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1 Introduction

In recent years, while we are still far from directly observing quantum gravity effects, black
holes have become a test bed for various theories of quantum gravity. A successful and
theoretically satisfactory resolution of the black hole singularity is the first step towards
building confidence in quantum gravity models. In this direction, considerable progress has
been made in loop quantum gravity (LQG). It has been found through numerous studies,
approaching the problem from different directions, that a loop quantization resolves the
singularity replacing it by a regular transition surface beyond which the spacetime can be
extended. Most of the studies are based on the minisuperspace approach used in loop quantum
cosmology, where symmetry-reduction leaves only a finite number of degrees of freedom to be
loop quantized. For recent developments using this approach, see [1–3].

In case of spherically symmetric spacetimes, an independent program of loop quantization
based on the midisuperspace approximation has been developed. The spherically symmetric
framework was initially proposed in [4–8] where a symmetry reduction was carried out and
the kinematical framework was laid down. However, the resulting model turns out to be a
nonlinear constrained field theory, with a non-Abelian constraint algebra showing structure
functions, as in the full theory. In order to overcome this challenge, a redefinition of the
Hamiltonian constraint was carried out to Abelianize the algebra of the Hamiltonian constraint
with itself. This redefinition in turn allowed the Dirac quantization of the model in the case
of the Schwarzschild black holes [9–11]. The framework has been further extended [12, 13]
to implement the improved dynamics scheme developed by Chiou et al. [14], which was
adapted to this family of midisuperspace models but within the context of polarized Gowdy
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cosmologies on the three torus [15]. In recent years, this approach has been applied to obtain
a quantization of the charged black holes [16, 17].

In this manuscript, we extend the program of spherically symmetric loop quantization to
Schwarzschild spacetimes with a cosmological constant Λ, where Λ is kept general and allowed
to be both positive or negative. Apart from being of interest in their own right, these models
provide an opportunity to study quantum black holes in non-asymptotically flat spacetimes.
We first Abelianize the classical Hamiltonian constraint by suitable coordinate transformations,
and then loop quantize the resulting theory along the lines of [9–11]. Following [12, 15, 17],
we adopt the improved dynamics scheme implementing two separate improved dynamics
conditions as in ref. [17], which allows us to determine all quantization parameters.

We find that the quantum theory imposes a mass and Λ-dependent finite lower bound
on how small the smallest area spheres can be. Furthermore, the leading order term in this
lower bound on the radius of smallest area spheres agrees with that obtained for the charged
black hole [17] as well as the uncharged Schwarzschild black hole studied in [12, 13] in the
improved dynamics scheme. In contrast to the charged black hole, where the first order
corrections due to charge were negative, in the case of a cosmological constant we found
that they were positive. Moreover, we also found that this quantum theory puts a Planckian
upper bound on how large a positive cosmological constant can be. This agrees with upper
bounds found in homogeneous spacetimes with a non-vanishing positive Λ [18, 19]. It ensures
that the quantum geometry effects limit the curvature in the asymptotic limit, which is
proportional to Λ, to Planckian values at most. Besides, and in agreement with the analysis
of homogeneous spacetimes with negative Λ [20], we found no upper bound on the magnitude
of negative Λ. We show all this explicitly in the section on effective geometry.

In particular, using semiclassical physical states, we obtain the effective metric containing
the lowest order quantum corrections. We find that the effective metric is regular at the
center and the singularity is replaced by a transition surface which links a trapped region with
an anti-trapped region. We analyze the causal structure of the resulting spacetimes — all of
which are asymptotically de Sitter or anti-de Sitter. Let us recall that, in the classical theory,
and depending on the value of the cosmological constant, there are four distinct spacetimes —
(i) 0 < 9G2M2Λ < 1 corresponds to the conventional Schwarzschild-de Sitter spacetime, (ii)
9G2M2Λ > 1 corresponds to ultramassive spacetimes [21, 22] with a naked singularity at the
center, (iii) 9G2M2Λ = 1 is the special case where the black hole horizon overlaps with the
cosmological horizon, and (iv) Λ < 0 corresponds to the anti-de Sitter case. The spacetime
represented by the effective metric in all cases is a regular extension of the corresponding
classical spacetimes beyond the central singularity. The analysis of curvature invariants reveals
that quantum effects only become significant when the curvature approaches Planckian values.
In particular, we show that for macroscopic black holes, the curvature invariants approach a
mass-independent Planckian bound at the transition surface. The analysis of the effective
stress-energy tensor also shows a strong violation of the null energy condition (NEC) in the
vicinity of the transition surface, indicating the resolution of the singularity.

The manuscript is organized as follows. In section 2, we provide the classical theory
of the symmetry-reduced Schwarzschild spacetime with a cosmological constant and obtain
an Abelianized Hamiltonian constraint. Section 3 contains the kinematical details of loop
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quantization using the improved dynamics scheme. In section 4 on physical states and
observables we give the conditions that need to be satisfied for a consistent quantization —
which yields a Planckian upper bound on positive Λ. In section 5, we obtain the effective
metric and derive its physical implications, including the analysis of causal structure and
the behavior of curvature invariants. We summarize our findings in section 6. The details
of quantum dynamics of the model are contained in an appendix at the end.

We set the Immirzi parameter γ = 1 from now on as well as G = 1 = ℏ in all our
numerical simulations.

2 Schwarzschild spacetime with a cosmological constant: the classical
theory

The geometrical sector of the theory is described in terms of Ashtekar variables. In spherically
symmetric spacetimes, the connection has two gauge invariant components, (Kφ,Kx), in the
transverse and radial directions respectively, and similarly, the densitized triad has also two
gauge invariant components (Eφ, Ex) [7]. They form two canonical pairs of field variables
and fulfill the Poisson algebra

{Kx(x), Ex(x′)} = Gδ(x− x′), (2.1)
{Kφ(x), Eφ(x′)} = Gδ(x− x′). (2.2)

There is no matter content but we will include a cosmological constant Λ. Therefore, our
spacetime will not be asymptotically flat, as we will see.

The total reduced Hamiltonian is a combination of constraints

HT = G−1
∫
dx(NHgr +NxHx), (2.3)

where the diffeomorphism and scalar constraints are given by,

Hx =EφK ′
φ−(Ex)′Kx, (2.4)

Hgr =
(

((Ex)′)2

8
√

|Ex|Eφ
− Eφ

2
√

|Ex|
−2Kφ

√
|Ex|Kx−

EφK2
φ

2
√

|Ex|
−
√

|Ex|(Ex)′(Eφ)′

2(Eφ)2 +
√

|Ex|(Ex)′′

2Eφ

+
√

|Ex|Eφ Λ
2

)
. (2.5)

The corresponding spacetime metric can be written as

ds2 = −(N2 −NxN
x)dt2 + 2Nxdtdx+ (Eφ)2

|Ex|
dx2 + |Ex|dΩ2, (2.6)

where dΩ2 = dθ2 + sin2 θdφ2 being the metric of the unit sphere and Nx = gxxN
x = (Eφ)2

|Ex| N
x.

The constraint algebra

{Hx(Nx), Hx(Ñx)} = Hx(NxÑ
′
x −N ′

xÑx), (2.7)
{Hgr(N), Hx(Nx)} = Hgr(NxN

′), (2.8)

{Hgr(N), Hgr(Ñ)} = Hx

( |Ex|
(Eφ)2

[
NÑ ′ −N ′Ñ

])
, (2.9)
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as usual, involves structure functions. To Abelianize the algebra of the Hamiltonian constraint
with itself, we follow the ideas of [9–11] and introduce new lapse and shift functions as follows

Nx = N̄x − 2NKφ

√
|Ex|

(Ex)′ , N = N̄
(Ex)′

Eφ
, (2.10)

which changes the scalar constraint while leaving the diffeomorphism constraint unchanged

H̄(N̄) = −
∫
dxN̄

[(√
|Ex|

(
1 +K2

φ − [(Ex)′]2

4(Eφ)2

))′

−
√

|Ex|(Ex)′ Λ
2

]
, (2.11)

Hx(N̄x) =
∫
dxN̄x[−(Ex)′Kx + EφK ′

φ]. (2.12)

Rewriting
√

|Ex|(Ex)′Λ/2 as [|Ex|3/2Λ/3]′ and then integrating by parts we obtain

Hab(Ñ) = −
∫
dxÑ

[
−
√

|Ex|
(

1 +K2
φ − [(Ex)′]2

4(Eφ)2

)
+ 2GM + |Ex|3/2 Λ

3

]
(2.13)

where Ñ := N̄ ′ is the new lapse function. The term 2GM can be introduced either by
imposing appropriate boundary conditions to ensure the existence of Schwarzschild-like
solutions [9, 10, 23] in the limit of vanishing cosmological constant, or by noticing that it is
actually a Dirac observable as shown in [23, 24]. The Hamiltonian constraint now has an
Abelian algebra with itself and the usual algebra with the diffeomorphism constraint,

{Hab(Ñ), Hab(M̃)} = 0, (2.14)
{H(Ñ), Hx(N̄x)} = Hab(N̄xÑ

′), (2.15)
{Hx(N̄x), Hx(M̄x)} = Hx(N̄xM̄

′
x − N̄ ′

xM̄x). (2.16)

Classically, as it was shown in [9] for the Schwarzschild spacetime, the Hamiltonian con-
straint (2.13) can be factorized as Hab(Ñ) =

∫
dxÑH−H+ where

H± =

√√
|Ex|(1 +K2

φ) − 2GM − |Ex|3/2 Λ
3 ± (Ex)′(|Ex|)1/4

2|Eφ|
. (2.17)

Classically (Ex)′ is positive definite, hence the vanishing of the Hamiltonian constraint can
then be taken to correspond to H− = 0. This simplification leads to a first order differential
equation in the quantum theory for the physical states (see appendix A). Accordingly, we
redefine the lapse to be N = ÑH+/2Eφ to rewrite the Hamiltonian constraint in the form

Hab(N) =
∫
dxN

2|Eφ|

√√
|Ex|(1 +K2

φ) − 2GM − |Ex|3/2 Λ
3 − (Ex)′|Ex|1/4

 . (2.18)

Classically, the constraints can be easily solved. For simplicity, we restrict to the
stationary slicing which corresponds to N̄x = 0 and Ñ = 0, yielding N = a(Ex)′/|Eφ| and
Nx = −2NKφ

√
|Ex|/(Ex)′, where a is a constant of integration. The two constraints reduce

two degrees of freedom per spacetime point, leaving two residual gauge degrees of freedom.
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In order to remove them and fully gauge-fix the theory, we use two functional parameters
to express two of the phase space variables as

Ex = g(x), Kφ = h(x), (2.19)

which may actually depend on M and Λ as well. With these choices, the theory can be
consistently solved to yield the remaining phase space variables as

(Eφ(x))2 = g′(x)2/4
1 + h2(x) − 2GM√

g(x)
− Λ

3 g(x)
, (2.20)

Kx(x) = h′(x)/2√
1 + h2(x) − 2GM√

g(x)
− Λ

3 g(x)
, (2.21)

where we require that g(x) > 0 and g′(x) ̸= 0. Different choices of the arbitrary functions h(x)
and g(x) correspond to different coordinate choices for the stationary spacetimes represented
by our theory. In order to fix the constant of integration in the lapse function, we further
require that the resulting spacetimes in the limit of vanishing cosmological constant to be
asymptotically flat [9, 10, 23]. We then must have g(x) = x2 +O(x−1) and h(x) = O(x−1)
when x → ∞. This determines the integration constant in N to be a = 1/2. Thus we
finally have

N2 = 1 + h2(x) − 2GM√
g(x)

− Λ
3 g(x), (2.22)

Nx = −2h(x)
√
g(x)

g′(x)

√
1 + h2(x) − 2GM√

g(x)
− Λ

3 g(x). (2.23)

3 Quantum theory: kinematics of the improved dynamics scheme

The kinematical Hilbert space of loop quantum gravity is the space of cylindrical functions
of the holonomies of the connections defined over arbitrary graphs, where the spin network
states provide an orthonormal basis for this space [25–27]. For our reduced spherically
symmetric model, the details of these spin network states and the kinematical Hilbert space
are extensively discussed in previous works [7–11]. The basic elements are one-dimensional
oriented graphs g with support in the radial direction, which are composed by edges {ej}
along the radial direction connecting the vertices {vj}. The connection component Kx is
associated with holonomies in the radial direction and Kφ with point holonomies on the
vertices. We follow the construction suggested in [17, 28] and consider spin networks with
a finite but arbitrarily large number of edges and vertices. The kinematical Hilbert space
of the reduced model has a basis of spin network states |⃗k, µ⃗⟩, with kj ∈ Z the valences of
the edges ej and µj ∈ R the valences of the vertices vj . The action of the triad operators
on this basis is given by

Êx(xj)|⃗k, µ⃗⟩ = ℓ2P lkj |⃗k, µ⃗⟩ if xj ∈ ej , (3.1)

Êφ(x)|⃗k, µ⃗⟩ =
∑
vj

δ(x− xj)ℓ2P lµj |⃗k, µ⃗⟩. (3.2)
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It is worth commenting that (ℓ2P lkj), the eigenvalues of Êx(x), can be naturally identified
with areas of the spheres of symmetry normalized by the (dimensionless) unit sphere area.
However, the eigenvalues of Êφ(x) have no invariant geometrical meaning since the classical
analog is a scalar density (it is not invariant under coordinate transformations).

The variables conjugate to the triads in the quantum theory are the holonomies of the
connections along the edges of the graph. The Abelianized Hamiltonian constraint (2.13)
only contains the connection component Kφ, which is represented in the quantum theory
by point holonomies Ûρj := ̂exp(iρjKφ(xj)) which act on the vertices. Their action on the
basis states is given as

Ûρj (xj)|⃗k, µ⃗⟩ = |⃗k, µ⃗′⟩, (3.3)

where µ⃗′ is obtained from µ⃗ by modifying the valence µj of the vertex located at xj by µj +ρj .
For the mass M̂ we adopt a standard representation.

Before we proceed with the quantization program, it is worth introducing here the
improved dynamics scheme following the ideas in [14] and [12, 15, 17]. It allows us to fix
various deformation parameters that appear in the theory, while they respect the simplicity
of the above kinematics which will still be suitable for further calculations. The motivation is
that, classically, the curvature components at a point are equivalent to the holonomies of
the connection around infinitesimal closed loops along suitable directions. However in LQG,
various geometric operators such as area and volume have discrete spectra. Thus, the curvature
components in LQG are approximated by holonomies around plaquettes which enclose the
smallest (finite) possible area allowed by the theory, which in this case we choose to be equal
to the minimum eigenvalue of the area operator in LQG, denoted by ∆. In this reduced
model we choose the plaquettes to be well adapted to the Killing symmetries such that, once
equated to the minimum area eigenvalue, yield relations which fix the kinematical parameters.

Concretely, let us first consider the plaquettes adapted to the 2-spheres at each vertex.
Classically the 2-spheres have a physical area given by 4πgθθ(x) = 4πEx(x). In order to
impose the improved dynamics prescription, we assume that the areas of the 2-spheres in the
effective geometry obtained from the quantum dynamics are well approximated by replacing
Ex in the above expression by its eigenvalue given in (3.1). The validity of this assumption
rests on whether we obtain a self-consistent and physically sensible quantization at the end
of the day. The plaquette on the θ − ϕ sector will hence enclose an area given by 4πℓ2P l|kj |ρ2

j

which must be equal to the minimum area eigenvalue, ∆, which yields

ρj =
√

∆
4πℓ2P l|kj |

. (3.4)

This suggests a more convenient state relabeling as |νj⟩ where νj = µj

√
4πℓ2P l|kj |/∆. This

simplifies the action of the point holonomies as

Ûρj |νj⟩ = |νj + 1⟩. (3.5)

The physical meaning of this label was discussed in [15] and can be naturally identified to be
proportional to the local volume operator V̂ (xj) =

√
|Êx(xj)|Êφ(xj).
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Further, as introduced in [17], we implement a second improved dynamics condition on
the plaquettes in the θ− x and φ− x planes, which lead to only one additional condition due
to spherical symmetry. We set these plaquettes in the equatorial plane (θ = π/2) without
loss of generality. Classically, infinitesimal lengths along the x and φ directions are equal
to the norms of the 1-forms (dx)µ and (dϕ)µ respectively. Thus the area of an infinitesimal
plaquette in the equatorial plane can be written as (

√
|gµν |(dx)µ(dx)ν

√
|gµν |(dφ)µ(dφ)ν).

This expression for the area is coordinate independent, so we can simplify it by going to the
diagonal gauge in which the metric is diagonal (this amounts to setting h(x) = 0), leading
to the expression (

√
|gxx|dx

√
|gθθ|dφ) for the area in the diagonal gauge. This leads to the

improved dynamics condition

2π
√

|gxx(xj)|δxj

√
|gθθ(xj)|ρj = ∆, (3.6)

at the vertex vj , where 2πρj is the coordinate length along the φ — direction and δxj is
the coordinate length along the x — direction, namely, of the edge ej of the spin network
as per our kinematical scheme described above. For simplicity, we will not impose this
condition at all vertices, but only in the vertex where we expect quantum corrections will
be largest. This suggests a choice of spin networks that show an equal spacing in a suitable
radial coordinate, such that δxj = δx. In particular, we will restrict our analysis, without
loss of generality, to spin networks such that

Êx(x)|⃗k, ν⃗⟩ = ℓ2P lkj |⃗k, ν⃗⟩ = sign(xj)(x2
j + x2

0)|⃗k, ν⃗⟩, (3.7)

where

xj = jδx if j ∈ [−S,−1], (3.8)
xj = (j − 1)δx if j ∈ [1, S], (3.9)

such that (δx/ℓP l) ∈ N. This construction follows from [17, 28].
The required classical metric components in the diagonal gauge for the above improved

dynamics conditions are given by

gθθ(x) = Ex(x), gxx(x) = (Eφ(x))2

|Ex(x)| = ([Ex(x)]′)2

4Ex(x)
1

1 − 2GM√
Ex(x)

− Λ
3E

x(x)
, (3.10)

where we have used equation (2.20) in the last expression. Following [17], we approximate
([Ex(x)]′)2 by (2

√
x2

j + ∆2/x2
0 +δx)2, which agrees with the exact expression up to corrections

of the order ∆2/x2
0, which will be negligible for macroscopic black holes, as we will see. With

these choices, the improved dynamics condition (3.6) evaluated at j = 1, reduces to

δx

2x0

(2∆/x0 + δx)√
2GM

x0
+ Λx2

0
3 − 1

=

√
∆
π
, (3.11)

where we have used the first improved dynamics condition (3.4) to substitute for ρj . Hence,
this is another condition which fixes the deformation parameter δx in our quantum theory.
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4 Physical states and observables

The quantum dynamics of the model is summarized in appendix A. On physical states, the
kinematical operators like (Êx) and (Êφ)2 are written as parameterized observables. This
implies they can be expressed in terms of both Dirac observables and functional parameters,
the latter possibly being also functions of Dirac observables. Concretely,

Êx(x) = Ôz(x), ̂[Ex(x)]′ =
Ôz(x)+1/S − Ôz(x)
x(z + 1/S) − x(z) , (4.1)

(Êφ(xj))2 = ([Êx(xj)]′)2/4

1 + sin2(ρ̂jKφ(xj))
ρ2

j
− 2GM̂√

|Êx(xj)|
− Λ

3 |Êx(xj)|
, (4.2)

where 2S is the total number of vertices. Besides, M̂ and Ôj are Dirac observables, the latter
with spectrum given by (ℓ2P lkj),1 while z(x) ∈ [−1, 1] and Kφ(x) are, from now on, functional
parameters, namely, prescribed functions that may also depend on Dirac observables. In
order for (Êφ)2 to be a well-defined self-adjoint operator, it must satisfy (Êφ(xj))2 > 0.
From the above expression, we see that there are two ways that (Êφ(xj))2 may fail to be
positive-definite — either when the cosmological constant is positive and the product Λ|Êx|
becomes too large, or when |Êx| is too small. We will see that this leads to an upper bound
for Λ and a lower bound for |Êx|, respectively, in order for (Êφ(xj))2 to be well-defined. To
understand this, we identify the source of the problem in different regimes.

Let us first focus on the asymptotic region where |Êx| is macroscopic and large, i.e.
|Êx| ≈ x2

j where j is so large that we may approximate it by a continuous label. In this
regime, the improved dynamics condition (3.4) implies that ρj is vanishingly small. For
choices of the gauge function Kφ(xj) such that sin2(ρjKφ(xj)) ≃ ρ2

jK
2
φ(xj) ≃ O(x−α

j ) with
α ≥ 0, the quantum expression (4.2) for (Êφ(xj))2 reduces to the classical expression (2.20),
as expected. However, when Λ is positive, the classical expression (2.20) for [Eφ(xj)]2 itself
may be ill-defined when Ex(x) exceeds a certain maximum value (say at Ex(x = xL), which
depends on Λ, M and the choice of gauge function h(x) provided it is chosen such that it
does not grow as x2). If xL is large enough, one may be inclined to think that we are far
from the strong quantum region at the center, and classical expressions should faithfully
approximate quantum dynamics in any valid gauge choice. Consequently, we may conclude
that we need not view the failure of [Eφ(xj)]2 to be positive-definite as a problem with the
quantization, or putting a limit on how large a positive Λ can be, as we are already at the
classical level where this can be easily addressed by making a different gauge choice for h(x)
where the slicing will be valid beyond xL, as shown for example in the next section with
Eddington-Finkelstein coordinates where this problem disappears. However, as we find out
in section VB that it turns out to be more than a mere failure of the choice of slicing. In
particular, we find that the curvature of spacetime in the asymptotic limit is of the order
of Λ. The curvature there may be arbitrarily large if Λ is allowed to be arbitrarily large.
In particular, we expect quantum effects to become relevant when the curvature is positive

1These Ôj are promoted to the parametrized observables Ôz(x) once we define j in terms of the parametrized
function of z(x) ∈ [−1, 1] by means of j(z) = Int(Sz).
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and approaches Planckian values. This can be seen as follows. In order for (Êφ)2 to be
well-defined, the denominator in equation (4.2) must be positive-definite. The best we can do
at the quantum level is to choose ρjKφ(xj) = π/2, implying that the two positive terms in the
denominator of (4.2) reach a global maximum given by 1 + 1/ρ2

j , independent of the choice
of gauge (but is manifest for the choice made few line above). This leads to the condition

1 +
4π(x2

j + x2
0)

∆ − 2GM√
x2

j + x2
0

− Λ
3 (x2

j + x2
0) > 0, ∀ xj ,M,Λ, (4.3)

where we have substituted for ρj from (3.4). In order to obtain nontrivial semiclassical
spacetimes, the choice of Λ must allow for an arbitrary number of vertices such that we can
take the limit ℓ2P lkj = x2

j + x2
0 → +∞. In the asymptotic limit xj → ∞, the above condition

leads to a mass-independent Planckian upper bound on the cosmological constant given by

Λ < Λmax = 12π
∆ . (4.4)

In other words, the cosmological constant must satisfy −∞ < Λ < Λmax. It is an interesting
question whether a quantization of the Schwarzschild-de Sitter spacetime consistent with
Λ greater than this threshold can be obtained. In the case of homogeneous de Sitter
cosmologies [18, 19], the spectrum of the Hamiltonian constraint operator was studied, and it
was not possible to find normalizable physical states for a positive Λ larger than a critical
(Planck order) value. Hence, the quantum theory provided a nontrivial bound ρΛ < ρc = 3/∆.
Here, we find a similar result but for spherically symmetric spacetimes. As we shall see in the
next section, the curvature invariants in the asymptotic limit are proportional to Λ. Thus,
this Planckian upper bound on Λ coming from the quantization serves to ensure that the
curvature cannot exceed a certain positive Planckian upper bound in the asymptotic limit.

Note that our quantization does not lead to an upper bound on the magnitude of Λ
when it is negative. In other words, for the Schwarzschild-anti-de Sitter spacetimes for which
the curvature in the asymptotic limit is again proportional to Λ and hence negative, our
quantization in principle allows to choose a negative Λ larger than Planckian values which
makes the negative curvature at conformal infinity larger than Planckian. This is of little
phenomenological interest as the observed values of Λ are insignificantly small. However,
conceptually, it seems an intriguing problem worth exploring. Note that unlike the de Sitter
cosmology, loop quantization of the homogeneous anti-de Sitter spacetime also does not lead
to any upper bound on the negative Λ [20]. These results seem to suggest that quantum
gravity does not limit the magnitude of a finite negative curvature (a repulsive gravitational
field), however large. Intuitively, a repulsive gravitational field does not lead to the kind
of runaway catastrophic phenomenon (such as gravitational collapse) that an attractive
field does if it is too large. Therefore, this may explain why no limit is obtained on how
large a negative Λ can be.

We must also look at the consequences of the condition (4.3) in the regime where
xj → 0. This is the quantum regime when the holonomies are nearly saturated and Êx = x2

0
(corresponding to the minimum area 2-spheres). This leads to the condition

1 +
(4π

∆ − Λ
3

)
x2

0 − 2GM
x0

> 0 ∀ M,Λ. (4.5)

– 9 –



J
C
A
P
0
4
(
2
0
2
5
)
0
8
7

Given M and −∞ < Λ < Λmax, this leads to a lower bound on x0, which can be found as
follows. We look at the roots of the following expression

σ = 1 +
(4π

∆ − Λ
3

)
x2

0 − 2GM
x0

, (4.6)

which are the same as the roots of the polynomial x0 − 2GM +Ax3
0 where A = (4π/∆ − Λ/3).

Since Λ < 12π/∆ as per the condition (4.4), A is positive definite and the discriminant of the
above cubic polynomial is negative definite, implying the existence of a single real root, which
provides a lower bound for x0 below which the expression σ is negative and the condition (4.6)
is violated. In the limit 2GM ≫ ℓP l and |Λ| ≪ 12π/∆, the lower bound on x0 is given by

xmin
0 ≈

( 2GM
4π/∆ − Λ/3

)1/3
. (4.7)

Thus the condition (4.3) has led us to the conclusion that we must only consider spin networks
which have support on eigenvalues of the operator Êx(x) greater than (xmin

0 )2. Moreover, in
the limit |Λ| ≪ 12π/∆, 2GM ≫ ℓP l, the second improved dynamics condition implies

δx ≈ 2ℓP lInt
[
xmin

0
ℓP l

]
, (4.8)

at leading order. Thus we see that the two improved dynamics conditions (3.4) and (3.11)
and the condition (4.3) help us to fix the three kinematical parameters x0, ρ0 and δx.

As shown in [17], the leading order term in the value obtained for xmin
0 , which is

(2GM∆/4π)1/3 is the same as that for the charged black hole analyzed in [17] as well as the
uncharged Schwarzschild black hole studied in [12, 13] in the improved dynamics scheme.
The corrections to the leading order term produced at the first order by the presence of a
positive cosmological constant are positive, i.e. xmin

0 is larger here, in contrast to the charged
black hole considered in [17], where the first order corrections due to presence of a tiny
amount of charge are negative, making xmin

0 smaller.2 On the other hand, if the cosmological
constant is negative, xmin

0 becomes smaller. If Λ < 0 and in the limit |Λ| ≫ 2GMℓ−3
P l ,

xmin
0 ≃ ℓP l since the quantum theory does not allow xmin

0 = 0, otherwise the parametrized
observable (Êφ)2 would be ill defined. Moreover, in the case of Λ < 0, the location of the
cosmological horizon decreases as Λ−1/3. Again, in the limit |Λ| ≫ 2GMℓ−3

P l , its value can
be as small as ℓP l, but not smaller, for similar reasons already explained. We will discuss
this in more detail in next section.

5 Effective geometry

In this section, we obtain the effective metric from the above quantization in the improved
dynamics, which will help us study its physical aspects. The effective metric is also crucial
in analyzing various phenomenological properties of the quantized spacetime. In order to
compare with previous quantizations of the Schwarzschild black hole [12, 13] and the charged

2For a solar mass black hole, xmin
0 ≃ 10−23m ≃ 1012ℓP l at the leading order. For supermassive black holes

with masses about a billion times that of the sun xmin
0 ≃ 10−20m. Thus xmin

0 would be microscopic even for
the largest known black holes.
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black hole [17] using improved dynamics, we adopt the same slicing in this section, which leads
to Eddington-Finkelstein coordinates. As we will see, this will also alleviate the difficulties in
analyzing the asymptotic region in the presence of the cosmological constant as commented
in the previous section. The Eddington-Finkelstein horizon penetrating coordinates amount
to the following gauge fixing [12, 13]

sin2(ρ̂jKφ(xj))
ρ2

j

=

(
2GM̂√
|Êx(xj)|

+ Λ
3 |Êx(xj)|

)2

1 + 2GM̂√
|Êx(xj)|

+ Λ
3 |Êx(xj)|

. (5.1)

Equations (2.22) and (2.23) immediately let us obtain the operator expressions for lapse and
shift in this case. Using equation (2.20), we find that

(Êφ(xj))2 = ([Êx(xj)]′)2

4

1 + 2GM̂√
|Êx(xj)|

+ Λ
3 |Êx(xj)|

 , (5.2)

which is positive definite in the Eddington-Finkelstein coordinates. Treating the metric
components given in (2.6) as parameterized observables, their operators are given by

ĝxx(xj) = (Êφ(xj))2

|Êx(xj)|
= ([Êx(xj)]′)2

4|Êx(xj)|

1 + 2GM̂√
|Êx(xj)|

+ Λ
3 |Êx(xj)|

 , (5.3)

ĝtx(xj) = ĝxt(xj) = Nx = gxxN
x = − [Êx(xj)]′

2
√

|Êx(xj)|

 2GM̂√
|Êx(xj)|

+ Λ
3 |Êx(xj)|

 , (5.4)

ĝtt(xj) = −(N2 −NxN
x) = −

1 − 2GM̂√
|Êx(xj)|

− Λ
3 |Êx(xj)|

 , (5.5)

ĝθθ(xj) = |Êx(xj)|, ĝφφ(xj) = |Êx(xj)| sin2 θ. (5.6)

To obtain the effective metric, we follow the strategy of [12]. We restrict to a single spin
network and consider a family of states sharply peaked at large values M and choosing
−∞ < Λ < Λmax. The details of the construction are analogous to those of [12]. An effective
spacetime can then be defined as the one obtained by computing the expectation values
of the metric operators on these sharply peaked states, i.e. gµν = ⟨ĝµν⟩. While we have
already neglected the effects emerging from superpositions of several spin network states,
this effective metric still inherits several quantum corrections from the underlying quantum
theory, namely, (i) the lower bound (4.7) on the value of Êx(x), (ii) corrections due to
polymerization of the curvature components, (iii) the inherent discreteness in derivatives
such as [Êx(xj)]′ and the derivatives of the metric needed to compute curvature components,
and (iv) superpositions in M̂ . However, here we focus only on the most prominent effects
which are due to (i), (ii) and (iii). We ignore the subleading contributions due to the spread
∆M in mass. These effects are discussed in [12]. And for simplicity, we ignore the effects
of discreteness of the spectrum of Êx(x) and the discreteness of all the derivative terms,
emerging from the fact that we have a finite number of vertices. We assume we are working
at a certain coarse-grained level where we can replace xj with a continuous variable x. The
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justification for this simplification is also provided in [12], where numerical values of the
discrete and coarse-grained expressions of the second derivatives of the metric are compared to
show the error incurred in coarse-graining is at most 10% in the most quantum region, which
quickly becomes negligible as we move to low curvature regions. Under these assumptions,
the effective metric can be written as gµν = (0)gµν + . . ., where (0)gµν contains only the
corrections due to effects (i), (ii) and (iii) and is given by

(0)ds2 : =(0) gµνdx
µdxν

= −f(x)dt2 − 2(1 − f(x))

(√
x2 + ∆2/(xmin

0 )2 + xmin
0

)
√
x2 + (xmin

0 )2
dtdx

+ (2 − f(x))

(√
x2 + ∆2/(xmin

0 )2 + xmin
0

)2

x2 + (xmin
0 )2 dx2 +

(
x2 + (xmin

0 )2
)
dΩ2, (5.7)

where
f(x) = 1 − 2GM√

x2 + (xmin
0 )2

− Λ
3
(
x2 + (xmin

0 )2
)
, (5.8)

where we have used (4.8) to replace δx.

5.1 Causal structure of the effective spacetime

As we investigate the causal structure, we find that there are four distinct spacetimes
depending on the value of the cosmological constant. We describe the causal structure of
the effective spacetime for all four possibilities.

Firstly, to locate if there are any horizons, we consider the Killing vector field tµ that in
the case Λ = 0 agrees with static observers with respect to the black hole and is time-like at
spatial infinity. Its norm is given by tµtµ = −f(x), indicating that the roots of the equation
f(x) = 0 correspond to surfaces x = const on which the Killing vector field becomes null.
Thus, the location of horizons is given by

1 − 2GM√
x2 + (xmin

0 )2
− Λ

3
(
x2 + (xmin

0 )2
)

= 0. (5.9)

To solve the above equation, we make the substitution

r2 = x2 + (xmin
0 )2, x > 0, r > 0. (5.10)

Here we consider only the positive square root of x2 + (xmin
0 )2, i.e. r > 0, as the other choice

does not yield a Schwarzchild spacetime. With this substitution, the above condition reduces
to the corresponding condition for the classical Schwarzschild-de Sitter spacetime given by

1 − 2GM
r

− Λ
3 r

2 = 0, (5.11)

whose roots are well known. The nature of the roots of the equation (5.11) depends on the
value of Λ. We now describe all the possibilities one by one.
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Figure 1. Penrose diagram for Λ < 1/9G2M2. Here, xH amounts to the location of the black/white
hole horizons and xC to the location of the cosmological horizons. Horizontal dotted lines correspond
to the transition surfaces.

5.1.1 Schwarzschild-de Sitter spacetime with 0 < 9G2M2Λ < 1

When 0 < Λ < 1/9G2M2 (small spacetime masses), eq. (5.11) has three real roots, two of
which are positive (and physical since we choose r > 0) given by

r± = − 2√
Λ

cos
(1

3 cos−1
(
3GM

√
Λ
)

± 2π
3

)
. (5.12)

Here r+ > r− > 0. Classically, there is a cosmological horizon at r+ and a black hole
horizon at r−. Using these and equation (5.10), we can easily obtain the horizons for the
effective geometry as follows

x± =
√
r2

± − (xmin
0 )2. (5.13)

These two positive roots
√
r2

± − (xmin
0 )2 correspond to the cosmological and black hole horizons

just as in the classical Schwarzschild-de Sitter spacetime. Note that the effective geometry
is regular at x = 0 and the spacetime can be extended to negative values of x. Thus we
also have the roots corresponding to negative values of x. If we define r̃2 = x2 + (xmin

0 )2

for x < 0 and with r̃ > 0, and inserting it in eq. (5.11), we obtain three real roots, two
of them being positive (and physical), given by x̃± = −

√
r2

± − (xmin
0 )2. They correspond

to the white hole horizon after the anti-trapped region in the effective spacetime (x̃−) and
the corresponding cosmological horizon (x̃+).

In figure 1, we show the Penrose diagram for this configuration with 0 < Λ < 1/9G2M2.
The main difference with the classical spacetime is that the singularity at x = 0 is replaced
by a transition surface connecting a trapped region (black hole interior) with an antitrapped

– 13 –



J
C
A
P
0
4
(
2
0
2
5
)
0
8
7

i0
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I +
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x = 0

Figure 2. Penrose diagram for Λ > 1/9G2M2.

region (white hole interior). Therefore, an observer falling into a black hole region will
eventually pop up into another universe (after crossing the corresponding white hole horizon),
and can either remain in the exterior region, fall into the corresponding black hole, or cross
the cosmological horizon and reach the asymptotic infinity which now is a space-like surface.

5.1.2 Schwarzschild-de Sitter spacetime with 9G2M2Λ > 1

In the case of ultramassive spacetimes [21, 22], namely, when Λ > 1/9G2M2, the Killing
vector field tµ is always space-like, while ∂x is always time-like and past directed. Hence,
these spacetimes are homogeneous but anisotropic. In other words, the whole spacetime
is free of horizons. It is conformed by a trapped region for x > 0 and an anti-trapped
region for x < 0. Since the radial and time coordinates become time-like and space-like,
respectively, let us refer to the corresponding coordinates as (T ,X ). The line element, in
the diagonal gauge, takes the form:

(0)ds2 := − 1
f(T )

(√
T 2 + ∆2/T 2

0 + T0

)2

T 2 + T 2
0

dT 2 + f(T )dX 2 +
(
T 2 + T 2

0

)
dΩ2, (5.14)

with

f(T ) = Λ
3
(
T 2 + T 2

0

)
+ 2GM√

T 2
0 + T 2

0

− 1. (5.15)

In figure 2, we show the corresponding Penrose diagram. The region T > 0 (i.e. x > 0)
corresponds to a trapped (collapsing) spacetime that reaches a Planckian curvature at T = 0
(i.e. x = 0) and eventually transitions into an antitrapped (expanding) region T < 0 (i.e.
x < 0). Hence, this scenario can be understood as a bouncing (anisotropic) cosmological model.
We must keep in mind that the cosmological constant must still be bounded by eq. (4.4).
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Figure 3. Penrose diagram for the extremal case Λ = 1/9G2M2. In this plot, xH amounts to the
location of the black/white hole horizons and/or the cosmological horizons, since they both agree.
Horizontal dotted lines correspond again to the transition surfaces.

5.1.3 Schwarzschild-de Sitter spacetime with 9G2M2Λ = 1

Let us now discuss the particular case Λ = 1/9G2M2. Here, the two horizons given by (5.11)
coincide when Λ = 1/9G2M2 and the spacetime only has one horizon. The Killing vector
field tµ is null at the horizon and space-like everywhere. The causal structure in this case is
depicted in the Penrose diagram in figure 3. In this case observers emanate from the spatial
infinity and cross the black hole horizon, entering a trapped region. Since the singularity at
x = 0 is resolved, the observers cross it entering an anti-trapped region and eventually come
out of the white hole horizon, finally approaching the corresponding spatial infinity again.

5.1.4 Schwarzschild-anti-de Sitter spacetime with Λ < 0

Finally, when Λ < 0, the equation (5.11) has a single positive root given by

rh =
(3GM

Λ

)1/3 [
(C + 1)1/3 − (C − 1)1/3

]
, where C =

√
1 − 1

9G2M2Λ . (5.16)

This single root rh corresponds to the black/white hole horizon. There is no cosmological
horizon in this case. The causal structure in this case is depicted in figure 4. The spacetime
is asymptotically anti-de Sitter and the conformal infinity x = ∞ is time-like. It is interesting
to note that, in the classical theory, where xmin

0 = 0, one can have rh → 0 if Λ → −∞.
However, in the quantum theory, xmin

0 (and consequently rh) cannot be less than the Planck
length ℓP l. Thus, for a negative Λ in the limit |Λ| ≫ 2GMℓ−3

P l , we have xmin
0 = ℓP l = rh, as

this is the lowest value allowed for xmin
0 and rh. While there is singularity resolution due

to this lower bound on xmin
0 , the curvature invariants can reach values larger than Planck

scale in this limit. We discuss this in more detail below.

5.2 Curvature of the effective spacetime

We now use the effective metric (5.7) to analyze the properties of the curvature invariants
of the effective spacetime such as the Ricci scalar R = Rµνg

µν , the Kretschmann scalar
K = RµνρλR

µνρλ and the Ricci tensor squared RµνR
µν . In the most quantum region around
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Figure 4. Penrose diagram for Λ < 0. In this plot, xH amounts to the location of the black/white
hole horizons. There are no cosmological horizons. Horizontal dotted lines correspond again to the
transition surfaces.

x = 0 and in the limit 2GM ≫ ℓP l we obtain:

R = 12π
∆ + Λ + O

[
M−2/3

]
,

R2 = (12π + ∆Λ)2

∆2 + O
[
M−2/3

]
,

RµνR
µν = 72π2

∆2 + 4πΛ
∆ + Λ2

2 + O
[
M−2/3

]
,

K = 144π2

∆2 − 8πΛ
∆ + Λ2 + O

[
M−2/3

]
. (5.17)

These expressions are valid for all four spacetimes considered in the previous subsection as
long as the approximation 2GM ≫ ℓP l holds. We note that for macroscopic black holes, the
curvature invariants attain a mass-independent limiting value fully determined by the area
gap ∆ and the cosmological constant Λ, at the transition surface of the quantum bounce
at x = 0 which replaces the singularity. Let us recall that the cosmological constant has
an upper positive bound given in eq. (4.3) which is of Planck order. Hence, in this case,
the curvature invariants at the bounce will never reach super Planckian values. This is not
necessarily the case if the cosmological constant is negative. As we see, Ricci scalar can reach
unbounded (yet finite) negative values when (−Λ) ≫ 12π/∆, while the other scalars above
will be positively unbounded (note that they are sums of squares by definition and hence
positive even for the case of a large negative cosmological constant).

We now evaluate the curvature invariants in the asymptotic limit, where the classical
regime is approached. As expected, their asymptotic expressions in the limit x → ∞ are
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given by

R = 4Λ − 6(xmin
0 )Λ
x

+ O
[ 1
x2

]
,

R2 = 16Λ2 − 48(xmin
0 )Λ2

x
+ O

[ 1
x2

]
,

RµνR
µν = 4Λ2 − 12(xmin

0 )Λ2

x
+ O

[ 1
x2

]
,

K = 8Λ2

3 − 8(xmin
0 )Λ2

x
+ O

[ 1
x2

]
. (5.18)

These asymptotic expressions are valid for all four possible spacetimes considered in
the previous subsection based on the value of Λ. In particular, we note that the scalar
curvature in the asymptotic limit is dominated by Λ. However, in contrast to the case with
Λ = 0 where curvature invariants decay at most as x−6 (even if we include charge [17]) due
to quantum corrections, here with Λ ̸= 0, quantum corrections decay only as x−1. Hence,
we can conclude that a cosmological constant has the unexpected and surprising result of
strongly enhancing quantum corrections in the asymptotic region. Note that in the limit
Λ → 0, the curvature invariants here reduce to the corresponding expressions in the Λ = 0
case [12], and decay at most as x−6.

Now, in case of ultramassive spacetimes with Λ > 1/9G2M2 (large cosmological constant),
the Planckian bound Λmax determined by equation (4.3) helps in ensuring that the positive
curvature is upper bounded (both at the bounce and) in the asymptotic limit. Thus, in the
case of ultramassive spacetimes, quantum effects may also appear in the asymptotic region if
Λ ∼ Λmax. For the case of anti-de Sitter spacetime with a central black hole, we have Λ < 0.
The curvature in this case is negative and as discussed in the previous section, quantum
gravity does not put any bounds on the negative curvature in this case. We are allowed to
choose an arbitrarily large (and finite) negative value of the cosmological constant. Still,
it must be noted that the curvature remains finite everywhere and the entire spacetime is
regular as shown in the Penrose diagram in the figure 4. However, at the transition surface,
the curvature invariants will not be bounded by Planck scale. Instead, their value will be
dominated by the negative cosmological constant. This is in contrast with the classical
spacetime. There, as one approaches the singularity at x = 0, curvature blows up and
overcomes any contribution from Λ, no matter how large it is. For illustrative purposes,
we show the behaviour of the curvature invariants for a small and positive Λ in figure 5.
Since the effective metric is a symmetric function of x, the behavior of curvature invariants
is also symmetric across the transition surface x = 0.

5.3 Effective stress-energy tensor

It is also enlightening to define an effective stress-energy tensor that captures the effects
of quantum corrections. From this point of view, we consider the effective spacetime to be
a classical metric governed by Einstein’s equations with a cosmological constant Λ. The
effective stress-energy tensor that captures quantum corrections can be easily calculated
from the effective metric as

Tµν = 1
8πG

(
Gµν + Λ(0)gµν

)
, (5.19)
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Figure 5. The behaviour of curvature invariants at the transition surface for M = 1010 and Λ = 10−2.

where Gµν is the Einstein tensor. From Tµν , we can readily extract the effective energy
density ρ and the effective radial and tangential pressure densities px and pθ respectively.
In the region exterior to the black/white hole horizon, where the effective geometry has a
time-like Killing vector (say tµ), they are given by

ρ := Tµνt
µtν

(−tρtρ) , (5.20)

px := Tµνr
µrν

rρrρ
, (5.21)

pθ := Tµνθ
µθν

θρθρ
, (5.22)

where rµ is a vector field pointing in the radial direction and θµ is a vector field pointing
in the angular direction. In the region bounded by black/white hole horizons, tµ becomes
space-like while rµ becomes time-like, i.e. their roles get reversed. Since the null energy
condition (NEC) takes a simple form in the diagonal gauge, we first change to a diagonal
gauge by introducing the transformation dt̃ = dt+ ((0)gtx/

(0)gtt)dx in the metric (5.7), and
choose to evaluate the stress-energy tensor in the diagonal gauge. In the most quantum
region at x = 0, in the limit 2GM ≫ ℓP l, they attain a mass-independent limiting value
determined by the area gap as follows:

ρ = − Λ
8πG + O

[
M−2/3

]
,

px = − 1
G∆ + Λ

8πG + O
[
M−2/3

]
,

pθ = − 1
4G∆ + Λ

16πG + O
[
M−2/3

]
. (5.23)
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Figure 6. The behaviour of the effective energy density, radial pressure and tangential pressure at
the transition surface for M = 1010 and Λ = 10−2. The scale on the y-axis is linear in the range
(−10−4, 10−4) and logarithmic in the rest.

On the other hand, their asymptotic behavior at spatial infinity is given by

ρ = −(xmin
0 )Λ

6πGx + O
[ 1
x2

]
,

px = (xmin
0 )Λ

4πGx + O
[ 1
x2

]
,

pθ = (xmin
0 )Λ

6πGx + O
[ 1
x2

]
, (5.24)

showing that quantum corrections to the classical spacetime show a weak fall off compared
to the vanishing cosmological constant, which is x−3 at most. As we already mentioned, the
cosmological constant enhances quantum corrections away from the black hole. We show
the behaviour of the energy density and pressure in figure 6. As discussed in the previous
subsection, the behavior of energy density and pressures is symmetric across the transition
surface x = 0, due to the symmetric nature of the effective metric.

Finally, note that in this subsection we are viewing the dynamics to be classical while
the quantum corrections manifest as an effective stress-energy tensor. Therefore, for the
singularity to be resolved, the null energy condition (NEC) must be violated as per the
singularity theorems of Penrose & Hawking. In spherically symmetric spacetimes in the
diagonal gauge, the NEC amounts to ρ+px ≥ 0 and ρ+pθ ≥ 0 [29]. In our effective spacetime,
we get at the transition surface and in the limit 2GM ≫ ℓP l

ρ(x = 0) + px(x = 0) = − 1
G∆ + O

[
M−2/3

]
,

ρ(x = 0) + pθ(x = 0) = − 1
4G∆ − Λ

16πG + O
[
M−2/3

]
.

(5.25)
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Hence, the NEC is violated at the transition surface, indicating an avoidance of the
singularity in accordance with the singularity theorems. We note that similar plots for NEC
violation are obtained near the transition surface for all four distinct spacetimes considered
above regardless of the value of Λ. As per the viewpoint of this subsection, the dynamics
of the effective geometry is classical and singularity is resolved due to the violation of the
NEC by the effective stress-energy tensor. Alternatively, from the point of view of loop
quantum gravity, while the spacetime is vacuum, the quantum corrections are introduced
in the geometry itself, which leads to the resolution of the singularity.

Finally, in the asymptotic limit, we get

lim
x→∞

ρ(x)+px(x) = +(xmin
0 )Λ

12πGx +O
[ 1
x2

]
, ρ(x = 0)+pθ(x = 0) = + (xmin

0 )
8πGx3 +O

[ 1
x4

]
. (5.26)

Hence, quantum corrections, despite being non negligible in the asymptotic limit, do not
violate the null energy condition, neither the strong energy condition, although they violate
the weak and dominant energy conditions since ρ(x) is negative in the asymptotic region.

5.4 Comparison with other models

We also want to take the opportunity to draw a comparison of our results with those already
reported in the literature about black holes with cosmological constant in LQG. For instance,
ref. [30] discusses effective geometries of charged black holes with a cosmological constant
motivated by a covariant holonomization of the Hamiltonian theory. Their findings agree
qualitatively with ours in the sense that these geometries are singularity free, and depending
on the relative values of mass, charge and cosmological constant, the global structure of the
spacetimes can be at least divided in a similar way: Schwarzschild-de Sitter, extremal and
ultramassive spacetimes. Nevertheless, the parameter that controls quantum corrections
is left free, and hence curvature scalars in the most quantum region are not expected to
reach universal (mass and charge independent) upper bounds. Ref. [31] is another work
published independently around the same time we submitted ours. It adopts a similar
improved dynamics scheme. Their effective geometries share some properties with the ones
in our manuscript, but there are some important differences. Concretely, the choice of
polymerization of shift function adopted in ref. [31] is different from ours (see eq. (40) in
their paper). This polymerization is of the type sin(ρKφ) cos(ρKφ) while ours is just of
the type sin(ρKφ). Our choice is motivated by the polymerization suggested in ref. [13],
where it was realized that a choice for the shift like the one in ref. [31], already considered in
ref. [12], turned out to be problematic from the perspective of the covariance of the effective
description (see Footnote 1 in ref. [12]). Other than that, curvature scalars reach similar
universal upper bounds in several curvature scalars, however, their asymptotic behavior is
quite different, resulting in a faster decay of quantum corrections.

Finally, we want to mention some recent results about the improved dynamics schemes
in effective descriptions of Kantowski-Sachs scenarios, which in the classical theory are
diffeomorphic to the black/white hole interior. Concretely, we refer to refs. [32, 33]. They
study the improved dynamics scheme proposed by Böhmer-Vandersloot [34]. Here, the
polymer parameters are fixed with two (local) improved dynamics conditions in a diagonal
gauge (with a coordinate singularity at the horizon). The conclusions of refs. [32, 33] are
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that there are no horizons in the effective spacetime of the Böhmer-Vandersloot quantization,
being replaced by an infinite tower of transition surfaces. This is in contrast to our results
as our quantization does not suffer from this problem. We think that the origin of these
discrepancies lies in the Böhmer-Vandersloot quantization which considers (local) improved
dynamics conditions on a diagonal gauge. The Böhmer-Vandersloot quantization works
well for the Kantowski-Sachs cosmology [35], however, when the vacuum Kantowski-Sachs
spacetime is viewed as the interior of a Schwarzschild black hole, there is a coordinate
singularity at the horizon in the diagonal gauge where one of the triad variables vanishes.
If the improved dynamics conditions are applied locally in the diagonal gauge, they resolve
the coordinate singularity at the horizon as if it were a real singularity, as noted earlier
in [36] and shown explicitly in [32, 33]. This happens because the triad operators in the
loop representation have a discrete spectrum with no vanishing eigenvalues.3 Hence, the
local application of the improved dynamics conditions in the diagonal gauge is unsuitable in
this sense in the context of the Schwarzschild black hole interior. However, it is still unclear
how this issue can be satisfactorily solved. Nevertheless, since there is no universal rule for
the improved dynamics schemes, it is still possible to explore new proposals aligned with
the underlying quantum theory and still providing physically sensible results. For instance,
refs. [39, 40] propose a nonlocal improved dynamics scheme for these geometries where several
curvature scalars show mass-independent upper bounds in the most quantum region and
without any issue at the horizons, being possible to extend the effective description to the
exterior region. Recently, this improved dynamics scheme including a cosmological constant
has been studied in ref. [41]. They restrict their study to the interior of the black holes
(where curvature is largest) and focus their analysis on the transition from black to white
hole geometries (trapped and anti-trapped regions) and their symmetric behavior. However,
ref. [42] states that these nonlocal improved dynamics schemes might trigger large quantum
corrections at small spacetime curvatures. Concretely, the effective description disagrees with
the classical one there, and a new black hole horizon is formed. All these models based their
conclusions on a well motivated but still postulated effective description.

In our proposal, however, we do have a full quantum theory (of a symmetry reduced
model) that allows us to derive effective geometries. They are free from those surprising
results about having large quantum corrections in regions where they are not expected.
It is also true that we are adopting an improved dynamics scheme where δx is obtained
by evaluating the improved dynamics condition in the vertex where we expect quantum
corrections to be largest (this type of improved dynamics condition aligns with the one in
refs. [39, 40]). Namely, this is not a local improved dynamics condition, as the one studied
in refs. [32, 33], where one would allow δx to take local values on each vertex. Nevertheless,
we are presently studying a fully local improved dynamics scheme, and our preliminary
results show no issues at the horizon, since δx is actually bounded below by ℓ2P l/(2x), hence
geometrical quantities divided by δx will never blow up there. We expect to summarize
our definitive results in a future work.

3In the physical sector there is superselection on lattices. These lattices typically depend on the choice of
the quantum Hamiltonian constraint, that usually excludes from the physical sector the zero eigenvalues of
the triads. See e.g. refs. [37, 38].
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6 Conclusions

In this manuscript, we have extended the spherically symmetric midisuperspace framework
of loop quantum gravity using improved dynamics scheme to spherically symmetric black
holes with a non-vanishing cosmological constant Λ, where Λ is allowed to range over
both positive and negative values. This provides an interesting study of loop quantized
black holes in spacetimes that are not asymptotically flat. Our quantization leads to a
consistency condition which puts a Planckian upper bound on the possible values of a positive
Λ which confirms the intuition gained form the analysis of homogeneous spacetimes with
a positive Λ where a similar bound was obtained. Using semiclassical physical states, we
obtained the effective metric which incorporates the leading contributions from quantum
corrections. The effective metric is found to be manifestly regular, the singularity having
been replaced by a transition surface, beyond which the spacetime can be extended. We
show the causal structure of the spacetimes in four distinct cases depending on the value
of Λ, including the case where the spacetime is asymptotically anti-de Sitter. Concretely,
we start with the most physically relevant scenario where the cosmological constant is
positive and small, and the mass of the black/white hole is very large compared with
Planck scale but sufficiently small compared with the scale provided by the cosmological
constant. Here, we find spacetimes containing untrapped regions enclosed by black/white
hole and cosmological horizons, with the interior of the black/white hole being regular.
The second case analyzed here corresponds to ultramassive spacetimes, where the mass
of the black/white hole exceeds the scale provided by the cosmological constant. These
spacetimes show no untrapped or null regions, i.e. there are no horizons, and belong to
the class of anisotropic cosmological spacetimes. The third case accounts for a sufficiently
large value of the mass such that the black/white horizon meets the cosmological horizon.
Here, the untrapped regions collapse to null surfaces. The final case analyzed in the paper
corresponds to negative cosmological constant. Here, there is only one horizon associated
with the black/white hole, with a regular interior free of singularities. Besides, the quantum
theory does not bound the possible values of the negative cosmological constant. All the
effective spacetimes we have studied possess various desirable features — (i) quantum effects
modify the spacetime only in regions of high curvature inside the black hole horizon, (ii) the
Planckian upper bound on Λ > 0 ensures that the curvature in asymptotic region does not
exceed Planckian values, (iii) for macroscopic black holes, the curvature invariants approach
a mass-independent upper bound at the transition surface which replaces the singularity,
(iv) the spacetime is regular at the transition surface which connects the trapped region
inside the black hole horizon to an anti-trapped region on the other side, and (v) analysis
of effective stress-energy tensor shows violation of null energy condition in the vicinity of
the transition surface.

As a final comment, we want to emphasize a remarkable property we have found while
studying the asymptotic limit of the effective geometries of this model. For very large radii,
quantum corrections do not decay as rapidly as in the case with a vanishing cosmological
constant. This behavior could have profound implications since these corrections, despite
being suppressed by Planck scale near the black hole horizon, could be non-negligible at large
distances. A complete picture of the properties of these spacetimes will be obtained by a
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detailed study of the phenomenological aspects in the future, including the case of regular black
holes with negative cosmological constant from the perspective of the AdS/CFT conjecture.
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A Quantization: dynamics

The Abelianization of the Hamiltonian constraint allows us to complete the Dirac quantization
in our study. The steps we follow to find the solutions to the Hamiltonian constraint closely
follow those of [17]. We will now promote the Hamiltonian constraint to a quantum operator
acting on the kinematical Hilbert space described in section 3. Starting from the following
expression for the Hamiltonian constraint:

H(N) =
∫
dxN

2Eφ

√√
|Ex|(1 +K2

φ) − 2GM − Ex
√

|Ex|Λ3 − (Ex)′(|Ex|)1/4

 , (A.1)

we first absorb a factor of |Ex|1/4 in the definition of the lapse so we are left with the
simpler expression

H(N) =
∫
dxN

(
2Eφ

√
(1 +K2

φ) − 2GM√
|Ex|

− |Ex|Λ3 − (Ex)′
)
. (A.2)

We now promote this quantity to a quantum operator by choosing an appropriate ordering:

Ĥ(N) =
∫
dxN

2


√√√√√
1 +

̂sin2(ρjKφ(xj))
ρ2

j

− 2GM̂√
Êx

− Êx
Λ
3

 Êφ −
(
Êx
)′

 , (A.3)

where we have performed the following substitution

Kφ →
sin
(
ρjKφ(xj)

)
ρj

(A.4)

in order to have a well defined operator on the kinematical Hilbert space. We should in
principle look for states |ψ⟩ which are linear combinations of the spin network states

∣∣∣⃗k, µ⃗,M〉
and are annihilated by the Hamiltonian constraint, that is, Ĥ(N) |ψ⟩ = 0. We begin by
noting that this operator acts only on the vertices of the spin network which can be easily seen
from the action of the operator Êφ given in (3.2) and from the fact that the action of

(
Êx
)′

on a spin network state
∣∣∣⃗k, µ⃗,M〉

is proportional to the difference of the eigenvalues ℓ2Pkj

corresponding to two different points along the edge, therefore having a non zero contribution
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only at the vertices of the graph. With this in mind, we can write the Hamiltonian as a
sum of operators acting on each vertex of the spin network.

Ĥ(N) =
∑
vj

Ĥ(vj) (A.5)

We will now perform a change of representation first. Instead of using the holonomy
representation for Kφ, it is more convenient to use the connection representation; the reason
for this is that in the holonomy representation, the operator sin

(
ρjKφ(xj)

)
introduces a

shift in the eigenvalues µ, resulting in a finite difference equation that is not possible to
solve in closed form. Instead, if we adopt the connection representation for Kφ, the operator
sin
(

̂ρjKφ(xj)
)

acts multiplicatively, while the action of Êφ is simply −iℓP∂/∂Kφ. We are
now ready to find the solutions to the Hamiltonian constraint, that is, states of the form

|Ψ⟩ =
∫

dM
∏
vj

∫ π/ρ̄j

0
dKφ(vj) ×

∑
k⃗

ψ(M, k⃗, K⃗φ)
∣∣∣M, k⃗, K⃗φ

〉
, (A.6)

which are annihilated by (A.5). Given that the Hamiltonian can be written as a sum of
operators which act on different vertices, we may write

ψ(M,Q, k⃗, K⃗φ) =
∏
j

ψj(M,kj , kj−1,Kφ(vj)). (A.7)

Considering now a state of the form (A.6), with the coefficients ψ(M, k⃗, K⃗φ) given by (A.7),
and recalling the action of Êx given by (3.1), acting with the Hamiltonian constraint on
such a state yields

4iℓ2P

√
1 +m2

j sin2(yj)
mj

∂yjψj + ℓ2P (kj − kj−1)ψj = 0, (A.8)

where we have defined

yj = ρ̄jKφ(vj),

m2
j = ρ̄j

1 − 2GM√
ℓ2Pkj

− ℓ2Pkj
Λ
3

 .
Equation (A.8) can be readily solved for ψj :

ψj(M,kj , kj−1,Kφ(vj)) = exp
{(

i

4mj(kj − kj−1)F (ρ̄jKφ(vj), imj)
)}

(A.9)

where F is a two variable function defined by

F (A,B) =
∫ A

0

dt√
1 +B2 sin2(t)

(A.10)

Physical states will then be given by

|χ⟩phys =
∫

dM |M⟩
⊗

j

∑
kj

χ(kj)ψj(M,kj ,Kφ,j) |kj⟩

 . (A.11)
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Where the χ(kj) are arbitrary functions of norm one on the kinematical Hilbert space. It
can be verified that regardless of whether the mj are real or imaginary, the ψj are either
pure phases or bounded numbers [11], so that the solutions of the Hamiltonian constraint
are well defined everywhere. Diffeomorphism invariance can be achieved by applying the
usual group averaging procedure.

Then, a complete set of observables is given by the mass M̂ and the sequence of eigenvalues
kj . The later are typically written in a compact form as Ôz with eigenvalues ℓ2PlkInt(Sz),
with z being a parameter z ∈ [−1, 1] such that the label j of any edge/vertex is given by
j(z) = Int(Sz), with S the total number of vertices in the spin network. Despite z being a
continuous variable, its relation with j makes the collection of observables Ôz being finite,
in agreement with kj .

Therefore, in the kinematical Hilbert space there is a basis of states given by

⟨k⃗,M |⃗k′,M ′⟩ = δ
k⃗k⃗′δ(M −M ′). (A.12)
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