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Abstract Weinvestigate the contributions of the Friedmann—
Lemaitre—Robertson—Walker metric of the standard cosmol-
ogy as an asymptotic boundary condition on the first-order
approximation of the gravitational field in Moffat’s theory
of modified gravity (MOG). We also consider contributions
due to the fact that the MOG theory does not satisfy the shell
theorem or Birkhoff’s theorem, resulting in what is known
as the “external field effect” (EFE). We show that while both
these effects add small contributions to the radial accelera-
tion law, the result is orders of magnitude smaller than the
radial acceleration in spiral galaxies.

1 Introduction

The theory of scalar—tensor—vector gravity (STVG; [1]), also
known by the acronym MOG (for MOdified Gravity), is a
modified theory of gravitation based on an action principle
that incorporates, in addition to the metric of general relativ-
ity, a massive vector field that couples to matter universally.
The theory has been used successfully to model a range of
phenomena that are usually attributed to hypothetical colli-
sionless dark matter, including galaxy rotation curves, the
matter power spectrum and the acoustic power spectrum of
the cosmic microwave background.

Recently in the literature, in the context of other modified
theories of gravitation, the so-called “external field effect”
(EFE; [2,3]) has been discussed. This prompted us to inves-
tigate whether or not such an effect is present in MOG and
if so, the magnitude of its contribution to galaxy dynamics.

We specifically investigate two possible sources of such
an effect: contributions due to the non-flat boundary condi-
tions present in a Friedmann—-Lemaitre—Robertson—Walker
(FLRW) cosmology, and contributions due to violations of
Birkhoft’s theorem [4,5] in the MOG theory.
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To investigate the effects of the cosmological background,
we adopt McVittie’s metric [6], which can be used to ana-
lyze the contributions of the FLRW background to the
Schwarzschild solution. Regarding the EFE, we rely on ear-
lier results [7] as we demonstrate that in MOG, although
the effect arises naturally as a consequence of the theory
not obeying Birkhoff’s theorem, its magnitude is too small
to have a significant impact on, e.g., the predicted behavior
of galaxies and stellar clusters of various sizes. Of course
the MOG theory neither requires nor relies on an EFE to
model galaxy rotation curves, cluster dynamics and cosmol-
ogy. The existence of an EFE in the theory can still be of
interest, as (among other things) it provides an example of
how a properly formulated relativistic theory of gravitation
can yield such an effect without relying on unjustified, ad
hoc assumptions.

2 The MOG gravitational potential and acceleration

Derived from the field equations and Lagrangian of the MOG
theory, the MOG modified gravitational potential for a point
source of mass M, in the case of weak gravitational fields
and low velocities is given by [1]:

GyM
r

P(r)=— [1+a(—e )], ey
where Gy is Newton’s constant for gravitation and r is the
distance from the gravitating mass. The corresponding radial
acceleration law is obtained as usual, as the gradient of the
potential:

GNM

a(r) = — 2 [14+o—ae™™ 1+ ur). 2)

The parameters o and p can be estimated by introducing
constraints to the theory [8], or by fitting them to the rota-
tion or velocity dispersion profiles of galaxies or clusters of
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galaxies [9—-13]. Typical values, for example, are « ~ 10,
w~ (50 kpe)~L.

3 The McVittie metric

McVittie’s metric [6,14] describes a compact, spherically
symmetric source of gravitation, with mass M embedded
in a Friedmann—Lemaitre—Robertson—Walker (FLRW) cos-
mological background. In comoving coordinates, McVittie’s
metric can be written as

=
— 2—
dsz :ﬂ Czdtz

14+ oM ’
2¢2aR

—a2|:l+

M N 2 2 2
2c2aR] (dR? + R*QY), 3)

where a = a(t) is the dimensionless scale factor of the FLRW
universe and G is the gravitational constant.

Rewriting the metric using r = aR and ® = —GM/r,
in the limit ® <« ¢? and (using H = @/a as the Hubble-
parameter) Hr < c (both of which are applicable when con-
sidering galaxy dynamics), we obtain the following approx-
imate form:

2 ® H»\ , , _Hr
ds® = 1+2—2— 3 codtc +2—dr cdt
c c c

P 2
- (1 - 26—2> dr?. )

In the large aR limit, this metric approaches the
Schwarzschild solution. As such, it also matches the spher-
ically symmetric, static MOG vacuum solution beyond the
range of the vector field, aR > u_l.

As we are well within the regime of the linear approxima-
tion, we expect this form to remain valid at the same level
of approximation when @ represents the MOG gravitational
potential.

It is, of course, true that within the range of the vector
force, r < u~!, the MOG field equations are quite differ-
ent from the field equations of general relativity. However,
at cosmological distances, r > ,u,_l, the contribution of the
vector force vanishes and the theory becomes indistinguish-
able from Einstein’s theory, apart from the difference in the
value in the gravitational constant. The vector force, in effect,
governs the internal dynamics of the gravitating object but
does not affect the gravitational field over very large dis-
tances. Conversely, while the internal dynamics of a MOG
galaxy are determined by the full set of field equations, in the
nonrelativistic approximation they reduce to the MOG accel-
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eration law. The (small) perturbation of this acceleration due
to cosmological matter can be estimated using the McVittie
metric, since in the linear approximation, the magnitude of
the perturbation (o« H?r?/c?) is not affected by the local
matter density or local fields.

Also note that while McVittie’s metric becomes singular at
its horizon [15], the horizon scale is several orders of magni-
tude smaller than our region of interest, the scale of a typical
galaxy. At a much shorter range, we would expect the MOG
field equations to dominate, with any cosmological contribu-
tion becoming negligible, yielding the Kerr—Newman type
MOG solutions described elsewhere (see, e.g., [16]).

The dr dt mixed term represents a gravitomagnetic con-
tribution. Although its magnitude is not insignificant, as it is
a purely radial term, it has vanishing curl and thus it has no
impact on the dynamics of the host galaxy.

In contrast, the contribution to the d¢? term, characterized
by H?r?/c?, though small, represents a radial potential that
can alter the dynamics of a galaxy. Notably, the magnitude
of this term is independent of the mass of the galaxy. The
corresponding radial acceleration is given by

apg(r) =2H*r = 1.82 x 10~ *h3; (50:{ ) 92 Q)
pc/ s

where h75 = H /(75 km/s/Mpc) is defined as usual.

This acceleration is four orders of magnitude smaller than
the centrifugal acceleration of our solar system in the Milky
Way, which can be written as

2 2
: 8k
dc'(r):U—LZ].96X 10710 (220£ / ) ( pc) EZ’
r m/s r S

(6)

using nominal values that approximately characterize the
orbital motion of our own solar system in the Milky Way.

4 MOG Acceleration
Applying the MOG acceleration law (2) to an extended,

spherically symmetric mass distribution, we arrive at the fol-
lowing integral form [17]':

r 2 G ’
“o Z_/ dr' = ()
0 wur
x {2(1 +a)ur’ +a(l + ur) [e—u(r+r’) B e—M(’—r’)] }

o0 2nGyr’
_/ dr/iﬂ'urgr ()
r

! In Eq. (14) in [17], the symbol G should have been G y.
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This form reveals a peculiar property of the MOG theory:
as the acceleration law is not an inverse-r2 law, the theory
does not satisfy the shell theorem or Birkhoff’s theorem [4,
5]. The second integral in the sum above is nonzero, and
represents the contribution of the gravitational acceleration
on a test particle at distance r from the center of the spherical
distribution, by shells of matter at radius » and above.

In light of recent discussions [3] on the importance of the
“external field effect” in certain modified gravity formula-
tions, we found it instructive to estimate the magnitude of
this contribution, to see what, if any, effect it has on the
equations of motion in typical astrophysical scenarios.

Evaluating the second integral in (7) would make sense in
Minkowski spacetime, but not in the spacetime of an FLRW
universe. The gravitational influence of distant matter must
take into account that we see distant matter at a time when
the average density of the universe was much higher.

Such considerations are obviously model-dependent, espe-
cially when it comes to the very early universe. Instead of
elaborating on such model dependencies, in order to obtain a
reasonable order-of-magnitude estimate of the contribution
of this term, we just evaluate the integral up to the surface of
last scattering, and assume a pressureless equation of state
(o o a=3 where a is the scale factor of the expanding uni-
verse) and a uniform rate of expansion. In short, we evaluate

g 2JTGN7‘/
aext(r) =/ dr/—zp(r/) (®)
r ur
X a{[l + ,U«r]efl‘(r,”) —[1- Mr]e“(r/")}

where we now use 7 to denote the light travel distance to
the surface of last scattering. Denoting the light travel time
radius of the surface of last scattering with r,, we estimate
the density using

3
Py = 1T o ©

(ri+rp—r

where py = 3Hg /(87 (1 + )G ) is the MOG critical den-
sity at the present epoch and G = (1 + «)G y. The expres-
sion in the numerator is proportional to the scale factor at the
present epoch, a o r1 + rp, whereas the term in the denomi-
nator is approximately proportional to the scale factor at the
time that corresponds to r’, a(r’) ocry +rp —r'.

Using r; = 13.8 x 10° 1y, r, = 385,000 ly and Hy =
70 km/s/Mpc, we obtain, at a typical galactocentric distance
of r = 50 kpc and using ! = 50 kpc, o = 10,

dexi (50 kpe) ~ 2.9 x 10715 m/s?. (10)
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Fig. 1 Radial acceleration in a spherically symmetric configuration
due to the FLRW cosmological background in the MOG theory. Devia-
tions from Birkhoff’s theorem in the theory result in a barely observable
perturbation due to matter outside of radius . Nominal values of the
parameters in Egs. (5) and (8) were used

Evaluating this expression numerically, we find that the result
is only weakly sensitive to specific choices of 1, r and r and
the order of magnitude of the result remains the same. There-
fore, though an approximation, it is a reliable estimator for
the magnitude of the nonrelativistic contribution to the galac-
tocentric acceleration by distant matter due to the Birkhoft-
violating nature of the MOG theory. We are, of course, ignor-
ing matter behind the surface of last scattering, as its contri-
bution is difficult to calculate and the nonrelativistic approxi-
mations used here are not applicable in this regime, but it can
be reasonably assumed not to change this result substantially.
In particular, we find that the galactocentric acceleration due
to distant matter is several orders of magnitude less than the
effect required to substantially influence the rotation of even
large galaxies.

5 Conclusions

As it has been known since at least 1933, the Schwarzschild
solution for the gravitational field of a compact gravitating
object must be modified when its boundary conditions are
those of an expanding FLRW spacetime as opposed to the
flat Minkowski metric. In the present paper we estimated the
magnitude of the resulting radial acceleration and ascertained
that it is orders of magnitude less than typical values for the
centrifugal acceleration of objects in a large spiral galaxy,
such as our Milky Way.

We also estimated acceleration due to shells of matter sur-
rounding a galaxy. Because MOG predicts an acceleration
law that does not follow the inverse square relationship, the
theory violates Birkhoff’s theorem. Acceleration in a spher-
ically symmetric distribution of matter is dependent not just
on matter inside but also matter outside the shell on which a
test particle resides, leading to a possible external field effect.
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The magnitude of this acceleration is even smaller than the
acceleration due to spacetime expansion.

Consequently, we established that neither the background
cosmology nor violations of Birkhoff’s theorem alter the
dynamics of rotating galaxies by any observable amount in
the MOG theory. Our results also apply as a matter of course
to the dynamics of galaxies under standard general relativity,
with or without dark matter.
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