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The expected measurement precisions of elastic scattering cross sections are estimated for
μ+μ+ and μ+e− colliders, which have recently been proposed as future realistic possibili-
ties (μTRISTAN). Compared with contributions from possible new physics represented by
higher-dimensional operators, we find that the measurements at a TeV energy μ+μ+ collider
can probe the scale of new physics up to O(100) TeV. A μ+e− collider for the Higgs boson
factory can also improve the electroweak precision test. For those studies, we assume the
expected integrated luminosity at μTRISTAN, Lint = 120 fb−1 (μ+μ+) and 1 ab−1 (μ+e−).
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1. Introduction
The technology of particle accelerators has made impressive progress since Van de Graaff and
Cockcroft–Walton in the early 20th century. The energy frontier has now reached the center-
of-mass energy of O(10) TeV for hadron collisions, but even higher energies are demanded by
particle physics.

An important task in future accelerator experiments will be to gather information on new
physics that enables us to construct guidance for the big picture. In particular, at lepton colliders,
well-defined initial states provide a clean environment for precision tests of scattering processes.
Indeed, e+e− colliders such as the LEP experiments at CERN have provided important inputs
towards the complete picture of the Standard Model (SM) [1–3]. In addition, precision tests
of the scattering processes have been placing severe constraints on the contributions of new
physics [4–10].

The establishment of the SM, at least of its particle content and its gauge group, means
that one can now parametrize the effects of physics beyond the SM as coefficients of
higher-dimensional operators in the Lagrangian of the Standard Model effective field theory
(SMEFT) [11–14]. Although there are possibilities of having light new particles, new physics
models motivated by the UV origin of the Higgs boson can generically fall into this type where
new particles and/or new interactions appear on the TeV or multi-TeV scale. When a new lepton
collider is to be built, the simplest and also one of the most important questions is how well such
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coefficients can be measured. At lepton colliders, there are an enormous number of elastic scat-
tering events, which typically have a sharp peak in the forward region. The new physics effects
interfere with the SM amplitude and modify the angular distribution mostly in the central re-
gion. Such anomalous distributions can be detected with high accuracy and thus provide good
probe of microscopic physics. Indeed, prospects at the ILC experiments have been studied, and
significant improvement over the current limits has been reported [15,16].

Recently, a new collider experiment, μTRISTAN [17], using the ultra-cold muon [18], has
been proposed. The technology of μ+ cooling by laser ionization of the muonium (the μ+e−

bound state) has been developed for the muon g − 2/EDM experiment at J-PARC [19]. This
technology enables us to consider realistic μ+e− and μ+μ+ colliders. A 3-km storage ring design
has the possibility to accelerate μ+ and e− beams up to 1 TeV and 30 GeV, respectively, with
which μ+e− and μ+μ+ colliders with center-of-mass energies of 346 GeV and 2 TeV can be
realized. The luminosities are estimated to be at the level of 1033−34 cm−2 s−1, at which the
μ+e− collider can be a good Higgs boson factory, whereas direct new particle searches are
possible at the high-energy μ+μ+ collider.

In this paper, we examine how well μTRISTAN can measure the elastic μ+e− and μ+μ+ scat-
tering processes. Since the contributions from, for example, four-fermion operators are larger
for higher energies, the μ+μ+ collider at 2 TeV should give the most stringent constraints on
the coefficients. We indeed find that the collider can probe the energy scale of O(100) TeV. We
include all the SMEFT dimension-six operators that contribute to the elastic scattering. We
find that the μ+e− collider at 346 GeV can improve the constraints on the electroweak preci-
sion observables such as S and T parameters [20,21]. By assuming ten years of running, the
experiments can accumulate integrated luminosity at the level of 120 fb−1 (μ+μ+) and 1 ab−1

(μ+e−) [17]. We use these values for the reference luminosities in this study.
This paper is organized as follows. In Sect. 2, we give a review on SMEFT and specify the

operators that we consider. We give the expected constraints on SMEFT operators at a μ+μ+

collider (Sect. 3) and at a e−μ+ collider (Sect. 4). We compare our result with the current con-
straints in Sect. 5. Sect. 6 is devoted to the summary. In Appendix A, we present kinematic
formulas relevant to an e−μ+ collider, whose beam energies are asymmetric.

2. SMEFT Lagrangian
In this section, we present the formulas necessary to calculate scatterings e−μ+ → e−μ+ and
μ+μ+ → μ+μ+ within SMEFT. This includes a review on the relations between (α, MZ, GF)
and SMEFT Lagrangian parameters. We consider up to dimension-six operators adopting the
basis of Ref. [22]. All calculations in this paper are performed at the tree level.

2.1 Gauge fields
Let us first consider the Lagrangian for the gauge fields. The following four higher-dimensional
operators

QHW = H †HW I
μνW

Iμν (1)

QHB = H †HBμνBμν (2)

QHW B = H †τ IHW I
μνBμν (3)

2/16

D
ow

nloaded from
 https://academ

ic.oup.com
/ptep/article/2023/1/013B07/6948343 by D

eutsches Elektronen Synchrotron user on 25 February 2023



PTEP 2023, 013B07 Y. Hamada et al.

QHD = (H †DμH )∗(H †DμH ) (4)

are involved assuming CP invariance. The Lagrangian is given by

Lgauge = −1
4

BμνBμν − 1
4

W I
μνW

Iμν + DμH †DμH

+ CHW H †HW I
μνW

Iμν + CHBH †HBμνBμν + CHW BH †τ IHW I
μνBμν

+ CHD(H †DμH )∗(H †DμH )

= −1
4

(1 − 2v2CHB)BμνBμν − 1
4

(1 − 2v2CHW )W 3
μνW

3μν − v2

2
CHW BW 3

μνBμν

+ (
W 3

μ , Bμ

)
M

(
W 3

μ

Bμ

)
− 1

2
(1 − 2v2CHW )W +

μνW
μν− + g2v2

4
W +

μ W μ− + · · · . (5)

Here we define the matrix M by

M =
(

1 + v2

2
CHD

)( g2v2

8 − gg′v2

8

− gg′v2

8
g′2v2

8

)
, (6)

and define W + = 1√
2
(W 1 − iW 2) and W − = 1√

2
(W 1 + iW 2). In the final equality, we show

explicitly only the part where the Higgs vacuum expectation value (VEV) is substituted and the

quadratic part in the gauge fields. We use DμH = (∂μ + i g
2τ

IW I
μ + i g′

2 Bμ)H and 〈H〉 = 1√
2

(
0
v

)
.

Let us consider Aμ and Zμ part, i.e. Bμ and W 3
μ part. We can diagonalize the matrix M by(

W 3
μ

Bμ

)
=
(

cos θW sin θW

− sin θW cos θW

)(
Zμ

Aμ

)
, (7)

where cos θW = g/
√

g2 + g′2 and sin θW = g′/
√

g2 + g′2. Note that θW differs from the SM value
of the Weinberg angle. This is because g and g

′
are different from their SM values, which are

determined by assuming the SM. The mass term turns into

(
W 3

μ , Bμ

)
M

(
W 3

μ

Bμ

)
= 1

2

(
1 + v2

2
CHD

)
1
4

(g2 + g′2)v2ZμZμ. (8)

Then the kinetic terms are written in the form of

L = −1
4

(1 + ε1)FμνF μν − 1
4

(1 + ε2)ZμνZμν + ε3FμνZμν. (9)

Here the εi parameters are given by

ε1 = −2v2CHB cos2 θW − 2v2CHW sin2
θW + 2v2CHW B cos θW sin θW , (10)

ε2 = −2v2CHB sin2
θW − 2v2CHW cos2 θW − 2v2CHW B cos θW sin θW , (11)

ε3 = −v2CHB cos θW sin θW + v2CHW cos θW sin θW − v2

2
CHW B(cos2 θW − sin2

θW ). (12)

After the following (nonorthogonal) transformation{
Aμ → Aμ + 2ε3Zμ

Zμ → Zμ

, (13)

the kinetic term becomes

L = −1
4

(1 + ε1)FμνF μν − 1
4

(1 + ε2)ZμνZμν, (14)
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where the kinetic mixing is eliminated. Note that the mass term is invariant under the above
transformation because we shift only the zero-mass field. To make the kinetic terms canonical,
we need further rescaling by

√
1 + ε1 and

√
1 + ε2 for Aμ and Zμ, respectively. As a whole, we

should use the following correspondence:(
W 3

μ

Bμ

)
=
(

cos θW sin θW

− sin θW cos θW

)(
1√

1+ε2
Zμ

1√
1+ε1

Aμ + 2ε3Zμ

)
. (15)

Under this understanding the quadratic term of gauge fields becomes

L = −1
4

FμνF μν − 1
4

ZμνZμν + 1
2

1
1 + ε2

(
1 + v2

2
CHD

)
1
4

(g2 + g′2)v2ZμZμ. (16)

At this stage, we obtain a mass for the Zμ field

MZ =
√

1 + v2

2 CHD

1 + ε2

√
1
4

(g2 + g′2)v2 	
(

1 + v2

4
CHD − 1

2
ε2

)√
1
4

(g2 + g′2)v2, (17)

up to the linear order of the SMEFT operators.
Now we consider W± part. We consider the following redefinition

W ±
μ → 1√

1 − 2v2CHW

W ±
μ 	 (1 + v2CHW )W ±

μ . (18)

from which the W boson mass is obtained as

M2
W = 1

1 − 2v2CHW

g2v2

4
	 (1 + 2v2CHW )

g2v2

4
. (19)

2.2 Interaction Lagrangian for fermions
The interaction Lagrangian of mass dimension four is given by

Lfermion
dim-4 = L̄iγ μ

(
∂μ + i

g
2
τ IW I

μ − i
g′

2
Bμ

)
L + R̄iγ μ(∂μ − ig′Bμ)R

= (kin. term)

+ gg′√
g2 + g′2

(
1 − ε1

2

)
Aμψ̄Lγ μψL + gg′√

g2 + g′2

(
1 − ε1

2

)
Aμψ̄Rγ μψR

+
[

1
2

g2 − g′2√
g2 + g′2

(
1 − ε2

2

)
+ 2ε3

gg′√
g2 + g′2

]
Zμψ̄Lγ μψL

+
[
− g′2√

g2 + g′2

(
1 − ε2

2

)
+ 2ε3

gg′√
g2 + g′2

]
Zμψ̄Rγ μψR

− g√
2

(1 + v2CHW )(W +
μ Jμ + W −

μ Jμ†) + · · · (20)

Here ψ denotes a charged lepton and Jμ = ν̄Lγ μeL = ν̄eγ
μPLe + ν̄μγ μPLμ.

The following dimension-six operators

Q(1)
H� = (H †i

←→
D μH )(L̄γ μL) = vMZZμ(ψ̄γ μP−ψ ) + · · · ,

Q(3)
H� = (H †i

←→
D I

μH )(L̄τ Iγ μL) = −vMZZμ(ψ̄γ μP−ψ ) − g√
2

v2(W +
μ Jμ + W −

μ Jμ†) + · · · ,

QHe = (H †i
←→
D μH )(R̄γ μR) = vMZZμ(ψ̄γ μP+ψ ) + · · · , (21)

further modify the interaction terms. We assume flavor conservation and flavor universality for
these operators. There are interesting operators which contribute to the anomalous magnetic
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moments such as L̄σμνRHFμν . However, these operators do not contribute to the scattering
processes in the limit of the vanishing muon mass. Therefore, we do not consider these operators
in the following discussion. Even though the direct probe of the anomalous magnetic moment is
difficult at the scattering processes, the new physics model generically modifies other dimension-
six operators. In this sense, the scattering experiment may give some information for the possible
solution to the muon g − 2 anomaly [23–26]. From Eq. (21), we obtain

Lfermion
SMEFT = (kin. term)

+ gg′√
g2 + g′2

(
1 − ε1

2

)
Aμψ̄Lγ μψL + gg′√

g2 + g′2

(
1 − ε1

2

)
Aμψ̄Rγ μψR

+
[

1
2

g2 − g′2√
g2 + g′2

(
1 − ε2

2

)
+ 2ε3

gg′√
g2 + g′2

+ 1
2

vMZ

(
C(1)

H� − C(3)
H�

)]
Zμψ̄Lγ μψL

+
[
− g′2√

g2 + g′2

(
1 − ε2

2

)
+ 2ε3

gg′√
g2 + g′2

+ 1
2

vMZCHμ

]
Zμψ̄Rγ μψR

− g√
2

(
1 + v2C(3)

H� + v2CHW

) (
W +

μ Jμ + W −
μ Jμ†

)
+ · · · . (22)

From this, the electric coupling constant is obtained as

e = gg′√
g2 + g′2

(
1 − ε1

2

)
. (23)

In SMEFT, fermions interact also through four-fermion interactions. The ones relevant to
our calculations are given by

Q ��
prst

= (�̄pγμ�r)(�̄sγ
μ�t ), (24)

Q �e
prst

= (�̄pγμ�r)(ēsγ
μet ), (25)

Q ee
prst

= (ēpγμer)(ēsγ
μet ). (26)

Here p, r, s, t are flavor indices. The Lagrangian is given by

Lfour-fermi =
∑
p,r,s,t

(
C ��

prst
Q ��

prst
+ C �e

prst
Q �e

prst
+ C ee

prst
Q ee

prst

)
. (27)

For this Lagrangian, we impose

C ��
eμμe

= C ��
μeeμ

≡ C��. (28)

We list the quantities on which we can give constraints via measurements of the scatterings.

C ��
μμμμ

, C′′
�� ≡ 1

2

(
C ��

eeμμ
+ C ��

μμee

)
, C �e

μμμμ
, C �e

eeμμ
, C �e

μμee
, C ee

μμμμ
,

Ceμ ≡ 1
4

(
C ee

μμee
+ C ee

eeμμ
+ C ee

μeeμ
+ C ee

eμμe

)
. (29)

Note a Fierz identity (γ μPs)αβ(γ μPs)γ δ = −(γ μPs)αδ(γ μPs)γβ . We assume flavor conservation
for these operators. Therefore, the (p, r, s, t) = (μ, e, μ, e) or (e, μ, e, μ) type operator does not
exist.
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Integrating out the W field in Eq. (22) yields the following four-fermion Lagrangian:

L = −
g2
(

1 + v2C(3)
H� + v2CHW

)2

2M2
W

J†
μJμ + · · ·

= −
g2
(

1 + v2C(3)
H� + v2CHW

)2

2M2
W

× [
(ν̄eγμPLe)(μ̄γ μPLνμ) + (ēγμPLνe)(ν̄μγ μPLμ) + · · · ] . (30)

Together with the four-fermion Lagrangian and Eq. (28), we obtain

GF√
2

= 1
2v2

(
1 + 2v2C(3)

H� − v2C��

)
, (31)

where CHW in Eq. (30) has been cancelled by that in MW.
We summarize the important relations.

4πα = g2g′2

g2 + g′2 (1 − ε1), (32)

M2
Z = g2 + g′2

4
v2
(

1 + v2

2
CHD − ε2

)
, (33)

GF√
2

= 1
2v2

(
1 + 2v2C(3)

H� − v2C��

)
. (34)

The quantities of left-hand side are accurately measured in experiments. We use the following
values:

αEW = 127.95−1, MZ = 91.1876 GeV, GF = 1.16638 × 10−5 GeV−2. (35)

The SM gauge couplings and SM Higgs VEV are determined by setting the dimension-six op-
erator contributions to zero, i.e.

4πα = g2
SMg′2

SM

g2
SM + g′2

SM

, (36)

M2
Z = g2

SM + g′2
SM

4
v2

SM, (37)

GF√
2

= 1
2v2

SM

. (38)

The above equations are understood as the (tree-level) definition of {g
′
SM, gSM, vSM}. The cor-

rect relations when assuming SMEFT are given by Eqs. (32) –(34), and hence we expand g, g
′
,

and v as g = gSM + δg, g
′ = g

′
SM + δg

′
, and v = vSM + δv, where perturbative corrections δ...

are given by linear combinations of the coefficients of the dimension-six operators. Once we
obtain the gauge couplings and VEV in this manner, SMEFT gives nontrivial predictions for
physical observables except for {α, M2

Z, GF }. For instance, SMEFT predicts the W boson mass
as
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M2
W = (1 + 2v2CHW )

g2v2

4
(39)

= [1 + 2
(
v2

SM + δv2)CHW ]
(gSM + δg)2

(
v2

SM + δv2
)

4

= M2
W,SM

[
1 − 1

2
cos2 θSM

cos2 θSM − sin2
θSM

v2
SMCHD

− sin2
θSM

cos2 θSM − sin2
θSM

v2
SM

(
2C(3)

H� − C��

)
− 2 cos θSM sin θSM

cos2 θSM − sin2
θSM

v2
SMCHW B

]
, (40)

where M2
W,SM = g2

SMv2
SM/4, cos θSM = gSM/

√
g2

SM + (g′
SM)2. In this paper, we give SMEFT pre-

dictions for the elastic scatterings. The calculations are based on the results for g = gSM + δg,
g

′ = g
′
SM + δg

′
, and v = vSM + δv and the Lagrangian Eqs. (22) and (27).

It is often convenient to parameterize contributions from new physics in terms of the oblique
S and T parameters [20,21]. They are related to the SMEFT operator within our basis as

v2

�2
CHW B = g′g

16π
S,

v2

�2
CHD = − g′2g2

2π (g2 + g′2)
T, (41)

which enable us to translate the constraints on the SMEFT operators into those on the elec-
troweak precision observables.

3. Precision measurements at a μ+μ+ collider
In this section, we calculate the process μ+μ+ → μ+μ+ using the SMEFT Lagrangian discussed
above. First, we give the SM amplitude. Let s1 and s2 be the polarizations of initial muons. Then
the magnitude of the amplitude is given by∑

s3,s4

|MSM
s1s2

|2

=
∑

i, j=γ ,Z

gi
−s1

gj
−s1

gi
−s2

gj
−s2

×
{

8[(1 + s1s2)(p1 · p2)(p3 · p4) + (1 − s1s2)(p1 · p4)(p2 · p3)]
1

Di(p1 − p3)
1

Dj (p1 − p3)

+ 8[(1 + s1s2)(p1 · p2)(p3 · p4) + (1 − s1s2)(p1 · p3)(p2 · p4)]
1

Di(p1 − p4)
1

Dj (p1 − p4)

+ 16δs1s2 (p1 · p2)(p3 · p4)
[

1
Di(p1 − p3)

1
Dj (p1 − p4)

+ 1
Di(p1 − p4)

1
Dj (p1 − p3)

]}
,

(42)

where Di(p) ≡ p2 − M2
i with Mγ = 0 and MZ �= 0. We summed up the spins of the final muons

s3 and s4. We denote by p1 and p2 the initial muon momenta and by p3 and p4 those of the final
muons. We have

p1 · p2 = p3 · p4 = s
2
, p1 · p4 = p2 · p3 = s

2
(1 − y), p1 · p3 = p2 · p4 = s

2
y (43)

with y = (1 − cos θ )/2. The coupling gZ
+ is defined by

L = gZ
+Zμψ̄γμP+ψ + · · · (44)
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with P± = (1 ± γ 5)/2. The other couplings are understood in a similar manner. The total cross
section is given by

σ = 1
64πs

∫ π−θmin

θmin

dθ sin θ
∑
s3,s4

|Ms1s2 |2. (45)

Note that the final particles are identical. We introduced an cutoff to the angular integration.
(Otherwise, the total cross section diverges.) Furthermore, we divide the angle range [θmin, π −
θmin] into some bins.

The calculation using the SMEFT Lagrangian (22) requires a slight modification to the SM
calculation; it is sufficient to shift the SM coupling constants appropriately. In addition, we have
to calculate the four-fermion interaction contribution. We consider the interference between the
SM and the four-fermion contribution.

In the following analysis, we turn on one of the dimension-six operator coefficients and study
how well we can constrain it through the scattering experiments. We repeat this kind of analysis
for all the coefficients. Schematically we can give the cross section integrated over one bin (at θ

= θ i) as

σ (θi) = σSM(θi) + ĈσNP(θi). (46)

Here σ SM(θ i) represents the SM cross section, while ĈσNP(θi) represents the contribution from
a focused dimension-six operator. Ĉ is a dimensionless coefficient, Ĉ = C × TeV2, originating
from the dimension-six operator coefficient C. The coefficient Ĉ is determined by a fit in actual
experiments using the χ2-test. Here, we give a constraint on it assuming that no deviation from
SM predictions is observed. Then χ2 is given by

χ2 =
∑
i:bin

[
ĈσNP(θi)
�σ (θi)

]2

, (47)

where the statistical error on the cross section is assumed to be

�σ (θi) = σSM(θi)√∫
Ldt · σSM(θi)

. (48)

A two-sigma constraint on Ĉ can be then obtained as

|Ĉ| <

√√√√ 4∑
i:bin

[
σNP(θi )
�σ (θi )

]2 . (49)

We give our constraints in terms of new physics (or cutoff) scales. Namely, we define a new
physics scale as

C := 1
�2

. (50)

Then we obtain the two-sigma constraint for the new physics scale as

� >

⎛
⎜⎝ 4∑

i:bin

[
σNP(θi )
�σ (θi )

]2

⎞
⎟⎠

−1/4

TeV. (51)

We consider the range 16◦ < θ < 164◦ and take the bin size as 1◦. For instance, σ (θ i = 16◦)
means the cross section integrated over 15.5◦ < θ < 16.5◦. The number of bins is 148. The
constraint we expect to obtain is given in Table 1 for

√
s = 2 TeV. We assume the integrated

luminosity to be 120 fb−1. The initial helicity corresponds to R: s = +1 and L: s = −1. We can
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Table 1. Constraints on SMEFT operators at the two-sigma level obtained from a μ+μ+ collider at√
s = 2 TeV. The integrated luminosity is assumed to be 120 fb−1. The polarization of the μ+ beams is

taken to be purely right- or left-handed as indicated in the table. The bin size for θ is taken as 1◦ and each
bin covers the range θ i − 0.5◦ < θ < θ i + 0.5◦. The considered range of θ i is 16◦ ≤ θ i ≤ 164◦.

RR LL RL

CHWB 10 TeV 9.4 TeV 2.3 TeV
CHD 5.5 TeV 3.5 TeV 2.3 TeV
C(1)

H� 8.0 TeV 0 4.9 TeV

C(3)
H� 14 TeV 7.0 TeV 6.7 TeV

CHe 0 7.5 TeV 5.3 TeV
C�� 7.7 TeV 5.0 TeV 3.3 TeV
C ��

μμμμ
100 TeV 0 0

C ee
μμμμ

0 100 TeV 0

C �e
μμμμ

0 0 46 TeV

Fig. 1. The
√

s dependence of the bounds on ���, μμμμ (left) and �HD (right) at the μ+μ+ collider. The
initial helicity is set to be s1 = s2 = 1.

obtain a powerful constraint on four-fermion operators of O(100) TeV. The
√

s dependence of
the bounds of � ��

μμμμ
and �HD is given in Fig. 1.

We need to check whether the θ dependence of the new physics contribution is different from
the SM contribution, because the luminosity would be measured by using the same scattering
process. We checked that the ratio of the new physics contribution to the SM one has nontrivial
dependence on θ . See Fig. 2.

4. Precision measurements at a μ+e− collider
Now we consider the scattering e−μ+ → e−μ+. The SM cross section is given through∑

s3,s4

∣∣MSM
s1s2

∣∣2 =
∑
i, j

gi
s1

gj
s1

gi
−s2

gj
−s2

8[(1 + s1s2)(p1 · p2)(p3 · p4)

+ (1 − s1s2)(p1 · p4)(p2 · p3)]
1

(p1 − p3)2 − M2
i

1
(p1 − p3)2 − M2

j

. (52)

We label the initial state e− by (p1, s1), the initial state μ+ by (p2, s2), the final state e− by (p3,
s3), and the final state μ+ by (p4, s4).
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Fig. 2. The θ dependence of the ratio of the new physics contribution to the SM one for C��,μμμμ =
1/(100 TeV)2 (left) and CHD = 1/(TeV2) (right) at the μ+μ+ collider of

√
s = 2 TeV. The initial helicity

is set to be s1 = s2 = 1.

Fig. 3. The angular range in which the electron and the muon go in the events we used. The left (right)
figure represents the laboratory (center-of-mass) frame.

In this analysis, we use the events where both an electron and a muon are observed in a certain
range of angles. We require both the electron and muon to go into the range of about 15.4◦–178◦

in the laboratory frame. This requirement corresponds to setting the range of pseudo rapidity to
be −4 < η < 2 (see Fig. 3). The asymmetric angular region is motivated by the fact that we need
to place a shield to protect the detector from decay products of the beam muons [27]. Although
the detectability of the muons flying in the direction of the shield depends on the design of the
detector, we take a conservative assumption that the particles flying into that angular region
are not detected. However, since the produced particles tend to go in a direction of the electron
beam side due to the beam energies, this shield does not greatly hinder us from catching events.
The practically important factor is how widely we can catch events on the electron beam side.
See Fig. 4 for the ηmax dependence of the bounds on �HD.

In this analysis, we could obtain the histograms concerning both electrons and muons. How-
ever, since we expect better angular resolution for electrons, we only use the electron histogram.
As a result of the requirement mentioned above, the angular range is determined as 62.8◦ �

�e� 178◦. We summarize the kinematic formulas in Appendix. A.
The constraints we can obtain are summarized in Table 2. We assume the integrated lumi-

nosity
∫
Ldt = 1 ab−1. It is worth noting that the constraints, apart from on four-fermion op-

erators, are stronger than at the μ+μ+ collider. The
√

s dependence of the bounds and the θ

dependence of the ratio of the new physics contribution to the SM, respectively, are given in
Figs. 5 and 6 for CHD.
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Fig. 4. The η cut (electron beam side) dependence of the bounds on �HD for the e−μ+ collider of the
initial energy Ee = 30 GeV and Eμ = 1 TeV.

Table 2. Constraints on SMEFT operators at the two-sigma level obtained from a μ+e− collider with Ee

= 30 GeV and Eμ = 1 TeV which amounts to
√

s = 346 GeV. The integrated luminosity is assumed to be
1 ab−1. The polarizations of the beams are indicated in the order of e−μ+. The bin size for �e is taken
as 1◦. We require both muon and electron to go into the range of 15.4◦ � � � 178◦, corresponding to
ηmax = 2 for the muon beam side and ηmax = 4 for the electron beam side. As a result, the angle range of
the electron is 62.8◦ � �e � 178◦.

RR RL LR LL

CHWB 6.9 TeV 24 TeV 26 TeV 6.9 TeV
CHD 6.8 TeV 9.0 TeV 14 TeV 6.8 TeV
C(1)

H� 15 TeV 0 20 TeV 15 TeV

C(3)
H� 20 TeV 18 TeV 35 TeV 20 TeV

CHe 16 TeV 19 TeV 0 16 TeV
C�� 9.6 TeV 13 TeV 43 TeV 9.6 TeV
C′′

�� 0 0 47 TeV 0
Ceμ 0 66 TeV 0 0
C �e

eeμμ
0 0 0 44 TeV

C �e
μμee

44 TeV 0 0 0

Fig. 5. The
√

s dependence of the bounds on �HD for the e−μ+ collider. The initial helicity is given as s1

= −1, s2 = 1. We assume the constant ratio Eμ/Ee = 1000/30 in drawing the figure.
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Fig. 6. The �e dependence of the ratio of the new physics contribution to the SM one for CHD = 1/(TeV2)
for the e−μ+ collider. The initial helicity is given as s1 = −1, s2 = 1.

Fig. 7. The current constraint and expected constraints from various scattering processes at μTRISTAN.

5. Comparison to the current limits
We compare the above expected constraints with the current constraints. In Figs. 7 and 8, our
results are compared with the current bounds given by Table 1 of Ref. [28].1 Here their “individ-
ual” result is referred. Constraints on all the operators relevant to this study are expected to be
improved. In particular, constraints on four-fermion interactions can be drastically improved.

The results we obtain can be compared with studies based on other future colliders. For ex-
ample, in Ref. [29] the future projections of the limits on SMEFT operators are shown un-
der various assumptions of future colliders such as the ILC and the FCC-ee. Obviously, the
μTRISTAN constraints are particularly strong for operators involving muons. The reach of
O(100) TeV is made possible by the TeV energy beam of the muons. The four-fermion-type
operators make a large contribution to the scattering amplitude at high energies as they are
dimension-six operators. On the other hand, operators involving the Higgs field are effectively
dimension-four (or less) operators after substituting its VEV, and the contributions do not grow
as energy increases, and thus our bounds lay in the range of 10−40 TeV. The corresponding pro-

1In Figs. 7 and 8, the current bound, e.g. of 19 TeV for CHWB, means that the current (two-sigma level)
error size of CHWB is δCHWB = 1/(19 TeV)2.
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Fig. 8. The current constraint and expected constraints from various scattering processes at μTRISTAN.

jections of the future colliders, ILC and FCC-ee, are similar or better [29]. However, our present
study is limited to the elastic scattering experiments of leptons, and other processes may give
better constraints. The complete study should include scatterings of W bosons as well as Higgs
bosons. We leave those studies for the future.

This work is relevant to studies that explain the recent W boson mass anomaly [30] using
SMEFT. Our study shows that the coefficients relevant to the W boson mass formula Eq. (40)
can be studied in the scattering processes. In Ref. [28], it is shown that non-zero CHD (with the
other coefficients set to zero) may explain the anomaly. In this scenario, CHD was determined
as CHD = −[0.035, 0.019]/(TeV2) with the error δCHD = 0.012/(TeV2) at the two-sigma level.
Our study shows that the error of CHD can be reduced to δCHD 	 0.005/(TeV2). Therefore, this
improvement can show more clearly whether CHD deviates from zero or not. (In addition, we
may be able to measure MW directly at these new collider experiments.)

6. Summary
Lepton colliders are known to be sufficiently powerful for precision measurements. There have
been extensive discussions of e+e−, μ+μ−, and e−e− colliders as next-generation colliders.
In this paper, we studied μ+-based colliders because realistic muon beams can potentially be
achieved much earlier than μ− beams by using the technology of ultra-cold muons.

We assumed the energy of the μ+ beam to be 1 TeV which is discussed as the design parameter
of μTRISTAN [17] with a main ring circumference of 3 km. In the μ+μ+ collider option, we
find that one can probe the new physics interactions up to 100 TeV. This means that, for example,
the effects of new gauge interactions of the muon can be seen up to the symmetry-breaking scale
of O(100) TeV.

We also studied the reach of the μ+e− collider with an electron energy of 30 GeV. This op-
tion is motivated by the measurements of the coupling of the Higgs boson, which is copiously
produced through the W boson fusion process. We find that running with this energy is also op-
timal for electroweak precision measurements, and one can improve the constraints for CHWB,
CHD, CHl, and CHe.
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We worked at tree level for the calculation of the SM processes. This is sufficient to approx-
imately understand the potential (best) reach of the new physics scale. However, it would be
necessary to sufficiently suppress systematic uncertainties in the SM predictions by performing
loop-level calculations for actual analyses and for a more precise estimate of the reach. See, for
example, Ref. [31] for recent developments of the SM calculation.

The energy of the muon beam can be much higher for a larger ring. In that case, the sensitivity
to four-lepton operators gets much better. For other operators involving the Higgs fields, the
modification of the Higgs coupling would be more important at high energy. In addition, one
can also hope to find new particles directly. Clearly, the development of muon acceleration
technology will be an important key for future particle physics.
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Appendix A. The laboratory frame coordinates for the μ+e− collider
In the μ+e− collider, we have to note that beam energies are asymmetric. We give some formulae
concerning kinematics. In the center-of-mass frame, the momenta are given by

p1 =
√

s
2

⎛
⎜⎜⎜⎝

1
0
0
1

⎞
⎟⎟⎟⎠, p2 =

√
s

2

⎛
⎜⎜⎜⎝

1
0
0

−1

⎞
⎟⎟⎟⎠, p3 =

√
s

2

⎛
⎜⎜⎜⎝

1
0

sin θ

cos θ

⎞
⎟⎟⎟⎠, p4 =

√
s

2

⎛
⎜⎜⎜⎝

1
0

− sin θ

− cos θ

⎞
⎟⎟⎟⎠. (A1)

The matrix for transforming to the laboratory frame is given by

M =

⎛
⎜⎜⎜⎝

γ 0 0 βγ

0 1 0 0
0 0 1 0

βγ 0 0 γ

⎞
⎟⎟⎟⎠. (A2)

That is, the momenta in the laboratory frame are given by p′
1 = M p1 and so on. The boost

factor is obtained from

Ee =
√

s
2

γ (1 + β ), Eμ =
√

s
2

γ (1 − β ), (A3)

where β is explicitly given by

β = 1 − 4E2
μ

s

1 + 4E2
μ

s

= Ee − Eμ

Ee + Eμ

. (A4)

The angle �μ, in which the final muon goes in the laboratory frame, is given by

− cos �μ = p′
4,z

|�p′
4|

= γ (β − cos θ )√
sin2

θ + γ 2(β − cos θ )2
, (A5)

which reads

cos θ = −βγ 2 sin2
�μ − cos �μ

−γ 2 + cos �μ
2(−1 + γ 2)

. (A6)
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Then we have

dy = d
(

1 − cos θ

2

)
= −d(cos θ )

2
= −1

2
γ 2 − 2βγ 2 cos �μ + (γ 2 − 1) cos �μ

2(
γ 2 − (γ 2 − 1) cos �μ

2
)2 d(cos �μ).

(A7)

The angle of the final electron in the laboratory frame, �e, is given similarly as

cos �e = p′
3,z

|�p′
3|

= γ (β + cos θ )√
sin2

θ + γ 2(β + cos θ )2
, (A8)

from which the following relations can be obtained:

cos θ = βγ 2 sin2
�e − cos �e

−γ 2 + cos �e
2(−1 + γ 2)

, (A9)

dy = −1
2

γ 2 + 2βγ 2 cos �e + (γ 2 − 1) cos �e
2(

γ 2 − (γ 2 − 1) cos �e
2
)2 d(cos �e). (A10)
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