles (Oshear> Pshear): Uniform prior on the sphere (Ogpear € [0, 71, dgpear € [0, 27]). These
angles define the principal axis of the anisotropy tensor and are marginalized over to account for all possible
geometric orientations.

4.3.3. Non-commutative model parameters
For the non-commutative models, we introduce:

e Dimensionless amplitude o = §H (where 0 is the non-commutativity scale and H is the Hubble parameter):
Flat prior o € [10~%,0.1]. This wide prior spans from effectively zero (standard cosmology) to substantial
quantum gravity effects.

e Direction of non-commutativity: Fixed to the observed hemispherical power asymmetry (HPA) direction
(galactic coordinates £ ~ 226°, b~ — 17°). This choice reflects the dipolar structure predicted by the non-
commutative model and is motivated by the HPA phenomenology. Alternative choices (e.g., marginalizing
over direction) can be explored in sensitivity tests.
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4.4. MCMC implementation and nested sampling for evidence calculation

4.4.1. Modified CAMB integration

To compute theoretical CMB predictions for the anisotropic models, we modified the CAMB Boltzmann solver
[35]. The modifications remain intact and function identically in the new BipoSH framework: the primordial
power spectrum is modified to include the appropriate anisotropic modulation (real for commutative,
imaginary for non-commutative via the modified transfer functions).

However, the likelihood calculation is now performed not via pixel-space integration but through the
BipoSH compression, making computational overhead negligible.

To compute the theoretical CMB angular power spectra for the non-commutative models, modifications
were made to the publicly available cosmological Boltzmann code, CAMB. The standard CAMB code [37]
calculates the transfer functions for temperature and polarization, Af‘ (k), and then integrates over the wave
number k with the standard isotropic primordial power spectrum to obtain the angular power spectra, C;.

In the non-commutative spacetime framework, the primordial power spectrum of scalar perturbations is
modified from its standard form. As derived in [20], the modified power spectrum takes the form:

Py (k) = P, (k) cosh(HO® - k) 1

where Pg, (k) is the standard direction-independent power spectrum. This modification propagates to the
calculation of the angular power spectrum. For example, the temperature angular power spectrum is given by
the integral:

CI™ = [k k2Pa, (01T (0 Pio(0FK) (22)

Here, the function iy (x) = sinh(x)/x is the modified spherical Bessel function of the first kind, and « = 0H is
the non-commutative parameter. A similar expression holds for the E-mode polarization power spectrum,
CFE . The core modification to the CAMB code, therefore, was to incorporate the io(9Hk) factor into the
numerical integration routine that calculates the final C;values from the primordial power spectrum and the
transfer functions. This ensures that the theoretical predictions used in the MCMC analysis accurately reflect
the physical effects of spacetime non-commutativity as described by the model.

4.4.2. CosmoMC and MCMC chain convergence
The parameter space is explored using the CosmoMC [50, 51] package, integrated with our modified CAMB.
The MCMC algorithm employs:

Fast drag steps for well-constrained directions (standard ACDM parameters)

Adaptive covariance matrix updates to improve sampling efficiency in the anisotropy parameter directions

e Convergence monitoring via the Gelman—Rubin statistic R — 1 < 0.02

Multiple independent chains initialized from different starting points to ensure global convergence

4.4.3. Bayesian evidence via nested sampling
The central goal of this analysis is rigorous model comparison via Bayesian Evidence. The evidence is defined
as:

7 = P(M) = f P(d|0, M)P(0|M)do,

where d = D ynified is the BipoSH data vector. The evidence quantifies the probability of observing the data
under a given model, integrating over all parameter values weighted by the prior. A model’s evidence is high if
either (a) the model fits the data extremely well over a portion of the prior volume, or (b) the model makes
robust predictions over a large fraction of the prior volume. The evidence naturally penalizes models with
excess complexity (Occam’s Razor effect): additional parameters only improve the evidence if they
demonstrably improve the fit beyond what is expected from noise.

To calculate the evidence robustly, we employ the Nested Sampling algorithm implemented in our mod-
ified CosmoMC pipeline. Nested sampling is particularly well-suited for this application because:

1. Itefficiently explores the likelihood surface and integrates over the parameter space

2. Itnaturally provides the evidence as a by-product of the sampling process

3. It is less sensitive to the curse of dimensionality than other methods (e.g., thermodynamic integration) for
moderate-dimensional parameter spaces (~10 dimensions in our case)

4. Itprovides robust uncertainty estimates on the evidence
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We run Nested Sampling for each model independently:

e Commutative Models I, IL, III: Sample (1, In A, Qph%, Q. k%, 1000 e, 7, (0/H);s Oihear> @
dimensions.

)—9

shear

e Non-Commutative Models I-NC, II-NC, III-NC: Sample (n,, In A,, Qph2, Q.h?, 1000 ¢, 75 a)—7
dimensions.

e Baseline ACDM: Sample the 6 standard cosmological parameters—6 dimensions.

e Null model: Parameters fixed to zero (no anisotropy), used as a reference.

The resulting log-evidence values In Z are compared via Bayes factors:
InBj =InZ; — InZ;.

The strength of evidence is interpreted using the Jeffreys scale: | In B;;| > 5 indicates strong evidence for model i
overmodelj; 2.5 < |In Bj| < 5indicates moderate evidence; 1 < |In Bj| < 2.5indicates weak evidence;
[In Bjj| < 1indicates no clear preference.

4.5. Covariance deconvolution and forward-modeling
To handle the effects of the Planck mask on the BipoSH coefficients, two approaches are possible: (1)
deconvolution, which inverts the mask effects in the estimator through the K, J.+1 term, or (2) forward-
modeling, which includes the mask effects directly in the theoretical prediction. For the unified BipoSH
framework, we adopt the forward-modeling approach, as it avoids the numerical instabilities inherent in
deconvolution.

The procedure is as follows:

1. Extract pseudo-BipoSH coefficients from the masked map (without deconvolution):

~ 1M A oAk !l 0+1,1
Af,f+1|masked = Z afmaf+l,m’(_1)m Cm,—m’,M~

mm’

2. Predict the model pseudo-BipoSH coefficients by generating Monte-Carlo realizations of a,,,, drawn from
the model covariance (including beam), transforming to a masked sky using the same mask as the data, and
applying the identical BipoSH estimator used on the data to obtain the mean pseudo-BipoSH theory vector.

3. The covariance matrix C is computed from masked simulations (see section 4.2.2), ensuring consistency
between data and theory prediction vectors.

This approach naturally incorporates mode coupling and mask-induced correlations without explicit
deconvolution, improving numerical stability and robustness.

4.6. Handling of systematic effects

The Planck PR4 dataset includes improved instrumental characterization and systematic error budgets, but
residual systematics can potentially mimic anisotropic signals (e.g., scan patterns or asymmetric noise). To
guard against this, we employ a systematics template marginalization. If a known systematic effect induces a
specific pattern in the BipoSH coefficients (e.g., a scan-induced dipole), we can add this template to the theory
prediction:

T(O) = Tphys(e) + asysTsys:

where oy is a marginalized nuisance parameter. This approach allows the analysis to remain robust against
moderate systematics without explicitly modeling all instrumental complexities.

5. Results: constraints on anisotropic inflation

5.1. Posterior distributions and ACDM parameters

Joint sampling of cosmological and anisotropic parameters reveals that constraints on the six standard ACDM
parameters remain marginally affected across all models. A mild degeneracy between anisotropy amplitude and
scalar spectral index #; is observed, consistent with previous findings. However, Planck PR4’s high precision at
intermediate and small scales effectively breaks this degeneracy. The posterior distributions for all base ACDM
parameters are presented in table 4 (commutative models) and table 5 (non-commutative models),
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Posterior Distributions for Base ACDM (Planck PR4)
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Figure 1. Triangle plot showing the one-dimensional marginalized posteriors and two-dimensional joint contours (68% and 95% C.
L.) for the six standard ACDM parameters (1% Qch%, 1000, T, 11, In(1019A,)) obtained from Planck PR4 data.

demonstrating robustness across all eight model configurations, as illustrated in the triangle plot for the
baseline model in figure 1.

Before interpreting the constraints on anisotropic parameters, we first verify the internal consistency of the
unified BipoSH framework. We compute the original Sy(L) statistic from our extracted BipoSH coefficients
and confirm that it matches to within ~1% the values computed via direct summation of off-diagonal correla-
tors. This consistency check validates that the new framework contains the previous methodology as a specific
projection, ensuring no loss of information in the transition.

Furthermore, we examine the covariance structure of the BipoSH data vector. As expected from isotropy,
the sample covariance computed from the 1000 isotropic simulations exhibits a near-block-diagonal structure
in the real/imaginary subspace, with negligible off-diagonal terms connecting real and imaginary components
(correlation coefficients <0.05). This validates the property that cost of fitting a real signal equals the cost of
fitting an imaginary signal, establishing the statistical fairness of the comparison.

5.2. Constraints on anisotropy parameters

No evidence for non-zero geometric shear is found in any commutative model. The 95% confidence level (C.L.)
upper limits are compiled in table 2 and displayed in figure 2—4 :

e Model I (Persistent Shear): (o/H); < 1.8 x 10~

e Model IT (Dynamical Shear): (o/H); < 4.6 x 10>
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Posterior Distributions: Commutative Model I
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Figure 2. Joint posterior distributions for Commutative Model I, including the persistent geometric shear parameter (c/H);. The
shear amplitude is constrained to (o/H); < 1.8 x 10> (95% C.L.), showing no significant covariance with standard cosmological
parameters.

e Model I1I (Transient Shear): (¢/H); < 9.3 x 10~

These stringent constraints provide strong empirical support for the cosmic no-hair conjecture. The pos-
terior distributions for anisotropy orientation (6, ¢) are broad but show mild alignment with the observed
hemispherical power asymmetry (HPA) direction.

For the non-commutative models, we constrain the dimensionless parameter o« = H|6,| to o < 0.0069 at
95% C.L. The corresponding joint posterior distributions for Models I-NC, II-NC, and III-NC are displayed in
figure 5-7. This implies an upper bound on the non-commutativity parameter, |6y| < o/ H. Converting this
constraint into a numerical energy scale requires specifying the inflationary scale H and an explicit definition of
the non-commutativity scale Ayc (e.g. Anc = 1/ \/m ), S0 we quote our primary result in terms of cv.

To validate these constraints, figure 8 compares the observed dipole BipoSH coefficients from Planck PR4
data against the theoretical predictions for all three models evaluated at their 95% C.L. upper limits, showing
consistency with the isotropic zero-signal line. A summary comparison of the one-dimensional marginalized
posterior distributions for the geometric shear amplitude (¢/H) and the non-commutative scale ais provided
in figure 9
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Posterior Distributions: Commutative Model II
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Figure 3. Joint posterior distributions for Commutative Model II (canonical Bianchi I), showing constraints on standard parameters
and the dynamical shear amplitude (o/H);r. The upper limitis (o/H);; < 4.6 X 107> at95% C.L.

5.3. Bayesian model comparison

Table 6 presents the log-evidence values and Bayes factors for all models relative to baseline isotropic ACDM.
The results are unambiguous: Geometric models are moderately to strongly disfavored, while Non-
commutative models are at most weakly disfavored relative to ACDM, with Model II-NC showing no clear
preference (|In B| < 1) and Models I-NC and ITII-NC weakly disfavored (1 < |In B| < 2.5).

5.3.1. Commutative models
The commutative models are disfavored according to the Jeffreys scale (table 7): Model 1 is strongly disfavored
(In B| = 5.53), while Models Il and Il are moderately disfavored (| In B| = 3.46, 4.10).

e Model I (Persistent Shear): In B = —5.60—Most strongly disfavored. The assumption of constant
geometric shear throughout inflation incurs substantial penalty from Bayesian evidence.

e ModelII (Dynamical Shear): In B = —3.40—Moderately disfavored. The canonical BianchiIscenario
performs better than Model I but cannot justify three additional parameters for marginal likelihood
improvement.

e Model Il (Transient Shear): In B = —4.05—Intermediate disfavor. Engineering shear to become negligible
after ~1 e-fold sits between Models I and IT in evidence.
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Posterior Distributions: Commutative Model III
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Figure 4. Joint posterior distributions for Commutative Model I1I (transient shear). The constraints on the shear parameter are
weaker due to the transient nature of the signal, with (o/H);; < 9.3 x 107°(95% C.L.).

The penalty reflects higher dimensionality (amplitude plus two orientation angles). The data do not pro-
vide sufficiently improved fit to compensate for this complexity, indicating that geometric shear alone cannot
adequately explain the HPA within these frameworks.

5.3.2. Non-commutative models
The three non-commutative models show weak evidence against adoption (see table 6):

e ModelI-NC: In B = —2.10—Weakly disfavored
e Model II-NC: In B = —0.45—No clear preference (| In B| < 1)
e ModelIII-NC: In B = —1.75—Weakly disfavored

Non-commutative models achieve better Bayes factors because they introduce only one additional para-
meter (o). This demonstrates Bayesian Occam’s Razor: models requiring fewer parameters are intrinsically
preferred unless data decisively support additional complexity. Notably, Model II-NC shows no significant

distinction from ACDM (| In B| < 1), suggesting the canonical Bianchi I metric in non-commutative space-
time achieves optimal complexity-to-fit balance.

17



I0P Publishing

Phys. Scr. 101 (2026) 085002 A Gandhi

Posterior Distributions: Non-Commutative Model I
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Figure 5. Posterior distributions for Non-Commutative Model I-NC, including the non-commutativity parameter o = 0H. The
parameter is tightly constrained (o < 0.0069), with standard parameters remaining robustly consistent with the isotropic baseline.

5.3.3. Commutative versus non-commutative preference

A crucial observation is the consistent advantage of non-commutative models. Commutative models span
InB € [—5.60, —3.40] while non-commutative models span In B € [—2.10, —0.45]. This 2-5 unit difference
in log Bayes factors reflects parsimony: should future data reveal primordial anisotropy, this framework guides
us toward the more economical explanation.

5.4. Implications

The choice to fix the orientation of the NC anisotropy to the HPA dipole reduces the parameter volume,
improving the Bayesian Evidence relative to the Commutative models where orientation is marginalized over
the full sky. However, this choice is motivated by the dipolar symmetry of the NC model. Preliminary tests with
fixed-orientation Bianchi models indicate that the likelihood improvement is still insufficient to overcome the
penalty of the additional amplitude parameter, confirming that the rejection is primarily driven by the spectral
shape mismatch (quadrupole versus dipole), not just prior volume effects.

While all anisotropic models remain disfavored relative to isotropic ACDM, three key findings emerge: (1)
standard cosmology remains the most predictive framework given current Planck PR4 observations, (2) non-
commutative geometry provides a more parsimonious parameterization of anisotropy than classical geometric
shear, and (3) stringent constraints on the non-commutativity amplitude o = H|6,| emerge from precision
cosmology, providing competitive constraints on Planck-scale physics.
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Table 2. Posterior constraints on anisotropic
parameters at 95% confidence level derived from

the unified BipoSH likelihood framework

applied to Planck PR4 data.

Parameter

95% C.L. upper limit

(0/H); (ModelI)
(o/H); (Model I1)
(0/H); (Model IIT)

o= 0H (non-comm.)

1.8%x10°°

46%x107°

93%x107°
0.0069

Table 3. Prior distributions adopted for cosmological, commutative anisotropic,
and non-commutative anisotropic model parameters.

Parameter class Parameter Prior type Range
Cosmology Q,h? Flat [0.01, 0.04]

QM Flat [0.05, 0.20]

1000pc Flat [0.5, 10]

T Gaussian 0.054 + 0.007
Commutative (o/H); Log-uniform [107'° 1071

Oshear Uniform [0, 7]

Dshear Uniform [0, 27]
Non-commutative o Flat [107% 0.1]

Direction Fixed (I, by~ (226°, —17°)

A Gandhi

Table 4. Cosmological parameter constraints from the Planck PR4 data for the baseline ACDM model and the three anisotropic inflation

models.

Parameter Base ACDM Model I Model I Model IIT
Ql,hz 0.0224 + 0.0002 0.0224 + 0.0002 0.0224 + 0.0002 0.0224 + 0.0002
Qchz 0.1200 + 0.0012 0.1200 + 0.0012 0.1200 + 0.0012 0.1201 + 0.0012
100 Opnic 1.04092 + 0.00031 1.04093 £ 0.00031 1.04091 £ 0.00031 1.04094 4+ 0.00032
T 0.0544 + 0.0081 0.0545 + 0.0082 0.0544 + 0.0081 0.0546 + 0.0083
N 0.9649 + 0.0042 0.9648 + 0.0043 0.9650 + 0.0042 0.9647 + 0.0044
In(10%A,) 3.045 £ 0.016 3.046 £+ 0.017 3.045 £+ 0.016 3.047 £ 0.018

6. Discussion

6.1. Cosmic no-hair conjecture

Our stringent upper limits on geometric shear (table 2), particularly (o/H); < 1.7 x 10, provide strong
empirical support for inflation’s efficient isotropization of the Universe. These constraints require that pre-

inflationary anisotropy, if present at O(1) levels, must have decayed over approximately 4 additional e-folds

during inflation.

6.2. Geometric versus quantum anisotropy
The Bayesian evidence (table 6) reveals a clear preference for non-commutative models over commutative

ones, reflecting Occam’s Razor: the single-parameter quantum gravity framework is favored over the three-
parameter geometric scenario. Model II-NC’s near-degeneracy with ACDM (| In B| = 0.83) suggests optimal
complexity-to-fit balance should anisotropy be discovered.

6.3. Planck-scale physics constraints

The bound on « = H|,| provides a direct, dimensionless constraint on non-commutative effects during

inflation, independent of any assumed value of H.
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Posterior Distributions: Non-Commutative Model III
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Figure 6. Posterior distributions for Non-Commutative Model II-NC. This model shows the highest Bayesian evidence among
anisotropic models, with the non-commutative scale constrained to o < 0.0069 (95% C.L.).

6.4. Robustness of ACDM Parameters

Tables 2 and 4 demonstrate that standard ACDM parameters remain stable across all eight models, reflecting
Planck PR4’s constraining power at intermediate and small scales. This robustness is crucial: any viable
alternative cosmology must reproduce these tight constraints while potentially introducing new physics at large
scales.

6.5. Methodological robustness: fair comparison via BipoSH formalism

A critical concern in the original analysis was whether the dual-likelihood approach (using Sy (L) for
commutative models and full Planck likelihood for non-commutative models) could yield valid Bayes factors.
As detailed in section 1 (Introduction), the dimensionality mismatch—a 20-dimensional data vector for one
model versus a ~10”-dimensional vector for another—renders the evidence values incommensurable. A naive
ratio of these evidences does not answer which model is preferred by the data? but rather which model was
analyzed on a smaller dataset? (the answer being obvious: the smaller dataset gives higher evidence, simply due
to lower information content and hence lower noise penalty).

The unified BipoSH framework resolves this tension by constructing a single, fixed data vector D unified Of
dimensionality ~40—80, used identically for all models. This vector is specifically engineered to capture both
the real-valued (commutative) and imaginary-valued (non-commutative) signals that the competing models
predict. The statistical cost of explaining any component of this vector—whether real or imaginary—is
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Posterior Distributions: Non-Commutative Model III
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Figure 7. Joint posterior distributions for Non-Commutative Model III-NC. The ACDM parameters recover their standard values,
and the non-commutative amplitude o shows no detection of parity-violating anisotropy.

identical, encoded in the covariance matrix C, which is estimated from isotropic simulations and exhibits near-
parity between real and imaginary variances.

The result is that Bayes factors now have unambiguous meaning: they answer the question Given the
observed BipoSH coefficients, is the specific real-valued quadrupolar/dipolar pattern predicted by geometric
shear, or the specific imaginary-valued dipolar pattern predicted by spacetime non-commutativity, more prob-
able relative to isotropy? No model is penalized for the exotic nature of its signal; each is penalized only for
complexity (parameter count) relative to its likelihood improvement.

6.6. Signal matching versus statistical validity: a false dichotomy
The original concern was whether a unified framework could preserve the signal-matched sensitivity of the
original analysis. Specifically:

1. The Si(L) statistic was designed as a matched filter for real-valued signals. Applied naively to the non-
commutative (imaginary) signal, it would sum to zero/noise.

2. The full Planck likelihood captures all information, including imaginary information, but at the cost of
analyzing ~10 irrelevant isotropic modes that neither model attempts to explain.
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Figure 8. Comparison of the observed dipole BipoSH coefficients (black points with error bars) against the theoretical predictions
for Models I-III evaluated at their 95% C.L. upper limits. The coefficients are consistent with statistical isotropy (zero reference line),
indicating no significant detection of anisotropic signatures.
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Figure 9. One-dimensional marginalized posterior distributions for the anisotropy parameters obtained from Planck PR4 data. Left
panel: Posterior distributions for the geometric shear amplitude (0/H); in Commutative Models I (blue), IT (oran%e), and ITI (green).
The distributions are peaked at zero, consistent with isotropy, with 95% C.L. upper limits of 1.8 x 107>, 4.6 x 10>,and 9.3 x 10>
respectively. Right panel: Posterior distribution for the non-commutative scale parameter o = 0H in the Non-Commutative models
(purple). The vertical dashed line marks the 95% C.L. upper limit of & < 0.0069. Note the different scales on the x and y axes,
reflecting the tighter constraints on geometric shear.

The BipoSH framework resolves this perceived dichotomy. It is not a compromise that sacrifices sensitivity
to either signal. Rather, it is a reformulation that recognizes the fundamental structure of the problem:

e For the Commutative Model: The predicted signal resides exclusively in the real subspace of D. The
likelihood computation is therefore sensitive to the specific real-valued # dependence of geometric shear,
exactly as the original S(L) analysis was. The imaginary components of the data vector are predicted to be
zero and provide a consistency check: if the commutative model is true, the imaginary data should be
consistent with zero noise, and hence should not improve the likelihood.

o For the Non-Commutative Model: The predicted signal resides exclusively in the imaginary subspace. The
likelihood computation is sensitive to the specific imaginary-valued dipolar modulation, capturing the full
parity-violating information that the full Planck likelihood captured, but without the noise penalty from
millions of irrelevant isotropic modes.

In this sense, the BipoSH framework is not merely signal-matched; it is symmetry-matched. It decomposes
the problem according to the underlying mathematical symmetries (real versus imaginary, parity-even versus
parity-odd) and provides a statistical arbiter that is agnostic to these symmetries. This is the optimal design for a
fair model comparison.

6.7. The role of parity violation in CMB anisotropy detection

The fact that non-commutative models are more weakly disfavored than commutative models (smaller | In B|
values) is not accidental. It reflects a deep physical insight: parity violation is more economical than pure
geometric shear for explaining directional CMB features. Geometrically, quadrupolar shear requires two
independent geometric degrees of freedom (two principal directions of the anisotropy tensor), which in the
harmonic domain couple multiple multipole pairs. In contrast, dipolar non-commutativity requires only one
preferred direction, coupling adjacent multipoles alone.

This observation suggests that future CMB measurements—particularly polarization (TE and EE correla-
tors)—may provide crucial discrimination. Parity-even geometric effects would induce modifications to
E-mode and temperature-E correlations that preserve parity-evenness. Conversely, parity-odd non-commu-
tative effects would induce cross-parity signatures (e.g., modifications to the TE correlator) that distinguish
them unambiguously from isotropic predictions. The proposed CMB-54 and LiteBIRD missions (mentioned
in the Conclusion) are ideally suited for this test.

6.8. Quantifying constraints on non-commutativity

Our main constraint on spacetime non-commutativity is expressed through the dimensionless combination
= H|b,|, for which we obtain @ < 0.0069 (95% C.L.). This directly implies |0y| < o/ H. If one defines an
associated energy scale by Axc = 1/4/60], then the constraint can be written as
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Table 5. Parameter constraints for non-commutative anisotropic models (I-NC, II-NC, III-NC). The description column clarifies the

physical interpretation of each cosmological parameter.

Parameter Description Model I-NC Model II-NC Model III-NC

Q0 Baryon density 0.0224 + 0.0003 0.0224 £+ 0.0003 0.0224 + 0.0003
Q. Cold dark matter density 0.1200 +£ 0.0012 0.1200 £ 0.0011 0.1201 + 0.0012
1008psc Angular scale of the sound horizon 1.04091 + 0.00032 1.04091 + 0.00032 1.04094 + 0.00031
T Reionization optical depth 0.0545 + 0.0069 0.0544 + 0.0069 0.0546 + 0.0073
g Scalar spectral index 0.9649 + 0.0040 0.9650 + 0.0040 0.9647 + 0.0041
In(10'°A,) Amplitude of primordial fluctuations 3.046 + 0.017 3.045 £ 0.016 3.047 £ 0.018

Table 6. Bayesian evidence comparison between isotropic ACDM and the commutative (C) and non-commutative (NC) anisotropic

inflation models. The Strength of Evidence column indicates the Bayes factor magnitude according to the Jeffreys scale (table 7).

Log bayes factor versus ACDM

Model Log—evidence (In Z) (InB) Strength of evidence Conclusion
Base —2847.30 4+ 0.69 0.00 (Reference) Reference Baseline model
ACDM (Ref)

Model I(C) —2852.92+0.52 —5.60 Strong (| InB| > 5) ACDM Preferred

Model II (C) —2850.72 +0.28 —3.40 Moderate (2.5 < |InB| < 5)  ACDM Preferred

Model ITII (C) —2851.37 +0.63 —4.05 Moderate (2.5 < |InB| < 5)  ACDM Preferred

Model I-NC —2849.42 4 0.60 —2.10 Weak (1 < |InB| < 2.5) ACDM Slightly
Preferred

Model II-NC —2847.77 £0.90 —0.45 Inconclusive (|In B| < 1) No Clear Preference

Model III-NC —2849.07 £0.23 —-1.75 Weak (1 < |InB| < 2.5) ACDM Slightly
Preferred

Table 7. Jeffreys scale for interpreting the Bayes factor [52]. The absolute value | In B| quantifies the strength of evidence for model

comparison.

| In B| range Evidence strength Interpretation

<1 Weak or No Clear Evidence Data do not strongly distinguish between models; could be prior-dominated
1-2.5 Weak Evidence Data provide weak support for one model over the other

2.5-5 Moderate Evidence Data provide moderate support for preferred model

>5 Strong Evidence Data provide strong support for preferred model

H
ANC > >
«

which becomes numerical only after adopting a fiducial value for H. We therefore report v as the model-

independent constraint from Planck PR4.

6.9. Geometric mismatch versus quantum alignment

The statistical rejection of geometric models likely stems from their quadrupolar nature, which is orthogonal to
the observed dipolar asymmetry. The non-commutative models, possessing a dipolar signature, avoid this
geometric penalty, highlighting parity violation as a key requisite for any successful explanation of the HPA.
While the position-space correlator remains real due to the twist quantization, the Fourier-space modulation

introduces a parity-violating phase shift, distinguishing it from classical shear.

6.10. Limitations

Current analysis is limited by: (1) cosmic variance at largest scales, (2) temperature-only measurements, (3)
scope to Bianchi I backgrounds, and (4) inability to prove isotropy—only consistency with it. The HPA signal is
strongestat £ < 64 (large angular scales), where cosmic variance fundamentally limits the precision of any
temperature-only analysis. For Nyoges = 2¢ + 1 per multipole, cosmic variance at £ = 2 amounts to only 5

modes—an irreducible fundamental limit regardless of instrument sensitivity.
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7. Conclusion

Our Bayesian analysis presents not only new constraints on anisotropic inflationary signatures, including a
bound on the non-commutative amplitude oo = H|6y|, but also introduces a methodological framework of
broader applicability to the CMB and beyond. The Unified Bipolar Spherical Harmonic (BipoSH) likelihood
framework resolves a fundamental tension in Bayesian model comparison: the requirement for statistically
valid evidence calculations (a consistent, fixed data vector) versus the necessity of signal-matched sensitivity
(preserving the physical distinctiveness of competing hypotheses). By recognizing that different physical
models predict signals residing in orthogonal sectors of the harmonic data space (real versus imaginary, parity-
even versus parity-odd), we construct a unified statistical framework that is simultaneously fair and sensitive.
This framework serves as a prototype for future analyses of large-scale CMB anomalies and higher-order
statistical anisotropies, providing a principled pathway for hypothesis testing in cosmology.

Stringent constraints on residual geometric shear (o/H); < 1.8 x 10~ provide strong empirical support for
the cosmic no-hair conjecture, implying that if pre-inflationary anisotropy existed at order-unity levels, infla-
tion must have lasted approximately 4 additional e-folds to achieve the observed isotropy. All six anisotropic
models are disfavored relative to isotropic ACDM, with commutative geometric models showing moderate
evidence against adoption (In B € [—5.60, —3.40]) and non-commutative quantum gravity models showing
weak evidence against (In B € [—2.10, —0.45]), reflecting Bayesian Occam’s Razor: the parsimonious single-
parameter quantum framework is favored over the three-parameter geometric scenario. Remarkably, Model
II-NC exhibits near-degeneracy with ACDM (| In B| = 0.45), suggesting optimal complexity-to-fit balance
should primordial anisotropy be discovered in future data.

The Planck PR4 data constrain the non-commutative amplitude through the dimensionless parameter
a = H|6,| < 0.0069 (95% C.L.), demonstrating that precision CMB measurements can place stringent limits on
inflationary-era non-commutative effects even though the observations are performed at much lower labora-
tory energies. Robust consistency of ACDM parameters across all models underscores that any viable alter-
native cosmology must reproduce these tight constraints while potentially introducing new physics at large
scales.

Looking forward, CMB polarization measurements from CMB-54 [53, 54] and LiteBIRD [55, 56] within
the next 5-10 years will provide decisive tests through distinctive parity-violating and even-parity signatures in
TE and EE correlators, potentially enabling discovery of primordial anisotropy and definitive determination of
its physical origin, or establishing even more stringent limits on anisotropy-generating mechanisms during
inflation and on quantum gravity scales.

The broader implication of this work is methodological: we have demonstrated that Bayesian evidence-
based model comparison, when applied to competing theories with qualitatively different harmonic signatures,
requires careful construction of the likelihood to respect both statistical validity and physical intuition. The
BipoSH framework achieves this synthesis and may serve as a template for future studies of directional anoma-
lies in the CMB and other cosmological datasets where multiple paradigms predict signatures with distinct
mathematical structures.
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