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Entangling quantum memories, mediated by optical-frequency or microwave channels, at high rates and fidelities
is key for linking qubits across short and long ranges. All well-known protocols encode up to one qubit per opti-
cal mode, entangling one pair of memory qubits per transmitted mode over the channel, with probability 𝜂, the
channel’s transmissivity. The rate is proportional to 𝜂 ideal Bell states (ebits) per mode. The quantum capacity,
𝐶(𝜂) = − log2(1 − 𝜂) ebits per mode, which ≈ 1.44𝜂 for high loss, thereby making these schemes near rate-optimal.
However, 𝐶(𝜂) → ∞ as 𝜂 → 1, making the known schemes highly rate-suboptimal for shorter ranges. We propose
a cavity-assisted memory–photon interface that can be used to entangle matter memories with Gottesman–Ki-
taev–Preskill (GKP) photonic qudits, which, along with dual-homodyne entanglement swaps that retain analog
information, enables entangling memories at capacity-approaching rates at low loss. We benefit from the loss
resilience of GKP-encoded states and the ability to encode multiple qubits in one mode. Our memory–photon in-
terface further supports the preparation of needed ancilla GKP qudits. We expect our result to spur research
in low-loss, high-cooperativity cavity-coupled qubits with high-efficiency optical coupling and demonstrations of
high-rate short-range quantum links.
© 2025 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement
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1. INTRODUCTION
Entanglement is a key enabling resource for many tasks in
quantum-enhanced information processing [1,2]. The task of
generating entanglement at high rates and high fidelity be-
tween multiple parties is a core challenge. The fundamental
unit of an entanglement generation network is a single quantum
link, connecting two parties over a lossy optical (or poten-
tially microwave) frequency channel, often characterized by the
channel’s transmissivity 𝜂. The network may serve multiple
qubits in a quantum processor, nodes of a metropolitan-scale
quantum network, or quantum data centers separated by long
distances [3]. The most prevalent protocols for generating her-
alded entanglement among qubits in quantum memories rely on
quantum-optical modulation formats that encode up to one qubit
per transmitted optical mode—thereby limiting entanglement
generation to pairwise attempts per mode. If this attempt suc-
ceeds with probability proportional to 𝜂 (e.g., when the dual-rail
encoding is used [4,5]), the entanglement generation rate,R∝ 𝜂
ideal Bell states per mode (ebits/mode). The maximum allow-
able entanglement rate with two-way authenticated classical
communications assistance is the quantum capacity of the pure
loss bosonic channel, given by: 𝐶(𝜂) = − log(1 − 𝜂) ebits/mode
[6]. In the 𝜂 ≪ 1 (high loss) regime, known entanglement
generation schemes are near rate-optimal as 𝐶(𝜂) ≈ 1.44𝜂.

However, as 𝜂 → 1 we note 𝐶(𝜂) → ∞, necessitating the en-
coding of multiple qubits in a single optical mode. This loss
regime is applicable for intraprocessor and data center quantum
links, local-area quantum networks, and potentially even long-
haul networks relying on ultra-low loss transmission assisted by
vacuum beam guides [7].

In this Letter, we propose and analyze a quantum link archi-
tecture that achieves the quantum channel capacity scaling in
the 𝜂 → 1 regime. Our link proposal entangles 𝑁-qubit blocks of
two remote memory registers, mediated by 𝑑 = 2𝑁-dimensional
photonic (qudit) encodings at rates approaching capacity at
low channel loss. Our link utilizes the maximally entangled
memory–photon entangled state of an 𝑁-qubit memory regis-
ter (at each site) and a single optical mode encoding 𝑁 qubits
in the Gottesman–Kitaev–Preskill (GKP) photonic qu(d)it for-
mat [8]—which is realizable using a generalized cavity-assisted
memory–photon interface for grid-like bosonic qubit encodings
[9]. The optical qudits from each site undergo lossy propagation
to a middle station where a dual-homodyne-based entanglement
swap creates 𝑁 qubit remote entanglement, with the measure-
ment outcome assisting post-processing at the error correction
stage [10,11]. When 𝜂 = 1 and ideal memory–photon entangled
states are utilized, our protocol generates 𝑁 ebits per transmit-
ted mode where 𝑁 can be arbitrarily high, in congruence with
the fact that 𝐶(𝜂) = ∞ for 𝜂 = 1. In the low-loss regime (𝜂 ap-
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proaching 1), we show that the distillable entanglement rate
achieved by the link approaches 𝐶(𝜂), within a constant separa-
tion of ∼ 1 ebit/mode, outperforming known schemes by order
of magnitude or more. This advantage is retained even with
finite-squeezed GKP qudits—our proposal uses individual de-
vices that have been demonstrated in isolation, hence making it
an attractive candidate for near-future realizations.

Our scheme benefits from the resilience of GKP qudits to
channel loss [12,13] and the GKP encoding’s natural extension
to accommodate multiple qubits in one mode. We show that even
with 5-dB-squeezed GKP qubits, intra-processor entanglement
rates can be doubled compared to single photon-based encod-
ing and linear optical entanglement swap assisted links [4,5,9].
We anticipate our result to lead to more sophisticated protocols
and practical demonstrations of high-rate short-range quantum
links. The efficacy of the GKP encoding has potential for the de-
velopment of error-corrected quantum memories for link-level
entanglement generation [14]. Extensions of our protocol are
applicable to a variety of research topics pertaining to hybrid
continuous-discrete variable quantum logic gates and resource-
efficient non-Gaussian photonic state preparation. Furthermore,
developing low-loss high-cooperativity cavity-coupled qubits
with high-efficiency optical coupling is a major experimental
target, and our scheme will further catalyze this technology
development.

2. BACKGROUND
We consider a single bosonic mode with the creation ( ̂𝑎) and an-
nihilation ( ̂𝑎†) operators defined in terms of the canonical posi-
tion ( ̂𝑞) and momentum ( ̂𝑝) as ̂𝑎 = ( ̂𝑞 + 𝑖 ̂𝑝)/√2; ̂𝑎† = ( ̂𝑞 − 𝑖 ̂𝑝)/√2
(i.e., ℏ = 1 units). The logical square-lattice GKP (sq-GKP) qu-
dit subspace [8,13] is the eigenspace formed by the displacement
operators:

̂𝑆(𝑑)
𝑞 = exp(−𝑖√2𝜋𝑑 ̂𝑝), and

̂𝑆(𝑑)
𝑝 = exp(𝑖√2𝜋𝑑 ̂𝑞).

(1)

The logical basis states can be expressed in terms of position
eigenstates as:

𝜇𝑞 ∝
∞
∑

𝑛=−∞
𝑞 = (𝑑𝑛 + 𝜇𝑞)√2𝜋/𝑑, (2)

where 𝜇𝑞 = 0, 1, … , 𝑑 − 1 ≡ res(𝑑) viz. residue set of 𝑑. Hence,
a position quadrature displacement of 𝑗√2𝜋/𝑑 maps states from
𝜇𝑞 → 𝜇𝑞 + 𝑗, where we will drop the implicit modulo 𝑑 for
brevity. Physical approximations to the ideal (infinite and non-
normalizable) GKP logical states can be made by imposing finite
peak widths and/or phase envelopes; we use finite-squeezed
physical approximations as random-Gaussian displacements of
the ideal logical states:

𝜇̃𝑞 ∝ ∫ 𝑑𝑢 𝑑𝑣 Γ(𝑢, 𝑣) exp(−𝑖𝑢 ̂𝑝) exp(𝑖𝑣 ̂𝑞)𝜇𝑞, (3)

where Γ(𝑢, 𝑣) is a bivariate Gaussian distribution:

Γ(𝑢, 𝑣) = 1
2𝜋𝜎𝑢𝜎𝑣

exp [− 𝑢2

2𝜎2
𝑢

− 𝑣2

2𝜎2
𝑣

] , (4)

where typically 𝜎2
𝑢 = 𝜎2

𝑣 = 𝜎2 (𝜎2 → 0 is the ideal qudit limit).
This model allows us to analytically track the effect of channel
loss and noise on GKP qudits by the evolution of error
variance 𝜎2.

We model our quantum memories as 𝑁 three-level (levels
labelled by 0𝑀, 1𝑀, 2𝑀) atomic systems each with a qubit sub-
space (0𝑀 and 1𝑀) and a single coupled interaction at an optical
frequency (1𝑀 ↔ 2𝑀). Charged quantum dots [15,16], trapped
ions [17], cold atoms [18], and solid-state vacancy centers
[19–21] may support such a level structure in their energy man-
ifold. Each atomic system is integrated in a single-mode cavity
with one coupling port that couples the cavity mode ( ̂𝑎𝑐) with
incoming ( ̂𝑎in) and outgoing ( ̂𝑎out) free-space optical modes at
coupling rate 𝜅𝑐; enabling the atom-photon controlled-phase
rotation interaction 𝐶𝑅𝜋 [18,22], where,

𝐶𝑅𝜋 = 00𝑀 ⊗ Î𝐵 + 11𝑀 ⊗ 𝑅̂𝐵(𝜋), (5)

with 𝑅̂𝐵(𝜋) denoting a 𝜋-phase rotation on the reflected travel-
ling wave bosonic (optical) mode. The controlled phase rotation
gate’s performance is evaluated in terms of the system cooper-
ativity, 𝐶 = 4𝑔2/(𝜅𝛾𝑚) and the cavity efficiency, 𝜁 = 𝜅𝑐/(𝜅𝑐 +
𝜅𝑙) ≡ 𝜅𝑐/𝜅, where 𝑔 is the atom-cavity interaction strength, 𝜅𝑙
the cavity leakage rate, and 𝛾𝑚 the atomic decay rate. The ideal
interaction necessitates virtual occupation of the excited state,
i.e., ⟨22𝑀 − 11𝑀⟩ ≈ −1, which is achieved when atomic detuning
|𝜔 − 𝜔𝑎| ≫ 𝑔√⟨ ̂𝑎†

𝑐 ̂𝑎𝑐⟩. It is important to note that for ⟨ ̂𝑎†
𝑐 ̂𝑎𝑐⟩ ∼ 1

(approximately one photon interacts with the atom), one can de-
rive exact dynamical equations for the field and atomic operators
[23] as well as input–output relations of bosonic mode operators
([9], overview in Section II of Supplement 1).

3. MEMORY REGISTER TO GKP QUDIT CSUM
GATE PROTOCOL
We provide a brief overview of the CSUM gate interaction (de-
picted in Fig. 1)—we will use the symbols 𝐵𝑗, 𝑀𝑘, and 𝐺 for the
𝑗th interacting bosonic mode, 𝑘th memory qubit, and bosonic
mode excited in the GKP qudit basis state (𝑑 = 2𝑁), respectively,
where both 𝑗, 𝑘 ∈ {1, 2, … , 𝑁}. We consider the CSUM gate from
the memory register to sq-GKP qudits—the modifications for
other hybrid two-qudit gates are specified in Supplement 1.

Without loss of generality, we consider an initial pre-
displaced state 𝐷((𝑑 − 1)√2𝜋/𝑑/2)0𝑞𝐺. (𝐷(𝛼) = exp(𝛼 ̂𝑎†

𝐺 −
𝛼∗ ̂𝑎𝐺) is the displacement operator for the bosonic mode ex-
cited in the GKP qudit state.) The memory register is initialized
in the 𝜓𝑀 = ⨂𝑁

𝑖=1 +𝑀𝑖
= 1

√𝑑
∑𝑑−1

𝑚=0 𝑚𝑀 state, where 𝑚 is a short-
hand for the decimal representation of the 𝑁 bit binary string
𝑚𝑁, 𝑚𝑁−1, … , 𝑚1 for the joint-logical states of the memories
ordered 𝑀𝑁, 𝑀𝑁−1, … , 𝑀1. The CSUM gate protocol requires
three interaction:

(1) Reflect the coherent-states 𝛼𝑘𝐵𝑘
off of corresponding the

cavity-coupled memories 𝑀𝑘, where,

𝛼𝑘√1 − 𝜁 = 𝑑 × 2−𝑘−1√2𝜋/𝑑.

(2) Sequentially displace the GKP qudit state using the re-
flected coherent states by beamsplitter interaction with
reflectivity 𝜁 → 1. The total memory-state dependent dis-
placement effectively applies a controlled qudit Pauli gate
on 0𝐺.

(3) Apply Pauli ̂𝑋 gates on the memories, followed by a phase-
nulling second cavity reflection of the bosonic modes.
Reapply Pauli ̂𝑋 gates on the memories.

https://doi.org/10.6084/m9.figshare.30179218
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Using the initial memory state 𝜓𝑀 = ⨂𝑁
𝑖=1 +𝑀𝑖

and 𝜑𝐺 = 0𝑞𝐺
results in the maximally entangled memory register-GKP qudit
state:

Ψ𝑀𝐺 = 1
√𝑑

𝑑−1
∑
𝑚=0

𝑚𝑀𝑚𝑞𝐺, (6)

which is equivalent to a CSUM gate (i.e., qudit CNOT gate).
The coherent state-assisted conditional (on memory state) dis-

placement of the GKP qudit is the key feature of this protocol.
Interaction of the coherent pulses with memories initialized in
𝑚𝑀 transforms the coherent states as:

𝑚𝑀 ⊗ (⊗𝑁
𝑘=1𝛼𝑘𝐵𝑘

) → 𝑚𝑀 ⊗ (⊗𝑁
𝑘=1(−1)𝑚𝑘+1𝛼𝑘𝐵𝑘

) . (7)

The net displacement (𝑆𝑚) imparted by the sequential displace-
ment can then be simplified to:

𝑆𝑚 =
𝑁

∑
𝑘=1

(−1)𝑚𝑘+1𝛼𝑘√1 − 𝜁 =
𝑁

∑
𝑘=1

(−1)𝑚𝑘+1 𝑑√2𝜋/𝑑
2𝑘+1

= (𝑚 − (𝑑 − 1)/2) × √2𝜋/𝑑.

(8)

We note that the GKP state is predisplaced by ((𝑑 −
1)/2)√2𝜋/𝑑, resulting in the net displacement 𝑆′

𝑚 = 𝑚√2𝜋/𝑑.
For the 𝑑-dimensional analogue of the CZ gate, we may choose
𝛼𝑘𝑒𝑖𝜋/2. Readers may look at the Table I in Supplement 1 for a
detailed proof as well the choice of 𝛼𝑘 for other hybrid two qudit
gates.

4. EFFECT OF IMPERFECTIONS IN CAVITY-
ASSISTED MEMORY-GKP CSUM GATE
The cavity-assisted memory-GKP CSUM gate protocol as-
sumes ideal memory-dependent phase rotation of input coherent
pulses; however, non-idealities in the cavity–photon interface
will degrade the gate fidelity, and subsequently the perfor-
mance of the capacity achieving quantum link. Primarily, ideal
memory-dependent phase must be imparted while minimizing
photon loss in the reflected bosonic pulse (either from imper-
fect cavity coupling or atomic-state decay). Any reflection phase
imperfections result in effective Pauli errors (from imperfect dis-
placements) and photon loss manifests as dephasing noise on the
final state. For a general cavity–photon interface, the final state
(with memories initialized in 𝜓𝑀) is given as:

𝜌𝑀𝐺 ≈ 1
𝑑

𝑑−1
∑

𝑚,𝑚′=0
𝑔𝑚,𝑚′𝑚𝑚′

𝑀𝐷(𝛽𝑚′)𝜌𝐺𝐷†(𝛽𝑚′), (9)

where the realistic conditional displacement is:

𝛽𝑚 =
𝑁

∑
𝑗=1

𝑟(𝑚𝑗)(−1)𝑚𝑘+1𝛼𝑗√1 − 𝜁. (10)

Here, 𝑟𝑚𝑘
∈C, with |𝑟𝑚𝑘

| ∈ [0, 1], describes the memory depen-
dent phase, and the coefficients 𝑔𝑚,𝑚′ are given by:

𝑔𝑚,𝑚′ = 𝛿𝑚,𝑚′ + (1 − 𝛿𝑚,𝑚′)|𝜆𝑚,𝑚′ |2, (11)

with |𝜆𝑚,𝑚′ |2 representing the effective dephasing due to pho-
ton loss and 𝛿𝑚,𝑚′ is the Kronecker delta symbol. For 𝐶 ≫ 1 and
|𝜔 − 𝜔𝑐| → 0, we may achieve the approximate relation −𝑟0 ≈
𝑟1 = 1—any additional sources of loss can be incorporated in
|𝜆𝑚,𝑚′ |2. For 𝑟0 → 1 and 𝑟1 → −1, the largest coherent pulse
must satisfy the virtual excitation condition—we need the pulse
length 𝜏 to satisfy 𝜏 ≫ |𝛼1|2 = 𝜋𝑑/16𝜅(1 − 𝜂) (since 𝛼1 has the
largest magnitude [18,22]).
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Pauli X gates on 
memories are implicit.

Fig. 1. Overview of the protocol implementing the CSUM gate,
involving reflection of coherent pulses from a register of 𝑁-quantum
memories integrated in cavities and memory-state dependent se-
quential displacement of pre-displaced GKP qudit states.

5. APPROACHING CHANNEL CAPACITY WITH
QUDIT-ASSISTED ENTANGLEMENT SWAPS
With the assistance of the CSUM gate, we demonstrate a quan-
tum link for entanglement generation over a pure loss bosonic
channel (of transmissivity 𝜂) at rates approaching channel ca-
pacity. The midpoint swap link (Fig. 2(a)) connects two parties
where each party locally generates the Ψ𝑀𝑘𝐺𝑘

; 𝑘 = {1, 2} state of
their registers of 𝑁 quantum memories and local GKP qudits.
The GKP qudit modes are transmitted over the half-channels
of transmissivities √𝜂 to a central node, which performs a pro-
jective GKP qudit basis Bell state measurement (BSM) with a
dual-homodyne measurement of the output modes after a bal-
anced beamsplitter. In the midpoint source link (Fig. 2(b)), a
central node generates maximally entangled GKP qudit Bell
pairs, which are transmitted to the end users. The end users
load the qudit on the memory register with a CSUM gate and
qudit Pauli 𝑋 basis measurement. In both link configurations,
the measurements herald the generation of an entanglement
state of the memory registers ̃𝜌𝑀1,𝑀2

, conditioned of the real-
valued measurement outcomes (say 𝑥, 𝑦). One may already note
that in principle we can choose 𝑑 optimally to enable high-rate
communications.

The effect of loss (with implicit pre-amplification of the state
[13] or post-processing [11] of measurement outcomes) and
finite-squeezing [24] on the GKP qudit states can be effec-
tively modeled by a Gaussian random displacement channel on
the ideal qudit states [11,13,25]. Given an initial state 𝜌𝐺, the
random displacement channel N𝐵2

[𝜎2] modifies the state as:

N𝐵2
[𝜎2](𝜌𝐺) = 1

𝜋𝜎2 ∫ 𝑑2𝛼 𝑒−|𝛼|2/𝜎2𝐷(𝛼)𝜌𝐷†(𝛼). (12)

The random displacement channel acting on a general GKP-
encoded qudit state does not directly map to a Pauli error
channel—we analyze the effect of the random displacement
channel using a standard Pauli twirling approach [26] making
the achievable rate lower-bound calculable tractable.

https://doi.org/10.6084/m9.figshare.30179218
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Fig. 2. Layout of quantum links for entanglement generation
at channel capacity (a) Midpoint swap link configuration, where
each party performs the CSUM gate on local memory registers
(𝑀1, 𝑀2) and GKP qudit states (𝐺1, 𝐺2) before transmission to
the midpoint of a link (of transmissivity 𝜂) for a dual-homodyne
measurement-based entanglement swap. (b) Midpoint source link
configuration, where the central node generates a GKP qudit entan-
gled state which is transmitted to the end-users; both users load the
incoming GKP qubits (𝐺1, 𝐺2) with CSUM gates and qudit 𝑋 basis
measurement. For both links, the measurement outcomes 𝑥, 𝑦, her-
alds the generation of an entangled state of the memory registers
( ̃𝜌𝑀1,𝑀2

).

Let us assume that, as a virtue of possessing a perfect CSUM
gate, ideal memories and ideal GKP qudits, both parties start
with the ideal memory-GKP maximally entangled state:

Ψ0,0𝑀𝑖,𝐺𝑖
= 1

√𝑑

𝑑−1
∑

𝑚,𝑚=0
𝑚𝑀𝑖

𝑚𝐺𝑖
; 𝑖 = {1, 2}. (13)

Lossless transmission, i.e., 𝜂 = 1 yields a final state,
Ψ𝑥𝐿,𝑦𝐿𝑀1,𝑀2

≡ 𝑊 (0,𝑑−𝑥𝐿)
1 𝑊 (𝑑−𝑦𝐿,0)

2 Ψ0,0𝑀1,𝑀2
, where 𝑥𝐿,

𝑦𝐿 ∈ res(𝑑) are the logical outcomes of the dual homodyne
measurement, and {𝑊 (𝑚,𝑛)

𝑖 }; 𝑖 = {1, 2}, 𝑚, 𝑛 ∈ res(𝑑) are the
Weyl-operators on qudits (see Section I in Supplement 1
for definitions). Introducing any loss (even with ideal GKP
states) yields a mixed state 𝜌𝑀1,𝑀2

. For physical GKP states
of peak variance 𝜎2

𝑖 transmission over a pure loss channel of
transmissivity 𝜂 modifies both 𝜎2

𝑖 and the grid spacing. One
may restore the grid spacing by pre-amplifying the transmitted
state (applying an amplification channel of gain 𝐺 = 1/𝜂), or
post-process the dual-homodyne measurement outcomes on a
classical computer (CC-amplification [11]). The corresponding

variance transformations are:

Pre-amplification: 𝜎2
𝑖 → 𝜎2

𝑖 + (1 − 𝜂) (14a)

CC-amplification: 𝜎2
𝑖 → 𝜎2

𝑖 + 1 − 𝜂
2𝜂 . (14b)

We note that CC-amplification adds a smaller value of noise for
all values of loss 𝜂 > 0.5. To characterize the final state, we an-
alyze the error probabilities for the twirled channel model. The
probability of making 𝑘-shift errors in the logical measurement
for sq-GKP states (along either the Pauli 𝑋 or 𝑍 basis) is given
by [13,27]:

𝑃(sq)(𝑋𝑘, 𝜎2) ≡ 𝑃(sq)(𝑍𝑘, 𝜎2)

= ∑
𝑗∈Z

1
2[erf ⎛⎜

⎝
√2𝜋

𝑑
𝑗𝑑 + 𝑘 + 1/2

𝜎
⎞⎟
⎠

− erf ⎛⎜
⎝

√2𝜋
𝑑

𝑗𝑑 + 𝑘 − 1/2
𝜎

⎞⎟
⎠

],

(15)

where 𝑘 ∈ {0, 1, 2, … , 𝑑 − 1}. The summation over the index 𝑗 ac-
counts for shifts of magnitude greater than one lattice spacing of
√2𝜋𝑑.

The “twirled” noise model (see Supplement 1 for details)
allows us to approximate 𝜌𝑀1,𝑀2

by the state:

̃𝜌𝑀1𝑀2
=

𝑑−1
∑

𝑘1,𝑘2=0
𝑃(𝑘1,𝑘2)

shift (𝜎2) Ψ𝑘′′,𝑙′′Ψ𝑘′′,𝑙′′𝑀1𝑀2
, (16)

with shift error probability:

𝑃(𝑘1,𝑘2)
shift (𝜎2) = 𝑃(sq)(𝑋𝑘1, 𝜎2) ⋅ 𝑃(sq)(𝑍𝑘2, 𝜎2) (17)

and 𝑘′′ = 𝑘′ + 𝑘1; 𝑙′′ = 𝑙′ + 𝑘2. An achievable lower bound to the
distillable entanglement for ̃𝜌𝑀1𝑀2

is given by the hashing
bound [28],

𝐼( ̃𝜌𝑀1𝑀2
) = log2(𝑑) +

𝑑−1
∑

𝑘1,𝑘2=0
𝑃(𝑘1,𝑘2)

shift (𝜎2) log2 𝑃(𝑘1,𝑘2)
shift (𝜎2).

(18)

Further analysis in this article is limited to ̃𝜌𝑀1𝑀2
; we justify

this in Section III of Supplement 1.
We plot the achievable hashing rate as function of √𝜂, for

memory registers sizes (𝑁; varying colors) utilizing GKP qu-
dits of appropriate dimension (𝑑 = 2𝑁) in Fig. 3 assuming the
sq-GKP encoding for both the pre-amplification (Fig. 3(a)) and
CC-amplification (Fig. 3(b)) protocols. The performance of in-
finite squeezed states (solid; 𝜎2

𝑖 → 0) is shown as a benchmark;
finite squeezed states for 10�dB (dot-dashed; + markers) and
5�dB (dashed; ∘ markers) of squeezing are shown for compar-
ison with the repeater-less channel capacity of − log2(1 − √𝜂)
(black; dotted) [6].

For 𝜂 → 0 dB, we note that R( ̃𝜌𝑀1𝑀2
) → 𝑁 – increasing

the qudit dimension enables rate scaling of − log2(1 − √𝜂)
for 𝜂 → 1 (with an offset of log2 𝑒 similar to Ref. [13]). CC-
amplification (which adds lower variance noise) outperforms
pre-amplification for all values of half channel loss upto 3�dB
(as noted by the transformation rules earlier). Realistic imple-
mentations of the high-rate links will be affected by the CSUM
gate imperfections as well as the finite squeezing of the GKP
states—we defer a detailed examination of these effects to future
works.

https://doi.org/10.6084/m9.figshare.30179218
https://doi.org/10.6084/m9.figshare.30179218
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Repeater-less Bound

Solid: Infinite Squeezing Limit

(Dashed): 5 dB

(Dot-dashed): 10 dB

(a)

Sq-Lattice; Pre-Amplification

Sq-Lattice; CC-Amplification

(b)

Fig. 3. Performance of the qudit-swap assisted link for 𝑁-qubit
memory registers (varying colors) utilizing square lattice GKP qudit
encodings (𝑑 = 2𝑁) assuming (a) pre-amplification of the trans-
mitted qudits, and (b) CC-amplification of the dual homodyne
measurement outcomes. We analyze the performance of protocol for
infinite squeezed states (solid), 5�dB (dashed; ∘ markers) and 10�dB
(dot-dashed; + markers) squeezed states with the channel capacity
of 𝐶(𝜂).

We also find that achievable hashing rate approaches 𝐶(√𝜂) =
as 𝜂 → 1 as 𝑑 → ∞ and 𝜎2 = 0. Our proof is outlined as follows
(details in Section III of Supplement 1)—in the limit 𝜎2 → 0 it is
sufficient to lower bound 𝑃(sq/hex)(𝑋𝑘/𝑍𝑘, 𝜎2) by dropping the
summation over the lattice positions and only considering |𝑘| ≤
1, i.e., the probability of incurring larger (greater than one shift)
logical errors is negligible. Carrying out a Taylor expansion of
the probability of shift error for 𝑑 → ∞ and 𝜂 → 1, gives us the
simplified expressions:

𝑃̃(sq)
shift(0; 𝜀) = 1 −

√2𝑑𝜀 exp (−𝜋/(2𝑑𝜀))
𝜋

𝑃̃(sq)
shift(±1; 𝜀) =

√𝑑𝜀 exp (−𝜋/(2𝑑𝜀))
√2𝜋

,
(19)

where 𝜀 = 1 − √𝜂 for the pre-amplification protocol. Intuitively,
2𝑑𝜀 is the effective variance of the logical measurement er-
ror distribution—to attain channel capacity scaling for 𝜀 → 0,
the qudit dimension must grow commensurate to 𝜀. We may
then make the ansatz that 2𝑑𝜀 is some real constant 𝜉 and de-
rive a lower bound 𝐼LB(𝜉) to 𝐼( ̃𝜌𝑀1𝑀2

). This ansatz matches
the expectation that the qudit dimension grows as 𝜂 → 1; the

(b)

(a)

Separation ~1.06 ebits

Separation ~0.85 ebits

Repeater-less Bound

Hex-GKP Asymptote

Sq-GKP Asymptote
Dashed: Hex -GKP Solid: Sq -GKP 

Fig. 4. Low-loss limit performance of the qudit-swap assisted
link. (a) Comparison of varying 𝑁 (varying colors) utilizing sq-GKP
(solid lines) and hex-GKP (dot-dashed) qudit encodings (𝑑 = 2𝑁)
for the pre-amplification protocol. We compare the finite squeezing,
finite encoding size performance with calculated asymptotic rate
scaling (red: sq-GKP; blue: hex-GKP) and the repeater-less channel
capacity of 𝑄2(𝜂) = − log2(1 − √𝜂) (black, dotted). (b) Comparison
of the asymptotic expressions (for either protocol) and the repeater-
less bound showing a finite separation in the extremely low-loss
regime, i.e., 𝜀 → 0; 𝜂 → 1.

optimal 𝜉 will yield the best rate scaling, or, minimize the dif-
ference 𝐶(√𝜂) − 𝐼LB(𝜉). We numerically optimize 𝜉 (via the
Newton-Raphson method) to obtain 𝜉opt ≈ 1.642, which yields
a separation of 𝐶(√𝜂) − 𝐼LB(𝜉) ≈ 1.06 ebits/ch. A similar ansatz
can be made for the CC-amplification where √𝜂 = 1 − 𝜀 ⇒ (1 −
√𝜂)/(2√𝜂) ≈ 𝜀/2. Then by choosing 𝑑𝜀 = 𝜉opt we obtain the
same scaling as that of the pre-amplification protocol.

Similarly for the CC-amplification, the ansatz √3𝑑𝜀/2 = 𝜉′
opt

yields the required rate scaling. We compare the low-loss achiev-
able rate vs. √𝜂 for varying 𝑁 (varying colors) for both the
sq-GKP (solid) and hex-GKP (dot-dashed) encodings, with
their corresponding low-loss asymptotic curves in Fig. 4. In
Fig. 4(b), we compare the asymptotic rate expressions with the
repeater-less channel capacity and show the finite separation as
predicted by our expressions.

6. UTILIZING HEXAGONAL LATTICE GKP CODES
Hexagonal lattice GKP codes are a natural alternative to the
square lattice codes discussed in the main text. The hex-GKP

https://doi.org/10.6084/m9.figshare.30179218
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qudits are defined as the eigenspace of the displacement
operators:

̂𝑆(𝑑)
𝑞 = exp [𝑖√2𝜋𝑑 (2/√3)

1/2
( ̂𝑞 + ̂𝑝/2)], and

̂𝑆(𝑑)
𝑝 = exp [−𝑖√2𝜋𝑑 (2/√3)

1/2
(√3 ̂𝑝/2)].

(20)

As with the sq-GKP, the ideal hex-GKP qudit states are un-
physical—normalized versions can be derived by considering
finite peak variances, as prescribed in Eq. (3). As a result of
the modified phase space distribution, the pre-displacements and
coherent pulse amplitudes for the memory-GKP CSUM gate
protocol must be suitably adapted.

The quantum link architecture for entanglement generation re-
mains unmodified—for hex-GKP states, the error probabilities
(in the heralded state, Eq. (15)) are modified as:

𝑃(hex)(𝑋𝑘, 𝜎2) ≡ 𝑃(hex)(𝑍𝑘, 𝜎2)

= ∑
𝑗∈Z

1
2

⎡⎢
⎣
erf ⎛⎜

⎝
√2𝜋

𝑑
𝑗𝑑 + 𝑘 + 1/2

𝜎(√3/2)1/2
⎞⎟
⎠

− erf ⎛⎜
⎝

√2𝜋
𝑑

𝑗𝑑 + 𝑘 − 1/2

𝜎(√3/2)1/2
⎞⎟
⎠

⎤⎥
⎦

.

(21)

Accordingly, the rest of analysis for the quantum links is sim-
ilar to the sq-GKP encoding. We plot the achievable hashing
rate as function of √𝜂, for memory registers sizes (𝑁; vary-
ing colors) utilizing hex-GKP qudits of appropriate dimension
(𝑑 = 2𝑁) in Fig. 5 for both the pre-amplification (Fig. 5(a)) and
CC-amplification protocols (Fig. 5(b)).

Similar to the sq-GKP, we find that achievable hashing rate
approaches 𝐶(√𝜂) as 𝜂 → 1 as 𝑑 → ∞ and 𝜎2 = 0. Mirroring
the previous approach, in the limit 𝜎2 → 0 it is sufficient to
lower bound 𝑃(hex)(𝑋𝑘/𝑍𝑘, 𝜎2) by only considering |𝑘| ≤ 1. For
hex-GKP qudits, the larger separation between the peaks of the

logical states (∼ √4𝜋/√3𝑑) yields a lower Pauli error probabil-
ity. Assuming single shift errors, the appropriate Taylor series
expansion of the errors gives us:

𝑃̃(hex)
shift (0; 𝜀) = 1 −

√√3𝑑𝜀 exp (−𝜋/(√3𝑑𝜀))
𝜋 ;

𝑃̃(hex)
shift (±1; 𝜀) =

√√3𝑑𝜀 exp (−𝜋/(√3𝑑𝜀))
2𝜋 .

(22)

Here, an ansatz of √3𝑑𝜀 = 𝜉′ with 𝜉′
opt ≈ 1.422 minimizes

𝐶(√𝜂) − 𝐼LB ∼ 0.85 ebits/ch, matching the expectation that
𝜉opt/𝜉′

opt = √3/2, i.e., the qudit dimension vs. loss scaling is pro-
portional to the improvement in the error probability between
the lattice choices.

7. OUTLOOK
We have presented a method for generating entanglement be-
tween a register of 𝑁-quantum memories and 𝑑 = 2𝑁 dimen-
sional GKP qudit states, assisted by the interaction of bosonic
modes with cavity QED systems. We demonstrated how the re-
source states generated by our protocol could be utilized for
the implementation of high-rate quantum links especially in the
low-loss regime of operation, thereby highlighting a pathway to
achieving channel capacity saturating quantum communication
links.

Hex-Lattice; Pre-Amplification

(a)

Repeater-less Bound

Solid: Infinite Squeezing Limit

(Dashed): 5 dB

(Dot-dashed): 10 dB

Hex-Lattice; CC-Amplification

(b)

Fig. 5. Performance of the qudit-swap assisted link for 𝑁-qubit
memory registers (varying colors) utilizing hexagonal lattice GKP
qudit encodings (𝑑 = 2𝑁) assuming (a) pre-amplification of the
transmitted qudits, and (b) CC-amplification of the dual homodyne
measurement outcomes. We analyze the performance of protocol for
infinite squeezed states (solid), 5�dB (dashed; ∘ markers) and 10�dB
(dot-dashed; + markers) squeezed states with the channel capacity
of 𝐶(𝜂).

Furthermore, we show that the achievable entanglement gen-
eration rate scales as the repeaterless bound 𝐶(𝜂) for entan-
glement swapping in the low-loss regime with commensurately
chosen 𝑁. State-of-the-art systems have demonstrated internal
cooperativities of the order ∼100. Improved cavity designs with
larger cooperativities are being actively pursued in the various
physical platforms that could support the necessary interactions.
Coupled with efforts for large scale integration of physical quan-
tum memory systems [29], the protocols suggested here could
be achievable in the near term.

The CSUM gate protocol proposed in this work is a key el-
ement for hybrid quantum logic between memory registers and
GKP qudits—the applications proposed in Ref. [9] can natu-
rally be extended to high dimensional encodings. It is pertinent
to note that protocols with higher-dimensional encodings are
expected to be more sensitive to any imperfections in the cav-
ity–photon interface. Further investigations of the underlying
trade-offs and thresholds in the protocol performance are left for
future works.
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