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SUMMARY

In this dissertation, I have studied transport dynamics of Quantum Chromodynamics(QCD)
under extreme conditions and Heavy-lIon Collisions(HIC) phenomenology in the presence of
Magnetic fields and/or Vorticity.

Electrical conductivity is one of the important parameters characterizing the transport
properties of quark-gluon plasma(QGP). In this thesis, I studied the quark mass contribution
to the longitudinal electrical conductivity in the strong background magnetic field based on
leading order perturbative QCD(pQCD) kinetic theory. An effective kinetic theory of the
lowest Landau level quarks is formulated to study charge transport. It is also shown that
charge transport of color degrees of freedom is enhanced while the sphaleron transition rate in
pQCD is suppressed in the presence of strong magnetic field due to the enhanced Lenz’s law
for the color field.

Shear viscosity is another important transport coefficient that governs the rate of momentum
transfer in the presence of inhomogeneity of fluid velocity profile. In the presence of magnetic
field, the moving charged quarks are subject to Lorentz force, which could affect the time
evolution of the QGP. In this thesis, I studied the shear viscosity due to the interplay between
Lorentz force and QCD collision.

A novel quantum kinetic description of the spin polarization of massive quarks is first
formulated in the context of pQCD. This framework shows that the order of time scale of spin

polarization is the same as that of charge transport and shear viscosity, which is not captured

xi



SUMMARY (Continued)

by usual classical kinetic theory. It also opens the possibility to study relaxation dynamics of
spin degrees of freedom in the pQCD regime.

Furthermore, we constructed the novel framework of non-dissipative second-order hydrody-
namics for a slowly rotating fluid. We introduced a new power counting scheme that allows
us to systematically construct the non-dissipative second-order hydrodynamics. New transport
coefficients arise and we showed that they are not independent of each other but constrained
by the second law of thermodynamics. We also constructed the generic framework for the
ideal spin hydrodynamics, and we discovered that the thermal Hall effect naturally arises from
the spin coupling with the gradient of temperature. Most importantly, we have made a pro-
found observation that by doing the pseudo gauge transformation the spin hydrodynamics is

equivalent to the non-dissipative second-order hydrodynamics.
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CHAPTER 1

INTRODUCTION

1.1 Overview

The Heavy-Ion Collisions(HIC) experiments at Brookhaven National Laboratory(BNL) and
CERN provide us the way to explore the physics of nuclear matter under extremely high
temperature and/or density. In this deconfined quantum matter, a lot of interesting physics can
take place. The direction that I will pursue in my thesis is that I mainly use the weak coupling
description based on leading order QCD kinetic theory. I will report the researches that 1
have done on the interplay between HIC phenomenology and the QCD matter under extreme
conditions. It includes two parts, in the first part I mainly focus on studying the transport
properties of QGP in the presence of magnetic field; in the second part, I will discuss the vorticity
related phenomena, namely the microscopic description of spin polarization and macroscopic
theory that incorporates the spin degrees of freedom within hydrodynamics. Highlights of this
dissertation are listed below:

e Transport properties of QGP in the presence of magnetic
field: In Chapter 2, an effective kinetic theory of the lowest Landau level quarks is formu-
lated with the leading order QCD collision term arising from 1-to-2 processes that become
possible due to 141 dimensional Landau level kinematics. In this framework, the longitudi-

nal electric conductivity is found to behave as o.. ~ e*(eB)T(asmZlog(T/mg))~" which is



largely enhanced along the direction of the magnetic field, and its dependence on the quark
mass is closely related to the relaxation of axial charge in the chiral anomaly. By computing
the dominant damping rates for quarks and gluons which are responsible for color charge
transportation, it is shown that the longitudinal color conductivity is also enhanced by the
strong magnetic field, which implies that the sphaleron transition rate in perturbative QCD
is suppressed by the strong magnetic field due to the enhanced Lenzs law in color field
dynamics. Another important transport coefficient of QGP, shear viscosity, was computed
in weak magnetic fields limit in perturbative QCD, for which we observed an interesting
interplay between the Lorentz force and QCD collisions.

o Spin dynamics of QGP: in Chapter 3, motivated by the measurement of the
polarization of Lambda baryon, the quantum kinetic theory for the massive quarks with
collision terms from the pQCD was developed. This framework not only provides the con-
crete collision terms that are missing in the previous construction, but it also shows insight
into the relaxation rate of the spin polarization, which is proportional to (a?log(1/as)T).
The relaxation rate for spin polarization is found to be of the same order as that of other
transport phenomena such as shear viscosity and charge conductivity. It indicates that even
in the classical kinetic regime we must take into account the quantum correlation of spin
degrees of freedom and it also complements our previous work on the similar question in the
strongly coupled regime described by AdS/CFT correspondence. On the other hand, from
the macroscopic point of view, the generalization of hydrodynamics to incorporate the spin

DoF received a lot of attention. The generic framework for the ideal spin hydrodynamics



is constructed. It is shown that the thermal Hall effect naturally arises from the spin cou-
pling with the gradient of temperature. Along the way, a novel non-dissipative second-order
hydrodynamics for a slowly rotating fluid is formulated. A new power counting scheme is
introduced which allows one to systematically construct the non-dissipative second-order
hydrodynamics. There are certain new transport coefficients allowed and constrained by
the second law of thermodynamics. Most importantly, the spin hydrodynamics is proved to
be equivalent to the non-dissipative second-order hydrodynamics by performing the pseudo
gauge transformation.
The remainder of this chapter is organized as follows. I will first review the evolution of the
matter created during heavy-ion collisions(HICs), the induction of magnetic field, and vorticity
in Sec.(1.2). Then, in Sec.(1.3), I shall briefly review relativistic hydrodynamics. The outline

of this dissertation is sketched in Sec.(1.4).



1.2 Introduction to Relativistic Heavy-Ion Collision

The overarching science goal is that we want to explore and understand the structure and
dynamics of the fundamental constituents of matter, thus at the most fundamental level that
we know about today, is described by the theory of strong interactions of quarks and gluons,
i.e the Quantum Chromodynamics(QCD). However QCD has some peculiar properties such as
under normal conditions, we don’t see free quarks and gluons since they are confined in color-
neutral bounds states such as protons, neutrons, pions, kaons, etc. To get access to the QCD
fundamental degrees of freedom, we need very extreme conditions. This can be achieved in
many different ways, either we can look at some hadronic bound states such as proton at very
very high resolution by doing deep inelastic scattering experiments Another possibility is to
heat or compress nuclear matter to high temperature and high density, that is illustrated over
here in Figure 1. This is a plot of the QCD phase diagram, which shows the different phases
of strong interaction matter as a function of temperature and baryon chemical potential on
the vertical and horizontal axis, respectively. It is firmly established from first principle lattice
QCD calculations that at temperatures of order around 155 Mev, the hadronic gas undergoes
a smooth crossover phase transition to a phase that we call the QGP [6; 7], which exists at
extremely high temperature and/or density. This state is thought to consist of asymptotically
free strong-interacting quarks and gluons, which are ordinarily confined by color confinement
inside atomic nuclei or other hadrons. So how can we create extreme conditions with such high
temperatures? There are several possibilities, on one hand, our early universe is cooling down

follow the trajectory here at presumably low chemical potential, down the temperature axis,



but this does not give us any immediate prospect for observations since the birth of the universe
was far behind us. To explore these extreme states of matter in high energy heavy-ion collisions,
there are current experiments at high energy frontier being performed at relativistic heavy ion
collider(RHIC) at Brookhaven National Laboratory, and also at Large Hadron Collider(LHC)

in CERN.

Future LHG E

‘E"'""" Sk ' The Phases of QCD

Temperature
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Gritical Poirdl

Hadron Gas

Figure 1: The phase diagram of QCD in the ug — T plane

What happens in the Heavy-Ton collisions(HIC) is that large nuclei, such as gold(Au) or

lead(PDb) ions, travel at nearly the speed of light and smash into each other. According to



current understanding, just right after the collision, the complex space-time dynamic evolution
of nuclear matter is subject to a clearly defined separation of time scales where different physics
happen at different times as illustrated in Figure 2. The time it takes for two nuclei to collide
at high energy is very short, typically it is much less than 1fm/c. In the collision, the nuclei
deposit into a highly excited state of nuclear matter which is far from equilibrium, which is
often referred to as 'pre-equilibrium state’. It takes about time order of fm/c to evolve into
a state where the system is sufficiently close to equilibrium so that it can be described by
(viscous) relativistic hydrodynamics subsequently. So after about an fm/c the matter created
at HICs somehow deposit into the center of the collision region then continuously go through a
hydrodynamic expansion, during the expansion the matter cools down until about a time scale
of about 10fm/c, reach a temperature that is no longer high enough to maintain QGP phase,
the quarks and gluons degrees of freedom(DoF) then recombine into hadrons which undergo
few scatterings before eventually free stream to detectors. Throughout the lifetime of the HICs,
it is mostly dominated by hydrodynamics expansion of the quark and gluon plasma, in general,
there is a very successful phenomenology that is based on hydrodynamic models of HICs.

In the off central HICs, strong magnetic fields can be generated. This is due to the fact that
the fast moving and colliding nuclei generate electric currents in the opposite directions but
produce the same magnetic field perpendicular to the reaction plane (the plane which is defined
by the impact parameter and the beam direction) as illustrated in Figure 3. Its magnitude can
be roughly estimated using classical Lienard-Wierchard formula, eB ~ yagp Z/ R124, where v is

the Lorentz contraction factor, agys is the fine structure constant, Z is the number of protons
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Figure 2: A schematic view of heavy-ion collision experiment. Picture credit: Chun Shen.

inside the nuclei and R4 is the radius of nuclei. Thus, for example, one finds that the magnetic
field created in RHIC AU + AU collisions at center mass energy /s = 200 GeV can be as
large as 10'® Gauss, and in LHC Pb + Pb collisions at /s = 2.76 GeV, can reach the order of
10?3 Causs. More detailed numerical calculations can be found in ([8], [9], [10]). The magnetic
fields could induce a number of novel quantum phenomena, such as the charge separation in the
chiral system: the chiral magnetic effect(CME) ([8], [11]), chiral separation effect [12], chiral

magnetic wave ([13],[14]). Its presence can also affect the heavy quark transport ([15], [16]),



and the magnetic field induced anisotropic viscosities in hydrodynamic equations ([17], [18],

[19]). See the recent review [20] and reference therein.

A

Reaction plane

Figure 3: Magnetic field created in heavy-ion collisions.

Vortices are another interesting objects that exist in very broad systems ranging from the
small scales such as the swirl quantum vortices in a superfluid to the very large scales such as
the rotating galaxies. The strength of a vertex is commonly measured by the vorticity, in the
context of non-relativistic hydrodynamics it is defined as w = %V X v where v the fluid velocity.
In the off-central HIC, an orbital angular momentum can be generated, whose magnitude can
be estimated as large as J ~ +/sAb/2 ~ 10°h for Au + Au collision at /s = 200GeV at an
impact parameter b = 10 fm, where A is the nucleon number of the ion. A part of the orbital

angular momentum that resides in this fluid motion, or vorticity, will then be transferred to spin



angular momenta of quasi-particles by interactions [21; 22; 23; 24; 25; 26; 27; 28; 29; 30; 31; 32].
In equilibrium, the resulting spin-dependent distribution function of quasi-particles can be
shown to be equal to what one would have as if the energy of a particle of spin S was shifted by
AE = —S-w in thermal distribution [33; 34]. Since S ~ O(h), the net spin angular momentum
is quantum in nature and is parametrically small (by &) compared to the macroscopic orbital
angular momentum of the fluid. The recent experimental observation of spin polarization of
A baryons in off-central heavy-ion collisions [36] confirms the existence of this phenomenon
that involves a quantum spin of quasi-particles. This opens a new avenue to study the spin-
dependent observable. The presence of strong vorticity can induce many interesting effects. One
of them is the Chiral Vortical Effect [37]; in a chirality imbalanced system(for example there
could be more left handed fermions than the right handed fermions) where a vector current can
be generated along the direction of vorticity. To have a better understanding of the spin-orbital
coupling, a lot of progress has been made on both formulating an underlying microscopic kinetic
theory of spin-1/2 massive particles [3; 38; 39; 40] and a macroscopic hydrodynamics with spin
DoF [41; 42]. There is much other interesting physics related to the phase transition under
rotation that one can find in the recent review [43].

What are the theoretical tools that can be applied to study this kind of phenomena? Even
though one can employ first principle lattice QCD calculations [44; 45] to investigate the static

properties of QCD matter, there is no analogous approach to study non-equilibrium QCD.

LAn intuitive derivation of this fact, based on a detailed balance argument with total angular mo-
mentum conservation was given in Ref.[35].
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Nevertheless, with regard to high energy QCD that we are interested in, there are still two
limits where one can perform first principle studies. On the one hand in the weak coupling
limit of QCD, one would employ a description in terms of fundamental quarks and gluons DoF
based on kinetic theory. The other frontier a lot of progress has been made in understand-
ing non-equilibrium properties of gauge theories is the strong coupling limit, that is large 't
Hooft coupling limit which are theories not QCD but related to QCD, where one can have a
holographic description for strongly coupled plasma such as the N=4 SYM [46; 47; 48].

The existence of weakly interacting quark matter is expected based on the asymptotic
freedom of QCDI49]. In this thesis, I shall focus rather on the high temperature QGP phase,
exploiting the fact that at asymptotically high temperature/energy where the effective gauge
coupling constant ¢(7) becomes smaller enough as = ¢?/(47) < 1, so that it allows us to
perform weak coupling calculations at leading order in the coupling, that is neglecting all
relative corrections to the leading order(higher order weak coupling behavior are suppressed by
powers of g).

In a hot, weakly coupled QCD plasma, one constructs the effective kinetic theory of QCDI[50](and
reference therein), in which framework that an appropriate set of Boltzmann equations, at
sufficiently long time and distance scales, correctly describes the dynamics of typical ultra-
relativistic excitation(i.e., quarks and gluons). The standard Boltzmann equation takes the

form as

(O +vp - Op + Fegt - Op) f(x,p, t) = —Covsa[f(,p,t)] — Crs2[f(x,p,t)], vp = 0€p/0p, (1.1)
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where f(x,p,t) represents the phase space density of (quasi-)particles at a time t, vp is the
velocity associated with an excitation of momentum p, F.,; is the external force acting on
the (quasi-)particles. The local collision terms appearing on the right hand side of Eq.(1.1)
represent the rate at which particles get scattered out of the momentum state p minus the rate
at which they get scattered into this state. The challenging part is coming from understanding
the collision process and constructing the correct and effective collision operator C[f(x, p,t)].
The collision operator Cacso[f (x, p, t)] describes the 2-to-2 scattering process such as the quark-
antiquark annihilation, the Compton scattering, etc. In addition to the usual 2-to-2 scattering,
hard (quasi-)particles in the plasma can undergo so-called bremsstrahlung processes in such
a way that they split into two different, nearly collinear hard particles, which is described by
Creso[f(z,p,t)] 1. In this thesis, I will present our effective kinetic framework and apply it
to study the transport of a hot, weakly coupled QCD plasma in the presence of the magnetic
field. Our analysis is limited to the leading-log approximation where collinear bremsstrahlung

are neglected for typical particles.

1Such bremsstrahlung processes cannot occur in a vacuum(because of the energy-momentum conser-
vation), but they become kinematically possible when combined with a soft exchange involving some
other excitation in the plasma, and it plays a very important role in the equilibration process of the
highest momentum modes[51].
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1.3 Relativistic Hydrodynamics

The transport properties of nuclear matter under extremely high temperature and/or den-
sity play important roles in our understanding of dynamic time evolution of the Quark-Gluon
Plasma (QGP) created in relativistic heavy-ion collision (RHIC) experiments and/or dense
quark-matters that could possibly be formed at the center of neutron stars. The relevant space-
time scales in real-time descriptions of these systems (or the inverse scales of momentum and
energy of inhomogeneity) are reasonably assumed or argued to be much larger than the scale of
the microscopic QCD interactions that may be called an effective mean-free path. In such case,
the powerful universal framework of hydrodynamics, which needs only a small number of inputs
such as equation of states and a few transport coefficients together with the conservation laws
of energy-momentum and charges, can be used to describe the interesting real-time evolution
of the system (see Refs.[52; 53] for recent reviews). Especially, currently many of the realistic
numerical simulations of the QGP in HIC and the nuclear matter of (merging) neutron stars
are based on the hydrodynamics framework (See the overview [54] and reference therein).

The relativistic hydrodynamics equations were formulated many years ago [55], which de-
scribe the dynamics of an interacting theory at a large distance and time scales. The hydrody-
namic variables are the local velocity u*(z)(where u? = —1), the local temperature T'(z) and
chemical potential pu(z). The hydrodynamic equations are the conservation laws for energy-

momentum 9,T* = 0, and charge 0,j" = 0, supplemented by their constitutive relations

which are organized in terms of the order of derivative expansions involved with hydrody-
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namics variables. The hydrodynamic equations play very important roles in nuclear physics,
astrophysics, and cosmology.

The constitutive relations for hydrodynamics are:

™ = (e + p)uru” + pnt¥ + 71, (1.2)

gt =nut + 0¥, (1.3)

where € the energy density and p the pressure. 7# and v* are terms of first order corrections
which incorporate, in particular, dissipative effects. Following Landau and Lifshitz, one can

always choose the Landau frame, where u,t"” = u,v* = 0. The dissipative terms are given by

™ = _nAuVAVﬁ(aocuﬁ + 85“04) - (C o gn)ija U, (1'4)

P — —UTA“”&,(%) + 0B, (1.5)

where projection operator A* = g" + utu”, o the conductivity, n the shear viscosity,  the
bulk viscosity, electric field E* = F*u,, in local rest frame, and electric magnetic field strength
FHv,

Electrical conductivity is a fundamental property of a material that quantifies how strongly
it conducts electric current. Shear viscosity is another important transport coeflicient in these
hydrodynamics descriptions, which governs the rate of momentum transfer in a presence of
inhomogeneity of fluid velocity. The bulk viscosity, however, describes the change of local

pressure when the fluid element is subject to a uniform expansion or contraction. In the case
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of QGP in relativistic heavy-ion collisions, a detailed comparison between the hydrodynamic
predictions and the experimental data on the momentum anisotropy of emitted particles (which
is also called elliptic flow) in the azimuthal angle perpendicular to the beam direction [56; 57]
indicates that the shear viscosity to entropy density ratio of QGP is close to probably the
smallest value that has ever been realized in Nature [58]; n/s ~ 1/4m, that could only be
possible when the QCD is strongly coupled in these systems, that is, the coupling constant of
QCD is not small.

Although the values of transport coefficients in perturbative regime are of little significance
to the actual experiments, the computations of transport coefficients in high-temperature per-
turbative regime [59; 60; 61; 62] have given us useful insights into the underlying physics of
transport coefficients, and could also provide useful bench-mark information on the value of the
transport coefficients in one extreme end, compared to those in the other end of infinitely strong
coupling that may be computed in the AdS/CFT correspondence [58]. On a more practical
side, the perturbative regime is where one can perform a systematic and reliable theoretical
computation typically allowing even analytic results, at least up to certain lowest orders. We
shall look at and study these transport coefficients in the presence of the magnetic field, namely,

the interesting interplay between QCD interactions and magnetic field in Chap. 2.
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1.4 Outline and notations

The remainder of this dissertation is organized as follows.

Chapter 2 will focus on the transport properties of QGP in the presence of the magnetic
field. I will introduce an effective 1+1 kinetic theory for the lowest landau level quarks. As
an application, I will present the computation details of the conventional longitudinal electric
conductivity in the strong magnetic field. The color charge conductivity in the presence of a
magnetic field is also estimated in Sec.(2.1.5). All these two are based on the paper with K.
Hattori, D. Satow, and Ho-Ung Yee in Ref.[1]. Another computation of shear viscosity in the
weak magnetic field is presented in the last Sec.(2.2) of this Chapter, which is based on the
work with Ho-Ung Yee in Ref.[2].

Chapter 3 is devoted to studying the spin dynamics of QGP. A formulation of spin polar-
ization of massive spin-1/2 quarks is presented in Sec.(3.1) which is based on the work with
Ho-Ung Yee in Ref.[3] and my single review paper [4]. Another generic framework of non-
dissipative second-order hydrodynamics is proposed in Sec.(3.2). Then, in Sec.(3.2.2), A novel
spin hydrodynamics framework is developed to incorporate the spin DOF in the hydrodynam-
ics. Sec.(3.2.2) and Sec.(3.2.3) are based on the work with M. Stephanov and Ho-Ung Yee in
Ref.[5].

In the last Chapter 4, I will summarize the main results of the dissertation and offer an
outlook.

Throughout this dissertation, we shall adopt natural units in which A, ¢, kg = 1. We choose

the most plus convention for the metric tensor, i.e., g = diag(—1,1,1,1).



CHAPTER 2

TRANSPORT COEFFICIENTS OF QUARK-GLUON PLASMA IN THE

PRESENCE OF MAGNETIC FIELD

2.1 Electrical conductivity of Quark-Gluon Plasma in the presence of Strong Mag-

netic field

(Previously published as: K. Hattori, S. Li, D. Satow, and H.-U. Yee, Longitudinal Con-
ductivity in Strong Magnetic Field in Perturbative QCD: Complete Leading Order, Phys. Rev.

D95, 076008 (2017))

2.1.1 DMotivation and Summary

In this section, I will present the details of the computation on the longitudinal electric
conductivity of a deconfined QGP in the presence of a strong background magnetic field in
a complete leading order of pQCD. Recently, the interplay between the magnetic field and
QGP matter has attracted a lot of attention. The motivation comes from that a strong, albeit
short-lived, magnetic field of strength eB ~ (200 MeV)? can be created on top of a deconfined
quark-gluon plasma fireball ([8], [63]) in RHIC(see Ref. [20] for recent reviews), and also from
the possible quark matter phase in the neutron star core with temperature much smaller than
the magnetic field T? < eB (see Ref. [64] for a review). The QCD phase diagram and the
phase transitions in such strong magnetic fields have been studied extensively in literature(see

Refs. [65; 66; 67; 68; 69] and references therein).
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Throughout this subject, we focus on a neutral QGP system that is more relevant to the
HIC. We assume the following hierarchy of scales: azeB < T? < eB, as introduced in Ref.[15].
The second inequality is what we mean by the strong magnetic field, which allows us to focus
only on the lowest Landau level(LLL) states of quarks or antiquarks, and to neglect the higher
Landau level thermal occupation since whose density of states are exponentially suppressed

by e @, hence they do not participate in the transport phenomena in our leading order
computation. On the other hand, the first inequality is justified in the following way: the
dominant charge carriers that contribute to the transport coefficients in leading order are from
hard (quasi-)particles with typical momenta ~ T, whose dispersion relation deviates from the
free one by aseB/p? ~ aseB/T?, since the leading thermal self-energy goes as ¥ ~ agzeB
because of the above assumed second inequality 72 < eB (the dominant contribution to the 1-
loop self-energy comes from the LLL states due to their larger density of states than the gluons).
As a consequence, the first inequality allows us to neglect these corrections for hard particles
in leading order. Therefore, the above hierarchy of scales leads to a consistent Hard-thermal
loop(HTL) counting scheme with thermally excited “hard” LLL states as the dominant source
of HTL self-energies (the density of states for LLL is ~ (eB)T while that for gluons is only 7
hence subleading).

Furthermore, we introduce a finite quark mass to obtain a finite longitudinal conductivity in

the presence of the magnetic field. In the massless limit, the axial anomaly equation indicates
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that there is a continuous production of axial charge along the direction of the electric and
magnetic field as

e2N.Np

s E-B, (2.1)

Ona =

where n 4 is the axial charge in the chiral imbalanced system, N, is the number of colors for
quarks and/or antiquarks and N is the number of massless flavors that contribute to the
anomaly. From the known relation that the axial charge is proportional to axial chemical
potential by ng = a/x (x is the charge susceptibility), and the Chiral Magnetic Effect(CME)
[11], one finds that the axial charge grows linearly in time without any cutoff,

_ e2N.Np e?N.Np e*(N:.Nr)%B?

J=— 5 maB=—75=naB=

tE 2.2
= , (22)

4y

As time goes on, this conductivity goes to infinity. To obtain a finite conductivity, we must
consider the relaxation dynamics of the axial charge. Including the relaxation term of —%n A
on the right-hand side of Eq.(2.1), one finds a stationary solution n4 = GQJQV#NFE - Btg, which
leads to a finite contribution to the longitudinal conductivity from CME[70],

e4(N,Np)2B?

. 2.3
e (23)

Ozz =

There are mainly two contributions to the relaxation dynamics of the axial charge: either

from a finite quark mass [71] or sphaleron transitions. On one hand, the inverse relaxation time
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from sphaleron dynamics is proportional to the sphaleron transition rate I'y, whose expression

is determined by a fluctuation-dissipation relation [72]

=/ -3 2.4
TR.s T , ( )

where the sphaleron transition rate I's in the absence of magnetic field is known to be of order
Iy ~ a2log(1/as)T* [73; 74; 75]. An evaluation of ' in the presence of strong magnetic field is
given in the Sec.(2.1.5), but whose result is further suppressed due to an enhanced Lenz’s law
from the increased color conductivity along the magnetic field direction (while transverse color
conductivity remains as 0. ~ T (neglecting any logarithms in power counting)). Nevertheless,
such a weak coupling behavior is different from the strong coupling one from AdS/CFT corre-
spondence [76]. On the other hand, the finite quark mass contribution to the inverse relaxation

time behaves as

Tim ~ s/ T (2.5)

either with or without the strong magnetic field. In the case with a strong magnetic field
in LLL approximation for quarks, the 1+1 dimensional dispersion relation makes it possible
for an on-shell gluon to create a quark/antiquark pair and vice versa [77; 78]. This 1-to-2
(and/or 2-to-1) process rate is only of g, and is the dominant contribution over the usual
2-to-2 processes under the assumption azeB < mg that will be explained in the following.

Our explicit computations of the collision terms from 2-to-2 processes in Appendix.(B) of our
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work[1] show that these are indeed sub-leading compared to the 1-to-2 process in the main text
when agzeB < mg) . The resulting chirality flipping rate is again expected to be asmg /T. In
fact, this expectation is further confirmed by an explicit computation ! (see Sec.(2.1.4)). In the
case without a magnetic field, it can be shown that the dominant chirality flipping rate comes
from the small angle scatterings with soft transverse space like magnetic degrees of freedom
[80], that is, the same one for the leading damping rate of hard particles. It gives rise to a single
power of oy rather than 2. The m?] dependence comes from that chirality flipping amplitude
should be proportional to the mass.

Since the smallest relaxation time determines the final conductivity, the finite quark mass
will be the dominant contribution over the sphaleron dynamics if asmg > aj:’TZ, such a con-
dition can be satisfied in the small coupling constant limit. We will assume this to be true
so that we can neglect non-perturbative sphaleron dynamics and focus only on perturbative
(quasi-)particle dynamics of the LLL state quarks interacting with 3+1 dimensional thermal
gluons. With 7p ~ T'/ (asmg) in Eq.(2.3), and given that the charge susceptibility of LLL state

in strong magnetic field limit is

! In the meantime, K. Hattori and D. Satow also evaluate the conductivity in a complementary
paper [79], by using the diagrammatic method instead of the kinetic approach.
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where the first 1/(27) is the 141 dimensional charge susceptibility, and (eB/27) is understood
to be the transverse density of LLL state. The longitudinal electric conductivity in small quark

mass limit mg — 0 is expected as

Opy ~ 62NC(GB)T mg — 0. (2.7)

2 )
asmg

Our explicit computation Eq.(2.40) indeed confirms this expectation, up to a logarithmic cor-
rection of 1/log(T'/myg).

The full result of 0., for an arbitrary value of m,/T" in complete leading order in o is given
in Sec.(2.1.4), within the assumed hierarchy azeB < (T?,m2) < eB. The final result takes a

form

dimR (eB 1
L = €2 — | — T 2.
v =t (52 ) agontmalT). (2.8

with a dimensionless function o, (m,/T') given by Eq.(2.42).

It is worth remarking that in the opposite limit of mg < ageB, which is a quite interesting
problem for the future, the situation is complicated due to some non-chirality flipping 2-to-2
processes become of the same order as the above 1-to-2 processes. Nevertheless, at the leading-
log approximation, the 2-to-2 process is negligible compared to the 1-to-2 process even when
mg < ageB. This case is studied in the complementary paper [79] at the leading-log accuracy.
(see Appendix.(2.A.1) too). The chirality flipping processes is still the main contribution to

the final conductivity (otherwise, the conductivity diverges): essentially, these chirality flipping
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processes are the “bottle-neck” for the relaxation of axial charges that would grow with anomaly,
and should be included in the kinetic theory.

The real complication arises when mg; < a T in the small momentum region p. ~ myg,
the chirality is maximally violated and chirality can effectively be flipped by going through
this IR region. In 1+1 dimensions, the phase space for this IR region gives only one power of
mg: [ 9, ~ mg, which means that the effective chirality flipping rate from this IR region
is suppressed only by a single power mg, 1/7 ~ agmq, thwarting the above asmg /T chirality
flipping rates from hard momentum region when m, < o 7. What this all means is that in
1+1 dimensions with m, < a1, the major “bottle-neck” for axial charge relaxation happens
in the IR region near the origin p, ~ my, and these IR dynamics determines the global shape
of the distribution function and the final conductivity. Topologically, the two large p, regions,
p, > 0 and p, < 0, are connected by the IR region of p, = 0, and without knowing the boundary
condition at p, = 0, one cannot determine the global solution uniquely. Since the self-energy
is of order aseB, the dispersion relation for these IR modes of p ~ m, gets thermal correction
of aseB/ m?l > 1, and we no longer should use kinetic theory with free dispersion relation for

these IR modes. This problem shall be deferred to future study.

2.1.2 Effective kinetic theory in the LLL approximation

In this section, I will set up the kinetic theory framework that describes weakly interacting
quasi-particles. For simplicity, only one-flavor case is considered here, and the generalization to
the multiflavor case is straightforward. In the presence of a strong magnetic field eB > T2, its

effect on the motion of quarks and/or antiquarks should be treated non-perturbatively. This
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can be achieved by quantizing the quark field in the presence of the magnetic field, which is
summarized in the Appendix.(2.A.1). Now the quark wave functions are the Landau levels
whose density of states in the transverse plane perpendicular to the magnetic field is known to
be of eB/(2r). Working in the Landau gauge A? = Bx!, there are two momentum quantum
numbers for each Landau level states the momentum ps going along spatial 22 direction, which
labels the transverse position of each Landau levels and encodes the transverse density of states
eB/(2m), whereas p, is the conventional momentum for the motion of each state along the

longitudinal direction. Correspondingly, the dispersion relation of quasi-particles is

By = /P2 +2leBln+m, (2.9)

where n = {0,1,2,---} is the Landau levels and m, is the bare quark mass.

A weakly coupling quasi-particle picture should be a good description for the system under
an external perturbation. For the case we are considering with the strong magnetic field, the
fermionic quasi-particles are Landau level quarks and/or antiquarks that move only along the
141 dimensions with the above dispersion relation, while their transverse positions do not
change in the free limit. Therefore, we have an effective theory describing the collection of
141 dimensional fermionic quasi-particles that are distributed in the transverse plane with
the transverse density % for each n. At a finite temperature in an equilibrium state, each
Landau level state is occupied by the usual equilibrium thermal distribution functions. In the

regime, eB > T2, only the LLL state with n = 0 are populated due to the large energy gap
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of A ~ VeB > T for higher Landau levels, and thus they do not participate in the charge
transport. From here and the rest of this section, only LLL are considered.

What about the gluons? Well, the gluons at leading order are still 3+1 dimensional quasi-
particles. Their dominant self-energy correction arising from QCD interaction with thermally
populated LLL quarks is of order ¥ ~ ageB. In our assumed hierarchy azeB < T2, this
correction is sub-leading compared to the bare momentum p ~ T of hard particles. thus, these
hard gluons have the bare dispersion relation at leading order.

As shown in the Appendix.(2.A.1), the Landau level wave function with momentum quan-
tum number py is localized around z; = pa/eB with a width of order 1/y/[eB]. One can
construct a wave packet with a central value of p§™*¢" with a width Aps that is localized in

center

senter (note that there is no velocity associated with p§ since OF /Opa = 0). Then this wave

)
packet has a spatial width of Axy ~ 1/Apy. Since Apy = AxqleB|, we have the transverse
uncertainty of AzjAxg ~ 1/|eB|, which is the well-known transverse size of the Landau levels.
An accurate counting of available states in the Appendix.(2.A.1) shows that the transverse

density of such states is eB/(2m). In this way, the label py is effectively transformed into a

transverse space position variable X (up to an ambiguity of 1/1/|eB|),

Py — (p(Q:enter’ mgenter) N (.,L,(l:enter7 x;enter) — XT ) (210)
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Such a decomposition is very similar to the decomposition of space and momentum up to
ambiguity of : the transverse space is roughly a phase space with AX?2 ~ 1/|eB|. Thus ps is
a good quantum label for the Landau levels.

Scatterings with other quarks/antiquarks or gluons cause the momentum as well as trans-
verse position change for each Landau level quasi-particles. As one can see that in addition to
conventional 2-to-2 scatterings that have been widely considered in literature, there are addi-
tional leading 1-to-2 scatterings due to the presence of magnetic field. Explicit computations
in Sec.(2.1.3) and Appendix.(2.A.1) show that the changes in ps due to QCD scatterings is

2

q
< VeB due to a form factor Ryo(q) = 6_4TJ1'3, which indicates that these

~

bounded by Apo
interactions are local in the transverse space within a distance of Aps/eB ~ 1/veB. Therefore
if the variation scale of external parameters (such as electric field or temperature gradient) is

much larger than 1/v/eB, one can rewrite momentum py as

pa = p5 4 By, (2.11)

bal encodes a large scale (compared to 1/veB) transverse position X7, while ps <

where pglo
veB takes into account a local collection of Landau levels around X7. The above rewriting is

possible because the theory is invariant under a constant shift of ps.

Based on above argument, one introduces the quark and /or antiquark distribution functions

fe(2,pz, X1, p2,m) (2.12)
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as an occupation number per unit dzdp, /(2m) for the state labeled by (p2,n) around the global
position X7. The + refers to quark and — for antiquark, respectively, while gluons take usual
(color diagonal) distribution function fy(x, k). The dynamics of these distributions obey the

well known Boltzmann equation,

of+ .0f+ . Ofx
ot "7z TPy,

—Clfu ), (2.13)

where p, = *eF is the external force, FE is the applied electrical field along the longitudinal
direction, E = EZ. It is worth remarking that the dynamical change of the transverse position
of Landau level states (X7, p2) is only from QCD interactions, and it is part of the collision term
on the right-hand side. The reason for this is that the transverse motions of quark/antiquark
are quantum processes, classically it means the absence of transverse motion of Landau level
states in the free limit. By the same argument, the above framework is useful for calculating
the transverse conductivities.

One can find the specific Feynman rules for the collision terms due to the QCD interaction
in Appendix.(2.A.1).

In terms of the effective distribution functions f.i, one easily writes down the electric current

from a state of (X, p2,n) as

| dp-
J. = edsz/(;;)vp (f+(pzs X1,p2.0) = f—(ps, X1, p2,1)) | (2.14)

where v, = %; is the longitudinal velocity and dim R is the dimension of color representation.
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The kinetic theory is applicable only when the mean free path is larger than the Compton
wavelength of dominant quasi-particles governing the transport. Such a criterion can be justified
with a sufficiently small a, < 1 and a reasonable ratio of m?/T? < O(1). Since for most
of the transport coefficients, the dominant charge carriers typically have momenta of order
temperature |p,| ~ T (hence the wave-length of 1/T), while the mean free path arising from
scatterings with other ambient particles are found to be about Ly, ~ T'/(asm?) in Sec.(2.1.3)
(for “kinetic relaxation” of quarks or Iy ¢y ~ 1/(aT) in Sec.(2.1.5)(for “color” relaxation).

It is now kinematically possible to have on-shell 1-to-2 processes of a single gluon decaying
into a quark/antiquark pair and vice verse[77; 78]. Due to the 141 dimensional dispersion
relation for quark/antiquarks and the usual 3+1 dimensional dispersion relation for gluons, the
transverse part of gluon momentum plays the role of the mass term. These are the only on-
shell 1-to-2 processes, and their rate turns out to be proportional to only a single power of aj
instead of a2, even for the “kinetic relaxation rate” that are relevant for electric conductivity.
An explicit computation in Sec.(2.1.3) shows that it is ~ aym2/T, featuring a universal factor of
mg for both chirality flipping and non-flipping rates. As one can find in the Appendix.(2.A.2),

the kinetic relaxation relevant for conductivity arising from the conventional 2-to-2 processes is

at most of o2 (e B/T) log(m2/aseB)'. With our assumed hierarchy of scales aze B < (T?,m2) <

'However, one can find that in Sec.(2.1.5) that the damping rate relevant for “color conductivity”
from 2-to-2 processes is of order a 7', which is similar to the conventional case. As the damping rate
from 1-to-2 processes is the same asmg /T, the 2-to-2 scatterings are the leading processes than 1-to-2
scattering for color conductivity when m, S 7.
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eB, these novel 1-to-2 processes are leading compared to 2-to-2 processes in the presence of a

strong magnetic field.

2.1.3 Collision term in Leading Order

In this section, I shall work out the details of the leading order collision term from the
pair 1-to-2 creation/annihilation processes as discussed above. For simplicity, to compute the
longitudinal conductivity, let’s consider that the applied external electric field E is parallel
to the magnetic field and is homogeneous in the two-dimensional transverse space. Thus, the
resulting distribution functions for 141 dimensional Landau levels will be homogeneous too in
the transverse space, i.e., there will be no dependence on the label of the LLL states, ps in
Landau gauge: f+(pz,p2) = f+(p2).

Using the Feynman rules summarized in the Appendix.(2.A.1), it is straightforward to obtain

the collision term for the quark distribution fi(p,) as

1 &2p/ Bk 2 o 3 ,
Clf+(p)] = 2B, | em2E, | (@rPeE, IM|* (2m)°6'") (p+p' — k)O(E, + Ey — Ey)

< (1= fp2)) (1= F-(01)) fa(k) = Fi(p2) - (0L) (1 + fo(K))) (2.15)

where E, = |/p? +m2, E;, = |k|, d*p = dp.dp,, and shorthand notation @ (p) = 6(p.)d(p2)
which includes only spatial two dimensions (p.,p2) (recall that py is the label for the LLL
states), while the energy d-function is written down explicitly. Note that the gluon momentum
k is fully three dimensional. The above collision term is the sum over the pair creation and

annihilation processes with the imposed detailed balance condition, such that one can combine
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them with a common matrix element M. The collision term for the antiquark distribution is
similar.
Following the conventional approach, one rewrites the distribution function around the

equilibrium in linear order as

fx(p) = Jiq(Ep) + Bf;q(Ep) (1 - f;q(Ep)) X+(P2)
fo(k) = f5(Bx) + B85 (Ex) (1+ f5'(Ek)) xg(k), (2.16)

with f;’?B(e) = 1/(e’* £ 1), 8 = 1/T, and x,/; are unknown scalar function that will be

determined later. Using the energy d-function and the detailed balance condition

(1= £ (=) (1= f200)) f52 (k) = £ (p=) F2(0L) (1 + f52(K)) (2.17)

one can show that

(1= f(p=)) (L= £= () fo(k) — fu(p2) f-(PL) (1 + fo(K))

= BIF(Ep) fe(Ey) (1+ 5 (Br)) (xg(k) = x- (L) — x+(p2)) - (2.18)
In the current specific consideration, it is clear that x_(p,) = —x+(p-), since the effect of

the applied electric field on the antiquarks is precisely opposite to that of quarks. Similarly,

Charge-conjugation (C-) invariance indicates that gluon distribution should not be affected:
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xg(k) = 0 '. Furthermore, E is a 1 dimensional vector in 2 space, and x4 (p.) is a scalar

function, which dictates that the response should take a form

X+(pz) = (E : pz)F(|pz’) = _X+(_pz)> (2'19)

that is, x+(p.) is an odd function on p,. All these facts can be explicitly derived from the struc-
ture of the collision term and the source term with the applied electric field in the Boltzmann
equation. They are similar to the 341 dimensional case in Refs.[61; 62].

The matrix element from the Feynman rules in the Appendix.(2.A.1) is given by

M =igse, (k) ﬂ(p')'yfrt‘}%u(p) ROO(kJ_)@iE , (2.20)

where €(k) is the polarization of the external gluon, tg is the color generator in the quark

* is called the Schwinger phase [69] whose expression

representation R. The phase factor e’
is irrelevant here, since it will disappear eventually in square of the matrix element. The

subscript || denotes 141 dimension with the one spatial direction being parallel to B, and it is

important to note that 'yﬂ‘ is 141 dimensional y-matrix which is effectively 2 x 2 matrix by the

!The magnetic field is C-odd quantity which breaks C-invariance. However, its effects on 141 dimen-
sional LLL dynamics depend only on |eB| except the Schwinger phase. Because the Schwinger phase is
irrelevant for the leading order collision term, one can effectively use C-invariance.
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projection operator. Correspondingly, the spinors u(p) and v(p’) are 141 dimensional spinors

with relativistic normalization

w(p)u(p) =V pu+mq, @O0 =Dl —mg- (2.21)

Finally the form factor originating from the finite transverse size [p ~ 1/4/|eB| of the LLL

wave function is

2
k7l

ROO(kJ_) = ¢ 4Bl (2.22)

One has to sum over all incoming antiquark color states and the out-going gluon states, and
average over the color states of the incoming quark in |M|?. The color algebra gives a Casimir

factor C(R) as usual, and the gluon polarization sum is

D eulen)” =6 — IITIQJ : (2.23)

€

The explicit square of matrix element |M|? is

kA kik; ) .
IMPP = gCy(R)e 21T <6ij ~ R > Tr | (315}, = ma) ] (o B + M )]
k2 2

Ly
= 2¢2Cy(R)e Bl ITL (EpEy + p-p, +m?) . (2.24)
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k2
The form factor e 2Bl features the finite transverse size of the LLL states, and k| < +/|eB| ~

1/lp modes can not resolve the LLL states.
Without loss of any generality, one can choose ps = 0 in Eq.(2.15), and perform p), and k.

integration to arrive at

dp! d%k | Ly 2
O = 2 z T L (ELEy + p,
Clf+(p2)] 92Co(R 2E / / or 22, e = ( + p.p, +m;)

X 0(Ey — Ep — Ey)BfF (Bp) f5 (By) (1+ 5/ (Er)) (x+(L) — x+(p2)) (2.25)

and it is understood that k, = p, + p,. The energy d-function can be worked out as

5(Ek — Ep — Ep/) = O (\/(pz —|—plz)2 —+ k}i — Ep — Ep/)

= (2E)9 (ki —(p) +p/H)2> (2.26)

and performing k| integration, one finally obtains the leading order collision integral

CUp)] = anCalRyms [ g () (B (L Ty + By) (voo) = xs02)

(2.27)

al
where one can safely neglect the form factor e 2Bl in assumed hierarchy 72 < eB, because

k? = (p+p')? ~ T? due to the Boltzmann factor in the collision term which ensures that the
dominant leading contribution to the collision integral and the conductivity comes from the

hard momentum modes (p,,p,) ~ T.
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It is worth mentioning that the above simple collision integrand is a result of the two
competing effects: ”fermion-chirality selction rule” and ”gluon-polarization selection rule” .

The “chirality selection rule” is coming from the spinor trace in Eq.(2.24) and due to the factor

EpEp + papl, +my = [pa|IpL| + papl (2.28)

where the right-hand side is the expression in the massless limit (mq — 0). This is related to the
chirality selection, because when the spin of the LLL fermions are aligned along the magnetic
field, the signs of the longitudinal momentum is slaved to that of the chirality. To be specific,
the chirality of the LLL massless fermion is identical to the sign of sgn(eB)p,: if one quantizes a
right-handed spinor field 1, both quarks and antiquarks carry only the sgn(eB)p, > 0 modes.
Likewise, the quarks and antiquarks from a left-handed field 7, carry only the sgn(eB)p, < 0
modes. An important fact is that gauge interactions via y-matrix do not mix g and 1, fields,
which means that the sgn(eB)p, > 0 modes and sgn(eB)p, < 0 modes decouple in the massless
limit. Therefore, the chirality selection imposes the longitudinal momenta p, and p/, must have
the same sign as in Eq.(2.28).

The other ”gluon polarization selection rule” comes from the gluon polarization factor

2
K R’ BBy —petm) (el parl)

W (Ep + Ep’)2 B (Ep + Ep’)2 (|P‘ + ]p’|)2

, (2.29)

where the last expression is the result in the massless limit (m, — 0). The role of this factor

can be understood as follows. If the momentum of the external gluon line is parallel to the 2
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direction, that is k; = 0, then its polarization will be along the transverse space. However, the
motion of the LLL quarks and antiquarks are (1+41)-dimensional and their current is strictly
longitudinal, therefore, the gluon emission vertex should vanish in the k; = 0 limit. In the
massless limit, this factor imposes that the p, and p, to should take the opposite sign.

The ”fermion-chirality selection” and ”gluon-polarization selection” rules impose the com-
peting conditions on the signs of p, and p/,. However, these two rules are not compatible in
such a way that the collision term vanishes in the massless limit. Indeed, with a finite mass, the
product of these two factors, and thus the collision term, is proportional to the mass square and
is independent of the relative sign of p, and p,. This is an exact form of the mass dependence,
and shows the universal suppression of the collision integral C|[f (p.)] ~ mg in the small mass
limit.

2.1.4 The longitudinal conductivity in the leading order

With the above constructed leading order collision term in the effective Boltzmann equation
in the previous section, one can easily compute the longitudinal electric conductivity. The
Boltzmann equation for the quark distribution subject to an applied external electric field
E=FZis

aer(pz) 6f+(pz)
a TETg,

= Clf+(p2)].- (2.30)
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equilibrium

One is interested in find a stationary solution in the linear order in E for the

OE, _ _ Pz
7:'Up—E7p,

conductivity. From fi(p.) = fF(Ep) + Bfp(Ep) (1 — f(Ep)) x+(p2), and o

one finally obtains the integral equation for x(p),

B S (Ey) (1= [ (Ey)
= asC2(R>m3/dp/z EplEpf 7 (Ep) [ (Ep) (1 + f5'(Bp + Ep’)) (X+(p/z) - X+(p2))(2'31)

This one dimensional integral equation can be solved as follows. Recall that x4 (p’) is an odd

function of p’,, but the other components of the integrand are an even function of p/,, then the

integral with x (p,) simply vanishes. Therefore, x4 (p,) is easily solved as

e . (1- £39(5,)
) SR e T B (L S5 By ) 232

Note that what appears in front of x4 (p,) in Eq.(2.31) is nothing but the quark damping

rate
ang(R)mg / A .
— — U Ey) (1+ fA(E,+Ey)) , 2.33
Tq B, (1— f(E,)) szp/ v (Ep) (L+ f5' (Ep v)) (2.33)
which gives a relaxation dynamics in the Boltzmann equation
(2.34)

Oex+(P2) ~ =Yg X+(P2) -
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Then, the solution Eq.(2.32) is nothing but

p: 1
—eEZE 2.
x+(p:) =e By (2.35)

that is, the relaxation time approximation with the momentum dependent relaxation time
Tr = 1/74 is in fact an exact solution of the full Boltzmann equation in our special case.

After finding the solution x4 (p.), the longitudinal current j, is given by

io=e (50 ) 2aimm [ P, B (1= FEE) o) v = (230

The factor (eB/2m) is the transverse density of LLL states, and the next factor 2 comes from
that antiquarks contribute equally as that of quarks. The final expression for longitudinal

conductivity is then

e im +o0 . 2 _ ., 2
0., = €2 <B> CQdR/OO dp Pz F (E )(1 r (Ep)) . (2.37)

(R)asmg (2m) TEp [§° dpl, 5, i (Bp )(1+f ! (Ep+ Ey))

For a general value of m,/T, one needs a simple numerical integration to get the result,
but for both the small and large m, limit, it can be handled analytically, respectively. In small
mass limit, note that the p/, integral in the denominator has a logarithmic IR enhancement in
pl, ~ 0 regime due to 1/E, = 1/,/p?2 4+ m2 factor, which produces in leading log of mg/T as

| g 0 £+ ) ~ 50+ ) hoa(T ) (eading log in m,/T12.59
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Using the integral

> dp, p? [R(E)(1—fF(Ep))? T
= — 0 2.39
[ atn drmay —aw ™0 (239)
one has the small m, limit as
ez dimR T
o , . 2.4
722 7 Ca(R) <27r> a2 log(T/my) " M0 (240)

This result can be easily generalized to the multi-flavor case. Writing the longitudinal conduc-
tivity in terms of dimensionless variables p = p,/T and m = m,/T, and taking the sum of

the flavor dependences arising from the electric charge (ef) and mass (my) of the fermion, one

obtains
- (3) a) @)
where
o1 (i) = % /°° dp p* - nr(ep) (1= nr(ep))? ’ (2.42)
m* Jo  (27) € [ e (e ) (L4 np(ep + )

and €5 = \/p? +m? and np p(e) = 1/(e £ 1). In the small m — 0 limit, one has

1

or(m) — 2 log(1/m) (2.43)
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Figure 4: A plot of o,(my/T) from numerical evaluations (blue dots), compared to the leading-

log expression of m,/T in Eq.(2.43) (red curve) and heavy quark limit Eq.(2.44) (green curve).

while, in the opposite limit (m — 00),

or(m) = —. (2.44)

The full numerical evaluation of o, (m,/T) is showed in Figure 4, in comparison with the
asymptotic expressions in the two limits. It shows that the analytic leading-log result Eq.(2.43)

can be trusted when m, /T < 0.1, and the heavy-quark limit Eq.(2.44) is reliable for m,/T 2 5.
2.1.5 7”Color conductivity” in the presence of Strong Magnetic field
The purpose of this subsection is devoted to evaluating the “color conductivity”[81] in the

presence of a magnetic field. The “color conductivity” plays an important role in computing the

sphaleron transition rate in the leading order of pQCD [73; 74]. In the effective Bodeker theory
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[73], the color conductivity governing ultra-soft color magnetic field dynamics is responsible
for non-perturbative sphaleron transitions. At such low frequency-momentum scales, the color
field dynamics reduces to “magneto-hydrodynamics” where the magnetic fields diffuse at a rate

given by the well-known diffusion-type dispersion formula

k2
Wit 2.45
,LO'C ( )

where o, is the color conductivity. Lenz’s law indicates that the diffusion of a magnetic field
is resisted by the Faraday current. In Eq.(2.45), the diffusion rate is inversely proportional
to the color conductivity o., due to the Faraday current is proportional to the conductivity
0. The Bodeker theory is a non-Abelian magneto-hydrodynamics with this color conductivity,
with additional thermal noise from the fluctuation-dissipation relation that ensures equilibrium
thermal distributions.

The key difference between non-abelian ”color conductivity” and the usual abelian con-
ductivity computed in the previous sections is that even scatterings with small momentum
exchange (or small ¢, scatterings in the case of LLL quarks) can contribute to the effective
mean-free path of color transportation, since colors can be changed even without significant
change of the momentum [81]. This means that the mean-free path of color transportation is
determined by the (largest) damping rate, which is roughly a total scattering rate of a given
hard quasi-particle, up to a color charge factor which is not important and we shall not precise

about. One shall focus only on the parametric dependence of color conductivity on the cou-



40

pling, magnetic field, temperature, and quark mass. Denoting the dominant damping rate by

v, the color conductivity is parametrically given by

o0~ s (density of states)/T 7 (2.46)
v

L The rest of this subsection is

where o in front is a trivial coupling factor in the definition
devoted to computing the damping rate for both LLL quarks and the gluons.

The LLL quarks and/or antiquarks can only transport the color charges along the direction
of the magnetic field, and the only charge carriers in the transverse direction are gluons. On
the other hand, the LLL fermions have a larger density of states (eB)T than that for the
thermal gluons 73(because of our assumption that eB > T?), and one will find that the
quark damping rate is parametrically smaller than the gluon damping rate by a factor of
T?/eB. Therefore, one concludes that the longitudinal color conductivity is larger than the
transverse color conductivity by a factor of (eB/T?)? > 1. A more detailed discussion about
this implication in the sphaleron transition rate is at the end of this subsection.

One can easily read the damping rate of a quasi-particle of momentum p from the Boltzmann

equation for x(p) by keeping only x(p) term in the collision term, dropping all other x’s with

different momenta than p. Then the Boltzmann equation gives relaxation for x(p) as

dx(p) = —1x(p) (2.47)

More precisely, the numerator is the phase space integral of —9f¢4(p)/dp = B (p)(1 &+ f(p)).
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with the damping rate 7, (see Eq.(2.34) as an example). In this way, one finds how a particular
single mode of momentum p relaxes to the equilibrium with the damping rate.

There are mainly three major contributions to the LLL quark damping rate: 1) 1-to-2
process, 2) 2-to-2 quark-quark/antiquark t-channel scatterings, and 3) 2-to-2 quark-gluon t-
channel scatterings. Since t-channel scatterings are expected to be at least larger than s-channel
by potential IR enhancement, these computations are enough to find the parametric dependence
of the leading order damping rate of hard quarks.

The collision terms of all these processes are worked out in the other sections: 1) is in
Sec.(2.1.3) and above point 2) and point 3) are in the Appendix 2.A.2, so one can easily use
the results computed from these subsections. For instance, the damping rate from the 1-to-2

process is already given in Eq.(2.34), which one can easily reproduce it here,

2
1o ozsCQ(R)mq / ;1 g eq 9
v, = = dp,— ' (Ey) (1 + f5(Ep + Ey)) ~ asm?/T,
! Eyp (1 - Fq(Ep)) P’ e ( B P ) !

where the last expression is the parametric estimate for a hard momentum E, ~ T'.

In the rest part of this subsection, let me skip all the tedious computations of the remaining
damping rates(the detailed computation can be found in Ref.[1]) but give a quick summary of
dominant quark and gluon damping rate:

1) When mZ/T2 > T?/eB,

eB
Yg ~ as(mg/T) log (T4eB/asm2) . Vg~ asmg/T (T?> .
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2) When mi/T2 < T?/eB,

T2
As claimed before, the quark damping rate is parametrically smaller than the gluon damping
rate by T?/eB < 1. The resulting color conductivity from Eq.(2.46) is
1) When m?/T? > T*?/eB,

L (eB)T r TP
~ , O~ ———
¢ m2log (T*eB/asm}) ©  m2eB

2) When m2/T? < T?/eB,

In terms of sphaleron transitions, the typical length scale is given by the magnetic scale

l‘;}h = k ~ asT while the time scale is governed by the magnetic diffusion time (Lenz’s law)

)3t*1

Eq.(2.45), t_} ~ k?/o. ~ a?T? /o, so the sphaleron transition rate scales as I's ~ (I_} soh ™

» Lsph sph
a2T5 /o, [74]. The increased o, along the magnetic field (while the transverse color conductivity
remains similar) would therefore reduce the transition rate. However, the o, to be used in this
estimate should be the one defined at the spatial scale & ~ a T, and if the mean free path

(equivalently, the inverse damping rate 4~ 1) that gives the above results for color conductivity

is larger than this spatial scale, one needs to use k=1 ~ (a,T)~! instead as the effective mean
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free path to determine the o, used in the estimate for sphaleron transitions [74]. Considering
this fact, one finds that the effective longitudinal o> to be used for sphaleron transitions becomes

universally
B
oLk ~ o T) ~ % ST, (2.48)

while the transverse color conductivity is

T5
2eB

ol(k ~a,T) ~ ST (when mi/T? 2 T%/eB),

m
ol(k~aT) ~ T (when mg/T2 < T?/eB). (2.49)

The o% is larger than the usual value 7'/log(1/as), while 0! remains similar to, means that
the sphaleron transition rate will be smaller in the presence of strong magnetic field due to the

enhanced Lenz’s law in color field dynamics, as claimed in Sec.(2.1.1).
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2.2 Shear viscosity of Quark-Gluon Plasma in the presence of weak magnetic field

(Previously published as: S. Li and H.-U. Yee, Shear viscosity of the quark-gluon plasma in
a weak magnetic field in perturbative QCD: Leading log, Phys. Rev. D97, 056024 (2018))

2.2.1 DMotivation and Summary

The shear viscosity of QCD plasma in the presence of a magnetic field in a high enough
temperature(where pQCD can be applied) is computed in this section. This study is motivated
by the off-central heavy-ion collisions, where a huge magnetic field, albeit transient, is present
and may affect the time evolution of the created QGP fireball [8]. The typical strength of the
magnetic field at very early time is eB ~ (200 — 400 MeV)? [63; 10; 9; 82], however it quickly
reduces to one-tenth of its initial strength after about 1 fm/c, beyond which it remains more
or less constant over a few fm/c due to the Lenz effect [83; 84]. Compared to the expected
temperature of the QGP of about 250 — 400 MeV, the scale of the magnetic field is comparable
to the temperature initially but becomes smaller in most of the stages after 1 fm/c. This
motivates us to assume that the strength of the magnetic field is parametrically smaller than
the temperature (that is, eB < T?) in powers of coupling constant g < 1 in the leading pQCD
computation. One should be aware that our assumption with a particular g-dependence of
magnetic field described in next Sec.(2.2.2) is not entirely motivated by the experiments, but
also by the practical reason that we can perform a reliable and interesting (at least to our eyes)
pQCD computation with this assumption. A systematic pQCD computation of shear viscosity
either in the weak magnetic field limit that we study in this work or in the strong magnetic

field limit (that is, eB > T?) is required. Computation of bulk viscosity in strong magnetic
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field limit is given in Ref.[85]. See also Ref.[86] for the shear viscosity in the magnetic field in
the AdS/CFT correspondence for strong coupling regime.

A simplified set-up where the magnetic field is homogeneous and static is assumed. This also
means that one can neglect back reactions from the plasma to the electromagnetic fields, that
is, one does not consider the dynamics of electrodynamics, hence the magnetic field is treated
as an external environment (for example, there is no induced electric field). This approximation
can be formally justified in the limit where the electric coupling that governs the back reaction
goes to zero e — 0 while keeping eB fixed. Note that the Lenz effect mentioned above is
due to the backreaction from the plasma to the magnetic field. Therefore, this interesting
limit itself is purely from the point of view of theoretical nature and is not driven by any
experimental conditions. As one will find out in the next subsection that in this case, the
components of fluid velocity transverse to the magnetic field direction freeze to zero, that is,
they decay with a finite relaxation rate even in a zero spatial gradient limit, so that they are no
longer long-lived hydrodynamics variables in the emerging new hydrodynamics at a sufficient
low momentum regime. The transport coefficients in this new effective hydrodynamics at low
energy are identified, and it is shown that there are only one shear viscosity and two bulk
viscosities surviving in this regime. Only the shear viscosity is considered and computed in this
section.

If one considers a more realistic case of dynamical electromagnetism(EM) coupled to the
plasma, it is well known that there emerges new hydrodynamics at scales below k& < o (o is

the conductivity), noted as magnetohydrodynamics (MHD) (see Refs.[87; 88; 89; 90] for recent
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developments of relativistic MHD). The hydrodynamics variables of MHD are the magnetic
field in the local rest frame, B* = e“”o‘ﬂu,,Falg, and the fluid velocity u*, while the electric
field in the local rest frame E¥ = u, F'*” and the local charge density n = u,j" decay to zero
with a finite relaxation time 7 ~ 1/0 and are thus excluded in the hydrodynamics variables of
MHD by the same reason as above. Note that in the lab frame, E* E + 7 x B. In more
physical terms, what is happening is that for any v and E, the plasma back-reacts to Lorentz
force via induced currents to ensure that E relaxes to the local equilibrium value Eeq =_—¢xB
within a time scale 1/o (it is the local equilibrium value since E* is the electric field in the
local rest frame of fluid which should vanish in order to achieve equilibrium condition). In the
presence of a background magnetic field Eo in this set-up, this essentially fixes the electric field
fluctuations in terms of transverse velocity fluctuations to the magnetic field at the linearized
level: §E = —7 x By. The ensuing MHD equations of motion give rise to a propagating wave
of these fluctuations along the background magnetic field, called Alfven wave with velocity
v4i = B3/(e + p+ B3) (e and p are energy density and pressure). It is also worth pointing
out that there are currently many efforts to simulate the heavy-ion collisions with dynamical
electromagnetism coupled to the plasma fireball Refs.[91; 92], aiming at reliable theoretical
predictions of various transport phenomena associated with magnetic and electric fields, such
as the Chiral Magnetic Effect [11; 93], the charge-dependent elliptic flows [14; 94] and the slope
of v; in rapidity due to Lorentz force [95].

In our simplified limit of non-dynamical electromagnetism (e — 0), we don’t have such an

MHD regime, noting that o is proportional to e? in our convention, so the time scale for the
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MHD is arbitrarily long and is never realized. Instead, we can make the following connection
between the above discussion and our limit of non-dynamical electromagnetism: in our limit
of non-dynamical electromagnetism, let’s work in the lab frame where E=0 always, while
B = By is a fixed external field. Making E* ~ ¥ x By = 0 for local equilibrium is only possible
with the transverse components of velocity to the magnetic field vanishing. This is the ultimate
reason why the transverse velocity is excluded in the low energy description in our limit (note
that the transverse velocity is not excluded in the MHD. Only the combination E+ 7 x By is
excluded in the MHD and ¥ can be an independent MHD variable). However, the relaxation
mechanism (and therefore the relaxation time) is different from that in the MHD via dynamical
Maxwell’s equation: in our case, it will be shown in Eq.(2.52) that it comes solely from the

induced current and the associated Lorentz force (without any dynamical Maxwell equations)

(e+p)

—57 » which is finite in our limit recalling that o contains e? and
0

with the relaxation time 7 ~
eBy is finite in our e — 0 limit. The new low energy hydrodynamics in our limit appears in the
scales k < 1/7.

In summary, in the case of dynamical EM ( either with or without a background magnetic
field), there appears a new low energy effective hydrodynamics, called the MHD in the scales
k < 1/o. The hydrodynamical variables of the MHD are significantly reduced compared to the

original “microscopic hydrodynamics” that is valid when k > 1/0. In our case of non-dynamical

electrodynamics (e — 0) with a finite background magnetic field eBy # 0, there appears new

UBS
e+p*

low energy hydrodynamics at the scales k < The hydrodynamics variables in this low

energy hydrodynamics are also reduced compared to the microscopic hydrodynamics, and one
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such reduction leads to the absence of the transverse velocity to the background magnetic field
(if there is no other external electromagnetic field applied). As explained in the paragraph
around Eq.(2.59) in the next section, another reduction is the absence of transverse charge
current and hence the transverse conductivity in a neutral plasma'.

It is worth emphasizing that our consideration of hydrodynamics in a background magnetic
field is not at all new, and there are several previous studies on the subject with notable progress
[87; 18; 88; 89], and it is pertinent to summarize how our low energy effective hydrodynam-
ics and the corresponding shear viscosity is related to those studies. One important criterion
in this comparison is whether electrodynamics is assumed to be dynamical or non-dynamical.

For example, Ref.[86] works with non-dynamical electrodynamics, the Refs.[87; 18] consider

the dynamical case, and the Ref.[88] considered both non-dynamical and dynamical cases. In

(e+p)

the non-dynamical case, our result for the relaxation time 7 ~ “—;
0

in fact agrees the one in
Ref.[88], for example Eq.(3.14) in a neutral case. The difference is not about the result, but
instead about what energy regime we are focusing on, and what effective description we have
for different regimes. Since the dispersion Eq.(3.14) in Ref.[88] is not truly hydrodynamic as
it doesn’t vanish in k£ — 0 limit, this mode corresponding to transverse velocity is excluded in
a sufficiently low momentum regime. In the dynamical case, on the other hand, since the full

components of fluid velocity remain as the hydrodynamics variables in the MHD, and a back-

E_:J_ X EU
Bj
in response to an external small electric field E . See for example, Ref.[96] for a recent study. In this

work, a relativistic neutral plasma is considered and the Hall effect is absent.

'If the plasma is charged with a charge density n, then there exists a Hall current ; =nTeg =N



49

ground magnetic field breaks rotational invariance, there naturally appear five different shear
viscosities corresponding to five different shear gradient modes with respect to the magnetic
field direction, nicely classified in Refs.[87; 18; 88]. As explained in above, the MHD regime
is pushed to zero momentum (that is, & < o — 0) in the limit of non-dynamical electromag-

netism (e — 0), and there is no overlap between the MHD regime and the regime of our low

2
oBj

energy effective hydrodynamics in the non-dynamical limit: &k < )

so there is no logical
correspondence that can be made between these five shear viscosities and our shear viscosity.
Computation of these five shear viscosities in the MHD regime, therefore, remains an open
question.

However, in either case, if the momentum scale is higher than the relaxation scale of o

or éfﬁ), so that we go to the regime of “microscopic” hydrodynamics, the full component of
velocity is included in the hydrodynamics variables, and the five different shear viscosities make
sense in this “UV” regime. The results in Refs.[86; 88] for the non-dynamical case should be
viewed in this way. Then, our shear viscosity can be considered as the low energy limit of (one
of) those five “UV” shear viscosities, while the other four viscosities lose their meaning in the
new low energy hydrodynamics (in fact, two of the five viscosities in Ref.[18], n3 and 74, are
odd under charge-conjugation and they vanish identically in the neutral plasma n = 0 that
we are considering, irrespective of the regimes. If we relax the neutrality condition, we also
show in the Appendix.(2.B.1) that we have one more shear viscosity coming from 7y of Ref.[18]

surviving in our low energy regime. The same is true for the Hall conductivity, see the footnote

on the previous page).
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In summary, the five shear and two bulk viscosities in the Refs.[86; 88] in the case of
non-dynamical electromagnetism are for the “microscopic hydrodynamics” in high momentum
regime and the framework needs to be replaced by our new hydrodynamics at sufficiently low
momentum scales. In the Appendix of Ref.[2], we explicitly showed that the five shear and
two bulk viscosities classified in Ref.[18] reduce to our one shear and two bulk viscosities in a
neutral plasma when we remove the transverse components of fluid velocity in the low energy
limit 1.

2.2.2 Low energy effective hydrodynamics in magnetic field

In this subsection, I present the framework showing that there emerges a new effective low
energy hydrodynamics at sufficiently low scales from a neutral plasma in the presence of a non-
dynamical external magnetic field. It is shown that the hydrodynamic variables are reduced in
this low energy hydrodynamics. Specifically, as one will find that the transverse components
of velocity perpendicular to the magnetic field disappear in this regime, and there is only one
meaningful notion of shear viscosity in these effective hydrodynamics emerging at sufficiently
low energy regime.

As in the conventional approach, hydrodynamics describes the modes that live arbitrarily
long when their spatial gradient is arbitrarily small. This can only be possible if these modes
correspond to the parameters characterizing possible equilibrium states so that they stay con-

stant when they are homogeneous. All other modes have finite relaxation times even in the

!Note that the classification in Ref.[18] rely only on the tensor structures thus symmetries can be
applied to any regime, either in the MHD regime or in the “UV” regime
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homogeneous limit, and are excluded in the hydrodynamic description at a sufficiently low en-
ergy regime: they are quasi-normal modes. To construct hydrodynamics in a non-dynamical
magnetic field, one should first identify all equilibrium parameters of the plasma in the pres-
ence of an external magnetic field. To be specific, let’s assume the magnetic field is along
z-direction in a fixed lab frame, eB = eBZ. Detailed balance with energy conservation gives
us the temperature T as one of such parameters. Without a magnetic field, the momentum
conservation would give us a vector parameter, the fluid velocity v, as another parameter for
equilibrium. However, in the presence of an external magnetic field, the transverse momentum
perpendicular to Z direction is not conserved due to Lorentz force, and only the longitudinal
momentum along the magnetic field direction is conserved. One, therefore, expects that the
longitudinal fluid velocity, v = v,, remains as an equilibrium parameter, but v, is no longer
an equilibrium parameter and should be excluded in the emerging low-energy hydrodynamics
with an external magnetic field. One can easily show that v, indeed becomes a quasi-normal
mode in the following.

Let’s assume the existence of conventional hydrodynamics valid in the regime where the
magnetic field can be treated as a first-order in gradient expansion, namely, one can call this
“microscopic hydrodynamics”. The 4-velocity u* = (v,vwv) is a hydrodynamic variable in this

microscopic hydrodynamics. The current in this regime is given by

b =cEr, EM=Fy,, (2.50)
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where o is the conductivity. In non-relativistic limit v ~ 1 with a finite v, , the spatial compo-

nent of the current becomes,

j=ov, X B, (2.51)

whose origin is nothing but the Lorentz force in the lab frame, or equivalently the Ohmic
current in the rest frame of the fluid. From the transverse component of the energy-momentum
conservation, 9,T"" = F"“j, (which originates from Lorentz force again), and the constitutive

relation 7%+ = (e + p)v,, one has

1 oB? 1
] v =——v, 2.52
(e+p) + TR (2.52)

which means that v, is a quasi-normal mode with a relaxation time 7r. In the emerging low-
energy hydrodynamics, v; no longer can be treated as a hydrodynamic variable in the energy
regime smaller than 1/75.

The low energy hydrodynamic variables are T' and v, (or equivalently 141 dimensional
velocity vector uﬂ‘ where 1 runs only along (¢, z) and it is normalized as u,u* = —1), which
vary slowly in space-time: T'(z), uﬁ (). Note that the variation can happen along the transverse
direction as well as in the longitudinal direction. In the Appendix of Ref.[2], it is shown that

the energy-momentum tensor up to first order in gradient generally takes a form,

" = (e +pp)ufju +pygy” + prgi’ —n(0uf + 07u) — (C(ujuf + g") + ¢'g"")(9)au] [253)
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with one shear viscosity n and two bulk viscosities (¢,¢’). In the following, I shall present
the details of the computation of 7. Choosing metric convention to be g = (=1, +1,+1,+1),
where the first two indices correspond to 141 dimension of (¢, z) and the last two the transverse
dimensions x| = (z,y). Let’s define gﬂ“’ = (-1,1,0,0), ¢}¥ = (0,0,1,1), 8|’r = (-0,0,,0,0),
o = (0,0,0;,0,), and ufl‘ = 7(1,v,,0,0) where v = (1 — Ug)_%. The combination (uﬁu’T +
g|’|“’) = Aﬁ “ is the rest-frame space projection operator orthogonal to u’H‘ in 1+1 dimensions,
and ¢/ = A" is the space projection to the transverse (z,y) dimensions (see Appendix of
Ref.[2] for a detailed discussion). Let’s take only the first three ideal parts, then one simply has

in components in the rest frame of the fluid (where uﬁ = (1,0,0,0))

Tl = (&p),p1,P1L) s (2.54)

which is the most general form of the ideal energy-momentum in a rest frame with a magnetic
field 1. The ideal part of Eq.(2.53) is obtained by boosting this along the z direction by uﬁ . In

non-relativistic limit, the shear viscosity appears as
T+ = —nd v, , (2.55)

and the following computation is based on this.

'Recall that the magnetic field is invariant under the boost direction, so it is the same in an arbitrary
fluid rest frame
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Although this is not the main subject in this study, it is worth mentioning and following the

same logic to find that there is no notion of transverse electric conductivity in the emerging low

energy hydrodynamics with an external magnetic field. Let’s apply a small transverse electric

field E| so that |E || < |B|. The microscopic hydrodynamics gives the current from j# = o E¥

as

j:O'(EL—i-’ULXB),

and the energy-momentum conservation gives the equation

o 1
= i x B = E, xB-B%,)=——(v¢ —
ctp)?’” e—i—p( L v1) 7 (Veq = v1),

where the equilibrium transverse velocity veq is

ELXB

Veq = B2

(2.56)

(2.57)

(2.58)

The above equation tells us that the transverse velocity relaxes to v, with the same relaxation

time 7g, that is, any deviation from v, is a quasi-normal mode in the low energy hydrodynam-

ics. With v, the current vanishes

j:O'(EL—}—’UeqXB):O.

(2.59)
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This result can be understood in the following way: the frame moving with velocity wve, is
precisely the frame where the electric field vanishes and there exists only a non-zero magnetic
field. In such a frame, the transverse velocity should relax to zero with the relaxation time
Tr according to the previous discussion. In the original lab frame, this is equivalent to the
relaxation of the velocity to veq. Since there is no electric field in the equilibrium rest frame,
the current vanishes in this frame and hence in the original frame as well (recall that our plasma
is neutral).

However, the situation is different when |E | | > |B| and there is no such frame where electric

field vanishes. Instead, one has a frame moving with velocity v, = Ejig;B where the magnetic
1
field vanishes, and the electric field becomes
B2
1
One then has a current
B2
j=o0E| =0E, <1_E2> ©O(FE, — B). (2.61)
1

2.2.3 QCD Boltzmann equation in leading log

In this section, I provide the technical details of the computation of shear viscosity in

weak /soft magnetic field in pQCD. More explicitly, let’s assume that the magnetic field is weak
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or soft in the sense that its scale is comparable to the effective 2-to-2 QCD collision rate in the

leading log, or more precisely,

eB ~ gtlog(1/g)T? < T?. (2.62)

In this case, one will see later that the shear viscosity in leading log takes a form

e T3 _ eB
n=n0B)gr—75, B=

Tog(1/g)’ © = gTog(1/g)T" (2.63)

with a dimensionless function 77(B). A full numerical result for this function in the massless
Nr =2 QCD is shown in Sec.(2.2.4). In the limit eB — 0, it reduces to the previously known
shear viscosity without magnetic field in leading log order [61].

In this regime, the magnetic field appears only in the advective term in the effective Boltz-
mann kinetic theory, and its effects on the QCD collision term is of higher-order and sub-leading
compared to the usual leading order collision term C which is already of order C ~ g*log(1/g)T.
This is because the dominant energy-momentum carriers responsible for the shear viscosity are
hard particles of momentum p ~ T, and possible corrections from the magnetic field to the
dispersion relation of hard particles are suppressed by veB/T ~ g%. It is for the same reason
that the leading order collision term is obtained by using free dispersion relations of external
hard particles without thermal corrections. Moreover, the screening mass (or the Debye mass)
is of order mp ~ ¢T that regulates IR divergences of t-channel collision terms between these

hard particles should also be the one without the magnetic field corrections. This is because
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the screening mass is provided by “hard thermal 1-loop”, that is, the screening is provided by
hard particles themselves. Any correction to the dispersion relation of these hard particles is
of order veB /T ~ g2, and therefore the correction to mp from magnetic field is naturally of
order mp x veB/T ~ mpg?. Since the net collision term is already of C ~ g*log(1/g)T, the
correction to C from the correction to the screening mass is of a higher order than this, which
is not relevant in our computation.

Any remaining effect of eB can only appear in the possible on-shell singularity in quark
propagators with a long-lived intermediate fermion interacting with the background eB field,
that may have an IR enhancement. But, this is precisely what the advective term of the
Boltzmann equation captures. The effect of background eB on the long-lived charged quasi-

particles is described by the Lorentz force in the advective term,

0 . 0 . 0 . .
b Pyl —Clf). = arp x (¢B). (2:64)

where qp = (%, —%) for (u,d)-quarks, and also =+ refers to quark and anti-quark, respectively.
Another way of thinking about it is in terms of time scales. The space-time duration of each
collision, l..y, satisfies T~! < .oy < (¢T) %, due to the fact that the log-enhancement in the
t-channel 2-to-2 processes arises from the momentum exchanges lying between g7 and T'. This
time scale is much shorter than the time scale of cyclotron orbits induced by a magnetic field
which is leyero ~ p/(eB) ~ (g*log(1/g)T)™!, so that each collision look localized during any

significant cyclotron motion, and are not affected by the magnetic field. This is why C in the
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Figure 5: The meaning of the three length scales, lcoi, L fp and leyco.

Boltzmann equation remains the same. However, the inverse rate of large-angle collisions, or
equivalently the mean-free distance between each collisions is Iy, ~ C~1 ~ (g*log(1/g)T) ™,
which is comparable to l.y,. This means that the cyclotron motions and the QCD collisions
are equally important in the transport dynamics of hard particles. Therefore, one has to solve
the above Boltzmann equation keeping both the Lorentz force term and the collision term C,
to capture the interplay between cyclotron motions and the QCD collisions. The dimensionless
variable B in Eq.(2.63) corresponds to the relative strength of the effect of cyclotron motions

compared to the QCD collisions: B ~ I, #p/leyelo-
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To compute the shear viscosity, one considers the kinetic theory of quarks/anti-quarks and
gluons, whose distribution functions (f4, f9, f9) satisfy the following Boltzmann equation with

leading log collision term,

Oif1+p-0nfl+qre(p x B)-0pf? = (7,
Ofl+p-0pf1—qre(px B)-0pf1 = (9,

Ofl+p-0uf? = C9. (2.65)

The equilibrium distribution with an arbitrary longitudinal velocity uﬂ‘ = v(1,v;,01), v =
(1— 1)2)7% satisfies the detailed balance (that is, C = 0), and is a solution of the Boltzmann

z

equation since (p X B) - Opfeq =0,

139(pff) = 1/(e" TP £1), p" = (p|,p). (2.66)
ea A ’ ’

When there is a non-zero gradient of uﬂ‘ or v, along the transverse space, 0,v, # 0, the
collision term which is local in space-time still vanishes with the above distribution, but the
spatial gradient term in the advective term on the left no longer vanishes. Considering the local
rest frame of a point « = 0 in space-time where the velocity is expanded in first order gradient
as v, = (8,v,)x1 + O(2?), one has

P Oufeq(pouy(2))| = (B1-010:)BpanpypP)(1 F nryp(P), B=1T, (2.67)
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where np g is the Fermi-Dirac/Bose-Einstein distribution function np/p(p) = 1/(ePlPl £ 1).
This gradient term acts as a source for the disturbance of the distribution function away from
o

the local equilibrium given by fe,(p, uy (z)). The solution of the Boltzmann equation in linear

order in (0 v;) at the point x = 0 is then

[ = Fegp. ! (@) + 6£(p), (2.68)

where 0 f satisfies the linearized Boltzmann equation

(BL - 01v:)Bpenp(P)(1 — np(p)) + qre(pL x B) - 0pdf? = CIUaf5f7,0f7,
(B1 - 01v:)Bpnp(P)(1 — np(p)) — qre(pL x B) - 90 f7 = CI[of9,0f7,5f7],

(BL - 01v:)Bpanp(p)(1 +np(p)) = CO0f%,6f7,6f%, (2.69)

where one assumes that a stationary state 9; = 0 is achieved in the time scale much longer than
the expected relaxation time 1/75 ~ g*log(1/g)T that defines the boundary of the low energy
hydrodynamics.

Once § f is found from the above equations, the energy momentum tensor of our interest is

computed as

d3 » _
i = / o pEf (”q2(5fq+5fq)+vg5fg> : (2.70)

F
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where vy = 2N, = 2d, and v, = 2(N?—1) = 2d 4 are the number of states of quarks/anti-quarks
or gluons with a given momentum p. (d, and d4 are the dimensions of color representation).
Comparing the result with Eq.(2.55), one obtains the shear viscosity 7.

The leading log QCD collision term has been well known in literature starting from Refs.[59;
60] culminating in the full determination in Ref.[61]. It was nicely re-derived and summarized
in Ref.[97] and let’s follow the notations of Ref.[97]. There are two types of contributions to
the leading log collision term: I) t-channel soft gluon exchanges and II) t-channel soft fermion
exchanges. The type I processes do not change the particle species and give rise to diffusions
in momentum space, whereas the type II processes convert fermions into gluons and vice versa.

Writing § f as

5fa:nF/B(1:FnF/B)Xa7 a=4q,4,9, (271)

the linearized collision term is obtained by

Clof(p)l = — (2.72)
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where Z = 7! + 7! with

2 2 a 2
o _ Tmpg*log(1/g) anya/na(p)(wna(p)) <<9x (p))
a P

167 op’
_ el (Z ot | el o) (5 3X51§p>))2
- £l (ZC / ()15 na(p) 75 P )>27 (273)
AN / )1 (p) (" (p) X ()
+ ﬁg%/ﬂ (@)1 +n5(p) (¢ ()~ X*(P)) k,,i‘np(k)(HnB(k)) (" (k) = x*(k))
- ;Zazq:q a(/p| |nF(p)(1+nB(p))(x“(p)—xg(p)))2, (2.74)

where C, is the quadratic Casimir of the species a and fp = élgTI)JS and

212 22 4
9 g°T Npg CrT*g*log(1/g)
- N. 4+ —= = . 2.75
mp 3<c+2>,7 v (2.75)

Since the collision term is rotationally invariant, an inspection of the linearized Boltzmann

Eq.(2.69) dictates the following form of the solution,

xX'(p) = (pL-01v:)p:x+(|p|) + (pL X 91v2) p2 x—(|PI)
X'(p) = (pL-01v:)p:x+(|pl) — (pL X 1v2) p2 x—(|PI) s

x!(p) = (pL-01v:)p:xc(lpl), (2.76)
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where

(PL01v:) =Y Opi vz, (pr X Orv:) = €7P 0,02, dij=a.y, (2.77)

and the functions x4, xc depend only on p = |p|. This is the most general form consistent
with the isometry of the collision term and the residual SO(2), rotational symmetry in the
advective term in the presence of a background magnetic field. Note that the second term in
the first two equations involving y_ comes from the Lorentz force term in Eq.(2.69) due to
the magnetic field, and takes opposite sign between quark and anti-quark. When B = 0, y_
vanishes.

Inserting this form of the solution into Eq.(2.69) and working out the collision term Eq.(2.72)
explicitly, one obtains a coupled set of second order differential equations for x4 (p) and xg(p).

It is easy to see that only the first lines in Eq.(2.73) and Eq.(2.74) contribute to the final
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collision term, while the other terms vanish for our solutions in Eq.(2.76). After some amount

of algebra, we get the differential equations (' = 8% and np/p = np/p(p)),

%Tm%f log(1/9)Cr (Inp(1 —np)]" (2x+(p) + pXs (p)) + nr(l — np) (6xX) () + pX1(p)))
= PBnp(l—np)+qreBnp(l —np)x-(p) + 2ynr(1 + ng) (x+(p) — xc(p)) , (2.78)

1

87TTm%92 log(1/9)Cr ([nr(1 —np)] (2x-(p) + pX"_(p)) +nr(l —nr) (6x"_(p) + X" (p)))

= —qreBnp(l —np)x+(p) + 2yne(l+np)x-(p), (2.79)

S%Tm%f log(1/9)Ca ([nB(1+ nB)] (2xa(p) + pxG(P)) + ne(1 +np) (6x6(P) + PXE(P)))

= (1 +np) + 21+ ) 2 (x6e) — e 0) - (2:80)
¢ F

Once the solution is found, inserting Eq.(2.76) into Eq.(2.70) and performing angular inte-

gration using

dp pipipl 7 [ dp pip? _ §U (o, o [ s 8
T2 - = 1- =75 81
/(27r)3 Ep 2 ) (2n)3 E, 2(27)2 /_1 de (1 —x )/0 dpp 307r2/0 dpp2.81)

one obtains the shear viscosity

1
3072

n= /000 dpp® (2(N3 — Dnp(1+np)xa(p) + Y ANnp(1 - nF)X+(p)> . (2.82)

F
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2.2.4 Results and discussion for shear viscosity in magnetic field

To proceed, it is more convenient to formulate the equations in the previous section in
terms of dimensionless variable p = p/T. In our numerical analysis in this study, one takes
a simplifying approximation of considering two identical flavors with a same charge g, and
replace > — Np = 2. One expects that this will not affect the major features of our result
presented below. A full consideration of the case of different charges can be easily generalized
and is neglected here. Note that the sign of the charge should not matter for shear viscosity,
since the effects from magnetic field appear in combination of q%(eB )2 due to charge-conjugation

symmetry. Defining the dimensionless magnetic field strength as

- |greB|
B=—11" 2.83
gTlog(1/g)T? (2:59)
with the similar definitions for dimensionless quantities
mp =mp/T?, 5 =/(T%g"log(1/g)), (2.84)

and the dimensionless functions

X+ = T?’g4 log(1/g9)x+, Xa= T394 log(1/9)xq , (2.85)
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One rewrites the following dimensionless differential equations as (note that ' =

Sl

)

%m%CF (nrp(1 = np)) (2x+ +0X,) +np(l —np) (6X +5X%))

= np(l—np)+ Bnp(l —np)x— +29np(1 +n5) (XY+ — Xa) » (2.86)
im%olw (e =np)) (2x- +px2) +np(1 = np) (6X- +pX7))

= —Bnp(l—np)xy +29np(l +np)X-, (2.87)
8%771%(]/1 (Inp(1+ng) (2xa + bXe) + ne(1+np) (6% + pre))

= (14 1)+ 25 o (1) (K ) (2.88)

in terms of which the shear viscosity is written as
(2.89)

with the dimensionless function

_ 1

(B) =~z /0 " (22~ V(1 4 np) 6 (p) + ANNene(l — np)a (7)) - (2.90)

In principle one can numerically solve the above inhomogeneous second order differential
equations imposing regular boundary conditions at p = 0 and p = oo that uniquely determine
the solution for given B. However one finds that it is not practically easy to do this using the
shooting method since we have three functions and we need to scan three dimensional parameter

space of initial conditions. For the case of B = 0, we have x_— = 0 and we can barely manage
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to find the solution scanning the reduced two dimensional space of initial conditions. We get
in this way 77 = 86.46 for B = 0 and Ny = 2. For Nr = 0 where both y; and x_ vanish, we
get 7 = 27.12. These results agree very well with the previous results by Arnold-Moore-Yaffe
[61], and give us confidence that our differential equations in the above do not contain trivial
mistakes.

On the other hand, it is possible to solve the above equations in the limiting case of B — oo.

It can be shown without difficulty that in this limit,

X+ ~O(1/B%), x-~O0@1/B), xc~O(1), (2.91)

so that it is enough to solve the last Eq.(2.88) for Y& neglecting x4+ to get the limiting value of

7(00). This can easily be done by the shooting method, and we obtain

7(B) = 18.87 + O(1/B%), B — . (2.92)

Instead of directly solving the differential equations by the shooting method, we follow
Ref.[61] to find approximate solutions within a finite dimensional functional space formed by
a well-chosen set of basis functions. We first show that our original problem of solving the

differential equations and computing the integral Eq.(2.90) for the shear viscosity is equivalent
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to a variational problem of a quadratic action. Defining the “Lagrangians” Z7,, 7, Zs and

Imix by
AN.Np (1 _ 9o 4 _ _
I = ——353 (meCFnF(l —np) (PP(P°x+])* +6p'X%) +290°nr(1 + nB)Xi) :
4N.N 1
. = < =mhCrnp(1 —np) (PA(P*X-1)? + 65'%2) + 290" nr (1 + np)X% )
307 8
2(N2_1) L 5 2 1=2_ 112 4 2 _ 2N.Np 5 -2
Ig = —W <&TmDCAnB(1 +ng) (p ([P°xc]’)” +6p XG) +2’Ymp np (1 +nB)XG )
1 _
Imic = ——54NNp (=299°np(1+ ng)x+eXa + B np(1 — np)X+x-)
1572

and the source by

1
S = ~T53 (AN:Npp°np(l —np)y+ +2(N2 — D)p°np(l +np)Xe) - (2.94)

Let’s consider the action functional

o
M Xel = [ dp (@A T To+ Tia + ) (2.95)
0

which is at most quadratic in x’s. It is then straightforward to show that the equations of
motions from the above action coincide with the differential equations in Eq.(2.86), Eq.(2.87),

and Eq.(2.88), so that the solution of the differential equations corresponds to the extrema of
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Figure 6: The numerical result for 7(B) with Np = 2.

the action functional. Moreover the value of the action evaluated at the extrema is equal to
the dimensionless function 7(B) in Eq.(2.90), that is

solution

(2.96)

We perform this variational analysis in a finite dimensional functional space spanned by a
set of basis functions ¢(™ (p) (m =1

,N): writing Y+ and ¢ as

xe@) =" a6™p), xe(m) = > ™™ (p) (2.97)
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with variational coefficients (aim), b)) = A, we evaluate the action to find
1
ilA] = —§ATIA +ATS, (2.98)

with a (3N) x (3N) symmetric matrix Z and a (3/N)-dimensional column vector S. Solving for
the extremum by A = Z~'S and evaluating the action at the extremum, we get the approximate

result for the shear viscosity
_ 5 L o1
n(B) = 53 S. (2.99)

Following Ref.[61] let’s choose the basis functions

—m—1

m) (= p
¢! )(p)zm, m=1,...,N, (2.100)

with NV up to 10 which was claimed to produce a good precision in the case of B = 0. In our
case with B # 0, we expect the numerical results to be less accurate, since the action functional
X+, X—» Xg] with B # 0 is not bounded above and the extremum doesn’t correspond to
a global maximum of 7: note that Z_ in Eq.(2.93) is positive definite, while Z, and Zg is
negative definite. Our numerical result is estimated to be trustable within +£1% level. Figure 6
shows our numerical result of 77(B) for Ny = 2. Starting from 7(0) ~ 86.46, it rapidly decreases

up to B = 1, beyond which 7(B) decreases slowly to the limiting value 7j(co0) = 18.87.
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We shall emphasize that our result is limited to the case where the strength of magnetic
field is weak compared to the temperature, with a parametric dependence eB = Bg* log(1/g)T?
where B is a dimensionless number. In our computation, we also assume that the electromag-
netism is non-dynamical and external, which means that the MHD regime is never realized.
With these assumptions, our leading log value of shear viscosity takes the following scaling form
n =n(B)T3/(g*log(1/g)), where 7j( B) depends only on the ratio B = eB/(g*log(1/¢)T?). Our
result could give a useful insight on the effects of magnetic field on the shear viscosity of quark-
gluon plasma in late stages of the heavy-ion collisions where the magnetic field becomes weak
compared to temperature scale. However, a more realistic study of the transport coefficients
in the MHD regime with five shear and bulk viscosities classified in Refs.[18; 88] still remains
demanding.

It is worth remarking that a peculiar feature in our result shown in Figure 6 is a steep fall
of the value of 7j(B) within a narrow region of B near zero. This can be understood as follows.
Firstly, the limiting finite value at B — oo comes solely from the contribution of gluons which
are neutral and have no cyclotron orbits, whereas the quarks and anti-quarks do not contribute
to the transport in this limit because their cyclotron orbits become very small compared to the
collisional mean free path. This can be explicitly seen in Eq.(2.91). Note that the transport of
gluons still feel the presence of quarks and anti-quarks via the collisions with the background
quarks and anti-quarks (that is reflected in the value of the Debye mass m% in the collision
terms depending on the number of flavors), and this is why the shear viscosity in this limit is

not equal to the one in Ngp = 0 case. Indeed, in a pure gluon case of Np = 0, it is checked that
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if one simply replaces the Debye mass in the Np = 0 case with the one in Ny = 2 case, one
obtains precisely our limiting value of 18.87 for the shear viscosity.

One shall ask a question why the quark and anti-quark contributions drop quickly? Let’s
first recall from our discussion around Figure 5 that their contributions would drop significantly
when the size of the cyclotron orbit Iy, becomes comparable to the collisional mean free path
lmfp- Denoting the characteristic size of the collision term as C ~ Cg*log(1/g)T with a
dimensionless number C, we have s, ~ C~' ~ C~1/(g*log(1/g)T). On the other hand, the
cyclotron orbit size is leyeo ~ p/(eB) ~ B~1/(g*log(1/9)T) with our dimensionless parameter

B. This means that their ratio is

lmfp/lcyclo ~ B/C; (2101)

and therefore we expect that 7(B) will drop significantly around B ~ C. Now the shear
viscosity at B = 0 is simply proportional to Iy, ~ C~' ~ C~!/(g*log(1/9)T) (times kinematic
factors): in other words, the numerical value of 7(0) should be roughly given by C~1. It is just
a feature of explicit QCD collision terms that C' is a numerically small number: for example,
it should be about 1/80 to give the value 7(0) = 86.46 for Nr = 2. This would mean that an
order 1 value of B is already in the regime where Lnfp/leyeio > 1 and the quark contribution
should be negligible. In summary, the numerical smallness of the QCD collision term in unit

of g*log(1/g)T is responsible for both a large value of 7(0) and the narrowness of the B
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dependence. This inverse correlation between 7j(0) and the width in B is universal, and can

also be found, for example, in the Drude picture of transport in magnetic field.
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2.3 Summary and outlook

In this chapter, we have formulated an effective kinetic description of the charge transport
of QGP in the presence of a strong and/or weak/soft magnetic field. We apply this framework
to study the transport coefficients, such as the electric conductivity in the strong B and shear
viscosity in the weak B. We find that the longitudinal electric conductivity is enhanced in
the small mass limit with strong B and our main result for electric conductivity is showed in
Figure 4. For the weak B field, one has to sum over all the Landau Level quarks/anti-quarks
contribution to the electric conductivity, see Ref.[96]. However, the electric conductivity of
QGP in the intermediate B still needs to be worked out. We also find that there emerges
effective low energy hydrodynamics in the weak B. As an application, we compute the shear
viscosity and find that shear viscosity is largely suppressed due to the interplay between the
magnetic field and QCD interactions. For this one, our main result is plotted in Figure 6. As
a future direction, it seems possible to go one step further and compute the shear viscosity in
a soft magnetic field in complete leading order, using the variational approach as in Ref.[62].
It will also be interesting to compute the bulk viscosities in magnetic field appearing in the

constitutive relation Eq.(2.53). See Ref.[85] for recent development.
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2.A.1 FEYNMAN RULES IN THE LLL APPROXIMATION

This appendix gives brief summary of the quantization of quark field in the presence of a
strong magnetic field and the effective Feynman rules that are used in computing the collision
terms in the Boltzmann equation. Choosing to work in the Landau gauge A%2 = Bz! (with
B = Bi® = B2) which seemingly breaks the translational invariance in z! direction, while
keeping that in 22 direction. This allows us to introduce two momentum quantum numbers, p,
and po, along 2 and #2. It is important to keep in mind that 1) there is no concept of p; in the
quark wave functions (while the gluon wave functions have it), and 2) ps serves as a label for

L 2?) = x, space.

the degenerate Landau levels in the transverse (z

To take care of the transverse density of states of the Landau levels in a clear manner, one
first considers a finite box of each sides (L1, Lo, L3), and then takes an infinite volume limit at
the end. The two dimensional momenta (p., p2) take discrete values, which can be collectively
denoted as p,,. Solving the Dirac equation with the background magnetic field, one obtains
positive/negative energy solutions as usual,

e_iE”JIOHP"'wUﬁ (p2)H (xl — é%) , €+iE"7’w0_ip"'mv|l| (p=)H (:131 + é%) ; (2.102)

where the energy is

Bpg=\Jr2+ @+ 1F )[eB +m2 = \/p2 +m?, (2.103)
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depending on the spinor projection iy'y? = £1, and H;(z') are the normalized I-th eigenstate

of simple harmonic oscillator with frequency w = |eB|, such that

Ho(z') = (’f‘) : exp <— ;Telz);\) : (2.104)

and uﬁ (p2) and vﬁ (p,) are 1+1 dimensional spinors (due to the projection iy'y? = +1) for

quarks and antiquarks with the mass m; in relativistic normalization ufu = vfv = 2E,;. It
is important to notice that the quark state with po is localized in ' ~ po/eB with a width
Azt ~ 1/\/@, while the antiquark state is localized in 2! ~ —py/eB.

Let’s first reproduce the well-known transverse density of states of Landau levels in this
gauge: |eB|/(2m). The po takes discrete value, and is quantized as py = 27wk/L9, with in-
tegers k, and the quark state with a given Landau level | with this momentum is local-
ized in x' ~ py/eB = 2mwk/(LseB). Since z! should lie in the interval [0, L], we have
0 < k < LiLs(|eB|/2), that is, the total number of such states is LjLa(|eB|/27) per the
transverse area LqLo.

The special case with [ = 0 and iy'y? = +1 gives the lowest possible 14+1 dimensional

mass m% = mg,

which is separated by multiples of |eB| from other higher level states. These
states are the Lowest Landau Levels (LLL). In the language of 141 dimension, their spinors

uﬁ (p2), vﬁ)(pz) form a single Dirac fermion field in 1+1 dimension. For higher Landau levels with

m? = 2l|eB]| +m3 (I > 1), we have two possibilities to get the same mass: one with iy'y? = +1
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and the level I, and the other with iy'7? = —1 and the level [ — 1. These two possibilities result
in two Dirac fermion fields with the common mass m; in the language of 141 dimensions.

Following the standard quantization scheme, one writes the quark field operator as

1 1 i . P2 —ipp- P2
Y(x) = VL Z T (ezpn ®H, (xl — E) uﬁ (pz)apn,l + e Py, (ml + > Y| (p2)b i)? 105)
pn,l s
where the sum over iy'y? = %1 is assumed, and
{apn,hal;n,,z/} = {bp, 1> b;r,n,vl/} = Op,n/ 011 - (2.106)

Using the completeness relation

S Hila)Huly) = o — ), (2.107)
l

it is easy to show the canonical commutation relation is satisfied

{Ya(@), v ()} = 6@ (2 — y)das. (2.108)

Since the higher Landau level states have the energy at least of order \/|eB]|, their thermal

eBI/T in our assumed hierarchy 72 < eB,

occupation numbers are exponentially small e~
hence they don’t contribute to the transport coefficients such as electric conductivity of our

interest. This justifies the LLL approximation that we use in this work, that is keeping only

I = 0 and iy'y? = +1 component in the above expansion of quark field operator. From here
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and the following, we shall call the LLL spinors (uﬁ(pz), vﬁ(pz)) simply by (u(p.),v(p:)), and

similarly E, 0 = E, and ap, 0 = ap,, so that

P(z)

1 § : 1 iPn-x ( 1 P2 ) —ipp-x ( 1 P2 ) T
~ n ’H T —+ n H r + — b 92.109
v/ LoLs p V2FE, (6 0 eB U(pz)(lpn € 0 eB U(pz) Pn )

One consequence of the LLL approximation is that the quark current j# = ¥y*1 has zero com-
ponent in the transverse x| direction, due to the projection iy'y? = +1 which anti-commutes
with 4. Physically this is because Landau level states move only along 1+1 dimensions. The
transverse current or transverse motion necessarily involves mixing with higher Landau levels.

What we are interested in is the QCD interaction with the gluon fields living in 341 di-
mensions. One can do a time-ordered perturbation theory, but the matrix element for a given
Feynman diagram ends up to a (1+1 dimensional) relativistic expression after summing over
all time-ordered processes. Feynman rules in the LLL approximation can be derived in the
following few example time-ordered perturbation theory computations.

The interaction Hamiltonian is

Hi =g. [ &' A3(@)i@) o). (2110)
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where ¢ is the color index, and recall that in the LLL approximation p runs only along 141
dimensions indicated by 'yl’r . Since 1 field is already projected by iy'y? = 41, the 'yl’( matrices

are effectively 2 x 2 v matrices in 1+1 dimensions. The gluon field is quantized as usual:

A, “amte, af 4+ h.c., (2.111)

1 1
(oc)—\ﬁq%:E Tqm’e

where V = L1LsL3 and q,, is the discrete 3-momentum, and [aqm,azm,] = Om,m/- The Hj has
non-zero matrix elements for four types of processes: absorption/emission of a gluon by /from
quark or antiquark, and pair creation/annihilation of quark-antiquark pair from/to a gluon.
For example, denoting a normalized one quark state as |p,/), and one quark+one gluon state

as |pp, km), one has

gs 1 1 1 _ 05 (2
(Pr [H|Pns k) = JV 2E, \2E. \/2“6 |€u (u(pé)vﬁ‘u(pﬁ) Roo(km.)e Eéj(nn)Jrkmfpn(/Q‘llQ)

where 6 is only about p,, = (p., p2) (so that k! is not constrained at all), and the form factor

by

Roo(kp,1) and the Schwinger phase e arise from the overlap integral

/da:l eik’l’lzlﬂo (wl — pg/eB) Ho (xl — p'2/eB) = ROO(ka_)eiZ ) (2.113)
with
ki k‘l
T ARl m /
Roo(ki) =¢ 7Bl ¥ = ——"" (py+pj) . (2.114)

2eB
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Note that we have used the fact that k2, = p, — p2 in the expression of Roo(k,,1). The other
matrix elements of H; are similar with the form factor and the Schwinger phase. From these
and by applying the Fermi’s Golden rule, one constructs the collision term in the Boltzmann
equation as a transition probability rate per unit time from a given initial state to a final state.
In this way, the normalization issue is taken care of clearly in a finite volume we are considering
before we take an infinite volume limit. In the following, we show a few examples how to extract
the Feynman rules.

As a first example, let’s consider the collision term for the quark distribution of momentum
pn from 2-to-2 quark scattering: p, + P — Pns + Prp. There are two time ordered diagrams

in the second order perturbation theory where the transition rate is given by

= f‘HI’m ”EH” >(27T)5(Ef—Ei), (2.115)

Summing the two time ordered processes, for which |m) = |p./, Prr, @m) OF |M) = |Pn, Py @)

(@m is the exchanged gluon momentum), we get after a short algebra

1 1 1 1 1 9
T; - -
Z i—f (L2L3)2 Z 2En 2En’ 2En” 2En/// Prnt+P, 11 =Dyt —Dpii

nl’nl/7n//l l n// n/ll

X |MI?(2m)8 (Ep + Enr = By — Eyin) (2.116)
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where the matrix element is given by

/17 /

1 y A P _ _ »
M= g2 =" o (Rog(qur))? e 26 2o pE =) [l )y () [ (9 )y ul(p . 117)

* Ly 7 (4%,)* — a2,

m

with ¢%, = E, — E, and qg) = p, — Pp. The structure of M is a product of 1+1 dimen-

sional relativistic matrix element for quarks and the form factors/Schwinger phase. The gluon
propagator is 3+1 dimensional. Recall that there is no constraint for g}, and we have a sum-
mation over it in M. We omit color factors in the above and the following, but can easily be
reinstated. The above transition probability rate with distribution functions of incoming and
outgoing states attached is what should appear in the collision term in the Boltzmann equation.

Taking to an infinite volume limit, one gets a collision term

1 /! / /1!
ltwl = g [ [, [ 1MPEn® ot = =) 2118)

x  (2m)o (Ep +Ey — Ey — Ep,,,) f+(p)f+(p")(1 _ f+(p'))(1 . f+(p///)) ’

with

d 1 v —ii VN B/ _ v
M:gz/@%@moo(qmze 265 (P42 P20 [ (pl )y u(po) [a(p? )y u(pl)], (2.119)

and

dpzdPQ

T
I
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One can work out to see that the Schwinger phase in 2.119 is crucial to get a finite result with
correct Landau level density of state.
As another example, let’s consider 2-to-2 scattering of a quark with thermal gluons: p+k” —

p' + K. Working out similar details as above and taking an infinite volume limit, one arrives

at
Clf+(p)] = _2;:/ / / |M|2(27r)25(2) (p_|_ k" _p/ _ k///) (2.121)
p Jp Sk SR
X (2n)6 (Ep + By — Ey — Epn) f1(P)fo(K")(1 = f1 () (1 + fy(K™),
where

;a / Vi—
M = g?fabCRoo(qJ_)e*lﬂ*B(Pﬁpz)%[u(plz)’y”u(pz)] x (gluon current), (2.122)

is the usual relativistic expression except the form factor/Schwinger phase, and

/k:/(%f;;Ek (2.123)
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As a final example, let’s consider 2-to-2 scattering of a gluon with thermal LLL quarks:
k+p" — k' +p"” (the same process as the second example, but the collision term for the gluon

tagged, rather than the quark). Taking an infinite volume limit, we end up to

1 1
Cli®l =~z [ [ [ IMPErPE (g <k ") (2124)
pJp

X (2m)8 (By + Eyr — By — Eyn) fo(R) (") (1 + fo(K) (1 = £+(p")).

Note the residual 1/L; factor which is correct as we explain in the following. In this case, when

/1! /1

one sums over the final quark states with p” and p”, one easily see that p§+p/) is unconstrained,

and one has a trivial summation over them. The physics is simple to understand: recalling that
ot = B the (p"" + p"')/2 ~ eBux! represents a center of mass ! position of the incoming and

out-going quark states, which is free to take any value between (0, L;). Indeed, in taking an

infinite volume limit, one encounters the combination

11 1 L1
/d(pg’ +p5)/2 — (eB/27T)/ dz! = (eB/27), (2.125)
L1 2w Ll 0

that is, the unconstrained integral of (pf + p}')/2 always comes with a residual Ly factor in the

denominator, and results in the transverse density of states of LLL, (eB/27). This is generic for
any complete fermion line whose phase space is integrated: there is one po integral associated
to it that is not constrained at all (which represents the overall 2! position of the fermions),

and it always comes with a residual 1/L; factor to produce (eB/27) at the end. Note that this
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rule does not apply for the tagged fermion line in the collision term as in the second example,
since the tagged fermion momentum is not integrated over.
From these examples, one derives the following Feynman rules in the LLL approximation:

1) For external quark/antiquark lines, the phase space integration is

dp.d
/,,:/(272:)25129]3' (2.126)

while for external gluons, it is

/k _ / (2;3?;’;&. (2.127)

2) For quark-quark-gluon vertex, impose the momentum conservation only along two di-
mensions (p,p2), and attach the form factor and Schwinger phase. The k; component of gluon
is not constrained.

3) If there is an internal ¢' gluon momentum which is not fixed by external gluons, we
integrate [ dq'/(27) in the total matrix element M.

4) The rest of the matrix element simply follows the usual relativistic Feynman rules for
141 dimensional relativistic fermions and 3+1 dimensional relativistic gauge theory.

5) In the collision integral, the momentum J-function is only two dimensional, and the
energy o-function is as usual. There is an overall normalization of 1/(2E,) in front of the

collision term.
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6) There exists one unconstrained po integral for any complete quark (antiquark) line whose
phase space is integrated. We have a simple thumb rule that each of these unconstrained po

integral produces the transverse density of states of LLL, (eB/2m);

/ dpo eB

— = | =—.

(2m) 27

In fact, only with this thumb rule applied, the final result has the correct energy dimension for

the collision term.



CHAPTER 3

SPIN DYNAMICS OF QUARK-GLUON PLASMA

3.1 Spin polarization of Massive quarks

(Previously published as: S. Li and H.-U. Yee, Quantum Kinetic Theory of Spin Polarization

of Massive Quarks in Perturbative QCD: Leading Log, Phys. Rev. D100, 056022 (2019))

3.1.1 Motivation and summary

In the early stage of heavy-ion collision, the QCD plasma is presumably in its de-confined
phase, where quarks and gluons are the basic degrees of freedom. The magnitudes of vorticity
and magnetic field that polarize the quasi-particle spin are strongest at such an early stage.
Some of the spin polarization of quarks and gluons in this phase can be transferred to that of
hadrons after hadronization, which may affect the experimentally observed spin polarization
of hadrons. Whether this effect survives hadronic phase dynamics depends on the relaxation
dynamics of spin polarization in the hadronic phase, as well as many other realistic conditions
of heavy-ion collisions [98; 99]. As a first step, a reliable tracking of time-evolution of spin
polarization of quarks and gluons within the de-confined phase itself would be a prerequisite
in any quantitative theory prediction of spin polarization of observed hadrons. The aim of
the present work is to address this problem, at least partly, in the leading log order of pQCD.
This also complements our previous work on the similar question in strongly coupled regime

described by AdS/CFT correspondence [100].

86
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In a time-dependent background such as heavy-ion collisions, the spin polarization of quasi-
particles would naturally be driven off equilibrium. The time evolution of spin polarization
would roughly be a competition between QCD dynamics that tries to relax the spin to equilib-
rium and the time-variation of backgrounds, such as vorticity and magnetic field, that drives the
spin polarization of the system off the equilibrium. If the time-variation of background is much
slower than the characteristic relaxation time due to QCD interactions (which turns out to be
Tr ~ (a2 log(1/as)T) 1), the system would follow closely the instantaneous equilibrium at each
time. In the opposite case, the system would deviate significantly from equilibrium, and the
spin polarization should be determined by solving the dynamical equation for time-evolution of
spin polarization.

This section is devoted to formulating such a dynamical equation of spin polarization of
quasi-particles in QGP phase in leading log order of pQCD, focusing only on the spin polariza-
tion of massive quark, that may be applicable to strange quark or more massive quark species.
Specifically, we assume that the mass is of hard-scale, m > mp ~ ¢T (g is the QCD coupling
constant). We will see that this justifies a few simplifications we will detail below. Therefore,
our results would not be applicable for light (u,d) quarks and gluons, the study of which will
be our next work to do in the near future.

Schematically, the evolution of spin density matrix p of massive quark would take a form in
linear order as (basically a “Lindblad equation”)

op i

= T p— —[Hor pl, 1
B p h[ 7150 (3.1)
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with a linear relaxation operator I', and the effective one-particle Hamiltonian Hefy in a 2-
dimensional spin space, that may include vorticity, w, and magnetic field, B, in somewhat
phenomenological way as

Heff = —ga . (w + QB), (3.2)

where @ is the electromagnetic charge of quark. In general, the I' should also depend on
vorticity and magnetic field in such a way that the equilibrium spin density matrix is given
by peq = e Hert/T ~ 1 — Her¢/T, at least in linear order in w and B. The magnetic field,
for example, should modify the wave function and energy spectrum of quark states in the
computation of I' that we describe in the following sections. One would expect to rewrite the
I'in small w and B asI' =g+ I'y 4+ --- where I'7 is linear in w or B, and so on so forth.
Iy describes how a spin density matrix, initially polarized, relaxes to the unpolarized one (the
identity operator in spin space), when vorticity and magnetic field cease to exist. Although I'g
is not sufficient to describe the spin polarization in a time-varying vorticity and magnetic field,
it can still be used to compute spin-related correlation functions in a linear response theory. In
this section, we present our result for the leading relaxation operator I'g, that corresponds to
the case of in the absence of w and B, and the computation of I'; is deferred to future.

In general, the density matrix p is defined in the phase space (x,p) in addition to spin
space. A convenient way to think about it is in the language of Schwinger-Keldysh contour.

The position and momentum operators in forward and backward time contours (labeled as 1
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Hi(t)
I 1 . Iy
I
5 @
Hi(t)

to—ip

Figure 7: The Schwinger-Keldysh contour appropriate for computing real-time retarded re-
sponse functions at finite temperature, label 1 and 2 mean the path integral in the time-forward

and time-backward contour, respectively.

and 2 respectively) satisfy the commutation relations [@!,p]] = ih0” and [x}, p] = —ihd”. In
terms of “ra” variables where r = %(1 +2) and a = 1 — 2, the only non-vanishing commutators
are [a:jﬁ /a,pi /r] = ihé¥, especially @, and p, commute with each other. This allows us to
introduce a wave function p(x,,p,) which is our density matrix in phase space. Since z,
and p, are conjugate variables, the wave function (or density matrix) in momentum space
p(pr,Pa) = p(p1,p2) is related to the density matrix in phase space p(x,, p,) by a Fourier (or

Wigner) transform

A d?’pa iDLy A
arn) = [ RGP iprpa). (33)

—
[N
~—

w
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We will assume that the density matrix in phase space p(x,p) is a slowly varying function on
space x, compared to a microscopic scale of QCD interactions, usually set by the mean free

path Ly, ~ (a2T)~1. This means that we can consider @, as constant in the computation

-1

of relaxation operator I' in Eq.(3.1). This is translated to a smallness of p, ~ 0, < lmfp

by Eq.(3.3), that is, the density matrix in momentum space (pi,p2) is nearly diagonal in
momentum variables. If we neglected spin degrees of freedom, these diagonal elements would
correspond to a usual distribution function f(p) in momentum space. In our computation of T,
we therefore work with diagonal elements in the density matrix in momentum space, defined by
p(p1,p2) = (27)36(p1 — p2)p(p1). This is justified as long as we don’t care about the advective
terms in @ in quantum kinetic equation, but focus only on local “collision terms” of I in Eq.(3.1)
in the spatial homogeneous limit. Note that we still keep a full spin matrix of j(p) in the spin
space.

The reason why we need to keep full quantum correlation of spin degrees of freedom in
the density matrix p(p) is that the two spin states are degenerate in energy and the quantum
correlation time is arbitrarily large 7, ~ A—FSE — 00. Even in the presence of background vorticity
or magnetic field, the energy shift is AE ~ S -w or AE ~ QS - B (Q is charge) which is O(h)
since § ~ O(h). The quantum correlation time for spin is 7, ~ TEE ~ O(hY), and it is in the
classical time scale, that is usually described by a classical Boltzmann kinetic theory. Therefore,
quantum correlation of spin should be considered even in a regime of kinetic theory, and hence

" Quantum kinetic theory”.
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A more fundamental treatment of Eq.(3.1), that should require a significantly larger effort
in the future, would involve a complete analysis of spin density matrix in the full phase space
(z,p). The free streaming, collision-less quantum kinetic equation for this case was recently
studied in Refs.[101; 38; 39; 102]. Our study in this sense can be viewed as providing the
collision term in leading log of pQCD. However, our result should be improved in this case,
including spatial gradient effects in the collision terms (we are restricting to the homogeneous
limit, as described in the previous paragraph). This is because the vorticity is a spatial gradient
of background fluids. Another way to understand this is that the orbital angular momentum
of background fluids can in general be transferred to spin angular momentum of the massive
quarks we are looking at. In this more fundamental picture, since total angular momentum has
to be conserved, a loss of spin angular momentum of the massive quark (described by I') must
be compensated by a gain of angular momentum in the background fluid. This gain term will
be shared among all quasi-particles of the background, dominantly light quarks and gluons.
Compared to the massive quark we consider, these other degrees of freedom is much larger,
and the spin gain is diluted and its back reaction to the equation for p will be suppressed
compared to the loss term. More importantly, the gain in angular momentum of background
will be shared between orbital and spin angular momenta. Since spin is smaller than orbital
by h, the most of gain will go to the orbital angular momentum with a change of vorticity,
Aw. Since the spin is S ~ O(h), the change Aw ~ O(h), and its effect to the dynamics of
S via AE = —S - w ~ O(h?) is higher order in small A. Based on this consideration, we

neglect possible “gain terms” in our quantum kinetic equation Eq.(3.1). In essence, we treat
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the background as a spin reservoir that can absorb any change of spin angular momentum in
p of “dilute” massive quarks, without any back reaction of the absorbed spin to the evolution
of p itself. This is justified as long as we track the spin polarization of dilute massive quarks
only, without caring about those of light quarks and gluons.

The characteristic relaxation rate of spin polarization of massive quarks will be shown to be
of order Iy ~ a?log(1/as)T where as = g?/(4m)!. This is of the same microscopic relaxation
rate that governs other transport coefficients, such as shear viscosity or charge conductivities.
See Refs.[71; 103] for similar observations, but in terms of usual scattering rate picture, i.e.
considering only diagonal elements of the density matrix. These contributions to I'y arise from
soft t-channel gluon exchange of momentum ¢ in the scatterings with background hard thermal
particles, where the log comes from a range mp ~ ¢TI <« q < T. If the quark was light,
there would also exist soft t-channel quark exchange contribution of the same leading log order,
making conversion of a quark to a gluon[61; 97]. See Figure 8.

The spin polarization of light quarks can be transferred to that of gluons and vice versa by
these conversion processes, and a complete picture for light quarks would have to involve the
spin density matrices of both light quarks and gluons. For the process of Figure 8 to happen,
the exchanged quark should be the same species of the incoming quark. Our assumption of

a hard-scale mass m > ¢T for the massive quark implies ¢ 2 m > ¢7T, which makes a soft

Tt can be shown that this is in fact true for light quarks and gluons as well, as it is universal for all
soft t-channel processes [61].
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Figure 8: The quark-gluon conversion process that we can neglect for massive quarks in leading

log order.

q quark exchange impossible for the massive quark. This justifies the absence of quark-gluon

conversion process of Figure 8 for massive quark at leading log in our study.

3.1.2 Time evolution of spin density matrix in Schwinger-Keldysh formalism

We consider the Hilbert space of one-quark state interacting with background QCD plasma
degrees of freedom in a finite temperature 7. This reduced description is justified as long
as the occupation number of quark per unit quantum state (given by (Number of quarks) x
(27h)3/(d*xd®p) in phase space, usually called the distribution function f(z,p)) is much less
than unity (or “dilute” Boltzmann limit), so that quantum statistics of Pauli blocking is negli-
gible. We assume that our massive quark species satisfies this condition, either by m = T due
to thermal Boltzmann suppression, or at least in early stages in heavy-ion collisions when the

massive quarks are scarce. A convenient basis of states for our purpose is {|p, £)} of a momen-
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tum p and helicity h = +1/2 (meaning that the spin state is an eigenstate of the spin angular
momentum along p = p/p (p = |p|) with the eigenvalue +h/2, that is, (p-o)|p, £) = £|p, £)).
As explained in the introduction, we consider a density matrix that is (approximately) diagonal
in the momentum variable, that is sufficient for describing the local quantum collision term I'y
in the quantum kinetic equation. We therefore have the density matrix per unit volume as (we

set i =1 from here without much confusion)

3
o= | (d”?,ﬁ(p% (3.4)

where p(p) is a 2 x 2 spin density matrix at a fixed momentum p. More explicitly, we have

p) = D Ip.s)pss ()P, 5], (3.5)

s,8'=%4

in bra-ket notation, with a set of four functions in momentum space, ps ¢ (p).

It is important to recall a phase ambiguity of the basis states |p, s) — €'®)|p, s) with an
arbitrary choice of ¢(p, s), which is reflected to the compensating phase ambiguity of ps ¢ (p) —
e_i(qﬁ(p’s)_‘z’(p’sl))ps’sx (p), such that the density matrix p is unambiguous. We will be careful
about this ambiguity in our computation, such that our final quantum kinetic equation in
terms of physical spin polarization is well defined free of this phase ambiguity.

One way to fix the phase ambiguity is to work universally in the basis of z-component of

spin operator. Then, the helicity s/2 state has an explicit 2-component spinor representation,
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&s(p), satistying (p - 0)&s(p) = s&€s(p), with normalization ¢l¢, = 1. The density matrix in this

basis is then an explicit 2 x 2 matrix, given by

pP) = Y &(P)pss (Pl (P). (3.6)

s,8'=+

We emphasize again that £,(p) and hence p; o (p) are each phase ambiguous, but the net density
matrix p(p) is free of ambiguity. The spin operator in this basis is S = %o- (with & = 1), and

the spin polarization density in momentum space from p(p) is then given by

S(p) = Tr(8p(p)) = 5 Tr(eilp) (3.7)

Recalling that Tr(p(p)) is the usual number distribution f(p) that appears in the conventional

semi-classical Boltzmann equation, we can express the density matrix in this basis as

p(p) = 5f(p)+S(p) 0. (3.8)

Note that f(p) and S(p) are physical quantities and are independent of our basis choice: we
will present our quantum kinetic equation for f(p,t) and S(p,t) (¢t is time). The total spin

polarization and the number of quarks per unit volume is then given by

3 3
s [ s n= [ G2t (39)
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The density matrix p(¢) and its time evolution is most naturally described in the Schwinger-
Keldysh formalism. The path integral in the time-forward contour (labeled as contour 1) gives
the unitary time evolution of the ket part of the density matrix, and that in the time-backward

contour (contour 2) gives the complex conjugate evolution of the bra part of the density matrix,
pt) = (Ut 10)p(t0)U3 (1, o)) (3.10)

where Uy o(t, tg) = Pe_ifttﬂ W H12() oo the unitary time evolutions in the contours 1 and 2
respectively, and (---)4 means the thermal path integral average of background degrees of
freedom of the QCD plasma. Since our system is an open system and is interacting with
background degrees of freedom (more precisely, through the soft-scale color gauge field A, (x)
in leading log order), the H;(t) depends on the operator of the background degrees of freedom
in contour 1 that couples our system to the background, and it is time-dependent in general
due to time-dependence of that operator (i.e. the color gauge field in contour 1, A,(})(a:,t)).
The same is true for Hy(t) and A,(f) (z,t). The average (---)4 in the above then involves the
thermal correlation functions of A®) and A® in the Schwinger-Keldysh contours (the two-point
functions in our leading order computation). In the frequency space, these correlation functions

satisfy the KMS relations. More explicitly, defining

Gl(f,f)(qo,q) = /d3wdt eld’t-qw) <Al(f) (x,t)A9)(0,0)) 4, i,j=1,2(SKcontours)  (3.11)
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what we will need later are the relations,

GOP(¢" q) = ns()puw(®.q), G2 @) = (n(d") + Dpw(d’,q), (3.12)
in terms of the gluon spectral density p,, = i(GfV — (Gfu)*) = -2 Im[GllfV], where G is

the retarded two-point function and the last equality holds only for symmetric case that is
true in parity (P)-even background that we assume!, and np(¢°) = 1/(e??’ — 1) is the Bose-
Einstein distribution. In our leading log computation, these correlation functions include the
well-known 1-loop Hard-Thermal-Loop (HTL) self-energy, the imaginary part of which gives
the non-vanishing spectral density in soft t-channel space-like momenta, that represents the
scatterings with background thermal particles by cutting the 1-loop, while the real part regulates
the infrared divergence in these t-channel scatterings by (real-time) screening effects due to
background thermal particles (see the Sec.(3.1.3) for a more detailed review on this).

The Hamiltonian in our one-quark picture is a sum of the free kinetic energy, Hy, and the
QCD interaction with background gluon fields, H;. The interaction Hamiltonian arises from

the field theory Hamiltonian

Hi =g [ e d@nt i@ (), (3.13)

1See Ref.[104] for an introduction to a possible anti-symmetric part, that is called “P-odd spectral
density”, in the presence of background axial charge.
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where () is the quark field operator, and Af(z) is the gluon field with color index a (t* are
the color generators). We choose our convention as

0 iloxs . 0 o
A0 = , A= i=1,2.3, (3.14)

iloxs 0 —io" 0
and 1) = —1)T~0. In this convention, the quark spinor of momentum p and helicity h = +1 /2,
that shares the same phase ambiguity as the state |p, &), is explicitly given by

v Ep — sp&s (p)

|p7 3> ~ u(p7 8) = ’ (315)

vV Ep + sp&s (p)
where p = |p|, E, = /p? + m? and (p - 0)&(p) = s&s(p) (s = £1). This explicit expression
will be used in our computation of spin-dependent transition amplitudes. A quick way to see
why the (arbitrary) phase of |p,s) is identical to that of u(p,s) is to note the field operator

Y(x) expanded as

V(@) ~ > ulp, s)ape®® +h.c (3.16)
p,s

where ap s is the annihilation operator of one-quark state. Noting that |p,s) ~ a;r,,5|0>, the
phase ambiguity of |p, s) (or equivalently, a; s) is precisely identical to the phase ambiguity of
u(p, s), such that the ¢ (x) operator and its conjugate entering the interaction Hamiltonian H;

are unambiguous. Ultimately, this phase ambiguity becomes that of the 2-component spinor
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&s(p) in Eq.(3.15). As we use Hy in our computation with a consistent use of &s(p) in both
Hy and the definition of density matrix Eq.(3.6), our result for f(p) and S(p) is free of this
ambiguity.

Since we need to keep the normalization of one-quark state correctly when discussing the
density matrix, it is most convenient to work in a finite volume V with discrete spectrum of
states and then take an infinite volume limit. The momentum space becomes discrete p,, with

integer-valued label vector n, and the infinite volume limit is

3
Zﬁv/(;l;;g. (3.17)

The fields are expanded as (including only the quark sector, neglecting anti-quarks)

1 1 A
x) = u(pn, s)ePr®ay s, 3.18
and
1 .
Az, t) = % ZAM(pn,t)eZp"'m +h.c., (3.19)

where ap,, s is the annihilation operator of one-quark state |py,s), with unit normalization,

that is

{apmsa aLn/’s,} = 671,?7/65,5/ ) (3.20)
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and A, (pn,t) is defined such that it has the two-point correlation functions as

(AD (pr, ) AP (pry, )) 4 = V- G (P, 1), (3.21)

with the usual infinite volume correlation function G,(jg)(p, t), so that (A®(x,t)AU) (2, )4
has the correct infinite volume limit (that is, independent of the volume V as a local correlation

function). Then, the one-quark Hamiltonian from H; becomes

(3.22)

H(t VZZ \/T\/W W(pn, $)V"w(pr, ') Au(Pr — P t)al,, ap, s

n,s n's

where the color structure is omitted for notation simplicity. The normalized one-quark states

are created by

|Pn,s) = al,, ,|0). (3.23)

To obtain the time evolution equation of the density matrix from Eq.(3.10) in perturbation
theory of Hy, we work in the interaction picture of Hp and need to expand U; 2 to quadratic
order in Hj, since one-point functions of gluon fields vanish, (A)4 = 0, and the first non-
vanishing correlation functions are the two-point functions. Recall the interaction picture:

U(At,0) = Ug(At)Ur(At,0) where At is the time step we are considering, Up(At) = e~ *HoAt
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is the free evolution, and we set the initial time as to = 0 without loss of generality. Then, we

have the interaction picture evolution as

At At t
Ur(At,0) ~ 1 —i dtH () + (—i)? / dt / dt' HM () HiMt () + - | (3.24)
0 0 0

with HI"(t) = Uy(t)TH;(t)Uo(t). Using these in Eq.(3.10), we have

At At X .
pAL) = Up(ADp0)TS (AL + / dty / dtaUp(At) (H™ D (1) 5(0) P (1)) 4TS (A1)
At t1 . .
+ (—i)Up(At) /0 dty /0 dty (" (1) HP () 4p(0) U (At)

At to . .
- CHPUANH0) [ dey [t ) P ) U] (). (3.25)

where the second term in the first line comes from “cross” combination obtained by one Hy
from U; and one from Uy, while the last two lines are “self-energy” contributions coming from
quadratic expansions in Hy in each Uy and Us. We need the both types of contributions in order
to make sure the probability conservation of the density matrix, that is, Tr(p(At)) = Tr(p(0)) to
this order, that can be checked easily using the definition of correlation functions in Schwinger-
Keldysh contours. See Figure 9 for diagrammatic representation of these contributions. The
H}m(l) and Hilnt@) are the Hamiltonians Eq.(3.22) with AM) and A®) fields, respectively. As
they are linear in A fields, their correlation functions in Eq.(3.25) are proportional to the
two-point correlation functions of background gluon fields, defined in Eq.(3.11).

Since our density matrix in Eq.(3.4) is diagonal in momentum space, and hence in energy

spectrum of Hy, it commutes with Hy and the first term in Eq.(3.25) is simply p(0). Writing
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3 R

4

< < —< < <+—

(a) (b) (c)

Figure 9: The “cross” contribution (a), and the two self energy contributions (b) and (c).

p(prn) in the helicity basis Eq.(3.5) in terms of ps ¢(pn,t) (now with time-dependence), and
using the explicit form of H in Eq.(3.22), the above evolution Eq.(3.25) can easily be translated
to those of ps ¢ (pn,t). From the identification |py,s) = ai,n,s|0), it can be seen that the phase
ambiguity of ps ¢+ (pn) via that of |py,s) will cancel in the expression of the physical density

matrix Eq.(3.6),

p(Pn) = D E(Pn)ps.s (Pn)EL (Pn) (3.26)

s,s’

due to the fact that u(py, s) appearing in Hj is proportional to &s(py) and it shares the same
phase with the a;r,n,S (so that Hj is unambiguous) and hence |pp, ).
When the time step At of evolution is much larger than the correlation time of the gluon

two-point functions, the cross and self energy terms in Eq.(3.25) will be linear in At, and the
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resulting evolution equation of density matrix will be of first order in time. In our leading
log order, the dominant contribution to these terms come from the HTL contribution to the
gluon two-point functions, with soft frequency-momenta in a range g7' < ¢ < T'. This gives an
estimate for the correlation time 7. < (¢7')~! for leading log. Aslong as 7. < At < 1/6F = oo,
where J I is the energy difference between the two quantum spin states, this is a valid description
of the time evolution.

More explicitly, for the cross term as an example, the two time integrals with the gluon

two-point function can be written schematically as

At At At 2ty »
/ dty / dty G2 (1) — ty)eid’ (112) / dt, / dt, G2 (t,)e' te (3.27)
0 0

2t

with a change of variable t, = (t; +t3)/2 and t, = t; —t3, and ¢° is some combination of energies
of states (see the following expressions in this section). As GU1?)(t,) decays fast beyond t, > 7,
we can extend the range of ¢, integral to [—oo, +00] for most of ¢, values in [0, At] when At > 7
this gives the leading term linear in At. Then the above becomes G(1?)(¢°)At where G2 (¢°)
is the Fourier transform of G('?)(¢). A similar manipulation can be done for self energy terms
to get the leading linear term in At.

After some algebra with these ingredients, and taking an infinite volume limit, we obtain a

well-defined evolution equation for p, ¢ (p,t). Writing

d 9 N2 -1
dtps Y ( ) =g 02(F)(Fcross + Fselfenergy)y CQ(F) = 9N, ) (3'28)
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the cross contribution is given by

dBp 1 _ _ y
Leross = / (2r) 1,y > [alp, sy u(p’, 8" per s (P)[a(@', 8" )7 w(p, s GLP (Ey — Epr, p — p(3.29)
pEy

" ,S///

and the self-energy contribution is a sum

d3p, 1 _ N = N "
Dsetfenergy = — / W%S%l[um s)v u(p’, s")[u(p’, s")v" ulp, s")lpsm s (P)

+oo .

- /0 dtoa GOD (p — P/, tg) e Fr—Fp)te

e D e, (e )]
(271')3 4EpEp/ s g ’ ’ ’ ’ ’
0 .

g / dta G2 (p =/ ta)e Fr =Pt (3.30)

In the Appendix.(3.A.1), we prove the following important simplification in the self energy
term, due to the rotational symmetry and P-even nature of thermal QCD background: the p/

integral appearing in the self energy term

Bp' 1 ~ Lt s 1 (i) )
/ (27)3 2E, Z[U(R s)v u(p’, s")][a(p’, ")y u(p, )G (p — P, ta) (3.31)

S//

is proportional to ds ¢, that is, it is non-zero only when the initial and final spins are the same,
s = s, and moreover, the value doesn’t depend on s = 4. Physically, what it means is that

the self energy can’t flip the longitudinally polarized spin (i.e. helicity, s/2) due to rotational

invariance of the background, and the self energy can’t depend on the sign of helicity s/2 either,
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since s flips under parity transformation. With this, the two terms in the self energy Eq.(3.30)

nicely combine to give

dBp 1 ~ ) ,
Dseifenergy = — / (@r ) 1E == D _lu(p, )y u(p', "))’ 5" )y u(p, 5)]ps. (P)
p=D s
400 0 '
dgp/ 1 — m /NI (o] N Y
- Wﬁ Z[u(n 8)7 u(p,s )][U(p,s )’7 u(p, s)]ps,s’(p)
2
x Go(E,— By,p—p), (3.32)

)

in terms of the Fourier transform of the correlation function Gl(fyl , Where we use an identity for

Schwinger-Keldysh two-point functions,

GOD)o(t) + G2 (H)o(—t) = GED(1), (3.33)

I p

to combine the two ¢, integrals.
The appearance of G2 in the cross term and G2Y in the self energy is a reflection of the
generic feature that ensures the thermal detailed balance with the KMS relation Eq.(3.12). In

fact, using the identity

0 +1
G = <%> GU2) — /TG (3.34)



106

one can easily check from Eq.(3.29) and Eq.(3.32) that the equilibrium thermal density matrix
z _

with any fugacity constant z = eM/T makes the sum of Leross and e f energy terms vanishes.

This equilibrium is also equivalently described by
pUp) = 2o BT p) = 2T, 7 (p) =0, (3.36)

The rest of the paper presents key elements of our computation of the integrals in Eq.(3.29)
and Eq.(3.32) in leading log order. Readers who are interested in only the final results can go

straight to Sec.(3.1.4).

3.1.3 Leading log integrals with arbitrary quark mass

We first consider the evaluation of the cross term Eq.(3.29). Since the physical density
matrix that is free of phase ambiguity that we discussed is p(p) = >, . £s(p)p(P) s,sff;r, (p), we

consider this object. Using also that

ps.e(P) = EL(P)A(P)Ew (P) (3.37)
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we can express Eq.(3.29) in terms of the unambiguous p(p). Since we will focus only on the
soft ¢ = p — p’ ~ gT regime that produces the leading log, we change the integration variables

from p’ to q,

dS / d3
[ =] (339

What needs to be computed in the resulting integrand is the following spinor summation,

contracted with the gluon two-point function,

> &p)ulp, s)y up, s")EL )@ e (PP, s ulp, 8 )EL (P) GO (B — By, q)3.39)

!l ol
s,s’,s" s

where p' = p — q.
We work in the Coulomb gauge, where the gluon two-point functions are written in terms of
the longitudinal and transverse spectral densities, p;, and pr respectively, (not to be confused

with the density matrix)
GU2(¢", @) = nB(")pw (. q), (3.40)
with

p,ulx(qoa q) = (5M05V0 pL(qoa Q) + HZI/(q)pT(qu Q)) ) (341)
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where g = |q|, and the transverse projection operator has only spatial components as

7 (q) = (6 — Gid;), d=4a/q- (3.42)

From the explicit expression of spinor Eq.(3.15), we have

s ") = (B, = ) By = SNIE W) o)+ /By 50) (B + 1) Pl ) 343
where o# = (1,0) and 6* = (1, —0o). Noting that

1+4+sp-o), (3.44)

&p)El () = Palp) = |

is the projection operator to the helicity s/2 state in spin space, the spinor sum in Eq.(3.39)

becomes a summation of various terms of the type,
Ps(p)atPon (p') p(p') P (p') 0" Py () - (3.45)

The computation of these spinor sum is challenging, but is doable with some efforts utilizing

several properties of the projection operators, such as

Z Ps(p) =1, Ps(p)APs (p) =Tr (Aps(p)) Ps(p) ) (346)
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for any operator A. Note that these expressions are free of phase ambiguity of &(p), due to
the reasons as explained before.

Since Gﬁbl,,z) (@°,q@) = np(¢°)(6000002(¢°, q) + 111, (q)pr(q°,q)), we present our results of
computation of Eq.(3.39) in terms of longitudinal (that involves py,) and transverse (pr) gluon
parts, respectively. The longitudinal part of Eq.(3.39) is given as, omitting the obvious factor
of np(¢°)pr(¢® q) (¢° = E, — Ey), and writing p(p) in terms of the physical quantities (see

Eq.(3.8)), p(p) = 5/(p) + S(p) - o,

(Ep+m)2(Ep,+m) 2@-P)P' - S@))p-o)— @)@ -SE))p-o)—p* @ SE)P o))

+2((" - SE)p-o)—(p-SE®))P -0) +2(EEy +p-p +m”) p(p). (3.47)

The transverse part of Eq.(3.39), that is proportional to ng(q°)pr(q°, q), is obtained after a

long computation as

2 (EPEP’ (-9 -q) - mz) f(p) —4 (Ep +m)

(Ey +m)
(Ey +m)
A <_ (Ep +m)

P -SP)® - 9G- o)
@ SE)p-d)+p- s<p'>) (-o)

+ AEyEy —m*) (G- S®))(d-o)+4(p x4 -SF®)) (px4q) o). (3.48)

We have checked the validity of the above results at least in two special limits: 1) p’ = p
limit (treating ¢ arbitrary), and 2) massless (m = 0) limit. In both limits, the spinor sum

Eq.(3.39) reduces to s” = s and s = s’ cases only, due to the fact that a(p, s)y*u(p’,s”)
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vanishes in these limits unless s = s”, which can be easily checked from the explicit spinor
expression Eq.(3.15). Using this fact, one can compute Eq.(3.39) in these limits directly, and
then can compare with the above results in the same limits. The longitudinal part is easy
to compare, but the comparison of the transverse part needs some non-trivial identities. In
the limit 1), one needs the following “dyad” identity (® is a dyad product of row and column

vectors)

for any two unit vectors p and q, where I is the 3 x 3 identity dyad (matrix). In the case of

the limit 2), one needs a more non-trivial identity that we checked by Mathematica,

for any three unit vectors p, p’ and q. These agreements give us confidence on the validity of
the above spinor sum results.
The computation of spin sum in the self energy Eq.(3.32) is simpler. First note that the self

energy term has a simple structure

1—‘selfene’/‘gy = =7 ﬁ(p) ) (351)
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that is, it is a constant () times of the identity operator in both the spin and momentum space.

The “damping rate” v is (recall p’ = p — q)

3
1= [ i 2P N ulp NG By Fy). (352)

SH

Recalling that this expression doesn’t depend on s (due to parity invariance as proved in

Appendix.3.A.1), it turns out to be easier to compute the spin sum by expressing it as

1 [ & 1
Fy = 5 / (27_(_(;3 4E E , Z[ﬁ(pﬂ S)’)ﬂuu(pc 3”)][@(1)’7 Sll)fyyu(p7 3>]G51,21/1) (EP - Ep’7 q) ) (353)
PP

5,8

removing any reference to s. For the longitudinal gluon contribution (x = v = 0), the spin sum

becomes (recall G (¢°, ) = (n5(q°) + 1) (8000002 (¢°, @) + 115, (q)pr(¢°. )

1 _ _
5 D la(p, 517 (', (a1 ulp, 5)] = 2 (By By +p- ol +m?) (3.54)
S,8
and for the transverse gluon contribution, we obtain

! > la(p, s)y'u(p’, ")[a(p’, ")y u(p, )T} (q) = 4 (E,Ey — (p- §)(p' - §) —m?) . (3.55)
2

3,8
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After Eq.(3.39) and the spin sum in Eq.(3.53) is computed, what remains is to compute the
q integrations in Eq.(3.29) and Eq.(3.53) to leading log order, with the gluon spectral densities

oL /T(qo, q) given by the well-known HTL contributions. For completeness, they are given by

1 q° — q +ie
PL(C]O’Q) =—2Im <(]2_1—[L> ;o Hp = _mQD <1 + (CIO/QQ) log <qo+q—|—ze)> , (3.56)

where mp ~ g7 is the Debye mass, and

1
pr(e’,q) = 2Im <q2 — (") - HT) ’ (3:57)
where
m2 0 _ 1€
= -T2 <<q°/q>2 + ((¢°/a)? — 1) (°/20) log (M)) - (3.58)

As in the computations of shear viscosity and conductivities in massless limit [61], as well as
in the computation of diffusion constant of heavy quark limit [105], we find that the leading
log contribution comes from the same soft ¢ regime, for arbitrary quark mass, where the log
arises from the range ¢7" < ¢ < T. Physically, this contribution represents the t-channel
scatterings with background thermal particles of hard scale (p ~ T') with a soft gluon exchange
of momentum (¢, q). We emphasize that these HTL contributions include only the thermal
background gluons and light quarks, which means that we don’t include the scatterings with

the other massive quarks present in the background plasma. This is the same “diluteness”
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assumption we explained at the beginning of Sec.(3.1.2). The Debye mass in this case is given

by

(2N. + Np), (3.59)

where Np = 2 is the number of light flavors.

We follow the known steps of computing q integration in leading log order [61; 106; 107;
97; 104]. A first step in this g integration is to make a change of variable from the azimuthal
angle cos 0, between p and q to the energy transfer @ = E, — Ey (recall p’ = p — q), where

they are related by
qcosepq:ﬁ-q:?q +——=qr. (3.60)

The ¢° has a maximum ¢2,,, (minimum ¢2;,) when 6,, = 0 (), and

2.2

p mq
q?nam/min = \/p2 + m? — \/(p + Q)2 + m? = ifq - 2E3
p P

+0O(g%) . (3.61)

Note that q?nm is different from —q°,, by a term proportional to ¢, that is present only in
the massive case. We will see that this ¢? correction to the ¢° integration range, that is absent

in massless case, gives rise to the same leading log contribution to the final result, so it is
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important to keep it to this order. From this, we can convert g integration in Eq.(3.29) and

Eq.(3.53) into an integration of two variables (¢°, q),

d3q 1 .
/ (spinor sum) pr /7 (Ep — By, q)

(27T)3 2Ep/
1 o0 dq q /q[?naz dqo ] 0
= — — —— (spinor sum) p q,q , 3.62
2pJo (2m) Jp = (2m) ( vyl 9) ﬁ-qe%qoﬁ-% (3.62)

where (spinor sum) is the spinor part that we computed above, and the integration of polar
angle around p axis gives (27), after we make the spinor part to be independent of polar angle,
exploiting rotational symmetry, since py, /T(qo, q) depends on g only via ¢ = |q|. Specifically,

we can replace
¢ —aqap =m p, d¢d —qqp'p + 507 = PP —ai)- (3.63)

One then computes (¢°, q) integration with the gluon spectral densities p;, /T(qo,q) to the
desired order that produces the leading log in the final result. Since the leading log comes from
soft (¢°,q) ~ ¢gT regime, one expands the (spinor sum) part in power series of soft (¢°,q) <
(p, Epym) ~ T: it is sufficient to keep only up to linear order in (¢°,q), as higher powers
give higher order terms in g. The total sum of the cross and self energy terms, Eq.(3.29) and
Eq.(3.51) respectively, takes a form of Eq.(3.62) after this expansion, where the ”spinor sum”

part has a structure of

(spinor sum) = C°(¢"/q) + ¢"C*(¢°/q) + O(¢?), (3.64)
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with two functions C%'(¢%/¢) on ¢°/q. There are two important features in this result, that
makes the leading log contribution possible: 1) In principle, since the (spinor sum) contains
np(q®) ~ T/q" for ¢° ~ gT < T (see Eq.3.12), the expansion could start from (1/¢°)C~1(¢"/q),
instead of C%(¢"/q). In fact, both the cross and the self energy terms start from this order, but
their sum cancels to this order. If this cancellation was absent, the final result of spin evolution
rate would have been dominated by this order, which gives g%log(1/g), instead of g*log(1/g)
that we find. This contribution would come from the ultra-soft range ¢?T < ¢ < ¢T, which
represents “small angle” scatterings, contrary to our range g7 < q < T for g*log(1/g) that
represents “large angle” scatterings. This cancellation is important also in computations of
shear viscosity and charge conductivities (but not in “color” conductivity [108; 109]), and has
been shown to be related to conservation Ward identities of energy-momentum and charge
currents [107]. The same cancellation we observe in our spin density matrix suggests it may
be related to angular momentum conservation. This cancellation also adds confidence that
our computation of spin sum is correct. 2) In principle, the functions C%!(¢"/q) could be any
function on ¢°/q, but they turn out to be even functions on ¢"/q, which is crucial to have the
final g*1log(1/g) rate. This feature is important due to the fact that the spectral densities, p, /T
are odd functions on ¢°. If qglm was precisely equal to —¢ .. (as in the massless case), the ¢°
integral of C%(¢"/q) would have vanished, and the first non-vanishing result would come from

the next order ¢°C'(¢°/q) term, which gives g*log(1/g) rate. Due to the ¢? correction to the

0
mazx/min’

¢° integration range, ¢ in our massive case (see Eq.(3.61)), the C°(¢°/q) integral does
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contribute, but since this correction is one higher order than the leading range, the result is of
the same order as the one from ¢°C*(¢"/q), that is, the same g*log(1/g) rate.

Let us define ¢" integrals of spectral densities, that are needed in our computation described

above,
Thaz g0
q 0\2n—1 0
JET = / — .q). 3.65
w o @) (@) pryr(d’,q) (3.65)
In the massless case, only integer n survives due to ¢min = —@maz in that case, and they can

be computed by a sum-rule technique [106; 107; 104], utilizing analytic property of the spectral
densities. In our massive case, and only for the range of our interests, ¢7" <« g < T, the spectral
densities can be simplified to produce the results for J# /T to our desired order

o . mmpg° o+ mmp (1=(4°/9)%) (¢°/29)
pL(q’sq) ~ . pr(q,q) ~ (¢ — (@2 +md /2)°

(3.66)

where mp ~ ¢7T is the Debye mass. One can easily check that in the massless limit, these
spectral densities produce the same results for J,f /T from the sum-rule technique. These ex-

pressions are obtained from the full expressions, Eq.(3.56) and Eq.(3.57), by using the hierarchy

mp ~ gT < (¢°,q) < T. It is convenient to write JTI;“/T as

JL/T — mb /T _ JL/T — mb ﬂz L/T — halfi 3.67
' = i (n = integer), J;/° = G20 3o (n = hal f integer) , (3.67)
P
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/T

in terms of the dimensionless coefficient functions jqf on (p, Ep,m), after extracting the de-

pendence on ¢ explicitly as above. By explicit evaluations, we find them as in Table 1. Note

L p T __ Mp
Jo = &, Jo = 2
L= P T _ _PpEp
J1y2 2E, J1/2 4m?
3

]L _ D jT — " _ D

1 = 3E3 1 =72 7 2R,
Lo 2p° T p?

J3/2 E3 J3/2 Im?E,

L _ PP T _ M _ p P
J2 = BE3 J2 =% T 3E, T 6E3

TABLE I: The coefficient functions j# /T (np = %ln gz fz is rapidity).

that the half-integer n cases are needed for the contributions from C°(¢%/q) as we explained
above, which exist only in the massive case. After doing ¢° integration using these formula,
one finally performs ¢ integration in Eq.(3.62) to get the leading log result, where ¢ ranges in
mp <K q < T: these boundaries come from the fact that our expression for the integrand is

valid only in this range. The log arises from

T
|2 ~tog(t/mp) ~ 1og(1/g). (3.68)

mp
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3.1.4 Quantum kinetic equation for spin polarization of massive quarks

After a lengthy, but straightforward computation that we describe in the previous section,
we present our final result for the time-evolution of the spin density matrix in momentum space,
p(p) = %f(p) +8(p) - o, in leading log order of g*log(1/g). We write these evolution equations
as

mhg?log(l/g) 1
(4m) 2pE,

2 2
mpg-log(l/g) 1 95(p, t)
r = Cy(F
(47) wE, 1 ot Co(F)

I'g (3.69)

where I'y and I'g are diffusion-like differential operators in momentum space, that contain up to

second order derivatives in p. The I'y is given by (V, = 8/0p and (p-V,)?f =p-V, (p- V,f))

m2 2
Iy = < J1/2+E - E3 (p .71/2 Ep.73/2)+E ( —J2 )) f(p)
» TE;
+ ( ( -5 )+Tp —2TE§31T+;’J§’> v2s(p)
2 2 2 4
3E2 ATE? 3TE}
- G L ——24 | (- V)2 f(p
( 2 (]0 D2 .71) Jo D2 ]1 e 2 ) ( p) (p)
1 , 3TE,\ , 4m®T ,
+ ])2<—4m2T]1L/2 TE2jE + <6TE£+2ES_ p2p>h B (p? ]1/2 E§J3T/2)

3T E2
~Tp’j; +2 (p*E, + Tp* + TE}) ji + E2 (—2Ep — 6T + 2 p) T) (p-V,)f(p).

(3.70)

This result passes a very non-trivial test of the expected detailed balance: one can check that

[y =0 when f(p) = f*(p) = ze F#»/T for any constant z. It should be emphasized that this
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LT

check is satisfied irrespective of the values of j;’~ , because the detailed balance is independent

LT

of details of the spectral densities that determine j; This gives us confidence that our
computation is correct. We also note that our result for I'y that provides the local collision
term in leading log order, together with free streaming advection term in Boltzmann equation,
can be used to compute several conventional transport coefficients, such as shear viscosity and

electric conductivity, arising from dilute massive quarks.

For the spin polarization part, we obtain (i = 1,2, 3 denotes a spatial index for vector)

, Am?2 TEZ\ . 4m? .. . :
r - ( i+ Tif+ (E ) i = Ty 0T~ B2 + T
p
3TE? TE? .
+ <4E == p) i+ (—4Ep+ p2p> jo>SZ(p)
2 TE4
+ ( ( 251 )—i—Tp o —2TE. ] + pp >V281( )

3E2 o  ATE? 3TE, .
+ ( <J§—pjl>—TJoT+ ot = i | (P V)*S ()

. STEL\ | 4m?T , .
+ < 4m®Tji)y — TEqjg + <6TE§ 2B - = ”) it = = (0%l )2 — Bpis )

3TE?
—Tijg’+2(p2Ep+Tp2+TE§)j1T+E§( 2E, — 6T + 2 p)j{)(p V,)S'(p)

E B, E E3 .
+ 2T P gy — 2t ) +is — 2 QE,—m)jl + 503 | P(V,-S
(Ep+m (]0 L2 ) Fdo = 5 m)ji (B, +m)2 p'(Vy-S(p))

Ep—l—m Jo p2 N Jo pg .71 pQ(Ep-f-m)jQ p b b
T E —m L Eg .L .T 3Ez% 2Ep - T
-2 Jo'— g | Fdo — 1+ —5 — N
E,+m D D E,+m
2
D 6E 4 ;
> >J§F> p'(p-S(p)). (3.71)

Eg 4
+— |3+ 5 —
P (Ep+m) E,+m
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Note that f(p) and S(p) do not mix with each other in these equations.

There is a highly non-trivial test of the above result in the massless limit. Note that our
computation doesn’t include the quark-gluon conversion processes that becomes of the same
order in the massless limit, and also our values of J# /T 4o not have the correct massless limit,
so the massless limit of the above result should not be taken as the true result for the massless
case. What we are testing is the “consistency” of the above equations with the “chirality
conservation” in the massless limit, and this test is a kinematical one, and should hold true for
each scattering processes included, independent of details of spectral densities, that is, the values
of Jqf /T In the massless limit, the negative helicity state (s = —1, left-handed) and positive
helicity state (s = +1, right-handed) are decoupled, and do not mix by gauge interactions. The

spin density matrix should then take the following decoupled form

1+p-o), (3.72)

| =

p(p) = f+(p)P+(p) + f-(P)P-(p), Px(p)=

as a sum of positive and negative helicity chiral quark contributions, where P+ are nothing but
the spin projection operators to the two decoupled helicity states. The fi(p) are the number
distribution functions of chiral quarks of helicity s/2 = +1/2 in momentum space. In a parity-
even background that we are considering, f1 and f_ should satisfy the same evolution equation.

Writing the above density matrix as

pp) = 5 (F () + F- () + 5 (o (p) ~ - (B)) D07, (373)
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we see the correspondence to our variables f(p) and S(p) as,

FP)= fe(p) +f-(p), S =1 (f(p) ~ F-(P)P= fu(p)p. (3.74)

Since fi and f_ satisfy the same evolution equation, the two functions f(p) and fs(p) should
satisfy the same equation as well. This means that our above result, when we take the massless

/T

limit while keeping JT{J arbitrary, should pass the following non-trivial tests: 1) the evolution

equation for S(p) must admit a consistent Ansatz, S(p) = fs(p)p, and 2) the resulting evolution
equation for fs(p) must be the same as the one for f(p) in the massless limit. Both tests require
non-trivial cancellations between various terms in Eq.(3.71), and it is amusing to check that
the tests are satisfied by our results Eq.(3.70) and Eq.(3.71): the f(p) and fs(p) satisfy the

same evolution equation in the massless limit with

IP=0 = dp (5L + 51 —53)) f) + p°T (& — it + 3¢ — 251 +353) Vif(p)
+ T (—3§ + 351 — 33 + 457 = 353) (P~ V)2 f(p)
+  (=Tjk + BT +2p)if — i3 + 20+ 2T)i1 — (3T +2p)id) (p- V,) f (D).

(3.75)
This also means that the massless limit allows a broader set of equilibria as

p(p) = 21 " TP(p) + 2 P/ TP_(p), (3.76)
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with arbitrary chiral fugacity constants z+ = e#+/T. With these remarkable checks satisfied,

we become confident that the results Eq.(3.70) and Eq.(3.71) are correct.

Using the explicit values of jﬁ /T given in Table 1, we have the following expression for the

Ty,
3 TE}  n,Tm* Tm? 3E 3E2
T - 9 °TE o p D V2 - P P X V 2
f pf(p) + <2 T, + 2 »f(p) + o7\ + PR (p-Vyp)f(p)
1 n,T'm? 3TE,m? 3n,Tm*E>
- (pE}f - pT — npEpm® — 2; + 7 27 L) (p-Vy)f(p). (3.77)

It can be shown that after some tedious calculation one can rewrite 21)%1} as a total
p

divergence term so that total number of massive quarks are clearly conserved.

Iy 3 By pmt - Tm? 3B, 3n,E2
= v, (1¢ -2 4+ gy i L —"Lp-v
pz npm2

> ")) (3.78)
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It can be checked again that the detailed balance condition is satisfied with f°4(p) = ze Er/T.

For I‘fg, we have

1 3m2TE. T 3TE?
- E2 _ p 2 _E — p Vv, )S!
+ 2 (p P % Npmm ( P 5 o2 (p-Vyp)S'(p)
1 E2 E E3 E
ol BV (P L R o o
2 p2 22 2p2(Ep+m) p 2p 2p(Ep+
1 2 E E3 E
Sl (P [ R s S
2 p2 22 2p%(Ep+m) p 2p 2p(Ep+
T (Ey(E,+2m) nymE 3E 1 :
- 2< pEp +Ep - ( - ))p’(p S(p))
p p(Ep +m) pt+m p E,+m
Discussion

Our work is a small step toward a more complete picture of quantum kinetic theory of spin

dynamics in perturbative QCD plasma. It is important to extend our work, going beyond the

spatial homogeneous limit. This would introduce a spin density matrix p(x,p) that depends

on both position and momentum, or equivalently 5(p1, p2) which is non-diagonal in momentum

space, as explained in the introduction. One could expect that the resulting quantum kinetic

equation would look like

0 0

5 —-T.5 _ P
<8t+vp aw> p(m7p)_F p(wap)7 'Up—Epa

(3.80)
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where I', the quantum kinetic collision term, is what we compute in this work. As discussed
in the motivation, this picture has to be improved by including, either the gradient corrections
to the collision term I' (that is, corrections that involve 0.p), in order to allow spin-orbital
angular momentum exchange, or the effects of background electromagnetic fields in both free
streaming and collision terms. The latter part for the free streaming case was recently studied
in Refs.[101; 38; 39; 102] for massive quarks, extending the recent development of chiral kinetic
theory for massless chiral quarks [110; 111; 112; 113; 40; 114; 115], for which a Berry’s curvature
in momentum space due to spin projection plays a critical role. The former part is also expected
to be intimately related to the “side-jump” phenomenon in chiral kinetic theory [116; 117; 118].
We hope to make further progress on these important goals in a near future.

The spin polarization in local equilibrium of conventional hydrodynamics description is fixed
by hydrodynamic variables, such as temperature and vorticity, and it is not an independent
hydrodynamic variable. However, since the total angular momentum including spin has to
be conserved, one may think of formulating a hydrodynamics description of possible interplay
between spin and orbital angular momenta. There has been recent development in this “spin
hydrodynamics” in relativistic regime [41; 119; 42]. Since spin is of order £, one can think of this
as a O(h) quantum correction to the conventional classical hydrodynamics description. Some of
the transport coefficients in this spin hydrodynamics [42] should in principle be determined by
the quantum kinetic theory that we aim to construct. We shall discuss more about our recent

development about the ”spin hydrodynamics” in the next section.
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3.2 Non-dissipative second-order transport, spin, and pseudo-gauge transforma-

tions in hydrodynamics

(Previously published as: S. Li, M. A. Stephanov, and H.-U. Yee, Non-dissipative second-

order transport, spin, and pseudo-gauge transformations in hydrodynamics, arXiv:2011.12318)

3.2.1 Motivation

Recent developments include interesting attempts to incorporate spin polarization of micro-
scopic constituents as an additional hydrodynamic variable characterizing the system, which
led to consideration of “spin hydrodynamics”[41; 42; 120]. This is motivated by importance of
spin observables in many applications of hydrodynamics in condensed matter as well as nuclear
physics. Specifically, each event in non-central RHIC carries a significant amount of initial
orbital angular momentum ~ 10%%, some of which is transferred to the spin polarization of ob-
served hadrons [36; 21; 23; 24; 25; 28; 29]. However, in the strict sense of hydrodynamics, spin
polarization of plasma constituents should also be in local equilibrium, and must be determined
by conventional hydrodynamic variables. !

In this section we assume the standard local equilibrium, and construct the spin hydrody-
namics. We further show that the conventional hydrodynamics and spin hydrodynamics are

two equivalent descriptions of the same system. This not only reconciles the two formula-

LCertain variants of spin hydrodynamics [42] could describe off-equilibrium dynamics of spin polar-
ization in a system where relaxation time of spin polarization is much slower than other microscopic
time scales. Similar extensions of hydrodynamics by non-hydrodynamic, but nevertheless parametrically
slow, variables have been termed Hydro+ [121].
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tions, but also leads us to find new constraints for certain transport coefficients in conventional
second-order hydrodynamics.

The central question we answer in this work is the meaning of pseudo-gauge transformations
[122; 119; 123] in spin hydrodynamics. Since hydrodynamics is based on local thermodynamics,
this question can only be answered after properly addressing how thermodynamics transform
under pseudo-gauge transformations. We show the equivalence of local thermodynamics be-
tween the spin and conventional hydrodynamics, which requires us to generalize pseudo-gauge
transformation to currents of entropy and conserved charge. We use these results to prove
the equivalence between the spin hydrodynamics and the conventional hydrodynamics. In par-
ticular, we find that the ideal limit of spin hydrodynamics is equivalent to the conventional
hydrodynamics with certain non-dissipative second-order transport coefficients. Moreover, five
of these second-order transport coefficients are uniquely determined by two thermodynamic
functions, one of which appears as the spin susceptibility in the spin hydrodynamics descrip-
tion.

The existence of such constraints on certain second-order transport coefficients is an inter-
esting fact by itself, independent of its physics connection to the spin hydrodynamics. Within
the conventional hydrodynamics, we show that the same constraints can be derived directly
using the second law of thermodynamics, and are therefore universal. Our derivation is based
on a new power counting scheme for gradients of hydrodynamic variables, motivated by con-
sidering small deviations from one of the equilibrium states of uniformly rotating fluid, which

exist due to conservation of total angular momentum.
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We consider dissipative gradients of fluid velocity and of o = p/T', as being much smaller
than the vorticity and the temperature gradients neither of which appear in the entropy produc-
tion rate at leading order in gradients. This allows us to reorganize the naive gradient expansion
in the entropy production rate and to derive a set of nontrivial constraints on certain second-
order transport coefficients by applying the second law of thermodynamics. Our method should
be more generally applicable to some higher-order transport coefficients, as well as to transport
coefficients involving external electromagnetic fields, but we leave such generalizations to future
work.

Although similar constraints have been found for chargless fluid [124; 125; 126] and charged
fluid in Ref.[127] using different approach, the constraints in Ref. [127] appear to be less strin-
gent, leaving four unconstrained parameters in constrast to the two coefficients we find. It
would be interesting to establish relationship between the constraints we derive and the ones
in Ref. [127], which appears to be a nontrival task due to difference in choices of variables and

frames (we use conventional Landau frame).

3.2.2 Non-dissipative second-order hydrodynamics

Guided by the observation that vorticity in a uniformly rotating fluid can take arbitrary
values without entropy production, we consider fluid states where vorticity and temperature
gradients, w,, = %(quy —8,}1%), G'f; 5, while still being small, are larger than other, dissipative
gradients, 0, = %(Gjuy —i—aj-u“) and 8&04, where 8f; = A, 0" with A, = uyu, + g, To this
end, we introduce the following power counting scheme: w,, ~ €., ajﬂ ~ €, 0 ~ 8f;a ~ €,

while any further spatial derivative on (w,,, 8) and (6, &) brings an extra €’ and €, respectively.
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For example, 3/}%“, ~ €ue, 8j8,}5 ~ €, and 6;9,“, ~ ajaja ~ €2. In addition, we consider
spatial gradients of thermal vorticity to be of the same order as the dissipative gradients, i.e.
O (Bwh) ~ e, e rather than e,€’, which means 9wt = — (9 B8)w” /B + O(eye). From this and
the ideal equation of motion, one can show that 9,wH ~ wh0,8 ~ €,e.

We then invoke the hierarchy, €? < ¢ < ¢ < €2 < ¢ < ¢, < 1. As we will see, this
allows us to focus on the vorticity related terms arising from certain second-order transport
coefficients as the leading contributions to the entropy production rate up to order €,¢e’e, while
the dissipative terms from first-order transport coefficients are of order € < e,€’e, and are
thus sub-leading. Note that e,€’e would naively be of higher order than €? in the conventional

gradient expansion. By careful inspection of all possible terms in the entropy production rate,

4 3

12
w? Ew

potentially larger terms of e ¢ and €2¢? can be shown to be absent in parity(?-) even
plasma that we focus on in this work. Then the second law of thermodynamics, i.e. the non-
negativity of entropy production, should be applied to these leading contributions involving
second-order transport coefficients.

We write the general parity(PP-) even constitutive relations for symmetric energy-momentum

tensor, as well as for charge and entropy currents:

TH = (e 4+ p)utu” + pgh" + ATH, (3.81)
gt = nut + AjH, (3.82)

st = sut + Ast, (3.83)
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where ATH, Aj* and As* contain all relevant second order terms in our hierarchy,

ATH = aOA“”w)"’w,\p + alw“Awk”, (3.84)
Ajt = ALOLw"P + w9, 8, (3.85)
Ast +alAjt = b1ALG,W + byw! O, B + bswh” O, a, (3.86)

with seven second-order transport coefficients {a;, b;,c;}. We do not need to include the first-
order transport terms as explained above, and we omit other possible second-order terms, such
as Qfﬁ@l} B in ATH* and w*”0,a in Aj*, that do not contribute to the entropy production rate
to order €,¢€'e, and whose coefficients are thus not constrained by our method. We also remark
that one could put a purely spatial gradient AGATO,w"? in place of ALd,w"” in Eq.(3.85), but
this would be equivalent up to a redefinition of {bg,c2} due to the ideal equations of motion
and the thermodynamic relation Sdp = —wdf + nda.

Adding pu,0,T" + a0, j" = 0 to the entropy production and using the following identity

which follow from the ideal hydrodynamic equations of motion,

AbO W' = =2ufw,w” + Jw't, (3.87)
0,€)(0, D
wuDwt = w“”(uz)u;y) — wuw“?p —wlw0,,, (3.88)

where wt = %e““aﬁuywaﬂ, w=¢+pand D =u- 0, one finds the entropy production rate up

to O(ey€’e) given by
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Oust = CWw,w”0+CP (0f w0 a+C (97 w) 05y B+ CW (9, 8)w™ (9ya) +C P '™,
(3.89)

where § =0/, = 9 - u and C are given by

CM = —2(apB + by + 2b1¢2 + bywfe + byaywc?),

c® = <gb1> + bs — c1, = <8b1> + by,
/s
b ob n ob ob
=%+ ()7 ( a5). 5 (5),
B \op
0 n bomn 0bo c1
25g <B > Buw (8) gt

C®) = a18 + 4by,

where ¢? = (Op/02) g, cp = (0at/Op),,,, and Bz = (9B/0z),,, are thermodynamic derivatives
taken with s/n fixed, which appear naturally due to the ideal equations of motion, (u-9)(s/n) =
0.

All five terms in Eq.(3.89) are independent and can have either sign for generic initial
conditions. The second law of thermodynamics thus requires that all (i = 1,...,5) vanish.

This gives five constraints for seven unknowns {a;, b;, ¢; }, which determines them up to two free

functions. Choosing ag(which is nothing but the correction to the pressure) and a;j(which is
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interpreted as the spin susceptibility) as two given free functions, one can solve for the other

five transport coefficients without any integration, proceeding in the following order:

_ B (I
b1 = — 4 s bg = <8ﬁ )a, (3.91&)
b3 = m |:’LU,B€ <a/8)a b]_ 2b]_Cs BCLO:| y (391b)
_ Oby (%) g, 0 (™
c1 =bs+ <8a>ﬁ7 Cy = <8ﬁ>a 2b18ﬁ </Bw>a’ (3.91C)

As anontrivial check of these relations we can consider conformal theory, such as the strongly
coupled conformal plasma described by AdS/CFT correspondence for which some of the coeffi-
cients have been calculated in Ref. [128]. Conformal invariance imposes certain constraints on
some of the thermodynamic quantities, such as w = 4¢/3, ¢2 = 1/3, B. = —3/(4e), a, = 0, as
well on transport coefficients: a1 = 3ag and (9b1/93), = —b1/5. Substituting into Eq.(3.91b)
we find that it is satisfied for any b3 because, while o, = 0, also the expression in the square
brackets nontrivially vanishes, provided b, is given by Eq.(3.91a). Furthermore, conformal in-
variance requires (0 (n/fw) /08)s = 0. Substituting into Eq.(3.91c), we find a relationship
between ¢; and ¢y which coincides with a nontrivial constraint imposed by conformal Weyl
symmetry [129; 128]. Finally, solving Eq.(3.91a) and Eq.(3.91¢) we can now predict the values
of by, by and bz which have not been calculated in Ref. [128], in terms of a; and ¢; which have

been calculated.
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3.2.3 Hydrodynamics with spin degrees of freedom

Spin hydrodynamics is based on the canonical energy-momentum tensor 74" and the rank-3
tensor SH# = —SHBa of spin current, which have microscopic field theory definitions, the review
of canonical construction of energy momentum and angular momentum tensor are reviewed in
the Appendix.(3.B.1). The total angular momentum tensor consists of the orbital and the spin
parts, JrP = (zoTH b BTt “) 4 SraB and the formalism needs the additional conservation
law, 0,,J ref — (), corresponding to the introduction of additional spin degrees of freedom. This
relates the anti-symmetric part of T4 to non-conservation of spin due to spin-orbit exchange
of angular momentum: T3 — T,# = —0,5%.

The constitutive relations are given by

1
T = culu’ + AR+ (W ) + T — D005, (3.92)

"= nut 4 rH, SR8 =yt g8 4 GHaB (3.93)

where we do not assume that u* is the Landau frame, ¢* (u- g = 0) is a contribution to energy
current, S# is the spin density in local rest frame satisfying the Frenkel condition u,S*” = 0,
and (7#,7#, P are dissipative gradient corrections. We will not be concerned with these
dissipative terms in our subsequent discussion of an ideal limit, because their inclusion will not

affect our main conclusion.
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Writing the entropy current as s* = sut + As#, (u,As* = 0) and adding 0 = 8,0, T +

ad,j" to d,s* we obtain the following expression for the entropy production rate:

1 1
Ous!' = [Ds — BDe + aDn + iﬁWuVDSW] +0[s—B(e+p)+an+ iﬁwwSW]
— B0, — THO a0 + O, [Ast — %BVBQSO‘W — Bg" + ath + %(5&,55)0‘”5]

+[(—=BDuy, + 0,8)(q" — 2158”%,)5)] — %(aaauﬁy)a"‘“”, (3.94)

where 3, = Bu,.

There exists an ideal limit of spin hydrodynamics where the right hand side of Eq.(3.94)
vanishes. The vanishing of the first two square brackets leads to the following thermodynamics
relations [130],

ds = Bde — adn — gmwdS‘“’, s=f(e+p)—an— gfyﬂySW, (3.95)

where the entropy density is a function of €, n and S*¥, with the spin potential being equal to
the fluid vorticity in local equilibrium: +,,, = w,,. We emphasize that the spin density should
be fixed by the spin potential as a thermodynamic relation in equilibrium, i.e. S = yy*¥
with the spin susceptibility x [131]. This determines the spin density in terms of hydrodynamic
variables, S* = yw"”.

Vanishing of other terms requires

1 1
AS" = 2 B,00(uS") + Bg" — vt — (8,85)0,
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and the following relation

1
I 555" 0B = %wwayﬁ, (3.96)

Note that Eq.(3.96) is independent of the choice of the hydrodynamic frame u*. However,
one can show, by introducing an impurity as in Ref.[132], that is 0,7"" = —F", then 7
vanishes in the “no-drag frame”. This is a non-trivial example, similar to Chiral Vortical Effect
[132], where the entropy flows past a static impurity without generating a drag. One could
refer to this non-dissipative heat current we find as the vorticity driven thermal Hall effect.

As a nontrivial check of Eq.(3.96) we can calculate the heat current in the no-drag frame
for the microscopic chiral kinetic theory of massless Dirac fermion. As detailed in Ref. [116],
we choose the fluid rest frame as the spin frame n, = u, so that the Frenkel condition is
satisfied. With n* = (1,0,0,0), the spin density s is proportional to the axial current, s* =
hjt = hpyivsip. Therefore, s = fp7 ) "AJp, where jj, is the phase space (Liouville) current and
fp)\ =D aet1)2 [ d®p/(27h)? includes the sum over helicities A. According to Ref. [116], to
order O(h), jp = (P — (AA/po)Pp x V) feq, where pg = |p|. The second term in j, not only
accounts for 2/3 of the Chiral Vortical Effect [35], but also plays an important role below
to give the correct spin density. For uniformly rotating (shear-free) fluid in thermodynamic

equilibrium, the particle distribution function in the no-drag frame takes the form [116; 132],
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feq = 1/(exp{B(=p - u+ (1/2)Sh"wu)} + 1), where S5 = Xet**Ppang/(p - n) and p = 0 for

simplicity. The spin density S% can then be computed as

ij

ij _ gk _ 0
S €% sy, YTE +O(R°). (3.97)
On the other hand, the canonical energy-momentum tensor is given by T¢" = PA Jnp”.
Using the known result for j5', now up to O(h?) from Ref. [133],
. . hX (hN)? . 9 . 0 (feq)
= ——pxV+ x V) xV + (hA . xV)xV|} — =],
Jp (p 0 p p% (P ) > Jfeq (RA) p{p-[(P ) ] o 217(35

and jg = P - Jp, we find that the symmetric part of TY contains the vorticity driven thermal

Hall effect

/I)A(Jﬁp +jip°) = 48hé3 +O(°).

)

%

q:

N

Combined with Eq.(3.97), this agrees with Eq.(3.96). It can also be checked that a similar term
in the charge current 7 = fp’ yJp vanishes, in accordance with our expectation in the no-drag

frame.
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3.2.4 Equivalence between spin hydrodynamics and non-dissipative second-order

hydrodynamics

It is well known that the canonical energy-momentum tensor can be transformed into the
symmetric Belinfante-Rosenfeld energy-momentum tensor by a specific pseudo-gauge transfor-
mation with X4 = ¥ [122; 119; 123],

TH = TH 4 0 (O — PO SV = (TR LTI - L0 (SKY 4 5) . (398)

As a result, the spin tensor no longer appears in the total angular momentum tensor, i.e.,
Samv — Gopv _ yepr — () This leaves the conservation of energy and momentum unchanged,
OHT“” = OHTC” ¥ =0, and the two descriptions of the system based on each energy-momentum
tensor should be equivalent. This suggests that the corresponding hydrodynamic descriptions
based on the same premise of local equilibrium, i.e. the spin hydrodynamics and the conven-
tional hydrodynamics, should also be equivalent to each other. We will establish this equivalence
and show that the hydrodynamic variables between the two descriptions are related quite non-
trivially. In the following, quantities in the spin hydrodynamics will be denoted without tilde
symbol, while those in the conventional hydrodynamics will be written with tilde symbol.

A central question in showing the equivalence is how the first law of thermodynamics used

in hydrodynamics transforms under the pseudo-gauge transformation. The observation crucial
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for answering this question is that we can generalize the pseudo-gauge transformation to the

currents of charge and entropy, without affecting their conservation

~ 1
o= gr=0 <2(;SW> =jt - 5ay(aw“”), (3.99a)
o= s—0, (21;5’“’) = sk — %Gy(bw’“’), (3.99b)

with thermodynamic functions a(e,n), b(e,n). An intuitive understanding of physics of these
transformations is obtained by noting that the spatial part of —0,(aw"”)/2 can be interpreted
as the magnetization current V x M with vorticity induced magnetization M = —aw/2, i.e.
the Barnett effect.

Since the local charge and entropy densities, (n, s), are defined by n = —u,j* and s = —u,s"

respectively, transformations in Eq.(3.99) redefine them 1n =n — An, § = s — As, where
A L ) ad koA H
n= gy L (awh”) = —aw,w", s = —bw,wt. (3.100)

Taking 7" in Eq.(3.98) obtained from T}* in the ideal spin hydrodynamics in the previous
section with S = u*S* = yu*w"”, we work out the Landau’s condition(So that we can easily
match to the previous work on the conventional non-dissipative second order hydrodynamics
in some later part of this subsection.) for the local energy density and the fluid velocity,
TH g, = —&GM, to obtain & and @ as & = £ — Ae, @ = ut — Aut with

b

25w AFON(Bxw™). (3.101)

Ae = 2xwuwt,  Aut = —
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In addition, we allow a redefinition of pressure p = p — Ap with Ap = 2apw,w”, where ag is a
free thermodynamic function, and whose physics meaning now is clearly, it is just a correction
to the pressure. In terms of these variables, the energy-momentum tensor in conventional

hydrodynamics reads
TH = @i + pAM + 7, (3.102)
where 7#¥ denotes certain second-order transport terms
= %x (6%, + W )w™ + (1 < 1)) + 2a0 AP wyw. (3.103)

Similarly, the charge and the entropy currents in the conventional hydrodynamics are given by

= 1

= it — —QZM AR, (Bxw™) = 5040, (aw™), (3.104)
A A v AL, ()

o sl SA,\aV(BXW ) nxwto,«a AN .

with other second-order transport terms. A similar observation was made in Ref.[134]. It should
be emphasized that the ideal limit of spin hydrodynamics with d,s* = 0 that we start with
guarantees that the conventional hydrodynamics with the above second order transport terms

is also ideal, i.e. 9,5" = 0.
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However, to make the conventional hydrodynamics truly conventional, the thermodynamics
relation of spin hydrodynamics in Eq.(3.95) should transform into conventional thermodynamic

relations,

ds = Bdé — adn, 5= B(é+p) — an. (3.106)

We now show that there exists unique choice of (a,b) to achieve this equivalence, with (a,b)
expressed in terms of (x, ap) without any integrations.

We start from the entropy density s in the spin hydrodynamics as a function of density
variables, s(e,n, o), where SH = e“”o‘ﬁuySaﬁﬂ and o0 = 5,5"/2. The first law of thermody-
namics in Eq.(3.95), ds = fde — adn — By, dS* /2 = Bde — adn — v,dS*, then gives us
B = (0s/0€)ne, @ = —(0s/0n)ee and By, = —(9s/00):,S*. In local equilibrium, v, = w,,
and the spin susceptibility is identified as y = —,8((95/80);711 from S* = yw*.

To find the first law of thermodynamics in the conventional hydrodynamics, we express §

in terms of the variables in the conventional hydrodynamics as

5(6,n,wuw!) = s(€+ Ae,n+ An,0) — As (3.107)

where o = x%w,w"/2, with the same function s and (Ae, An, As) given by Eq.(3.100) and
Eq.(3.101).

It is now straightforward to find the first law of thermodynamics

di = Bdé — adn + Aw,dw” (3.108)
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with

B = B+ (Bxe +bs + aa.) wuw, (3.109)
a = a—(Bxn+ by + aa,)wuwt, (3.110)
A = 38+ 2aa+2b, (3.111)

where f, = (0f/0n). and f. = (0f/0€)n. From s = (e + p) — an — Bxwuw! in Eq.(3.95), we
also find straightforwardly

5= B(¢+p) — i + Bw,wh,
with

B = fBx+aa+b—w(Bxe+ b+ aa;)

—n (Bxn + bn + aay) + 2fao, (3.112)

The conventional thermodynamics relations in Eq.(3.106) are obtained by imposing the condi-

tions A = B = 0. It is easy to see that these conditions determine (a,b) in terms of (x,ao)

without any integrations, and their are given by

_ B X 3x Ox 4ay B (0x
© = e (w‘ f(&*(aﬁ)a)‘w)w(aa)ﬁ (3.113)

(3.114)
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With (a,b) given in terms of (x,ag), we see that all second-order transport coefficients in
the energy-momentum tensor, Eq.(3.103), in the charge current Eq.(3.104) and in the entropy
current, Eq.(3.105), can be expressed in terms of two free thermodynamic functions (x,ap).
With the identification of a; = x, one can non-trivially check that these second-order transport
coeflicients agree precisely with those we find in the non-dissipative second-order hydrodynamics
in the previous section once they are also expressed in terms of (aj, ag). The conditions A =0
and B = 0 correspond to the constraint C® = 0 and a linear combination of C9 = 0,
respectively. In the special case of conformal system, condition B = 0 follows from A = 0 and
conformality. This completes the proof that the ideal spin hydrodynamics is equivalent to the

non-dissipative second-order hydrodynamics by pseudo-gauge transformation.

3.2.5 Discussion

In this section, we introduce a novel power counting scheme for gradients of hydrodynamic
variables and discover nontrivial constraints on certain non-dissipative second-order transport
coefficients imposed by the second law of thermodynamics. We also show that the spin hydro-
dynamics and the conventional hydrodynamics with these second-order transport coefficients
are two equivalent descriptions of the same system related by pseudo-gauge transformation. In
a more concrete form, one can express the hydrodynamic variables in one description in terms
of those in the other description.

Furthermore, one can construct infinitely many equivalent spin hydrodynamics descriptions
for the same system by performing pseudo-gauge transformations using an arbitrary fraction

of the spin tensor, i.e., with X*¥ = ¢S where t # 1. This transformation changes the
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spin susceptibility x — (1 —¢)x = x(¢) in thermodynamic relations, while a;(t) 4+ x(t) remains
invariant. The other second-order transport coefficients are related to a;(t) by Eq.(3.91). The
conventional hydrodynamics is a special choice in this infinite family corresponding to ¢ = 1.
In general, the vorticity driven thermal Hall effect is given by Eq.(3.96) with x — a1 (¢) + x(t).

What meaning should one then assign to the spin density in a given spin hydrodynamics
description? Owur conclusion naturally suggests that the answer to this question cannot be
found within hydrodynamics itself. For example, a plasma may contain different microscopic
constituents carrying their own spins, and it is a matter of choice what to include in the
hydrodynamic description. All different choices are equivalent and describe the same system,
while the non-dissipative second-order transport coefficients corresponding to each choice are

related in the specific way we described.
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3.3 Summary

In the first part of this Chapter, in Sec.(3.1), we have formulated the ” Quantum kinetic”
description of the spin polarization of massive spin-1/2 quarks in the leading-log order of pQCD.
We obtain the time evolution equations of the spin density matrix in the momentum space of
a massive quark interacting with a homogeneous background QCD plasma. Our time evolu-
tion operator of spin density matrix or quantum kinetic collision terms are universally of order
a?log(1/as) in terms of the QCD coupling constant as = g%/ (4x). Our framework is applicable
to studying the relaxation dynamics of spin polarization of massive(by massive we mean that
quark mass m > my ~ ¢gT', where mp is the Debye screen mass) quark in the pQCD regime.
Our framework is constructed in the momentum space, which is equivalent to the other formu-
lation [38; 135] by Wigner’s transformation. Our Quantum kinetic framework can be further
improved by going beyond the homogeneity limit to include the spatial gradient and to consider
the spin coupling with the vorticity as well as the magnetic field in the collision integral. We
leave this for future work.

In the second part of this Chapter, in Sec.(3.2), we have considered the system that is not
far away from the uniform rotation of the fluid and formulated the non-dissipative second-order
hydrodynamics with certain non-trivial relations for the seven transport coefficients appearing
in the constitutive relations follow from non-negative entropy production. We also generalize
the hydrodynamics to take into account the spin variable. We demonstrate that the extension

of hydrodynamics by the spin variable is equivalent to this non-dissipative second-order con-
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ventional hydrodynamics. We also point out the arising of vorticity driven thermal hall effect

due to vorticity coupling with temperature gradient in the "no-drag” frame.
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3.A.1: A simplification by rotational symmetry

In this appendix, we show that the following integral is non-zero only when s = s’, and the

value doesn’t depend on s either,

Pp 1 V P
/(2753 55 20, )y u®’, ")][a(p, ") u(p, )]G (p — Ps ta)e (Ep=Eyta - (3.115)
P’ vz

when the gluon two-point function, G/, has a decomposition to longitudinal and transverse

parts in Coulomb gauge,

GM”(t7 q) = ,uO(SVOGL(ta Q) + HZZ,(Q)GT(t, Q) y 4= |q’ ) (3116)

where the only non-zero elements of Hf;,(q) is
5(q) = (0 —a'd’ /¢%), i,j=1,23. (3.117)

Let us first show this for the longitudinal case. From the explicit expressions for v* in
Eq.(3.14), and the spinor in Eq.(3.15) that we reproduce here

VEp—sp £s(p)

u(p, s) = : (3.118)

VEp+sp £s(p)
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we have (recall @ = —uf4?)

D@ a0 = u@ sl (0, 8")

11 1

S S

_ ¥ (Ey — ") ()€1 (0) mée (p')EL (0')
méy (P')EL () (Ey + "1 )ear (p))EL ()

Ey—p .o m

= : (3.119)
m Ep/ + p’ .o
where we use
1 L
o (P)EL () = Por(p') = 3 (1 + s”pp,> : (3.120)

Now, consider the p’ integral in Eq.(3.115), and introduce spherical coordinates (p’, 8’, ¢'), where
' is the azimuthal angle between p’ and p, and ¢’ is the polar angle around the perpendicular
plane to p. It is easy to see, due to rotational symmetry of other parts in the integrand around
¢', that only ¢’ dependence appears in the spinor sum Eq.(3.119), as transverse components of
p’ with respect to p. Since these transverse part of p’ will integrate to zero after ¢’ integration,
it is clear that p’ - o in Eq.(3.119) will be replaced by something proportional to p - o after ¢’
integration. Therefore, Eq.(3.115) becomes after p’ integration
A+ B(p-o) C

uT(p, s) u(p,s'), (3.121)
C A—-B(p-o)
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with some constants A, B,C. As u(p, s) x &(p) and (p - 0)&s(p) = spés(p), and §;r(p)§sf (p) =
ds,s7, we conclude that Eq.(3.115), that is Eq.(3.121), is non-zero only when s = s’. To show
that the value doesn’t depend on s = s’, we use the explicit spinor Eq.(3.118) to evaluate

Eq.(3.121) to obtain

(E, — sp)(A+ spB) + (E, + sp)(A — spB) + 2mC = 2(E,A — p*B +mC),  (3.122)

which is indeed independent of the choice of s.

The proof in the transverse case is more complicated, but the idea is the same.

- Zv yu(p', s")u(p', s" )11 (q)

g 0 " o/ 0
=2 (', s")ul(p', s") (0 —d'd)
s 0 _O_i 0 —oJ

ot 0 Ep,_p/.o- m o 0 i
_ (6 — d'd’)

0 _O.i m Ep/ —|—p/ e 0 —O']

2E, +2p' -0 —2i(G-o)((G xp) - 0o) —2m

—om 2Ey —2p' -0 +2i(G-0)((¢ xp')- o)

(3.123)
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Upon p’ integration, we again have p’ - ¢ become proportional to p - o, and recalling that

qg=p—p, we have

(G-0)(@xp)-0)=(4 0)(dxp) o) ="q¢pa"o’. (3.124)

Due to symmetry of ¢ and ¢ = p — p/, the ¢°G* part will become, after ¢ integration, a
linear combination of 6% and p’p*. Obviously, these two structures are the only possible rank-
2 structures with p, since the only available vector after p’ integration is p. The p'p* piece

doesn’t contribute to the above due to e/*'p!, while the §°* piece results in

lloicipl~p o, (3.125)

that is, the same p - o structure. Therefore, Eq.(3.123) becomes, after p’ integration in
Eq.(3.115),
A+ B'(p-o) C’
: (3.126)
C’ A —B'(p-o)
with constants A’, B’, C’, that is the same structure we obtain in the longitudinal polarization

case (see Eq.(3.121)), and hence the same conclusions follow.
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3.B.1 Field theory description of canonical energy momentum and angular momen-

tum tensor

In this appendix, we review the canonical construction of energy momentum and angular
momentum tensor. Even though the total angular momentum is conserved, there is always an
ambiguity in exact decomposition of it into the orbital and spin components. Let’s first recall
the convention as specified in Ref.[136]. For a free Dirac field whose Lagrangian density takes

form,
L = ¢(ihry"d, — m)y (3.127)

where including interactions can be easily generalized by 0,, — D, = 0, + ieA,,.

The canonical energy-momentum tensor is defined as,

v 0L O - y
TH = 9(0.0) dzy YihyH 0"y (3.128)

The Lagrangian is invariant under an infinitesimal rotation, z# — 2/# = z# + €/, 2", where
€, is an antisymmetric tensor and its magnitude is infinitesimally small. Correspondingly,

under this transformation, the spinor transforms as

W(@) = (@) = () — %eﬂvzww(x) (3.129)
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where ¥, = %[W, ~v]. The Noether current associated with Lorentz rotation symmetry gives

rise to total angular momentum tensor as,

Juya — LMVOt + S.U»Va (3.130)

where LF¥® is interpreted as the orbital angular momentum and it is due to the coordinate
part, and intrinsic spin S#*% is from the spinor part. We can express L**% in terms of canonical

energy momentum tensor,

LV — VTR oy &ih(’yuwyaa — 29" ) (3.131)

whereas spin tensor SH'“ takes form,

= 9(0,9) [_%EV%(@] = %WWHWQW. (3.132)

One could also start from a symmetrized Dirac Lagrangian, of course this will lead to a different
redefinition of spin tensor. Nevertheless, physical quantities shall be independent of the choice
of Lagrangian. In our choice the total angular momentum tensor becomes

_ 1
JE = iyt (2 8 — z*0¥ + Z[,YV’,YOC])@Z} (3.133)
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By using the Dirac equation one can easily check the following relation,
L™ = ih(v7 0% — 40" )p = —0, 5" (3.134)

Thus the conservation of total angular momentum follows manifestly 9,,J**“ = 0. In nonrela-
tivistic limit, L% and S%¢ correspond to orbital and the spin part, respectively. And we are

interested in S°Y or S¥ which is associated with nothing but axial current.

g B .
SOz] — Gljk§w7k75w _ ewkh%') (3135)

1 .. .
Sk = 56”’*380” (3.136)



CHAPTER 4

CONCLUSION AND OUTLOOK

4.1 Summary and outlook

I would like to summarize the dissertation in this chapter. I have applied the pQCD tech-
niques to study the properties of hot QCD matter created in HIC with realistic hydrodynamic
evolution under extreme conditions. Especially I am interested in studying the interplay be-
tween magnetic field/vorticity and QCD interactions, which lead to seven publications. Not
all of them are included in this thesis due to the space limit. Nevertheless, I would like to
summarize my main studies and to give some comments.

In the Chap. 2, Sec.(2.1), An effective kinetic theory of (1+1) dimensional LLL quarks
interacting with (3+1) dimensional gluons is presented. We applied this framework to study
the mass correction to the CME current in the presence of an extremely strong magnetic
field. It would be interesting to study the longitudinal electric conductivity in the intermediate
magnetic field in the future, which requires us to sum over higher Landau Level states. This
shall play an important role in studying the modeling of realistic hydrodynamic evolution of
QGP. And it can also help us with better understanding the backreaction from induced current
to electromagnetic field, determining a more realistic lifetime of the magnetic field created in

HIC, we leave this for future study.
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In the Chap. 2, Sec.(2.2), we identify the emerging of low energy effective hydrodynamics
in the presence of a weak magnetic field. We apply this framework to study another important
transport coefficient, shear viscosity, which describes the momentum diffusion of QGP. Our
framework can also be applied to study the bulk viscosity in the presence of the magnetic
field. It is known that bulk viscosity may become large while approaching the QCD phase
transition point[137](see [138; 139] too), this study would have important consequences for the
hydrodynamic evolution with fluctuations. It would also be interesting to see how the bulk
viscosity is modified in our framework and to find out its potential effect on the QCD phase
transition. We delay this study to the near future.

Understanding the spin polarization of hadrons in HIC is a very challenging task. I am very
happy that I can make some contributions towards understanding this topic. In the Chap. 3,
Sec.(3.1), we construct the quantum kinetic description of the spin polarization of massive spin-
1/2 quarks in the leading log of pQCD. This study is related to the recent observation of that
spin polarization of A baryon[36]. It is known that the spin of A baryon is mostly from strange
quarks. In order to have a better understanding the spin polarization of composite hadrons like
A baryon, and so on forth, it is kind of a prerequisite for us to first study the spin polarization
of massive strange quark. For simplicity, our framework is limited to spatial homogeneity, our
future plan intends to extend this framework by including the spatial gradients and taking into
account the vorticity and magnetic effects on the collision integral.

In Chap. 2, Sec.(3.2), using the second law of thermodynamics, we construct the non-

dissipative second-order hydrodynamics upon considering a regime that is close to the uniform
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rotation of the fluid. We further extend the hydrodynamics to include the spin degrees of free-
dom. Most importantly, we demonstrate that the two hydrodynamic frameworks are equivalent
to each other by the pseudo gauge transformation. A new vorticity-driven thermal hall effect is
identified in the "no-drag” frame. In the future, it would be interesting to extend our framework
to include the EM field too.

Last but not least, I also studied the relaxation times of anomalous transport coefficients
of strongly coupled plasma by applying the holography method. They are not presented in
the current thesis due to the space limit. In retrospect, those projects have provided me with
invaluable academic training on the techniques of gauge/gravity correspondence. And I look
forward to applying this method to studying other interesting physics in strongly correlated
systems.

There are certainly other interesting and important aspects that have not been addressed
in this dissertation. One challenge is to construct the collision terms for the massless chiral
fermions with the EM background. The side-jump phenomena shall play an important role
in this study. Other fields such as the topological insulator in condensed matter physics and
topology phase transition of QCD phase diagram attract a lot of my interest. Personally, I

would very much like to take them as interesting avenues for future study.
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