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CrossMark
Abstract

In this work, we prove that any element in the tensor product of separable
infinite-dimensional Hilbert spaces can be expressed as a matrix product state
(MPS) of possibly infinite bond dimension. The proof is based on the sin-
gular value decomposition of compact operators and the connection between
tensor products and Hilbert—Schmidt operators via the Schmidt decomposition
in infinite-dimensional separable Hilbert spaces. The construction of infinite-
dimensional MPS (idMPS) is analogous to the well-known finite-dimensional
construction in terms of singular value decompositions of matrices. The
infinite matrices in idMPS give rise to operators acting on (possibly infinite-
dimensional) auxiliary Hilbert spaces. As an example we explicitly construct
an MPS representation for certain eigenstates of a chain of three coupled
harmonic oscillators.

Keywords: matrix product states, tensor networks, infinite bond dimension,
mps

1. Introduction

In the last couple of decades, tensor networks have played a central role in the study of many-
body quantum systems by providing efficient parametrizations of state vectors in a tensor

product space

by expressing higher rank tensors as ‘networks’ of tensors of lower rank (for

reviews see. e.g. [1-3] and [4] or alternatively [5] for a more mathematical presentation).
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Matrix product states (MPS) are simple, but nontrivial tensor networks, and they are applic-
able in the study of realistic one-dimensional quantum systems. In particular, they are cent-
ral in the celebrated density matrix renormalization group algorithm [1] and they have been
especially useful in studies of ground states of one-dimensional gapped Hamiltonians, which
satisfy an area law for entanglement entropy [6—8]. Furthermore, MPS have also allowed for
generalizations such as the so-called continuous MPS, which arises as the continuous limit of
MPS and is used in the study of one-dimensional quantum field theories [9—11]. Additionally,
MPS have found several applications beyond these [12, 13]. In the numerical and mathemat-
ical communities, MPS are known as tensor trains (TTs) [14]. Furthermore, MPS/TT can be
understood as a special case of the hierarchical Tucker (HT) form of a tensor [5, section 12.2].

An MPS is a representation of a vector in a tensor product space where the expansion coef-
ficients with respect to a basis are given as a certain product of matrices. Depending on the
chosen boundary conditions, either the dimensions of the matrices are such that their product
results in a scalar, or we take the trace of their product. The maximum dimension of the asso-
ciated matrices is referred to as the bond dimension of the MPS.

It is a well known result that an arbitrary vector in an N-fold tensor product of finite-
dimensional Hilbert spaces can be written as an MPS, and the decomposition can be obtained
iteratively by repeated singular value or Schmidt decompositions (SDs) [1, 15]. In this paper
we perform a straightforward generalization of this procedure for a vector in an infinite-
dimensional separable Hilbert space. We will use a method that is analogous to the finite-
dimensional construction and allows us to obtain an exact MPS representation of possibly
infinite bond dimension.

Related to tensor networks with infinite bond dimension, a recent study explored tensor
renormalization group maps in the context of infinite-dimensional Hilbert spaces [16].
Additionally, MPS-based methods have been previously used in the study of systems with
a finite number of constituents, but each with continuous degrees of freedom, using finite-
dimensional MPS as approximations for these systems [17]. The result in this paper proves that
these approximations converge to the original state vector in the norm of the tensor product
Hilbert space. It should be noted that this discrete approximation has to be performed by trun-
cating both the physical and the auxiliary (virtual) degrees of freedom separately, and that the
matrix elements in the MPS do not always decay monotonically, as seen in section 4 of this
paper.

The MPS decomposition is not unique, and MPS possess a gauge degree of freedom. This
gauge freedom allows for us to always write the MPS in any of the so-called canonical forms,
which make certain computations of e.g. expected values and matrix elements straightforward
[1]. The canonical forms have natural generalizations in the infinite-dimensional context.
Additionally, the infinite matrices in infinite-dimensional MPS (idMPS) give rise to operat-
ors acting on auxiliary Hilbert spaces such that their product results in a scalar.

The paper is organized as follows. First, in section 2 we recall elementary results and state
the relevant definitions. In section 3 we state and prove our main result, mainly that an arbitrary
vector in a tensor product of separable Hilbert spaces can be written as an idMPS in any of the
canonical forms. In sections 3.1 and 3.2 we construct each of the canonical forms by applying
SDs in the infinite-dimensional context. In section 3.3 we briefly discuss the operators that
arise from idMPS. In section 4, we construct an idMPS representation for certain eigenstates
of a chain of three quantum harmonic oscillators. Finally, in section 5 we provide conclusions
and an outlook on possible future directions.
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2. Mathematical background

In this section we establish notation and cite known mathematical results and definitions that
are used in proving the main results of this paper.

We denote by H or H,,, where n € N, a separable Hilbert space over the complex field, and
H" denotes the dual of H. We denote by B(H;,H,) and B(H) the sets of bounded operators
from H; to H, and bounded operators from H to H, respectively. By Lys(H;,H) and Lys(H)
we denote the sets of Hilbert—Schmidt operators from H; to H; and from H to H, respectively.
We use Dirac’s braket notation, and inner products are assumed to be linear in the second
argument. The tensor product of two kets |¢)) and |¢) is denoted by any of the following
expressions: |¢) @ |¢) = |1)|¢) = |1, ¢).

Our construction of idMPS relies on the existence of the SD in general separable Hilbert
spaces, proof of which can be found in the appendix.

Theorem 2.1 (SD). For any |¢) € H; @ Hy, there exist orthonormal sets {|ex)}y_, C H; and

{Ifi) ¥, CH, where N € NgU{oo}, as well as nonnegative real numbers {\}y_,, with
k— 00

M — O (if N is infinite), such that

N
) = Mlew) @ [fi), 2.1)
k=1

with convergence in the norm of Hy ® Hy. The numbers X\ are called Schmidt coefficients, the
vectors |ey) and |fy) the left and right Schmidt vectors, respectively, and the expression (2.1) a

SD of |¢).
Proof. See appendix A. 0

Let us recall the definition of (finite-dimensional) MPSs.

Definition 2.2 (MPS). Let H;,... ,Hy be finite dimensional Hilbert spaces of dimensions
dim(H;) = d; with orthonormal bases {|ki>}fj;(l) for each. A vector

di—1 dy—1
W:Z...ch, ,,,,, wlks . ky) EH @ - @ Hy (2.2)
ki=0  ky=0

is called a MPS with open boundary conditions, if the coefficients are written as
Cloonoy = ME AW ) AR A=) ppCha) (2.3)

in terms of dN complex matrices {M*) |i =1,...,N, k; = 1,...,d;} and N — 1 real diagonal
matrices {A(i) |i =1,...,N—1}. If the diagonal matrices are equal to the identity, they are
not written explicitly and then simply

Chypoy = MOV ME) g8, 2.4)

A vector |¢) is a MPS with periodic boundary conditions if the coefficients are written in the
form

Chy.oody = 1T (M(kl)M(kz) . .M(kN)) 7 2.5)

where {M®*) |i =1,...,N, ki = 1,...,d; } are complex square matrices.

Remark 2.3 (notation). 1. In the above definition we used the notation that is standard in
the literature, and did not write the site indices of the matrices M%) explicitly. It would be
more precise to write M%) instead of M%) as then the index n would reveal which set

3
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of matrices is considered, and the index k, which matrix in particular. However, for our
purposes the extra site index is somewhat redundant, and as long as we are not writing any
explicit numerical values, we can identify the set of matrices from the index k,. To make
notation less cumbersome, we will stick to this convention.

2. In (2.3)—(2.5) the indices appear as lower indices on the left hand side and as upper indices
on the right hand side. This is nothing but a notational convention, and the positioning of
indices as upper or lower ones does not make a difference in the context of this paper. It is
somewhat common in the MPS literature to denote the physical indices &, as upper indices
(see e.g. [1, 4]), reserving the lower indices for the virtual (bond) indices of the matrices,
since this makes the matrix/operator product interpretation very clear. In this paper we
follow this convention. Additionally, the upper index of each of the diagonal matrices A )
is used to differentiate between different matrices. Again, any lower indices denote the
rows and columns of the matrix in question.

It is common to write tensor networks using fensor diagram notation, in which tensors are
represented by graphs where the nodes represent the tensors and the edges (sometimes called
‘legs’) the indices, and connected indices are contracted (for more details on tensor diagram
notation see e.g. [18]). In this notation, a general element |¢)) € H; ® --- ® Hy is represented
by a single node with N edges attached to it:

N
] ]

ki ko o kn-1 ky (2.6)

and an MPS with open boundary conditions is written as a graph of the form

OAS A SRR s =Ave

or with the diagonal matrices A" set to unity:

M (1) ® ve ® M (N) .
ka \QJ khlj kn (2.8)

The corresponding MPS with periodic boundary conditions is written as the graph
M cee ® M (N)

k1 ko kh]—/ kn 2.9)

where the line connecting M) and M™) corresponds to the trace operation. When writing
MPS as diagrams, the notation is far less cluttered, and in the diagrammatic representation we
write explicitly M%) = M%) to emphasize that the matrices are in general different.

Remark 2.4. In a MPS with open boundary conditions, the matrices M) and M*¥) are actu-
ally row and column vectors, respectively, ensuring that the matrix product results in a scalar.

In this paper we focus on MPS with open boundary conditions. We conclude this section
by defining the canonical forms of MPS in infinite-dimensional Hilbert spaces.

4
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Definition 2.5 (idMPS). Let H;,...,Hy be separable Hilbert spaces with orthonormal bases
{lkn) k”_l for each, and assume that at least one of H,, is infinite-dimensional (that is, d, = 0o
forsomen=1,...,N). A vector

di—1 dy—1
=" ki ky) €EH @ @ Hy (2.10)
k=0 ky=0

is called an idMPS, if the coefficients are written in the form

Chpon ey = Z ZM("')A“) MU2) A2 ) ANED ) (2.11)

ap,az”~az,az aN—2,dN—1 aN—1,dN—1 aN—1’
a;=0 ay=0

where for any values of a,, we have Mgk_)l a,€Cforne{2,... N—1}and M,(llfl) € Cas well

as ML(,N , € C. Also, we require At(l,”)un eRforanyne {1,....N—1}.If Af,':?an =1 for all val-
ues of a,,, we do not write them explicitly, and write simply

Chi,o, Z ZM(’" M) M) M (2.12)

a;=0 ay=0

Let us recall the four different canonical forms of MPS as in [1]. We state the definitions
explicitly in terms of components of the matrices instead of referring to adjoints of the asso-
ciated operators.

Definition 2.6 (left-canonical MPS). A MPS

di—1 dy—1 oo

2RI 30 ALOAL), AL A k) @1

=l kN 0(11_0 an— 1_0

is called a left-canonical MPS if all of the matrices are left-normalized, i.e. if for every n €

{1,....N}
> (A(k )) fzf " = B (2.14)

an—1,4,
kn Gn—1

where we set dummy indices ap = ay = 1, d,,», is the Kronecker delta and the asterisk denotes
complex conjugation. We will use the letter A to denote left normalized matrices.

In tensor diagram notation, we denote a left-canonical MPS by a directed graph of the form

ke W k-1 ki (2.15)

where the arrows denote the direction of normalization.

Definition 2.7 (right-canonical MPS). A MPS

di—1 dy—1 oo

Z Z Z Z Bkl)B(IIQ‘)h Bl(l]/f/Nzlaf)lN 1 aN 1|k17k27 7k > (216)

=l kN—O ap= aN—1 =0
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is called a right-canonical MPS if all of the matrices are right-normalized, i.e. if for every

ne{l,...,N}
S () < 2

kn

where we set dummy indices ap = any =1, d4,_,5,_, is the Kronecker delta and the asterisk
denotes complex conjugation. We will use the letter B to denote right normalized matrices.

A right-canonical MPS is denoted by a directed graph of the form

B(l) /B:D\ @ B(N)
a \E[/ kw k (2.18)

Definition 2.8 (mixed-canonical MPS). Fixn € {1,...,N— 1}. A MPS of the form

di—1 dy—1 o

Z Z Z Z (kl o 1(1]: )1 ﬂnDanvan y;",cm)] ’ z(zlzirN)l

k= kv=0a1=0 ay—1=0
X |k1,k2,...,kN> (2.19)

is called a mixed-canonical MPS if the matrices {A*) ... A®)} are left-normalized, the
matrices {B%+1) ... B} are right-normalized and D, ,, > O (in particular D,,, ,, € R) for
every a, € Ny. Defining for n =0 and n =N the ‘matrix’ D as the scalar Dy, o0 = 1 = Dy ay
yields the left- and right-canonical forms as the n =0 and n =N special cases of the mixed-
canonical form, respectively.

A mixed-canonical MPS is denoted by a directed graph of the form

k1 ko

Kn+1 kn-1 kn (2.20)

Definition 2.9 (canonical MPS). Consider a MPS of the form

dy—1 dy—1
Z chl, inlkise o ky) EH @ - @ Hy, 2.21)
k=
where
=5 3 rEIAD, T AP, Tl AN-D ) (2.22)
a1:0 uN71:0

The state |¢)) is called a canonical MPS, if for any n € {1,...,N — 1} the expression

D AW gl @ gLt (2.23)

an
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where
AP = AL,
|¢‘(lllx’m’n) Z ZZ Zr(kl fll al' At(J:l 11721'1 Irc(lf’i)l,tlu
n ap—1
X |k1 g >7

) TS S A
‘qs Pan1an+l an+l1an+l A”N l1aN 1

ko1 ky any1 an—i

X T kit k),

is a SD of [1) with respect to the partition (H; ® --- @ H,)) ® (H,41 ® - -- @ Hy).!
In tensor diagram notation, a canonical MPS is written in the form (2.7) with M =T'.

3. The main result

Any state vector in a tensor product of separable Hilbert spaces can be written as an MPS in
any of the canonical forms. This is the content of the following Theorem. The proof is the
content of sections 3.1 and 3.2, where we construct the canonical forms of an arbitrary state
vector using a method analogous to the finite-dimensional case.

Theorem 3.1. Let Hy,... Hy be separable Hilbert spaces. Any

[¥) = Z ch,, swlkis k) €H @ @ Hy 3.1)

ki=0  ky=0

can be written as a MPS in any of the canonical forms given in definitions 2.6-2.9.

3.1 Construction of left-, right- and mixed-canonical idMPS

Proof of theorem 3.1 for the left-, right- and mixed-canonical forms. Consider |¢)) given
in (3.1). Let us fix m € {0,1,...,N} and construct a corresponding mixed-canonical MPS
representation of |¢)). As the very first thing we Schmidt decompose |¢) with respect to the
partition (H; ® --- @ H,,,) ® (H,,11 ® --- @ Hy) as

)= Aa WD), (3.2)

am

where \w§i>> ceH ®---®H,, and |’(/J¢(12)> € H,11 ® --- ® Hy are orthonormal sets and \,, >
0. The series (3.2) converges to |1)) in the tensor product Hilbert space, and thus the coefficients
form an £2-sequence, i.e. Y, A2 < oo.

! By this we mean that we identify H; @ --- @ H, ® - - - ® Hy with H®:---H,) ® (Hy+1--- ® Hy) and take the
SDof |¢) € (H; ®---H,) ® (Hy41--- @ Hy). In this way we can apply the SD, which applies to two-fold tensor
products, to N-fold tensor products. The validity of this operation is justified by the associativity of the tensor product
of Hilbert spaces.
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If m=0 or m =N, then (3.2) is a trivial SD, and there is only one nonzero term in the
series, which is equal to [¢). If m =0, then |¢) = |¢§f}> and we skip part ii.) of the proof
below. Similarly, if m = N, then |¢)) = |w£(,:1)> and we skip part i.) of the proof.

The proof will proceed in four stages. First we construct a right-canonical idMPS represent-
ation of |wai)> using a process called right leaf stripping, and then we construct a left-canonical

idMPS representation of |1/Jam ) using left leaf stripping. After this, we combine the expressions
into a mixed canonical idMPS representation of |¢)) and conclude the proof by verifying the
normalization conditions.

i) Right leaf stripping. We construct right-normalized, possibly infinite matrices
Btnt1) . B by iteratively applying SDs to the vector \z/;é”) €H, 1 ®- - ®Hy with
respect to the partitions (H,11® - Q@Hy_1) Q@ Hy),...,(Hyut1) @ Hyt2 @ --- @ Hy)
according to the steps outlined below.

1)

We Schmidt decompose |1/J,Si)) with respect to the partition (H,41 ®--- Q@ Hy_1) ® (Hy)
as

Y= Ay KGN, (3.3)

aN—1

The series (3.3) converges in the tensor product Hilbert space and the dependence on a,, is
encoded in the Schmidt coefficients. If m = 0 then we can set a,, = 1 or omit it altogether.

We expand the right Schmidt vectors |yaN .} € Hy in the basis {|ky)} as

) =B [ky) (3.4)
kn

and apply multilinearity and separate continuity of the tensor product to obtain

U= D7D A B N ) k) (335)
an—1 ky
_ZZA‘MHUN IB((II;]N)l L(lj\']1<">1177N71)>|kN> (3'6)
kn an—i

Note that the k;-sums are associated with a unitary change of basis and can therefore be
exchanged as above without affecting convergence. From now on we will implicitly use this
fact whenever rearranging summations.

2)

We take a SD of \w‘(fn)> with respect to the partition (H,+1 ® --- @ Hy_2) ® (Hy—; @ Hy),
given by the formula

am Z )\a/maN 2 ngr;tl ’’’’’ N72)> |y(€l[1://j21 ) > ) (3.7)

aN—2

where {\Xg';tl Nfz))} c Hm+1 ® - @ Hy_», {|)’¢(z[,3,771 N )} CHy_; ®@Hy and the

series (3.7) converges to \77/1,,,” ) similarly as the series (3.3). The orthonormal set {|yaN O} C
H)y obtained in step 1 can be extended to an orthonormal basis of Hy, which we denote simply

by {|y£,1,vvzl )}. Hence we can expand @5@“_‘}’”) in the basis {|ky—1) ® |y£2]1] )}, and we denote

8
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the coefficients by Bg’;’f ’Zﬁngl. Additionally, the basis vectors |y,§i\21> can be written in the

form (3.4). We obtain the following expression:

Z Z Z Z )\anuuN 2 ((ll;]N 7]L)JN 1 L(lf\/N)l |xt(l;1v1j_21 ..... N_2)> |kN—17kN> . (3'8)

kn—1 ky an—2an—i

In particular, we obtained the following expression for the right Schmidt vectors:

Y =SSN B0 B [y iky). (3.9)

kn—1 ky an—1

n=3,..,.N—m—1)

We proceed as in step 2, by taking a SD of |1/J£5)> with respect to the partition (Hm+1 ®

®@Hy_p) ® (Hy_p41 ® -+ - ® Hy) and expanding the right Schmidt vectors |y§2’ bl )>

in the basis {|ky—n+1) ® |y((1],:]__,,'f,_2"”’N)>} CHy_,11® - ® Hy to obtain an expression of the

form

kn—n +1,...,N (N—n+2,....N
DN =0 D N BRI W N ey ) Y)Y (3010)
AN—n kN _pnt1 AN—n+1
where B ")) are the associated expansion coefficients of [y ")),
Writing [yay o f:z )> in the basis {|ky_n12,--.,ky)} in the form obtained in the previous

step (in the form (3.9)?) as well as reordering the sums yields

(kv—nt1) ..
U= D D D A BT

kN—n+1 kv an—n  an—i
X B B X ) k). 3.11)

In particular, we obtained the following expression for the right Schmidt vectors:

e = Y S S S ) B k). 1
kN—n+l kn AN—n+1 aN—1
N —m)

At the start of step N —m we have

Z ZZ Z)\am,am+1 amrlJr]221m+2.. ay_ 1|x1(1;n_:r]l)>‘km+27"'7kN>' (313)

k-2 ky @my1 an—i

We now expand \xl(,':jll)> EHpyras ), xa]fﬂ'ﬁ‘) |kn-t1) to obtain

2 Ko Ko k
Y= 0N D e e IBEe) B fg k). (3.14)

k1 ky Am+1 an—1

2 For general n,

— (ki Ky
ey - S DI S ) gl B k)

ky—n41 ky an—i AN—p+1
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Defining Bgm;r‘il = Ay Hx((lﬁﬁ') yields the desired representation

} : E :E : § : kni1) glkni2) . glv—1)  p(kv)
am A sAm+-1 am+l7am+2 BaN 2,aN—1 aN ]|km-"_]7 7kN>’ (315)

k1 ky am+1 aN—1

which converges to |¢£i)> in the norm of H,,11 ® - - - @ Hy.

ii) Left leaf stripping. Now we consider the vector |’LZJC(,L)> in (3.2) and decompose it in terms of
left-normalized matrices. The left leaf stripping argument is similar to the right leaf stripping
above, with the difference being in the direction of the procedure, going over the partitions
H)(H®---H,), ..., H® - -®H,_;)® (H,), and instead of the right Schmidt
vectors, we now expand the left Schmidt vectors at each step to obtain the MPS matrix ele-
ments. The steps of the process are outlined below.

1)

We write a SD of |1/1(])> with respect to the partition (H;) ® (H, ® --- ® H,,) and expand
the left Schmidt vectors in the basis {|k;)} as

) => Al k) (3.16)
ki

to obtain

Ky )y, (3.17)

(1) ZZA(kl))‘anam

ko ar

The a,,-dependence in |zp§}”)> is encoded in the Schmidt coefficients, and if m = N, we can
again set a,, = 1 or omit it.

n=2,....m—1)

We Schmidt decompose |t . )> with respect to the partition (H1 ®-H,)® (11 ® - ®
H,,), expand the left Schmidt vectors |x\'" ") in the basis {[x"" "~ 1) )|k,) } with coefficients

denoted by Ag,f"_)l ., and write the vector \xan o 1)>

to obtain
Z ZZ Y ARDAL AL gyl R VT ). (318)

an

in the form obtained in the previous step’

In particular, we obtained the following expression for the left Schmidt vectors:

a” Z Z E ZA(kl )Ag](zgz (g{?x)] “
a

kn an—1

ki, k). (3.19)

m)
At the start of step m we have

va) Z ZZ D AGATL AL N

km—1 a1 Aam—1

k],. m 1>|yam 1> (320)

3For n=2 this is given by (3.16), and for general n we have |x£]

Sk S o A A AL s )

10
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Expanding ‘yum \) as Zk ya |kN> and defining Ac(lm )1,am = A, _ ]7amy¢(lmm

norm-convergent representatlon

o)) Z ZZ ZA“”AE?ZZ Al ) Ak Kk, (B21)

k= kn=0a,= ap—1=0

), yields the desired

iii) Combining the expressions. We combine (3.2), (3.15) and (3.21) and apply multilinearity
and separate continuity of the tensor product to obtain the idMPS

Z ZZ Z AL AL Dy, BEED B [ k), (3.22)

=0 ky=0a;=0 ay_;=0

where we defined a diagonal matrix Dy, 4, := A, containing the Schmidt coefficients of the
partition (H; ® - -- @ H,,) ® (H;,41 ® - - - ® Hy) and reordered the sums. The series (3.22) con-
verges to |¢) in the norm of H; ® - - - ® Hy. Thus the coefficients of |¢)) are represented by the
series

Chyooy = Z Z Aglﬂ) B ~Az(z]:"m,)1,amD Bnt1) .. plkw) (3.23)

AmsAm™ Ay A1 an—i
(l|:0 (l/v_1:0

with convergence in C. If m =0, we obtain an MPS with only B-matrices exactly as in
definition 2.7, that is,

Z ZZ Z o) B B [k, k). (3.24)

()al_O an— 1—0

Similarly, if m = N, we obtain an MPS with only A-matrices as in definition 2.6:

Z ZZ Z ASOAG) Al AR (k). (3.25)

=l kN Oul—O anN— 1_0

iv) Normalization of the matrices. To conclude the proof, we demonstrate that matrices
AW AR and B&D . B*Y) constructed with the above methods are left- and right-
normalized, respectively.

On sites 2 to N, the right normalization formula reduces to an orthonormal inner product,

as seen by the following (we introduce a dummy column index 1 to B,(,{(VN )] = BS;N )] D

k) (e
ZZBS?%,%( 0 ) = 08 ) = 8y, (3.26)

ko an

The condition also holds for the matrices B,(j,”)

by the following calculation:

>SS B (B ) ZZ)\ Xl (lk ) Z)\ (D Dy Z)\

ko a

as long as |¢) is normalized, as demonstrated

= ||\w>\|2. (3.27)

The argument for the left-normalization of the A-matrices is similar: on sites 1 to N — 1
(introducing a dummy row index ao=1) the left-normalization condition reduces to the

1
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orthonormal inner product ()c((lllx o) |x£llx""’")>. The condition also holds for the matrices Afl];’f) 1

as long as |t)) is normalized, which can be deduced similarly as in the right-normalized case
by using orthonormality of the left Schmidt vectors \ o 1> O

We can write the above construction more elegantly using tensor diagram notation. We start
with a general N-component tensor |¢) € H; ® --- ® Hy and write its SD with respect to the
partition (H; ® --- @ H,,) ® (Hjp41 ® --- @ Hy) as

R
T T

ki kz -++ km oo kno1 K ki oo km kme1 oo kn (3.28)

Km+1 -+ kn

Km+1 Kn-1 kn (3.29)

S1m11arly, we can apply left leaf stripping to write |1pam as the directed graph

(3.30)

Combining (3.28), (3.29) and (3.30) and denoting \") = D yields the directed graph repres-
enting the MPS (3.22)

k1 k2 Km Km-+1 kn-1 kn (3.31)

where the connected edges correspond to the (possibly infinite) summations over @y, . ..,ay—_1,
and the arrows denote the direction of the normalization of the matrices.

3.2. Construction of canonical idMPS

Proof of theorem 3.1 for the canonical form. The construction of the canonical idMPS is
also based on repeated SDs, and is analogous to the construction in [15]. The method is similar

12
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in spirit to the left leaf stripping method* introduced in the mixed canonical construction in
section 3.1, with differences in details that let us leave the Schmidt coefficients explicitly vis-
ible in the final MPS. Let us outline the construction for a general element |¢)) e H; @ --- @ Hy
of the form (3.1).

1)
We first Schmidt decompose |1)) with respect to the partition H; ® (H2 - ®HN) and

expand the left Schmidt vectors |x((1} ) € Hy in the basis {|k;)} with coefficients T’ a1 )eCto
obtain

ZZF"‘))\ Dk ) [pMy, (3.32)
0a|—0

which converges in norm.
2)

(i) For each a;, we write |y§?N)> € H, ® --- ® Hy in the basis {|k2,...,kn)} as

Z Zy“‘z” ko) ks, - . ) (3.33)

= Z\kz \Xal oy, (3.34)

where we applied multilinearity and separate continuity to define

Yo =X Dol B0 0 (339

(ii) Schmidt decompose |1/} with respect to the partition (H; @ H) ® (H3 ® - -- @ Hy):

oo

)= 3" APREDG ). (330

(l2=0

Here {| ySN)>} can be extended into an orthonormal basis for H3 ® - -- ® Hy and thus
we can write

i) = 3 by = S TE AR ), (3.37)

a=0 ar=0

where in the last equality we wrote the tensor coefficients in terms of the Schmidt coef-
ficients as TISI" za)z = 1“5,’,“2,2)\(2) Let us quickly justify why this can be done. If for some a;
we have /\L(l2 # 0, then we can set F((ff’()lz = T‘flkfm / /\L(lf For the case /\1(12 =0, notice first
that there exist S3;, (i ) € C such that

(1 2) Z ZIB(khIQ) k1, k). (3.38)
l 2

4 We could equally well use a method analogous to right leaf stripping with the same basic ideas.

13
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Now by combining (3.32), (3.34) and (3.37) on the left-hand side as well as (3.36)
and (3.38) on the right-hand side we obtain

di—1ldy—1 oo oo

Z DO D TR [k ko) [y ) (3.39)

()kz 0(11 0(12 0

di—1dy—1 oo
_ Z Z Z )\ kukz k1, k >|y(3» N > (3.40)
=0k=0a,=0
which implies that
D LEIAD T, = AR Bh. (3.41)

a1:O

(k2

)\,(12) 0, then also 74, 4 2 =0 for every a; € N. In this case

Now if for some a, we have

we set Fgl} = Ta(]kza)z

(iii) Substitute (3.37) to (3.34) to (3.32) and rearrange the summations to obtain

=333 TEOAPTE A ki ko) [y, (3.42)
ka

kh a a

3,...N=1)
We continue this procedure iteratively, repeating steps (i), (i) and (iii) (with the obvious

| (N—1,N)

modifications) for the Schmidt vectors |ya2""7N) Yyeves|Vay_, ) until after N—1 SDs we

obtain an expression of the form

Z ZZ Zr(kl)/\(l)rl(lllml)lz)\f(lg Ff(l];JN 2131\/ 1/\t(ll1vv 11)|k1’ kN 1>|yaN 1>

kn—1 a1 an—1
(3.43)
N)
As the final step, we expand the vectors \yaN .} € Hy in the basis {|ky)} as
&) ZFaN k) (3.44)

Substituting (3.44) to (3.43), reordering the sums and applying multilinearity and separate
continuity yields the expression

o

oo 00 00
= Z Z Z Z 1—‘(kl))\(1)1_111]:2‘)17 )\1(13) Fl(lva zlaN 1/\1(111\/\] 11)FaiN)1|k17 " >’

](|:0 kN:0a1:0 aN_]—O
(3.45)

with convergence in H; ® - - - ® Hy. Thus we have

k 1) (k: 2 k, N—1 k;
""" Z Z F l) >\( Fglzgz >\L(12) F((JNN 211)11\/ 1 )\L(IN 1 )FéNN)l ! (346)
=0 an— 1—0

with convergence in C. The proposition below concludes that (3.45) is indeed a canonical
MPS. O
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Proposition 3.2. The MPS given in (3.45) is canonical in the sense of definition 2.9.

Proof. By construction, foreveryn € {1,...,N — 2} we have the following expressions for the
Schmidt vectors (when taking the SD with respect to the partition (H; ® --- @ H,,) ® (H, 1 ®
S ® HN)):

""" = > N rAD AT k), (BA4T)

kiyoooky @iy san—1
ey = 3N T ) NS ) [y V), (3.48)

kn1 Gn41

) = T [ky). (3.49)
kn

Based on (3.48) and (3.49), we can express all of the Schmidt vectors | y("Jrl )> in the form
n+1 ..... Z Z Fan,:j{nlzl /\a:zirll Kt 1 > ‘yc(:irlz ..... N)>
kn1 Qn41

§ § E 2 (ku+1 (n+1)71(k n+2) (n+2) (n+3,...,N)
- An,An+1 )\an+l Falx;alx+2 An42 |kn+17 l’l+2> |yan+2 >

knt1 Kn2 @ng1 Aoy

—Z DD DTG N AT

knt1 ky @nt1 an—i

< ki1 k), (3.50)

as desired. Let us check the partition (H; ® --- ® Hy_;) ® (Hy) separately. The equality

W= A0 D0 D TEVAD - ATITRN N e k)

aN—1 ki ky—1a1,...,aN—2
(ZFS';”). k) ) 3.51)

obviously holds with convergence in the norm of H; ® --- ® Hy (this can be seen by apply-
ing multilinearity and separate continuity of the tensor product). Additionally, by (3.49) we

have |y£,1,yzl> =k Ffzf,’i)] |ky). Thus the sum (3.51) has the Schmidt coefficients and the right

Schmidt vectors | yf(f:z, ), and we deduce that necessarily”

DN S TTEIND ANTITE D k) = oY), (3.52)

ki kyv—1 a1 an—2

Therefore we have a valid SD and thus the MPS (3.45) is canonical. O

5 Because in general if {|¢)} is an orthonormal set and the equality >0, &) ® |dx) = Yo, [xk) @ |#x) holds,
then |&x) = |xk) for every k € N.
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Using tensor diagrams, the above construction can be written as

ki k2 Km -+ Kn-1 kn ka kn
@&
k1 ko ks - kn
k1 kZ

K (3.53)

3.3. Interpretation of idMPS as a product of operators

As the construction of idMPS is exactly analogous to the finite-dimensional case, idMPS
inherit the properties of regular MPS. However, as the bond dimension may be infinite, the
matrices now give rise to operators on possibly infinite-dimensional (auxiliary) Hilbert spaces,
and it is interesting to study the properties of these operators. For example, if we could show
that they are compact (under some assumptions), then each of them could be individually
approximated by finite-rank operators.

Let us explain how we can interpret an infinite-dimensional MPS as a composition of oper-
ators. Consider a left-canonical three-particle MPS given by

W) =200 D D ALVALLAL Ik ks). (3.54)

/(] kz k3 ay a

The generalization of the following to the general N-particle case is straightforward.

We would like to be able to identify Aa]f) with an % sequence, Au]f‘) with a functional in
(£2)* and A%), with an operator acting on (2.

For a fixed value of ki, we can define a functional 7("¥) acting on ¢* according to the
formula

TR = 3 Ay, | (3.55)
ap

where x = (X4 )ayen € £2.
For a fixed value of k», we can define an operator 7#2) acting on ¢2 such that

(1040x) =3 A)x,, (3.56)

where x = (X4, )men € 2.
Finally, for a fixed value of k3, we can define a sequence (x,),cn by X, := A,(lk"). To show
that (x,) € £2, we would have to prove that for any fixed kj it holds that > |A,(1k3) > < .

16
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4. MPS for a chain of three coupled harmonic oscillators

4.1. The problem

As an application of the previous results, in this section we construct an idMPS expression
for certain eigenstates of a chain of three coupled harmonic oscillators. The system under
consideration is governed by the Hamiltonian

3
1 (<= p?
H=— ( E & —i—miw,-le-z) + Diyx1xy + D13x1Xx3 + Do3xpx3. “.1
2 = m;

It is demonstrated in [19, 20] that under certain assumptions (see equations (3)—(5) in [20])
the eigenstates of this system can be written in the form

()™
1/)3532,”3 (X1,X2,x3) = ot

Vi Inglng12mnaEs

< Ho (cm/ ";f) Ho, (qu/"f) Ho, <q3\/’”,f>, 42)

where H,, are the (physicist’s) Hermite polynomials, and explicit expressions for the paramet-
ers w and m as well as the coordinates g; in terms of x; are given in appendix A of [20].

Setting m = 1 and i = 1 and considering the special case n; = n, = 0 yields the simplified
expression

— 22 (a1 +43+43)

~ 3/4

w/TmT _w 2 =

1/16\,%,23 <x17-x27x3) :(\/il'%e 2 (q?+q2+q§)7'ln3 (C]3\/‘;) . (43)
3.4

4.2. Constructing the MPS representation

In this section we derive a left-canonical MPS representation for the eigenstates with ny =0
and n, = 0 in the unscaled bases fu‘,((’) (xi)} € H;, where

; 1 2
i) ) — —x;/2 .
1) = — e e A ). (4.4)
The necessary SDs are derived in [20] (equations (36), (38), (52), (93) thereof), and are given
by

0,00 (X1,X2,X3) = Z Va9 (x1) 08 (x2,x3) € Hy ® (H, ® H) 4.5)

a=0
= VI (x,m) X () € (H @ Hy) @, (4.6)

b=0

where
i\ s
A _ —axt /2 ~

el (x1) ( vl (Vaw), @.7)

of (x2) = <ﬁ> e @82, (Vi) (48)
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NG 3
c _ W -3 /2 ~
Xp (3) = <\/7?2bb'> e N/, (\/07)63)7 4.9
08¢ (x2,x3) Zqﬁl () xS, (x3), (4.10)
1=0
B (x1,x) Z‘Pk x1) 8, (xa), (4.11)
' n—a
Qg = m sin**§cos™ ¢ (1 — sin® @ cos? ¢) (4.12)
n! s . 2b
Yo = 0= D)l (cosfcosp + sinfsingsiny )
[(cos fsing — sinfcos psin ¢)2 + cos® ¢sin’ 0} - (4.13)
In the construction of the MPS we encounter the integral
Iy— / e H0+%) 31 (1) 3, (\@x) dr (4.14)

—0o0

for which we compute a closed form expression in appendix B.

At this point one can notice that constructing the MPS in the basis {¢f (x1)$% (x2) xS (x3)}
would yield a trivial MPS with two identity matrices and a third with Schmidt coefficients on

the diagonal. Let us proceed in the basis {f( ) (x1) f(z) (x2) 3)(x3)}.
1Y)

Let us first expand the Schmidt vectors ¢% (x;) and ©2€(x,,x3) in terms of the basis vec-

tors f,él) (x1) and f1<2) (xz)ff,f ) (x3), respectively. Defining first

we obtain
o0
@l (x1) Z(fi oA () chﬂlk,aff{l) (x1),
k=0

and

xg,x3 ZZ(f(Z)f(S)|®BC f(2 (x2) f( ) (x3)
=0 m=0

oo o0 n—a

_ZZZCII’ m,n—a— I/Ill’lmn a— l’f()(XZ)fSnS)()@)'

=0 m=010'=

(4.15)

(4.16)

4.17)
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Combining (4.5), (4.16) and (4.17) yields the expression

Yo,0,n (X1,%2,X3) = Z Z\/@QJM(ZQV man—a—1'11,0 I n—a— 1'>

k,l,m=0 a=0

<A AP ) D ()
= Z ZA(lk)r<ZCll’ m,n—a— Z/Ill’lmn a— l’>

k,l,m=0a=0
) S ) A () £ (x3), (4.18)

where we denoted

A = Cralia, (4.19)
writing the site index 1 explicitly to avoid confusion.
2)
Let us now expand the Schmidt vectors Z48(x,x,) and x§ (x3) in terms of the basis vec-
tors (xl) ) (xz ) and ffn (x3), respectively. Proceeding as in step 1 we obtain

=" (x1,32) Zz]l{a<n b} Crn—a—vlin—a—by (x1) ()£ (x2) (4.20)
a=0 =0
and
%) =Y Couplnafly) (x3), @.21)

where C; ; is as previously and 1 <,y is the indicator function. Now combining (4.6), (4.20)
and (4.21) yields the expression

00 0o noon
1/)0,07” (xl vx2ax3):ZZZZ\/’%ﬂ{a+bgn} Cl,n—u—b]l,n—u—bCm,blm,b<p2 (xl)

=0 m=0a=0 b=0
x 12 () D) (x3). (4.22)

Expanding ¢ (x;) in terms of f,((l) as in step 1 yields

o0 o0 oo n

¢0 0,n X] ,)Cz,)Cg, Z Z Z Z ZA((lLk) \/’%]l {a+b<n} Cl,n—a—hll,n—a—hcm,blm,h
=0/

<A (xr) f§2) (02) ) (x3). (4.23)

Denoting

Afél) =1 utrv<ny Crn—a—blin—a—b (4.24)



J. Phys. A: Math. Theor. 58 (2025) 325201 N Heikkinen

JAL9| with w=5, n=1 |A%] with w=5, n=1 JASZ ™| with w=5, n=1

Figure 1. Absolute values of the nonzero MPS matrix elements for the first excited state
(n=1) as functions of the physical indices with w =5 and D1y = D3 = 0.25,D13 = 0.
They are monotone decreasing, and exponentially decaying after a certain point.

IALR| with w=5, n=2 JA2] with w=5, n=2 JAZ ™| with w=5, n=2

G|

Figure 2. Absolute values of the nonzero MPS matrix elements for the second
excited state (n=2) as functions of the physical indices with w =5 and Dy = D23 =
0.25,D13 = 0. Some of them reach a maximum, after which they decay exponentially.

and

AS™ = /3 Co sl (4.25)
yields the MPS

o0 o0 o0 n n

Yoou (x1,22,03) = 33 DD D ALPALD AT D () 12 (x2) £ (x3). (4.26)

k=0 1=0 m=0 a=0 b=0

Thus we obtained an MPS of finite bond dimension, where each coefficient of the wavefunction
in our chosen basis is given as a product of three matrices.

In figures 1 and 2 we have plotted numerical values of the nonzero absolute values of the
matrix elements Ac(ll k) ,A((lz,;l) and Al(f’m) as functions of the physical indices k, [ and m, respect-
ively, for the first two excited states of the system with nearest-neighbor interactions and for
certain values of the physical parameters. The matrices A('"X) and A(3) share the same elements
and A@D is symmetric. Both of these facts can be directly deduced from (4.19) and (4.24).
After a certain point (which depends on the quantum number), all of the matrix elements decay
exponentially.

5. Conclusion and outlook

We demonstrated that any element in the tensor product of separable infinite-dimensional
Hilbert spaces can be expressed as an idMPS in any of the canonical forms. The existence

20
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of the SD in general separable Hilbert spaces allowed us to construct idMPS in a manner com-
pletely analogous to the already well-established finite-dimensional case. Therefore idMPS
inherit many of the desirable properties associated with finite-dimensional MPS.

Additionally, we explicitly constructed an analytical MPS representation for certain eigen-
states of a chain of three coupled quantum harmonic oscillators. It should be possible to gener-
alize the results of section 4 to the general N-particle case. Furthermore, it could be interesting
to consider the continuous limit in the continuous MPS formalism introduced in [9].

An interesting and natural generalization of the results of this paper would be to study the
HT format in the context of infinite-dimensional Hilbert spaces, allowing for a more general
tree-like structure of the tensor network representing vectors in tensor product spaces.

Another interesting question is the nature of the operators acting on the auxiliary spaces in
idMPS, allowing to draw parallels between MPS and operator theory on Hilbert spaces. As
compact operators can be approximated by finite-rank operators, it is an interesting question
under which assumptions the idMPS operators turn out to be compact. In the same context
one could investigate the error introduced when approximating infinite-dimensional MPS with
finite-dimensional MPS, and try to obtain analytical error estimates when truncating both in
the physical and auxiliary Hilbert spaces.

Similarly as MPS have turned out useful in classically simulating certain kinds of quantum
computations, idMPS could have applications in the context of continuous-variable quantum
computation [21]. Finally, considering the continuous limit of idMPS might lead to connec-
tions with continuous MPS and broaden their applicability in the study of one-dimensional
quantum field theories.
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Appendix A. The SD

The proof of the SD is based on the singular value decomposition of compact operators and
the fact that the tensor product of Hilbert spaces is (conjugate-)isomorphic to the space of
Hilbert—Schmidt operators, which are compact.

Proposition A.1. (SVD of compact operators). If T € B(H;,H,) is a compact operator with
rank N € No U {oc}, then there exist orthonormal sets {|ex) Yy, C Hy and {|fi)}y_, € H, and

positive real numbers {\c}N_, with A\ oo (if N is infinite) such that

N
T=> Mlfo){exl- (A1)
k=1

21
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The sum, which may be infinite or finite, converges to T in operator norm. The numbers \; are
called the singular values of T and the expression (A.1) the singular value decomposition of T.

Proof. See e.g. theorem 1.6 of [22] or theorem VI.17 of [23]. O

Proposition A.2. If T € Lys(Hy,H,), then its singular value decomposition (which exists
because Hilbert—Schmidt operators are compact) converges to T in both Hilbert—Schmidt and
operator norms.

Proof. The fact that the SVD converges to some operator T in the Hilbert—-Schmidt norm
follows from orthonormality of the singular vectors and the equality || T||12{s = 22/:1 AZ, where

{A\«} are the singular values of T. The fact that the SVD converges to the same operator in both

norms now follows from the estimate || — S, ||, < [|7— Su | s 2229 0, where S, denotes the

nth partial sum of the SVD. O

Lemma A.3. Let H and H, be separable Hilbert spaces and H the dual of H,. The map
F:H @H, — Lys(H;,Hy),

F((pl@|9) =) (], (A.2)

extended linearly and continuously, is a Hilbert space isomorphism H @ Hy — Lps(H;, Hy).
Similarly, the (conjugate-linear) map F : H; @ Hy — Lys(Hy,Hy),

F(l) ®19)) =1¢) (¥, (A.3)
extended linearly and continuously, isometrically identifies H; @ H, and Lys(Hy,Hy).

Proof. In section 2 of [24] the Theorem is proved for conjugate-linear Hilbert—Schmidt oper-
ators and the tensor product H; ® H,, which is equivalent to our first claim. The second claim
follows directly from the first. O

Proof of proposition 2.1. By theorem A.3 we can isometrically identify any |¢) € H; ® H;
with a Hilbert—-Schmidt operator T, € Lys(H;,H,) via the mapping F given in (A.3). As T,
is compact, it has an SVD given by

N
Ty = Melfe) (e, (A.4)
k=1

where the singular vectors are orthonormal, the singular values tend to zero and N = rank(7) €
No U {oo}. By proposition A.2 the series (A.4) converges to T in Hilbert-Schmidt norm.

The inverse map F~! is also isometric and thus continuous, and applying it on both sides
of (A.4) yields the orthonormal series

N
) = Mlew) @ i), (A5)

k=1

which converges in H; ® H,. This is the desired SD. O

Appendix B. Integral in section 4

In the construction of the MPS in section 4, we encounter the integral
& (2, ~2 —
L= / e (M) 3y (o) 3, (\@x) dr. (B.1)

22
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This can be computed e.g. using generating functions, as demonstrated in the Mathematics
Stack Exchange post [25], and we will use their method to obtain a formula for the integ-
ral (B.1). To this end, we can write an exponential generating function (s, ) of the integral /; ;
as

SN

:/fo —4 (o) (Z% ) Z’H (\Fx) dr.  (B2)

Using the standard generating function of Hermite polynomials, we have Zl o Hilx )% =
e2xs— s and Zj:O Hj (\/(;)6)7, = eZX\Ft 7 , and therefore

1(s,7) :e—sz—ﬂ/ o1 (FHa ) +2e(s V5 1) 4

2
27'(' 2(\/(3t+s)

= X
1+a P

2 2
—sc—r|. B.3
1+ s (B-3)

Now the integral for any i,j € Ny is given by the derivative I;; = 0! (s, 1) |”=0. Writing the
exponential (B.3) as a Maclaurin series and applying the multinomial formula as well as the
fact 0ix' = ¢, ;i! yields the expression

(—1)P (1 _Q)zﬂrq N d
l ’r Z Z ( ) 5i 2, +r5' 2p+r- (B4)
ITVT+G 7! quv (1 +a)yTe 2q+r0j,2;

k=0 p+q+r=k

We see in particular that if 7 and j have different parity, then /; ; = 0.
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