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1 Introduction

Fluid/gravity correspondence [1, 2] is an effective method of calculating the dynamical
second order transport coeflicients for various kinds of gravity backgrounds. After it was
proposed, this framework has been used in asymptotically Anti de Sitter (AdS) black holes
in various dimensions [3-5], with background scalar field [6] and with background vector
charge [7, §].

Branes in string/M theory are the vacuum solutions of 10/11 dimensional supergrav-
ity [9]. The methods used in previous studies on the transport properties of branes are the
Minkowski AdS/CFT correspondence [10-16], the stretched horizon formalism [17-19] and
the boundary derivative expansion method in Fefferman-Graham coordinate [20]. The most
remarkable observation that one can make from these studies is that the relativistic fluids



dual to brane systems are nonconformal since background dilaton exists. Following [21],
reference [22] proposes the most general formulation of the second order constitutive rela-
tions in nonconformal regime, which sets the stage for later systematic investigations on
nonconformal relativistic fluids.

Based on these previous works, [23-26] calculate the first and second order trans-
port coefficients for D-branes via the fluid/gravity correspondence and have got some new
results. Of those references, [23, 24] study the D4-brane with 1 world-volume direction
compact and [26] calculates all the dynamical second order transport coefficients for Dp-
brane. This paper can be seen as a follow-up work of [26] and we are aiming to calculate all
the dynamical second order transport coefficients for Dp-brane with ¢ of its world-volume
direction(s) compactified, where 1 < ¢ < p — 1. This can be seen as our first motivation.
The maximum of ¢ can not be p since we need to leave at least one dimension on the
world-volume for the fluid to live in. We denote a Dp-brane with ¢ direction(s) compact
as D(p-q)-brane, such that the cases considered here are D(4-1), D(4-2), D(4-3), D(3-1),
D(3-2) and D(2-1)-brane. Actually, the D(4-1) case has been studied in [23, 24|, thus we
will not offer the details for this case but will include its results in the final expression for
the second order constitutive relation.

Our second motivation is to give a final answer to the question proposed in [13] which
calculates the first order transport coefficients for Dp-brane. In the conclusion of that
paper, in order to make their result compatible with that of [12], the authors proposed an
expression for the radio ¢/n. We quote it here in our convention as

¢ 2(p—3)*+2¢(5—-p)
n (-90O-p) (1)

After discovering the above can cover both their results and that of [12], the authors of [13]
say that they do not know whether this compatibility is just a coincidence or due to some
reason behind the formula. Now we can answer this question: the above expression of
¢/n is for the compactified Dp-brane, or in our notation, the D(p-q)-brane. When setting
q = 0, it will be back to the cases in [13] and when setting p = 4, ¢ = 1, it reproduces the
result of [12].

The structure of the paper is as follows. In section 2 we will reduce the 10 dimensional
background of near-extremal black Dp-brane to a p — ¢ + 2 dimensional Einstein-dilaton
theory. In section 3 we will answer the question proposed in [13] by offering the result of
the first order constitutive relation for D(p-q)-brane. Section 4 is a preparation for the
second order and then in section 5 we will solve the differential equations for all the second
order perturbations. The final result of second order stress energy tensor and transport
coefficients will be given in section 6. Section 7 is a summary about this paper.

2 The reduction from 10 to p — q + 2 dimensions

This section shows how to reduce the 10 dimensional background of Dp-brane to a p—q+2
dimensional spacetime. Since this work is subsequent to [26], the conventions are the same



as that reference. We will then be brief in offering the details of the definitions which are
the same as before and will also stress the differences.

The action for Dp-brane in 10 dimension contains the bulk term, the Gibbons-Hawking
surface term and the counter term. It reads as

g s
5= m/ n TR T ﬁ e

— o [ Pav—HK + — /d9 V= e4<71?>¢. (2.1)
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The equations of motion (EOM) derived from this action admit the following background

solution:
(1-p)* (p+1)(7—p)
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ds? = (T) — f(r)dt* + 6;;dxtdx’ ) + <p>
Lp ( ( ) ! ) r f(?“)

. 7—p)® I (w+1)(7=p)
m 3, n 14 2
(p—3)(T—p)
4

e? = <Lp> , F61~~~987p = gs_lQp\/’YTﬂLwa (2'3)

where f(r) =1 — :2’—,2 and Q, = (7 — p)LI 7. Here L] P = W which relates the
charge of the Dp-brane and will become the Characterlstlc length of the reduced spacetime.

The 10 dimensional line element eq. (2.2) has three parts and represents a spacetime
with structure of M40 x T9 x S87P_ of which the coordinate is oM = (xM g™ 9.

Therein, 2™ =

(x#,r) are the coordinates of M,,_,4o with u=0,1,--- ,p — ¢; y™ are the
coordinates of the compactified directions on D-branes that forms a g-dimensional torus
T? with m = 1,--- ,¢; and 0 are the coordinates of 8 — p dimensional sphere S®~? with
a=1,---,8—p.

In the following we will implement the dimensional reduction on the compact dimen-
sions of the gravity side T¢ and S¥~? by integrating the coordinates y™ and 6%, respectively.
The dimensional reduction on these two compact subparts of the bulk metric has differ-
ent significance. The reduction on S®7 is just to reconcile the Dp-brane metric with the
framework of fluid/gravity correspondence. The reduction on T¢ can modify the met-
ric of the reduced bulk gravity, hence causing changes on the results of the second order
transport coefficients.

We use the ansatz

ds? = 2%y ydaMdaN + 224 (e%B Smndy™dy™ + ezﬁzBle,dQ%_p) (2.4)

to perform the dimensional reduction. If we denote the metric for the above ansatz as
Gux = {24gy N, e2e2At2hBs eQa?AHﬂ?BLZ%b} then the 9D induced boundary

metric is Hy, g = Gy — nyny and the corresponding line element is

ds? = 2 Ay ydadat + 204 (2055, dymdy” + PPPL2A0F ), (25)



where hjry is the boundary metric of Mj_g42. The unit norm on the 9D boundary is

V ~
_ " = (7,1, 1) = (£91431,0,0). (2.6)
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with nps the unit norm on the boundary of M,,_q 2.

As said in [23], the requirement that the reduced action is also in Einstein frame gives
two relations among those 4 parameters in eq. (2.4). So one may set them as

8—p+ 8 —
a1 = —7]? q, a9 = 1, Bl = —7p, ﬁg =1. (27)
p—4q q

The reduced action for the p — ¢ + 2 dimensional theory turns out to be

1 _ 1 8(8—p+q)
Szi/d”q”x — {R—E) 22 PV (9A)?
W V=g 5(09) pr— (04)
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In the above,
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where V; = [d%y = [ --- B4 is the volume of the compact directions on the Dp-brane
world-volume. 2n§_q 1o is the surface gravity of the p — ¢ + 2 dimensional reduced gravity

theory and it relates with that of Dp-brane [26] by

1 V.,
5 =1 (2.11)
2'Qp—q+2 2'£p+2
The reduced background fields that solve the reduced action (2.8) are
9-p (2 —8p+9)+q(7—p) dr2
T pP—q T P—q T
ds® = () —f(r)dt* + dT?) + () , (2.12)
L, ( ) L, f(r)
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¢ = (r (2.13)
e’ = , .
Ly
(ng)z +2(qs(57p) ) _ 2(618(5*@ )
—ptq A
et = (r) , P = (T) . (2.14)
Ly Ly



For the cases of p = 3, the scalar fields A, B still not vanish. This suggests that the D3-
brane will correspond to nonconformal relativistic fluids after compactification. To put it
more generalized, dimensional reduction can make the dual fluid of a conformal background
nonconformal. This tells us that we can perform a dimensional reduction on AdS black
hole backgrounds and calculate the second order transport coefficients of the dual fluids,
which may give a direct check on the proposal in [20].

The reduced theory is actually a p — ¢ + 2 dimensional Einstein gravity coupled with
one background scalar — for which one can choose the dilaton. This is because the three
scalars in egs. (2.13) and (2.14) are not independent as can be seen from the following:

p—3 29(5 —p)
47-p) B-p+q@-3)(7T-p)

_ —2q(5 — p)
a (8—p+q)(p—3)(7—p)¢' (2.15)

The above are not appropriate for p = 3 because of the terms p — 3 in the denominator.

A= o

But from eq. (2.14) one can figure out that A = —B when p = 3 and dilaton vanishes.
Anyway, there is always just one independent scalar field in the background of the p — g+ 2
dimensional reduced gravity theory.

In Eddington-Finkelstein coordinate, the boosted form of eq. (2.12) is

) 9-p (p=3)(p—6)+q(7—p)
ds® = —rv=a f(r)uyu,dztdz” +7“ Puudl“”dx —2r He=a) updztdr,

Y )
V1-— 32

= v is the in-going Eddington time. The above represents ideal relativistic

P,LLI/ = Nuv + UpUy (216)

where now

fluid living on the boundary of M,_qy2. The fluid/gravity correspondence [1, 2] states
that to mimic the real fluid flow, one should first promote the boost parameter u* and rg
to be z# dependent, then add the (also z* dependent) metric perturbations, and finally
solve them from EOM in the order of partial derivatives of x* in some local patch on the
boundary. The global solution of the metric that is dual to arbitrary boundary flow can
then be got by stitching together all local solutions. The boundary coordinate dependent
global metric ansatz can be set as

ds? = — ri=3 [ f(rpr(2), ) — K(r(@),u® (), 7w, (@), () da" dz”
+2rf’%§P£(ua‘(m))wf,(ua( ), r)uy (x)dzH dx”
178 [Py () + 0 (g (), 6 (2),7) + B (), 0 (), 7) Py (u ()t d”

(
(p=3)(p—6)+a(7—p)

—2r 2p=a) 1+ j(ra(z),u(x),r)uu(z)dx"dr. (2.17)
This metric contains not only the boosted black brane metric but also the artificially set
perturbations, which are the tensor perturbation o, (rg(z),u®(x),r), the vector pertur-
bation w,(u®(z),r) and the scalar perturbations k(rg(z), u®(z),r), h(rg(x), u*(z),r) and
Jj(rg(z),u*(z),r). They depend on the boundary coordinates z* through the proper ve-
locity u* and the horizon parameter rg. All the perturbations will be solved tubewisely [1]



in the bulk of the reduced p — ¢+ 2 dimensional nonconformal spacetime by choosing some
special point in # directions — which is just z* = 0, following [1].

The tubewise solving procedure of eq. (2.17) is preformed by expanding it in terms of
derivatives of boundary coordinates of u* and ry. The EOM derived from eq. (2.8) that
eq. (2.17) satisfies order by order reads

Eyn —Tun =0, (2.18)
(P=3)T-p* [p=3  20p—q(7—p) +16 _
V23— 1L exp{ 50— - A—2(8—p)B} =0, (2.19)
2y (T=D)B=p) 18495 (7T-p)’[(p—a)(7—p)+8§
VA_(8—p+q)L§e " 16(8 —p+q)L}
X exp [p 5 34 2p= Q)p(7__qp) 104 os —p)B] =0, (2.20)
2 o(7—p) 18405  q(T—p)?
VB_(S—p+q)L§e +2(8—p+q)L§
X exp [p ; 34) - 2p = q)p(7_—qp) h 16A —2(8 —p)B] =0, (221)

where Ejrn is the Einstein tensor and the energy momentum tensor on the gravity side is
defined as

1 1 88 —p+ 1
Ty = 5 (Owé0ws — onn(0)) + (p_pqq> (onra0w A~ Sorun(@)?)
8—p)(8— 1 1
+ 8~ p) . ) <6MB(9NB - 29MN(83)2> + 59un V- (2.22)

The EOM of ¢, A and B are actually not independent from each other. This is because
both A and B are proportional to ¢, as can be seen from eq. (2.15). The consequence of
this fact is that the differential equations that derived from eq. (2.19) to eq. (2.21) are the
same, as long as we do not open the perturbations for ¢, A and B. We will take advantage
of this in solving the scalar perturbations for the compactified D3-brane: since there is no
dilaton’s EOM at hand for D3-brane, we will use the EOM of A instead.

3 The first order calculation

3.1 Solving the perturbations

We need only to solve the compactified Dp-brane with 2 < p < 4. Because D5 and D6-brane
do not have dual fluids, as has been pointed out in [26] and references therein. D1-brane
can not be compactified since it has only one spatial dimension. We need at least 1 spatial
dimension for the relativistic fluids to live in and support their viscous terms.



We expand eq. (2.17) to the first order of the derivative of z# at x* = 0 and get

9—p — 6—
ds? = rr=a [— (f(r) _T=prg p);H p5TH - k(l)(r)>dv2

r7

+2((f = 108 — wi (1)) dvda’ + (855 + ) (r) + KV (r)6;)daida?

(p—3)(p—6)+q(7—p) —3)(p—6)+aq(7—p

(p=3)(p—6)+q(7—p) (p—3)(p—6)+q(7—p) )
+2r 2(p=a) (14 iV (r))dvdr — 2r g 0pidx"dr (3.1)
All the perturbations depend only on r after derivative expansion, which coincides with
the fact that the fluid within the patch associated with that point is in local equilibrium.
The above first order expanded metric depends on z* linearly through gz(,i), gz(;) Z(i ),
which contains dry = 2#0,rg and 68; = x#9,53;. The dependence on r is much more

and g

complicated than on z* since the perturbations will turn out to be complicate functions of
r. The perturbations will be solved in groups of how they transform under SO(p — q). All
the components of the traceless tensor and vector perturbations are on the same footing
because of the SO(p — ¢) invariance.

The tensor perturbation satisfies the traceless tensor part of the Einstein equation

1 1
Eji — ——6;;6MEy — (TZ S, A ) =0, 3.2
D—q J kl J p—q J kl ( )
After we put eq. (3.1) in, it gives
0, (r¥ P f(1) 0,0l (1)) + (9 — p)r' 7 0y = 0 (3.3)

which does not depend on g. The reason is that the compactification on world-volume
directions will decrease the spatial dimensions of Dp-brane. This will cause the tensor and
vector perturbations losing some of their components. But compactification will not change
the differential equations of the tensor and vector perturbations since every component of
them satisfies the same differential equation because of the isotropy in all spatial directions.
The existing components of the tensor and vector perturbations satisfy the same differential
equations as the reduced ones. Compactification will only affects the spatial trace of
the bulk metric since taking the spatial trace is summing over all spatial dimensions.
Considering «y; is the traceless part of the metric perturbations and does not relate to the
sum of spatial components, it should be no wonder that eq. (3.3) does not depend on q.
The SO(p — ¢) invariance of the bulk metric allows us to set 0%31‘ = F(r)oyj, then

(PSPFEY 4+ (9= p)rat =0 (3.4)

The solution of the above has been solved in [26] as
1
F(r)= 2v/3 arctan

Ve
37’}!2 r=rH

o WAV T )2 (0 e )
6

r

, (D4-brane)



, (D3-brane)

1 20,2 4 .2
F(r)=— [2 arctan % + In (r+rm) 4(17" + 1)
T T

2sin Z./rrg T 2sin 2 /rr
5V 92gin B arctan ——> Y —

2 2
F(r)= [2 sin —* arctan
5 r—TH r—Ty

57’%{2

2 2c0s § 2o F
— 2cos il artanh M — 2cos il artanh sy ALE:}
5 r+ryg 5 rtrH
9/ 4, .3 2.2 3 4
g VT LRy B * i) (D2-brane)  (3.5)
T

There are two components of the Einstein equation can be used to solve the vector
perturbation: the (0i) and (i) components. In the original framework, (i) component of
Einstein equation

E,—Ty=0 (3.6)
(1)

is used to solve w; ’ as

WO (r) = a(r)oofi,  a(r) = ————— (37)

P

5-—pr=

The linear combination of the (0¢) and (ri) components of Einstein equation
9" (Eoi — Toi) + 9" (Eyi — Tri) = 0, (3.8)

is used to give a constraint relation between the two first order vector viscous terms as

1 2
SO = —¢

— — paoﬁi, (3.9)

Both the first order vector perturbation eq. (3.7) and constraint equation eq. (3.9) are not
g-dependent. The reason for the vector perturbation has been explained below eq. (3.3).
The vector constraint equation eq. (3.9) is a linear combination of the vector components
of Einstein equation, which should also not be ¢-dependent following similar argument as
what is below eq. (3.3).

To solve the scalar perturbations, we have (00), (0r), (rr) and (i¢) (with ¢ summed)
components of Finstein equation, as well as the EOM of ¢. But there are only 3 unknown
scalar functions, thus two of the five equations are redundant. The (¢i) (with i summed)
component turns out to be more complex than the others thus can be omitted. A linear
combination of the (00) and (0r) components of Einstein equation

9" (Eoo — Too) + 9" (Eyo — Tyo) = 0 (3.10)
does not contain any scalar perturbations and it is called the first scalar constraint equation.
To put eq. (3.1) into the above one has

1 2

i === 05 (3.11)



Since the above comes from the linear combination of (00) and (0r) components of Einstein
equation. Both of them are independent of the spatial trace part of the metric. It is
reasonable that eq. (3.11) contains no g.

A linear combination of (0r) and (rr) components of Einstein equation (which is also
called the second scalar constraint equation)

9" (Err — Trr) + gTO(ETO —Tro) =0, (3.12)
the (rr) component itself
E.. — T, =0, (3.13)

and the EOM of ¢ eq. (2.19) are chosen to solve the 3 scalar perturbations, whose first
order differential equations are

(r"Pkay) +2(7 = p)r® iy — |(p— r" P — Z—ry hig) — 21796 = 0, (3.14)
2(p — q)rh{yy + (7= p)(p — @)h{yy — 2(9 = p)i(yy = 0, (3.15)

2(r" k) + 20 P fiyy + 47T = p)r® iy — (p — @)r" PRy — 2r 2 0B =0.  (3.16)

Again, SO(p — ¢) invariance allows us to set x(!) = F\.0p with x = {h, j, k}. The viscous
term Of can be removed:

2 — _ _
(T PE) +2(T = p)r® PF — |(p—q)r" P — (9p D, 7] -2 =,
—p
2(p— q)rFy + (7T—p)(p— Q) Fy, —2(9 — p)F; =0,

2P F) + 20T fF] + (T — p)rSPE) — (p— TP LE, — 2T =0 (3.17)

The first order solutions for the 3 scalar perturbations are

1 2 7 B
T =Ty —-p
Fp=——F Fj:_g_ 7— 75 500 £
p—q prip — (9—-p)
4 1 2P
F’“:(g_p)ﬁ? —9_p<5—p+ T7_p>F. (3.18)

From the solution one can see that among the 3 first order scalar perturbations, only A
is affected by compactification. This is because h is the spatial trace part of the metric
perturbations. It is sensitive to the total number of the spatial dimensions and should be
under affect of the compactification. From the view of boundary fluid, A(!) directly relates
to the spatial trace part of 0,u,, i.e. 0-u. Thus it is reasonable for h(Y) to be dependent on
the total number of the spatial dimensions. This is the reason that only h is affected by the
compactification among the 3 scalar perturbations. The factor p — ¢ in the denominator



of the expression of F}, is exactly the sign that the number of spatial directions of the
compactified Dp-brane is now p — ¢ but not p as in [26].

The differential equations of F; and Fj, do not depend on ¢g. This can be seen by
substituting (p — q)F}, for F in eq. (3.17), then (p — ¢) disappears from all the differential
equations in eq. (3.17). Then one can get the expressions for Fj, and Fj in terms of
F. In such way we do not need to solve F; and Fj, out explicitly, which is much more
difficult than to find the relations directly as in eq. (3.18). The g-independence of k and
j may also be figured out in the way that they are the (00) and (0r) components of the
perturbative metric, respectively. Both of them have nothing to do with the number of
the spatial dimensions. Compactification on spatial directions should not affect the scalar
perturbations k and j.

3.2 Constitutive relation on the boundary

The constitutive relation of the fluid living on the boundary can be got from taking large
r limit for the Brown-York tensor of the bulk theory:

1 (9*127?(:0*;1*1) 9 _ (p732)(2+q()57p)
_ . r p—q B _9-p(r p—q
e m(g) T (e 57 )

(3.19)

The third term in the parenthesis of the above is from the counter term of the action. Note

that the difference of the two powers of the factor LLp is always 2 for all Dp-brane with or

without compactification. Here

1
Kﬂl’ = —5 (n”ﬁph,w + aunphpy + 8l/nphp,u) ) (320)
(9—1;2(1)—!;—1)
r—q
and K = h* K. From the factor LLP in eq. (3.19) we can see that compact-

ification of the bulk gravity will change the asymptotic behavior of the Brown-York tensor
in the framework of fluid/gravity correspondence.

Putting eq. (3.1) into eq. (3.19) with all solved first order perturbations we then have
the first order constitutive relation of the boundary fluid as

1 r;;p 9—0p 5—p
ij = 21%2 l ( B Uy Uy + 2Pp,l/>

P—q+2 Lgip
=" 2(p — 3)2 +2q(5 — p)
r _ _
N (H> 20 + L RO —Ppoull. (3.21)
Ly (P—9)(9—p)
Then thermal and transport coefficients of first order can be got as
- 1 9—p7“;;p b= 1 5—p7“;;p
2’%127*q+2 2 Lgip, 2”27q+2 2 Lgip’
9—p 9—p

L (ray 1 2p—=3)+2(5-p)(ru\ 2%
n_%’%‘q“( ) S - S g [ ) (Lp> - (322)

~10 -



Scalars of SO(p — q)

Vectors of SO(p — q)

Tensors of SO(p — q)

S1 = i@gmq Vi = iaoaim ti; = i@iﬁjm{ — p—iqéijs‘g
So = 0p0;f3; Vo = 0353 toi; = 0o8l;;

S3 = %31-27’11 v = 03 f; tsi; = 0poij

&1 = 9uBi00B; vy = 058 T1ij = 00Bi0oBj — p%q(sij61
&3 = (0iBi)° Vs = 05045 Taij = 01, Qi

G4 = Q€Y Yy = 0008 T3i; = ;08

S5 = 045045 Vi = 00825 Faij = 0308

_ _ 0k 1

Us3; = Qpfjoi; i = Q" Qg — 5750664
k 1

Toij = 0,705k — 5750i;65

‘Zm = U(iij)k

Table 1. The list of SO(p — ¢) invariant second order viscous terms for 1 <p—¢ < 3. T35 do
not exist when p—g¢=2. At p—¢g =1, only s;1 23, 613, vi,23 and U; exist.

In the above, only the bulk viscosity depends on the number of compact directions ¢ since
it relates with the spatial trace of the metric perturbation for which only h() = F,08
contributes.

From these results, one can see that the ratio (/7 that we get via fluid/gravity corre-
spondence is exactly what is proposed in [13] as quoted in eq. (1.1). Thus the expression for
the ratio {/n given in [13] is indeed for compactified Dp-brane. The Hawking temperature
T for compactified Dp-brane is the same as Dp-brane. So the entropy density s = (¢+p)/T
as well as the ratio n/s are also the same as that of Dp-brane case.

4 Preliminaries on second order calculation

4.1 The second order constraints and Navier-Stokes equations

In the first order calculation we have two equations that without any perturbation, which
are actually the Navier-Stokes equations of the boundary fluid at the first order. But
from the gravity viewpoint they are the first order scalar eq. (3.11) and vector eq. (3.9)
constraint. They relate the following 5 first order partial derivative terms of the collective
modes of different type:
607“[{, 8,8, 8@7‘}[, 8051', 055 = 3(1,3]) — piq@]a/@ (4.1)
Thus only three of the above are actually independent. We choose 93, 0y3; and o;; as the
first order scalar, vector and tensor viscous term, respectively. That’s why the first order
perturbations can be written as x(!) = F,0, wgl) = a(r)0yB; and az(jl») = F(r)oi;.
The second order solving procedure follows the same rule. But now we have much
more viscous terms since its complexity grows nonlinearly. These second order viscous
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terms satisfy 6 identities which can be extract from 0,077, ,EB) = 0. TF(B) here is the ther-
modynamical part of eq. (3.21) with 7z and u* depend on z*. After we expand T( ) and
take different components of 6ﬂapT,§) =0, it gives

9—p 1 2 4
?—B(%TH + 090 — ﬂ(55)2 ~ 5 _paoﬁiaoﬁi =0, (4.2)
5—p 1 5 —

5 °o°p 527“}1 + 0008 — 30,81‘3051' — J(55)2 +0;3;0;8; =0, (4.3)
H— 1 7

> 2P - 000irr + 966; p S005i00 + aoﬁj 0,8 =0, (4.4)
9—p
T*C{)o@ rg + 0;08 — paoﬁiaﬁ — 5 paoﬁjaiﬁj =0, (4.5)

5

0Sj — ﬁ%aﬁ - akﬁ[iaj]ﬁk =0, (4.6)
5—p 1 5

0y + 000 — £ 00i00B; — g 0B 08 + OBk = 0. (47)

These are the same as the cases of Dp-brane without compact direction. But after reex-
pressed in terms of the spatial viscous tensors in table 1, they actually depend on g:

Sl+92p52_(9pi5p)el_(94p)263:0’ s
s2 + 5;%3 - 53})61 + (p(—p?i;gfp—)p)@g ~ &4+ 65=0, (4.9)
vi 53 va+ (](’;:2?(;?;?;7_;?))% - 3]9% s fpm?, o0, (4.10)
R e e i Rl R e T e B .
t— 2%, + 2= gqu)?;_qg —Pe, g, (4.12)
“t3 3ptg 5 —410)251 " 2(p2(p_—72)1(L91—8)pJ)r(§q—(5p)_ D7 5 Epg5 T3 ips6 =0
(4.13)

The above 6 identities are used in deriving the differential equations for the second
order perturbations as well as the second order Navier-Stokes equations. We will derive the
latter in this section from a hydrodynamical viewpoint. They can be gained by expanding

q. (3.21) to the second order of partial derivatives and putting it into H“T(OH) = 0, where
we add the superscript (0 + 1) to emphasize the difference with T;Su)- The second order

Navier-Stokes equations are

1 1 4lp—3)2+49(5—p) 4
R B T Ry (D A [ (114
b o e —3)"+49(5 - p)lva+ 16(p — q)v5
Pl p—q-1O-p)(7—p)5—p)
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2(p —1)(p? — 22p + 77) — 2q(p? — 22p + 85)

" (p— )9 —p)(7—p)(5—p)? pU}
2(19 - 3p) 2(p® — 14p +77)
0T -pG-p 2 O-pi-nG-pp P

They are more complex than the Dp-brane case, when set ¢ = 0, they are back to the form
of Dp-brane. The above second order Navier-Stokes equations can also be got through the
constraints of Einstein equation egs. (3.8) and (3.10), which will be specified later when
we solve the second order perturbations.

4.2 The second order expanded metric

The calculation of the second order needs first to expand eq. (2.17) to the second order of
partial derivatives of rg and f;, and the result is
(7 —p)ry”

2 9—p (7 — p)r?{—p 2
ds = —ri=i | [ = (1= ))6Biof — by — 25y

C(T=pry? 50 (T=p)(6— Py’
r7—p H 2r7—P

— Fy (608 + 68;008:) — 2a(r)3;008; — k@ (7“)] dv?

(0r1)? — (Fy + 0F)0p

= 2085 (1= ) (861 50 ) + oo + 006 + 35,0,5)

67
(7 - p)TH P

+ %

5r1168; + FrdBSB: + Fop;04:8;) +w?® (1“)} dvdz’

(p—3)(p—6)+q(7—p)

4+ 9 T2G0 [1 + () + 0F;)38 + F; (608 + 8,005
+ %5&5& + 5 (r)]dvdr

9—p
+ rr—qa |:5ij + (1 - f)éﬁiéﬁj + 2(156(i8|0|6j) + (F + 6F)a(iﬁj)

+ F (808 + 68u008y) ) + ot () + A (r)ai]} dz'da’
(p=3)(p—6)+q(7T—p) 1 9 i
—2r 2(p=9) <(55¢ + 5(5 Bi + Fjaﬁéﬁi) dx'dr. (4.16)
Here we have 6% = 212" 9),0,4 with 1 either ry or £;, while

(5—=p)F(r)+2rF'(r)

5‘/_"(7']_[(11),7’) = 2y

Sr (4.17)

with F standing for any of the F, F; and F}. The above does not change compared with
the Dp-brane case since F, I} and Fj, do not change.

Each component of the above second order expanded metric has the structure of gy =
7(+)[- -], the expressions inside the brackets [---] do not change while terms inside the
parenthesis (---) have changed compared with the Dp-brane case. The components of
the second order expanded metric are now the second order polynomials of the boundary
coordinates z* through terms like §%¢ or (6v)? with ¢ being rg or 3.
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5 Solving the second order perturbations

In the following subsections we will solve the second order perturbations for all the com-
pactified Dp-branes with p = 2, 3, 4and 1 < ¢ < p—1. The cases can be divided into three
classes, in terms of p — ¢, they are p — ¢ = 1, 2, 3. Since p — ¢ = 3 is just the D4-brane
with 1 direction compactified. We refer the reader to [24] for details and will omit the

solving procedure in this work despite the conventions used here is a little different from
that of [24].

5.1 The tensor part

We will solve the second order tensor perturbations for all compactified Dp-brane in this
subsection. Since the D(4-1)-brane case has been solved in [24], the cases contained here
are only p — ¢ = 2 which include D(4-2) and D(3-1)-brane. The situation of p — ¢ = 1
should not be considered because the spatial viscous tensors can only be constructed in
spacetime with more than 1 spatial dimensions.

The differential equation of the tensor perturbation is

daz(?) )
dr

d

ar (Tg_pf(r)

= Sij(r)a (51)
which is an exact second order linear inhomogeneous differential equation. The inhomo-
geneous term S;;(r) is called the source term in [1]. This equation is singular at r = 0,
r =rg and r — oco. Its solution can be got by integration twice as

o0) = [ e [ sy (2
J r xS Pf Y ’
We will solve the above equation by specifying p, ¢ with explicit values. When putting
the second order expanded metric eq. (4.16) into eq. (3.2) for D4-brane with 2 compact
directions, one gets

5 1 21
Gr(r4f87«al(-]2~)) = <6r - ir%F - QTgF/) (ts +%1) + {61" - §T%F - ErgF’

4 1
— rEF 4 FP 4 (4~ DFF e fFF" 4 502 Fy — 15 FE

+2(4r° = 1)F'Fj — (5r® = 2)FF} + v fF'F} + 2r' fF" F

15 13
— ?ﬂFFk +4r3F'Fy, — ?r3FF,; +r P+ F'F, — ' FF] |3,

- (4r +5r2F + 4r%F’) T, (5.3)

The source term on the right hand side of the above equation has the same structure as D2-
brane. The differences lie only in the coefficient functions of each spatial viscous tensors.
Using eq. (5.2), one has
2) 4 s ln3> 1 {4 (16 7r ln3> 1]
=l —=—— ] =5 ({3+% — ———— =%
8 2w 2ln3\ 1

+ L - (9\/3 + 3> rg} T (5.4)
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This solution is in a form of an asymptotic series of r. It is got by making a series
expansion in between the two sequential integrations for y and x, as has been specified
(2)

in [24]. Expanding the source term at the beginning will lead to wrong results for a;;

and h(®. But this will not affect the integration for wgz), 7@ and k®. We think the
reason is that both the integrations for ag) and h? depend on the emblackening factor

f(r) while wgz) do not. As for j@ and k@, they are calculated by integration only once.
This exchangeability between the integral of y and the asymptotic expansion will give us
great help for the calculations.

Though near extremal D3-brane can be reduced trivially to AdSs black hole whose
dual fluid is conformal. After compactification, it will correspond to nonconformal fluid.
The tensor perturbation for D(3-1)-brane satisfies the differential equation

13 2
87«(7“5]0@015]2-)) = (2r —3r’F — 27“3F'> (ts +%1) + {27" —r?F — ?rgF’ - §T4F”
1
+ (5rf = V)FF' + 5 fFF" + 57”5 fF? +6r°F; — 24r3F F;
+2(5r" — 1)F'F; — 2(3r" = 1)FF) + r° fF'F} + 2r° fF" F;
— 1273 FFy + 50 F'Fy, — 8/ FF}, + P F'Fy + r°F" Fy, — r5FF,;’} T

- (4r 6r2F + 47«3F’) T (5.5)

using eq. (5.2) one gets the solution as

2 _ 1_m2)1 {1 (1_1112)1} (2_11“2)
O —<2 1 r4(t3—|—‘3:1>+ 7"2+ 3" 19 )4 T+ 2 94 T7. (5.6)

Compared with D3-brane case where the coefficient function of ts 4+ % is proportional to
that of T4, these two coeflicient functions here are not proportional to each other, suggesting
the background is not conformal now.

From the calculation of this subsection, the 1/r dependent behavior of the tensor
perturbations of D(p-q)-brane does not change compared with that of Dp-brane. Pertur-
bations of other types share the same feature as the tensor perturbation, as can be seen
from the solutions of vector and scalar perturbations. This shows that the compactification
will not affect the asymptotic behavior of the metric perturbations. Actually, the asymp-
totic behavior of the metric perturbations are mainly determined by the power of r in the
emblackening factor f(r) which is independent of the compact directions g.

5.2 The vector part

There are a constraint plus a dynamical equation for the vector part. Both the cases of
p—q = 2 and 1 need to be analyzed here.

5.2.1 The constraint equation

The vector constraint equation can be got by feeding eq. (4.16) into eq. (3.8). The result is
just the spatial component of the Navier-Stokes equation of second order, as one can check
by substituting specific values for p and ¢ into eq. (4.15).
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Let’s start with p — ¢ = 2 first. For D(4-2)-brane, the vector constraint equation is

4 2 4 10 4
airg) = —gr% — §r4fF’ + §(5r3 —-2)F; + §T3Fk + 31“4F,;] vy
[4 10 4
+ = (5% —2)F; + —r3Fy, + 7"4F4 \2
13 3 3
13 1 15 7
+ gr% + 67“(137“3 —1)F — (157® + 2)F; — ?T3Fk - 3r4F,g] DI
[ o8 aegv 2.3 53 2 4
+ |=2r2 —r*fF +§(5r —2)Fj+§r Fk+§r Fi| B,
[ 2 4o 2003 53 2 4
+ |—6rz —3r°fF + §(5r - 2)F; + 3" Fy + 3" Fy | Vs. (5.7)
After expansion with respect to 1/r, we have
4 32 11 14 74
Ot = Zvy4 vy — By — — Wy — — :
A T A TR TR TR (5:8)
By the same token, one has the vector constraint for D(3-1)-brane as
1 1 3 1
81-7“2) = —57“3 — Zr‘r’fF’ + (37"4 - 1)F; + §r4Fk + 27“5F4 vy
I 3 1
+|(3rt = 1)EF; + §T4Fk + 5rf’F,; Vs
9, 1 3 15 3
+ _§T3 + Er(9r4 - 1)F — 1(57“4 +1)F; — §7’4Fk — 8T5F,é] 04
[ 3 3 1 3 1
+ _ZTS — §T5fF/ + 5(37"4 — 1)Fj + ZT4F]€ + 47"5F]:::| Q]Q
[ 5 ) 1 3 1
+ —Zr?’ — gr5fF’ + 5(37«4 ~1)F; + Zr‘le + 4r5F,;] 0. (5.9)
After expansion, the above becomes
1 2 1 5 11
Oir\ = —vy+ Svg + =By — =Wy — — Vs, 1
i b 6V4—|— 3V5+ gL Y2 T s (5.10)

The above two cases have two spatial directions for the dual fluid. Next we consider
situations for p — ¢ = 1, the vector viscous term in this case are only vq 23 and ;. Thus
the equations will turn out to be much simple now. In the order of D(4-3), D(3-2) and
D(2-1)-brane, the vector constraint equations can be read as

2 . . 2 4 2 .
aﬂ"g) = |:3(57'3 — 2)Fj + gT'SFk + 37"4F,é] V3 + |:37"g + 57’(7'3 + 2)F/

8 20
—§(5r3 +1)F; — Eri"*Fk — 2r4F,;] 0, (5.11)
1 3 1 1 1
@rg) = {(37”4 ~1)Fj + “r'F + 7“5F,2] V3 + {r?’ +—r(r* +1)F’
2 4 4 2 4
3 1
~(3r* +1)F; — §T4Fk - 47«5F4 T, (5.12)

~16 —



W _[2 .5 [ 2 s 4 7.2
(91-7“H = B(?T —2)F}+T5T Fk-‘-ﬁr F]; V3+ ETQ +Z5T(3T +2)F/
8 28 2
—4—5(77«5 +3)F; — EﬁFk — 457~6F,2} 20, (5.13)

which, after expansion with respect to 1/r, lead to

16 16

81'7“2) RETACEN g‘nl, D(4-3)-brane (5-14)
1 1

&'7‘;}) =3Vs— gmla D(3-2)-brane (5.15)
16 16

Oy’ = 158 ~ 51501 D(2-1)-brane (210

5.2.2 The dynamical equation
2

The differential equation of w,;”” can be got by plugging the second order expanded metric

eq. (4.16) into eq. (3.6):

d (g ,dw?Y
dr(f o | = Silr), (5.17)

where S; in the right hand side is the source term. This equation is similar like eq. (5.1),
the only difference is that the above does not have the emblackening factor in the left
hand side, thus no singularity at » = rg. The above equation can be solved by direct
integration as

o0 1 oo
wZQ) :/r mdaz/x Si(y)dy. (5.18)

Let’s solve the p — ¢ = 2 cases first. For D(4-2)-brane, the differential equation of
(2) ;
w;” is

81“(7'48741)1(2)) = <_2T —riF 5T%Fj - QT%FD Vit (5T%Fj a QT%FJ{) Ve

119 25 5
n <2r - ngF’ — o3 4 Zr%Fj + irgF]{ - 2r§F;’> ,
35, 53 5y
+ (B = SrRF i E - i E ) 0
95 _, 53 5
+ (== SR F 4 G F — 2 F ) s, (5.19)

of which the solution is very simple

2 4 4
w? = 29, - 29, — 29, (5.20)
T T T

K3
The vector dynamical equation for the second order perturbation of D(3-1)-brane is
GT(T58Tw§2)) = (—27“ —3F + 67"2Fj — 27“3Fj’») vy + (61”2Fj — 27"3Fj’») Vs

1 11 15 3
+ (27“ - ngF’ —riF" ?’I“QFJ' + §T3F]{ - 7“4F]{') pU|
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3
+ <r = T F 4 37 F - r3F;> Uy
5
T (—r— 57’3F/+37’2Fj7' —7“3F]{) Vs, (5.21)
with the solution is

)

@ _ 1 1 1

(2)

For the cases of p — ¢ = 1, the differential equation for w;” becomes simple again. In

the order of D(4-3), D(3-2) and D(2-1)-brane, they are

)
ﬁr(r48rw§2)) = (27“2Fj — TgFJ,> V3
5 15
+ (—77“2F' S A ?T%Fj + 27“%FJ{ - QT;FJ{'> 0, (5.23)
&(7“507401(2)) = (37‘2Fj - r3Fj{) V3
+ (—4r3F’ — 4 F" 1+ 9r?F; + r3F]{ - 7“4F]”) 0y, (5.24)
7
0, (rfo,w!?) = (QrgFj — r;FJ’> V3
2 21 2 2
+ (—37«35” - §r%F” + Er%Fj + gr%F; — 3rgF]”> 0. (5.25)

The above 3 equations can also be identified by the power of r in the left hand side: this
power is 8 — p for D(p-q)-brane. The solutions of the above are

w® = 2o, D(4-3)-brane (5.26)
T
) 1
w® = —5T, D(3-2)-brane (5.27)
4
w? = SERUE D(2-1)-brane (5.28)

5.3 The scalar part

The scalar perturbations play an important role in the nonconformal background. They are
also more difficult to solve than the tensor and vector part because the scalar perturbations
are mixed together in the differential equations derived from scalar components of Einstein
equation and the EOM of dilaton (or the scalar A).

The differential equation of h(?) for D(p-q)-brane is

d (s, dh®
p <r8 Fr)— >_5h(7«), (5.29)

whose solution can be written as

hD () = /roo :Jsg_—lpfdm /f Sy (y)dy. (5.30)

This is very like ag-), which can be seen from egs. (5.1) and (5.2).
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The differential equations for j and k are actually first order ones thus they can be
solved by integrating once as

i) = — / ~ 8(x)dx, (5.31)
() = _r% ” Su(@)da. (5.32)

ﬂ%p is present in from of the integration. This is because k always appear as (r' Pk) in

the differential equations.

5.3.1 The first scalar constraint

We still first deal with the cases of p—¢ = 2 in the scalar sector. The first scalar constraint
does not contain any unknown perturbation and it can be calculated by plugging the second
order expanded metric into eq. (3.10), which gives for the D(4-2)-brane case as

| 2 2 1
5 (1):< 4 1p 4F’—3F-—3F)
o7 5 5T%+157‘2 5 —|—157"f 37”f J 37“ k SQ+57‘%SB
8 4 5 1 2 2 1
— —r2 ——F 4F/—3F-—3F>6
+< 5r%+15r2 7 +15rf 3rf] 37 Fk ) 61

6 2 s 1 11 4,0 4 50w 2 4 4 4
L L Ry AR SR - 2R - AR
* (257»% M T T U LR U S v A U

1, 4 4 45 2, ,)
——1r°FL | 63 — S — + — — F' )6 5.33
5" k) 3 o 4+ (wé + 5" + 5" f 5 (5.33)

After expanding in powers of 1/r, one has
2 4 4 1 3
aorl)) = =63+ —6 ( S5 —261 4+ 63— & 6). 5.34
T = g8 T EO g (2 TS T O T S T e s (5:34)
The expression inside the parenthesis is just the identity eq. (4.9) that satisfied by the
second order spatial viscous terms thus gives a zero. So the above finally becomes
4
—G
15"
which is actually eq. (4.14) in the case of p =4, ¢ = 2.

2
aor'y) = 55 s+ (5.35)

Eq. (3.10) gives us for D(3-1)-brane the first scalar constraint as

1 1 1 1 1 1 1
dorly) = ( +ort = P o fF = o fF r‘*Fk) s2 4 583

3r 6 6 4 3
1 14 1 1 .., 1, 1, )
4IP3 CF 4 — S fF — A fE — AR
+< 3r+6r 5 +12rf 2rf] YR S,
1 1 3 1 7 5 / 1 6 " 1 4 1 5 /
P P SR SR AR S
+<187’+12r gl t T g 6" /T g
—1r4F>6 _1s +<1+1r3+1r5fF’>6 (5.36)
12 k)3 T3\ 3 T 6 12 5 ‘
which gives
1 1 1 1
or) = —65+ -6 ( S 4-63-6 6). 5.37
07 i 36 3+6 5+3r S2 + 83 1+6 3 4+ G5 ( )
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Again, terms in the parenthesis sum to zero by eq. (4.9) and one finally has the scalar

component of Navier-Stokes equation as

o) = L&+ Lo 5.38
0T T 3 T (5.38)
Then we solve the situations of p—g = 1. The first scalar constraint for D(4-3), D(3-2)
and D(2-1)-brane can be listed separately as
4 4 5
a(1):( 45 1n —4F’ F_SF)
o7 H 3 tErr bt f rf 37 Pk ) s2 + -
8 4 s
— A5 1p 4F’—3F-—3F>6
+(57«24“15 TR L U A U
16 4 16 2
+(+2—F+4fF/+5fF” T'BfFj
25rz 19 15
rfF; r Fk) Ss, (5.39)
(l)_ ]‘ 13_1}7 iE)F/ 4F_]‘4F> i
aOTH_(3T+6 6 +12 JE =g B =g B ) sa g s
1 1 1 1 1
- (_37« - 67«3 - 6F + —r5fF’ — 77‘4fFj — 4T4Fk> S
+(2 —1—11"3——F—|——1"5fF’ r6fF”—17“4fF'
9 6 18 36 6 "’
1.,., 1
_Iph PR AR 4
6’r f 7 127" k:) 637 (5 O)
4 4 2 2
a(1):< 4 1q 76F/ 5F_7 F)
0"H 21r2+35r AT fE; =5ty ) s2 4 —gss
8 4 1
+(— o+ —rE — fF—i——rGfF’ fF—fr Fk)
63r2 35 7
16 4 =z 3 24 6
e F el 6 F/ . 7 Fl/ 5 F.
(147T3 T3 Tl oY +245 N A
4 4 3
——rSfF — — 5F)6 5.41
35T f j 357’ k 3 ( )
After expansion in terms of powers of inverse r, the above become
4 1 4
0 rg) —63 + S <s2 + 583~ 26; + 563) , D(4-3)-brane (5.42)
(1) 1 1 2
({907“H = §63 + 37 So+83— 61+ §63 , D(3—2)—brane (5.43)
a1 16 4 3 2 4
80TH = EGS =+ W S92 =+ 533 — 561 + ?63 . D(2—1)—brane (544)
Once more, terms in the parenthesis of the above are all zero in the name of eq. (4.9). Thus
one has finally
16
801“2) = %63, D(4-3)-brane (5.45)
1
aorf,}) = 563, D(3-2)-brane (5.46)
16
dor'y) = T D(2-1)-brane (5.47)

—90 —



5.3.2 The scalar dynamical equations

To solve the 3 scalar perturbations, we need the second scalar constraint eq. (3.12), the
(rr) component of Einstein equation eq. (3.13) and the EOM of dilaton eq. (2.19) or the
scalar A eq. (2.20). Note the compactified D3-brane does not have dilaton field in the
background, so we need EOM of A to solve the scalar perturbations. For compactified D4
and D2-brane, one can just use EOM of dilaton.

We still tackle the cases of p — ¢ = 2 first. In the case of D(4-2)-brane, after feeding
the equations mentioned above with eq. (4.16), we get

5(r’kz)) + 30r%j(a) — 2(57° — 2)hiy)
= (<167 + 575 F + 203 F') sy + (247 + 502 F + 273 F') &,
26 1 1 1
+ [ —TrtriF + Er%F’ + gr%F” - (58 =) FF 4 2 f
— 1002 Fj + 4572 FF — 2(5r° — 2)F'Fj — 5r° F' Fy, — r*F' F, + 30r* F
2 1
+ 10T3FjF4 G3 + (r2 + 207«) Gy — {181" + (573 = 2)FF' + 5?”4 fF?| &5, (5.48)

4 2
2 3 / 1 ]‘ /2
+ r—264 + | FF' +rFF" 4+ —rF"* ) Gs, (5.49)

1 1
= (3FF’ + -rFF" + ZrF’2 +rF'Fj — 5Fij’.) G

2 2

and

(k) + 7% filg) + 6122y — ° fhiy)

1 1
= (—2r+2r3F> sy + <6r+2r3F> &, (5.50)
1 s 15, 13 ;B 202 3 e 3 /
+ —T‘+TOT2F+5’F2F — 4" JEF —r2F; + Or°F7 —r° fFF) + 3r° f F} F

1 1
— 5r?’F’Fk + 6r°FFy, + P FFy, + 2r3FjF4 Ss + 2rGSy — (27« + 57«3 fFF’) Ss,

respectively. Then the perturbations can be solved as

2 m3\ 1 1 /1
h(z):<_ﬂ_n3> (SQ+61)+[T+<—W—IH3>1}63

3 18Y3 6 )13 5 903 303
9 92 2
’s I G 51
+ - 4+<r+3r3> 55 (5.51)
2 T In3\ 1 1 T n3\ 1 2
@ _ (2T __72) o S —(——) ~ 26, (5.52
J <3 183 6 >7"3(S2+ 1) 5 90v3 30 /)30 33 (5.52)
1

k<2)_[_<4_7f_h13>1+1_(2_ﬂ_1n3> }s
B 15 45v3 15/ 104 \3 183 6 )67

+{4_(4_ w _ln3>1+1 (2 r In
r\15 453 15/ 100t \3 18y3 6

- 21 —



+{ <2 ™ ln3)1 1247 (7 - ln3)1]6
25 2953 75 o5 T asd T\ 35 90v/3 30 ) 16 °

2 4 8 1 2
Sl R el 5.53
7«464 (15r3 r7/2 ats, 6) Ss. (553)

By the same token as the previous case, one has for D(3-1)-brane the differential equa-

tions derived from the second scalar constraint, the (rr) component of Einstein equation
and the EOM of the scalar A as

3(rkz)) + 24r%j9) — 2(3r" — 1)y
= (—4r + 3r?F + TSF/) S9
+

3 8 1 1
(2r + 32 F + 1F') &1 + {— Gt E g F S — (3t - FF
1 1
+ §r5 fF? —6r°F; + 36r°F7 — 2(3r* — 1)F'F; — 3r'F'F, — 57~5F’F,; + 2473 F; F,
1 1
+ 6r4FjF4 G3 + <3 + 6r> Gy — {570 + (3r* —1)FF' + er’ fF"?| &5, (5.54)
T
" / -/

1 1 1 1
= <2FF/ + ZTFF” + §T’F/2 + §T'F/F]{ — 3FjF],-> G3

1 / ]‘ 1 1 /2
(r )/+T4f] +8rj2) rfh(Q)
( T+ 7“2F>52+<r+ —r? ) (5.56)
1
+ {— 57+ 6T2F +3 rF — Z7~4fFF’ — 2 Fj + 120°F7 + 3¢ fF F] — v fF'F;

1 1
— §r4F’Fk + 83 Fy, + ' FlFy, + 2T4FjF,g} S3+1r6y — (r + §r4 fFF’) Ss.

The solutions of the above are

H) :(1_ln2> Lron+ [+ (4-22) e,

i3 a2 \24 "
11
T 64+( tg 4> &5, (5.57)
1 W2\ 1 1 2\ 1 1
@__(1 1 Wm2y1. 1
J ( 8 > pa(s2 61 - (24 24 ) 193~ 1155 (5.58)

1 In2\ 1 1 1 In2\ 1
@ _ 1 In2\ 1
k [ ( ) 17186 <4 8 )rS]S
+ (11”)1+1 (%) wle
6 12 186 \4 8 )81

1 In2\ 1 1 37 In2
INERECE S A

36 36 1575 10876 2478
1 1 2 1 1
S (. E S VS 5.5
or6 4 (67”4 55 616 + 4T8> > ( )
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For the situations of one spatial dimension after compactification, i.e. p — g = 1, the
D(4-3)-brane has the differential equations as

5(r’kz)) + 30772y — (5r° — 2)hiy
= (—16r +5r2F + 2T%F/) S2
3 5, 3 26 5, 417,
+ (24r+ o5r2 B + 2r2F> G+ | —16r+r2F + ng + grzF
— (503 —2)FF' — 10r2F; + 45r°F7 — 2(5r® — 2)F'Fy — 5r°F'Fy, — ' F' Iy,
+ 30r2F; Fy, + 10r3FjF,g]63, (5.60)
2rhiyy + 3h(g) — 105y
= (3FF +2rFF" + 7F? + 20 F'F] — 10F; F}) &3, (5.61)
. ) 1
(rPk(2)) +1° fi(a) + 6122y — 57"3fh/(2)

1 3 1 3
= (—2r+2r2F> S2 + <6r+2r2F) (GH

1 1 1
+ { — o+ 1—OrgF + gr%F’ — P fFF — r2Fj+ 9r2F? 4 303 fF} F)

1
— 3 fF'F; — §T3F/Fk + 6r°FFy, + r°F{Fj, + 2r3FjF,g] Ss. (5.62)

Which can be solved as

4 T In3\ 1 4 16 T In3\ 1
M:() & { <>}6 5.63
3 93 3 )43 (2460 + |7+ (15 453 15 ) 3| (5.63)

2 1 In3\ 1 5 r  In3\ 1
i@ - (21 _ 7)) S [ i 5.64
J (3 18v3 6 ) 352+ 61) (18 90v3 30 ) ERCE (5.64)

) [ (4 T ln3> 1 1 (2 T ln3> 1}
I B I L
15 453 15 /)3 10 3 18V3 6 ) r6
+{4 <4 ™ 1“3>1+ 1 (2 ™ ln?’)l]g
r \15 45v3 15/ " 100 \3 183 6 )r6] !

+[_<16_ T —ln?’)1+ 32 +119
75 2253 75 ) 3 35¢7/2  50rd

22 T In3\ 1
(= - —=-==) =] 6. 5.65
<45 90v/3 30)74 s (5.65)
For the D(3-2)-brane, we have
3(r'k(z)) + 2479y — (3" — 1)hiy
= (—4r +3r2F + 7“3F'> So + <2r +3r2F + 7“3F') G
8 1
+ [ —dr +72F + §r3F’ + gr‘*F” — (3r* —=1)FF' — 6r*F; + 36r°F}

1
—2(3r* = 1)F'F; — 3r*F'F), — 5r5F’F,g + 2473 F; Fy, + 6r*F; F | &3, (5.66)
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Th/(IQ) + 2h/(2) - 6]{2)
1
= (2FF’ +rFF" + SrF? — 6FFj + rF’F;) S3, (5.67)
1
( 4]{5(2 ),+T4f]2 +8’f’ ]( —*T4fh/
-7+ r2F> S2 + (r + TQF) S
1
+ [— r+ 6T2F + 6r SF — 5r‘*fFF’ — r?Fj + 120°F7 + 3r* fF;F) — r* fF'F;

1
— 57«4F’Fk + 83 FFy + ' F]Fy, + 27’4FjF4 Ss. (5.68)

Note the last differential equation is from the EOM of A. The solutions of the above are

1 In2\ 1 1 1 In2\ 1
(2) (- _ 22} — - el tatl Rl
h (2 4)r4(S2+61)+[r2+<3 12)r4]63, (5.69)
1 In2\ 1 1 In2\ 1
10 Y et Rl I et W
7 (4 3 )T4<SQ+61> (6 24)7’4637 (5.70)

1 m2\1 1 1 2\ 1
o[ et ()
6 12 tise a7 s ) E
+{1_<1_m2)1+1_<1_1ﬂ2>1]6
iz \6 12/)s1 7 186 \a 8 )8!

+{_<1_h12):4+4+ 23 _<1—ln2>1}63 (5.71)

9 36 1575 5476 8§ 24

The differential equations for the second order scalar perturbations of D(2-1)-brane
can be got as

( 2)) + 707 j( ) — (77“ —2)h

16 8
—3r+7r2F+2r2F’> <9r+7r3F+2r$F’> &1

4 9 5
=T r2F" — (7r® = 2)FF' — 14r2 F; + 1050 F}

1
+ {— 10, F3r3F 4+ §7’§F’
3 7
—2(7r° —2)F'F; — 15 F'F), — S F'F}, 4+ 700 F; F, + 147«5FjF,;] Ss, (5.72)
2rhiyy + 5hig) — 1455
= (5FF' +2rFF" + 7F? — 14F,;F] + 2rF'F}) &3, (5.73)
: ) 1
(r5k‘(2))' + 7“5ij2) + 1Or4j(2) — §r5fh'(2)
2 1 2 1
= <3r + 2r§F) Sy + (97“ + 2r3F) S,
2 3 1 =z 1 5
+ {— 3T SF 4= = raF — §r5fFF’ —r2Fj + 150" F} + 3r° fF} F}

— P fF'Fj — §r5F'Fk + 10r'Fj Fy + r°F[F}, + 2r°F; F | S3. (5.74)
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Solving these perturbations is tough because F'(r) of D2-brane is more complex than the
other Dp-brane, as can be seen from eq. (3.5). One can simplify the calculation by first
making the series expansion with respect to 1/r and then do the integral when solving the
differential equations of 2 and k. The solutions are

h2 = ( ‘ /1 arcoth v/5 — b 5) 715 (s2+6&q)
4 3r 2 3 1
— 7,/ - = thvf— —In5| - .
l (105 175 5 35v5 V5 70 n5) 7«5] S (5:7)

3
> 2 1 n5) 1
S il th &
¢ ( 15 50 \/5 10\/5.&1"00 V5 — 20) —(s2 + &1)
8 3 2 3In5) 1
R Ly th .
( 05 350 N arcoth V5 — ) 7593 (576)

1 \f

4 37 2 3ln5\ 1 1
k(2):{— — 21— thvh— 22 ) - 4 ——

35 175 v \f arcoth V5 70 )5 2ss

2 2 1 1 1
—<+7T 1——+ arcoth\f—ng)> ]sz

15 ' 50 V5 10v5 20
_<125+57B 1—\2[ lofarcoth\[—lgs> 1]61
+[_<;ﬂ)+1g;)m+24sﬁarcoth\f—ﬁ>:54-27?;123

253 22 3r 2 3 35\ 1
_ ST o2 th S5 (5.77
* 17648 (525 350 5 T r0yE 0 Vi - T ) ] 3 (5.77)

6 The second order constitutive relation

In this section, we will offer all the results of the second order constitutive relations for the
D(p-q)-brane with 2 < p <4 and 1 < ¢ < p—1. We will omit D(4-1)-brane case here as
in the previous sections, for its results can be found in [24]. One will find the following
substitutions very helpful to gain the final form of the constitutive relations:

1
t3ij = Oooij — (D Opuyy, T1ij = 0o Bi0o B — qufsijsl — Dug, Duyy,
541']' = O'Z'jaﬁ — am,@pu”, ‘Iﬁj = O‘(ikﬂj)k — O‘<#pr>p (6.1)
are for the spatial viscous tensors and

So + &1 = 0908 + 09B:;0pfB; — DOu, GS3= (85)2 — (8u)2, G5 = O‘igj — O'IQW (6.2)
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are for the spatial viscous scalar terms. Here the angle brackets stand for the transverse
traceless symmetrization of rank 2 tensors, i.e.

1
Ay = BB Ay = - PP Ay, (6.3)

The situation of p — ¢ = 2 includes the D(4-2) and D(3-1)-brane cases. For the D(4-
2)-brane, one has

L (13 (5 1 AY 3
T#V = M{H <2uuul, + 2P#V) — (L4> (QJW, + 58puppm,)

Lj
T In3 1
+ 2575 ) 2w+ gmn)
T 3In3\ 20, 0u B T

4
6
0 n3) 20, PQ
+(5+10\/§+ 10) 9 (3\/3—1— n3> T V)p]
2 1
+ THPWK(S .3 ng)p(au)
4

L 5 10v/3 10
+(5- e S ) w4 40 } (6.4)
With the second order transport coefficients can be read from the above as
Agz—;ﬁ(?ﬂ%ﬂng)%, 47“22/1%1((;_107:/3_%)%’
5122221307%, 522;1%1(;5)—5&3—3;%3)7%- (6.5)

The D(3-1)-brane has the second order stress energy tensor as

1 [ry ri\° 1 P
Tuu = 27’@21 72 3uuuy + P'ul, — fg 20#” + §P,w8pu

L

2

T In2 1 1 In2\ 20,,0u p
(- 02) o o+ L) o (14 2) 200y e

r% (1 In2 1 In2 1
P, (- -=")D@© — — ==} (Ou)? -42}. 6.6
* "”Lg[(:s 6) (u)+<18 18>(“)+12 e (6.6)
The corresponding second order transport coefficients are

1 In2\ r? 1 /1 In2\ r? 1 r?
= (1-=2)4 S HooN, = _In2-H
T 2k2 ( 2 ) L3’ Mx 2K3 (3 + 6 ) L3’ 2 2k " L3’
¢ 1 (1 ln2> 2 ¢ 1 17% ¢ 1 (1 ln2> 2
Ti = —_— _——— —_— = ———— = —_— _——— _
T72:2\3 6 )Lyt ' 2621213 *T22\18 18) Ly
(6.7)
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When p—¢q = 1, one has the D(4-3), D(3-2) and D(2-1)-brane. These cases are like the
D1-brane in [26]. The spatial viscous terms do not contain o;; or €2;; since there is only
one spatial direction. Thus the results will be much simpler than the cases of p — ¢ = 2.
The second order constitutive relation for D(4-3)-brane is

5
1 7‘%[ 5 1 rg\2 8
= 2{L(z #5Pm) = () 5wl

O [ P T

There are only two transport coefficients at the second order:

1 (16  4m  4In3\r% 1 (64 4m  4In3\r%
(=555~ -, bo=-5lm——Fr2——— |- (69
K2\5 153 5 ) Ly 263\25  75v3 25 ) I4
In the D(3-2)-brane case one has
1 [ry r\° 4
T = g (s ) - () et
r2 (/4 2In2 8 2In2
P, = - D(d - - ) 2} 6.10
+Ru (5 -2 ) pow+ (G- 257 @w?| f (610)
whose second order transport coefficients can be read as
1 /4 2In2\ r% 1 /8 2In2\ r%
_ - (2 "H - (2= A 6.11
¢ 2132 <3 3 >L3’ &2 213 (9 9 >L3 (6.11)

The situation of D(2-1)-brane gives us
Tw = 211% {fé (;u#uy + ;PW> — (;Z) ?Pw,au
+PW7§; [(;T + %« J1- \% + 7:“/5arcoth\f— 21;15> Dou
+ (&47—1-;?;1/1— jg—l- 491\2/5 arcoth v/5 — 6:;5> (8u)21}, (6.12)
with the second order coefficients are

1 (16 4n 2 4 2In5\ r?
= | =4+ —/1- =4+ —— thv/5 — e
= g (21+35\/ NN Vi- = >L2’

1 64 127 2 12 61n5\ r2
= | —= 4+ == /1- =4+ — thv/5 — iy 6.13
& 2r2 (147+245 \/54—49\/5&1"00 V5 19 >L2 ( )

All the results listed in this section can be rewritten in a universal form by introducing
the Harmonic number and the second order constitutive relations for the Dp-brane with ¢
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directions of their world-volume compactified can be recast in the form as

1 P /9 —p 5—p
Tw =53 { Iél— ( Upuy + P;W)
2“p—q+2 Lp b 2 2

9—

() (ot MG )

2 1 1 1
+L 5 _ p"‘pr% -2 <D0uy>+]fq0'w/8u

3(p—32+3¢(5-p) (—-3*+q(5-p) 20,0
“( G-p0O—p) <7 PO —p) i) P
1

T ING ( 5-p  T- pH?-§>'2”<va>p

rir | (2(0—3)* +2¢(5—p) | 2(p—3)*+2q¢(5—p)

P, K(p DG-P0-1 " - ><7—p><9—p>H?-Z>D<3“>

([ (p—3)*+2¢(5 — p)][(3p* — 17p + 18) + 3¢(5 — p)]
(p—q)*(5 —p)(9 —p)?

(5—p)[2(p — 3)* + 2¢(5 — p)] 2
T DO P H‘?ﬁ)(a“)

(p—3)°+q(5-p) 4034 } (6.14)

_.|_

(r—q)(5-p)(9—Dp)

from which one can read all the second order transport coefficients as

1 1 1 2
NTr ( + H5P> s

:214,]2)_q+2 5—-p T—p 7))L,
e 1 l3(p—3)2+3q(5—p)_(p—3)2+q(5—p)H5_]r?{
T | G-pO-p) T-D0O-p L,
I S 1 2 2 r}
/\1_2H12>—q+25_p[’p7 )\2_22 q+2( 5_p+7_pH?‘§) Ly’
crg = L [2(10—3)24'2(1(5—1)) 20 —3)° +24(5—p) ]T%
! 2H1121—q+2 P—)B6-p)O-p) @-—a)(7-p)O—p) 72| L,
¢ = (p— ) +q(5-p) %
Fip— q+2( )(5 — p)(9 p) Ly’
[ 2 +2¢(5 - p)][(3p* — 17p + 18) + 3¢(5 — p)]
p q+2 (p—a)*(5-p)(9—p)?
( p)[2(p — 3)* + 2¢(5 — p)] TH
FEr e (6:19)

We have added the result of D(4-1)-brane into the above formulas, that’s why the viscous

tensor relates with Ay appears. The definition of the Harmonic number Hs—, with its
T—p
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special value for the cases of Dp-brane with 1 < p < 4 can be found in [26]. Eq. (6.14)
and (6.15) will reproduce the results in [26] and [24] by separately setting ¢ = 0 and
p=4, ¢q=1.

One can easily see that of the 7 second order transport coefficients that we derived,
only n7¥, (mm, &, & depend on the number of the compact directions of the brane, i.e.,
their expressions contain ¢ while 17, A1, A2 do not. If we take a closer look at how ¢
enters the formulae, we will find that g appears in the form of

2(p — 3)* +2q(5 — p)
p—q)9-p)

which is just the numerical factor of bulk viscosity (. Only n7} is a little special. The p—q
200U
P—q
Since the number of spatial dimensions of the compactified Dp-brane is also the number

(6.16)

in the denominator is with the viscous tensor by definition.

of the spatial dimensions of the boundary fluid. Compactifying the Dp-brane will reduce
the number of the spatial dimensions of the boundary fluid, too. For the boundary fluid, the
bulk flow viscous terms du, D(du), (Ou)? and o0,,d0u contain the sum of diagonal spatial
components and the bulk flow viscous term ai 3 sums the nondiagonal spatial components.
There will always be some spatial components lost if one or more spatial directions of Dp-
branes are compactified. So the bulk flow viscous terms are affected by compactification
and their transport coefficients 07, (7, & and & should include ¢g. On the contrary, the
P> , are tensorial in nature. By definition
they do not sum spatial components. Thus their transport coefficients n7;, A1, A2 should

shear flow viscous terms (D o,,, awp o1 awp Q.
not be under affected by compactification and do not contain q.

As one can check, the results of eq. (6.15) satisfy the Haack-Yarom relation! 4\; +\y =
207, the Romatschke relations [22]

1
T = TII, f1=——[1—(—acM (6.17)
p—q
and also the Kleinert-Probst relations [28]
s = (1= (p— q)c?) (4M — n7),
§2 = »—q)? (1 —(p— Q)Cs) {(1 —2(p—q)c5)2M + (p— q)csm',r} . (6.18)

Since p — ¢ is the spatial dimension of the dual relativistic fluid, if we denote d as the
dimension of the relativistic fluid, then we have p — ¢ = d — 1. So the above Romatschke
and Kleinert-Probst relations still have the same form as in [26]. The above 5 relations
are among the 7 dynamical transport coeflicients, one may draw a conclusion that only
2 of the 7 dynamical transport coeflicients are actually independent. For which one can
choose 17, and A1, since they appear in every relation. Ref. [29] derives 5 relations among
the 8 thermodynamical second order transport coefficients,? so only 3 of them are actually

Tt is firstly found in 5 dimensional charged AdS black hole [7] and is firstly confirmed in nonconformal
regime holographically in [27].
*Following the nomenclature of [30].
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independent. For which one can choose A3, A4 and x. Thus one may make a bold guess that
at second order, nonconformal relativistic fluids have at most 5 independent flow modes:

<D Opv)s O'<Mp0'l,>p, Q<Mle,>p, V%M In 8Vi‘> In s, (Rw,/) — QUPUUR/)<W,>U) R (619)

which relate to the 5 independent second order transport coefficients. Here V/J; =PIV, is
the covariant derivative perpendicular to the direction of u*.

One can also reformulate the results of this work in terms of field theory quantities,
which can be found in table 2. Compared with the field theory reformulation of the
transport coefficients of Dp-brane [26], here we use T’ (72;17 but not I' 9%7)). Thus the
dimensionless part of the results here is different from that of Dp-brane. We have also
set the characteristic energy scale of the Dp-brane the same as the Hawking temperature,
i.e. A = T to make the expressions neat and clear. Another obvious difference from the
Dp-brane case is that V, appears in all the thermal quantities as well as the transport
coefficients which comes from the integration on the compact directions of Dp-branes.

The compactification on the gravity side in holographic relativistic hydrodynamics
introduces the volume of the compact directions V; to balance the dimension of the physical
results. V; in the results shown in table 2 will neutralize the extra mass dimension from 7'
to make the dimension of thermal quantities and transport coefficients to be right.

7 Summary and discussions

In this paper, we derive all the second order dynamical transport coefficients for Dp-brane
with ¢ directions of their world-volume compactified. To be more specific, the situations
considered in this paper include the D4-brane with 2 and 3 directions of its world-volume
compactified, D3-brane with 1 and 2 directions compactified, as well as D2-brane with 1
direction compactified. This work can be seen as a generalization of [26] which consid-
ers only the Dp-brane, thus by setting ¢ = 0 one can reproduce all the results of [26].
Through [23, 24, 26] and this work, we have finished the calculation for all the dynamical
second order transport coefficients for Dp-brane with or without compactified dimensions.

Through the calculation we can see that the compactification on the world-volume of
Dp-brane only affects the scalar perturbation h, which can be seen as the spatial trace
part of the perturbative metric and relates to the number of the spatial dimensions of
the metric. At the first order, h() contributes to the spatial diagonal components of the
Brown-York tensor on the gravity side and determines the value of (. From the boundary
fluid viewpoint, A(!) is dual to the viscous term du of the stress tensor. Thus the bulk
viscosity ( is dependent on the number of compact dimensions q. At the second order, the
bulk flow viscous terms of 7y, (7, &1, & relate with du. Their results all contain the
numerical factor of ¢ and depend on the number of compact directions q. Whereas results
of n7x, A1, A2 do not contain ¢ since their viscous tensors do not need to sum the spatial
components and are not affected by compactification.

The second order transport coefficients for the compactified Dp-brane also satisfy the
Haack-Yarom, Romatschke and Kleinert-Probst relations as in [26]. Calculation shows
the dispersion relations of the D(p-q)-brane do not change compared with Dp-brane case.
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9 256719) g;p .
—p (4 27 5P g5p 5-p
c 2 (#5) (7 )ér;ﬁ (%) p)‘PHNzVTpH
)5
2(6—p) 3—p 2
p i (74—7rp) Q(ip)g‘i’pr(y)r ’ )‘p+1NQVTp+1
—p)5—P
sr \ 25 5 L (1) 5
4 =» n5—p (7=p\5-p 2
n (7-;;) (77p)g%§ F( 2 ) /\p+1N v T?
2(6—p) 3—-p 2 p-3
2(p—3)%4+2¢(5—p) (4w \ 2 5P 75— 7—p\ 5= \ 5=p nr2
¢ p(pfq)(9q*p) s (Tp) . P)g_ppr<2p) ANV
_p 9
2(6—=p) 3-p . 2 p—3
5—p 75-p T—p\5-p \5-p AT2 p—1
" ( e pHg_p) (1-p) 5 F( 2 ) S G
* 3(p=3)24+3¢(5-p) _ (p—3)*+q(5— P) [y 272%6:5)W%1‘ —p 52p)\ NQVTP 1
T G-pl-p G-pe-p i LS (T) pt1
(7—p)5—P
1 22(67;’) 3_£ 7—p SL 15);3 2 1
T2 _ -Pp - —
A1 5—p (7— )52 F(T) App it N7V TP
P
2 2 22(56 P) % 7 P % ;57;3 2 1
_2 4 2 2 5P a5—pp (T=p)5-p \5-p p—
& < 5‘p+7‘pH?_z’?) (1-p) 5> D (52)77 AT
% 2(p—3)?+2¢(5—p) + 2(17—3)2+2¢I(5—P)H 22(56:;)7r3%£r (M)52P A5~ N2V Tr—1
T =0)G=p=p) " G-a)(T-p)(O—p) 322 . = 2 p+1
=9 +a(5p) 257 50 (1) 77 B oy et
&1 r=a)G-P)O-P) p)g;g (T> p+1
[2(p—3)°+2q(5—p)][(3p° —17p+-18)+3q¢(5—p)] | (5—p)[2(p—3)*+2q(5—p)]
&2 [ r—0)* (- DO T -9 o-P Hi_]
22(567p) lgfp . 2 p—3
—p 75— P —p\5-p 2 1
T () T AN T

Table 2. The dual field theory reformulation of the results of compactified Dp—brane Here V; is
the volume of the compact dimensions of Dp-brane, A1 = g2, | NT?~? with g2, | = (2m)P~2g,2~3.
Az and &3 for the compactified Dp-brane are both zero.

Although the calculation of the dispersion relations connect with the linear viscous terms
Ou and D(0u). From the discussions above, the dispersion relations should depend on
the number of compact directions ¢q. But the g-dependent factors cancel each other in the
calculation process making the final results of the dispersion relations contain no q.

We know from [26] that near-extremal black D3-brane will lead to the asymptotically
AdSs black hole after integrating out the unit 5-sphere. Keep on compactifying one or
more world-volume directions of the near-extremal black D3-brane equals to compactify
the AdSs black hole. From the results of the compactified D3-brane in this work, one can
see that compactification on AdSs black hole can lead to nonconformal results for the dual
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fluid’s transport coefficients. This reminds us that we can also get nonconformal transport
coefficients from compactified AdS black holes of other dimensions. This calculation may
give a direct check on the method of obtaining nonconformal hydrodynamical stress-energy
tensor from a conformal one that is proposed in [20].
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A Christoffel symbol and Ricci quantities of the reduction ansatz
The reduction ansatz used in this work is

ds? = 21 4g, nvdarM daN + e2o2A (625135mndymdy” + e2ﬁ2BL§dQ§_p) . (A1)

We separately denote f% » and '}, as the Christoffel symbols in 10 dimension and p—gq+2
dimensional reduced theory. $T° i is the Christoffel symbol on 8 —p dimensional unit sphere.
The Christoffel symbols of the reduction ansatz can be listed as

TNy =TNp + a1 (0¥ opA+ ¥ OnA — gypVM A),
TM = _(apVMA + B VM Be(-2m+202) 4125185
Tl = (0200 A + $100 B)ol,
TM = (e VM A + By VM B)e(T2+20) 44205, 12
[ = (020MA + B20M B) 6,
Ij, = T}, (A.2)

The following relations are useful in the calculation:

Ty =TNn + (0 —q+2)a10uA,
T o =Thn +[(p—q+2)o1+ (8 —p+qoz)duA+ g1 + (8 — p)BalouB.  (A.3)

Here ’f‘% 8= f‘]]& N+ ’f‘ﬁm + f‘?wa The 10 dimensional Ricci tensors are

Run =Run = [(p = @)ar + (8 = p+ ¢)ag] Vi VN A — argunVpV' A
—[gB1 4+ (8 =p)B2]VMVNB
+ (0= 9ot + 28 — p+ @)anas — (8 — p+ q)a3] dnAON A
~ [(r—a)at + (8 = p + @)z g (94)?
+ (a1 — a2)[gB1 + (8 — p)B2) (O AON B + On A0 B)
— anlgBi + (8 = P)AlgunOpAD B — g} + (8 — p) B3] OmBONB;  (A4)
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R = — [anQA + A/ V?B + ((p —q)araz + (8 —p+ q)ag) (04)?
+ ((p— @B + (8 = p+ 2q)a2f1 + (8 — p)azBz) DAOB
+ (qﬁ% + (8- p)ﬂlﬁg) (aB)Q] e(T2ut2a)A+251 85 . (A.5)
Rap = (7= p)yas — [02V°A+ B2V B + (0 — g)oros + (8 — p + q)o3) (94)°
+((p — @)a1B2 + gas B + (16 — 2p + q)azB2) OAOB
+ (aB1f2 + (8= )3 ) (0B)?| el 2o 20240205y 12 (A.6)

From the above we can get the Ricci scalar as

R =

(7—p)@8—p)
Ly

—2(qB + (8= p)B2) V2B — (P —a)(p — a+ 1)af +2(p— 0)(8 — p + @)araz

e [R —2((p—q+ 1)1+ (8 —p+q)az)V’A

+8—p+q)9—p+ q)ag) (0A)* —2(q(qg — p)arB1 + (8 — p)(p — @)1 o
+q(9 —p+ q)aefBi + (8 —p)(9 — p + q)anB2) DAOB

— (alg+ 1)B2 +24(8 — p)B1B> + (8 — p)(9 — p)B3) (9B)?]. (A7)
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