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The existence of bubble nuclei identified by the central depletion in nucleonic density is studied for
the conventional magic N (Z) = 8, 20, 28, 40, 50, 82, 126 isotones (isotopes) and recently speculated
magic N = 164, 184, 228 superheavy isotones. Many new bubble nuclei are predicted in all regions.
Study of density profiles, form factor, single particle levels and depletion fraction (DF) across the periodic
chart reveals that the central depletion is correlated to shell structure and occurs due to unoccupancy

in s-orbit (2s, 3s, 4s) and inversion of (2s, 1d) and (3s, 1h) states in nuclei upto Z < 82. Bubble effect
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in superheavy region is a signature of the interplay between the Coulomb and nn-interaction where the
depletion fraction (DF) is found to increase with Z (Coulomb repulsion) and decrease with isospin. Our
results are consistent with the available data. The occupancy in s-state in 34Si increases with temperature
which appears to quench the bubble effect.

© 2018 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

Observation of the “Bubble” structure in atomic nuclei is a novel
exotic nuclear phenomenon which is characterized by the distinct
central depletions of the matter distribution [1-13]. The ability to
produce more exotic nuclei with advanced RIB facilities has revived
the interest in the bubble nuclei which was first visualized in early
nineteen forties [1]. The central depletion in the nucleonic den-
sity mainly arises due to the unoccupancy of the s-state near the
Fermi surface. This causes the density at the center either to van-
ish or become significantly lower than the saturation density. In
some cases the depopulation in the s-orbit occurs due to the in-
version of s1,; with an another state usually located above, such
as inversion of 2s12 & 1d3/; or 3s1/2 & 1hqq/2 states [6]. On the
contrary, the occurrence of bubble phenomenon in heavy and su-
perheavy nuclei [14-18] has been attributed to Coulomb repulsion
or rather an interplay between the Coulomb and nn-interaction.
However the pairing correlation effects and the deformation have
been observed to hinder the bubble formation. Interestingly, the
bubble phenomenon is found in all the mass regions from light,
medium, heavy to superheavy nuclei.

The occurrence of the bubble structure can be quantified by
defining a depletion fraction (DF) as
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DF = (0max — Pc)/ Pmax (1)

where pmgx and p. = p(r = 0) represent the values of the maxi-
mum and central charge density. Since the density fluctuation is,
in general, related to the quantal effects related to the filling of
single-particle levels near the Fermi energy, the depletion fraction
is also sensitive to the quantal effects. The s (I = 0) orbitals are
the only non-zero wavefunction at the origin (r = 0) with the ra-
dial distribution peaked at the center of the nucleus. However, a
vacancy in the s-orbit near the Fermi level, results in a depletion
of central density, whereas the non-zero | orbitals which are sup-
pressed in the interior of the nucleus do not contribute to nuclear
density at the center. Hence the best possible bubble candidates to
exhibit bubble structure are expected to have unoccupied s-orbital.
This is a necessary condition for bubble effect but in addition to
this, the s-orbit near the Fermi energy must be surrounded by
orbitals of larger | (the larger the better) which should be well
separated in energy from its nearby single-particle states so that
the dynamical correlations are weak. It is important to note that
the depletion in the center associated with the vacancy in s-orbit
is reinforced by the occupied orbitals whose maximum occurs at
the large distances. Hence both the conditions together potentially
maximize the bubble effect. Apart from the pairing and dynamical
correlations, temperature has been speculated to quench the bub-
ble structure [19] in agreement with one of our results presented
in this letter where we have used the statistical theory (ST) of hot
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Fig. 1. Charge density of (a) '°0, (b) “°Ca, (c) #3Ca and (d) 2%8Pb vs. radius along
with experimental data [34].

nuclei [20,21] for the first time to investigate the anti bubble effect
of temperature. For ground state nuclei (T = 0), we use Relativistic
mean-field (RMF) plus state dependent Bardeen-Cooper-Schrieffer
(BCS) theory [22,23], which has been generally found to be effec-
tive to treat such a wide range of masses that too upto the drip
lines [22-27]. We perform a systematic study of density profiles,
single particle spectra, charge form factor and depletion fraction
for the isotonic and isotopic chains of magic nuclei with N(Z) = 8,
20, 28, 40, 50, 82, N = 126. The superheavy N = 164, 184, 228
isotones are also studied. We predict many new bubble nuclei in
all the mass regions. Recent experimental evidence for bubble in
345j [2] has opened a major frontier for theoretical research, that
has, so far, provided a reasonable amount of information [1-13]
on potential bubble nuclei such as 220, 34Si, 46Ar, 68Ar, 206Hg,
and proton semi-bubble in superheavy 2%4Og [12]. The central
nucleonic density in superheavy region is entirely driven by the
Coulomb repulsion and is related to the symmetry energy J [12].
However, the single-reference (SR) energy density functional (EDF)
calculations have been used to study the bubble structure in heavy
nuclei. It shows that the ground-state configuration of heavy/su-
perheavy nuclei may display bubble like structure [28,29], as a
result of a collective quantum mechanical effect, sustained by the
compromise between the large repulsive Coulomb interaction and
the attractive nucleon nucleon strong force. Therefore, it is spec-
ulated that the quantum shell effects, which play a major role in
bubble effect in lighter nuclei, may not be predominant but may
play a subtle role in central depletion of heavier systems.

The inclusion of long range correlations and dynamical quadru-
pole shape effects have been reported to quench the bubble effect
on the basis of MR-EDF [10,30] and shell-model (SM) [5] calcu-
lations, but not eliminate the bubble effect [13]. Calculations of
34sj [3] with the ab initio many-body method showed that the dy-
namical correlations reduce the depletion factor by about 0.15 unit
without erasing the bubble structure entirely. Furthermore, it is
shown [3] that the effect of correlations is not only to change the
single-particle occupation probabilities but also the radial shape of
the natural wave-functions. This effect becomes less pronounced as
T increases and is expected to completely disappear at a certain
critical value of T around 3-4 MeV which needs further inves-
tigation. The tensor-force and the pairing correlations have been
found to have important implications in the shell evolution and
the bubble structure. The existence of the proton bubble in “6Ar
shows certain uncertainties. The pairing correlations quench the
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Fig. 2. Charge density vs. radius for N = 8, 20, 28, 50, 82, 126 isotones. Numbers
on curves represent proton number. Red lines denote central depletion and blue
represent undepleted density.

bubble effect in *6Ar whereas the tensor force favors it [5,6,13,31].
A better insight on this aspect is expected from the charge den-
sity measurements by the upcoming facilities SCRIT, RIBF [32,33]
because “6Ar, may be, in principle, possible to study with RI pro-
duction in near future.

To assess the ability of the employed RMF parameter (TMA)
to reproduce the experimentally known charge densities, we have
compared charge density of magic nuclei '60, 4°Ca, 48Ca and
208ph with that of the experiments [34] in Fig. 1. Data of exper-
imental [34] density have been extracted from the Fourier-Bessel
Coefficients analysis. Fig. 1 shows reasonable agreement in light,
medium and heavy mass region. So, we extend our calculations
to other nuclei. The charge densities of N = 8, 20, 28, 40, 50, 82
and 126 isotones plotted in Fig. 2 show the depletion of density
at the center (r = 0). We find that 22Si (Z = 14) in N = 8 iso-
tones, 3%Ne, 32Mg and 34Si (Z = 10, 12 and 14) in N = 20 isotones
show strong bubble structures with the central depletion. The iso-
tones 46Ar, °6S, 38Ar with N = 28 and 40 and the isotones with
N = 126 isotones and Z = 48-78 show up significant central den-
sity depletion so are marked as bubble candidates. But isotones
with N = 50 and 82 do not show central depression indicating no
bubble structure. So far it is known that the bubble effect relates
to the quantum shell effects with its origin in the sequence of oc-
cupied and unoccupied s.p. states, in particular, the s-orbital near
Fermi level. In view of this, we investigate the occupation proba-
bility and s.p. spectra of the proton sd shell (1ds/2, 2s1/2, 1d3,2)
for N = 8, 20, 28, 40, and proton 3sy,, and 1hy/; states for N =
126 in Fig. 3. Unoccupancy of 2sq/; state in Z = 8-14 (N = 8)
isotones (Fig. 3(a)) leads to the central density depletion seen in
Fig. 2 (a). In N = 20 isotones (Fig. 3(b)), the energy gap between
the states (1ds;> and 2si1,3) increases from Z = 8 to 14 and at-
tains a maximum value of 7 MeV at Z = 14 with full occupancy in
1ds,, state and completely unoccupied 2s7,, state that results in
the central depletion in 34Si (Fig. 2(b)). Large energy gap at Fermi
level marks 34Si a doubly magic nucleus and a prominent proton
bubble candidate as expected, in agreement with experimental [2]
and other theoretical [3,7-10] works. On the other hand, the en-
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Fig. 3. Proton s.p. levels vs. Z for N = 8, 20, 28, 40, 126 isotones. Occupancy (occ.)
of protons is mentioned near levels (only relevant ones are shown).

ergy gap between the states 2sq,, and 1d3,;, decreases from Z = 8
to 14 and attains a small value ~ 0.2 MeV at Z = 14. Here both the
states being too close to each other get occupied simultaneously
following an inversion [4,5] of the states (2s1/> and 1ds/;). Con-
sequently, 2sq, remains semi-occupied and contributes partially
to the depletion of central density in Z = 16 and 18 resulting in
the semi-bubble nuclei 36S and 38Ar. In N = 28 and 40 isotones
(Figs. 3(c), 3(d)), the inversion of 2s1,2 and 1d3/; separated by an
energy gap of more than 3 MeV results in the fully occupied 1d3),
and an unoccupied 2s1,; state in “°Ar, 58Ar and semi-occupied
2s1/2 in %S leading to density depletion seen in Fig. 2 ((c) and
(d)). Here it may be noted that RMF (with TMA) shows significant
central depletion in 45Ar [35] due to inversion of 2s1/, and 1d3/2
states without including the tensor force [4-6,13]. Shell structure
of N = 50 and 82 isotones (Fig. 2 (e), (f)) results in the absence
of sy, state near the Fermi level and shows no bubble charac-
ter. The inversion of proton states (3sq,2 and 1hjq/3) similar to
206Hg [36] results in the unoccupied 3sq,, state in all the N =
126 (Z = 48—78) isotones indicating bubble structure in the com-
plete chain (seen in Fig. 2(g)). Fig. 4 shows the neutron density
of the isotopic chains 127240, 34-70Ca, 48-98Nj, 801507y 98-176gy
and 178-262pp a5 a function of radius where many new neutron
bubble nuclei are located. The occupancy (occ.) of 2s, 3s and 4s
states near the Fermi level is shown as a function of neutron num-
ber N in the insets of the respective panels of Fig. 4. The zero
occupancy of sy, state in the isotopes of O (N = 8—14), Ca (N =
14), Ni (N = 40-52), Zr (N = 40—60), Sn (N = 48—60) and Pb
(N = 126—158) indicate central density depletion which is seen
in their respective neutron density plots Fig. 4 ((a)-(f)). Although
the Fermi level is far from the unoccupied 3s state in Ni and Zr
isotopes but it appears to influence the central depletion. Inter-
estingly, the mirror nuclei (32014 and 22Sig) and (33Ca1a, 34Siz0)
(Fig. 4 and Fig. 2) show strong neutron and proton bubbles respec-
tively. 89Nisy, 92Zrs,, 1%6Sns6 and 240Pbysg show significant density
depletion. However, the unoccupancy in 2s-state shows stronger
density depletion than that in 3s- and 4s-states.
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Fig. 4. Neutron density vs. radius for Z = 8, 20, 28, 40, 50, 82 and 126 isotopes.
Numbers on curves represent neutron number. Red lines denote central depletion
and blue represent undepleted density. Insets show occ. in s-state vs. N.
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Fig. 5. Nuclear charge form factors with scattering angle for (a) “Ca and “SAr
(b) 365 and 34Si. Experimental data for “8Ca extracted from Ref. [34] is shown.

The nuclear charge form factor which is a useful physical ob-
servable of central depletion, is a measurable quantity through
the elastic electron-nucleus scattering experiments [37-39]. Form
factor for 46Ar, 34si, 48Ca and 3%S is displayed in Fig. 5 along
with the experimental form factor of *8Ca [34] which shows good
agreement. Our computed charge density form factor [3,6] for
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Fig. 6. Variation of charge density and neuron density is shown for superheavy nu-
clei 251Fr, 299Mc, 3920g and 347119.

bubble and non-bubble nuclei differ in their angular distribution,
which may be useful for the future experiments to identify pro-
ton bubbles by charge density measurements. Upcoming projects
like SCRIT [32,33], which are expected to provide data to identify
proton bubbles by charge density measurements, are still far from
reach as far as our predicted nuclei 22Si, 58Ar, °6S, 184Ce, 34Ca,
80Ni, 240Pb are concerned. However, our predicted bubble nuclei
34gi, 46Ar, 220, are in principle possible to do with the slow RI
beams for use in SCRIT, which may be produced by a projectile
fragmentation reaction of 7°Zn beam, and '°6Sn may be produced
from 124Xe beam. RI beams are slowed down by a gas-catcher sys-
tem to be used in SCRIT. 92Zr is easy to do even without SCRIT
system which appears to be a potential bubble candidate due to
its easy experimental accessibility.

To search for the bubble like structures in superheavy isotones
with neutron numbers N = 164, 184, 228, which have been re-
cently shown to be magic by us [40] and Refs. [41-43], we use
RMF by including deformation with axially deformed shapes [22,
25,27]. The charge density profiles of 2°1Fr, 29Rn, 298114, 299115,
301117, 341113 and 347119 indicate bubble structure with signif-
icant central density depletion. The bubble effect and depletion
fraction (DF) of 231 Fr, 2°?Mc and 347119 (shown in Fig. 6) are found
much stronger as compared to that of 3920g (Z = 118) reported
in Ref. [12]. 2°'Fr (Z = 87, N = 164) shows the highest DF that
makes it the strongest bubble in the heavy systems seen so far.
The depletion fraction (DF) of N = 164, 184, 228 isotones shown
in Fig. 7(a), (b), (c) increases with Z due to the increasing Coulomb
repulsion. But the DF of Z = 118, 120 and 122 isotopes (plotted in
Fig. 7(d), (e), (f)) decreases as neutron number increases indicat-
ing the role of isospin and the interplay between the Coulomb and
nn-interaction on the bubble effect. Keeping Z or Coulomb inter-
action fixed, variation of DF is related to isospin and is decreasing
as a function of N (i.e. asymmetry (N—Z)/2 parameter). Although
the present study shows the influence of Coulomb and asymmetry
energy on the bubble effect in superheavy systems but some influ-
ence of shell effects may also be present as suggested by Ref. [18]
which needs investigation.

In Table 1, we show depletion fraction (DF) calculated by using
TMA [27], NLSH [44], PK1 [45] and NL3* [46] parameters and com-
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temperatures T = 0.5-3.0 MeV using statistical theory.

pare with various other works [6,9,11-13,16,19,30,31,47,48]. Good
agreement between our calculated DF and the other theoretical
works validates our predicted known bubble candidates as well as
the new potential candidates which are expected to be useful and
of interest to future theoretical and experimental studies.

Fig. 8 shows the occupation probability (n;) as a function of
single particle energies at various temperatures T = 0.5-3.0 MeV
using the Statistical theory of hot nuclei [20,21] in the most promi-
nent bubble nucleus 34Si. As T increases, the occupancy (n;) in
251/ state increases from almost 0 to a much higher value which
shows the anti bubble effect of temperature. Increasing T washes
away the shell effects that leads to changes in the deformation and
shape towards sphericity with zero deformation at certain criti-
cal temperature (T) [20,49]. However, since the deformation has a
quenching effect on the bubble structure, increasing T may have
impact on the deformation as well as the bubble structure. The
effect of correlations like pairing correlations [5,10] and shape fluc-
tuations [10] alter the occupancy but cannot sufficiently quench
the bubble structure at zero temperature (T = 0) [6]. In our pre-
liminarily calculations we find that the depletion factor decreases
with increasing T and completely vanishes at T =4 MeV, which is
in concise with the recent work [19]. These results along with the
detailed study on the impact of temperature on depletion factor
would be presented soon in our upcoming work.

To conclude, the bubble structure in isotopic and isotonic chains
of the conventional magic proton (neutron) number Z (N) = 8,
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Table 1

Depletion fraction DF for our predicted stronger bubble nuclei using RMF parameters TMA [27], NLSH [44], PK1 [45] and NL3* [46]. DF calculated using (a) RMF with
FSUGold [9], (b) RMF with DDME2 [9], (c) beyond mean-field calculations with relativistic PCPK1 [30], HF method with (d) D1S, (e) DIN and (f) density dependent M3Y-P4
parameters [47], (g) microscopic non-relativistic HF method: HF(SEI-I) [48], (h) Skyrme Hartree-Fock (SHF) using Ski4 [16] and finite temperature HF using MSk3 [19] and
data extracted from (i) RHFB with PKO3 [11], (j) RHFB with PKA1 [11], (k) RMF with PC-PK1 [13], (1) HF with M3Y-P7 [31], (m) HF approach with SkI5 [6] and (n) nuclear

density functional theory with Skyrme functionals [12].

N Bubble Depletion Fraction DF% Z Bubble Depletion Fraction DF%

Nucleus R Nucleus -

TMA NLSH PK1 NL3* Other Theories TMA NLSH PK1 NL3* Other Theories
8 2si 1438 1530 1010 745 8 20 3137 3264 2691 1716 347 29",27¢, 22¢,
40f, 11
20 34si 25.23 2491 23.63 20.10 42, 36%, 27°, 507, 20 34ca 40.61 40.32 39.20 34,51 30!
60¢, 37/, 378, 24!
28 46Ar 42.00 37.67 33.11 20.30 50f, 518, 16, 28 80Nj 14.22 14.33 14.22 1418
33k 54! 48m

40 563 29.63 3113 26.32 14.58 40 927r 13.38 19.45 13.84 15.12

S8Ar 26.03 23.50 18.66 3.79 50 1065p 20.42 20.33 20.46 20.36
126 184ce 14.39 14.03 14.40 14.47 82 240pp 18.64 19.34 14.70 1512

Superheavy Nuclei

N Bubble Depletion Fraction DF% N Bubble Depletion Fraction DF%

Nucleus R Nucleus -

TMA NLSH PK1 NL3* Other Theories TMA NLSH PK1 NL3* Other Theories

164 21Fr 36.45 3416 23.59 22.50 172 292120 17.77 15.89 15.96 15.36 321, 414
184 29Mc 20.57 2123 21.39 17.93 228 341113 20.31 17.31 2117 19.24

3020g 18.07 18.82 18.01 15.62 8n 347119 21.78 21.22 2238 23.04

20, 28, 40, 50, 82 and N = 126, and recently speculated magic References

N = 164, 184, 228 superheavy isotones, is investigated systemati-
cally. A complete range of new bubble nuclei is identified in all the
mass regions. We employ RMF+BCS approach to study the charge
and neutron density profiles, occupation probability and the single
particle spectra. This study shows that the central depletion due
to unoccupancy in s-orbit is an outcome of shell structure for all
the nuclei upto Z = 82. The unoccupied (2s, 3s, 4s) states lead to
the proton (neutron) bubble like structure in N (Z) = 8, 20 isotones
(isotopes) and neutron bubble in Ni, Zr and Sn and Pb isotopes. The
inversion of proton states (2s1,2 and 1d3;2) and (3s1,2 and 1hyy,2)
results in proton bubble nuclei in N = 28, 40 and 126 isotones.
Many new superheavy bubble nuclei are traced. The depletion frac-
tion (DF) of magic isotones increases with increasing Z (Coulomb
repulsion) and that of the superheavy isotopes decreases with in-
creasing isospin which indicates that the bubble effect is driven by
the isospin ((N—Z)/2) and the interplay between the Coulomb and
nuclear strong forces. DF calculated by various RMF parameters
shows consistency with the other works which shows the validity
and usefulness of the RMF+BCS approach for describing bubble nu-
clei over such a wide range of masses. Charge density form factor
for bubble and non-bubble nuclei are found to differ in their an-
gular distribution. To identify the proton bubbles by charge density
measurements is still out of reach of the current and near future
experimental facilities. However, our theoretical conjectures may
be useful for future experiments. Temperature induced effects on
bubble nuclei are studied using the statistical theory which indi-
cates the anti bubble effect of temperature. But, variation of bubble
effect with T needs more rigorous investigation which would be
reported in our subsequent work soon. However, the experimen-
tal and other theoretical data for our predicted bubble nuclei are
anxiously awaited.
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