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Key results from the literature pertaining to a class of nonsingular black hole mimickers
are explored. The family of candidate spacetimes is for now labelled the ‘black-bounce’
family, stemming from the original so-called ‘Simpson—Visser’ spacetime in static spher-
ical symmetry. All model geometries are analysed through the lens of standard general
relativity, are globally free from curvature singularities, pass all weak-field observational
tests, and smoothly interpolate between regular black holes and traversable wormholes.
The discourse is segregated along geometrical lines, with candidate spacetimes each be-
longing to one of: static spherical symmetry, spherical symmetry with dynamics, and
stationary axisymmetry.
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1. Introduction

In classical general relativity (GR), solutions to the Einstein equations representing
black holes typically contain curvature singularities at their cores. These singulari-
ties occur at a distance scale that only a complete theory of quantum gravity could
adequately describe. In the absence of such a theory, or at least in the absence of
one that has any phenomenological verification, one desirable approach is to appeal
to the recent advances made in observational and gravitational wave astronomy.
In view of the propagation of gravitational waves emanating from an astrophysi-
cal source being directly observed in the recent LIGO/VIRGO merger events,!? it
is well-motivated to explore mathematically tractable candidate spacetimes, which
are curvature-singularity-free alternatives to classical black holes, through the lens
of standard GR. The community hopes that LIGO/VIRGO (or more likely LISA?)
will eventually be able to provide phenomenological evidence that allows us to de-
lineate between specific candidate spacetimes based on their astrophysical accuracy.
Theoretical physicists would then have experimentally informed clues as to which
modifications to the Einstein equations are most desirable in working towards a so-
called ‘theory of everything’ (or, indeed, whether an entirely different framework is
required). Discussion regarding the extraction of astrophysical observables for non-
singular sample spacetimes in several frameworks can be found in references 4—14.

One such family of candidate geometries which models alternatives to classi-
cal black holes is the family of ‘black-bounce’ spacetimes.’® 20 All of these black
hole mimickers are globally free from curvature singularities, pass all weak-field
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observational tests of standard GR, and belong either to the class of regular black
holes or traversable wormholes. By ‘regular black hole’, one means in the sense of
Bardeen,?! with regularity defined via enforcing global finiteness on nonzero curva-
ture tensor components and Riemann curvature invariants. Regular black holes have
a well-established lineage in the historical literature.?'~27 By ‘traversable wormhole’,
one means in the sense of Morris and Thorne;?® a horizon-free geometry with a cen-
tralised throat connecting two asymptotically Minkowski regions of spacetime and
satisfying the ‘flare-out’ condition for the area function: A”(r¢preat) > 0. Various in-
triguing wormhole spacetimes have been developed and explored in references 28-31.
For exposition, it is prudent to separate the discourse surrounding the family of
black-bounce spacetimes along geometrical lines. Broadly speaking, there are three
relevant geometrical categories: static spherical symmetry, spherical symmetry with
dynamics, and stationary axisymmetry (this also somewhat follows the chronological
development of the literature). Unless otherwise stated, all candidate spacetimes
discussed have metric signature (—, +, +, +) outside any would-be horizons.

2. Static spherical symmetry
2.1. Simpson—Visser

The so-called ‘Simpson—Visser’ (SV) spacetime, initially presented in reference 15,
is represented by the line element

2m dr?
d52:—(1—> dt* + ————— + (P + %) 493 . (1)
2 2 i
A (R )

It should be noted that the parameter ‘¢’ was in fact labelled ‘a’ in the original
article.'® This minor alteration is performed for consistency with the remainder of
the discourse herein, as when in the axisymmetric environment of § 4, it is prudent
to use £ in order to avoid confusion with the spin parameter from Kerr spacetime,
a.

The original motivation for the construction of the metric specified by Eq. (1)
was to minimally modify the Schwarzschild solution in common curvature coordi-
nates such that the resulting candidate spacetime was globally nonsingular. It was
considered that the most straightforward way to achieve this was to introduce a
new scalar parameter to the line element in a tightly controlled manner; this is £
in Eq. (1). By minimally modifying Schwarzschild, it was hoped the result would
have a high degree of mathematical tractability. When viewed as a modification of
Schwarzschild, there are the following two alterations:

i
e The coefficient of dQ3 is modified from r? — 72 + ¢2 .

e m—m(r)=

Analysis of the nonzero curvature tensor components and Riemann curvature in-
variants concludes that for |£] > 0, the resulting candidate spacetime is globally
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regular. It was also noticed that Eq. (1) has very neat limiting behaviour. In the
limit as m — 0, one obtains

ds® = —dt* + dr® + (r* + £7) dQ3 . (2)

This is precisely the two-way traversable wormhole solution as presented in Morris
and Thorne’s aforementioned seminal paper?® (and arguably the most straightfor-
ward of all traversable wormhole geometries). In the limit as £ — 0, Eq. (1) becomes
the Schwarzschild solution in the usual curvature coordinates. The newly introduced
scalar parameter ¢ can hence be viewed as quantifying the extent of the deviation
away from Schwarzschild, and it invokes a rich, ¢-dependent horizon structure. The
causal structure is characterised by

rg =+/(2m)? — (2, (3)

and the candidate spacetime neatly interpolates between the following qualitatively
different geometries:

e / =0 corresponds to the Schwarzschild black hole;

e |{] € (0,2m) corresponds to a regular black hole in the sense of Bardeen;

e |{| = 2m corresponds to a one-way wormhole with an extremal null throat;

e |{| > 2m corresponds to a two-way traversable wormhole geometry in the
canonical sense of Morris and Thorne.

The Carter—Penrose diagrams for the two lesser known cases are worth closer ex-
amination; this is when |[¢| € (0,2m) (see Fig. 1), and when |¢| = 2m (see Fig. 2).

"Bounce"

Copy of Parallel Universe Copy of our Universe

“Bounce"

Parallel Universe Our Universe

Fig. 1. Carter—Penrose diagram for the maximally extended spacetime when [¢| € (0,2m). In this
example one ‘bounces’ through the » = 0 hypersurface in each black hole region into a future copy
of the universe ad infinitum.
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Copy of our universe

Our Universe

Fig. 2. Carter—Penrose diagram for the maximally extended spacetime in the case when [¢| = 2m.
In this example one has a one-way wormhole geometry with an extremal null throat.

Analysing the satisfaction/violation of the standard point-wise energy conditions
of GR, one concludes that when |¢| > 0, the radial ‘null energy condition’ (NEC)
is manifestly violated in the region v/r2? + ¢2 > 2m. This is outside any would-be
horizons. In the context of static spherical symmetry, this is sufficient to conclude
that all of the standard point-wise energy conditions shall be similarly violated. If
horizons are present, then the geometry has surface gravity

(2m)2 — (2 02
=Y = 7 = 1— 4
K 8m2 KSch. (2m)2 ) ( )
and hence associated Hawking temperature
hy/(2m)? — £2 02
Ty=—"——"——=Tysc 1—-— . 5
a 167 kp m? H,Sch. (2m)? (5)

SV spacetime is amenable to the extraction of astrophysical observables, and the
coordinate locations of the photon sphere for null orbits and the ISCO for timelike
orbits are straightforward, given by

Ty = (3m)2 — (2 3 risco = (6m)2 — 02, (6)

Further research analysing SV spacetime has been performed in a plethora of other
papers; please see reference 32 for details. These analyses include discussion of the
quasi-normal modes and associated ringdown,?334 calculations pertaining to shad-
ows and gravitational lensing effects,3* 40 as well as discourse surrounding precession
phenomena.*!
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2.2. Black-bounce Reissner—Nordstrom

The extension of SV spacetime which represents the black-bounce analog to
Reissner—Nordstrom (RN) spacetime was constructed and analysed in reference 20.
There is a simple regularisation procedure which can be applied to any spheri-
cally symmetric or axisymmetric geometry in possession of a curvature singularity
at 7 = 0 in the standard (¢,7,0, ) curvature coordinates. The procedure outputs
a candidate geometry which is globally nonsingular, and maintains the manifest
symmetries. It is as follows:

e Leave the object dr in the line element undisturbed;

e Whenever the metric components g, have an explicit r-dependence, re-
place the r-coordinate with /72 + 2, where £ is some length scale, per-
forming the same holistic role as the ¢ parameter in SV spacetime (such
parameters are often identified with the Planck scale; £ ~ m,,).

It should be emphasised that this procedure is not a coordinate transformation.
Application of this procedure to the usual RN spacetime in standard curvature co-
ordinates yields the following line element, the ‘black-bounce Reissner—Nordstrom’
(bbRN) spacetime:

2m Q? dr?
ds2:—<1— — + )dt2+ — (203 dO3 . (7)
e e 1= \/fﬂzz + r2%€2

For |¢| > 0, this spacetime neatly interpolates between nonsingular electrovac black
holes and traversable wormholes in standard GR, depending on the value of the
charge parameter ) and the ‘bounce’ parameter £. When compared with standard
RN spacetime, the domain for the r coordinate is extended from r € [0,+00) to
r € (—00,400). The presence of the additional charge term invokes a richer causal
structure than that of SV spacetime. Horizons are characterised by

ry = 51\/(m+ Sov/m? — Q%)2 — (2 . (8)

Here S; = Sy = +1, with S; fixing which universe one is in, and S5 determining
whether it is an outer (Sz = +1) or inner (S; = —1) horizon. There are several
qualitatively different geometries:

|Q| > m: There are no horizons, and the geometry models a two-way
traversable wormhole in the sense of Morris and Thorne;

Q] < m but || > m £ y/m? — Q?: first the inner, and then the outer
horizons vanish, leaving a traversable wormbhole;

|Q] = m and |£] < m: one finds extremal horizons at rg = +vm? — £2;

Q] < m and |[{] < m — /m2? — Q?: one observes the ‘standard’ causal
structure of both an inner and outer horizon present in each universe.
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If horizons are present, the surface gravity of the outer horizon is given by
\/(m+ m? — Q%)% — £2\/m? — Q2
= KRN{[ 5 5 -
(m+y/m? —Q?)3 T2+ 02

The following astrophysical observables are amenable to extraction; firstly the lo-

9)

K =

cation of the photon sphere

ry = \/7;(9m +3/9m2 — 8Q2) — 2Q2 — (2, (10)

and also the location of the ISCO for timelike particles

\/9m4Q4 —6m2Q?(A%2 + 2Am? + 4m*) + (A2 + 2Am? + 4m*)2 — A20?m?

rrsco =
mA

A= [2m2Q4 +m?(£B — 9Im?)Q* + 8m6]% . B=/4Q* —9m2Q% + 5m* .
(11)

In standard GR, the stress-energy tensor takes the following form outside the outer
horizon (or inside the inner horizon):

1 (L 1 il il .

gG“f/ =T!; = [Tvw]" o + [Tq]" » = diag(—p, pr, pe, pt) (12)
whilst in between the two horizons one has

1 (L 1 il il .

g G =TV = [Tww]" o + [To]" » = diag(pr, —ppes 1) (13)

where [Tbb]ﬂ » is the gravitational stress-energy tensor (identical to that of SV
spacetime), and [Tp]" ;5 is the charge-dependent contribution, corresponding to the
electromagnetic stress-energy tensor. Isolating the charge-dependent components,
it is straightforward to make the following decomposition

Q*r? 202

o QT 20
Tol” » ST 1 diag(—1,—1,1,1) + diag( TQ,O,O,O)

= [Tvtaxwen]” o + EVAV; (14)
where [TMaxwell][L » is the usual stress-energy associated with standard Maxwell
electromagnetism, and Z V/V}, is interpreted as the stress-energy of “charged dust”,
with V# being the normalised time-translation Killing vector. The density of the
charged dust, =, is given by

1 Q%
Cdm (r2 4 £2)30°

while the electric field strength is determined via

(1]

(15)

i -
[TQ} i = “Pem = [TMachll] i &= -5

Qr r
= &=y = [ "

b
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where Ery is the electric field strength for a usual RN black hole. The electromag-
netic potential is readily obtained wia integration of Eq. (16),

Q
VT2 4 02
which is simply the RN electromagnetic potential under the mapping r — /72 + (2.
All told, one has:

Ay = (Pem(r),0,0,0) = — (1,0,0,0) , (17)

; 1 A 1o
T #p:f —F“dFa[,—*(SM,;FQ -V Doy
[ Q] An 4 47 (12 + £2)3 ViV,
with Fﬂ,; = VﬂA,; - V,;Aﬂ . (18)

Consequently, in standard GR the bbRN spacetime possesses stress-energy compo-
nents which are interpreted as everywhere-SV in the gravitational sector, coupled
to standard Maxwell’s electromagnetism in the presence of charged dust in the
electromagnetic sector.

2.3. Generalised extensions to Simpson—Visser

Further extensions to the SV line element in the context of static spherical sym-
metry were explored in reference 16, with some useful general theorems also being
presented. The first of these theorems is general to all static spacetimes, and is
concerned with expediting the ‘usual’ test for curvature-regularity; examination of
the finiteness of all nonzero components of the Riemann curvature tensor in an
orthonormal basis. It is as follows, with the proof provided in reference 16:

Theorem 2.1. For any static spacetime, in the strictly static region, the
Kretschmann scalar is positive semi-definite, being a sum of squares which involves
all of the monzero components R‘lf’dﬁ. Then if this scalar is finite, all of the or-
thonormal components of the Riemann curvature tensor must also be finite. Conse-
quently, for static candidate spacetimes, confirmation of the global finiteness of the
Kretschmann scalar is sufficient to conclude as to curvature-regularity in the sense
of Bardeen.

It is by now well-known that the most general static spherically symmetric line ele-
ment can always locally be put into the following form, typically known as “Buch-

\42-46

dahl” coordinates (for § 2.3 only, the metric signature (+, —, —, —) is adopted

outside horizons for consistency with the discourse in reference 16)
dr?
f(r)
Now constrained to Buchdahl coordinates, it is straightforward to establish the
following list of sufficient conditions for curvature regularity in the sense of Bardeen

(note these constraints exist as an independent result from Theorem 2.1; which of
the techniques is preferable/applicable should be determined from context):

ds® = f(r)dt* —

—¥2(r)d03 . (19)
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e X(r) # 0 globally;
e Y/'(r) and X(r) must be globally finite;
e f(r), f'(r), and f”(r) must be globally finite.

With respect to Buchdahl coordinates, another theorem was presented in refer-
ence 16. Concerning satisfaction/violation of the standard point-wise energy condi-
tions of GR, it states:

Theorem 2.2. For any static anisotropic fluid sphere with line element as in
Eq. (19), all of the standard point-wise energy conditions are violated whenever
f(r)#£0,3(r) >0, and ¥"(r) > 0.

In the same article,'® further decomposition of Eq. (19) via f(r) = 1—2M(r)/3(r)
was performed to allow for a two-parameter extension of SV spacetime. One fixes

S(r)=Vr2+ 2, M@r) = otV 2 (20)

(r2n + gzn)% ’
with the form for M (r) mathematically inspired by the Fan-Wang mass function for
regular black holes.?” The resulting class of geometries has the following properties:

e SV spacetime is recovered via fixing n =1,k = 0;

e V n,k € ZT, Schwarzschild in the usual curvature coordinates is recovered
as £ — 0;

e Enforcing |[¢| > 0, V n,k € Z* the candidate geometry is globally regular.

Several models of interest possessing vibrant causal structures can be explored using
Eq. (20), each corresponding to various fixed values of both n and k. All models
in some fashion smoothly interpolate between regular black holes and traversable
wormholes. Several other model geometries were also explored in reference 16, via
certain modifications to the M (r) present in Eq. (20), all within the geometric
context of static spherical symmetry in Buchdahl coordinates.

3. Spherical symmetry with dynamics
3.1. Vaidya black-bounce

The SV metric was elevated to the regime of dynamical spherical symmetry in ref-
erence 17. One first rewrites the line element from Eq. (1) in Eddington—Finkelstein
coordinates, before playing a Vaidya-like ‘trick’ by allowing the mass parameter m
to be a function of the null time coordinate w. The resulting candidate spacetime
is given by the following line element

where w = {u,v} denotes the outgoing/ingoing null time coordinate, representing
retarded/advanced time respectively. In the limit as m(w) — m, SV spacetime is
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recovered (in Eddington—Finkelstein coordinates). Introducing dynamics in this spe-
cific manner allows for one to discuss simple phenomenological models of an evolving
regular black hole/traversable wormhole geometry, either via net accretion or net
evaporation, whilst still keeping the discourse mathematically tractable. Analysis
of the radial null curves yields a dynamical horizon location

ra(w) = +1/[2m(w)]? — €2 . (22)

While this permits analysis of numerous phenomenological models, the most quali-
tatively interesting are:

e Increasing m(v) crossing the ¢/2 limit describing the conversion of a
traversable wormhole into a regular black hole wia the accretion of null
dust. This qualitative scenario is depicted in Fig. 3;

e Decreasing m(u) crossing the £/2 limit describes the evaporation of a regular
black hole leaving a traversable wormhole remnant. The causal structure is
depicted in Fig. 4. This phenomena is causally equivalent to a regular black
hole transmuting into a traversable wormhole via the accretion of phantom
energy (though mathematically this scenario would instead correspond to
increasing m(v) crossing the £/2 limit).

“Bounce”

“Bounce”

“Throat”

Fig. 3. Carter—Penrose diagram for a wormhole to black-bounce transition via accretion of null
dust.
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“Throat”

“Bounce”

Fig. 4. Carter—Penrose diagram for a black-bounce to wormhole transition due to the emission of
positive energy. This is essentially the back reaction of the Hawking evaporation for a semi-classical
regular black hole; in this case leaving a wormhole remnant.

General discussion concerning evaporation/accretion models involving both regular
black holes and traversable wormholes can be found in references 47-54. It is worth
emphasising that one is able to classically describe the transmutation of a wormhole
into a regular black hole, or vice versa, only because the curvature-regularity of the
black hole implies there is no topology change.

In what has become a typical result for nonsingular black hole mimickers in
standard GR, the candidate spacetime is found to be in global violation of the
NEC. For the ‘Vaidya black-bounce’ spacetime, the existence of the radial null
vector k* = (0, 1,0,0) implies that one has

202

For a full analysis of the nonzero curvature tensor components and Riemann

T kK o G kK = —

curvature invariants for the Vaidya black-bounce geometry, as well as a more
detailed discussion surrounding energy condition satisfaction/violation and various
phenomenological models, please see reference 17.

3.2. Thin-shell black-bounce traversable wormhole

A thin-shell traversable wormhole variant of SV spacetime was constructed and
analysed in reference 18. The thin-shell surgery is performed via a ‘cut and paste’
procedure which has its mathematical roots in the Darmois-Israel formalism.>?
Physically, the geometrodynamics are kept as close to standard GR as possible
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via examination of the Lanczos equations (please see references 56-58 for details
pertaining to thin-shell surgery).

In the thin-shell construction,® one analyses both the stability and the evolution
of an SV thin-shell traversable wormhole under linearized radial perturbation of
the throat. The ‘bounce’ parameter ¢ induces a nonzero flux term arising from
the conservation identity due to the second contracted Gauss—Codazzi—Mainardi
equation. Consequently, enforcing a nonzero ¢ leads to an additional constraint on
the stability analysis. Several qualitative examples from the parameter space are

explored, and the viable stability regions in each case are readily extracted.

4. Stationary axisymmetry
4.1. Black-bounce Kerr—Newman

The first entry from the family of ‘black-bounce’ spacetimes belonging to the
geometrical regime of stationary axisymmetry was constructed and explored by
Liberati et al. in reference 19. This spacetime was constructed via application of the
Newman—Janis procedure to standard SV spacetime, and acts as the black-bounce
analog to Kerr spacetime. Given that in any real, astrophysical setting, one shall
have both rotation and the condition that |@Q|/m < 1, this is the most astrophysi-
cally relevant member of the family of black-bounce spacetimes. The black-bounce
analog to Kerr-Newman spacetime was then discovered in reference 20; this was
obtained wvia application of the regularisation procedure outlined in § 2.2, applied
to the Kerr—-Newman geometry in standard Boyer—Lindquist (BL) coordinates. The
line element is given by

2__é -2 12 sin” ¢ 2, 92, 2 . 2 Pj 2, 23192
ds® = (asin®@dp—dt)"+—5—[(r"+{"+a”) dp—adi] +A dr=+p°do-, (24)
p

2
with the usual Kerr quantities modified to be
p* =1+ 02 +a*cos 0, A=r2+02+a®—2m/r2+02+Q*. (25)

In the astrophysically relevant limit as Q — 0, the Kerr-analog explored in refer-
ence 19 is recovered precisely. For specifics pertaining to ‘black-bounce Kerr’ (bbK),
please consult reference 19. Generally speaking, if one takes the ) — 0 limit for the
relevant results obtained for the ‘black-bounce Kerr—Newman’ (bbKN) spacetime
(Eq. (24)), the analogous result for bbK is recovered precisely. In the limit as the
spin parameter a — 0, bbKN reduces to the bbRN geometry from § 2.2.

One can see, somewhat trivially, that the natural domains for the angular and
temporal coordinates are unaffected when comparing Eq. (24) with standard Kerr—
Newman spacetime in BL coordinates. In contrast, the domain for the radial coordi-
nate extends from r € [0, +00) to r € (—o0, +00), in exactly the same fashion as was
seen for bbRN spacetime in § 2.2. Examination of the Riemann curvature invariants
and orthonormal Riemann tensor components reveals that they are globally finite
when |£| > 0, hence the geometry is free from curvature singularities. Consequently,
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bbKN qualitatively interpolates between charged rotating regular black holes and
charged rotating traversable wormholes. Both the Ricci and Einstein tensors are
diagonal in an orthonormal basis.

The causal structure is nontrivial, with horizons characterised by the roots of
A. This gives the following horizon location(s):

rH:51\/(m+52\/m2—Q2—a2)2762. (26)

As it was in § 2.2, S; = S = +£1, with S; fixing which universe one is in, and
Sy determining whether it is an outer (Sy = +1) or inner (S; = —1) horizon.
The qualitatively different possible causal structures are the same as explored in
§ 2.2, with the quantitative aspects slightly shifted due to the presence of the spin
parameter a. Notably, in the standard Kerr—-Newman geometry in BL coordinates
one demands Q% + a> < m? in order to avoid naked singularities. In the case
for bbKN, arbitrary values of both spin and charge may be considered, as in the
absence of any horizons one has a traversable wormhole geometry with a rotating
throat. Therefore, if one uses bbKN to model astrophysical objects, the weak cosmic
censorship conjecture is trivially satisfied.
If horizons are present, their surface gravity is given by

1d A kN | T
= - — _— — PR £ S— 2
"8 T 9 (r2+€2+a2) 052 7202 (27)
T=TH

where Sy fixes whether one is describing the surface gravity of an outer or inner

horizon. The ergosurface is characterised by g = 0, giving

Terg = Sl \/(m + SQ \/m2 - Q2 — a? cos? 6)2 — 2. (28)

An informative result pertaining to circular orbits in the equatorial plane for the
bbKN spacetime is as follows: if standard Kerr—Newman in BL coordinates has
an equatorial circular orbit at rxn o, then bbKN possesses an analogous equatorial

circular orbit at coordinate location ro = /r&y o, — €2, provided that TIZ(N,O > (2.

The candidate spacetime possesses a nontrivial Killing tensor; upon definition
of the objects

2 424 2
T i

A A

one finds that the following is a Killing tensor, i.e., K(,,;x) = 0:

1
) , and n* = ﬁ(’“Q + 0 +a? —A,0,a), (29)

K = p*(Luny +1Lny) + (r* +02)gu, (30)

In this context, the objects [* and n* are a pair of geodesic null vectors belonging
to a generalised Kinnersley tetrad (see reference 19 for details). The Killing ten-
sor from Eq. (30) has diagonal matrix representation. The existence of a nontrivial
Killing tensor directly implies the existence of a generalised Carter constant C, and
together with the conserved quantities arising from the temporal and azimuthal
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Killing vectors (energy and angular momentum per unit mass), as well as the con-
served quantity arising from the metric itself (which is a trivial Killing tensor), this
gives four constants of the motion. This, in principle, means that the geodesics gov-
erning the motion of test particles are integrable on the bbKN spacetime. It should
be noted that the resulting integral formulae may or may not be analytic.

In reference 59, a refinement was made to Proposition 1.3 from reference 60. It
should also be noted that this result is implicitly present in reference 61. The result
is best summarised by the following theorem:

Theorem 4.1. Let (M, g,,) be a Lorentzian manifold in possession of a non-
trivial Killing tensor K,,. Then upon definition of the Carter operator as:
K® = V,(K"V,®), and the D’Alembertian scalar wave operator as: O® =
V. (g""V,®), there is the following result:

1K, 0] = % (VR K]") V" | (31)
A sufficient condition for this operator commutator to vanish is therefore the com-
mutativity of the Ricci and Killing tensors via matrixz multiplication; RV K<, =
K", R*, = [R, K]", = 0. Hence for any candidate spacetime with a nontrivial
Killing tensor, commutativity of the Ricci and Killing tensors via matriz multipli-
cation is sufficient to conclude that the massive minimally coupled Klein—Gordon

equation is separable on the candidate geometry.

In view of Theorem 4.1, given that both the Ricci and nontrivial Killing tensors for
the bbKN geometry have a diagonal matrix representation, one may conclude that
the scalar wave equation is separable on bbKN spacetime.

Given the existence of a nontrivial Killing tensor, it is natural to ponder the
existence of the full ‘Killing tower’®? in bbKN spacetime. One finds a ‘would-be’
Killing—Yano tensor, of the form

0 —acosf 0 0
Fo = acosf 0 0 —a?cosfsin?0
py 0 0 0 0
0 a?cosfsin®0 0 0
0 0 a 0
0 0 0 0
2 2 o 2
+Vr?2 4+ 2sin6 4 0 0 (r2 + 22 + a?) (32)
0 0 —(r*+¢2+a? 0

It is not difficult to verify that f,.f%, = K., and as such this is a genuine ‘square
root’ of the Killing tensor, however it fails to be a genuine Killing—Yano tensor
because f, (1) # 0. It is a known result that a candidate spacetime only possesses
a closed conformal Killing-Yano tensor if the spacetime is of Petrov type D.52
However, it was proven by Liberati et al. in reference 19 that the bbK spacetime is
Petrov type I, and it is a direct implication of this proof that the bbKN spacetime
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is also not algebraically special. Consequently, it is an expected result that one can
not find a genuine Killing—Yano tensor on bbKN spacetime.

Now coupling the geometry to the Einstein equations of standard GR, the fact
that the Einstein tensor is diagonal in an orthonormal basis proves that the stress-
energy tensor for bbKN spacetime is Hawking-Ellis type 1.5365 The radial NEC is
violated in view of

22A
E+pr= _W ) (33)
where € and p, are energy density and radial pressure respectively.

The stress-energy tensor can be decomposed into gravitational and electromag-
netic contributions (similar to bbRN spacetime in § 2.2):

1 N N . N
87G”u =T", = [Tok]" 5 + [To]" v (34)
where
R 1 Q2 (p2 _ 62) ) 242 )
[To)"s = §T diag (—1,-1,1,1) + mdlag(l,0,0,0) . (35)

When comparing Eq. (35) directly with the charge-dependent contribution to the
stress-energy from bbRN spacetime, one simply makes the substitutions
Q2’F2 Q2 (,02 _ 62) 2£2 2[2
— and — — .
(r2 + £2)3 Pe r2 p2—02
Structurally, the first term in Eq. (35) is of the form of the Maxwell stress-energy
tensor. The second term appears to be structurally of the form of charged dust.
However, the interpretation of the stress-energy is far less straightforward than the
somewhat similar picture present in bbRN spacetime (§ 2.2). If one performs the
substitution r — /72 + 2 to the electromagnetic potential from Kerr—-Newman
spacetime, one finds

(36)

QUTTE
VP2 A

giving the following for the electromagnetic field strength tensor Fj,;:

Q[

Ap = (1,0,0,0) , (37)

Fyp = —Fy = AV e (r? + £ = a® cos” ) , (38)
2aQ) cos 0+/r2 + (2
Fyg=—Fgp= o : (39)

Immediately it is clear that F};; 57 = 0. For the inhomogeneous Maxwell equation,
defining z = v/r2 + £2, one has

Q2 < A(p4+2p222—4z4)

CRVATAY

,0,0,2asin 6 (p* — 222)> . (40)
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Interpreting this as an effective electromagnetic source, one has E; = Fj; and
Bf = 04 giving
. E?4+ B2
[TMaxwell]M U= #dlag (_17 _17 17 1) ) (41)
with
Q* r? 4Q%0%a? cos? 0

2 2 _
B 4Bl = e

(42)

Comparison with Eq. (35) reveals that a more subtle interpretation of the electro-
magnetic stress-energy than standard Maxwell’s is required. Presented herein are
two alternatives.

Nonlinear electrodynamics One can decompose the electromagnetic stress-
energy tensor as follows

[To)"s = A[Tataxwen)s + EVAV; . (43)

The Z VAV term is once again appropriate to interpret as charged dust. Comparing

Eq’s. (41) and (43) allows one to solve for the multiplicative factor A:
A= Q*(p* — ) —1— a2 cos® 0[4(r* + ?) — p?]

- S (E2+ B%) pr? + 4a?0? cos? 0(r2 + (%)

It is clear that in both the limit as ¢ — 0 (Kerr-Newman), and the limit as ¢ —

0 (bbRN), A — 1, recovering standard Maxwell’s as expected. The fact that A

is independent of the charge Q indicates it is appropriate to interpret this term
through the lens of nonlinear electrodynamics (NLED), where generally one has

(44)

i i : ~
1% axwe V-
[TnLED]” 5 o [ThMaxwel] NLED in the context of regular black holes is prevalent
throughout the literature.?? 6773 In the large distance limit one has
30242 cos? 0
A

A=1- + 0%, (45)

indicating that standard Maxwell’s + charged dust is a safe approximation as r —
+00. Conversely, for small 7 one has
02 + a? cos 6? 9
A:T+O(T)7 (46)
which allows one to interpret a rescaling of the Maxwell stress-energy deep in the
core of the black-bounce. This holistic picture is common in NLED.

Anisotropic fluid One can instead ask that

[TQ]ﬂ,; - [TMaxwell][L[/ = dlag (Efa _pfvpfapf) ) (47)
which would imply that (recall z = /72 + £2)
Q2€2 Q2£2
=T (424 = 722" + p*), pp= oy (42 =522 + '), (48)
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Consequently, [Tg]#; can be interpreted as standard Maxwell’s in the presence of
an anisotropic fluid. The anisotropic fluid can then be written as

pr
3

with V# = (1,0,0,0) being the velocity of the fluid, and

efVaVo + = (9p0 + Vi Vo) + mps (49)

2
Tho = g ding (0,-2,1,1) (50)

being the (traceless) anisotropic shear.%?

5. Discussion

The family of black-bounce spacetimes contains many different candidate geometries
which smoothly interpolate between regular black holes and traversable wormholes
in standard GR, both with and without rotation, both with and without electrical
charge, and both with and without dynamics. The high degree of mathematical
tractability of the black-bounce spacetimes means that all models are amenable to
the straightforward extraction of astrophysical observables, which may be falsifi-
able/verifiable by the experimental community.

Future research options abound. Given the knowledge of Klein—-Gordon sepa-
rability on bbKN spacetime, one should also test for Maxwell separability on the
bbKN spacetime. The knowledge of Klein—Gordon separability already implies that
bbKN is amenable to a standard spin zero quasi-normal modes analysis, and if
Maxwell’s equations also separate then this would extend to a spin one analysis.
Further investigation into the spin two axial and polar modes may eventually lead to
a measurable ringdown signal able to be captured by LIGO/VIRGO (or LISA) and
compared with the analogous signal from Kerr-like mergers. Alternative lines of in-
quiry for future research could involve attempting to provide a physical mechanism
for the bounce, or possibly discovering precisely which mathematical modifications
to the Einstein equations would be required such that SV is the unique solution in
static spherical symmetry in the new framework.
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