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Abstract

A new derivation of the flow of metrics in the Type IIA flow is given. It is better
adapted to the formulation of the flow as a variant of a Laplacian flow, and it uses the
projected Levi—Civita connection of the metrics themselves instead of their conformal
rescalings.

Keywords Type IIA flow - Type IIA structure - Type IIA equation -
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1 Introduction

The search for supersymmetric compactifications of string theories has revealed itself
to have deep connections with special geometry. The resulting non-linear partial dif-
ferential equations also turned out to be quite rich and interesting in their own right (see
e.g.,[4,7,8, 15, 18]). One feature of particular interest in these equations is invariably
the presence of a cohomological constraint. In the absence of a 3-lemma, the most
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natural implementation of these cohomological constraints is by a geometric flow, and
this has resulted in considerable interest in the investigation of such geometric flows
in recent years [1-3, 5, 12-14, 16, 17].

The present paper is mainly concerned with the Type IIA flow, which is a flow in
symplectic geometry introduced in [6] and motivated by the Type IIA string. More
specifically, let (M, w) be a compact 6-dimensional symplectic manifold and p4 be
the Poincaré dual to a finite combination of Lagrangians. Then the Type IIA flow is
the flow of 3-forms ¢ given by

b = dAd (IoIs0) = pa (1)

with an initial data ¢g which is a closed, primitive, and positive 3-form on M. Here
A is the Hodge contraction operator defined by w, and » and |¢| are the Hodge star
operator and the norm of ¢ with respect to the metric g, which is compatible with @
and the almost-complex structure J, constructed by Hitchin [11] (see Sect. 2 for the
precise definitions). The Type IIA flow preserves the primitiveness and closedness of
@, so that its stationary points are automatically solutions of the system investigated
by Tseng and Yau [20]. This system is itself a basic case of the more general equations
for supersymmetric compactifications of the Type IIA string proposed in [10, 19].

In [6], it was shown that the Type IIA flow admits at least short-time existence, and
can be continued as long as |¢| and the Riemannian curvature of g, remain bounded.
The proof of this last assertion relied heavily on determining the flow of g,. This was
one of the main results of [6], and it was established using the original formulation
(1.1) of the Type IIA flow, and the projected Levi—Civita connection D of a metric 8y
conformal to g, (see (2.2 below). A key point was that, with respect to 9, the manifold
M has SU(3) holonomy, and the form |2 |§w1 Q, with Q = @+ixg, is covariant constant.

The main goal of the present paper is to provide a different derivation of the flow of
the metrics g, in the Type IIA flow. The new derivation differs from the one in [6] in
two important aspects. The first aspect is that it relies on Bochner—Kodaira formulas
and a different formulation of the Type IIA flow, which is closer in spirit to Bryant’s
G, flow. From this point of view, it is more easily adaptable to other Laplacian flows.
The second aspect is that it relies instead on the projected Levi—Civita connection ® of
8y» Which is a very natural connection since it coincides with all the unitary Hermitian
connections with respect to g, on the Gauduchon line. An important additional benefit
of this second derivation is that it provides a check on the formulas obtained in [6],
which is non-trivial because the calculations in both approaches are particularly long
and involved.

For simplicity, we focus on the source-free case p4 = 0. Then we have

Theorem 1 Let (M, w) be a 6-dimensional symplectic manifold, and let t — ¢(t)
by the Type 1IA flow of 3-forms defined in (1.1) with pa = 0. If gij = (gy)ij is the
corresponding flow of metrics, then we have

drgij =—lol {2Rij —2V;V;log o] + 4 (N%)

)

—ajoj +oagioyj +4ap (iji+Nipj)} (1.2)
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where V is the Levi—Civita connection of g, R;j is the Ricci curvature, N is the Nijen-
huis tensor with respect to the almost-complex structure J, (N%),- i =N AN A
and « is the 1-form defined by a = —d log |¢|>.

2 Background Material

We begin by providing a brief summary of the setting for the Type ITA flow, which is
Type IIA geometry as introduced in [6].

2.1 Type lIA Geometry

Let M be an oriented 6-manifold. In [11], Hitchin has shown how to associate to any
non-degenerate 3-form ¢ an almost-complex structure Jy,. Type IIA geometry arises
if, in addition, M is equipped with a fixed symplectic form @ and ¢ is a closed form
which is primitive and positive with respect to w. The primitive condition means that
Ag =0, where A : A¥(M) — A¥=2(M) is the standard Hodge contraction operator
with respect to . It is shown in [6] that w is then preserved by J,, and the positivity
condition means that the resulting Hermitian form g, (X, Y) = w(X, J,Y) is positive
definite and defines a metric. Thus (Jy, g4, @) is an almost-Kéhler manifold. However,
the condition in Type IIA geometry that this almost-Kéhler structure arise from a closed
3-form results in many subtle properties which are essential for the Type IIA flow.
Explicitly, the metric g, is given by

(80)ij = — 0| giab jipo™ @1
where |¢| is the norm of the 3-form ¢ with respect to J,,, and ? is the inverse of
the symplectic form w, a)aka)kp = §“,. The volume form of g, is the same as w33\,

The following metric g, conformally equivalent to g, also plays an important role in
Type IIA geometry,

(@e)ij = 1017 (80)i) = —Piav@jip@™ P, 2.2)

In fact, one of the defining features of Type IIA geometry is that the manifold (M, J,)

have SU(3) holonomy with respect to the projected Levi—Civita connection D of g,,.
More precisely, set

o=*xp=Jg 2.3)
and let 2 be the (3, 0)-form defined by
QL=¢p+ig. 2.4)

Then |§2|§_l 2 is covariantly constant with respect to ©. This was a major reason why
12

the calculations in [6] were mostly carried out with the connection D.
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In the present paper, we shall use instead the unitary connections with respect to g,.
Since w is closed, the Gauduchon line of Hermitian unitary connections with respect to
Jy collapses to a single connection, which can be viewed as either the Chern connection
or the projected Levi-Civita connection © of g,. Henceforth we drop the subindex ¢
when there is no possibility of confusion, and denote g4, g4, J, simply by g, g and
J. Then the Levi—Civita connection V and the projected Levi—Civita connection ® of
g are related by

D; X" =V, X" — N,'mep 2.5)
where N;," is the Nijenhuis tensor of J,

Ny = 5 (V904 4 T59,07 = G ). 2.6)

FNp-

In [6], we showed D%!Q = 0 and D10Q = —a ® Q (Equation (6.50) in [6]), or
equivalently,

1 . .1 .
Dmp = 5(_01111(# —Aym®), Onp = 5(—am<p +aymep). 2.7
Here the 1-form « is defined by
a = —dlog |p|? (2.8)

and we used the same notation introduced in [6] for any vector field V and any 1-form
Ws

U= Tk, vP = VK (W) = TPW, = Wyy. (2.9)
In particular, w;; = gyi,;, &j = w;,yj, and ol = gJi'j, gij =i,
2.2 Identities from Type IIA Geometry

We list here some identities required later. Except for (2.21), they were proved in [6].

2.2.1 ldentities for @

First, the action of J on ¢ is given by

Qijk = —QJi,Jj.k = —PJi,j,Jk = —@i Jj,Jk
Piijk =¥jJjk =i jJk- (2.10)

@ Springer



Bochner-Kodaira Formulas and the Type IIA Flow Page50f42 48

Next, bilinears in ¢ with two contractions with o'/ give the metric g; ;. But bilinears
with a single contraction with either o/ or g/ simplify as well,
ij |‘P|2
W PiabPjcd = T (®ac8bd + Wbdgac — Wbc&ad — Wad &bc)
ij |‘P|2
8 PiabPjed = T (8ac8bd + WeaWpd — WadWeh — bc&ad) - (2.11)

As a consequence, we also have bilinear identities involving ¢ and ¢, for example

Pikpiap® ‘@’ = |glPwsi. (2.12)
This reduces to the previous identity by noting that ¢;x, = —@ ip, so that
PrpPiab@ 0P’ = — 13 kpPiap@* WP’ = 9P g = lolfwy.  (2.13)

2.2.2 Identities for the Nijenhuis Tensor

In general, the Nijenhuis tensor satisfies the following identities of a type (0, 2)-tensor
in the sense of Gauduchon [9]

N¥yij=—=N"%; =N ;. Nusijk=Nisjx=Nij (2.14)
Since dw = 0, we also have the Bianchi identity
Nijk + Njki + Niij = 0. (2.15)

From this it follows that there are two symmetric tensors quadratic in N, denoted by

2 2
<N+>ij = NP9 Ny, (N_)ij = NP9, N,p). (2.16)

The relation between the Levi—Civita connection V and the projected Levi—Civita
connection ® also implies, since ®J = 0,

Vi Jk; = —2N;; 'k (2.17)
In Type ITA geometry, we also have

1 py py
N2 =2N} - 2INPg. INP = (Ni) =2 (NE) Ny (2.18)

with |N|? = N™kp Nukp, and the following crucial identity between the Nijenhuis
tensor and ¢,

NPiiopki = =N 1i@pij, (2.19)

which was proved in Corollary 1 [6].
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2.2.3 Identities for the Curvature Tensor

We shall express the desired identities for the curvature tensor of the Levi—Civita
connection in the following convention. The connection V is written as V,, V¢ =
9, VK + Tk, VE, and the curvature tensor R; jk ¢ is defined by

[V, V;1VE = Rij* Ve (2.20)

The Ricci curvature is then given by R;; = R;p;”.
The first curvature identity that we require gives the action of J on Rm,

Rji gk,0¢ = Rjike + Bijke
Bijke = —2DiNjke + 2D jNike — 2N%;j Noke, (2.21)

This identity can also be expressed as
Rji’jo = Rji’"P ¢ + 2D ;N;'Py —20;N; 7Py — 2N* ;i N0 P . (2.22)
To see this, we consider the action of J on a vector field V,

Rix? (V)1 =V Vi (JV)P — ViV (J V)P
= J[V}, ViIV? + (V;Vid — ViV )P, V2 (2.23)

It follows that

RjkquqA = Jququ)L + V.,'V](Jp)L — Vij]p)L
= JPqR;%. — 2V (JPuNu) +2Vi (JPuNjY) (224

or, in more succinct notation,
Rik” jn = Rjx"P5 — 2V (N 'P) + 2V (N, P). (2.25)
We now convert V derivatives into ® derivatives. First lowering indices gives
Rjik,ge = —Rj i jke +2Vi(Nig gk) —2Vi(Nj e st)- (2.26)
Therefore
Rjigkge = Rjixe +2JPV;(Nie,gp) —2JPkVi(Nj o, 1p)- (2.27)
We write

2JPkVi(Nie,yp) = 2JP1Dj(Nie,7p) —2JPkNji" (Nye,sp)
_2kaNj€M(Ni,,u,Jp) - 2kaijM(JnuNiZn) (2.28)
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Since ®J =0,

207,V (Nig.1p) = =29 Nigk + 2N ;i Ny + 2N " Niyk — 2N 16" " Nign
= ZQjNikg + ZNjiHNMgk -2 (NjguNikﬂ + Nj]('uNiglL) (2.29)

This last term is symmetric in (i, j). Therefore

2JPV i (Nj g gp) — (i <> ) =2DNike — 2D Njre + 2N ji" Nyex — 2N;j"* Nyek

(2.30)
By the Bianchi identity
2JPN i (Niggp) — (i <> j) =20 Nige —2D;Njke +2(=N"ji — Ni* ))Nyex
C2N PNk 2.31)

from which the desired identity (2.21) follows.
Finally, we shall need the following curvature identity specific to Type IIA geometry
(see (6.53) in [6]),

1
Ry ==y (V' +Nji) =2 (N?) S+ Vi) logll?

i

1
—i—EJP,-quVqu log |¢|%. (2.32)

3 Proof of Theorem 1

We shall establish Theorem 1 using the formulation of the Type IIA flow as a Laplacian
type flow [6]

o9 = —dd"(lp*p) +2d(|g]*NT - p) 3.1
where N : A3(M) — A*(M) is the operator defined by
(NT-@)j = N* *puti. = N" o (3.2)
For our present purposes, it is convenient to rewrite the above expression as
o = —lpl*dd o —dlp* Ad'g + d(ig),pe) +2d(9’NT - 9).  (3.3)

We would like to determine 9 g;; explicitly. For this, it is convenient to determine first
0,8ij, since g;; is a quadratic expression in ¢, and we have

08 = — [ Qa0 jipe o™ + i > D). (3:4)
We shall determine in turn the contribution of each expression in (3.3) to 9, g;;.
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3.1 The Bochner-Kodaira Formula for the Levi-Civita Connection
We begin with the contribution of |¢|?dd’¢ using a Bochner—Kodaira formula. In

general, if M is any compact Riemannian manifold and we express any p-form in
components as

1 . . 1
p=— Z @iy iy dx A AdX = - thzdx’ (3.5)
. P45

with antisymmetric coefficients ¢;,..;,, then the adjoint d" of the de Rham exterior
differential with respect to a given metric g;; is given by

@@y = 8" Ve, (3.6)
where V denotes the covariant derivative with respect to the Levi—Civita connection
and we have split the index [ into I = (¢, 1), I' = (ia, ..., ip). It follows that

P
dd'p); = — | Vi, ( vmw,,) Y (i eig) |- (3.7)
q=2

Next, we have

p
(d@)er = Vegr — Y (L < ig) (3.8)
q=1
and hence
(d'do)r = —g"Viu | Vepr — Z(z <) |- (3.9)

Altogether, we obtain the version of the Bochner—Kodaira formula that we need,

p
(dd" +d"Dp); = =" VuVepr + 8™ Y [V, Vi Jpiystignr- - (3:10)
g=1

In the case of interest, namely 3-forms ¢ with dg = 0, we obtain

dd"gipy = —8"VuVegjkp + g™
X AVims Vi1okpe + [V Vidopje + [V, Vplojee} . (3.11)
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3.2 The Laplacian Term ‘" V ,, V. @jy,,

Recall that the covariant derivatives of ¢ with respect to the projected Levi—Civita
connection ® are given by (2.7). It follows that

1
§"DD g = -3 (Vua) @ (3.12)
and
1 1 R
(D, Dele = 3 (=D +Deaty) ¢ + 3 (—Dpmaye +Deaym) @

1 . 1 . 1 A
=-3 me’ oy + ENﬁm/O‘jQD‘I' 5(_©m0‘16 + Deotym) @.
(3.13)

Now the difference between V and ® on vectors is given by (2.5). On 3-forms, it is
given by

Vewikp = De@jkp — (P)LkpNZj)L - <ﬂjxpNek’\ - @jklezP’\
= De@jkp — Eg; jip, (3.14)

where
Eg.jkp = akpNej* + @japNe™ + 0jiaNep”. (3.15)
Similarly, we write

Vmi)Z(ijp = i)m@ﬂ/)jkp - ’Dy.(pjkmeEM - gﬁwukmejM - g(iﬁoj,umekM
_/D(Z‘ijuNmpM
= :Dm@K(pjkp - Em;(fjkpy (3.16)

and hence
gmevmvé‘l)jkp = gmegmgl(/’jkp - gmeEm;Ejkp - ngVmEZ;jklr (3.17)
We begin by computing the contributions of g”¢V,, E & jkp>
glemEZ;jkp = (g[mvmfp)»kp) NEQ/'A + (glmvm(pj)»p) NEkA + (glmvmﬁojkk> NZp)L
+@3p8 " ViuNej* + 013p8 " Viu Ne” + 018" Vi Ne
= (gemgm(pkkp> Nei* + (gzm@mﬁoj,\p) Ne* + (gemgm(.ajkk) Nep*

_gem (Em;kkpNEjA + Em;j)\plvik)L + Em;jk)LNZp)L)
+@3p8 " ViuNej* + 013 p8 " Vi Nek + 0138 Vin N, (3.18)
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48  Page 10 of 42 T.Feietal.

3.2.1 Contributions of the Terms Ejjy,

Consider the contributions of the second row on the right hand side of the last equation.
Paired with @;.p0 @ wP?, it gives

g‘/émEm;)»kpNEj}L (Piaha)kawpb = me (‘pukmeAM
+(pkumekM + (P)JC;L]VmpM)ZVZj)L Diab®
= A4+ 1) - gjgpe* P’ (3.19)

kuwpb

with

k b L A k b
M - giap@™ 0 = g™ iy Nun" Nej* giapw™* o

ka pb _ & A ka pb
(D) - @jap@™ @0’ = " @31 p Nk Nij* @iap™* @

(D) - @iap@™ & = g 1ty Nup" Nej* piape o’ (3.20)
Next, we have

1D - (piabwkawpb _ —|(P|2gemguiNmkﬂNZjA _ _|¢|2N15MN”/\ — |<p|2 (Ni)ij
(3.21)

and, using (2.11), we compute

lo|?
D) - giapo 0P’ = Tme (02 8pa + Ppagii — Wragui — Wuigra) Nk Nej o
lol? tm k k k k wa, A
=78 o3Iy — 8" i + 8 28ui — @uid 2 ) Nmk" Nej
lo|?

2 (wli NkakijA _ Nmkkij)L + Npki ijk — wpi NmkuijJk> .

Now Nmkk = 0, and by the Nijenhuis tensor identities,

Nak”* = N si* = Nymi* = 0. (3.22)
Furthermore, we have by definition N,,;; N™ jk = —(NJZF),- 7, while
— @i Nk N™ ;7 = g 7V iNpi N 75 = Ny 1iN™ 7% = Ny i iN™ 7%
= — N N * = (Ni)ij (3.23)
and hence
D) - giap@ P’ = 0. (3.24)

@ Springer



Bochner-Kodaira Formulas and the Type IIA Flow Page110f42 48

Since (IIT) can be obtained from (II) by the simultaneous interchange a <> b and
k < p, we also have

) - gigp@wP? = 0. (3.25)
We consider next the expression

gemEm;jApNEkk(piabwkawpb = gém ((Pp.)umejH + (PjulenAM + (ijuNmplL)
x Nox* iap@* "
= AV + V + VD gigpao*wP?. (3.26)

The contributions of the term (IV) worked out to be 0,

lo|?
(V) - piapa* 0P’ = e (0uighra + ®ra8ui — ©pa&ii — ®rigua) Nnj"* N™
lol? k k k k warm A
= (w;u'] A — 8" 38ui + 8" ugni —wriJ u) Nuj" N" ™. (3.27)

The first two terms on the right hand side vanish individually, since

k A A
Wui I G N N™" 1™ = wui Npj" N™ 13" =0

855 gui N  N™* = Ny " N™k = 0. (3.28)
Of the remaining two terms, we have obviously

8" 1180 Nonj* N i = Nypj* N™ i = =N j N = — (Ni) . (329

ij
while

Jk A Jk A Jk Jk
— 03 Npj " "N" = g d " iNwj "N = J i Npj?"N" oy = Ny "“N" i ji

= Nuj " N" jii = =N N" i = (Ni) (3.30)

ij
so they cancel each other out and we obtain, as claimed,

AV) - giap “wP? = 0. (3.31)
The next group of terms is given by

ka pb » ka pb 2 ka, pb
V) - Giap@ 0P’ = @1 p N Nt @iap@™“ o = —@j,,8"" (N) ) Qiab@"“ P

oI
=—— (a)jig/w + Opa8ji — Dja8ui — (Up_igja) Wk (N?F)vk g/w.

4
(3.32)
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The first term on the right produces 0, since it can be computed as @ jiwk”(Ner)Uk.
This term vanishes due to the anti-symmetrization of k and v. We are left with

| 2

[%
V) - giapa* P’ = e (_Skugjigw + 6% jguig’ — wm-kag“”) (N42r>vk
|<ﬂ|2 2 2 2
-4 —INTgij + (N+>ij * (N+)Ji Jj (3:33)

Since we have

(N_%_)Ji Jj = NmkjiNmk,]j = _Nm‘Jk,’Nm,]kaj = NmkiNmkj = <N_%_)” (334)

we are left with

||

o
V) - giap ol = CLINPgy — 2 (N2) (3.35)
4 2 ij
Finally, we observe that
(VD) - giap@ @ @P? = g ¢ 3 1 Nupp" No* giap@ 0P = 0. (3.36)

We can readily see this in a complex frame. Since ¢ € A>? @ A3, the only com-

ponents of ¢, which are not 0 must have both barred or both unbarred indices. But

the contraction with g“" implies that the indices £ and m must be mixed. But then

for Nmp“Ngk)‘ not to be 0, the indices A and x must be mixed too, contradicting the

requirement that they must be both barred or both unbarred. This establishes our claim.
We still have one more contribution from the second row of (3.18), given by

8" En: 1o Nep @iap@* oP? (3.37)
but which can be recognized as coinciding with the term that we just computed

lo]?

lo|?
LN — - (Ni)ij (3.38)

L A k b
8" Em; jrpNek" @iap@™ 0P’ = 1

2

upon the renaming of indices a <> b, p < k.
It is convenient to summarize the formula which we have obtained as a lemma:

Lemma 1 We have

lo|?
8" (EmsakpNe;”™ + Em: jspNex™ + Em: jiaNep™) @iap@*oP? = = |N|*g;;.

2
(3.39)
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3.2.2 Contributions of the Term Ep,. g,

The term Ejy.¢jxp involves D, @ jkp, De@uikp, De@jup, and De@jr,. We use (2.7) to
evaluate the contribution of each term in turn,

kawpb ka wpb

1 .
D@ jkp Nme" @iapw = —E(Olmpjkp + 1y Pjkp) Nme" @iapw
L 5 M
= §|</)| (o gji —ajuwji) Ny (3.40)
Upon symmetrization in i and j, and contracting with g, we obtain
Emg o N oMo ka  pb . N 2 . ml " o__ 41
8 1w Pjkp Nme"” Qiap@™“ @ + (i < j) = |o|” gijop " Nme" =0 (3.41)
where we have used the fact that N is of type (0, 2) to write

¢ Im,Je ¢ ¢
8" Nme" = g""™ " "Nie" = g" " Nym,se" = —8"" Ny

and therefore

g"EN et = 0. (3.42)
Next, we consider the term
1 R
©£§0MkmejM‘Piab0)kawpb = —z(alfﬂukp + Oljéfpukp)ijM(Piabwkawpb
I, M
= 5|<P| (egui — ojewui) Nipj
1
= 5|0 @ Nuji + e N 1i)- (3.43)

The first term on the right symmetrizes to 0. So does the second, using the fact that
N is a type (0, 2)-tensor, so that Ny, j; = Ny, j,; which is antisymmetric in the last
two indices.

We consider now

kaa)pb —

1 R
Qéwjumekuﬁoiabw _E(alfpju,p + alﬁ(pjup)NmkH(piabwkawpb-(3~44)

We work out separately the contributions of the two terms ¢;,,,, and ¢;,,, on the right
hand side. First, we have

2
ka pb _ ol k
9 jupNmk" @iape O = Z—ap (@)igua + pagji = ©jagui — ©uigja) Nmk "
lo|? ko sk k k M
= @i =8 ugji +6" jgui —wuid" j ) Nmk"™-

(3.45)
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48  Page 14 of 42 T.Feietal.

We claim that, upon symmetrization in i and j, the net result is 0. This is obviously
true of the term w;, while Npi¥ = 0and N, ji also symmetrizes to 0. The fourth term
can be rewritten as

i I* i Nk = =8y J " iNw 1" = =T iNp,1j.v = N} Ji (3.46)
which symmetrizes to 0. We come to the contribution of the term involving ¢,

A ka_ pb ka . pb
PjupPiab® 0P’ = =@ up@iapw O

ol
= - 4 ((UJ/ i8ua + Oua8iji — ®Jja8ui — Oui&lj, a)w

oI
= __( 8ij8ua + Oua®wiji + 8aj8ui — a)ma)]a)a)

I<p|2
= - (—gij I = 8w + T g + 85 jou). (3.47)

Dropping the term wj; since it symmetrizes to 0, we arrive at

) L ol
gpjup‘/)iaba)kuwprmkM + <)) = __( gl/ m, Ju + ] Nmki + ijua);u')
+( <—>J)
|<ﬂ|2 .
= (Nmth_ij,Ji)'i‘(l(_)])
|<p|2 .
=__(ijjt NJm,j,i)+(l<_>J):O-

(3.48)
The last term D¢ x,, makes an identical contribution as D¢, p, upon renaming the

summation indices a <> b, k <> p. Thus its contribution is also 0. In summary, we
have established

Lemma2 We have
8" Byt jhp@iab@ 0P + (i < j) = 0. (3.49)
3.2.3 Completion of the Calculations for V*Ey ji,

The terms from VE ¢; jkp in (3.18) whose contributions we have not worked out as
yet are the following

(gemi)mfﬂxkp> Nei* + (gemgmq)jkp) Nt + (gb"@mwjk)\) Nep*
+@3p 8" ViuNej* + 013p8 " Vi Nt + 0138 Vin Ny

1 1,
= Qakp <—§¢>leNejA + VZNZjA) — 5%k Otjmgml\/zj'A
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1 1,
+@jrp (—EaeNek’\ + VzNuf) 5% asmg™ N
1

1 A
ok (_EO‘ZN@DA + Vleﬁ) — 5%k armg Nep”
= VII + VII + VI + VIII + IX 4 IX. (3.50)

Again, we evaluate each contribution in turn. We have

1
(VID) - gigp® P’ = —|¢|* g (‘5“% VN ,-*)

I
lol? <§o/Nz,/i - V£N6A1i> =0 331

upon symmetrization in i <> j. Next,

N 1
(VID) - gigpe’ @’ = _EaJm‘PJA,k,panjkwiabwkawpb
1 1
= 5|</7|2OlmeMijA = _§|§0|205]mij,Ji
1 1
= _§|¢|2ajmgmeNZ,j,Ji = _5|(p|2a]mgmeNJ€,j,i(3-52)

which produces 0 upon symmetrization in j and i. Next,

1
(VIID) - gjapa*@?® = ¢}, (—Ea‘Nu& + V“Nek*> Piah@* wP?

ol 1
= (w_/ig)»a + Ora8ji — ®ja8ri — a)m‘g_/a) wka —EOZZNZkA + VENg?
_ lol? k. _ gk k k Lo a ot A
=T wjiJ ) —8°8ji + 6" jgni —wnd —5 Ner" + V" Nk

l|? 1 1 1
=7 1% EO/NU)” - VINGH ) - EOlZle_/i + VENgji — EO/ZNZ,J_/‘,]i

—wi jV‘ZN«k*} (3.53)

Note that, the first two terms are zero because Ny * = 0; the next three terms also
adds up to 0 upon symmetrization in i and j. Indeed, the last term is also zero upon
symmetrization in i and j because it is antisymmetric about i and j as

k 4 A k, 14 A
Wi J" V' Ny" = w8 p./ij Nk
14 Ak
= a)Ma),,jV (Ngk g p)
14 A
= a),\,-a),,jV ng

t A
= —w)\jwpiv N(p
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The last identity is seen by switching indices p <> A and using the antisymmetry of
N.
The next term to be considered is

. 1
(VIID) - gigpa’@wP? = —Eoumwmg“ﬂv@k*wmhwk“w/”’

1
¢ 2 ka pb
= 5%m¥ujrp8 " Nex" piap@"™ 0P

lo|?
e (017,i8a + ©ra81j.i — ®1j.a8hi — @i&1j.a) @ aymN™ K"
lo|? k k k k m oA
=5 —8ijJ " — 8" wji + J" jgni + @2i8" j ) oy N™
lo|?

A A
=5 (=gijeumN" ;3> — agm N3 + oy N™ gji — oy N™ j i)

Using the fact that N is a tensor of type (0, 2), we readily see that each of these terms
reduces to 0.
In summary, the contribution of the Laplacian term is given by

Lemma3 We have
(8 Vewjp) diane’ ™ + (i < ) = lpP{ Vi + NP gy
3.2.4 Contributions of the Curvature Terms

Turning next to the curvature contributions, we write

g(fm[vm’ vj](pkpf _me (ij)hk(pkpl + ij)‘pﬁokk[ + Rm./’)\ﬁokpk)

= _Rejkk‘ﬂ)»pi - Rejkpwku + Rjk(ﬂkpk
= _lekk‘/’kpl + R[jAp‘pka + Rj}”fpkpx (3.54)

We consider for the moment only the contribution of the last term.
R oipi. piape o’ = —1p P R;* 810 = ~1@I*Rji. (3.55)
The next curvature contribution is similar

" Vo, V1000

8" (Rup” j0ske + Runp™k@jne + Rup” 00 jx1)
—R % joake + R ) ko je + Ry 0 (3.56)

and the corresponding last term gives

lol?
4

ll”
TRpA(wjinA —8758ji + 878 — @i J7 )

A ka pb A b
Ry Qi Qiap@" P’ = Ry (wjigih + wrpgji — @jp&ii — wiigjb) W'
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lo|?
= T(—R gji + Rji +Ryj yi) (3.57)

where we have dropped the term proportional to wj; since it symmetrizes to 0. The
remaining terms gives an identical contribution. Indeed,

8" (R’ porje + Rk’ j0pare + Rk e9pja)
= —R% pwrje + R joape + R @i (3.58)

" Vo, Vil

Considering for the moment only the contribution of the last term, we can write

A ka pb »( . pb k
Ri" @pjrpiap@ ™ wP” = Ry (wp ‘ijx%ia)w“

ol

- TR"A (@jigra + @1a8ji = @jagii — 3igja) &
ol o o . )

= RN @jiT s = 87a8ji + 07 jgni —wai
ol

== (“Rgji+ Rji + Ryj.si) (3.59)

where we have dropped the antisymmetric term wj; just as before. Assembling all the
terms, we have proved the following lemma

Lemma4 We have the following formula

" Vo, Vi1pipe + Vs Vidopje + [Vins Vplojke)piap@® 0P’ + (i < )
= 29> Rji — |¢I*R gij + 1¢|*Rij + 19|*Ryj i + F (3.60)

where the term F is given by
F = { (szkp - Repkj) Orke + <—Rej)\k + Rekkj) ©ape
+R = R e ,-e}so,-abw"“wf’” + (i <)) (3.61)
3.2.5 Evaluation of the Term F
We begin with
(sz)»p - Rkp)\j) DrkePiap@™ P
=— (sz)hp - Repkj) (@i 8tb + ©eb8ri — Wrb8ei — Wi gap) P
=— (lekp — Repkj) (CUMJPZ —8Ppgni + 87580 — wein;\)
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lo|? lo|?
=1 (_ijj,Ji,p + RZJKJi,j) e <_Rji + Reéz’j)
|§0|2 A A |‘/’|2 A A
+T(Rij A— Rin" )+ T(Rji,j 7= Ryi ") (3.62)

This reduces to

AN L A k b
(R i'p—Rp j) OakePiab @ WP

_ler?
4

lo|?
—R,'j.

J 12 A A
(‘R Piaiop + R yegij+ Ryij"1x — Ryign j) +7

Using the symmetries of the Riemann curvature tensor, we simplify this to

lo|? lo|?
(R[j)\p - Repkj) PrkePiab@ P’ = " (=Ryi 3" j + Ryij*13) + TRij-
We work out the next term, which after relabeling is
<_Rejxk + Rekkj) D3 pePiap@  wP?
= (R[jxk - Rekxj) Pt pPiap@ wP”
= (jokp - Rﬁpxj) Ptk Piba @, (3.63)
and is therefore identical to the previous term,
(_R(jlk + Rekxj) P ptPiab@ wP?
lo|? lo|?
=5 (=Ryi 3" j + Ryij*13) + TRij- (3.64)
We work out the final term. We start with
(Repkk - ngkp) @1jepiab@ 0" = =Ry gy jegiape 0’ (3.65)

by the Bianchi identity R®)*; + R + R¢*, = 0. Applying the identity (2.21)
gives
_ Rpkumjwmbwkawpb — (—Rpk“’” T kau) (p}\jz(piabwkawpb

e ka_ pb Al ka  pb
= —Rpi" 01, j, 10Piab®" "7 + Bip" 01 jePiapw” P
Y] ka pb Py ka  pb
= Rp" 03, j 0 Piab®" @’ 4+ Bip" 03 jePiapw” @
(3.66)

@ Springer



Bochner-Kodaira Formulas and the Type IIA Flow Page190f42 48

Therefore
— Rpi* 03 jepiapaoP? = %kamﬁokjﬂ(piabwkaa)pb (3.67)

and hence
(R )k = R )@y jepiape™ P’ = %kaufpxjefﬂmbwkawpb (3.68)

By definition of B,

Byt = =20k N,™ 42D, Nt — 2N, N (3.69)

Therefore

(R[pkk - le%) 03 jePiab@ P’ = DN, 03 j0piap @ wP?

+9, N 91 jepiape o
— N No ™ 03 jeiapa* o’
= 20Ny 03 jepiapa 0’
—Np N 03 jepiape™ 0P, (3.70)

We start with the last term. By the Bianchi identity N;jx + Nijj + Njx =0,

NakpNaM(pij(piabwkawpb = _Nakp [Neak(/)kjﬁ + NMO(‘/’AjE:I (Piabwkawpb
(3.71)

Recall the identity (2.19) for switching indices on contractions of N and ¢. Therefore
N N @3 jepiap@™ 0P’ = N%, [lexjﬁﬂmA + N)Ljﬁ(p)uea] Piap@  wP?
= —2N%p N jpariape . (3.72)
Applying the identity (2.19) again,
N No 03 j0piap@™ 0P’ = 2N N j @aip iapa™ . (3.73)
We can now apply the bilinear identities (2.11), so that

N No™ @3 j0piap@® @P? = 20> N N ;g4
= —2|p|*Nipn N ;. (3.74)

@ Springer



48  Page 20 of 42 T.Feietal.

Next, we need to handle the D N terms in (3.70). By the Bianchi identity N; i + Ny;j +
Njri =0, we have

— 20k Ny ™ 03 j0piap@ 0P = 20N ) 03 o piap™® w?”
F2DUNM prjegiape™ 0P’ (3.75)

This is
— 2D Np M 03 j0piap @ P’ = —4D N 003 j @iap @™ . (3.76)
To apply the bilinear identities (2.11), we will need to switch some indices.
Lemma 5
DiN?ijops = DN y@pij + NPj 1o sxpij- (3.77)
Proof Differentiating identity (2.19) gives
DiNPijopus + NP iDippri = =D NP su@pij — NP yuDiepi;. (3.78)

Using the formula (2.7), we obtain

1 1 «
DiNPijopr = =Dk NP ygpij + ENpijOlkﬁﬂpM + ENpijaJkﬁapAl

1 1 A
+§Npklak(ppij + ENpAlaJk(ppij- (3.79)

Using (2.19) and @5 = —@pyai = —@yp,u> we simplify this to

1 1
DiNPijopi = =Dk NP jigpij — EN"ijakap,Jx,z - EprzaJkQDJp,ij- (3.80)

Using (2.19) again and N’P;; = — NP .71, we obtain the desired identity. O

Applying now this lemma to (3.76), we find

— 2D N 03 e piapr @ = <4©kN“j - 4N“Jj051k) 00 pPiap@  wP?

(3.81)
We can now use the bilinear identities

—20k N 03 o piap@ @ wP?
= P DN — NP jia 1) (@0 810 — @2 8ta — Wea8ii + @ragei) @™
= P (DN} — N jia i) (wei J*5 — i+ 8% 0gi — 855800
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= lolP (=D Nsi 7% + Ny o) + 1oP@eN i i = N7% g i)
+loP @k N*ij — N&: i) + 19 (=D Nk + Ni¥ jja0).

This simplifies to

20Ny 03 j0@iap@* oP?
= QP (—2DNi*j + 2Dk N¥ij + 2NF joy — 2N ). (3.82)

Substituting (3.74) and (3.82) into (3.70),
(Rgp’\k - Rﬂkkp) 01 jePiap wP?

= o2 (=20 Ni* j + 20k N¥ij + 2N5 o — 2N% i) + 219 Niga N
(3.83)

By the Bianchi identity,

200 NiaN? ;= 2|9[* (= Nyig — Nepi) N
= 2|p*Naei N — 2|9 Nppi N (3.84)

and hence

(Rszk - Rekkp) 01je@iap@ 0"’ = |p* (—2DkNi¥; + 2Dk N¥ij + 2N oy — 2N o)

+2lplP(N2)ij — 2lpP(N7)ij
The result is
F = |‘P|2{(_R]i,J)L)Lj — Ryj ;) + (Ryi 55+ Ryji* s2) + 2Rij

—2(DuNi*j + DuNj*i) + 2(NF j + N Do + 4N — 4(N3_)ij}
(3.85)

Lemma 6 We have the following formula

8" (V. V10kpe + [V, Vil@pje + [Vin, Vpl@jke) @iap@™ o’ + (i < j)
= |§0|2{ —2Rji — Rgij + Rij + Ryj.Ji
—(Ryi 73+ Ryj i)+ (Rigj* 13+ Rj 1i* 13) + 2Ri;

2@k N + DN + 2(NFj + NiF Do +4(N2)ij — 4(N2); } (3.86)
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3.2.6 Contributions of the Curvature Terms, Continued

We now simplify Lemma 6 by applying identities for the action of J on the Riemann
curvature tensor. We start with the terms

— Ryt — Ryt (3.87)
which can be manipulated using the relation (2.21) into

s s s s
—Rjin"j—Ryjn"i=—Rj" 5 gi — Ri"yauj
A A A s
=—R;"yi — R"yj — B"jai — B"ixj

=2R;; — B* ;i — BYi3. (3.88)

Next, we have the terms
Ri ji* 1+ R 1i" 1. (3.89)

By the Bianchi identity,

Riyj*n+G < j)=—Rjpn*si—Ruuitj+ 3G <))
—Rj,\“ﬁ — Rj)\Ji,J)» +@G <))
= &M Rjs i = R gin+ G <)) (3.90)

Using the relation (2.21),

Riji*n+ G < j) =g"Rjsui—Ri*is+8g" By jui— B i+ <))
= —2Rij — 2Rij + {B"jui — BYjix + B inj — BYij}
(3.91)

Therefore
Ryi 1+ Ryji* o= —4Rij +{B" jui — B" jix + B*inj — Bhip). (3.92)
The next term in Lemma 6 that we consider is Ry}, y;. This term becomes

Ryjyi=8"Risjpsi=—8"Risjipmi—8&"Brjiini
= — "R jutjx— 8" Briiini
=" Riypjsr+ 8" Byuij i — 8" Brj i
(3.93)

and thus

Ryj.ji = Rij + B*ij» — By;" 1si- (3.94)
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Substituting (3.88), (3.92) and (3.94) into Lemma 6, we obtain

& (Vns Vi10kpe + [Vins Vidopje + [Vins Vp10jke) iap@* oP® + (i < )
= —lp* R gij — 2@ Ni¥j + DuN; 1) + 2(Ni* j + N Do + 4(N2)ij — 4N
—B% i — By’ ai (3.95)

Using the definition of B,

— B*jin. — Byj" jri = —[=2D*Njis + 2DjN*i;. — 2N** j Nais ]
—~[=2Dy;N*j5.: +2D*Nyj jsi — 2N%;;* Ny, 2.i]
= —4(N})ij (3.96)

where we use the symmetries of N to get the last equality. Therefore

Lemma 7 We have the following formula

gem([vms Vj](/)kpl + [Vin, vk]‘ppjl + [Vin, vp]‘pjkl)‘piabwkawpb +( < ])
=lol? {_Rgij + 20k Nij* + 2Dk Nji* + 2(NK; + NiF Do +4(N?),; — S(Ni)ij}
(3.97)

3.2.7 Bochner-Kodaira Contributions
By (3.11), we have

(—19*dd" ) jkp@iap@™ " = (191> 8" Vu Ve jip) Piap@™ P’
—lolP ("™ {[Vin, V;10ape
Vs Vilpje + [V, Vplgjke Diape @ oP”

By Lemmas 3 and 7, we obtain

(~1¢?dd" ) jip@iap@* @@’ + (i < j) = lo|*|Vah + N} g
ol | Reij + 20-DeNij* = DeN;iby — 2N j + N — 425 + 8D )

Altogether,

Lemma 8 We have the following formula

(—l*dd" ) jkppiap@™ P + (i <> )

- |¢|4{Rgij ) (@kNl-j" + @kNji") + (Vua + INP) gij — 2 (N,-"j + N_,~",«) o

—4(N2),, +8(N2), } (3.98)
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3.3 Other Contributions
3.3.1 Gradient Dagger

Returning to (3.3), we study the contributions of the second term —d lpl?> Adfp. We
let « = —d log |¢|* as before, and write

—dlpl* = lpPa. @)y = —8" Vaouip. (3.99)
Since
(—dlpl* nd @) jip = (—dlpl»);(d )y + (=d|@|?) p(d ¢) i
+(=d|p|)i(d 9) (3.100)
we have

(—dlp* Ad"9) jkp
= o (—a; 8"V —a, 8"V, ik — gtV ) (3.101)
|| a8 Veukp — ap8 T Vp@uik — k8" VEPupj :

Using previous notation,

Vukp = DpPurp — Eg:pukp- (3.102)
By the formula (2.7), we conclude

1 1

VBPukp = —ZpPukp + 52IpPIukp ~ Epipukp- (3.103)

Therefore

up

1 1
(—dlpPP Ad @) jip = |¢|2<§ajg“ﬂamoukp — 598" gy + @;g"P Eg.uxp

1 1
‘*‘E“pgﬂﬁ“ﬂ%jk - Eo‘pguﬂo‘lﬂwlu,jk + 8" Ep.puji

"oy pi +ong"” Eﬂ:#l’./)

(3.104)

1 W 1
+§akg ABPupj — Eakg
which simplifies to
(—dlgp)* A dTQD)jkp = lof? (“ngﬂEﬂ;ukp + 8" Eppuji + “kguﬁEﬁ;upj)

= (I) + dI) 4 (II0). (3.105)

@ Springer



Bochner-Kodaira Formulas and the Type IIA Flow Page250f42 48

We now work out the bilinears.

M - @iap@ 0P’ = |9 et; g"P (Qrkp Npu™ + 00 p Npr™ + @i Npp™ ) piap @@ wP®

(3.106)
Since N“,ﬂ = 0 and we can relabel p <> k and a < b,
D - Giap @ 0" = 2|0 e 8" (91 p Nox ) piap P (3.107)
By the bilinear identities
ka  pb |(ﬂ|4 up A ka
(D - giapw W’ = %8 Npi" (gui®ia — 8ri®ua — &ua®ii + &raWpui)®
_|(ﬂ|4 GMB N A (—o Sk + sk gk .+]k )
= Tajg Bk ( 8uio A T 8ri0 pu wii AWui
lo|* Jk Ji s
ZT(O—}-O—‘,-Ole k —Ole]i’j)L )=20 (3.108)

using the type (0, 2) and trace-free property of N. Next,

L+ 10D - giagp’ 0P’ = 2|pPa, g™ (@ jk Npu® + 0ukNg ™ + @i Nor ) iapao*® w?”
= 2|92 (0 + @ N* ;* + @ s Nk piap o wP? (3.109)

The first term is

21020 @ik N* M) iapa® 0P’ = =21p1Pay N j* (9uik piva ) P?

4
ol A b
= —poN“j (guiwib — 8riwub — ubwii + rpwui)®”

lo|*
== ap N (—gui8P 5 + 8187 — JP pwsi + JP0pi)
— |<p\4 p p Ip Jp
= =5 (CopN" + oy NTji +ap N} i = apNyi jF)

lol*(orp Nij” — ap NP ji) (3.110)
For the second term, we use the identity (2.19) to obtain

21912 (03 N* i) piap ™ 0P’ = 2|p12a )y (—uia N* M) prap @@ wP®
= _2|§0|2apNujA¢#Ak§05bawkawpb. (3.111)

This term is identical to the one above. Therefore
(I + 1) - gjp*@@P? = 2|p[* (@, Nij? — a, NP i) (3.112)
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Altogether,
(—d1p)* Ad" @) jip@iap@* wP® = 2| (@, Nij? —apNP ;). (3.113)
Therefore

(—d|p)* A d' @) jkp@iap@ @ @P? + (i < j) = 2lp|*(@pNi;? — apNP j;
—i—O[pNj,'p —Olep,'j). 3.114)

By the Bianchi identity N”;; + N;¥; + N;;¥ = 0, and hence

(—dlp)* Ad"9) jip@iap@ 0’ + (i < j)
=2l|* (apNi;? — ap(=Ni”; — Nji") + apN;i” — ap(—N;Pi — N;ij?))
=2lol*a, (Nij” + Ni¥ j + Nji? + Nji” + N;Pi + Nij?) (3.115)

Thus we have established the following lemma:
Lemma9

(—dlp* Ad"9) jkpgiave™ o™ + (i < j) = =2lpl*a,(N;P; + Ni?j). (3.116)
3.3.2 Interior Product

Returning to (3.3), we study the contributions of the third term d(ty,2¢). We can
write

(v ®ip = 8" @l@1DPuip = —l01* 8" vyt (3.117)
; L — 9. 2 Anl2 — — 1120y -
since a; = —0; log |p|, or 9;|¢|” = —|¢|“a;. Next,
d(tyip@) jkp = V(i ©ip + Vpyippe) jk + Vilyjppe)pj-  (3.118)
We start with
Vi(tyipp@ip = 10 o oy — 01V  oury — lo1* " Vigu,  (3.119)

Since

1

1
Vioukp = 5% Pukp + 29I nkp E; jkps (3.120)

we have
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3
Vi(vpphp = 510l gup — 01V 0" oty
1 2w 2
—zlwl aayioiukp + ol " Ej; k- (3.121)

We now work out the bilinears.

3 3 3
<5|¢|2aja”¢ﬂkp) Giap WP’ = —5|¢|4aja“gﬂi = —§|<o|4aia,~, (3.122)

(—lesza“wukp) Giab@™ 0P’ = |o*V;a;, (3.123)
1 1 1
<—§|¢|2Ot“ajj<ﬂfu,k,p> Piap 0P’ = §|<P|4Ol“a1jgju,i = —§|</)|4C¥Ji011j~
(3.124)
Therefore
3
(V (g 1o 9)kp) iape 0P’ = —§|§0|405i0‘j +1p'V e
1
—§|¢I4Ol1i061./

+olPa  E j ykppiap@™ . (3.125)

Next, we work out the two next contributions of this term with the indices (jkp)
cyclically permuted. After forming bilinears, these two extra terms are identical.

(Vp(lv|¢\2‘ﬂ)jk)§0iabwkaw‘nb + (Vk(lv|(p|2¢)pj)(ﬂiabwkawpb
=2V (ty1p2®) k) Piab @™ & (3.126)

As before, we have
3 2 n 2 "w
Vplyippe) jk = zlfpl apa gk — @17 Vpa ek
1 2 1 2 1
—§|<P| aayp@rp kel Ep ik (3.127)
Forming bilinears,

3 3
<§|<P|2Otp05“§0ujk> Giap WP’ = —§|<P|406p05“(wmgjh —Wjigub — Wub&ji + wjhg,u)wpb

3
§|¢|4Olpa“(—wuifpj +wiJPy — 87,85 + 8P jgui)

3
§|(P|4(alj0lli +ayoto; —auatg; +ojey), (3.128)
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and

1
<—|¢|2Vp01”<ﬂujk> Giap 0P’ = Z|¢|4Vp0t”(wmgjb — ©jigub — Oubgji + @jpgui)@"”

1
= —|@I*Vpa (@i I j — @i d Py + 87 ugji — 87 jgui)

4
A R T
= (S Vaag % = TRV pal wji + Vet gij — i),
and
1 2 ka  pb
—§|<P| a ok | Piapw @
|
= §|§0| oy (@rnigjb — ®jigiub
b
—wjup8ji + i8I’
1
4
= gl(ﬂl alayp(—guiJ?j + wjis?,
+JP g5 — 87 jgiu.i)
lol* » “
= —(ajaj +alajpwj —aa,gij +ayiog;). (3.129)
Altogether,
ka  pb |‘,0|4 w M
(V[,(vaz(p)jk)gombw w" = T 30[]j0[],‘ + 3a g0 wij — a0 8ij —|—30lj0li
=2V, — 2V1Ma“wﬁ + Zvﬂa“gij -2V
Fajaj +(¥p(¥jpa)ji — Ot“otugij +(>ljiajj>
20hE . ik@iap@ Pt 3.130
+lol o pipjkPiab@ Q@ 3. )
It follows that
lol*
Z(Vp(tvww)jk)wiabwk”w”b = (/]T dayjagi + 200t wij — 4yt gij + daja;

—2J" Vo J9 =207 Vet o + 2V, g — 2V.,-a,-)

+2lpPa E iy jk piap@ o (3.131)

We can now combine all of our calculations. By (3.118), (3.125), (3.131),

Lemma 10
(dig)p29) jkp@iab@ @’ + (i < j)
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1
= |<.0|4{ 5 (Viei + Vi) —eiej +ayioyj — 2a,0" i
1
—E(Jijql-Vpaq + ]pquijOlq)
+Vua“8ij} + 1@l  E . piep Gian @™ 0P’ + 9P Ei. jip jab @ oP?
+21p1P " E oy jk Piap @ 0P + 200 P E ik p jap ™ 0P (3.132)
It remains to evaluate the E terms.
|2 E j yip @iabp @™ oF” + 2|0 P E ey jrpiap@“ o’ + (i < j) (3.133)
We start with
|(p|2aMEj;ukp§0iabwkawpb = |¢|2au (‘;@J{pNjM)L + ‘P/A)LpNjk)L

+¢kaijA><ﬂmba)k“a)/’b (3.134)

which by symmetry is

0P E jyippiap@™ o’ = g2 (91ap N j ) prap ™ wP?
2192 (@ p N k") piap@ 0P’ (3.135)

The first term is

2 A ka  pb 4 A 4
lol“a" (@arp Njupiape™ o’ = —lo|" e Nj, " g1i = —lo|"a’ Nju;i.
(3.136)
The second term is
2 1 A ka , pb |¢|2 n A ka
2ol o™ (Puap N jk ") piap@w ™ 0P’ = e Njk" (8uiwra — &ri®Wua — &ua®@ii + graWpi)®
lol* o k k k k
=« Njk* (—guid™» + grid" p — J" pwri + J* powpi)
lol* o k k k k
=« Njk" (—guid™» + grid"  — J" pwri + J 50ui)
— |¢|2 N, KN KN . . A
= T(_al oo Ny o Nj g Ji _aJth,J)» )
lo|? u "
= T(O+a N_,‘W‘ —o ij +0)=0. (3137)
Therefore
2 ka__pb 4 4
ol Ol#Ej;ukp@iabw Yol = —g| aﬂNju.i = || O5#Nji/l,- (3.138)
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Next, we consider

2|</’|201M Ep;ujk(/)iabwkawpb = zl(plzaﬂ((ﬂkjkNpuA + Purk A’pj)L + Qujir Npk)\)wiabwkawpb
= T+ T+ 100) - grapewl?. (3.139)

We start with
@ - piap@™ 0P’ = <2192 Ny (pakj Giap @™ P”

lol*
= —Tot”Npu'\(wugjb — wjiguh — Wibgji + ®jp&ui )W

lol*
= —TOCMNpMA(a)MJpj —wjid P+ 87585 — 8 jgui)
=5 (" Nyjp.gi +@jic Ny ™ — gjia” Npy™ + o Njpi)
_lelt " - 14
= - (=0 Ny +0 = 0+ a Njy) = 0. (3.140)

Similarly, we can also compute
(D) - piap™w?” =0 (3.141)
The third term is
(D) - giap 0 = 219 Po™ (93 Npi*Vpiap o o (3.142)
It can be rearranged using the symmetry p <> k,a < b
(Npk* — Nip*)

2
= —1pl*a" 91 N* priape“ " (3.143)

(1) - giapa@* P’ = 2|p2at @y 2 Giap@* ¢ P

and then using the Bianchi identity. By the identity N* pk@ipj = —N » 1wj Prpk>
(D) - giap™ 0™ = —|9Pat N* 1 j @i pk pipa . (3.144)
We can now use the bilinear identity.
D) - giape o = |pI* e N* 1 jg1i = lgl et Nipj = ~lo|* e’ Nijy. (3.145)
Substituting our results into (3.139), we obtain
20920 E i piap@ o’ = ~|gl at Nij. (3.146)
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Combining the above equation with (3.138),

9P E jjuippiab @ @ + 219 P’ E pp jr piap@ o’ + (i < )
= lp/*a" Njiy — lpl* e Niju + (i <> j) = 0. (3.147)

Therefore the E terms do not contribute, and we are left with:
Lemma 11

. . 1
iy 9) jkpPiap@ o’ + (i < j) = |¢\4{§(Vj0ti + Viaj) —aioj +agia; — 20,0t g

1
—E(Jpjﬂivpaq + in.]qjvp()lq) +V,,,Ol”gij}

3.4 N Term: d(|@|2NT - @)

Recall from the definition of the operator N T that (N T(p)k i =2N# jkwﬂkl , and thus

d(@)’NT-9) ity = Vi(plP(NT - 0)ip) + Voo P(NT - 9) 1) + V(o P(NT - 9) )
=14 11+ 111 (3.148)

3.4.1 Computation for (l)

We start with the first term

—2lpl* i N* ) @i + 2101*V; (N* )  0uk)
= =20pl? ;N ) guir + 200 PV N" ) oo + 210N )2 Vo,
(3.149)

Vi(elP(NT - @)ip)

We now work out the bilinears term by term

—

2 r k b 4 A k
—2¢| ajNMk PuprPiab® Yl = —lgp| (YjNMk (Wpi8ra + Wra&ui — Opa&ii — @1igua)® “
4 s k k k k
lol® o NHu " (wpi I3 — 8%5.8ui + 8" ugni — wriJ* 1)

|<ﬂ|40l_/(—NJi,kjk — Niyb + Ny + NR g =0

N = N =

The first two terms are zero due to antisymmetry of N in the second and third
indices. The third and fourth terms are also zero since gmlel ; =0and N Tk ki =
—N* kg = N¥y.

Next, we work with the second group of terms in (3.149):

1
2091* VN, 9 iap@ 0P’ = §|W|4VjNHp}L(wp_iglb + 0rb8ui — Wub8ii — i gub) W’

1
§|¢|4VjN“pA(wmfpx —8738ui + 87 ugni —oniJ )
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1
= E|(‘a|4(VJ'NMP)”OL)M,'Jp)L — VjNipp +Vijpi
—ViN* w3 P )
1
= 5|(.0|4(V_,‘I\]Mp)"a)p,,']‘n)L - V_,'Nﬂp)"a))LiJ])M) (3150)
The last two terms require extra work since J may not be covariantly constant under
V.
A A A
a)mVjN"p Jp)L =w,u-(Vj(N”p Jpx)—NMp Vj]p)\)
J A J
ZQ)M,‘(V]'NMP p+2Nﬂp Nj, Py

A J
2w N* > Nj P

= —2Ny; ,* Nj'P
= —2N; ;" NP
=2N;,"Nj3P.
Similarly, we can compute
— ViN*,f @i JP = 2N" i Njp'P = —2N* i N, P (3.151)

Altogether, we have
20101°Vi N, 0 iap @™ o’ = ||*(Nip* Nj? — N* i NjpP). (3.152)

Next, we consider the last group of terms in (3.149).

20191>N* )V 0 @iap@* wP? (3.153)
Since
1 1
ViPukr = =50 Pui + P~ Ejipuks (3.154)
then

29 *N* )2V 0 @iap@™ wP?

1 1
2 2 ka  pb
=2|p|"N*, (_Eajﬁoukk + 3Pk — Ej;ukk) Piapw P
We work out the bilinears term by term
1
2/pPNH (_Ea.i‘/’ukk) Piab®™ " = —|pPa i N* ) 0 piap o P’

1
_Z|¢|4ajNﬂpA(wmgAb + Wb 8ui
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1
2|(P|2Nupk(Ealj‘Plp.,kk)(Piabwkuwpb =

2|9 PN* )M (—E j i) piap @™ 0P’ =

—wub8hi — Wi Gub) "’
_%|¢|4a.fNﬂpk(mepx

=875 8ui + 87 ugni — wri JP )
_%|§0|4aj(_NJi,pJp

—Nip? + NP i + NP}, 5i) = 0.

2 Py ka pb
lolZay i N* " 011 krPiape™ 0P

_il‘plztaleﬂpk(a)Ju,igkh + 0 gipi

— Wb 8 — @i 81 b) PP
_%|§0|4aleﬂp)L(_gp.inA — 87 wpi + P g
+87 w1i)

_%l(p|4a1j(_Nip]p

+Nyip? + NP — NP, i) = 0.

=21 PN" ,* E j: i Piab @™ P”

_2|€0|2NMpA(Nj;/§0£kA + Njkg(/’um
+N 2 o) piap et P’ (3.155)

The first term in the above last line is easy to handle

2 A ¢ k b
2)¢| Nﬂp Nju. PekrPiab@ TP =

1
2

dan Ay € b
1@l "N, N (whi gap + wingei — wepgri — wiigen) @

1
E“/Jl‘tNﬂ[lANj;/(wZijpk — 87580 + 8708 —wniJ )

1
§\¢|4(—N”JA'\N_/M,J[' — N"*,PNjui

AN NP A NP e N

%m“(zv”p,wm" = N¥piNju”) =0. (3.156)

The third term can also be handled in the similar way

2am An € ka pb
20@l"N" p* Njs" pukepiape™“ 0P

1
= E|¢|4NMpANjAZ(wm’glb + b gui — Wubgti — Wi &ub)@F”

1
§|¢|4N”pANjAé(wuinz — 8P 0gui + 87 ugei — wei I )

1
S 101 < Nip NP = Nip N ?

2
+N7?,

Nji + NP ANy i)

%|¢|4(NipAN_jA” — Nip"Nj3P) = 0. (3.157)

For the second term in (3.155), we will use the Bianchi identity and switch the indices
as before, N?;j @0 = —NP¢pij, obtaining
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N* 2Nkl oo = —=N* 2 (N i 4+ N e
= N* ) N jegenn — Ny Ny o

= —N*,* Nugein + Nibj NP0 (3.158)
Therefore,

“20QPPN* ) N puergiape @’ = 20 P(N" > N iapejic = Ne&j N oupn)
X iap@* wP?

= _%|¢|4NMpANZuA(wZigjh + wjpgei
—wugji — wjigen)
+%|‘P|4Nk£j N* M (@pigra + Wra®pi
—Wpa&ii — Wi &ua) "

= _%|§0|4Nu'pAN€p)\(w£inj
=87 jgui +8P4gji —wji )
+%|¢|4Nk‘ j N (@i 16
—85 gui + 85 ugni — @i J* )

= _%|¢|4(_NMJj)LNJi,;,L)»
—N" N + N" "N agji)
+%|¢|4(—NJAE,/ Nyio* — Nxej Nio*

+N, G Nf g+ Nyt NP i)

The right hand side can be readily simplified as follows,

—%|¢|4<—2N“ JNigo + N* NP i)

+%|‘P|4(_2Nkej Nie* + N5 NP — Nyt N7

= _%|¢|4(_2NﬂjANiuA + N¥,ANP g5 + 2N Nig™ — 2N, N#yp)
= —%|¢|4(2N’M/me —2N* Nize + (N2)*agji — 2N, NP o)

1
= —|¢|4<5(NE)Hg,-,- — N5 NPy, (3.159)
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Putting the above computations into (3.153), we obtain

1
2001*N* 'V o @iap@™ o’ = —|pl* (E(Nz)klgij ~N,Y; N“ei)
(3.160)

Therefore, we obtain the first term (I) in (3.148):

ka b 4 A A
D) - Giap@ 0P’ = |g* (Nip* Nj3? = N* i NjuP)

1 2
—lol* (5 (N%) 18ij — Np*j N”Ai)

= —%|¢|4(N3))"Agij + 1 (Nip* Nja? — N* i Njp? 4+ Np* i NP3p)
Using the Bianchi identity, we readily find
Nip*Nj? — N* i Njp? + Npy* NPy = =N jP N2 (3.161)
Therefore,

1
D) - prap* 0P’ = —§|w|4<N3>Hgi,- + 1@l Ny NP2, (3.162)

3.4.2 Computation for (I1)

Next we work out the contributions of (II) in (3.148). The contributions from (III) will
turn out to be similar.

1 1

2 Nt ! 2 Nt
EH = Evp(lwl (N"-9)ji) = _Evp(l(p| (N 9)ij)

= plPayN* * o — 191P VN 2 0ui — 191 N 4V 0. (3.163)

Again, we will work out the bilinears term by term.

1
2 A ka, pb 4 A b
Il e, N¥ i @i iap™ o’ = le\ ap N " (@i grb + Orp8ui — Wub&ii — Wii&ub) @

1
= Zlfﬂ\“apN”_/)‘(mepx — 8758 + 87 ugri — wri I )

1

= Z|¢\40lp(*NJi,ij — Nij? + NP ;i + NP 1)
1

= <1y (=Ni? = Nij? + NP ji + N? ;)

—_—

= §|<P|405p(—Nijp + N7 ) (3.164)
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Next, we deal with the second term in (3.163)

1
— 0PV N* i puinpiap@ P = —Z|‘P|4VPNMjA(w/LigAb
FWib8ui — Oub&ii — Wii &ub) WP
1
= _Z|(P|4vaujk(w/Li-]pk
—8758ui + 8P ugni — wriJP )

1
= Z|¢|4<V,,Nl~jp —V,N? )

1
—Z|<p|4<wmvpzv“ P

—wpi VNP TP ) (3.165)
For the second group of terms in (3.165) , we need to take care of VJ,

wui VyN* 2P — 0, V,NH 2P, (3.166)
= a),u'V‘DNMJ‘)LJP)L — wmva)»jMJPk
= wui Vp(N*j* + NM ) JP,,
= —a)mVpNj)‘“Jp;\
= _wm(vp(NjAMJpA) — Nj*“VpJ”A)
= a),u'VpN]jPM — Za)M,'NjAMNp)LJp

= a),u'V,,Nij“

=V, NP I g0
=V, (Nyj;P* T g0i) — NyijPPV ,J ¢ gei
= V,N;?; —2N;?* N, i (3.167)

Putting this back into the calculation,

1
— @V N* @i piap@ P’ = Z|(p|4(vaijp —V,N?ji = V,N;?)

1
+§|(p|4ij“NpW‘.

1 1
= _|¢|4(VpNijp — V,N?j) + §|(p|4ijLNpm

2
(3.168)
where we used the Bianchi identity —N;”; = N;;” + N7;; to obtain the last equality
above.
Now, we deal with the VN terms using the projected Levi—Civita connection

VpNij? = VpNPji = DpNij?” = Naj”Npi® = Nia”Npj* = NijaNp"™
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—Qprjl‘ + Najinpol +Npm‘ija + ijaNpia
=9D,N;j? =D,Nji — (Nyj? — NP jo)Npi®
_(Niap _Npoti)ija (3.169)

since N,P% = 0. Next, apply the Bianchi identity of NV to the last two terms, and get
V,pNij? = V,N?ji =D,N;j? —D,N?ji + NjPNpi® + NP iNp;®. (3.170)
So, we have
— l9PVpN" i piape w0l = %wr‘(@pNﬁf’ —D,N” ;i)
+%|¢|4(ijothia + No?iNpi® 4+ NP Npai)

1 1
= 5|¢|4<©,,N,;,~P —D,NP ;) + 5|¢|4Na1’,~N,,,,“

(3.171)
Next, we deal with the last term in (3.163). Since V,@ur. = —%apﬁl’ukx +
%a.lpgo]u,k)u - Ep;'uk)” we have
2 AT A 2 A7l A 1 1
= lpl"N" " Vppumn = lgl"N"; 9P Puki. = SCIpPI ko + Epuia ) -
(3.172)

We work out the bilinears term by term.

1 1
S1PapN" o giane o’ = cloltap N i* @i d 7
—8758ui + 8P ugni —oni I )

1
§|§0|4ap(_N]i,ij — Nij? + N?ji+ NP 1)

%Wap(—N,-j" +NP;) (3.173)

1 1
_5|(p|2‘XJPNﬂjl‘PJ;L,kl‘Piabwkawpb = —g|rp|4onpNMj*(_gw,JpA
=87 i + I gai + 87 uni)
1
- _§|¢|4a"’(_NiJJp + Nyi P+ NP ji = NPj 5i)
1 1
B _§|¢|4ajl’(_2Nij]p +2N7P ) = Z|§0|4apiji
(3.174)
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by the Bianchi identity satisfied by N. The terms E lead to

Q> N* i E e s @iab @ oP? = 1@ N" ;* (N “0ei + Npik“@puen

12 k b
+Np " Quie) Piapw™ o
We compute the three terms

lQ>N" * Ny  our piap @ P’ = %|¢|4NMjANpu[(w£igkb
b8 — wepgri — rigen) W’
= %|¢|4NMjANpul(wlink — 87580
+67 081 — w2 I 0)
1

= 5|¢|“(—N“ JPNppsi = N jP Nppi

+N“jiNPMp + NMj,Jinqu)
1
= —|o[*(N* ;P Npui — N* ;P Npui) =0

2
(3.175)

@ N" N @puke piape o = %|¢|4N“,,~*Nm‘f(wmgeb

+oubgui — Oubgi — @i ub)®"”

= %|¢|4NMjANp}»Z(wMinZ — 8% gui
+87 ug0i — wei P 1)

= %|¢|4(_Nli,jANpAJp — Nij*Np?
+NP? *Npri + NP * Ny 1)

= %|¢|4(ij)LNpAi — NP *Npy i) =0

(3.176)

The second term in (3.175) is more complicated, we first note that, by interchanging
indices k <> p and a < b,

N" PNk  opes piap@™ oP? = = N* *Niy oo giap@™ 0P?  (3.177)

It follows that

1
A 4 k b A 14 l k b
N¥ Nk Quer@iap@“ of” = EN“/' (Npk" = Nip ) opergiapew™ ?

1
= EN'ujA(Npkl + N D)oo piap@* wP?
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1
= =NV pepuergiap o (3.178)

where we use Bianchi identity to get the last equality. Now, we can ready to use the
identity N? e ,ij = —NP;j@pre to handle the second term in (3.175)

1
2 A 4 k b 2 Y N24 k b
lo|“N" ;" Npi“ oo iape™ o’ = —Eltpl N *N® properiape™ o
1
2 Aarl k b
= §|(0| N"i*N® i @ekpPiapw”® 0P

1
= _§|§0|4Nuj)LNE;Mg£i

1
Elwl“N‘“/Nm. (3.179)

So,

1
9PN E i piap e o = S 1PN i Nip. (3.180)
Putting the above calculation together, we obtain

1
— QP N" Y i piab @ 0P = Z|<p|4ap(—N,-,-" + NP )
1 1
+Z||¢||4a,,N,,~P,- + §||<p||“1wM iNi

1 1
= Elwl“Nl“,-Nm + §|<p|4apij,- (3.181)

using Bianchi identity N” ;; + N;? j + N;;? = 0.
Back to (3.163), using (3.164) (3.171) and (3.181), we complete the calculation for
(0):
() - giap@™“ " = |pl*a, (=Ni;” + NP i) + 19|* (D, Nij? — D NP ji)
+l[* Ny PiNpi* + |€0|4N’“\ijx + |§0|40lejpi
= |9*D,Nji” +2lp[*a,N;?i — |p|*NP*iNyy;  (3.182)
Note that N¥ ;; = 0 up to the symmetrization for (i <> j). So, terms involving N?;;

vanish up to the symmetrization for (i <> j). For the two quadratic terms about N,
we use Bianchi identity to obtain the last line. Thus

D) - Giap@*P? = |p* (D, Nji? + 20, N;Pi — NP*iNpy;} (3.183)
3.4.3 Computation for (llI)

Next, we consider (III) in (3.148). We simply observe that by switching the indices
k <> p and a < b and exploiting the antisymmetry of (NT¢); ; in j and k, we may
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write

(1) - gigp* @’ = Vi (19> (N7 - 9) p))piap@*“ @P?
= =V, (Io*(NT - i) piap e "
= Vp(lpl*(NT - 9) i) piape* oP?
= (I - giap 0. (3.184)

We can now put (I), (IT) and (III) all together,

@(0IPNT - 0)) jip - Piab@* 0P’ + (i < j)
_ 4n2NA 4 N PA. : :
= —|p|"(N2) Agl]+|§0| {NApJN i+ (3 (_)])}
210Dy Nji? +2a,N;Pi — NP*Npsj + (i < )}

Lemma 12 In conclusion, we have

d(1pPPN" - ©) jip - Giap@* @P? + (i < j)
= |p*{2@,Nji? + D, Nij?) + 4oy (N; 7 + N;P )
—(N) 817 — 4ND)ij +2(N2)i7) (3.185)

3.5 The Flow of g;;

Assembling all the terms in (3.3) and putting them in (3.4), we obtain the flow of g;;,

0,8ij = —{(—|¢|2dd*<o)jkp<pmbwk“wpb = @lp* A d'9) jipiape
+(dig|yp ©) jkpPiap@ wP”

+Qd(pPPNT - 9)) jippiap@™ o’ + (i < j)} (3.186)
By (3.98), (3.116), Lemmas 11 and 12, and the identity (2.18),
0 8ij = —|¢|4{2(@kNijk +DiNji*) + Rgij + 2V, gij + %(Vj(xi + Viaj)
—%(Jijq,-Vpaq + JPiJ9 Vo) —ajaj +ogiay;
—2a,atgi; + dap(N;P; + N,-PJ-)} (3.187)
Recall that g;; = lpl?gi ;. Therefore
3 logdetg = |p| 2" 8,8i; = lp|*{ — 12V, 0" — 6R + 12]af*}.  (3.188)

@ Springer



Bochner-Kodaira Formulas and the Type IIA Flow Page410f42 48

Since detg = |¢|'>detg and d;det g = 0 as the volume form of g equals to w3 /3! and
w is fixed, we have

3 log|e|® = élog det & (3.189)
Then, we conclude
3 loglel* = lol*{ — 2V, a* — R + 2Ja|?} (3.190)
The flow of g;; = |<p|_2§,-j is
dgij = lo|~*{0:2ij — (3 logle|*)gij}- (3.191)

Substituting the equations derived above,

dgij = —|¢|2{2<@,JN1-,-P +®,N;i?) — ViV;loglp|* + JF;J9;V,V, log |p|*

—ajaj +ogiagj+4do,(N;P; +N,-1’j)} (3.192)
using o; = —; log |¢|>. The Ricci curvature of g; j 1s given by (2.32). Substituting
this into (3.192), we obtain the flow of g;; as stated in Theorem 1. m]
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