
Nuclear Structure Near Doubly Magic Nuclei

I n a u g u r a l d i s s e r t a t i o n

zur

Erlangung des akademischen Grades eines

Doktors der Naturwissenschaften (Dr. rer. nat.)

der

Mathematisch-Naturwissenschaftlichen Fakultät

der

Universität Greifswald

vorgelegt von

Lukas Nies

geboren am 17.07.1995

in Schotten, Hessen

24. Juli, 2023

C
ER

N
-T

H
ES

IS
-2

02
3-

29
6

15
/1

2/
20

23



Dekan: Prof. Dr. Gerald Kerth

1. Gutachter: Prof. Dr. Lutz Schweikhard

2. Gutachter: Prof. Dr. Michael Block

3. Gutachter: Prof. Dr. Georg Bollen

Tag der Disputation: 15. Dezember 2023



Contents

List of Figures III

Nomenclature VII

1 Introduction 1

2 Nuclear Structure 5
2.1 Nuclear Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.2 Observables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.2.1 Nuclear Binding Energies . . . . . . . . . . . . . . . . . . . . . . 8
2.2.2 Nuclear Moments, Isotope Shift and Hyperfine Structure . . . . . 13
2.2.3 Nuclear Deformation . . . . . . . . . . . . . . . . . . . . . . . . . 17

3 Production of Radioactive Ion Beams 19
3.1 Isotope Separator Online Device . . . . . . . . . . . . . . . . . . . . . . 20
3.2 Targets and Ion Sources . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

4 Experimental Methods 27
4.1 Mass Spectrometry With Trapped Ions . . . . . . . . . . . . . . . . . . . 27

4.1.1 Penning Trap Mass Spectrometry . . . . . . . . . . . . . . . . . . 28
Buffer gas cooling . . . . . . . . . . . . . . . . . . . . . . . . . . 29
Ion-cyclotron resonance techniques . . . . . . . . . . . . . . . . . 30

4.1.2 Multi-Reflection Time-of-Flight Mass Spectrometry . . . . . . . 33
4.2 The ISOLTRAP mass spectrometer at ISOLDE/CERN . . . . . . . . . 35
4.3 Technical Developments at ISOLTRAP . . . . . . . . . . . . . . . . . . 36

4.3.1 A new offline ion source . . . . . . . . . . . . . . . . . . . . . . . 37
4.3.2 MR-ToF MS Improvements . . . . . . . . . . . . . . . . . . . . . 38
4.3.3 MR-ToF MS data analysis . . . . . . . . . . . . . . . . . . . . . . 40

4.4 Laser Spectroscopy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
4.4.1 Collinear Laser Spectroscopy . . . . . . . . . . . . . . . . . . . . 42
4.4.2 Resonance Ionization Spectroscopy . . . . . . . . . . . . . . . . . 43

5 Conclusion and outlook 47

6 Bibliography 49

7 Cumulative thesis articles 73
7.1 Author contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
7.2 Charge radii, moments, and masses of mercury isotopes across the

N = 126 shell closure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
7.3 Isomeric excitation energy for 99Inm from mass spectrometry reveals

constant trend next to doubly magic 100Sn . . . . . . . . . . . . . . . . . 95
7.4 Further evidence for shape coexistence in 79Znm near doubly-magic 78Ni 105

I



Contents

8 Eigenständigkeitserklärung 115

9 Peer-reviewed publications 117

10 Acknowledgments 119

A Appendix 121
A.1 Note on the atomic mass unit . . . . . . . . . . . . . . . . . . . . . . . . 121

II



List of Figures

1.1 Chart of nuclides . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

2.1 Valence space for 79Zn calculations . . . . . . . . . . . . . . . . . . . . . 7
2.2 Binding energy per nucleon for the stable nuclei . . . . . . . . . . . . . 10
2.3 Binding energies for elements with magic proton number . . . . . . . . 11
2.4 Mass filter comparison . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.5 Hyperfine structure transitions in 203Hg . . . . . . . . . . . . . . . . . . 16
2.6 Visualization of the Hill-Wheeler coordinate space for quadrupole defor-

mation with associated shapes . . . . . . . . . . . . . . . . . . . . . . . . 18

3.1 Nuclear reactions for ISOL RIB production . . . . . . . . . . . . . . . . 20
3.2 Schematic of ISOLDE facility . . . . . . . . . . . . . . . . . . . . . . . . 21
3.3 Yields at ISOLDE for the 100Sn region . . . . . . . . . . . . . . . . . . . 24
3.4 Release of zinc from an UCx target . . . . . . . . . . . . . . . . . . . . . 25

4.1 3D Motion of a trapped charged particle in a Penning trap . . . . . . . 29
4.2 Time-of-flight ion-cyclotron resonance spectra for 206Hg and 207Hg . . . 31
4.3 Ion spots on the position-sensitive detector after ejection from the Penning

trap for different measurement steps . . . . . . . . . . . . . . . . . . . . 32
4.4 Multi-Reflection Time-of-Flight Mass Spectrometer of ISOLTRAP . . . 34
4.5 ISOLTRAP mass spectrometer as of 2021 . . . . . . . . . . . . . . . . . 35
4.6 Annotated CAD drawing of the combined surface and laser-ablation ion

source . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
4.7 Time-of-Flight spectrum of laser-ablated carbon cluster ions . . . . . . . 38
4.8 Relative voltage deviation for the MR-ToF MS mirror voltage stabilization 39
4.9 Mains power phase dependence of the ion time-of-flight . . . . . . . . . 39
4.10 Time-of-Flight correction of data for the m/q = 99 isobaric beam from

experiment IS661 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
4.11 Multi-component probability density function to fit asymmetric peak

shape of the ToF spectra . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
4.12 Schematic of the experimental setups for the in-source resonance ionization

spectroscopy of rare mercury isotopes . . . . . . . . . . . . . . . . . . . 44

5.1 Follow-up mass measurements at ISOLTRAP . . . . . . . . . . . . . . . 48

A.1 Relations of the base units with physical constants in the 2018 redefinition
of the SI units . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

III





Nomenclature

Acronyms

AME . . . . . . . . . . . atmoic mass evaluation

CEC . . . . . . . . . . . . charge exchange cell

CERN . . . . . . . . . . European Organization for Nuclear Research

CLS . . . . . . . . . . . . collinear laser spectroscopy

DFT . . . . . . . . . . . . density functional theory

EBIS . . . . . . . . . . . electron beam ion source

FEBIAD . . . . . . . . forced electron beam induced arc discharge

FT-ICR . . . . . . . . Fourier-transform ion-cyclotron-resonance

FWHM . . . . . . . . . full width at half maximum

GPS . . . . . . . . . . . . general purpose separator

HRS . . . . . . . . . . . . high resolution separator

IGISOL . . . . . . . . . ion guide isotope separator online

ISOL . . . . . . . . . . . isotope separator online

LAIS . . . . . . . . . . . laser-ablation ion source

MCP . . . . . . . . . . . multichannel plate

MCSM . . . . . . . . . Monte-Carlo shell model

MR-ToF MS . . . . multi-reflection time-of-flight mass spectrometer

PI-ICR . . . . . . . . . phase-imaging ion-cyclotron-resonance

PI-LIST . . . . . . . . perpendicularly-illuminated laser ion source trap

PSB . . . . . . . . . . . . proton synchrotron booster

PTMS . . . . . . . . . . Penning trap mass spectrometry

RF . . . . . . . . . . . . . radio frequency

RFQ-cb . . . . . . . . . radiofrequency quadrupole cooler-buncher

V



Nomenclature

RIB . . . . . . . . . . . . radioactive ion beam

RILIS . . . . . . . . . . resonant laser ionization ion source

RIS . . . . . . . . . . . . . resonance ionization spectroscopy

SM . . . . . . . . . . . . . shell model

TDC . . . . . . . . . . . time-to-digital converter

VADIS . . . . . . . . . versatile arc discharge ion source

VS-IMSRG . . . . . valence space in-medium similarity renormalization group

Symbols

∆m . . . . . . . . . . . . . mass difference

δm . . . . . . . . . . . . . mass defect

∆t . . . . . . . . . . . . . . temporal width of an ion bunch

δνAA′ . . . . . . . . . . . isotopic shift

∆Ref . . . . . . . . . . . . difference of square roots of reference masses

λ . . . . . . . . . . . . . . . photon wavelength

⟨r2
c ⟩ . . . . . . . . . . . . . root mean square charge radius

µ . . . . . . . . . . . . . . . magnetic dipole moment

ν+ . . . . . . . . . . . . . . reduced cyclotron frequency of a trapped ion

ν− . . . . . . . . . . . . . . magnetron frequency of a trapped ion

νc . . . . . . . . . . . . . . cyclotron frequency of a trapped ion

νz . . . . . . . . . . . . . . axial frequency of a trapped ion

ΣRef . . . . . . . . . . . . sum of square roots of reference masses

A . . . . . . . . . . . . . . . mass number

Be . . . . . . . . . . . . . . electron binding energy

CTOF . . . . . . . . . . . experimental observable for two-reference MR-ToF mass measure-
ments

E . . . . . . . . . . . . . . . nuclear binding energy

Ekin . . . . . . . . . . . . kinetic energy

I . . . . . . . . . . . . . . . isospin quantum number

VI



Nomenclature

l . . . . . . . . . . . . . . . . anugular momentum quantum number

m . . . . . . . . . . . . . . mass

MA . . . . . . . . . . . . . atomic mass

mref . . . . . . . . . . . . reference mass

N . . . . . . . . . . . . . . neutron number

n . . . . . . . . . . . . . . . major quantum number

Q . . . . . . . . . . . . . . . electric quadrupole moment

q . . . . . . . . . . . . . . . ion charge

R . . . . . . . . . . . . . . . mass resolving power

s . . . . . . . . . . . . . . . spin quantum number

S2n,p . . . . . . . . . . . . two-neutron, proton separation energy

Sn,p . . . . . . . . . . . . . single-neutron, proton separation energy

t . . . . . . . . . . . . . . . . flight time

v . . . . . . . . . . . . . . . velocity

Z . . . . . . . . . . . . . . . proton number

VII





1 Introduction

Research into nuclear physics has enjoyed a long and rich history since the earliest
experiments began investigating atomic constituents. The discovery of the atomic nucleus
in the early 20th century has started a complex field of research that has undergone
many transformations with the advancements of modern technology. Today, atomic
nuclei are not only studied to advance our understanding of the strong force but also to
gain more information on the synthesis of elements in the universe, to exploit nuclear
decay to investigate the weak interaction, and to search for physics beyond the standard
model.

In this work, we will study the strong force in atomic nuclei, i.e. the way nucleons
(protons and neutrons) arrange themselves in a many-body system governed by the
repulsive Coulomb interaction and the attractive strong interaction. Figure 1.1 shows
the nuclear chart of all observed nuclear isotopes, which are atoms consisting of nuclei
with the same proton number Z (same chemical element) but different neutron number
N . For heavier nuclei, starting after N = Z = 20, all stable nuclei show an excess
in neutrons with respect to their protons. This is caused by the long-range repulsive
Coulomb interaction between the protons, which requires an even larger amount of
neutrons for compensation by the short-range attractive strong interaction, leading to
an imbalance between neutron and proton numbers.

In particular, we will focus on nuclear structure near nuclei with a “magic number” of
Z protons and N neutrons, so-called doubly-magic nuclei, exhibiting a particularly stable
configuration with respect to neighboring nuclei [1]. Within the nuclear shell model,
similar to the atomic shells, the magic numbers indicate shell closures accompanied
by energy gaps. Nuclei at double-shell closures and their direct vicinity provide an
important playground to benchmark nuclear theories and models that aim to predict
the intricate interplay of the nucleons that lead to enhanced nuclear binding energies,
significant changes in charge radii and transition strengths, etc. Of particular interest
are nuclear isomers, long-lived excited states, in which the nucleon configuration with
respect to its ground state is altered, resulting in a modification of their properties
despite having the same number of protons and neutrons.

The first section of Chapter 2 will provide a brief overview of some of the many
different nuclear models that have been developed over the decades, comparing empirical
models, such as the liquid drop model, the Fermi gas model, and the shell model,
to energy density functional theory and ab initio approaches. In the second section
of Chapter 2, nuclear observables are introduced, for brevity limited to ground state
properties, namely nuclear binding energies, electromagnetic moments, charge radii, and
nuclear deformation.

Many of the doubly-magic nuclei are stable or exhibit a very long half-life, such as 4
2He2,

16
8 O8, 40

20Ca20, 48
20Ca28, and 208

82 Pb126. Other nuclei that are predicted to be doubly-magic,
such as 56

28Ni28, 78
28Ni50, 100

50 Sn50, and 132
50 Sn82, have to be produced artificially, as they are
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Figure 1.1: Chart of nuclides. The colored boxes represent measured masses with
the color code depicting the measurement uncertainty. The open boxes represent
extrapolated values. The data is taken from [2]. The figure was generated using code
from [3].

radioactive with half-lives ranging from days to milliseconds. Chapter 3 will give a short
introduction to the production of radioactive isotopes with a focus on accelerator-based
techniques using a high-energy, high-intensity proton beam on a thick target, producing
radioactive reaction products through nuclear fission, spallation, and fragmentation.
Different target and ion-source types are discussed in this context, and the radioactive
ion beam facility ISOLDE at CERN, Switzerland, is introduced.

Different experimental methods at facilities like ISOLDE are employed to extract
nuclear observables of radioactive isotopes. Binding energies can be deduced from the
atomic mass using high-precision mass spectrometers that measure masses of charged
radioisotopes using ion-trapping techniques. To measure electromagnetic moments and
relative charge radii, the atomic hyperfine structure is probed using laser spectroscopy on
the atomic shell of the radioisotope. These two methods will be explained in Chapter 4
followed by a short description of technical improvements on the ISOLTRAP mass
spectrometer at ISOLDE/CERN.

Chapter 5 will provide a brief overview of binding energy measurements that were not
included in this thesis and which are yet to be published, as well as future measurements
and technical improvements. The introductory part of this cumulative thesis is concluded
with the bibliography in Chapter 6.

The main part of this work consists of three publications, reprinted in Chapter 7,

2



which report on nuclear structure investigations through mass measurements and laser
spectroscopy near the doubly magic nuclei 78

28Ni50, 100
50 Sn50, and 208

82 Pb126. The nuclides
investigated in this work include neutron-deficient indium isotopes, neutron-rich zinc
isotopes, and neutron-rich mercury isotopes. In Fig. 1.1, masses measured with the
ISOLTRAP setup since the end of the CERN Long Shutdown in 2021 are highlighted,
also including the aforementioned isotopes. The predicted and confirmed doubly-magic
nuclei are indicated through the intersecting black lines.

Near doubly-magic 208
82 Pb126, the mercury chain with Z = 80 offers insight into the

behavior of nuclei located just two protons away from the Z = 82 shell closure. On the
neutron-deficient side, a unique and localized odd-even staggering in charge radii was
found, resulting from monopole and quadrupole interactions [4], while on the neutron-
rich side, a kink in charge radius at N = 126 was observed [5]. Article I reports on
a laser spectroscopy experiment that followed up investigating this kink, combined
with high-precision mass measurements. The measurements are compared to covariant
density functional theory, illuminating the influence of the occupancy of neutrons in
certain orbitals and their energies.

The experimental campaign around Article II was motivated by high-precision
mass measurements of neutron-deficient indium isotopes with Z = 49 close to doubly-
magic 100

50 Sn50, reported in [6]. The mass measurements of 99−101In in this predecessor
experiment could indirectly reduce the mass uncertainty on 100Sn through its Qβ-value to
100In and was able to compare the results with ab initio calculations, that were performed
for the first time for an odd-Z isotopic chain close to 100Sn. In the proposed follow-up
campaign, ISOLDE experiment IS661 [7], the 1/2− isomeric states in 99,101In were
measured precisely, the results of which are reported in Article II. Only one proton
away from 100Sn, the two long-lived states in 99

49In50 are particularly interesting as their
excitation-energy difference directly reflects single proton-hole states in 100Sn itself. The
experimental results for the nuclear binding energies in combination with electromagnetic
moments from literature are compared to large-scale shell model, DFT, and ab initio
calculations and reflect a major benchmark of these state-of-the-art calculations.

Being located close to doubly-magic 78
28Ni50, isotones (nuclei with the same neutron

number) with N = 49 have been of great interest for the study of intruder configurations
(nucleon configuration for which one or more nucleons are excited across a large shell
gap, often found near magic nuclei). Shape coexistence (spherical and deformed states
at similar excitation energies) has been observed near doubly-magic nuclei and was
investigated in the vicinity of 78Ni. While some experiments could find an indication of
shape coexistence [8], other experiments yielded contradicting results [9]. A significantly
larger charge radius within the 5/2+ isomer with respect to its ground state was
found in 79

30Zn49 [10], but could not unambiguously be attributed to a deformed state.
For Article III, different high-precision mass-measurement techniques were applied
independently at two radioactive ion beam facilities. Penning-trap mass spectrometry was
performed in Jyväskylä, Finland, while multi-reflection time-of-flight mass spectrometry
was used at ISOLDE/CERN to measure the excitation energy of this state. Using
large-scale shell model calculations, binding energies, charge radii, and the deformation
of the ground and isomeric states were assessed and compared to the experimental
findings.
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2 Nuclear Structure

The theoretical description of the atomic nucleus as a complex many-body system made
of a few to some hundreds of nucleons has been a great challenge since its discovery
by Ernest Rutherford in 1911 [11]. Over the last decades, many models have emerged
that try to explain observables such as nuclear decay, binding energies, charge radii,
nuclear electromagnetic moments, etc. Of particular interest are features of the nuclear
landscape that seem to appear near certain “magic” numbers of nucleons. In this chapter,
a range of nuclear models and observables, as well as a discussion of the emergence and
disappearance of magic numbers and the role of doubly-magic nuclei will be presented.

2.1 Nuclear Models

After discovering the atomic nucleus and Rutherford’s identification of hydrogen nuclei as
protons in 1920 [12], it was suggested that the total amount of charged constituents in a
nucleus only accounts for roughly half of its atomic mass [13]. With the discovery of the
neutron in 1932 [14], the building blocks of the atomic nucleus consisting of A nucleons
(Z protons and N neutrons) was quickly developed. One of the first models describing
the nucleus was the liquid drop model developed by George Gamow [15] and was
used by Carl Friedrick von Weizsäcker to approximate a semi-empirical formula [16] for
calculating the nuclear binding energy (see Section 2.2.1). This model describes the
nucleus as a drop of incompressible nuclear fluid of protons and neutrons, held together
by the strong interaction.

Within the Fermi-gas model [17], the protons and neutrons are treated as two
separate, non-interacting systems of Fermions (particles with half-integer spin). The
free-moving Fermions move in a common, constant potential inside the nuclear volume
V and they obey the Pauli principle [18], which excludes two or more particles with the
same quantum number from occupying the same quantum state. The potential depths
between the neutrons and protons are different, as the Coulomb repulsion of the protons
leads to an overall decrease in their binding strength.

One of the most successful models yet to describe nuclear structure is the nuclear
shell model, developed independently in the 1940s by Eugene Paul Wigner and Maria
Goeppert-Mayer as an alternative to the liquid drop model, earning them a share in the
1963 Nobel prize in physics [19]. Within this model, the nucleons populate energy levels
obeying the Pauli principle and move within a common mean field U(i) generated by all
A nucleons. The dynamics of the A nucleons can be described through the Schrödinger
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2 Nuclear Structure

equation

ĤΨ(1, ...A) = EΨ(1, ...A) (2.1)

Ĥ =
A∑

i=1

[
− ℏ2

2m∆i + U(i)
]

+
A∑

i<j=1
W (i, j) −

A∑
i=1

U(i) = Ĥ0 + V̂ (2.2)

where Ψ is the nuclear wave function and Ĥ is the Hamiltonian with

Ĥ0 =
A∑

i=1

[
− ℏ2

2m∆i + U(i)
]

≡
A∑

i=1
ĥ(i) (2.3)

containing two-body interactions W (i, j), the mean-field U(i) and the residual interaction
Ṽ . The mean field U(i) is chosen to minimize the total energy, while the solutions for
ĥ(i) are used to construct a basis for Ṽ . The single-particle wave functions ψ(i), which
make up the nuclear wave function Ψ, can be separated into a spherical part Y m

l (θ, ϕ)
and a radial part Rnl(r).

Similar to the atomic shell described in Section 2.2.2, spin and momentum quan-
tum numbers are assigned to the wave functions: the principle quantum number n,
the angular momentum quantum number l (0 ≤ l ≤ n− 1, l is denoted using letters
where l = s, p, d, f, g, h, · · · = 0, 1, 2, 3, 4, 5, . . . ), and the magnetic quantum number m
(−l ≤ m ≤ +l). A quantum state at nl can accommodate 2(2l + 1) different nucleons,
where (2l + 1) is the number of possible configurations for m, multiplied by a factor 2
for the two different spin states. For atomic shells, Hund’s rule dictates how they are
filled with electrons (first, nl sub-shells are filled with electrons of a certain spin, after
which electrons with opposite spin are added). Due to the net attractive force between
the nucleons caused by the strong interaction, this does not apply to atomic nuclei.

The choice of potential U(i) dictates the efficiency of solving the many-body problem
of the Schrödinger equation. For light nuclei, the harmonic oscillator U(r) = mω2r2/2
Ansatz can be analytically solved through diagonalization and normalization, resulting
in the eigenvalues for the energy levels. In heavier nuclei, this approach is no longer
valid; centrifugal forces l · l and spin-orbit interactions s · l modify the harmonic oscillator
potential. The quantum number for the total angular momentum j is introduced, which
can assume values for l−1/2 ≤ j ≤ l+1/2. The nl state now degenerates into sub-states
nlj described by the total angular momentum, where the number of nucleons per state is
given by 2j + 1. Large energy gaps between certain shells and sub-shells give rise to the
magic proton and neutron numbers 2, 8, 20, 50, 82, 126. Another quantum number, the
nuclear spin I, is assigned to the nucleons to distinguish between protons and neutrons.

To solve the Schrödinger equation of Eq. (2.2), the single-particle wavefunctions
are used to construct a basis to diagonalize the Hamiltonian. Common bases are the
m-scheme base built from Slater determinants, normalized and symmetrized products
of A single-particle wave functions occupying A different states, and the J(T )-coupled
base, which is constructed from a linear combination of antisymmetrized and normalized
products of single-particle wave functions to yield good angular momenta J and isospin
T . A more recent development, used in Article III, is utilizing a non-orthogonal basis
in combination with beyond-mean field techniques [20].
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2.1 Nuclear Models

60Ca
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Figure 2.1: Valence space for the
79Zn calculations of Article III. In this
work, it was found that the neutron 2s1/2
level falls below the neutron 1d5/2 in
79Zn.

Fig. 2.1 shows the PFSDG-U valence space [21] used in Article III for the shell-
model calculations. An inert 60

20Ca40 core was used for these, while the valence space
was spanned using the proton pf and neutron sdg shells. This approach was chosen to
cope with the problem of large dimensions. In the traditional m-scheme, the dimension
d of the valence space can be estimated as the number of possible proton and neutron
configurations using the product of the two binomial coefficients

(Σπ

Z

)
and

(Σν

N

)
, where

Σπ and Σν are the numbers of available proton and neutron states in the valence space.
The proton πf shell (l = 3), for example, can accommodate 2(2 × 3 + 1) = 14 protons,
split into the πf5/2 (6 protons) and the πf7/2 (8 protons) sub-shells, while πp can
accommodate 6 protons.

In a simplified model, 79
30Zn49 is described with a full πf7/2 shell and two protons in

the πp3/2 shell, while the neutron νg9/2 shell has two neutron holes and one neutron in
the νs1/2 shell. For the PFSDG-U space, this would result in a valence space dimension
of d =

(20
10

)(30
9

)
≈ 2.6 × 1012. More accurately, the shell-model calculations yield partial

occupancies for the different sub-shells, providing an average number of nucleons per sub-
shell. Withing the calculations of Article III (Tab. II) it was found that, on average,
about 8.5 neutrons occupy the νg9/2, while the residual 0.5 neutrons are distributed
over the other four sub-shells of the neutron valence space.

Another way to handle large dimensions d is the Monte-Carlo Shell Model, in
which the implementation of an auxiliary field reduces the two-particle Hamiltonian to
a form of one-particle fields, after which a sub-set of random basis states are selected
until energy convergence is reached [22].

A different approach to solving the Hamiltonian is the Energy Density Functional
Theory (DFT), which maps the many-body problem onto a one-body problem based
on the Hohenberg-Kohn theorem. This states that a many-body system’s ground state
density ρ(r) determines its ground state energy [23]. Here the Hamiltonian is expressed
in terms of kinetic energy, the sum of external potentials, and the nucleon-nucleon
interaction. The expectation value of the energy is split into the ground state density
with external potential and into a functional, which is independent of the external
potential. The ground-state energy is calculated by minimizing the energy expectation

7



2 Nuclear Structure

value with respect to the density.
Early functionals within the Hartree-Fock framework were developed by T. Skyrme [24],

which are based on effective interactions with two- and three-body forces being expanded
at short ranges using a number of effective parameters that are adjusted to experimental
observables such as binding energies and nuclear radii. Further work was done by D.
Gogny and colleagues [25] by expanding to finite-range two-body interactions, also
including pairing interactions by introducing quasi-particles to retain the single-particle
description of the Hartree-Fock-Bogolyubov method [26].

The need to describe effects that go beyond single-particle-single-hole excitations was
accommodated by using methods such as the particle vibration coupling [27] or the
generator coordinate method [28]. The latter was used in Article III to find a different
basis for diagonalizing the Hamiltonian within the Discrete Non-Orthogonal Shell Model
method [20].

Enabled through advancements in computational power, ab initio methods have
gained much attention in the last decade. In this approach, nuclear properties are
deduced from first principles: the Hamiltonian is diagonalized in the full model space
(no inert core) and is expanded until the results converge. Furthermore, the effective
interactions are directly derived from realistic nucleon-nucleon scattering experiments,
as well as from the properties of bound two- and three-particle states, e.g. 2H and
3He. The specific method used in Article II to deduce binding energies of ground
and isomeric states in neutron-deficient odd-even indium isotopes is the Valence Space
In-Medium Similarity Renormalization Group (VS-IMSRG) method [29]. A generic
many-body Hamiltonian is diagonalized by using a unitary transformation with unitary
operator U †(s) and flow parameter s. The Hamiltonian is renormalized by splitting
into diagonal and off-diagonal elements. Higher order operators of the SRG are evolved
in-medium using only the realistic two and three body interactions. Effective interactions
generated in this way are used in a valence space to calculate ground-state properties
and excited states of closed-shell and open-shell nuclei. For the presented article, the
1.8/2.0(EM) [30,31] and ∆NNLOGO [32] effective interactions were benchmarked against
the reported experimental results.

2.2 Observables
2.2.1 Nuclear Binding Energies
During the process of establishing the proton and neutron as constituents of the atomic
nuclei and the advent of ever more precise mass spectrographs, it was found that the
“whole number rule”, attributing mass to atoms as multiple integers of the hydrogen
mass, was not applicable [33]. This so-called “mass defect”

δm = Zmp +Nmn −MN (Z,N) = −E(Z,N)/c2 (2.4)

where c is the speed of light in vacuum, and the nuclear mass MN (Z,N) is smaller than
the sum of its constituents, i.e. Z proton masses mp and N neutron masses mn. This
mass defect is equivalent to the binding energy E(Z,N) (carrying a minus sign as the
binding energy itself is a negative quantity) using Einstein’s relativistic mass-energy
equivalence principle E = mc2 and is used to test its validity directly [34].
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The atomic mass MA(Z,N) of a neutral atom can be calculated from the nuclear
mass

MN (Z,N) = MA(Z,N) − Zme +Be(Z) (2.5)

using the well-known electron mass me [35] and the electron binding energy Be(Z).
As described at the beginning of Section 2.1, the semi-empirical mass formula can be

used to estimate the nuclear binding energy E(Z,N). First proposed based on the liquid
drop model by Bethe and Weizsäcker [16,36], the formula consists of several components
and can be written as [37]:

−E(Z,N) = aV A− asA
2/3 − aC

(Z − 1)Z
A1/3 − asym

(N − Z)2

A
− δA−1/2, (2.6)

where aV (≈ 16 MeV)A is the volume including the short-range strong interaction for
nucleons interacting with the nearest neighbor; as(≈ 20 MeV)A2/3 is the surface term
which is negative as the nucleons at the surface have fewer neighbors to interact with;
aC(≈ 0.75 MeV) (Z−1)Z

A1/3 is the Coulomb term which is negative as the Coulomb force
is repulsive between protons; asym(≈ 21 MeV) (N−Z)2

A is the asymmetry term which
is negative as the Pauli exclusion principle forbids two Fermions (e.g. protons and
neutrons) to be in the same quantum state; and δA−1/2 is the pairing term that describes
the pairing energy between two like nucleons with δ = −11.2 MeV (even-even nuclei),
δ = 0 MeV (odd-even nuclei), and δ = 11.2 MeV (odd-odd nuclei). In practice, the
atomic mass is conveniently given as a mass-excess

ME(Z,N) = M(Z,N) − (Z +N)u, (2.7)

where u is the unified atomic mass unit, equivalent to one Dalton Da and “1/12 of the
mass of a free carbon 12 atom, at rest and in its ground state” [38]1, thus defining
carbon-12 as the absolute atomic mass reference.

Historically, the nuclear binding energy per nucleon

E(N,Z)/A = [ZMA(1H) +Nmn −MA(N,Z)]/A (2.8)
= [ME(N,Z) − Z ·ME(1H) −N ·ME(n)]/A (2.9)

has been used to highlight the binding energy trend along stable nuclei up to Uranium [39].
From Fig. 2.2, it can be seen that the maximum binding energy per nucleon is reached
close to 56Fe. The fusion of lighter nuclei releases some of the binding energy, enabling
nuclear fusion processes. Similarly, the fission of heavier nuclei releases binding energy
as well.

The nuclear binding energy, as the lowest Eigenvalue of the Hamiltonian, is usually
the quantity determined by theoretical calculations. As these calculations are complex
many-body problems, perfectly accurate results are rare and not achieved on large parts
of the nuclear chart. Instead, the binding energies of neighboring and next-to-neighboring
nuclei in isotopic (same Z) and isotonic (same N) chains are compared.

1For a note on fundamental constants and the atomic mass unit see Appendix A.
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Binding energy differences, so-called empirical mass filters, are calculated to highlight
microscopic and macroscopic nuclear properties. Proton (neutron) separation energies
are used to estimate single-particle energies. The simplest, the single-nucleon separation
energy

Sp(N,Z) = E(Z − 1, N) − E(Z,N) (2.10)
Sn(N,Z) = E(Z,N − 1) − E(Z,N), (2.11)

is used to directly compare neighboring nuclei and the effect of removing one nucleon
from the nucleus. This quantity is plotted for different isotopic chains of elements with
magic proton numbers Fig. 2.3 (second panel), compared to their total binding energy
Fig. 2.3 (first panel). While the absolute value of the total binding energy gradually
increases with the number of nucleons in the nucleus on the scale of several tens to
hundreds of MeV over the isotopic chain, significant variations in the order of few
MeV become visible when applying the Sn filter. This odd-even staggering is a direct
consequence of nucleon-pairing. Sudden drops indicate the completion of a shell and
the beginning of a new shell, highlighting the main shell closures at the well-established
magic numbers.

To bring more subtle effects to the fore and to avoid mixing single-particle and pairing
effects, the so-called two-nucleon separation energy

S2p(N,Z) = E(Z − 2, N) − E(N,Z) (2.12)
S2n(N,Z) = E(Z,N − 2) − E(Z,N) (2.13)

is used. The third panel in Fig. 2.3 shows this quantity, and the sudden changes are
much more visible. Approaching a magical number N0, the variation in S2n is very flat.
Crossing into the new shell, it takes two more neutrons to reach a more flat evolution
again. To investigate the strength of these drops, the evolution of the changes in S2p
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Figure 2.3: Binding energies for elements with magic proton number using data
from the AME2020 [2]. First panel: total binding energy. Second panel: neutron
separation energy. Third panel: Two-neutron separation energy. Fourth panel: evolution
of two-neutron separation energy differences.

and S2n can be written as

dS2p(Z,N) = S2p(Z,N) − S2p(Z + 2, N)
= E(Z − 2, N) − 2E(Z,N) + E(Z + 2, N) (2.14)

dS2n(Z,N) = S2n(Z,N) − S2n(Z,N + 2)
= E(Z,N − 2) − 2E(Z,N) + E(Z,N + 2). (2.15)

This filter visualizes the smallest changes from linearity and gives great insight into
nuclear structures far from stability. As shown in the fourth panel in Fig. 2.3, the
rare n-rich oxygen isotopes near the drip line indicate the existence of an additional
shell closure at N = 16, supported by neutron knock-out studies [40, 41] and mass
measurements and proton knock-out studies of n-rich calcium isotopes have confirmed a
shell closure at N = 32 [42–44]. A similar indication from mass measurements around
N = 40 could only be confirmed for Z = 28 in the nickel chain [45, 46], but was not
observed in changes in the mean square charge radii measurements [47]. The small
bump at N = 64 for the tin isotopic chain is expected to be caused by a weak sub-shell
closure [1].

Other features besides (sub-)shell closures can also be found employing the S2n filter.
Figure 2.4(a) shows the S2n values compiled for all known masses evaluated in the
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Figure 2.4: Mass filter comparison.

AME2020 [2]. Local minima and maxima (valleys and ridges) are clearly visible around
neutron numbers N ≈ 60 and N ≈ 90 for elements that are located roughly halfway
between magic proton numbers. These islands of deformation are caused by collective
effects, such as nucleon excitations and shape coexistence [48], as well as shape-phase
transitions [49] that lead to modifications in binding energies and result in deviations
from the otherwise linear trends. Isotopes with A ≈ 100 in the N ≈ 60 region have been
intensely studied, including 36Kr [50], 37Rb [51], 38Sr [52], 39Y [53], 40Zr [54], 41Nb [55],
with 96

36Kr96 being identified as the low-Z boundary [56]. Similarly, 148
58 Ce90 was identified
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as the low-Z boundary [57] for a region of shape phase transition around N ≈ 90 [58,59].
A thorough analysis of the single- and two-nucleon separation energies and their

implications on nuclear structure can be found in [60].
Moving away from single- and two-particle energy estimators, the so-called δVpn

mass-filter provides empirical information about the average proton-neutron interaction
for the (Z − 1, Z) protons with the (N − 1, N) neutrons [61]. Defined for even-even
nuclei as

δVpn(Z,N) =1
4 [E(Z,N) + E(Z − 2, N − 2)

−E(Z,N − 2) − E(Z − 2, N)] , (2.16)

this and similar filters were discussed extensively on a global scale, including a large
variety of isotopic chains [62–64]. Near doubly magic nuclides, this filter plays an
important role in investigating residual interactions across the shell gaps.

An important δVpn value was added to the chart after the first direct mass measurement
of 208Hg by Chen et al. [65], which was the last of four required masses to calculate
the 210Pb δVpn value. It highlights the interaction between the two neutrons above
the gap and the last two protons in the Z = 50 − 82 valence space. In Figure 2.4(b)
the improved value from the mass measurement of Article I to the δVpn value for
210Pb is compared with the Chen et al. measurement used in the AME2020 evaluation.
Following the argumentation of Chen et al., the trend of δVpn for different isotopic
chains close to doubly magic nuclei can be explained by the degree of spatial overlap
of the proton on neutron orbits. For N ≤ 126 and Z > 82, e.g. 84Po and 86Rn, the
last two protons populate low n-high j orbits in a new shell while the corresponding
neutrons populate high n-low j orbits. This results in poor overlapping of orbits and
a small pn-interaction. Transiting to N > 126, however, neutrons also occupy high-j
orbits, suddenly increasing the interaction strength. For Z ≤ 82, e.g. 78Pt, 80Hg and
82Pb, the opposite behavior can be observed. When N ≤ 126, the two last protons
and neutrons populate low j-high n orbits with high overlap, thus resulting in a strong
proton-neutron interaction. Adding two neutrons to the new shell above N = 126, the
overlap of the protons and neutrons suddenly decreases, as demonstrated by Chen et al.
and independently confirmed in this work. The δVpn value for 210Pb is an important
validation for our understanding of the pn-interaction strength across the N = 126 shell
gap since no other value for N > 126 and Z ≤ 82 will be provided in the near future
due to the challenges of producing the isotopes needed for computing the value.

2.2.2 Nuclear Moments, Isotope Shift and Hyperfine Structure
Apart from the mass of a nucleus, electromagnetic properties are of great interest in
the study of nuclear structure. Like the extraction of nuclear binding energies through
atomic mass measurements, the atom carries information about nuclear electromagnetic
properties. The interaction of the orbiting electrons with spin angular s and orbital
angular momentum l leads to the fine structure splitting of the electron orbit nl into
the fine structure electron configuration nlJ , where n is the major quantum number,
and J is the total angular momentum with values |l − s| ≤ J ≤ |l + s| in integer steps.
The interaction between the nuclear spin I and the electron angular momentum J leads

13



2 Nuclear Structure

to further degeneration of the atomic states, the so-called hyperfine structure. Each fine
structure state splits into different hyper-fine levels with a total angular momentum F
and a range of |I − J | ≤ F ≤ |I + J |.

Due to the finite size of the nucleus, the electronic wave functions have a non-zero
probability of overlapping with the nucleus itself, which leads to a slight shift of the
atomic levels with respect to the calculation of a point charge. This furthermore leads
to energy differences in isotopes of the same element, the so-called isotopic shift

δνAA′ = νA′ − νA, (2.17)

where νA is the transition energy for the considered level in an isotope with mass number
A and another with mass number A′.

The isotope shift has two different contributions. The field shift results from the
change in nuclear charge radius between isotopes. The finite size of the nucleus results
in a more shallow potential as compared to the pure Coulomb potential of a point-like
charge. The electrons with an overlapping wave function thus feel less attraction to the
extended nuclear volume. The energy shift for the finite nucleus is linearly proportional
to the mean square charge radius

⟨r2
c ⟩ =

∫ ∞

0
r2ρc(r)dr, (2.18)

with ρc(r) being the nuclear charge density. Usually, differences in mean square charge
radii

δνAA′
FS ≡ Fδ⟨r2

c ⟩AA′ (2.19)

are studied, with F being the field shift factor.
The second contribution to the overall isotope shift, the relative difference in mass

shift

δνAA′
MS ≡ K

MA′ −MA

MA′MA
= K(M̃AA′)−1 (2.20)

from one isotope with mass MA to another with mass MA′ including mass shift factor
K, results solely from the motion of the nucleus within the center-of-mass frame of the
atom. Similar to Eq. (2.18), the mass shift is costly to compute when multiple orbiting
electrons must be considered. The total isotope shift is thus given as the sum of the two
individual components

δνAA′ = F × δ⟨r2
c ⟩AA′ +K × (M̃AA′)−1 (2.21)

⇒ δνAA′
mod = F × δ⟨r2

c ⟩AA′
mod +K, (2.22)

where δνAA′
mod = δνAA′ × M̃AA′ and δ⟨r2

c ⟩AA′
mod = δ⟨r2

c ⟩AA′ × M̃AA′ . It can be seen that the
isotope shift between two isotopes depends linearly on the mean square charge radius
difference between them.

In case the isotope shift δνAA′
i,mod of transition i and the differences in mean square

charge radius δ⟨r2
c ⟩AA′ × M̃AA′ are known for at least two different isotopes with same
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2.2 Observables

reference isotope, then the parameters Fi and Ki can be extrapolated from a linear
regression of the two data points, where Fi is the slope and Ki is the intercept with the
vertical axis. This so-called King-plot analysis [66] usually requires precise measurements
of at least three isotopes, usually from muonic spectroscopy or high-precision atomic
spectroscopy of stable isotopes. This linear relationship also holds for two different
electronic transitions i and j in the same atom. By dividing Eq. (2.22) for the two
different transitions, the difference in charge radius cancels out and one arrives at

δνAA′
i,mod = Fi

Fj
× δνAA′

j, mod +Ki − Fi

Fj
, (2.23)

where the field shift and mass shift parameters are determined through the slope
κ = Fi/Fj and the intercept Ki − Fi/Fj . It has recently been shown that this type of
analysis can also be applied to radioactive molecules [67].

The electric properties of the finite nucleus with Z protons can be described in terms
of a multipole expansion of the potential V at a location r that is generated due to the
positive charge that the i− th proton in the nucleus carries

V (r) =
∑

i

qi

|r|
+ r̂p

r2 + 1
2

∑
mnQmnn̂mn̂n

r3 + . . . , (2.24)

where r̂ and n̂m,n are unit vectors in respect to charge qi, with m,n denoting Cartesian
coordinates (following the notation of [26]). The first term, the electric monopole,
represents the Coulomb term for a point-like particle. The second term, the electric
dipole moment p, results from a difference in the center-of-mass and the center-of-charge.
The nuclear EDM is assumed to be near zero and prospects of a direct measurement
with today’s technologies are slim as the electric dipoles are shielded against an external
electric field [68]. The third term, the intrinsic electric quadrupole moment

Qmn(r) =
∑

i

qi(3rmirni − |r2
i |δmn) (2.25)

is used to quantify the deviation of the nuclear charge density ρ(r) from sphericity.
The nuclear quadrupole moment measured in the lab frame is called the spectroscopic
quadrupole moment

Qs(I) =
√

I − 1/2
2(2I + 1)(2I + 3)(I + 1) ⟨I| |Qzz| |I⟩ (2.26)

and is the expectation value of Qzz component from Eq. (2.25) [69]. It can be seen that
for I = 1/2 nuclei, the spectroscopic quadrupole moment vanishes.

From [70], for heavy, axially symmetric nuclei it can be written as

Qs = 3K2 − I(I − 1)
(I + 1)(2I + 3)Q0, (2.27)

where K2 is the projection of the nuclear spin along the symmetry axis of the nucleus,
and Q0 is the intrinsic quadrupole moment. The latter can be split into a single-particle
part and a core part [70]: the single-particle part quadrupole moment

Qs.p. = −ej
2j − 1
2j + 2⟨r2

j ⟩ (2.28)
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Figure 2.5: Left: Observed hyperfine structure transitions in 203Hg from Article I.
Right: Measured hyperfine structure of 203Hg through in-source resonance ionization
spectroscopy.

of a nucleon with orbital spin j depends on its means square charge radius ⟨r2
j ⟩ and the

effective charge ej (eπ
j = 1 for a free proton and eν

j = 0 for a free neutron). The sign of
ej flips if a hole instead of a particle is considered. Due to particle-core and residual
interactions, as well as configuration mixing, the free nucleon charges are replaced by
effective charges (eπ

j = 1.5, eν
j = 0.95) [69]. The core part can be expressed in terms of

the liquid drop model (see Section 2.1)

Qcore = 3√
5π
eZR2β2

[
1 + π2(as/R)2 + 2

√
5/7

√
πβ2

]
, (2.29)

with R = 1.2 fm ·A1/3 and as being the nuclear radius and the surface correction term
from Eq. (2.6) and β2 being the nuclear deformation parameter (see Section 2.2.3).

The magnetic properties of the nucleus are mainly defined through the magnetic
dipole moment. The magnetic dipole moment µ is generated through the movement of
the protons inside the nucleus together with the intrinsic spin of the nucleus

µ = g

ℏ
IµN , (2.30)

where g is the gyromagnetic factor relating the spin angular momentum I to the nuclear
magneton µN = eℏ

2mp
≈ 3.152 × 10−8 eV T−1 [35]. Free nucleons carry the so-called

Schmidt moments µp ≈ 2.792µN and µν = −1.913µN . Classically one would expect
µν = 0, but due to the quark structure of the neutron, µν is non-zero. Schmidt values
for nuclei are the values of magnetic dipole moments calculated for single nucleons with
a total angular momentum j. As the nucleons inside an atomic nucleus are influenced
by the other nucleons, polarization effects and meson exchange current corrections have
to be considered and are very important for single particles orbiting a doubly magic
nucleus [69]. The dipole moment is not sensitive to second-order core polarization
effects, which leads to a constancy of g-factors over a long range of nucleons. Still, it is
very sensitive to 1p-1h excitations which are the major contribution to deviations from
single-particle g-factors, which requires the introduction of effective g-factors [69].

The hyperfine splitting level scheme for the 5d106s2 1S0 → 5d106s6p 3P1 transition
at 253.65 nm in mercury used in Article I is shown in Fig. 2.5 (left). The Iπ = 5/2−

nuclear spin couples to the total angular J momentum, splitting the 3P1 state into three
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hyperfine states. In Fig. 2.5 (right), the ion signal from resonant laser ionization is
plotted versus the excitation frequency (energy).

The shift in the energy of the hyperfine state has two contributions. The magnetic
component is caused, to first degree, by the interaction of the nuclear magnetic dipole
moment µ with the magnetic field Be(0) created by the electrons

∆νmag = A

2 (F (F + 1) − J(J + 1) − I(I + 1)) ≡ A

2 C A = µBe(0)
ℏIJ

. (2.31)

The magnetic moment can be deduced by dividing factor A by a known reference Aref.
Taking into account the finite size of the nucleus, resulting in the Breit-Rosenthal effect
(finite distribution of the nuclear charge density ρ(r)) [71] and the Bohr-Weisskopf effect
(finite distribution of the nuclear magnetic moment) [72] causes a slight shift from one
isotope to another, the so-called hyperfine anomaly

A

Aref
= g

gref
(1 +1 ∆2), (2.32)

with 1∆2 modifying the ratio on a percent level. For a more detailed description of the
Breit-Rosenthal and Bohr-Weisskopf contributions to the total hyperfine anomaly, see
Appendix A of Article I.

The second contribution to the energy shift of a hyperfine state is due to the interaction
of the electric quadrupole moment Qs from Eq. (2.27) with the electric field of the
electronic shell Vz along the symmetry axis. It is most pronounced in heavy, deformed
nuclei. The energy shift can be written as

∆νel = B
3
4C(C + 1) − I(I + 1)J(J + 1)

2I(2I − 1)J(2J − 1) B = eQs

ℏ
∂2V

∂z2

∣∣∣∣∣
r=0

. (2.33)

Experimental methods to determine the hyperfine parameters A and B to deduce the
magnetic dipole moment and the electric quadrupole moment, as well as the isotope
shift and the mean square charge radius, are presented in Section 4.4.

2.2.3 Nuclear Deformation
As was presented in Eq. (2.29), the electric quadrupole moment can be connected to
nuclear deformation. Within the liquid drop model, the surface of the nucleus can
be parameterized using spherical harmonic functions Y m

l (θ, ϕ) to express the nuclear
surface with an angle-dependent radius

R(θ, ϕ) = R0(1 +
∑
l,m

αm
l Y

m
l (θ, ϕ)), (2.34)

where R0 is the radius at spherical equilibrium and αm
l being expansion parameters

defining the multidimensional surface [73]. In the following, only quadrupolar de-
grees of freedom (l = 2) are considered, as they are the most fundamental type of
deformation2 leading to ellipsoidal shapes. Since l ≤ m ≤ l, five different radial con-
tributions to Eq. (2.34) exist. The angular orientation and degree of extension are

2Higher degrees of freedom exist, such as the l = 4 octupolar deformation (“going pear-shaped”) [74].
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thus described by a set of five independent parameters {α2,m} → {a0, a2, θ1, θ2, θ3} span-
ning a five-dimensional configuration space. Hill and Wheeler introduced a coordinate
transformation [75], using {β2, γ2, θi} as a coordinate space where {β2, γ2} define a two-
dimensional polar coordinate system in the five-dimensional quadrupolar deformation
space with a0 = β2 cos(γ2) and a2 = (β2/

√
2) sin(γ2). Three radii are associated with

β2 and γ2:

Rk = R0

(
1 + 5

4πβ2 cos
(
γ2 − 2

3πk
))

, k = 1, 2, 3. (2.35)

In Fig. 2.6, the Hill-Wheeler polar coordinate space is shown with different quadrupolar
shape deformations [73]. For β2 = 0, the nucleus has a spherical shape, while for β2 ̸= 0,
the nucleus has an ellipsoidal shape (prolate for β2 > 0, oblate for β2 < 0). Larger
values for β2 thus result in a stronger ellipsoidal deformation. For γ2 = nπ

3 , n ∈ Z (thick
lines in Fig. 2.6), two of the three axes have the same length. All other values inside
the triangles result in a certain degree of triaxiality with axes as defined in Eq. (2.35).
For cases where triaxiality does not play a role, i.e. when γ is small, Eq. (2.35) can be
simplified and expressed in terms of the mean square charge radii

⟨r2
c ⟩A = ⟨r2

c ⟩A
0

(
1 + 5

4π ⟨β2⟩2
)
, (2.36)

where ⟨r2
c ⟩A

0 is the mean square charge radius deduced from the liquid drop model [76].
The shell-model calculations in Article III use the Hill-Wheeler coordinate space to
represent the potential energy surface together with the degree of deformation for the
examined nuclear states, demonstrating different degrees of deformation for the 9/2+

ground state and the 1/2+ isomeric state in 79Zn.
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3 Production of Radioactive Ion Beams

With the discovery of the atomic nucleus and the early experiments studying nuclei
of different stable elements, research soon expanded to unstable isotopes. Still, this
was often limited by the half-lives and availability via suitable production schemes. To
study radioactive nuclei with short lifetimes, i.e. in the range of days to seconds and
well below, radioisotopes have to be produced artificially before being investigated in
experiments. Due to this, the production of radioisotopes and their investigation are
often intertwined. An effective way of delivering short-lived nuclei proved to be in the
form of ion beams. After their production, radioisotopes are transported as ions at beam
energies of some keV to several MeV u−1, which allows the study of isotopes (including
isomeric states) with half-lives as low as few milliseconds.

Today, radioactive ion beam (RIB) facilities can be mainly divided into two categories:
in-flight facilities that use a high-energy beam of stable ions on a thin target material and
thick-target facilities that use a high-energy proton beam on an extended target, often
several centimeters thick. In the thin-target facilities, the products have beam energies
similar to the driver beam and must be thermalized for low-energy measurements. In
the case of thick targets, the isotopes are created in the bulk material and are then
extracted and ionized. In both cases, the high-energy driver beam creates radioactive
isotopes through nuclear reactions, separated with respect to their mass-over-charge
ratios by strong magnetic fields.

Different nuclear reactions can occur depending on the primary beam energy, its
composition, the target material, and the target thickness [78]: In fission processes, the
incoming beam induces nuclear fission in the target nucleus, splitting it into two fission
products while freeing a large number of neutrons. In nuclear spallation, several nucleons
are ejected from the target nucleus after being struck by a light primary beam projectile,
producing lighter nuclei than the target material1. In target fragmentation, a light
primary beam leads to the fragmentation of the heavy target nucleus, while in projectile
fragmentation, both the target and projectile can fragment. Both fragmentation methods
produce nuclei lighter than the target or projectile nucleus. In transfer reactions, a
heavy projectile nucleus can transfer a few nucleons with a heavy target nucleus,
producing predominantly nuclei near the target and projectile nuclei sizes. During
fusion-evaporation processes in which the projectile and target fuse and evaporate a
few nucleons, neutron-deficient isotopes of elements heavier than the reaction partners
(e.g. super-heavy elements) can be produced. Finally, spontaneous fission of a heavy
nucleus [80] or neutron-induced fission of a heavy target nucleus [81] can populate a vast
region of neutron-rich isotopes below the fissioning target. Spallation, fragmentation,
and fission processes are highlighted in Fig. 3.1. This chapter will focus on the ISOL

1Nuclei heavier than the target material can be produced through proton and neutron absorption, but
their production cross-sections are small [79].
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3 Production of Radioactive Ion Beams

Figure 3.1: Nuclear
reactions after high-
energy protons hit a
heavy nucleus. In this
case, protons on a 238U
nucleus. These are
the main nuclear reac-
tions that produce ra-
dioactive isotopes for
ISOL beam produc-
tion. Graphic taken
from [77].

(isotope separator online) method, which uses a high-energy proton beam on a thick,
heavy target.

3.1 Isotope Separator Online Device

The ISOL method relies on light, high-energy, and high-intensity projectiles to induce
fission, spallation, and fragmentation processes in a thick target material. The reaction
products are then extracted from the target before being ionized in an ion source and
accelerated as an ion beam. The first demonstration of this method was performed in 1951
at the University of Copenhagen, where the fission products of neutron-induced fission of
an uranium oxide target located close to a cyclotron accelerator were transported through
a pipe to the nearby ion source, mass separator, and experimental station, allowing
half-life measurements of short-lived krypton isotopes and their decay products [82].
In the decade that followed, research with this method commenced in Copenhagen
before the cyclotron was moved to a different location, and the research community was
searching for an alternative accelerator laboratory to continue the study of short-lived
radio-isotopes [83].

In the mid-60s, it was decided to build a dedicated facility at the Synchro-Cyclotron
(SC), an accelerator based at the European Organization for Nuclear Research (CERN)
near Geneva, Switzerland, able to deliver protons at 600 MeV of beam energy. The
Isotope Separator Online Device (ISOLDE) facility conducted its first experiments in
1967 and has been operating ever since. Naturally, many improvements and upgrades
were performed in the almost 60-year history of the facility, with the most significant
being the move from the SC to the Proton Synchrotron Booster (PSB) in 1990-1992,
promising proton beam energies of 1 GeV at up to 2 µA proton intensity [84].

Since the 90s, the facility has been expanded several times to accommodate the
experimental needs of the ever-growing users community, including a post-accelerator
that can re-accelerate radioactive ion beams to almost 10 MeV u−1. Today, ISOLDE
consists of two target stations with individual mass separator magnets, a low-energy
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3.1 Isotope Separator Online Device

Figure 3.2: Schematic of ISOLDE facility as of 2023 with the location of the ISOLTRAP
mass spectrometer highlighted. Graphic courtesy of the ISOLDE collaboration.

experimental area (RIBs up to 60 keV) with a number of collection areas, beam lines for
visiting short-term experiments, and a number of long-term experiments that specialize
in the measurement of different nuclear observables. With its superconducting post-
accelerator, the high-energy part, HIE-ISOLDE, provides RIBs to several experiments.
Currently, the beam dumps of both target stations are rated for up to 3 × 1013 protons
per proton pulse with a maximum beam energy of 1.7 GeV. To make full use of the
PSBs capabilities, the beam dumps are planned to be exchanged to handle a higher
number of protons per proton pulse with energies up to 2 GeV, promising an overall
increase in yield of up to a factor 3 to 4 [85].

Fig. 3.2 shows the layout of the ISOLDE facility as of 2023. The pulsed proton
beam from the PSB is impinging on one of the two target stations. Each target has
a dedicated electromagnetic separator magnet: the GPS (general purpose separator)
magnet is a single electromagnet that can separate the produced RIBs with a resolving
power R = m/∆m of up to 500, while the HRS (high-resolution separator) consists of
two separate electromagnets that can yield resolving powers of up to R = 6000. Behind
the HRS, a linear radiofrequency quadrupole Paul trap (ISCOOL) [86] can collect,
cool, and bunch the continuous mass-separated beam to provide bunched beams to the
downstream experiments.

Both beamlines of HRS and GPS are merged in the first segment of the central
beamline, at which the ISOLDE tape station is located [87]. This device resembles a
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3 Production of Radioactive Ion Beams

large tape recorder that can transport radioactivity implanted on a tape to either a
4π beta detector or a gamma detector used for yield measurements, beam composition
studies, and target parameter optimization. Following this first section of the central
beamline, the RIBs are distributed to the different low-energy experiments at ISOLDE
(including the ISOLTRAP mass spectrometer, which is located at the end of the central
beamline), or the beam is injected into the REX-EBIS for charge breeding and post-
acceleration in the HIE-ISOLDE post-accelerator [88].

3.2 Targets and Ion Sources

Target containers at ISOLDE consists of a 20 cm long tantalum tube with a diameter
of 2 cm that is heated to up to 2200 ◦C. Depending on the required radioactive beam,
this tube is filled with metal foils (Ta, Ti, Nb), molten metals (Pb, Sn), or ceramic
compounds such as oxides (zirconia, CaO) or carbides (UCx, Thx, Lax). Proton pulses
delivered by the PSB impinge on the target at a maximum of 1.2 s interval, depending
on the general demand for protons at CERN (the PSB is part of the accelerator chain
leading to the Large Hardon Collider). The proton beam can also be steered onto a solid
tungsten cylinder near the target container, creating intense neutron fluences to favor
the production of neutron-induced fission products over proton-induced spallation [89].
Each proton pulse consists of up to 3 × 1013 protons, divided into 20 short bunches
within a 2.4 µs time window. In a special staggered mode, the four PSB cyclotrons eject
their proton bunches with a certain delay with respect to each other, resulting in four
times five bunches with a time spacing of 5 to 500 µs in-between. The target heating, in
combination with the heating of the proton impact, leads to diffusion and effusion of
the produced radioisotopes into the transfer line. The simple version is usually made
of tungsten or tantalum and has an inner diameter of 3 mm, connecting the target
container with an ion source.

Different ways to ionize neutral radioactive atoms have been developed over the
decades at ISOL facilities. The most straightforward method is the surface ionization of
atoms in the hot cavity of the transfer line. The degree of ionization αs ∼ nions/natoms
on a hot surface is described through the Saha-Langmuir equation and depends on
exp((Φsur −Wi)/kBT ), where Φsur is the work function of the surface material, Wi is
the ionization energy that is needed to remove the outermost electron from the atom,
and kBT is the temperature of the surface [90]. Elements with Wi ≲ 6 eV, such as
the alkali metals and some lanthanides and actinides, are well ionized in this way. In
many cases, surface-ionized elements contribute significantly to the contamination of the
desired element. Thus, materials with a low work function would be preferable [91]. In
practice, however, with the need to operate at high temperatures to promote diffusion
into the ion source, metals with a high melting point, such as tungsten and tantalum,
are chosen, which have work functions around 4 eV to 5 eV. To circumvent this problem,
a piece of quartz located in a temperature-controlled transfer line can trap alkali ions
by significantly delaying their diffusion into the ion source [92,93].

An element-insensitive way of ionization is the Forced Electron Beam Induced Arc
Discharge (FEBIAD) type ion source [94,95]. In this ion source, the atoms diffuse out
of the transfer line through the holes of a cathode into a discharge chamber formed by
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a cylindrical electrode (anode). By applying a voltage between the cathode and the
anode, electrons emitted through thermionic emission by the cathode are accelerated
into the discharge chamber, ionizing the neutral atoms inside. A noble gas is let into
the chamber to facilitate the ionization process, creating a plasma. An electromagnet
surrounds the anode for the confinement of the plasma. At ISOLDE, the volume of the
discharge chamber of this FEBIAD-style ion source is enlarged to increase the active
plasma volume. This so-called Versatile Arc Discharge Ion Source (VADIS) has a factor
3-20 better ionization efficiency compared to the FEBIAD ion source [96], which enabled
the discovery of the until then unobserved radon-229 isotope using the ISOLTRAP mass
spectrometer [97]. The VADIS can be coupled to different types of transfer lines, i.e. to
a hot transfer line (VD5) or to a water-cooled transfer line (VD7) which delivers very
clean radioactive beams of volatile species, including molecules, and noble gases.

Finally, resonant laser ionization is an element-selective way to ionize radioisotopes.
The Resonant Laser Ionization Ion Source (RILIS) uses lasers at different wavelengths
to selectively excite and finally to ionize a certain element inside the hot cavity between
the transfer line and extraction electrode [98]. Section 4.4.2 introduces the concept of
resonant laser ionization and the laser spectroscopy that can be applied inside the hot
cavity of this ion source. While performing laser ionization, surface ionized contamination
can be reduced by employing the LIST, the Laser Ion Source and Trap [99, 100], by
spatially separating the parasitic surface ionization and the laser ionization. A LIST
decouples the laser ionization from the hot cavity by using a repeller and an RFQ
ion guide: surface ionized elements are repelled by the repeller potential while other
elements, still neutral, diffuse through the repeller into the RFQ structure, in which the
element of interest is selectively laser ionized and guided through the RF guiding field
towards the extraction electrode. The LIST mode of operation can yield contamination
suppression factors of several orders of magnitude while sacrificing the part of the atoms
that are laser ionized in the hot cavity and thus blocked by the repeller. This loss factor
is usually in the order of 5-20 and, in many cases, a good trade-off in terms of efficiency
versus background suppression.

For Article I, a molten lead target (target number #511) was coupled to a hot VD5
plasma ion source with RILIS laser ionization inside the anode cavity, the so-called
“VADLIS” mode [101]. This target and the ion-source combination were, in parts, chosen
for the production of mercury isotopes since the mercury vapor pressure promises good
release from the molten lead target material while the production of contamination,
such as francium, is suppressed due to their release characteristics from the target and
due to the small blocking potential provided by the ion source cathode (which in this
way acts similar to the blocking potential of the LIST). The RILIS ionization scheme for
mercury is detailed in Section 2.2.2. In this configuration, both n-deficient and n-rich
mercury isotopes were produced with minimal background.

To produce neutron-deficient indium isotopes in the 100Sn region for Article II, a
lanthanum-carbide target (target number #732) in combination with ionization by the
standard RILIS MK1 was used. The neutron-deficient isotopes around 100Sn are mostly
produced through spallation processes and are selectively ionized through laser ionization.
For indium, a two-level scheme was used, with the first step resonantly driving the
5s25p 2P1 → 5s25d 2D3/2 transition at 304.023 nm, followed by a non-resonant high-
power step at 532 nm (“Blaze”). Yields in the central beamline CA0 extracted from
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Figure 3.3: Measured (solid
symbols) and estimated (solid
line and shaded bands) yields
for neutron deficient isotopes
in the 100Sn region from a
LaCx target with laser ioniza-
tion. The open symbols are up-
per limits based on the absence
of counts per observation time
window. The solid lines and
shaded bands are scaled yield
estimations based on EPAX
V3 empiric fragmentation cross-
section calculations [103] (see
text for explanations).

MR-ToF MS measurements for this and two other target units used to produce neutron-
deficient tin, indium, and cadmium isotopes are shown in Fig. 3.3. The measured yields
are augmented by fragmentation cross-section calculations using the empirical EPAX
V3 parameterization (solid lines and shaded bands). The fragmentation yields are
scaled by factors of 0.5, 1.0, 0.1, and 0.0001 for tin, indium, cadmium, and strontium,
respectively. These factors were chosen to match the observed yields and to provide
a rough extrapolation for other rare isotopes along the different chains. Please note
that this estimation does not consider half-lives and release characteristics, which are
two major influences on observed yields in the central beamline, making the use of
adjustment factors necessary. The open symbols for tin and cadmium are upper limits
based on the non-observation of the isotopes within the observation time window. The
most dominant radioactive contamination in the region was strontium in the form of
the strontium-fluoride molecule, here highlighted in gold, which proved to be a serious
obstacle in measuring 102Sn and 101Sn for experiment IS719 [102].

The zinc beam of Article III was produced at ISOLDE from a uranium-carbide
target (target number #758) in combination with a quartz transfer line for suppression
of surface ionized contaminants, such as rubidium, and RILIS laser ionization inside
the hot tantalum tube that connects the quartz towards the extraction electrode.
The laser scheme used three steps: The first and second steps drove resonantly the
4s2 1S0 → 4s4p 1P1 → 4s4d 1D2 transition at 213.925 nm and 636.41 nm, respectively.
The third step was again non-resonant at 532 nm (“Blaze”). Pure zinc beams were thus
delivered, starting to suffer from rubidium contamination only for A > 81. It should
be noted that this laser scheme coincidentally also ionizes iron very efficiently, which
is a problem on masses A = 56 − 58, where stable iron from the target and ion source
container results in very strong contamination. A release curve was measured to most
effectively capture and measure the laser-ionized zinc isotopes (see Fig. 3.4). Due to
the rather quick release of zinc, the experimental cycle was synchronized to the proton
impact and the ISOLDE beam gate was open only when zinc was released from the
target and ion source, i.e. 150 ms to 600 ms after proton impact.
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Figure 3.4: Release of zinc
from an UCx target with neu-
tron converter and quartz line
(target number #758) during
the experiment for Article III.
Note the delay of almost 200 ms
after proton impact.

The Penning trap experiment of Article III was performed at the Ion Guide Isotope
Separator Online (IGISOL) facility at the University of Jyväskylä, Finnland [104]. In
this method, a proton beam or a heavy ion beam produces proton-induced fission or
fusion evaporation reactions in a thin target. The reaction products, usually in a high
charge state, are stopped in a helium-filled stopping cell in which most of the products
end up singly charged [105]. These ions are then guided to an extraction electrode using
an RF sextupole, after which they are accelerated and separated with respect to their
mass-over-charge ratio.
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4 Experimental Methods

Experiments at radioactive ion beam facilities for nuclear structure investigations can be
divided into low energy (beam energies of < 100 keV), medium energy (up to 15 MeV u−1),
and high energy (up to several hundreds of MeV u−1). Experiments at low energies
perform measurements mostly on ground state and isomeric state properties with stopped
beams, trapped beams, or in-flight techniques. Decay spectroscopy experiments stop
radioactive ions on catcher foils near radiation detectors to detect the particles that are
emitted during the decay of the radioactive ions. Other experiments trap RIB in ion
traps to perform mass and half-life measurements or perform laser spectroscopy, the
latter can also be done in-flight. At medium energies, Coulomb excitation experiments
below the Coulomb barrier (3 − 4 MeV u−1) probe nuclear collectivity and transfer
reaction experiments (5 − 10 MeV u−1) investigate highly excited nucleon orbits. At
high energies, usually in storage rings at energies ranging around 10 − 500 MeV u−1,
mass, lifetime, and in-ring transfer reaction experiments are performed. Following the
present work, this chapter will focus on nuclear structure experiments at low energies,
namely with trapped ions and with laser spectroscopy of low-energy beams.

4.1 Mass Spectrometry With Trapped Ions

Mass spectrometry of stored radioactive ions for nuclear and weak interaction physics
has a long history [106]. The most established types of spectrometers today include Paul
traps (radiofrequency and electrostatic fields), Penning traps (electrostatic fields with
strong magnetic field), and Multi-Reflection Time-of-Flight devices (electrostatic fields).
Other types of spectrometers, such as storage rings [107], radiofrequency transmission
spectrometers [108], time-of-flight spectrometers [109], or cyclotrons [110] are used as
well but will not be discussed here.

Mass spectrometry with trapped ions at low energy is performed at many RIB facilities
worldwide, namely ISOLTRAP/ISOLDE-CERN (Switzerland, see Section 4.2) [111],
TITAN/ISAC-TRIUMF (Canada) [112], JYFLTRAP/IGISOL-Jyvaskyla (Finland) [113],
LEBIT/FRIB (USA) [114], SHIPTRAP/GSI (Germany) [115], and ZD MRTOF/RIBF-
RIKEN (Japan) [116]. Most of these setups consist of a radiofrequency trap or stopping
cell to accumulate, cool, and bunch the RIB in combination with one or more of the
abovementioned spectrometer types.

In the following, the two most important techniques for this work, i.e. Penning Trap
Mass Spectrometry (PTMS) and Multi-Reflection Time-of-Flight Mass Spectrometry
(MR-ToF MS), will be introduced based on the example of the ISOLTRAP setup.
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4.1.1 Penning Trap Mass Spectrometry

Initially built by Dehmelt and Van Dyck to measure the properties of the electron,
the Penning trap was quickly adapted to other fields of research, benefiting from the
highly controllable environment in which charged particles can be trapped inside the
device. Coined by Dehmelt after the dutch Physicist Frans Penning, who studied electric
discharges at low pressures, the Penning trap uses the electric field E generated by a ring
electrode in between two end-cap electrodes in combination with a strong homogeneous
magnetic field B to confine charged particles. The electric potential, providing the axial
confinement, can be written as

ϕ = U0(2z2 − x2 − y2)/d2 = U0(2z2 − ρ2)/d2, (4.1)

where U0 is the difference between the electric potentials of the end-caps and the ring
electrode, d2 = (z2

0 + ρ2
0/2)/2 is the characteristic dimension of the electrodes with z0

being the distance between the trap center from the end-caps and ρ0 being the radius
of the ring electrode, x, y, and z being the Cartesian coordinates with respect to the
trap center, and ρ2 = x2 + y2 being the radial dimension for cylinder coordinates. The
homogeneous magnetic field along the z-axis provides radial confinement through the
Lorentz force v × B resulting in a cyclotron motion with an E × B drift resulting in
a magnetron motion. Both these circular motional modes lead to the combined radial
trajectory of the charged particles. In addition, the ions follow a harmonic oscillation in
the z-direction, i.e. between the end-cap electrodes (see Fig. 4.1).

In the non-relativistic case, the motion of the charged particle with mass m and charge
q can be expressed as a simple harmonic oscillator and can be determined by solving
the equations of motion F = mr̈ = q(−∇ϕ+ ṙ × B). By choosing a generic oscillator
Ansatz f(t) = A exp(iωt), three different oscillation frequencies can be found:

νz = 1
2π

√
qU0
md2 ν± = νc

2 ±

√
ν2

c

4 − ν2
z

2 ⇒ νc = ν+ + ν− (4.2)

where νc = qB/m is the cyclotron frequency for the trapped charged particle, νz is the
frequency of the axial motion, and ν± are those of the reduced cyclotron and magnetron
motions, respectively. From these equations, it follows that νc > ν+ >> νz > ν− for
heavy, singly-charged radioactive ions in a strong magnetic field of some Tesla.

The resulting motion is thus a superposition of the three different solutions to the
differential equations and is visualized in Fig. 4.1(a). From the abovementioned equations,
it can be seen that the motion is highly dependent on the mass of the stored particle
and the magnetic field. Brown and Gabrielse have shown that, to first order, the sum of
all squared eigenfrequencies is equal to the square of the cyclotron frequency even in
the presence of small electric field imperfections ϵ and electrode misalignment θ with
respect to the magnetic field [118]. This invariance theorem enables either the direct
measurement of νc or to infer νc by measuring the eigenfrequencies independently. By
measuring the frequency ratio

R = νc,ioi
νc,ref

= mref
mioi

, (4.3)
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Figure 4.1: 3D Motion of a trapped charged particle in a Penning trap (a). Ra-
dial motion of a particle with buffer gas collisions without (b) and with (c) resonant
quadrupolar excitation at νc. Figures (b) and (c) from [117] reproduced with permission
from Elsevier.

for a reference ion with mass mref and cyclotron frequency vc,ref, and the frequency νioi
of the ion of interest, then the magnetic field B cancels out and the mass mioi of the ion
of interest can be calculated.

Buffer gas cooling

Both axial and radial motions of the charged particle can be manipulated through the
application of an alternating electric dipole field superposed onto the static trapping
potential. The amplitude of the axial motion can be, for example, dampened or excited
by applying a radiofrequency voltage on the end-cap electrodes at the eigenfrequency νz.
Segmenting the ring electrode into two separated pieces enables the manipulation of
the two radial motions in the same way. While the magnetron motion is only weakly
mass-dependent, resonant excitation of the reduced cyclotron motion removes particles
with unwanted masses from the trap by applying a dipolar excitation at ν+ to increase
the reduced cyclotron radius ρ+ until the particles are driven into the electrodes. A
four-fold segmentation of the ring electrode in combination with an rf voltage applied to
opposite segments at the cyclotron frequency νc generates a quadrupolar rf field which
can periodically convert the magnetron motion into the reduced cyclotron motion and
vice-versa.

The inter-conversion of energy stored in the radial motion is used in the so-called
mass-selective buffer gas cooling technique [117]. The presence of residual gas inside the
Penning trap leads to particle-gas collisions in which the stored particles transfer parts
of their potential energy to the buffer gas. This effectively increases the magnetron
radius ρ− since the energy potential of the magnetron motion has a maximum in the
trap center. To avoid loss of the particles, a quadrupolar rf voltage at νc is applied,
which converts the magnetron motion into the reduced cyclotron motion, which has an
energy potential minimum at the trap center, leading to a mass-selective cooling of the
stored particles into the trap center. A short conversion pulse at larger amplitudes leads
to a fast, broad-band interconversion, while a long pulse with a small amplitude has a
larger mass resolving power but requires longer storage times. The particle motion in
the presence of a buffer gas without and with an rf drive at νc is shown in Fig. 4.1(b)
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and Fig. 4.1(c).
To measure the mass of a trapped charged particle in a Penning trap means mea-

suring its cyclotron frequency. The cyclotron frequency can be determined indirectly
by measuring the different eigenfrequencies through image currents induced on the
electrodes (non-destructive) or directly through time-of-flight and phase-imaging tech-
niques (destructive). Since radioactive isotopes can have short half-lives, direct and fast
measurements are usually employed at radioactive ion beam facilities to determine νc.
In the following, the two state-of-the-art methods are described.

Ion-cyclotron resonance techniques

As described earlier, the two radial motions can be interconverted using a quadrupolar
electric rf voltage on resonance with the cyclotron frequency of the charged particle.
Hence, resonant excitation of the trapped particle at νc has been the main tool for
determining the cyclotron frequency. Historically used to determine the proton electron
mass ratio [119], the time-of-flight-based technique utilizes the time-of-flight dependency
of the particle’s energy stored in the cyclotron motion to detect resonantly excited ions.

Consider an ion with initial total energy E0 moving in a magnetic field B(z) and an
electric field generated by the electric potential U(z) with z being the coordinate axis
along the trap’s symmetry axis. The ion’s magnetic moment µz(νrf , z) = Er(νrf )/B(z)
can then be expressed in terms of the energy stored in the radial motion Er (depending
on quadrupole excitation νrf) and the external magnetic field along the z axis. The
interaction of the magnetic moment with the external magnetic field creates potential
energy Epot(νrf, z) = −µ(νrf, z)B(z) with force Fz(νrf, z) = −µ(νrf, z)∂B(z)

∂z along the z
axis. Thus, ions with their magnetron motion fully converted into reduced cyclotron
motion (νrf = νc) experience a stronger force along the z axis when moving through a
magnetic field gradient as compared to ions with residual magnetron motion, leading
to a reduction in the ions’ time-of-flight after the pulsed release from the trap to the
detector in the fringe field of the magnet.

Following the analytic expression of [120], the effective time-of-flight can be expressed
as

T (νrf) =
∫ z1

z0

√
m

2 ∗ [E0 − qU(z) − µ(νrf, z)B(z)] dz. (4.4)

Starting with a pure magnetron motion, the radial kinetic energy Er ∼ sin2(νbTrf)/ν2
B

can be expressed in terms of the length Trf of the excitation pulse and a modified ion
frequency νB that contains information about dampening through rest gas collisions and
the initial magnetron radius. The equation shows that precise knowledge of the electric
and magnetic field along the z axis between start-point z0 and point of measurement z1
is needed, accessible through simulations and measurements.

In practice, the time-of-flight of a stored ion after some excitation time Trf onto a
time-of-flight detector is measured for different excitation frequencies νrf, resulting in a
time-of-flight spectrum that can be analytically understood using Eq. (4.4). Typically,
single pulses are used for the quadrupole excitation, leading to a resonance spectrum
with a main fringe and several side fringes in the frequency domain, which corresponds
to the Fourier transformation of a single rectangular pulse. For a single excitation

30



4.1 Mass Spectrometry With Trapped Ions

Figure 4.2: Time-of-flight ion-cyclotron resonance spectra for 206Hg and 207Hg from
Article I with excitation times of 600 ms and 1.2 s, respectively.

pulse, the full-width-at-half-maximum ∆νFWHM ∼ 0.8/Trf can be estimated through
tailor-expanding Er and determines the intrinsic mass resolution of the technique since
νc ∼ 1/m. For a two-pulse Ramsey-type excitation (Trf = Trf, on + Trf, off + Trf, on), the
full-width-at-half-maximum can be reduced by 30% while the statistical improvement
yields almost a factor of three in precision on determining νc for the same excitation time
and amount of measured ions as compared to the single-pulse excitation scheme [121,122].

In Fig. 4.2 the time-of-flight ion-cyclotron resonance (ToF-ICR) spectra for 206Hg and
207Hg from Article I are shown [123]. The spectrum for 206Hg was measured using a
two-pulse excitation scheme with Trf = 60 ms − 480 ms − 60 ms (on-off-on), resulting in
several pronounced ToF maxima and minima. The spectrum for 207Hg was measured
with Trf = 1.2 s resulting in one minimum with small side fringes. Comparing both
resonances, considering the overall factor two in excitation time difference, the center
fringe for the Ramsey-type excitation scheme is slightly narrower as compared to the
single-pulse excitation.

As discussed in the previous paragraph, the intrinsic resolution of this method is
limited by the excitation time Trf. Furthermore, several data points at different excitation
frequencies must be taken. To circumvent these limitations, a non-scanning technique
relying on measuring phase differences using a position-sensitive time-of-flight detector
has been introduced recently [124,125]: as shown in Fig. 4.3, the ions start at the trap
center (position 1). Following, the radial motion (either ν+ or ν−) is excited with a
dipole pulse to position (2), after which the ions revolve freely around the trap center
for a phase-accumulation time t. During this time, the ions accumulate an absolute
phase Φ + 2πn = 2πνt at position (3), where Φ is the phase angle between position (2)
and (3), n is the total number of revolutions and ν is the frequency of the radial motion.
The radial frequency can thus be written as

ν = Φ + 2πn
2πt . (4.5)

The cyclotron frequency is calculated through independent measurements of ν− and ν+
(see Eq. (4.2)) by ejecting the ions out of the trap onto the position-sensitive detector for
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Figure 4.3: Ion
spots on the position-
sensitive detector after
ejection from the Pen-
ning trap for different
measurement steps.
Figure from [125] repro-
duced with permission
for Springer Nature.

positions (1-3). Due to the diverging magnetic field near the exit of the solenoidal field,
the projection of the ions at the position of the trap onto the on-axis detector outside
the magnet is magnified by a magnification factor G. The resolution of this technique is
then dependent on the spot size (radius r in Cartesian coordinates or phase distribution
∆Φ in polar coordinates) and the spatial separation in phase Φ after time t.

The cyclotron frequency νc can, however, be measured directly. To do so, two different
alternating excitation patterns are performed. Both patterns share the first two steps
and only differ in step 3:

1 After capturing the ions in the trap, the ions are brought into the trap center by
applying a 180◦ phase-shifted dipole pulse at ν− to effectively reduce the magnetron
radius ρ−

2 Excitation of the ions to a large ρ+ by applying an in-phase dipole pulse at ν+

3a Either conversion to slow magnetron motion through quadrupolar excitation at νc,
then phase accumulation Φ− + 2πn− for t1

3b Or phase accumulation Φ+ + 2πn+ for t2 at fast reduced cyclotron motion, then
conversion to pure magnetron motion through quadrupole excitation at νc

4 Extraction of the ions and projection onto the detector

If t1 = t2 = t, then the excess phases Φ− and Φ+ accumulated after n− and n+
revolutions in steps 3a and 3b, respectively, can be summed, resulting in a phase
difference

Φc = Φ− + Φ+ = 2πνct− 2π(n+ + n−) (4.6)

from which νc can be calculated [125]. For a so-called center-spot reference (position
1), the ions are quickly ejected out of the trap after step 1, effectively projecting the
location of the trap center onto the position-sensitive detector.

This so-called phase-imaging ion-cyclotron resonance (PI-ICR) technique has the
advantage over ToF-ICR that no frequency scan has to be performed and that fewer ion
counts are needed to extract νc. Due to the spatial resolution of the detector and the
separation of the phases, PI-ICR increases the measurement precision by a factor of 5
and the resolving power by a factor of 40 compared to the same measurement conditions
with ToF-ICR [125].
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4.1.2 Multi-Reflection Time-of-Flight Mass Spectrometry
The time-of-flight technique described in the following relies fully on the fact that,
starting with the same kinetic energy, a bunch of ions with different masses is separated
over a long flight distance as heavier ions travel slower than lighter ions.

For the non-relativistic case, the mass m of an ion moving with a velocity v can be
expressed through its kinetic energy Ekin = 1/2 ·m · v2, where v = s/t is the time t the
ion needs to travel a certain distance s. When the kinetic energy and the flight distance
are known and the flight-time t is measured, then the ion’s mass can be calculated. The
mass-resolving power

R = m/∆m = t/2∆tFWHM (4.7)

is a quantity determining how well the signals of ions with different masses can be
separated with a certain flight time t and a time focus given a Full-Widht-Half-Maximum
time spread of ∆tFWHM. Thus, the resolving power scales linearly with the absolute
ToF provided the time spread remains constant.

Single-pass spectrometers with short flight times date back to the 1940s [126] and
are used for cases where masses with vastly different mass numbers need to be resolved,
e.g. for applications in biology and chemistry. Ways to increase the flight time without
increasing the overall device size include static electrodes to reflect ions within the
device [127]. Using electrodes for multiple reflections has been demonstrated to lead to
exceptionally long flight times [128–130] and therefore yields high resolving powers.

Today, many such multi-reflection devices are used at RIB facilities worldwide for
purification [131], identification [79,132], and mass spectrometry [133–136], exploiting
high mass resolving powers in excess of 105 and competing with PTMS for cases,
where the ion’s half-life is too short to allow for long excitation times (< 50 ms) [137].
Furthermore, performing collinear laser spectroscopy (see Section 4.4) within an MR-ToF
device promises greatly enhanced sensitivity with respect to the conventional single-pass
method as the number of interactions between the laser light and the ions is many orders
of magnitude higher [138–140].

In practice, the kinetic energy Ekin and the total flight path s are usually not known
with high precision. The mass m of the ion of interest is therefore extracted from its
measured time of flight (ToF) t, compared to two reference masses m1 and m2 with
flight times t1 and t2, respectively:

m1/2 = CToF∆Ref + ΣRef/2, (4.8)

where ∆Ref = √
m1−√

m2, ΣRef = √
m1+√

m2 and CToF = (2t−t1−t2)/ [2(t1 − t2)] [42].
The mass difference between two species stored in an MR-ToF device can be expressed
through a ToF difference, particularly when the masses are very similar. This is especially
interesting for extracting Q-values or isomeric excitation energies. For example, the
excitation energy

E =
[(∆t

t0

)2
+ 2∆t

t0

]
m0c

2, (4.9)

of an isomeric state can be directly related to the ToF difference ∆t with respect to its
ground state of mass m0 and ToF t0, with c being the speed of light in vacuum. This
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reduces to E ≈ 2∆t
t0
m0c2 for ∆t ≪ t0, where the ratio ∆t

t0
is in the order of 10−5, typical

for singly charged ions and trapping times of several milliseconds.
A typical MR-ToF device for mass spectrometry is shown in Fig. 4.4. A drift region

with a single, long electrode separates two stacks of mirror electrodes consisting of
up to six individual electrodes. The mirror electrodes are usually designed to form a
complex electrostatic potential, in which the ions are decelerated, focused, and effectively
reflected by 180 degrees back into the drift region. There are different ways to load and
unload ion bunches into the device. The first method requires certain electrodes in the
mirrors to be switched to a lower potential to allow the ion bunch to enter and exit the
device. The second method uses a potential slightly lower than the beam energy and
captures or ejects the ion bunch by pulsing the potential of the drift electrode in the
drift region.

Ion bunches loaded into the device tend to disperse due to the initial non-zero energy
spread, slightly different trajectories inside the device, and the Coulomb interaction
between the ions, especially at the turning points where the space-charge density is
highest. This has to be considered for choosing the proper mode of operation for one’s
application.

The device can be operated in three different modes, characterized by the rate of
change ∂T/∂Ekin in revolution period T with the kinetic energy Ekin [141, 142]. In
dispersive mode (∂T/∂Ekin < 0), a rather steep mirror potential leads to a strong
correlation between the faster and slower ions through Coulomb interaction, where
slower ions are not reflected as quickly as fast ions, leading to an overall increase in the
initial dispersion. In self-bunching mode (∂T/∂Ekin > 0), the opposite effect can be
found. Momentum exchange between ions with different velocities increases accumulation
around the center-of-mass of the ion bunch. In the transition between both modes
(∂T/∂Ekin ∼ 0), initial non-uniformities in trajectories and energies are compensated. In
this isochronous mode, ions with larger velocities penetrate the mirror potentials deeper
and thus travel a larger distance than ions with slower velocities, leading to a sustained
bunch character inside the device. For mass spectrometry, the third mode with a very
small ion load is desired since, similar to PTMS, even the smallest space-charge effects
can already lead to strong systematic mass shifts [143].

Due to electrode imperfections, drifting electric fields, and other perturbations, the
mass-resolving power does not rise linearly for long flight times as Eq. (4.7) would
suggest but rather flattens and slowly decreases due to residual dispersion of the ion

Figure 4.4: Multi-Reflection Time-of-Flight Mass Spectrometer of ISOLTRAP. Graphic
from [133] reproduced with permission for Elsevier.
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bunch. Depending on the initial bunch conditions, this so-called aberration limit is
typically reached after the first few hundred to a few thousand revolutions.

4.2 The ISOLTRAP mass spectrometer at ISOLDE/CERN

The ISOLTRAP mass spectrometer at ISOLDE/CERN has pioneered Penning trap
mass spectrometry at RIB facilities since the early 1990s [111, 144, 145]. Initially
consisting of the tandem Penning trap system, the spectrometer was extended with a
Radiofrequency Quadrupole Cooler-Buncher (RFQ-cb) [146] for cooling and bunching
the quasi-continuous RIB, and a Multi-Reflection Time-of-Flight mass spectrometer [133,
147].

A typical measurement scheme is visualized in Fig. 4.5. The laser-ionized [98] and
mass-separated RIB [86] is injected into the RFQ-cb, which is floated to a high voltage
of typically 30 kV to 60 kV to match the RIB beam energy. Helium buffer gas is let
into the vacuum chamber of the RFQ-cb to provide buffer-gas cooling through ion-gas
collisions. The radial confinement by the RF field is tuned in amplitude and frequency
through an adjustable RLC circuit to match the m/q of the stored ions, mixed with a
DC potential along the trap axis, allowing stable confinement in the trapping region.
After trapping times of several milliseconds, the ion bunch is ejected and brought to a
beam energy of 3.2 keV.

Using the in-trap pulsed electrode [148], the ion bunch is then captured in between
the electrostatic mirrors of the MR-ToF MS. Depending on the desired separation
power, beam intensity, and half-life, the ions are trapped for a few tens to up to several
thousands of revolutions, leading to kilometer-long flight paths. The optimal ToF focus
on a ToF detector for a chosen number of revolutions is set by adjusting the kinetic
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Figure 4.5: ISOLTRAP mass spectrometer as of 2021. The spectrometer comprises
the RFQ-cb, the MR-ToF MS and the tandem Penning trap system. Graphic amended
from [6].
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energy of the bunch inside the MR-ToF MS during the capture of the ions. Typical
beam energies during trapping are ∼ 2 keV, varying by ±50 eV depending on the number
of revolutions and the ion mass.

Following, the ion bunch is ejected using the lift electrode, raising the beam energy
back to 3.2 keV. If used as a mass spectrometer, the ions are immediately implanted on
a MagneToF® single-ion detector from ETP ion detectTM, situated downstream of the
device. The raw signal is fed into a TDC from FAST ComTec GmbH, and the data is
pre-binned into 800 ps bins.

If the device is used as an isobar separator for beam purification, the lift electrode is
pulsed for some hundreds of nanoseconds only to eject the isotope of interest, suppressing
isobaric contamination [149]. The purified ion bunch is then guided through a 90-degree
bender into the vertical part of the setup, after which the beam energy is reduced to
less than 100 eV. The beam is then captured by the cylindrical Preparation Penning
trap [150], which is located inside a 4.7 T superconducting magnet. Here, the mass-
selective buffer gas cooling technique [117] as discussed in Section 4.1.1 is employed
to further improve the ion bunch emittance. If the half-life of the ion is not limiting
the storage time, the cooling lasts several hundred milliseconds. Otherwise, the helium
pressure in the trap can be increased, and the amplitudes and excitation times of the
RF excitations can be adjusted to reduce the cooling times to a few tens of milliseconds.

The cooled ions are then ejected and transported to the hyperbolic Measurement
Penning trap, which is housed in a 5.6 T superconducting magnet [151]. The cyclotron
frequency of the stored ions is measured by employing either the ToF-ICR or PI-ICR
technique as described in Section 4.1.1. To mitigate the effect of systematic drifts of the
electric and magnetic fields, a higher-order magnetic field correction is applied using
the magnetic field produced by room-temperature coils [152]. The ToF of the ions
after ejection is measured by an MCP with delay lines from RoentDek Handels GmbH
providing a sub-millimeter spatial and sub-nanosecond temporal resolution needed for
both measurement techniques.

An offline ion source providing stable or long-lived radioactive isotopes can be used
for various applications. For both MR-ToF MS and PTMS, reference masses are needed
either to calculate the mass of interest from the measured ToF (see Eq. (4.8)) or cyclotron
frequency (see Eq. (4.3)). To avoid mass-dependent systematic uncertainties, the mass
difference between the mass of interest and the reference mass, (m−mref), should be
minimized1. Furthermore, reference masses are used to calibrate the MR-ToF MS or the
Penning traps to estimate the ToFs or resonance frequencies of unknown masses. Lastly,
stable or long-lived radioactive isotopes provided by the offline ion source can be used
to measure masses with high precision and statistics, independent of the experimental
schedule of an online facility [154] or at offline labs [155,156].

4.3 Technical Developments at ISOLTRAP

In this thesis, several technical developments at the ISOLTRAP setup have been
performed. In the following, the design and commissioning of a new offline ion source

1For the ToF-ICR method at ISOLTRAP, for example, this uncertainty was determined to be −1.6(4)×
10−10/u × (m − mref) [153]

36



4.3 Technical Developments at ISOLTRAP

Figure 4.6: Anno-
tated CAD drawing of
the combined surface
and laser-ablation ion
source. The laser
beam path is high-
lighted in green, the
surface ion beam in or-
ange, the laser-ablated
ion beam in blue, and
the ISOLDE RIB in
red.

will be presented, followed by technical improvements leading to a 2.5-fold increase in
mass resolving power with the MR-ToF MS.

4.3.1 A new offline ion source

Over the years, many different ion-source types have been used at ISOLTRAP, including
plasma, surface, magnetron, and laser-ablation sources. The latter type is particularly
suitable, as the laser ablation from solid targets can produce reference ions from various
elements, most prominently carbon ions and carbon cluster ions for absolute mass
measurements [157–161]. Due to a remodeling of the beamline and the implementation
of the MR-ToF MS, a new combined ion source was developed and commissioned in the
framework of this doctoral thesis.

Now situated in front of the RFQ-cb, the new ion-source setup combines a surface
ion source with a laser-ablation ion source (LAIS), see Fig. 4.6. Design considerations
included high beam energies (up to 60 keV), small footprint (< 1 m2), stringent laser
safety rules, a motorized target that is easily exchangeable, and reliability. The driving
laser, a frequency-doubled pulsed Nd:YAG laser with nanosecond pulse lengths and
several millijoules of pulse energy, is located on top of a high-voltage cage inside an
enclosure. The high-voltage cage houses the ion-source vacuum chambers, which are
floated to a potential of 30 kV to 60 kV, and necessary equipment. The laser beam is
guided through a set of motorized mirrors and a motorized telescope into the vertical
part of the vacuum chamber, where it impinges on an ablation target that is mounted
on a motorized linear feedthrough. Laser-ablated ions are accelerated and focused
through two sets of 90-degree benders into the main ISOLTRAP beamline. A movable
Faraday cup is located between the two sets of benders and serves for beam tuning and
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Figure 4.7: Time-of-Flight spectrum at 30 keV beam energy measured shooting through
the MR-ToF MS without trapping.)

characterization.
The first commissioning work has been performed using a glassy carbon target [162],

commercially available as Sigradur. Carbon targets are useful as they provide single
atoms and atomic clusters from cluster sizes from n = 2 to n > 60 [158, 163], thus
covering the whole mass range of the nuclear chart. A first cluster ToF spectrum from
the commissioning is shown in Fig. 4.7, shooting the cooled and bunched 30 keV beam
through the MR-ToF MS without trapping. It can be seen that heavier clusters up
to n = 27 are produced. Several contaminants are also visible, of which 39K was most
easily identified.

4.3.2 MR-ToF MS Improvements

Initially, the mass resolving power R of the ISOLTRAP MR-ToF MS rarely exceeded
2 × 105 during online experiments and was dictated by the aberration limit of the device
(see Section 4.1.2). To tackle one of the main causes of residual ion dispersion, an
extended mirror-voltage electrode-stabilization system based on Refs. [164, 165] was
implemented. The absolute voltage stability of single-pass electrodes such as steerers or
lenses is less influential as compared to the electrodes forming the mirror potentials of
the device, which are passed by the ion bunch many hundreds and thousands of times.
Fluctuations in the voltages applied to the mirror electrodes are a major contribution to
short and long-term fluctuations of the time-of-flight of stored ions which subsequently
leads to a worsening of the overall performance. Various approaches to stabilize electrode
voltages are employed at time-of-flight spectrometers, including passive filtering of high-
frequency components through low-pass filters and active voltage regulation using
feedback loops. These two measures have now been implemented for five of the six
mirror electrodes of the device.

The choice of which mirrors to stabilize is based on the simulated and measured
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Figure 4.8: Rela-
tive voltage deviation
from the set value over
the course of 12 hours.
For the most crucial
mirrors, this deviation
ranges in the millivolt
region.

sensitivity of the ion ToF to small variations of the applied voltages [147]. The most
sensitive mirror electrode, M5, forms the part of the potential where the turn-around
point of the ion bunch is located. In this region, the ions are slowed down significantly and
change their direction of velocity, which makes them most sensitive to voltage fluctuations,
translating into the modification of the ion energy and, consequently, a modification
of the time-of-flight. The relative voltage deviation Urel(t) = |Uset − U(t)| /Uset, where
Uset is the set voltage and U(t) is the measured voltage at time t, is shown in Fig. 4.8
for the five actively and passively stabilized mirrors. For the 2 kV to 4 kV mirrors, this
ranges in the low 10−7 region, translating to few millivolts in deviation.

The second direct way to improve the MR-ToF MS performance is to improve the
initial ion bunch emittance. After the device was installed, the ejection out of the
RFQ-cb had to be adjusted for the acceptance of the MR-ToF MS [133]. It was found
that the necessary steeper potential increased the sensitivity of the ion bunch to the
phase of the RF (∼ 1 MHz) at the time of ejection [164]. Following up on this idea,
the ejection potential out of the RFQ-cb was further increased from ±100 V to up to
±250 V to study the impact on the performance. Expectedly, stronger potentials lead
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Figure 4.9: Mains power phase dependence of the ion time-of-flight. The start of the
experimental cycle was scanned in 0.5 ms to probe the full 20 ms period of one 50 Hz
power cycle.
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to stronger sensitivity to the phase. A compromise between sensitivity, absolute ToF,
and ToF width was chosen, such that the delayed ejection after turning off the confining
RF field [164] was still able to counteract the residual RF influence without losing too
many ions due to the weakening of the confining field.

Furthermore, it was found that the ToF strongly depends on the absolute phase of
the 50 Hz mains power. Randomizing the cycle execution over different phases leads to a
broadening of the ToF peak. This can easily be shown by synchronizing the experimental
cycle to the mains power and by always triggering on the same absolute phase (see
Fig. 4.9) and then delaying the start of the cycle with respect to the chosen absolute
phase.

4.3.3 MR-ToF MS data analysis

An object-oriented toolset for the analysis of the MR-ToF MS data has been devel-
oped [166] based on the Python programming language [167] and the CERN Root data
analysis framework [168]. The main purpose of the code is divided into data processing
and analysis. The main features of the analysis part are isotope identification based on
time-of-flight, drift correction, and peak fitting. The latter two parts are discussed in
more detail in the following.

Residual ToF drifts due to temperature fluctuations on the order of hours to days
are difficult to account for on the hardware level and would require sophisticated
temperature stabilization of the experiment and all of its hardware. These fluctuations
can be removed during off-line data analysis using an algorithm to calculate rolling
averages of the observed ToFs [169,170] of either the ion-of-interest or suitable isobaric
reference mass.

Figure Fig. 4.10 shows the ToF correction on the data for Article II which was taken

Figure 4.10: Time-of-Flight correction of data for the m/q = 99 isobaric beam from
experiment Article II. The raw data is plotted on the left with the rolling-average ToF
for the SrF molecule highlighted in red. The corrected data is plotted on the right.
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Figure 4.11: Multi-component probability density function to fit asymmetric peak
shape of the ToF spectra. The data is from the m/q = 99 beam from Article II. Here,
one negative and two positive components fit the data best (red). The dashed lines
indicate the individual components.

over the course of several days due to small production rates of less than 10 ions per
second of the ion of interest. Using the dominating contamination, SrF, the rolling
average ToF is calculated for a certain ToF window (dashed blue lines). The rolling
correction factors are calculated in relation to a reference ToF (solid blue line) used
to align all measured events. The choice of reference ToF is crucial when only the
ion-of-interest is stored in the device since small shifts in ToF relative to the reference
masses m1 and m2 (see Eq. (4.8)) yield rather large systematic mass shifts. If one of
the reference masses is stored at the same time and is ToF corrected in the same way
as the ion-of-interest, then the systematic mass shift is insignificant compared to the
precision of the device (if only one ion is stored in the device on average to avoid space
charge effects [143,171]).

To extract the precise time-of-flight from the measured ToF spectra, a fitting rou-
tine using RooFit [172] to perform maximum likelihood estimation calculations was
implemented. Due to the asymmetric shape of the ToF distribution, an asymmetric multi-
component probability density function ("hyperEMG") was chosen [173]. This function
is made from a superposition of several exponentially modified Gaussian distributions
with positive and negative exponential components to account for the non-Gaussian
tailing on either side of the distribution.

Figure Fig. 4.11 shows the best fit of a three-component hyperEMG function to the
molecular contaminant 99SrF from Article II. The function consists of one negative
component with a small decay constant, and two positive components with a short and
a long decay constant (highlighted by the dashed lines). Note that the mean value of
the Gaussian part does not indicate the maximum of the distribution and is offset by a
small value. To extract the absolute ToFs for a ToF spectrum and the ToF differences
between different species, all peaks were fitted simultaneously such that all fit parameters
governing the shape of the ToF spectra (decay constants of exponential part, standard
deviation of Gaussian part) were shared between the different peaks.
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4.4 Laser Spectroscopy
As was shown in chapter Section 2.2.2, electromagnetic moments and charge radii are
crucial observables for understanding nuclear structure. With the advent of modern
laser systems, a large number of atomic transitions became accessible for studying
the atomic hyperfine structure. Moving away from stable isotopes, laser-spectroscopy
experiments naturally started investigating radioactive isotopes at radioactive ion beam
facilities [174]. In the following, different laser-spectroscopy methods on radioactive ion
beams, focussed on ISOL-type facilities, will be discussed.

4.4.1 Collinear Laser Spectroscopy
One of the first ever used online laser-spectroscopy methods utilizes collinear or anti-
collinear overlapping of the laser beam with the radioactive ion beam to optically pump
a short-lived atomic excited state and then to collect the fluorescence light produced by
its decay [175]. With this method, due to the relative motion of the ion beam and the
laser beam, the transition wavelengths λlab of the atomic transitions are Doppler-shifted
in the stationary laboratory reference frame [176]:

λ0 = λlabγ (1 + β cos θ) = λlab
1 + β cos θ√

1 + β2 , (4.10)

where λ0 is the observed wavelength, γ is the relativistic Lorentz-boost, β is the ratio of
ion velocity v over speed of light c, and θ is the angle between the ion beam and the
laser light. Furthermore, the mass dependence of the electrostatic ion-beam acceleration
at ISOL facilities, a “pseudo isotope shift” can be seen and must be considered.

Since transition wavelengths of atomic transitions in singly-charged ions are typically
in the ultra-violet range, which is harder to reach with lasers and harder to detect, the
ion beam is usually neutralized through a charge exchange cell (CEC). In such cells,
alkali metals are heated to some hundreds of degrees Celcius to create an atomic vapor.
Due to the low ionization potential of the alkali atoms in the vapor, the charge exchange
of electrons with the passing ion beam is very efficient. After the CEC, the laser now
interacts with the beam of neutral atoms in the optical detection region and creates
fluorescence photons which are guided by mirrors and light guides to photomultiplier
tubes. The CEC can be set to a potential to alter the ion beam energy and, thus,
effectively shifts to transition frequency. This so-called voltage scanning of the transition
frequency allows the laser to run at a fixed wavelength, which is usually more stable. This
requires precise knowledge of the acceleration voltage to the 10−4 level. Furthermore, the
laser-atom-beam interaction has to be limited to the optical detection region to prevent
the population of meta-stable “dark states” in which the atoms are then lost for further
spectroscopy. To reduce the background of scattered laser light in the photomultiplier
tubes, a three-level scheme can be chosen in which the excited state decays into a third
short-lived state before decaying back to the ground state. This enables the usage of a
filter that removes photons on the laser wavelength but allows the passage of fluorescence
light.

Certain atomic levels show a large cross-section for charge exchange in a CEC or for
collisional-induced ionization in a gas jet. These states can be used to gain sensitivity
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while greatly reducing background. The ROC method (Radioactive detection of Optically
pumped ions after state-selective Carge exchange) resonantly pumps an ion through a
short-lived state into a meta-stable state which exhibits a large charge-exchange cross
section [177]. After the ions in the beam are pumped into this state, they enter a CEC
in which they are neutralized. The ion-to-atom ratio is measured for different potentials
on the CEC to determine whether the optical pumping was resonant or not. To further
reduce background, the atoms and ions are counted using two sets of scintillators to
detect the beta and gamma particles from the characteristic decays of the isotope of
interest.

The second method, state-sensitive ionization, relies on a similar effect [178]. First,
the ion beam is neutralized in a CEC, leaving the atoms in a certain meta-stable state
with a high ionization cross-section. A laser resonantly pumps the atoms from this
meta-stable state into a short-lived excited state, from which the atoms decay into their
ground state. Afterwards, the atom beam passes through a gas jet which selectively
ionizes the atoms again, after which the ion-to-atom ratio is measured using decay
spectroscopy or ion counting. This re-ionization [179] results in a large number of atoms
only when the optical pumping is resonantly populating the ground state, which is not
re-ionized.

4.4.2 Resonance Ionization Spectroscopy

In contrast to fluorescence-detection, resonance ionization spectroscopy (RIS) relies on
the step-wise excitation of an electron in the atomic shell, using pulsed lasers at different
wavelengths, eventually ionizing the atom. The benefits of RIS are the detection of
electrons or ions, which is more efficient than the detection of fluorescence photons, as
well as the overall lower background. Commonly, two or three different excitation steps
are used, differing only in the final step, which is usually the non-resonant excitation
into the continuum, an auto-ionizing state, or a Rydberg state. In one of the latter
two states, the overall efficiency of the ionization scheme is strongly enhanced, as the
application of a weak electric field or the collisional ionization of such states are superior
to the non-resonant excitation into the continuum.

Different RIS methods are applied at RIB facilities, depending on the production rate
of the ion of interest and the levels of contamination. The first method, performed in the
hot cavity of an ISOL target unit (see Section 3.2), utilizes the RILIS lasers by scanning
one of the resonance steps of the laser scheme. Because of the high temperatures of
the target container, the transfer line, and the hot cavity itself, the line widths of the
atomic transition are broadened due to the Boltzmann-distributed velocities of the atom
vapor. This Doppler-broadening can be written as

∆ν = ν

√
8 ln 2kT
mc2 , (4.11)

where ν is the transition frequency, k is the Boltzmann constant, T is the temperature of
the atom vapor, and m is the mass of the atoms. For typical temperatures of T ≈ 2300 K
and masses of about 200 u, the Doppler broadaning is in the order of 1 GHz. The natural
line width ν0 of a transition is linked to the Heisenberg uncertainty principle where
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Figure 4.12: Schematic of
the experimental setups for the
in-source resonance ionization
spectroscopy of rare mercury
isotopes using the ISOLDE-
RILIS and different ion de-
tection techniques. Figure
from [4] reproduced with per-
mission from Springer Nature.

∆E∆t ≥ ℏ
2 , resulting in

ν0 = 1
2πτ , (4.12)

where τ is the lifetime for the excited state. For the lifetime of the 3P1 state in mercury
for Article I, with τ = 122 ns [180], a natural line width of about 1 MHz can be obtained.
Even though the Doppler-broadening is clearly a resolution-limiting factor for in-source
spectroscopy, for medium and heavy mass nuclei, the resolution of some GHz is sufficient
to resolve isotope shifts and hyperfine structures while having high sensitivity which
can range in the order of one ion per second or even lower.

Fig. 4.12 shows the setup for the experimental campaign to study rare mercury ions
at ISOLDE. During the experiment, different detection techniques were employed to
resolve the mercury isotopes from the isobaric background, i.e. decay spectroscopy and
single-ion counting after high-resolution mass separation using the ISOLTRAP MR-ToF
MS [4, 5, 123]. The resolution ranged in the GHz region, enough to resolve the HFS
features, extract nuclear moments, and charge radii.

To improve the resolution of in-source RIS, a method was developed in which the
spectroscopy laser of the multi-wavelength ionization scheme is overlapped perpendicular
with the atom beam that effuses out of the hot cavity. In this so-called PI-LIST
(perpendicularly-illuminated laser ion source and trap, see Section 3.2 for standard LIST
mode) mode [181], only the lateral velocity component of the effusing conical atom beam
contributes to the Doppler-broadening. This effect is further maximized by shining
in the other lasers on the atom beam axis, which further reduces the effective lateral
velocity phase space probed by the combination of the two lasers. While the sacrifice of
large parts of the velocity phase space reduces the ionization efficiency by up to two
orders of magnitude, line widths of as low as 200 MHz have been reported [181].

Resonance ionization spectroscopy can also be performed on fast ion beams with
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4.4 Laser Spectroscopy

collinear or anti-collinear lasers [182]. Similar to other CLS methods mentioned above,
the ion beam is first neutralized in a CEC before several lasers on different wavelengths
resonantly ionize the atoms in the beam. Afterward, the ions are deflected onto a
single-ion detector or a decay spectrometer for counting.

While resonance ionization with RILIS was used in Article II and Article III to
ionize indium and zinc isotopes and suppress unwanted contamination in the ISOLDE
ion source, the laser wavelength was kept on resonance. For Article I, however, the
laser wavelength was scanned to obtain the hyperfine spectra of the mercury isotopes.
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5 Conclusion and outlook

This thesis reports on high-precision Penning trap and multi-reflection time-of-flight
mass spectrometry and on in-cavity resonance ionization laser spectroscopy of short-lived
radioactive isotopes near the doubly-magic nuclei 78Ni, 100Sn, and 208Pb. The binding
energy, magnetic moment, and nuclear charge radii measurements of rare indium, zinc,
and mercury isotopes enabled the benchmarking of modern nuclear theory calculations
and resulted in a better understanding of the forces at play in the many-body problem of
the atomic nucleus. The isomeric excitation-energy measurements of 99Inm and 79Znm

were enabled through technical improvements of the ISOLTRAP MR-ToF MS, which
led to a factor 2-3 increase in mass-resolving power and long-term operation stability.
Exploiting these upgrades in combination with newly implemented software tools to
correct and analyze the data now supports mass measurements of isotopes with yields
well below one ion per second over many consecutive days.

Yet to be analyzed and published mass measurements using the MR-ToF MS can
be found in Fig. 5.1. Follow-up measurements near doubly-magic 100Sn for nuclear
structure studies using the improved hardware have already been performed in the
neutron-deficient cadmium chain, crossing the N = 50 shell gap through the first direct
measurement of 97

48Cd49 in its ground and high-spin isomeric state. This result will
yield valuable information on the single-neutron separation energy and the correlated
neutron gap, providing further input to shell-model calculations and motivating ab initio
calculations in the neutron-deficient cadmium chain. Also, mass measurements of 103Sn
were performed successfully, while measurements of 101,102Sn were still hindered by high
levels of isobaric contamination.

Based on the expected production yields for 101,102Sn [102], 98In [7], and 96Cd,
further high-precision mass measurements in the 100Sn region are feasible at ISOLDE
but require efficiency improvements of the RFQ cooler-buncher and better isobaric
contamination handling of the MR-ToF MS. A new RFQ is currently in the process
of being implemented and tested to serve as a second Paul trap for mass-selective
retrapping to improve contamination suppression, while a second such device could
replace the main ISOLTRAP RFQ for improved efficiency in capturing the ions delivered
by ISOLDE and preparing them for subsequent mass measurements.

Furthermore, neutron-rich mercury isotopes near doubly-magic 208Pb past N = 126
were produced in a proof-of-principle experiment testing new target and ion-source
settings. Using the MR-ToF MS, 209

80 Hg129 and 210
80 Hg130 were measured for the first time.

With these new masses, a second δVpn value above the shell gap, now at N = 130, can
be calculated to probe residual pn interactions and to test nuclear structure calculations
in that region of the nuclear chart. An experimental campaign to employ in-source laser
spectroscopy, supported by MR-ToF MS and the ISOLDE decay station, is planned to
systematically study the ground-state properties of these and more neutron-rich mercury
isotopes in the near future.
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5 Conclusion and outlook

The results of the data shown in Fig. 5.1 and the technical improvements presented
in this chapter will be reported in upcoming scientific publications.
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Figure 5.1: Follow-up mass measurements at ISOLTRAP from three different experi-
mental campaigns. The cadmium and tin isotopes were produced from LaCx targets
with laser ionization, while the mercury isotopes were produced from an UCx target
with a cold transfer line and laser ionization.
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N = 126 are analyzed within the framework of covariant density functional theory (CDFT), with comparisons
between different functionals to investigate the dependence of the results on the underlying single-particle
structure. The observed features are defined predominantly in the particle-hole channel in CDFT, since both are
present in the calculations without pairing. However, the magnitude of the kink is still affected by the occupation
of the ν1i11/2 and ν2g9/2 orbitals with a dependence on the relative energies as well as pairing.

DOI: 10.1103/PhysRevC.104.054322

I. INTRODUCTION

The kink in the relative mean square charge radii (δ〈r2〉)
at the N = 126 shell closure has long been considered as
a benchmark for testing theoretical calculations. Tradition-
ally the lead isotopic chain was employed [1–5], but new
experimental results in this region that reveal the systemat-
ics of other isotopic chains [6–9], mass measurements, and
odd-even staggering (OES) in charge radii offer the opportu-
nity to broaden this benchmark. The droplet model is unable
to reproduce this kink because of the absence of single-
particle degrees of freedom [10]. Early nonrelativistic mean
field approaches were also incapable of reproducing a kink
at 208Pb [11], while, conversely, relativistic mean field ap-
proaches were demonstrated to be successful in doing so [2].

Two alternative modifications were suggested to correct
this deficiency in nonrelativistic models. The first relies on
the modification of the spin-orbit interaction, either through
a fitting procedure (see Refs. [3,12]) or via the introduction
of a density dependence (see Refs. [13,14]). This leads to
a reasonable reproduction of the experimental isotope shifts
(see Refs. [3,15]). The second approach (employing so-called
Fayans functionals) introduces gradient terms into the pairing
and surface terms of the functional [4,16,17]. This signifi-
cantly improves the general description of experimental data;
however, discrepancies are still apparent in the lead and tin
isotopic chains [18]. Moreover, pairing becomes a dominant
contributor to the kink and OES [18], in contradiction with
the results obtained in relativistic Hartree-Bogoliubov (RHB)
calculations with the DD-ME2 functional and nonrelativis-
tic Hartree-Fock-Bogoliubov (NR-HFB) calculations with the
M3Py-P6a functional presented in Ref. [9].

This work is an in-depth follow-up to Ref. [9], which
reported on the δ〈r2〉 of mercury isotopes across N = 126 and
employed these results, together with existing lead data, to
compare RHB and NR-HFB approaches. A new OES mecha-
nism was additionally suggested, related to the staggering in
the occupation of the different neutron orbitals in odd- and
even-A nuclei and facilitated by particle-vibration coupling
(PVC) in odd-A nuclei. Here we report on the magnetic-dipole
and electric-quadrupole moments of 207Hg, new and improved
mass measurements of 206–208Hg, and a detailed theoretical
study within the RHB framework to better understand the
kinks and OES in lead and mercury isotopes. Multiple state-
of-the-art covariant energy density functionals (CEDFs) are
employed (NL3* [19], DD-PC1 [20], DD-ME2 [21], and
DD-MEδ [22]) to assess the dependence of the theoretical
results on the underlying single-particle structure. The global
performance of these functionals in describing ground state
properties such as masses and charge radii of even-even nuclei
has been tested in Refs. [23,24].

This article is arranged as follows. The experimental tech-
niques are presented in Sec. II. The radiogenic production of
207,208Hg in a molten lead target is discussed in Sec. III. Exper-
imental results on mean square charge radii, magnetic-dipole
and electric-quadrupole moments and masses are summarized
in Sec. IV. The discussion of experimental results is presented
in Sec. V. A theoretical formalism and theoretical analysis of
the kinks and OES in charge radii are presented in Sec. VI, to-
gether with their dependence on the underlying single-particle
structure and pairing and a comparison of experimental and
calculated binding energies. Finally, we give a brief summary
in Sec. VII.

II. EXPERIMENTAL TECHNIQUE

The neutron-rich mercury isotopes were studied at the
ISOLDE facility [25] as part of a wider experimental
campaign which investigated both ends of the isotopic
chain [9,26,27]. The mercury nuclei were produced using the
Isotope Separator On-Line (ISOL) method [28,29] and stud-
ied via in-source resonance ionization spectroscopy [30,31] as
depicted in Fig. 1(a).

A molten lead target (thickness 170 g/cm2) was bom-
barded with 1.4-GeV protons, resulting in a cocktail of
reaction products which effused via a temperature controlled
chimney [32] into the anode volume of a Versatile Arc Dis-
charge and Laser Ion Source (VADLIS) [33]. The target and
ion source were biased at 30 kV and laser light from the
ISOLDE Resonance Ionization Laser Ion Source (RILIS) [34]
was directed into the anode volume for multistep resonance
ionization [35] of the mercury isotopes. A {λ1 | λ2 | λ3} =
{254 nm | 313 nm | 532 nm} ionization scheme [36] was ap-
plied, with the first (254 nm) resonant transition used to
investigate the hyperfine structure (hfs) and isotope shifts in
the 5d106s2 1S0 → 5d106s6p 3P◦

1 atomic transition.
The ions were accelerated by the electric field resulting

from the grounded extraction electrode depicted in Fig. 1(a)
and Fig. 1(b) to form a 30-keV radioactive ion beam (RIB).
The ISOLDE General Purpose Separator [25] was employed
for mass separation before the RIB was directed to either
a Faraday cup for direct ion current measurement or to the
ISOLTRAP radio frequency quadrupole cooler-buncher (RFQ
C-B) [37]. Downstream of the RFQ C-B, the RIB was injected
into the Multi-Reflection Time-of-Flight Mass Spectrometer
(MR-ToF MS) [38] for either isobaric separation and sub-
sequent detection [39] or for mass measurements, either by
measuring the time of flight of the ions [40] or by utilizing the
downstream Penning traps [41].

The lead target–VADLIS combination was required to
avoid the overwhelming isobaric francium contamination
present on masses A = 207, 208 when employing a standard
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(c)

(b)

(a)

FIG. 1. (a) Overview of the experimental setup for the produc-
tion and study of mercury isotopes. (b) Schematic of a VADLIS
coupled to a molten lead target via a temperature controlled chimney.
(c) The variation in the RILIS-mode and VADIS-mode ion currents
on mass A = 197 for differing anode bias voltages. See text for
additional details and the definition of acronyms.

UCx target with a hot cavity surface ion source for the laser
light-atom interaction region [42]. Alternative approaches
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FIG. 2. (a) Ion rate on mass A = 208 measured by the MR-
ToF MS detector for a given frequency tripled laser frequency.
The RILIS+VADIS-mode is dominated by VADIS ionized 208Pb;
the count rate was estimated based on Faraday cup measurements.
Further discussion is in the text. (b) and (c) Time-of-flight spectra
on mass A = 208, measured downstream of the MR-ToF MS with
the VADLIS in RILIS-mode and the lasers on resonance and off-
resonance, respectively. The y axis scales of (b) and (c) are identical.

have struggled to suppress certain isotopes of francium, and
would additionally be expected to result in a factor of ≈20
reduction of the signal of interest [43,44].

A schematic of the VADLIS is presented in Fig. 1(b) to-
gether with the relative bias of the components. In the standard
Versatile Arc Discharge Ion Source (VADIS)-mode of opera-
tion, atoms and molecules are ionized by electrons that are
emitted from the ≈2000 ◦C cathode and accelerated into the
anode volume by a relative anode voltage of 100–200 V [45].
The selective RILIS-mode of operation was employed for this
experiment, where the anode voltage is optimized for laser-ion
extraction while maintaining it below what is required for sig-
nificant electron impact ionization [33]. Figure 1(c) presents
the online optimization of the RILIS-mode with radiogeni-
cally produced 197Hg. The RILIS-mode and VADIS-mode
related signals were separated by blocking and unblocking the
laser light exciting the 254-nm transition. A clear maximum
is visible with a near-negligible background with the anode
voltage set to ≈8 V. The alternative, applying the RILIS lasers
with a 100–200 V anode bias (termed RILIS+VADIS-mode),
would have resulted in significant isobaric contamination and
a reduced signal-to-noise ratio as a result of the competing
ionization processes.

The benefits of combining the RILIS-mode of opera-
tion with the ISOLTRAP MR-ToF MS are highlighted in
Fig. 2(a). Operating in RILIS-mode reduced the isobaric 208Pb
background by seven orders of magnitude compared with
RILIS+VADIS-mode. This enabled the MR-ToF MS to be
employed for selective detection and for determining the mass
of 208Hg. Time-of-flight spectra recorded on and off reso-
nance with the MR-ToF MS are shown in Figs. 2(b) and 2(c),
respectively. By applying time gates in the ToF spectra, it
was possible to separate the 208Hg signal from the remaining
isobaric contamination.
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FIG. 3. Ionization and release efficiency (ε) as a function of the
half-life of mercury isotopes from a molten lead target. The results
from ABRABLA, FLUKA, and GEANT4 simulations are compared. See
text for details.

III. RADIOGENIC PRODUCTION OF 207,208Hg
IN A MOLTEN LEAD TARGET

Considering the natural lead (206–208Pb) target material
used for this experiment, the creation of mercury isotopes
with N � 126 is comparatively well understood as the re-
sult of spallation reactions induced by the incident 1.4 GeV
proton beam. However, when going beyond N = 126 (206Hg)
the production mechanism changes, and a range of other
processes may become relevant [46,47] including secondary
reactions induced by the light and energetic products of the
primary spallation reactions. The production of 207Hg via
208Pb(n, 2p) 207Hg is a good example of such a process,
and was first reported at an ISOL facility in Ref. [48]. The
mechanism for producing 208Hg is significantly more exotic,
as evidenced by a factor of 2400 decrease in the measured
ion rate between 207Hg and 208Hg. There are a number of
potential production channels including 208Pb(t, 3p) 208Hg,
208Pb(α, 4p) 208Hg, or reactions with radiogenically produced
209Pb (t1/2 ≈ 3 h) or 210Pb (t1/2 ≈ 22 y) which build up within
the target during the experiment.

The in-target production of mercury isotopes was
calculated via ABRABLA [49,50], FLUKA [51,52], and
GEANT4 [53–55] simulations. The results are assessed by
considering the isotope specific extraction and ionization ef-
ficiencies (ε), determined by dividing the measured yield by
the calculated in-target production. Figure 3 presents the re-
lationship between ε and half-life for the mercury isotopes
measured with the MR-ToF MS during this experimental
campaign. For 202Hg (stable) and 203Hg (t1/2 ≈ 47 days) the
half-lives are set at 1 × 105 s to facilitate their inclusion. The
data are fitted using Eq. (4) from Ref. [42], with the hollow
data points omitted from the fits to enable them to converge.

As expected, ε generally increases with increasing half-life,
and stabilizes at a point where the half-life is sufficiently long
compared to the release time.

All of the results broadly agree with an extraction and
ionization efficiency of approximately 1% for sufficiently
long-lived isotopes. ABRABLA [49] is not capable of repro-
ducing the secondary reactions required for the production
of 207,208Hg, however, as it is commonly used for calculat-
ing in-target production, it is useful for benchmarking the
other codes for this application. FLUKA [52] was found to
reproduce some 207Hg production, though based on Fig. 3 the
rate appears to be underestimated. The GEANT4 (release 10.7)
simulations employing the Liege (QGSP_INCLXX_HP)
model [54] combined with the native deexcitation code were
the most successful in reproducing both 207Hg and 208Hg pro-
duction, though with an apparent overestimation of the latter.
Discrepancies with the Geant4 results may be a consequence
of the necessity to scale from the simulation of a reduced den-
sity target, which was required to enable a feasible simulation
time.

While 208Hg production was not present in the FLUKA
results, the simulations presented the possibility to in-
vestigate the 208Pb(t, 3p) 208Hg channel. The results for
tritium production (using FLUKA 2021.0) were convoluted
with cross-section data from TENDL17 [56] over a 40-200
MeV interval. This resulted in an in-target production rate
of 110 atoms/μC for 208Hg, significantly below the esti-
mated rate of ≈56 000 atoms/μC calculated considering a
1% extraction and ionization efficiency. This suggests that
208Pb(t, 3p) 208Hg reactions only contribute to a fraction of
the observed 208Hg yields. Based on this, we tentatively con-
clude that the observed 208Hg production is the result of a
combination of multiple reaction channels.

IV. EXPERIMENTAL RESULTS

A. Laser spectroscopy of mercury isotopes across N = 126

Mean square charge radii and magnetic-dipole and electric-
quadrupole moments were studied via the measurement of
isotope shifts and hfs in the 254-nm transition. Sample spectra
are presented in Fig. 4(a), with the (substate weighted) cen-
troids indicated with solid black lines.

Reference scans of 198Hg were taken periodically to moni-
tor the stability of the experimental setup, with a 10 h interval.
Multiple measurements of the hfs of each isotope were taken
(2 × 202,203Hg, 3 × 206,207Hg, 5 × 208Hg) and the fitting of the
resulting spectra was cross-checked using multiple software
packages: ORIGIN 2016 with a chi-squared minimization [57]
performed with a Levenberg-Marquardt algorithm [58,59],
the SATLAS open source Python package [60] and a similar
program written in ROOT [61]. The results are presented
in Table I, together with literature data (202,203,206Hg) for
comparison. Relative mean square charge radii and magnetic-
dipole and electric-quadrupole moments were extracted from
the spectra by applying standard methods; these are summa-
rized in Appendix A.

The nuclear spin of 207Hg could not be determined un-
ambiguously because the spectroscopic transition is between
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FIG. 4. (a) Hyperfine structure spectra of the measured isotopes; the (substate weighted) centroids are indicated with solid black lines. The
y axis represents the number of “counts per shot” from the RFQ C-B. (b) and (c) Sample plots of the measured time-of-flight ion-cyclotron
resonances. (b) Measurement of 206Hg using a Ramsey-type excitation scheme with an excitation time of 2 × 60 ms separated by 480 ms.
(c) Measurement of 207Hg using a single-pulse excitation scheme with an excitation time of 1.2 s.

atomic states with electronic spins J = 0 and J = 1. Iπ =
9/2+ was assumed for the analysis of the 207Hg measure-
ments based on Refs. [48,64]. The extracted isotope shifts for
202,203Hg are in good agreement with literature. The same is
true for the neutron deficient isotopes that were remeasured
during this experimental campaign [26,27]. The 500-MHz
discrepancy between the δν206,198 value of [65] and this work
is discussed in [66]. The general agreement of the extracted

δvA,198 and hyperfine a and b factors with the previously
published literature values further validates the method of
in-source resonance ionization spectroscopy with a VADLIS
ion source.

B. Mass spectrometry of 206−208Hg

The masses of 206–208Hg were measured, employing dif-
ferent techniques with respect to earlier experiments that are

TABLE I. Extracted isotope shifts in the 254-nm line with respect to 198Hg, hyperfine a and b factors of the 5d106s6p 3P◦
1 state, and

literature values recalculated from the compilations of [62,63]. The spin assignment of 207Hg is discussed in the text. Statistical uncertainties
are listed in parentheses and the systematic uncertainties related to F254 and M are listed in curly brackets.

Isotope δvA,198 a b δ〈r2〉A,198 μ Qs

A Iπ (MHz) (MHz) (MHz) (fm2) (μN ) (b) Ref.

202 0 −10 100(180) 0.197(3){14} This work & [9]
−10 102.4(4.2) 0.1973(2){152} [62]

203 5/2− −11 870(200) 5070(90) −20(250) 0.232(5){17} 0.843(15) 0.03(35) This work & [9]
−11 750(180) 4991.33(4) −249.2(3) 0.2296(35){180} 0.8300(7) 0.40(4) [62,63]

206 0 −20 930(160) 0.409(3){30} This work & [9]
−20 420(80) 0.3987(16){308} [62]

207 (9/2+) −25 790(190) −4500(60) 530(250) 0.503(4){38} −1.373(20) −0.73(37) This work & [9]
208 0 −32 030(160) 0.625(3){47} This work & [9]
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TABLE II. Mass-measurement results for the mercury isotopes, given either as the ratio R of cyclotron frequencies from ToF-ICR or as
the CToF from the MR-ToF MS. The computed mass excess values Mexc from this work are compared to the literature values found in [67].
Additionally, half-lives T1/2 from [67] are given as well as the reference ions that were used to extract the mass values. The mass excesses are
given in terms of energy divided by the square of the speed of light c0.

T1/2 Mexc, ISOLTRAP Mexc, AME20 |�TRAP-AME20|
Isotope (min) Ref. ions CToF R (keV/c0

2) (keV/c0
2) (keV/c0

2)

206Hg 8.32(7) 133Cs+ 1.549 807 228 2(661) −20 932.1(82) −20 946(20) 13(22)
207Hg 2.9(2) 133Cs+ 1.557 367 639 6(489) −16 446.2(6.1) −16 487(30) 41(31)
208Hg 42(5) 208Pb+, 133Cs+ 0.500 108 969(255) −13 279(20) −13 270(30) 9(36)

referenced in the AME2020 [67]. A short outline of the time-
of-flight methods that were used in our experiment can be
found in Appendix B. A summary of the measured values is
presented in Table II and a comparison with the AME2020 is
shown in Fig. 5.

The atomic mass of 206Hg was previously deduced from
α-decay measurements [68]. Our measurements of 206Hg,
using the time-of-flight ion-cyclotron-resonance (ToF-ICR)
technique, represent the first direct determination of the mass
of this nucleus. For the ToF-ICR measurements in a Penning
trap, two excitation schemes were employed: a single pulse
excitation of 400 ms, as well as a Ramsey-type scheme [69],
presented in Fig. 4(b), where two excitation pulses of 60 ms
were applied, separated by a waiting time of 480 ms.

The masses of 207Hg and 208Hg have been determined
previously by storage-ring measurements at GSI using Schot-
tky mass spectrometry [70–72]. In the present experiment,
ToF-ICR measurements were performed for 207Hg with a
single-pulse excitation of 1.2 s [see Fig. 4(c)]. For 208Hg,
the hyperfine structure was measured in five different laser
scans, using ISOLTRAP’s MR-ToF MS as mass separator
and ion counter. Mass data were extracted from the scans by
summing individual binned data per scan step into a single
histogram, resulting in one histogram per scan. The ToF dis-
tributions corresponding to singly charged ions of the isotope
of interest, 208Hg+, and to an online reference ion, 208Pb+,
were aligned as outlined in [73] and fitted by employing
an unbinned maximum-likelihood estimation where the fit

FIG. 5. Difference between the ISOLTRAP mass measurements
of this work and the corresponding AME20 values (black), including
the AME20 error band (grey).

function was constructed as an exponential-Gaussian hybrid
(EGH) to account for the tails of the ToF distributions towards
longer flight times. The mass was extracted by calculating the
average CToF of the five scans, using the 208Pb+ present in
the RIB and 133Cs+ from an offline ion source as reference
ions. The results we report are in general agreement with the
literature and improve upon the precision.

V. DISCUSSION

A. Magnetic moment of 207Hg

A value of g(207Hg) = −0.305(6) was deduced based on
the results presented in Table I. The g factors of the νg9/2

isotones 209Pb and 211Po are plotted in Fig. 6 together with
the Schmidt value, the energies of the first excited 2+ states
[E (2+)−2] of the N = 126 cores, and g(210Bi) calculated from
the measured magnetic moments of the 5−, 7−, and 9− iso-
meric states [74,75] using the additivity relation and assuming
a pure [πh9/2 ⊗ νg9/2] configuration for these states. The
inverse square of E (2+) is of particular relevance due to its
approximate proportionality to the second-order perturbation
theory correction [76,77].

νg9/2

FIG. 6. Squares: experimental g factors for N = 127 isotones
(νg9/2 [74,75,78,79] and this work). The g factor of 210Bi is deduced
from measurements of isomer states; see text for details. Dashed
line shows the Schmidt value for the νg9/2 shell. Triangles: E (2+)−2

values of the corresponding N = 126 even-even nuclei (see the cor-
responding scale on the right-hand side of the figure) experimental
data from [80].
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The experimentally determined g factors differ signifi-
cantly from the Schmidt value gSchmidt = −0.425 and there
is a noticeable Z dependence. The deviation of the g factor
of the magic 209Pb isotope was explained in non relativis-
tic [81,82] and relativistic [83] approaches by taking into
account corrections for the meson exchange current and first-
and second-order core polarization (CP). The configuration
admixture contributing to the magnetic dipole moment in the
first-order of perturbation theory corresponds to a particle-
hole excitation from an orbit j = l + 1/2 to its spin-orbit
partner j = l − 1/2 (CP1 correction [84]). In the second
order of perturbation theory, the most important magnetic
moment correction stems from the odd-particle coupling with
the lowest 2+ excitation of the core (CP2 correction [76,77]).
In the vicinity of the doubly magic 208Pb, the most impor-
tant Z-dependent CP1 correction corresponds to the proton
(h−1

11/2h9/2) particle-hole excitation. A corresponding increase
in the occupancy of the πh9/2 orbital with the increase of Z ,
reduces the probability of proton (h−1

11/2h9/2) core excitations,
thereby decreasing the magnitude of the CP1 correction. The
opposite is apparent in Fig. 6, where the deviation from the
Schmidt value increases between 209

82 Pb and 211
84 Po, thus CP1

corrections do not appear to be the dominant driver for the
g-factor Z dependence. Additionally, meson exchange correc-
tions have been shown to have a weak A dependence in the
vicinity of 208Pb [77,85]. It could then be suggested that CP2
corrections are primarily responsible for the Z dependence of
the discrepancy with the Schmidt value.

The same mechanism (particle-quadrupole-vibration cou-
pling) was used to explain the magnetic moment evolution
in the vicinity of the magic numbers [76,77]. This expla-
nation is supported by the apparent correspondence of the
energies of the first excited 2+ states of the N = 126 cores
and the g factors of the N = 127 isotones in Fig. 6. Consider-
ing that E (2+, 208Pb) ≈ 4.1 MeV, E (2+, 206Hg) ≈ 1.1 MeV,
and E (2+, 210Po) ≈ 1.2 MeV [80], the admixture of the
(2+, νi13/2)9/2+ should be larger for 207Hg and 211Po than for
209Pb, resulting in an increased CP2 correction. It is worth
noting that this interpretation indicates the importance of
particle-vibration coupling in the description of the ground-
state properties of the odd-A nuclei in the vicinity of shell
closure. This same mechanism proves to be decisive for expla-
nation of the charge radii behavior in this region of the chart
of the nuclides (see Sec. VI).

B. Quadrupole moment of 207Hg

Quadrupole moments near the closed proton and neutron
shells have a predominantly single-particle nature and are
usually well described by the shell-model formula:

Q = −eeff
2 j − 1

2 j + 1
〈r2〉 j, (1)

where j is the spin of the odd particle, 〈r2〉 j is its mean
square radius, and eeff is an effective charge. Taking 〈r2〉 j from
Ref. [86], one obtains eeff (207Hg; ν2g9/2) = 2.4(13) e. This
neutron effective charge is noticeably larger than the value
of the “universal” neutron eeff = 0.95 e which describes fairly
well the measured quadrupole moments for all closed-shell
±1 nuclear states in the vicinity of 208Pb [87]. This points

to the rapid increase of a quadrupole core polarization when
moving away from the magic Z = 82, similar to that observed
for the proton eeff when moving away from the magic N =
126 [87].

VI. THEORETICAL INTERPRETATION

A. Theoretical framework and the details of the calculations

A theoretical interpretation of experimental data is per-
formed within the framework of covariant density functional
theory [88] using the RHB computer code for spherical nuclei
first employed in Ref. [9]. This code enables the blocking
of selected single-particle orbitals and allows for fully self-
consistent calculations of the ground and excited states in
even-even and odd-A spherical nuclei. In the pairing channel,
the RHB code employs a separable version of the Gogny
pairing [89] with the pairing strength defined in Ref. [23].

Several restrictions/constraints are employed in the present
paper. First, we consider only spherical nuclei, i.e., nuclei for
which 〈β2

2 〉1/2 < 0.1 where 〈β2
2 〉1/2 is the mean-square defor-

mation deduced from experimental δ〈r2〉 using the droplet
model (see Refs. [90,91]). This restriction corresponds to N �
116 and N � 121 for lead and mercury isotopes, respectively,
and it was already used in our earlier paper [9].

Second, two different procedures labeled as ”LES” and
”EGS” are used for the blocking in odd-A nuclei, and the
results of the respective calculations are labeled by these
abbreviations. In the LES (lowest in energy solution) pro-
cedure, the lowest in energy configuration is used, which is
similar to all earlier calculations of OES in nonrelativistic
DFTs [4,17]. In the EGS (experimental ground state) proce-
dure, the configuration with the spin and parity of the blocked
state corresponding to those of the experimental ground state
is employed, although it is not necessarily the lowest in en-
ergy. The need for this procedure is due to the following
considerations. First, the nodal structure of the wave func-
tions and neutron radius of the single-neutron orbital depend
on its quantum numbers such as total and orbital angular
momenta(see Refs. [3,5,92]). Thus, the occupation of differ-
ent neutron single-particle states impacts the resulting charge
radii (see Refs. [3,5] and the discussion of Fig. 7(a) below).
Second, the structure of the experimental ground states in odd-
A nuclei is reproduced globally only in approximately 40% of
the nuclei in the nonrelativistic and relativistic DFTs [93,94].1

If there is a mismatch in the structure of experimental and
calculated ground states, the impact of the blocked orbital on
the physical observable of interest (charge radius, deforma-
tions, binding, etc.) in odd-A nuclei is expected to deviate
from the value observed in experiment. The consequences of
this mismatch exist for the deformations of one-quasiparticle
states (see Ref. [94]), odd-even staggerings in charge radii (see
Ref. [9]), and binding energies (see Ref. [97]). Note that the
latter are used to define pairing indicators. In such a situa-
tion it is safer to use the blocked solution with the structure

1The inclusion of particle-vibrational coupling increases the accu-
racy of the description of the single-particle configurations in odd-A
nuclei (see Refs. [95,96]).
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corresponding to the experimental ground state (even if it
leads to an excited solution) for the description of charge radii
since a moderate shift in the energy of a single-particle state
has negligible effect on its neutron single-particle rms radius
〈r2〉sp.

B. Charge radii and related indicators

The charge radii were calculated from the corresponding
point proton radii as

rch =
√

〈r2〉 + 0.64 fm, (2)

where 〈r2〉 stands for the mean square radius of the proton
density distribution and the factor 0.64 accounts for the finite
size of the proton.

Three indicators are commonly used to facilitate the quan-
titative comparison of the experimental results with those
from theoretical calculations. The first is differential mean-
square charge radius,2

δ〈r2〉N,N ′ = 〈r2〉(N ) − 〈r2〉(N ′) = r2
ch(N ) − r2

ch(N ′), (3)

where N ′ is the neutron number of the reference nucleus.
The second one is the ξeven indicator

ξeven = δ〈r2〉128,126

δ〈r2〉126,124
, (4)

2This quantity is frequently written as a function of mass number
A. However, we prefer to define it as a function of neutron number N
since this allows to see the behavior of the δ〈r2〉N,N ′

curves at neutron
shell closures for different isotopic chains.

introduced in Ref. [8,66]. It provides a quantitative measure
of the change of the slope (i.e., δ〈r2〉N,126/δN) of differential
charge radii as a function of neutron number N at N = 126.
The applicability of ξeven is restricted by the limited availabil-
ity of the data for the N = 128 isotones because for 84 � Z �
88 they have half-lives (t1/2) < 300 μs [98] which limits the
potential for laser spectroscopy measurements. Thus, in these
cases the ξeven indicator is replaced by

ξ ∗
even = 2

N0 − 126

δ〈r2〉N0,126

δ〈r2〉126,124
, (5)

where N0 is the lowest even neutron number at N > 126 with
measured isotopic shift: N0 = 132 for 84Po [6,99], 85At [100],
86Rn [90,101], 87Fr [102–104], 88Ra [105], and N0 = 138
for 89Ac [106]. For the 82Pb and 83Bi isotopes, the data
for the nuclei with N = 124, 126, 128 were taken from [78]
and [8], respectively. Note that for the Bi and Pb isotopes,
for which the N = 128 data are available, 2

N0−126 δ〈r2〉N0,126 ≈
δ〈r2〉128,126 (N0 = 130 for Bi and N0 = 132 for Pb) since dif-
ferential radii increase nearly linearly for the N > 126 nuclei
under study.

The third is the three-point indicator

�〈r2〉(3)(N ) = 1
2 [〈r2〉(N − 1) + 〈r2〉(N + 1) − 2〈r2〉(N )]

= 1
2

[
r2

ch(N − 1) + r2
ch(N + 1) − 2r2

ch(N )
]

(6)

which quantifies OES in charge radii.
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C. The kink in charge radii and its relation to underlying
single-particle structure and pairing

The differential charge radii of the Pb and Hg isotopes are
shown in Fig. 7. One can see that all of the employed CEDFs
generate a kink at N = 126 and that the best description is
provided by the CEDF DD-ME2. Thus, it is important to
understand which physical features determine the differences
between the functionals. For that we look at the energies of
the neutron single-particle states and their occupation proba-
bilities.

The energies of neutron single-particle states obtained in
the 208Pb nucleus with the employed CEDFs are shown in
Fig. 8. One can see close similarities in the predictions of the
energies and relative positions of the 2 f5/2, 3p3/2, and 3p1/2

states occupied in the N � 126 nuclei. In contrast, the differ-
ences are more pronounced for the 1i11/2 and 2g9/2 orbitals
located above the N = 126 shell closure. In all functionals,
the 1i11/2 orbital is the lowest in energy3 but the energy gap
between these two orbitals strongly depends on the functional.
It is smallest in DD-ME2, gets larger in NL3* and DD-PC1,
and becomes extremely large in DD-MEδ. Because of this
feature, and the fact that the kink in charge radii at N = 126
is defined by the interplay of the occupation of these two
orbitals, we focus our discussion on the N > 126 nuclei.

3The order of these two orbitals is inverted in the majority of
nonrelativistic functionals (see Refs. [3,5]) and in many of them this
creates a problem in the description of the kink in charge radii at
N = 126.

Let us analyze the slope of differential radii defined as

δ〈r2〉N,N ′
/δN . Note that in such an analysis we consider only

even-even nuclei. The results of the calculations without pair-
ing indicate that this slope is almost the same for N < 1264

and N > 126 nuclei when only the 2g9/2 states are occupied
above N = 126 [see Fig. 7(a) for Pb isotopes and Fig. 7(b)
for Hg isotopes]. As a consequence, there would be either
no kink or a very small kink in the charge radii at N = 126.
However, the situation drastically changes when only 1i11/2

states are occupied above N = 126. This leads to a substan-

tial increase of the δ〈r2〉N,N ′
/δN slope and as a result to a

creation of large kink in the charge radii at N = 126. This
is related to the fact that the neutron 1i11/2 orbital is the n = 1
orbital which overlaps more strongly with the majority of the
proton orbitals than the n = 2 neutron 2g9/2 orbital [5]. As
a consequence, it provides a larger pull of the 1i11/2 neutron
states on proton orbitals via the symmetry energy. This is
despite the fact that in 208Pb the rms radius of the neutron
1i11/2 orbital (for example, rch = 6.4131 fm in DD-ME2)
is smaller than that of the neutron 2g9/2 one (for example,
rch = 7.0227 fm in DD-ME2) by ≈0.6 fm in all employed
CEDFs.

The inclusion of pairing modifies the situation in the N >

126 nuclei in such a way that both of these orbitals become
partially occupied [see Fig. 9(a)]. Note that we consider a
cumulative occupation probability v2

state which provides infor-
mation on the filling of a given j subshell: v2

state could take
any value between 0 (unoccupied subshell) and 2 j + 1 (fully
occupied j subshell). Pairing also leads to a partial occupation
of the single-particle states located above the N = 148 gap
(see Fig. 8), but their occupation probabilities are relatively
small because of the presence of this gap. Thus, for the sake
of simplicity we focus our discussion on the interplay of the
occupation of the 2g9/2 and 1i11/2 states and the consequences

of this interplay on the δ〈r2〉N,N ′
/δN slope.

The large energy gap of 1.27 MeV between the 2g9/2 and
1i11/2 states in the DD-MEδ functional (see Fig. 8) is respon-
sible for a predominant occupation of the lower lying 1i11/2

states [see Fig. 9(a)]. Considering the N = 134 nucleus as an
example, the eight neutrons outside of the N = 126 shell clo-
sure are located almost entirely in the 1i11/2 subshell (v2

1i11/2
≈

7.1) with only a small portion occupying 2g9/2 (v2
2g9/2

≈ 0.5).

This leads to a large δ〈r2〉N,N ′
/δN slope (see Fig. 7). Note

that this slope is the largest among the considered functionals
and it is not far away from the one obtained in the calculations
without pairing, when only the 1i11/2 states are occupied in the
nuclei with N > 126 (see Fig. 7). The reduction of the gap be-
tween the 2g9/2 and 1i11/2 orbitals in the DD-PC1, NL3* and,
especially, DD-ME2 functionals [see Figs. 8 and 9(b)] is re-
sponsible for a decrease of the difference in the occupation of
these orbitals (see Fig. 9). For these three functionals, the eight
neutrons outside of the N = 126 shell closure in the N = 134
nucleus are still located predominantly in the 1i11/2 subshell

4The averaged slopes for the N < 126 nuclei are almost the same in
the calculations with and without pairing (see Ref. [92] for details).

054322-9



T. DAY GOODACRE et al. PHYSICAL REVIEW C 104, 054322 (2021)

126 128 130 132 134
0

0.1

0.2

0.3

0.4

0.5

O
cc

up
at

io
n 

 p
ro

ba
bi

li
ti

es
  [

V
2 /(

2j
+

1)
]

126 128 130 132 134

Neutron number N

-4.5

-4

-3.5

-3

-2.5

-2

N
eu

tr
on

 s
in

gl
e-

pa
rt

ic
le

  e
ne

rg
ie

s 
 [

M
eV

]

DD-PC1 

1i
11/2 

2g
9/2 

1i
11/2 

2g
9/2 

126

138

(a) (b)

DD-ME2 
NL3* 

DD-PC1 

DD-MEδ

DD-MEδ

DD-ME2 

DD-PC1 

NL3* 

DD-MEδ

DD-PC1 
NL3* 

NL3* 
DD-ME2 

DD-ME2 

DD-MEδ

FIG. 9. (a) The evolution of the cumulative occupation probabilities v2
state of the neutron 2g9/2 and 1i11/2 orbitals as a function of neutron

number in the N � 126 Pb nuclei for the indicated CEDFs. (b) The evolution of the energies of these single-particle states as a function of
neutron number. Note that both types of physical quantities are calculated in canonical basis. The neutron shell closure at N = 126 and the
energy gap between the 2g9/2 and 1i11/2 orbitals at N = 138 are indicated. Note that this figure is based on the results of the calculations of
even-even nuclei. Dashed ellipses envelope the states with the same structure.

(v2
1i11/2

≈ 4.7) but with a significant portion also found in 2g9/2

(v2
2g9/2

≈ 2.5). This leads a reduction of the δ〈r2〉N,N ′
/δN slope

as compared with the case of the DD-MEδ functional. One

can see in Fig. 7 that the experimental δ〈r2〉N,N ′
/δN slope in

the N > 126 nuclei is reproduced with comparable accuracy
by the DD-ME2, NL3*, and DD-PC1 functionals. Note that
with increasing neutron number N the single-particle states
become more bound, but for a given functional, the relative
energies of the 2g9/2 and 1i11/2 states change only slightly [see
Fig. 9(b)]. As a consequence, the occupation probabilities of
the single-particle states behave as almost linear functions of
neutron number [see Fig. 9(a)].

The magnitude of the kink in charge radii at N = 126 is
better quantified by the ξeven and ξ ∗

even indicators defined in
Eqs. (4) and (5), respectively. Experimentally available val-
ues of these indicators (for both even-even and odd nuclei)
and calculated (only for even-even nuclei) are compared in
Fig. 10. Mercury is the first element below Z = 82 and only
the second even-Z element for which ξeven is experimentally
determined; the kink in the mercury charge radii is of a similar
magnitude to that of lead. Only experimental ξ ∗

even indicators
are available for Z > 83 nuclei. Note that experimental ξeven

and ξ ∗
even indicators form a smooth curve which indicates that

neither addition nor subtraction of proton(s) from the Z = 82
nuclei affects drastically a kink in charge radii at N = 126.
Figure 10 clearly shows that the best reproduction of this
trend is achieved by the CEDF DD-ME2. Other functionals
(including the Fayans Fy(�r) functional) deviate somewhat
from experimental data.

This analysis clearly indicates that the evolution of charge
radii with neutron and proton numbers is sensitive to the de-
tails of underlying singe-particle structure and the occupation
probabilities of these states. Note that the latter depends on the

80 82 84 86 88 90

1.2

1.6

2.0

2.4

2.8

3.2

 expt.           Fy(Δr)

 DD-ME2   DD-MEδ
 DD-PC1     NL3*

Hg AcAt Rn Ra

ev
en

, 
* ev

en

Z

Pb Bi Po Fr

FIG. 10. Experimental and calculated ξeven (for Z � 83) and ξ ∗
even

(for Z � 84) indicators. Note that the calculated results are presented
only for even-even nuclei. The experimental values are determined
using Eqs. (4) and (5), using data from [8,9,62,78] and the references
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the charge radii defined in the present paper and in Ref. [23], which
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Fy(�r) functional was extracted from the data presented in Ref. [18].
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type of pairing interaction employed in the calculations and
its strength. It also indicates that the magnitude of the kink
in charge radii at N = 126 depends on the relative balance
of the occupation of the 2g9/2 and 1i11/2 orbitals. In general,
the substantial occupation of the 1i11/2 orbital and the kink
can be obtained even when the 2g9/2 orbital is located lower
in energy than the 1i11/2 orbital (but still within its vicinity).
This, for example, takes place in the nonrelativistic HFB
(NR-HFB) calculations with the semirealistic M3Y-P6a inter-
action, the spin-orbit properties of which were modified [13]
to improve the description of the charge radii of proton-magic
nuclei [13–15]. However, these calculations underestimate the
kink. A similar situation exists in the Skyrme DFT calcula-
tions with the SLy4mod functional presented in Ref. [5].

D. Odd-even staggering in charge radii

It was shown in Ref. [9] both in the RHB calculations
with DD-ME2 and in the NR-HFB studies with semirealistic
M3Y-P6a interaction that OES in charge radii is best repro-
duced when the EGS procedure is applied in odd-A nuclei. In
contrast, the experimental OES is significantly underestimated
when the LES procedure is used in odd-A nuclei in the RHB
framework for all nuclei under study and for N < 126 nuclei
in the NR-HFB approach. The same behavior is observed also
in the results of RHB calculations with CEDFs DD-MEδ,
DD-PC1, and NL3*, the results of which are shown in Fig. 11.
This figure shows also that there is some dependence of the
magnitude of the �〈r2〉(3)(N ) values on the employed func-

tional, which comes from the differences in the energies of the
single-particle states and their occupations (see Figs. 8 and 9).

Particle-vibration coupling (PVC) plays a critical role in
the emergence of such significant OES in charge radii because
it leads to the nucleonic configuration with the blocked state
corresponding to the experimental ground state (see Ref. [9]
for details). Let us illustrate that with the case of the N > 126
Pb nuclei. In the odd-A isotopes, the PVC coupling lowers
the 2g9/2 state below the 1i11/2 state, making it the ground
state despite the fact that at the mean field level (as well as
in even-even nuclei) the energy of the 2g9/2 state is higher
than that of the 1i11/2 state (see Fig. 5 of Ref. [95]). Although
these results were obtained with NL3*, a comparable effect of
PVC on relative energies of these states is expected in other
functionals. However, the feasibility of such a scenario also
crucially depends on the relative energies of the single-particle
orbitals of interest at the mean field level. For example, if
the energy gap between the 2g9/2 and 1i11/2 states is too
large [like in the case of the DD-MEδ functional; see Figs. 8
and 9(b)], the impact of the PVC would most likely not be
enough to make the 2g9/2 state as a ground state. This func-
tional, however, suffers from some significant deficiencies in
the Z > 82 region which probably are the consequences of
the overly large energy gap between these two states. For
example, it does not predict octupole deformed actinides [109]
and predicts fission barriers in superheavy nuclei which are
too small to make them relatively stable [110]. One has to
keep in mind, however, that the interaction DD-MEδ is differ-
ent from the other interactions discussed here. It is the most
microscopic one among considered functionals: only four
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parameters at the saturation density are fitted to finite nuclei
and the full density dependence of the parameters is derived
from ab initio calculations. In contrast, the other interactions
contain an additional two (NL3*), four (DD-ME2), or six
(DD-PC1) phenomenological parameters for the fine-tuning
of the density dependence.

E. Binding energies and �
(3)
E indicators

Empirical approaches considering binding energies can
help with understanding the interplay between nucleons. With
the exception of the DD-MEδ functional, there is a good
agreement between the calculated and the experimental bind-
ing energies for both lead and mercury isotopes. For 198–214Pb
and 201–208Hg nuclei, the rms deviations from experiment are
1.3 and 0.6 MeV for NL3* CEDF, 1.3 and 1.1 MeV for DD-
ME2, 1.8 and 2.1 MeV for DD-PC1, and 4.0 and 3.9 MeV for
DD-MEδ, respectively. To highlight the odd-even staggering
of binding energies along the isotopic chains, an indicator in
the form of

�
(3)
E (Z, N ) = 1

2 [B(Z, N − 1) − 2B(Z, N ) + B(Z, N + 1)]
(7)

was used. Here B(N, Z ) is the binding energy for a nucleus
with proton number Z and neutron number N . The odd-even
staggerings in the binding energies5 �

(3)
E are reproduced rea-

sonably well (see Fig. 12), especially when the LES are used

5This quantity is frequently used as a pairing indicator. However,
in no way should it be considered as a clean measure of pair-

in odd-A nuclei. The level of agreement is comparable with
that provided by the Fayans Fy(�r) functionals in Ref. [17].

Figure 12 also illustrates the challenges faced by all exist-
ing theories. Polarization effects in deformation/radial density
distributions and pairing depend on the blocked state in odd-A
nuclei. Thus, on the one hand, the �

(3)
E indicators are distorted

by incorrect polarizations effects when a wrong (as compared
with experiment) state is used for the ground state of an
odd-A nucleus. The related uncertainties in binding energies
due to polarization effects in the pairing channel are on the
level of 150 keV, and those due to deformation/radial density
distribution polarization effects are more difficult to estimate
but are expected typically to be less than 100 keV. On the
other hand, large theoretical uncertainties in the predictions of
single-particle energies (see Refs. [94–96] and Fig. 8) reveal
themselves when the �

(3)
E indicators are defined using the

EGS procedure in odd-A nuclei. This is especially pronounced
in the calculations for the N > 126 nuclei with the DD-MEδ

functional (see Fig. 12) which is characterized by a large
energy gap between the 2g9/2 and 1i11/2 subshells (see Fig. 8).
Comparing these uncertainties, it is safer to use the LES
procedure in the definition of the �

(3)
E indicators and their

association with pairing indicators (see detailed discussion in
Ref. [97]). Note that the calculations somewhat overestimate
experimental �

(3)
E indicators. The PVC provides additional

binding (on the level of few 100 keV) to the ground states
of odd-A nuclei. Thus, its inclusion into the calculations is ex-
pected to decrease the calculated �

(3)
E and, as a consequence,

to improve the description of experimental data.

VII. CONCLUSION

The kink in the δ〈r2〉 systematics of the mercury isotopic
chain has been analyzed considering a variety of dimension-
less parameters and employed in the comparison of the results
of a range of covariant energy density functionals. The results
of mass measurements of 206–208Hg are presented, which im-
prove upon the precision of previously measured values. The
observed Z dependence of the g factors of I = 9/2, N = 127
isotones is interpreted as the result of CP2 corrections. The
magnitude of the extracted neutron effective charge for 207Hg
suggests a rapidly increasing quadrupole core polarization
when moving away from the Z = 82 proton shell.

The theoretical analysis of charge radii and related indi-
cators in the Pb and Hg isotopic chains has been performed
within the RHB framework using several CEDFs charac-
terized by different single-particle properties. This analysis
supports the conclusion that the kink at N = 126 in δ〈r2〉N,N ′

originates from the occupation of the ν1i11/2 orbital located
above the N = 126 shell gap. The pairing effect does not play
a critical role here since the kink is present also in the cal-
culations without pairing. This is in contrast to nonrelativistic
Skyrme and Fayans functionals, in which the pairing becomes
a dominant contributor to the kink and OES [18]. However,

ing correlations since it is polluted by time-odd mean fields and
particle-vibration coupling in odd-A nuclei (see detailed discussion
in Ref. [97]).
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the pairing plays an important role in defining the magnitude
of the kink, which depends on the balance of the occupation of
the 1i11/2 and 2g9/2 orbitals. This balance sensitively depends
on the relative energies of these two orbitals. The DD-ME2
functional provides the best description of kinks at N = 126
not only in the Pb and Hg isotopes but also in all isotopic
chains for which experimental data is available. A reasonable
description of OES in charge radii has been achieved with
all employed functionals. This confirms a new mechanism of
OES suggested in Ref. [9] which is related to the staggering
in the occupation of neutron orbitals between odd and even
isotopes facilitated by PVC in odd-mass nuclei.
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APPENDIX A: NUCLEAR OBSERVABLES IN
THE HYPERFINE STRUCTURE

Nuclear observables were extracted from the experi-
mentally measured hfs through the application of standard
methods [90]. The substate weighted centroid ν0 and the
hyperfine a and b parameters were extracted from the fitted
spectra, where the shift �νF of the state F of the hyperfine
multiplet from ν0 is given as

�νF = a
K

2
+ b

3
4 K (K + 1) − I (I + 1)J (J + 1)

2(2I − 1)(2J − 1)IJ
, (A1)

where K = [F (F + 1) − I (I + 1) − J (J − 1)], I is the nu-
clear spin, and J is the atomic angular momentum. The
extraction of ν0 enabled the calculation of δνA,A′

, the isotope

shift between A the isotope under investigation and A′ a refer-
ence isotope. δ〈r2〉A,A′

, the change in the mean square charge
radius of A with respect A′ was extracted as

δνA,A′ = FλK (Z )δ〈r2〉A,A′ + M × A − A′

AA′ , (A2)

where for the spectroscopic transition F254 nm =
−55.36 GHz fm−2 [62], K (Z = 80) = 0.931 (taking into
account [111,112]) is a calculable correction factor, and
M is the mass shift factor representing the sum of the
normal mass shift (MNMS) and the specific mass shift
(M(Z = 80) = (1 ± 0.5) × MNMS [62]).

The magnetic moments μA were calculated as

μA = μref × IA

Iref
× aA

aref
× (1 +ref �A), (A3)

where the isomer 199mHg (I = 13/2) was used as a refer-
ence nucleus with μ(199mHg) = −1.0147(8) μN [113] and
a(199mHg) = −2298.3(2) MHz [113]. An additional correc-
tion for the hyperfine anomaly (HFA) is included for the μ

values presented in Table I. Moskowitz and Lombardi [114]
demonstrated that for mercury isotopes the “Bohr-Weisskopf”
component (A1�

A2
BW) [115] is dominant, thus the “Breit-

Rosenthal” component (A1�
A2
BR) [116] can be ignored. The

following relation between the magnetic moments and the
HFA, the so-called Moskowitz-Lombardi (ML) rule was used,
determining A1�

A2
BW [115]:

A1�
A2
BW = ±α ×

(
1

μ1
− 1

μ2

)
, I = l ± 1

2
, (A4)

where α = 1 × 10−2 and l is the orbital momentum of the last
neutron. The ML rule was verified later by the microscopic
theory [117]. The application of the ML rule to estimate the
Bohr-Weisskopf correction of the magnetic moment of 207Hg
is justified based on the successful reproduction of the exper-
imental HFA by this rule for neutron single-particle states in
mercury nuclei across a rather large range of masses [114].

For previously measured isotopes and isomers the max-
imum deviation of the experimental A1�199

BW from the ML
calculation is equal to 2×10−3. Correspondingly, we con-
servatively estimated the error of the ML prediction for
207�199

BW as 5×10−3. The uncertainty of this correction was
estimated based on the omitted A1�

A2
BR correction. It was

shown in [118] that A1�
A2
BR is proportional to δ〈r2〉A1,A2 . Thus

207�199
BR for 207Hg can be estimated by scaling the calculated

201�199
BR [119]. It should be noted that 205�203

BR for thallium
isotopes, calculated in [119] by solving the one-electron Dirac
equation, practically coincides with that calculated in [118]
by the Dirac-Fock approach. Taking into account the indepen-
dence of the A1�

A2
BR correction on the details of the atomic

calculations and the uncertainty of δ〈r2〉, we estimate the
uncertainty of this correction as 10%.

The spectroscopic quadrupole moments QA
s were calcu-

lated using the relation

QA
s = bA

b201Hg
Q

201Hg
s , (A5)
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where Q
201Hg
s = 0.387(6) b (from [120]) and b201Hg =

−280.107(5) MHz [121]. The results are presented in Table I.

APPENDIX B: MASS SPECTROMETRY METHODS

The mass measurements were performed with the
ISOLTRAP mass spectrometer [122]. As described in parts
above, the setup consists of four ion traps for beam
preparation and mass measurements. First, a linear radio-
frequency quadrupole trap was used to accumulate, cool, and
bunch the quasicontinuous radioactive ion beam delivered by
ISOLDE [37]. Using a pulsed drift tube, the energy of the
bunched beam is then reduced from the initial 30 keV to
3.2 keV.

Ions are captured by the Multi-Reflection Time-of-Flight
Mass Spectrometer/Mass Separator (MR-ToF MS) [38] using
the in-trap lift electrode [123], following this, they undergo
a certain number of revolutions in-between the mirror elec-
trodes of the device. Here, the time of flight is given as
t = a

√
m + b, where a and b are device-dependent parame-

ters. Due to the mass dependence of the trapped ions moving
at the same kinetic energy, the different isobaric species
separate in time-of-flight. In mass spectrometry mode, the
MR-ToF MS can be used to determine the mass of the ion of
interest by using well known reference masses to account for
the calibration parameters a and b. This is done by expressing
the mass m using the so-called CToF value [40]:

m1/2 = CToF
(
m1/2

1 − m1/2
2

) + 1
2

(
m1/2

1 + m1/2
2

)
, (B1)

where m1, m2 and t1, t2 are the masses and times of flight of
the two reference species, respectively, and CToF = (2t − t1 −

t2)/[2(t1 − t2)]. An example of a time-of-flight spectrum is
presented in Figs. 2(b) and 2(c).

In mass-separation mode, the MR-ToF MS selectively
ejects the ions of interest towards the Penning traps located
downstream of the setup. In the so-called preparation Penning
trap, the ions are captured and cooled using a mass-selective
buffer-gas method to improve beam emittance [124] and
to further reduce contamination. Subsequently, the ions are
ejected and recaptured in the precision Penning trap in which
the high precision mass measurement is performed. In the
present measurement, this is achieved by employing the time-
of-flight ion cyclotron resonance (ToF-ICR) technique, which
determines the cyclotron frequency of the trapped ions by
scanning the frequency of an applied quadrupolar electric
field [125]. This frequency can be written as ωc = qB

m , where
q is the electric charge of the ion, B is the magnetic field, and
m is the ion mass. By performing cross-reference measure-
ments with known mass calibrants, the mass m of the ion of
interest can be extracted by comparing its cyclotron frequency
with that of a well-known mass. Expressed as a frequency
ratio

R = ωc,ref

ωc
= m

mref
, (B2)

the magnetic field and the charge cancel out. For the atomic
mass, the electron mass is added to the measured ion mass.
The ionization energy is negligible.

Expressing the ion masses in MR-ToF MS and ToF-ICR
measurements via the CToF value and the frequency ratio
R, respectively, facilitates an easy recalculation of the mass
of interest in case one of the employed reference masses is
measured more precisely in the future.
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10Massachusetts Institute of Technology, Cambridge, Massachusetts 02139, USA

11GSI Helmholtzzentrum für Schwerionenforschung GmbH, 64291 Darmstadt, Germany
12ExtreMe Matter Institute EMMI, GSI Helmholtzzentrum für Schwerionenforschung GmbH, 64291 Darmstadt, Germany
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The excitation energy of the 1=2− isomer in 99In at N ¼ 50 is measured to be 671(37) keVand the mass
uncertainty of the 9=2þ ground state is significantly reduced using the ISOLTRAP mass spectrometer at
ISOLDE/CERN. The measurements exploit a major improvement in the resolution of the multireflection
time-of-flight mass spectrometer. The results reveal an intriguing constancy of the 1=2− isomer excitation
energies in neutron-deficient indium that persists down to the N ¼ 50 shell closure, even when all neutrons
are removed from the valence shell. This trend is used to test large-scale shell model, ab initio, and density
functional theory calculations. The models have difficulties describing both the isomer excitation energies
and ground-state electromagnetic moments along the indium chain.

DOI: 10.1103/PhysRevLett.131.022502

Considerable experimental and theoretical efforts
have concentrated on the region around 100Sn [1], the
heaviest known self-conjugate and doubly magic nucleus
(N ¼ Z ¼ 50), including decay spectroscopy [2–9], laser
spectroscopy [10–12], Coulomb excitation studies [13–15],
and mass measurements [16–19]. The similar valence
orbitals that the protons and neutrons occupy are expected
to enhance the effect of proton-neutron pairing, while the
proximity of the double shell closure and proton drip line
make it a unique laboratory to test our understanding of the
strong interaction. However, core-excitation effects, i.e., the
promotion of nucleons across shell gaps, can complicate

the single- or few-particle picture even near shell closures,
making accurate theoretical predictions difficult.
Theoretical approaches to calculate the properties of

neutron-deficient nuclei near 100Sn are computationally
costly due to the large configuration space required.
Nevertheless, the large-scale shell model (LSSM), the
Monte Carlo shell model, and ab initio approaches have
been successfully used in the tin region to describe, e.g., β-
decay rates, quadrupole collectivity, and the enhanced
magicity in 132Sn [4,20–24].
In the indium isotopic chain, the single proton hole

below the Z ¼ 50 shell closure provides insight into the
effective proton-neutron interaction. Mass measurements of
the ground states in 99In and 100In were recently used to test
ab initio calculations extended to a medium-mass
odd-Z isotopic chain [18], thus providing valuable input
for shell-model coupled-cluster (CCSM) calculations [25].
Moreover, recent results from laser spectroscopy revealed

Published by the American Physical Society under the terms of
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the emergence of nuclear collectivity in neutron-rich
indium isotopes, with the 9=2þ ground state abruptly
departing the single-particle limit below N ¼ 82 [10].
Nuclear isomers are particularly important for

nuclear-structure studies [26] and their long lifetimes
allow access to a broader range of experimental tech-
niques. Measurements on the N ¼ 50 isomer are an
important milestone because they will reveal the effects
of completely removing neutron excitations from the
valence space, especially compared to N ¼ 82. Its exci-
tation energy will provide direct access to the energy
difference between the configurations in which the proton
hole occupies the πg9=2 orbital (ground state) and πp1=2

orbital (isomer).
In this Letter, we present measurements of the isomeric

excitation energies in neutron-deficient indium isotopes,
including the first determination of the excitation energy of
99Inm at the N ¼ 50 shell closure. The experimental results
are compared to state-of-the-art LSSM [27] and density
functional theory (DFT) [28] calculations, as well as to
ab initio calculations using the valence-space in-medium
similarity renormalization group (VS-ISMRG) [29,30] and
the CCSMmethod [31]. Advances in these methods are not
only of interest for nuclear shell structure investigations but
are also frequently used in metrology, atomic physics, and
quantum chemistry [32–34].
The neutron-deficient indium isotopes were produced at

the ISOLDE radioactive ion beam facility at CERN [35,36]
by impinging a 1.4 GeV proton beam onto a thick
lanthanum carbide target. Elements produced by fission,
spallation, and fragmentation diffused out of the heated
target into a hot tantalum tube, where they were ionized
by the hot surface and through an element-selective
two-step laser scheme provided by ISOLDE-RILIS [37].
The radioactive ion beam was then extracted at 30 keV,
mass separated, and delivered to the ISOLTRAP experi-
ment [38]. There it was cooled and bunched in a
linear radio-frequency quadrupole cooler and buncher
(RFQ-cb) [39]. The bunched beam was then sent at
3.2 keV to the multireflection time-of-flight mass spec-
trometer (MR-TOF MS) [40]. After capturing the bunches
using the in-trap lift technique and storage of a few tens of
milliseconds, the beam was ejected [41] and analyzed by
single-ion counting with a time-of-flight detector. For
calibration and optimization, 85Rbþ and 133Csþ ions from
an offline source were used.
The mass m of the ion of interest is extracted from

its measured time of flight t, compared to two reference
masses m1 and m2 with flight times t1 and t2, respectively,
ffiffiffiffi

m
p ¼ CTOFΔRef þ ΣRef=2, where ΔRef ¼ ffiffiffiffiffiffi

m1

p − ffiffiffiffiffiffi

m2

p
,

ΣRef ¼ ffiffiffiffiffiffi

m1

p þ ffiffiffiffiffiffi

m2

p
, and CTOF¼ð2t− t1− t2Þ=½2ðt1− t2Þ�

[42]. The excitation energy E ¼ ½ðΔt=t0Þ2 þ 2Δt=t0�m0c2

of an isomeric state can be directly related to the TOF
differenceΔtwith respect to its ground state of massm0 and
TOF t0, with c being the speed of light.

To achieve the resolving power R ¼ t0=ð2ΔtFWHMÞ
necessary to separate the indium isomers, the capabilities
of the MR-TOF MS were greatly enhanced. An extended
active and passive multi-mirror voltage stabilization system
based on Refs. [43,44] was implemented, which reduced
ΔtFWHM. This not only allowed stable continuous operation
of the device for more than 70 hours but also a much higher
number of revolutions, between 1500 and 3000, increasing
t0. Furthermore, the initial ion-bunch emittance was opti-
mized by synchronizing the experimental cycle to the
50-Hz AC power line and by fine-tuning the RFQ-cb
ejection with respect to its radio-frequency field.
Figure 1 shows the TOF spectrum for the ISOLDE

beam with mass-to-charge ratio m=q ¼ 99 compared
with the dataset from Ref. [18] to highlight the perfor-
mance improvement. Surface-ionized contamination (here
80Sr19Fþ) was identified by calculating its mass m from its
observed flight time t and comparing it to the known values
of potential isotopes and molecules in the mass region.
Indium was identified by its TOF and RILIS laser on-off
tests. With an average proton current of 2.0 μA and about
3 × 1013 protons per pulse, roughly four 99Inþ ions per
second were extracted from the target on average. The
ground-state-to-isomer ratio was determined to be 13∶1,
resulting in less than 0.3 isomers per second delivered to
the spectrometer.
TOF drifts were eliminated by calculating time-rolling

averages of the reference SrFþ molecule, thus quantifying
the drifts and allowing to correct the TOF spectrum during
the experiment, similar to Ref. [46]. For the TOF of 50 ms
thus obtained for the indium ions, the resulting TOF widths
of ΔtFWHM ≈ 50 ns allowed a mass resolving power of

FIG. 1. Time-of-flight spectrum for the m=q ¼ 99 beam in the
MR-TOF MS with a hyperEMG fit [45] (red) to the data (see text
for explanation). The top panel shows the 2018 dataset before the
device improvements, and the lower panel shows the dataset from
this Letter. The black (dash-dotted) line highlights the TOF for
the strontium fluoride molecule. The vertical red lines show the
ground state TOF (solid) and isomeric state TOF (dashed) of 99In.
The bin size is ∼73 μu.
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5 × 105, an improvement factor of 2.5 compared to our
previous experiment [18]. The improvement helps not only
the direct measurement of nuclear isomers and the isobaric
purification for Penning-trap measurements but also
increases long-term operation stability.
To extract the ground-state CTOF value and the excitation

energy of the isomeric state, a simultaneous fit of 80Sr19Fþ

and both 99Inþ states was performed. Because of the
asymmetric nature of the TOF distribution, a multi-
component exponentially modified Gaussian probability
density function (“hyperEMG”) [45] was used. This
approach captures most of the tailing towards longer
TOF, while small deviations from the model in the tail
showed no influence on the mean of the Gaussian con-
tribution to the fit, i.e., the extracted absolute TOF values.
To study systematic effects on the data evaluation

method, radioactive ion beams were taken for
99 ≤ m=q ≤ 101. The results are listed in Table I. The
contaminant SrFþ served as the first reference to determine
the CTOF values, while 133Csþ from an offline ion source
was used as the second reference. The relative production
rates of the two indium states were similar along the
investigated chain, suggesting, in combination with laser
spectroscopy data [47], a 9=2þ and 1=2− spin assignment
to the ground and isomeric states, respectively. This is
furthermore supported by a recent gamma-spectroscopy
experiment of 99In [9], which assigns spin 9=2þ to the
dominantly produced state. The mass measurement results
are in excellent agreement with previous studies [16–19],
improving the precision of our former 99In ground-state
mass measurement by a factor of 5. Notably, the enhanced
MR-TOF MS now achieved a similar precision as the
Penning-trap experiment from [18].
In the simplest shell-model picture the ground and

isomeric states are formed by a proton hole in the πg9=2
and the πp1=2 shells, respectively, determining the spins
and parities of the two states. The evolution of their binding
energies with neutron number, presented in Fig. 2, is
influenced by the filling of the νd5=2 and νg7=2 neutron

shells. The Z ¼ 50 shell gap is formed between the 9=2þ
states in indium and the 5=2þ states in antimony, also
shown in Fig. 2. The present measurements extend the data
down to N ¼ 50. Although the experimental binding
energies of the two states are not linear with neutron
number, the splitting between the two states is almost
constant (including that of 99In, determined in this work to
be about 670 keV), only changing at the N ¼ 64 subshell
closure. This is intriguing, considering the large variation in
neutron number between N ¼ 50 and N ¼ 64.
To investigate the origin of this constant trend, we

performed LSSM calculations with the effective interaction
above a 88Sr core employed previously to obtain β-decay
half-lives around N ¼ 82 [49,50]. To study neutron-
deficient indium isotopes, the single-particle energies were
adjusted to reproduce the spectrum of 91Zr, while the
Vg9=2−g7=2 T ¼ 0 proton-neutron monopole interaction was
made more attractive (by −600 keV) to match the observed
shell evolution between 91Zr and 101Sn. The calculations

TABLE I. Mass-measurement results for the indium isotopes given as CTOF values (with mass excess calculated) for the ground states
and as TOF difference Δt to the reference mass (with excitation energy calculated) for the isomeric states. Spin assignments Jπ , half-
lives, and reference masses are taken from the AME2020 [48] while the literature values marked with an asterisk are taken from
Mougeot et al. [18]. Values marked with # are extrapolated or assigned from systematics. The uncertainties given for the mass excesses
and the excitation energies correspond to statistical, followed by systematic uncertainties.

Mass excess or exc. energy (keV)

A Jπ Half-life Ref. ions CTOF or Δt (ns) This Letter Literature

99 9=2þ# 3.11(6) s 80Sr19Fþ, 133Csþ 0.499 646 429ð355Þstatð270Þsyst −61 431ð12Þstatð8Þsyst −61 429ð77Þ�
1=2−# 1 s# 99gsInþ 174ð9Þstatð4Þsyst 671ð33Þstatð16Þsyst 400#(150#)

100 6þ# 5.62(6) s 81Sr19Fþ, 85Rbþ 0.499 690 777ð350Þstatð156Þsyst −64 191ð11Þstatð5Þsyst −64 178.1ð22Þ�
101 9=2þ# 15.1(11) s 82Sr19Fþ, 133Csþ 0.499 677 661ð69Þstatð99Þsyst −68 552.6ð93Þstatð28Þsyst −68 545.4ð47Þ�

1=2−# 10 s# 101gsInþ 169.3ð35Þstatð17Þsyst 658ð14Þstatð7Þsyst 668ð10.8Þ�

FIG. 2. Proton binding energies for nuclear states of the indium
(Z ¼ 49, green and purple) and antimony (Z ¼ 51, blue) isotopic
chains. Data taken from Ref. [48] (solid symbols) and this work
(open symbols, red). The vertical dashed lines indicate the
spherical shell closure at N ¼ 50 and the subshell closure at
N ¼ 64.
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were performed using the Strasbourg shell-model codes
Antoine and NATHAN [27,51], maximally allowing for
4-particle–4-hole excitations for both neutrons and protons
across the N ¼ Z ¼ 50 gap (3-particle–3-hole for A ¼ 105,
107). The excitation energies are converged within 50 keV
in all nuclei. The resulting energy splitting, shown in blue
in Fig. 3, is very close to the experimental results.
The LSSM predicts states with very similar proton

orbital occupation across the indium chain. The neutrons
above N ¼ 50 are located predominantly in the νd5=2 and
νg7=2 orbitals, having little effect on the proton occupancy.
The results indicate that the attractive monopole interaction
between the πg9=2 and the νg7=2 nucleons is roughly
compensated by the sum of the likewise attractive T ¼ 0
πp1=2 − νd5=2 and πp1=2 − νg7=2 monopoles, which is
likely the reason for the similar energy splittings of the
two states. The slight variations of the 1=2− energy may
further relate to modifications of the relative population of
neutron orbitals along the isotopic chain. This complex
picture makes the excitation energy of the 1=2− isomeric
state an interesting benchmark for ab initiomethods, which
have only recently been applied to this region [18,22,25].
Thus, we present ab initio calculations using the

VS-IMSRG and also compare to the CCSM results of
Ref. [25], using the 1.8=2.0ðEMÞ [52,53] and ΔNNLOGO
interactions [54]. The VS-IMSRG calculations are per-
formed in a 15 major-shell harmonic oscillator (HO) space.
For the three-nucleon matrix elements, an additional E3max
truncation is required, defined as the sum of three-body HO

principal quantum numbers. Here we use E3max ¼ 24
which is sufficiently large in the A ∼ 100 region [55] to
achieve converged results. To explicitly capture the effect
of excitations across the N ¼ Z ¼ 50 gap, both the proton
and neutron 1p1=2, 1p3=2, 1d5=2, 0g7=2, and 0g9=2 spaces
were decoupled above a 88Se core using the multishell
approach of Ref. [56]. While the full valence-space
diagonalization is impossible, up to 5-particle–5-hole
excitations across the N ¼ Z ¼ 50 gap were included.
We observed that the excitation energies are converged
to ≈70 keV with respect to the particle-hole truncation.
As shown in Fig. 3, the two employed interactions result

in similar energy-splitting trends for both the VS-IMSRG
and CCSM methods. The ΔNNLOGO interaction tends to
be more accurate at the expense of a linear decrease of
excitation energy with N leading to an inversion, which is
at odds with the data. On the other hand, the 1.8=2.0ðEMÞ
interaction reproduces the rather flat trend of the splitting
better and does not result in any state inversion, but
overpredicts the magnitude of the splitting.
The state crossing in 107In from the calculations with

ΔNNLOGO can be understood by comparing the diagonal
monopole matrix elements of the ΔNNLOGO and 1.8=2.0
(EM) valence-space interactions. Similar to what is found
in the LSSM calculations, the flatness of the excitation
energies for the 1.8=2.0 (EM) interaction results from the
relevant monopole matrix elements and the balanced
occupancy of νg7=2 and νd5=2. This similarity is reinforced
by the observation that both interactions reproduce the
energy splitting νg7=2 − νd5=2 of the single-neutron state in
101Sn [57] within 100 keV. Although the relevant matrix
elements are almost the same for 1.8=2.0 (EM) and
ΔNNLOGO, the weaker νp3=2 − νg7=2 monopole repulsion
of the latter reduces the mixing between νg7=2 and νd5=2,
leading to a larger νg7=2 − νd5=2 splitting. In this case, the
filled νg7=2 configuration leads to a linear decrease.
For a broader view, in Fig. 4 we show the energy splitting

across the full indium chain with recent nuclear moment
measurements from Ref. [10], compared to theoretical
calculations. (Note that for Ref. [10], the VS-IMSRG
calculations were performed in a different valence space
than the results shown in Fig. 3, leading to a slightly
different energy splitting for A ≤ 107.) In addition, we
extend the DFT calculations of Ref. [10] to N ¼ 50. Those
were performed within the Hartree-Fock approximation for
both protons and neutrons and thus they stagger with N
owing to occupying consecutive individual single-particle
deformed neutron orbitals. The complementary data show
another remarkable constancy: that of the magnetic dipole
moments of the 9=2þ ground state which are significantly
lower than those expected in the single-particle configu-
ration (the so-called Schmidt limit [58]), except for the
value at the N ¼ 82 closed shell. The excitation energy at
N ¼ 82, similar to N ¼ 50, stays rather constant. From the
VS-IMSRG calculations, this can be explained by the

FIG. 3. Excitation energies for the 1=2− states in odd-even
neutron-deficient indium isotopes compared to large-scale shell
model and ab initio calculations. The CCSM results are taken
from [25].
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monopole strengths, which are almost the same at N ¼ 50
and N ¼ 82, and are only weakly dependent on the number
of neutrons.
While the differences between the excitation energy

measurements and the DFT calculations are quite large
for the density functional UNEDF1 [60] used here, a rather
constant trend remains at the same level as the ab initio
results [see Fig. 4(a)]. We note that in the DFT calculations,
the isomer excitation energy is directly related to the
strength of the spin-orbit interaction (see the discussion
of the analogous excitation energy in silver isotopes [12]).
Therefore, the measurements presented in this Letter
provide an important anchor point for future global read-
justments of nuclear density functionals.
By including time-odd fields, the DFT approach accu-

rately reproduces the 9=2þ dipole moments μ. In contrast,
the LSSM and VS-IMSRG calculations underestimate the
absolute value but reproduce the general trend well [see
Fig. 4(b)]. The sudden increase of the magnetic moment at
N ¼ 82 is well described by the DFT calculations, which

predict a similar occurrence at N ¼ 50. Intriguingly, the
LSSM and ab initio calculations show a much smoother
evolution towards N ¼ 50. While the excitation energy is
flat at N ¼ 82 due to the cancellation of the monopoles in
the VS-IMSRG calculations, the 9=2þ dipole moments are
much more sensitive to the neutron configuration.
The DFT and LSSM calculations reproduce the quad-

rupole moments Q reasonably well, while the VS-IMSRG
describes neither the absolute values nor the trend [see
Fig. 4(c)]. This is most likely due to collective effects that
are not fully captured when calculating the E2 matrix
elements at the IMSRG(2) level [61].
In summary, the excitation energy of the 1=2− isomer in

99In has been measured for the first time, thanks to
significant upgrades of the ISOLTRAP MR-TOF MS at
ISOLDE/CERN. The systematics of the isomer excitation
energy now reach the crucial N ¼ 50 shell closure, con-
firming its constancy—even with no neutrons left in the
valence shell. The shell model and the ab initio calculations
using the 1.8=2.0ðEMÞ interaction describe the constancy
with the compensation of the monopole proton-neutron
interactions, via a balanced occupation of the valence
neutron orbitals. The ΔNNLOGO interaction results in a
different occupation and leads to a linear decrease with
neutron number, at odds with the experiment. Examining
the electromagnetic moments of the 9=2þ ground states and
including DFT calculations in the comparisons, we find
that all models struggle to describe both energy and
electromagnetic observables consistently. Measurements
of nuclear moments of the 1=2− and 9=2þ states down
to N ¼ 50 are needed to further benchmark the trends
predicted by the calculations, as well as future theoretical
developments.
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Isomers close to the doubly-magic 78Ni (Z = 28, N = 50) provide essential information on
the shell evolution and shape coexistence near the Z = 28 and N = 50 double shell closure. We
report the excitation energy measurement of the 1/2+ isomer in 79

30Zn49 through independent high-
precision mass measurements with the JYFLTRAP double Penning trap and with the ISOLTRAP
Multi-Reflection Time-of-Flight Mass Spectrometer. We unambiguously place the 1/2+ isomer at
942(10) keV, slightly below the 5/2+ state at 983(3) keV. With the use of state-of-the-art shell-model
diagonalizations, complemented with Discrete Non Orthogonal shell-model calculations, we find low-
lying deformed intruder states, similar to other N = 49 isotones. The 1/2+ isomer is interpreted
as the band-head of a low-lying deformed structure akin to a predicted low-lying deformed band in
80Zn, and points to shape coexistence in 79,80Zn similar to the one observed in 78Ni. The results
make a strong case for confirming the claim of shape coexistence in this key region of the nuclear
chart.

The atomic nucleus, a conglomerate of protons and
neutrons, is a complex many-body system with unique
features. The nuclear shell model has successfully de-
scribed various nuclear properties, including the emer-
gence of shell closures [1] and magic numbers [2].

Similar to the atomic shell, nuclei can be excited, re-
sulting in a dense level structure. Ground and excited
states can show different shapes resulting from the micro-
scopic wave function [3]. Deformed excited states often
emerge near closed shells, where the excitation of mul-
tiple nucleons across the shell gap can be energetically
favorable, leading to deformation through the increased
number of particles found in the valence space [4]. While
typically the coexistence of ground states and deformed
excited states at low energies are observed, shape inver-
sion can appear when the ground state becomes deformed
in coexistence with a spherical excited state [4–6]

Research on shape coexistence close to the doubly-
magic nucleus 78

28Ni50 has gained momentum only re-
cently [7]. Low-lying intruder states, often indicators of

shape coexistence, have been studied in N = 49 isotones
through transfer-reaction experiments [8–11]. First evi-
dence supporting shape coexistence, such as the claimed
discovery of a 0+2 intruder state in 80

32Ge48 from Ref. [12],
could, however, not be confirmed in subsequent experi-
ments [13, 14].

More recently, the doubly-magic nature of 78Ni
was supported through the measurement of its E(2+1 )
value [15], as well as γ-ray spectroscopy [16] and mass
spectrometry of 79

29Cu50 [17], reinforcing the persistence
of the Z = 28 gap. The potential appearance of shape co-
existence in 78Ni is furthermore theorized to be a pathway
into a new island of inversion at N = 50 [18].

The isomer in 79
30Zn49, a long-lived nuclear state, pro-

vides a unique opportunity to further study the interplay
between the single-particle and collective degrees of free-
dom in the close vicinity of 78Ni. The first spectroscopy
of 79Zn from (d,p) transfer reactions found evidence for
the presence of intruder states and tentatively assigned a
spin-parity of 1/2+ to the isomeric state with an excita-
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tion energy of 1100(150) keV, as well as a close-lying 5/2+

state with 983(3) keV [19], leaving the exact state or-
dering uncertain. The spin-parity was confirmed for the
9/2+ ground and the 1/2+ isomeric states through mag-
netic moment measurements from collinear laser spec-
troscopy [20, 21]. More significantly, these works found
a large isomer shift in the charge radius but could not
connect this increase to a deformation unambiguously.

Recent studies have shown that shape changes may be
linked to multiple particle-hole excitations of both pro-
tons and neutrons [22–26]. However, a precise and accu-
rate excitation energy measurement of the 1/2+ isomer
to confirm claims of shape coexistence in 79Zn is missing
from the above-mentioned work. Such measurement will
unambiguously determine the state ordering, validate the
particle-hole excitation character, and benchmark the
binding energy predictions of the employed shell-model
interactions near 78Ni.

While the ground-state mass of 79Zn is precisely
known [27–29] via mass measurements, the uncertainty
on the excitation energy from the transfer-reaction ex-
periment is rather large. Given the importance of shape
coexistence in the immediate vicinity of 78Ni, we present
two independent high-precision mass spectrometry ex-
periments of the isomer 79Znm using the JYFLTRAP
double Penning trap [30] at the Ion Guide Isotope Sep-
arator On-Line (IGISOL) facility [31] in Jyväskylä (Fin-
land), and the Multi-Reflection Time-of-Flight Mass
Spectrometer (MR-ToF MS) of ISOLTRAP [32] at
ISOLDE/CERN [33] (Switzerland). The experiments
were performed at different facilities and with different
techniques to ensure the isomer’s production and the ac-
curacy of its excitation energy. The results are inter-
preted by large-scale shell model calculations, utilizing
the valence space of interactions used in Refs. [17, 18, 20,
21]. While offering a more detailed and accurate picture
of the nuclear structure in this critical region, the calcu-
lations highlight the relative fragility of the doubly-magic
shell strength.

For the Penning-trap measurements, the ions of in-
terest were produced via proton-induced fission using
35-MeV protons from the K130 cyclotron impinging onto
a 15mg cm−2 thick natU target at IGISOL. The reac-
tion products were stopped and thermalized in the he-
lium gas cell of the fission ion guide [35], leaving a
large fraction of the products singly charged. The ions
were extracted from the chamber with a sextupole ion
guide [36] and accelerated to 30 keV. A 55◦ dipole mag-
net was used to mass-separate the ions based on their
mass-to-charge ratio m/q. The mass-separated beam
was then stopped in a radiofrequency quadrupole cooler
and buncher (RFQ-cb) [37] and released as ion bunches
into the double Penning trap JYFLTRAP [30]. In the
first trap, either the ground- or isomeric-state ions of
79Zn were selected using mass-selective buffer-gas cool-
ing [38]. The selected ions were transferred to the second
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FIG. 1. (a) Example of ToF-ICR spectra for the 1/2+ state
in 79Zn+. Colored bins indicate the number of detected ions.
Darker shades correspond to more ions and lighter shades to
fewer ions. The solid red line represents the fit to the data
points (black) using the model from Ref. [39]. The cyclotron
frequencies are indicated with a vertical black dashed line
for the ground state (not present in this spectrum) and a
vertical blue dash-dotted line for the isomer. (b) Time-of-
Flight spectrum for the MR-ToF MS data. The ToF of the
ground state is indicated by a vertical black dashed line, and
the ToF of the isomer by a vertical blue dash-dotted line. The
solid red line represents the fit to the data using the model
from Ref. [40].

trap, where the high-precision mass measurements were
performed using the Time-of-Flight Ion Cyclotron Reso-
nance (ToF-ICR) method [39]. The cyclotron resonance
frequency νc = qB/(2πm) of the 1/2+ state in 79Zn+ was
measured using a 100ms pulse of quadrupolar rf excita-
tion. The ToF-ICR spectrum is shown in Fig. 1(a).

The magnetic field strength B was deter-
mined using 84Kr+ as a mass reference with
m(84Kr)=83.9114977271(41) u [34]. The mass of
the 1/2+ state in 79Zn was obtained from the measured
frequency ratio r = νc,ref./νc between the 84Kr+
reference ions and the isomeric-state ions of 79Zn+

as m = r(mref − me) + me, where mref is the mass
of the reference ion and me is the electron mass.
Two sources of systematic uncertainties were taken
into account in the analysis, the fluctuation of the
magnetic field being 8.18 × 10−12 × ∆t min−1 [41],
where ∆t represents the time between two reference
measurements, and mass-dependent uncertainties being
2.2× 10−10 × (m−mref )/u [42].

For the MR-ToF MS measurements, neutron-rich zinc
isotopes were produced at the isotope separation online
facility ISOLDE at CERN [33] by impinging a 1.4-GeV
proton beam onto a solid tungsten block to generate an
intense spallation neutron flux [43]. The zinc isotopes
were then produced through neutron-induced fission pro-
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TABLE I. Frequency ratio r or time-of-flight difference ∆t, mass-excess values ME, and excitation energy of the isomer E
determined in this work. The values for Jπ and T1/2 are from Ref. [20], MElit is deduced from Ref. [34], in combination with
the excitation energy reported in [19]. 84Kr+ from [34] was used as a reference for the ToF-ICR measurements, while 79Zn+ in
its ground state from [27–29] was used for the MR-ToF MS measurements.

Nuclide Jπ T1/2 Method r or ∆t ME (keV) MElit (keV) Diff. (keV) E (keV)

79Znm 1/2+ > 200 ms ToF-ICR
MR-ToF MS

0.940796186(144)
274.2(40) ns

−52490(12)
−52489(14)

−52330(150)
−160(150)
−159(150)

942(12)
943(14)

cesses in an adjacent thick uranium carbide target. Using
the tungsten converter resulted in reduced production of
isobaric neutron-deficient nuclides. The radioactive fis-
sion products then diffused through the target material
into a cold quartz transfer line [44, 45] which further elim-
inated contamination of surface-ionized elements, e.g.
Ga, Rb, and Sr [46]. The remaining radioactive species
were then ionized by the Resonance Ionization Laser Ion
Source (RILIS) [47], using an element-selective three-
step ionization scheme for zinc. The ion beam was then
mass-separated using the general-purpose mass-separator
dipole magnet, removing non-isobaric contamination, be-
fore being sent to the ISOLTRAP mass spectrometer [32].

The quasi-continuous ion beam was cooled and
bunched in a linear RFQ-cb [48] with a storage time of
10ms before being captured in the MR-ToF MS [49] us-
ing the in-trap lift method [50]. After trapping times of
up to 43ms, the ion bunch was ejected onto a single-ion
counting detector using the same in-trap lift.

The excitation energy of the isomeric state
E =

[
(∆t/t0)

2 + 2∆t/t0
]
m0c

2 is related to the time-
of-flight difference ∆t to its ground state with mass
m0, the absolute flight time of the ground state t0, and
the speed of light in vacuum c. For long flight times,
where ∆t ≪ t0, this reduces to E ≈ 2∆t/t0 ×m0c

2.
Figure 1 (b) shows the ToF spectrum for the MR-
ToF MS data. Zinc was delivered from ISOLDE as a
pure beam, thus only the ground state (black dashed
line) and the isomeric state (blue dash-dotted line) of
79Zn were present in the spectrum. A mass resolving
power R = t0/2∆tFWHM = 300 000 was reached, suffi-
cient to resolve the two states. The asymmetric peak
shape was fitted with a multi-component exponentially
modified Gaussian [40] to extract the absolute ToF
t0 = 4277 871(2) ns of the ground state and the ToF
difference ∆t = 274(4) ns between the two states. The
excitation energy was then calculated using the ground
state mass with MElit = −53 432.1(18) keV, which we
calculated as the weighted mean of the results from
Refs. [27–29]. The excitation energy was measured for
different ion loads to account for ion-ion interactions
during the storage time in the MR-ToF MS [51, 52].

The results of the two independent measurements are
summarized in Tab. I. The extracted excitation energies
of the isomer agree very well, resulting in a weighted
mean of 942(10) keV. The isomer energy is lower than

1100(150) keV as given in the NUBASE 2020 evalua-
tion [53], which is based on the transfer reaction experi-
ment from Ref. [19]. Our value is significantly more pre-
cise and unambiguously sets the isomeric state below the
5/2+ state located at 983(3) keV. We note that the re-
sult agrees with the value 943(3) keV, obtained from the
beta-decay spectroscopy of 79Cu [54]. Here, we confirm
the existence of the isomer and provide a direct measure
of its excitation energy.

To interpret the present experimental data, shell-
model calculations with the PFSDG-U interaction [15,
18] were performed for 79,80Zn. The valence space is
spanned across the full pf shell for protons and full sdg
shell for neutrons, with 60Ca as an inert core. This in-
teraction has been successfully used in the 78Ni region to
describe, among others, the two-neutron separation en-
ergies S2n along the zinc isotopic chain [17], as well as
the magnetic g-factor in 79Zn [21].

The calculated excitation energies for 79Zn (Tab. II)
are in good agreement with the experimental results
with 1/2+ and 5/2+ at 0.83MeV and 0.94MeV, respec-
tively. We find that the two low-lying excited states in
79Zn show a one-particle-two-hole configuration, consis-
tent with other N = 49 isotones [8–11]. While the s1/2
and d5/2 orbitals lie together at the neutron Fermi surface
in the vicinity of 78Ni, the correlated N = 50 neutron gap
SN (81Zn)− SN (80Zn), calculated from the present the-
oretical values, remains sizeable at about 4.0MeV and
is in agreement with the effective single-particle ener-
gies of Ref. [6] and with the experimental value provided
in Ref. [34]. These states usually recover enough cor-
relation energy (total energy minus monopole part) to
compensate for their energy gap loss. This is observed
in our calculations shown in Tab. II, where the total
correlation energy is extracted. The excited 1/2+ and
5/2+ states recover correlation energy on the order of
∼ 6.5MeV − 6.9MeV compared to the 9/2+ the ground
state.

The low excitation energy of these two states can be
understood as the balance between an average of 1.3 neu-
trons excited across the shell gap with respect to the
ground state (∼ 5.5MeV) and the correlation energies
(∼ 6.5MeV − 6.9MeV) which compensate and result in
very low-lying excitation energies for these one-particle-
two-holes states.

An inspection of the partial occupancies of the first to
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TABLE II. Occupation of orbitals in the full proton pf and neutron sdg valence space for low-lying states in 79,80Zn and 78Ni
(the latter taken from Ref. [18]). Eexp and Etheo (in MeV) are the experimental and theoretical excitation energies. Ecorr and
E∗

corr (in MeV) are the total correlation energy and the correlation energy difference of an excited state with respect to its
ground state. nν and nπ are the average number of particle-hole excitations for the proton and neutron shells.

Nuclide Jπ Eexp Etheo Ecorr E∗
corr nν νg9/2 νd5/2 νs1/2 νg7/2 νd3/2 nπ πf7/2 πf5/2 πp3/2 πp1/2

79Zn 9/2+ 0.0 0.0 -11.72 - 0.53 8.47 0.27 0.04 0.18 0.04 2.49 7.51 1.79 0.50 0.20
1/2+ 0.94 0.83 -18.59 -6.87 1.84 7.17 0.81 0.54 0.34 0.15 2.82 7.18 1.45 0.95 0.42
5/2+ 0.98 0.94 -18.23 -6.51 1.82 7.18 1.06 0.31 0.33 0.12 2.79 7.20 1.51 0.87 0.41

80Zn 0+1 0.0 0.0 -10.80 - 0.49 9.50 0.23 0.03 0.19 0.04 2.48 7.52 1.90 0.44 0.14
0+2 - 2.16 -17.12 -6.32 2.74 7.26 1.20 0.71 0.52 0.31 3.08 6.92 1.33 1.28 0.47

78Ni 0+1 0.0 0.0 -8.00 - 0.38 9.62 0.12 0.02 0.20 0.04 0.57 7.44 0.38 0.15 0.04
0+2 - 2.65 -24.09 -16.09 2.70 7.30 1.11 0.81 0.43 0.35 2.35 5.65 0.98 0.94 0.43

excited states (see Tab. II) reveals strong neutron mixing
for the orbitals above N = 50, as well as different pro-
ton occupancies with respect to the ground state, inval-
idating the spherical single particle-hole nature of these
states and rather suggesting a deformed shape. This neu-
tron mixing and proton reshuffling is visualized in Fig. 2,
where the occupancy differences of the excited states with
respect to their ground states are plotted.

The structure of the excited states can be interpreted
within the Discrete Non-Orthogonal shell-model (DNO-
SM) method, newly developed in Ref. [55] and applied re-
cently in Refs. [56, 57]. This approach expands the shell-
model wave functions in the deformed Hartree-Fock ba-
sis rather than the usual spherical m-scheme basis. This
allows the extraction of the corresponding deformation
amplitudes of a given state in the (β, γ) plane.

Figure 3 (top panel) depicts such expansion for the
ground state and the first two excited states of 79Zn.
Two clear patterns emerge: in the ground state, the main
components of the wave function tend towards the low-
deformation region with a small β value, while for the
excited states, the wave functions are more fragmented
and have, on average, a larger deformation. Also, we find
the clustering of the wave-function components consis-
tent with the deformation parameters β ≈ 0.15 (ground
state) and β ≈ 0.22 (isomeric state), deduced from the
nuclear charge radius in Ref. [20]. Moreover, the DNO-
SM calculations reveal that both 1/2+ and 5/2+ states
belong to the same rotational structure, which is charac-
terized by the K = 1/2 components of 100% and 96%, re-
spectively (see K-component extraction in Refs. [55, 57]).

To probe further into the deformed character of the
low-lying states in 79Zn, we have complemented the cal-
culations with the investigation of 80Zn. We find two
low-lying 0+ states: the spherical ground-state and an
excited deformed state of two-particle-two-hole nature at
2.16MeV (see Tab. II). Again, a larger correlation en-
ergy (∼ 6.3MeV) is observed for the excited 0+ state on
the same order of magnitude as those of the deformed
intruder states in 79Zn, indicating the same deformation
nature of these states. Figure 3 shows the wave function
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FIG. 2. Occupancy differences between excited states in
79,80Zn, and 78Ni with their respective ground states. The
data for 78Ni is taken from [18].
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FIG. 3. DNO-SM expansions in the (β, γ) plane (using the
same energy scale) for low-lying states in 79Zn (9/2+1 , 1/2+1
and 5/2+1 in upper panel) and 80Zn (0+1 and 0+2 in lower panel).
The radius of circles represents the normalized probability of
finding a deformation of (β, γ) in the corresponding state.

expansions for these two 0+ states (bottom panel). There
is a clear similarity between the spherical ground states
for 79Zn(9/2+)/80Zn(0+1 ) and the deformed excited states
for 79Zn(1/2+, 5/2+)/80Zn(0+2 ), advocating for the de-
formed nature of the observed isomer in 79Zn, as well as
its 5/2+ companion.

Finally, the present shape coexistence discussed for
79,80Zn can be put in perspective with the shape coexis-
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tence recently observed and discussed for 78Ni [15, 18]:
the deformed intruder 0+2 of 78Ni has 2.7 neutron p-h
excitations on average, in remarkable agreement with
present values quoted in Tab. II for 0+2 of 80Zn. Both
0+2 states have ∼ 2.4 − 3 protons on average in the
f5/2, p3/2, p1/2 shells, leading to close collective struc-
tures. Therefore, the shape coexistence in 78Ni and in
the presented 79−80Zn reveal striking similarities.

To summarize, we have established the level order-
ing and determined the excitation energy of the isomer
in 79Zn by means of high-precision mass spectrometry.
Two measurements were performed independently, us-
ing different production methods and measurement tech-
niques at different radioactive ion beam facilities. We
show unambiguously that the 1/2+ isomeric state with
942(10) keV lies below the 5/2+ state with 983(3) keV.
The new DNO-SM calculations tool provides the theoret-
ical analysis, predicting the occurrence of low-lying de-
formed intruder states. The 1/2+ isomer is interpreted
as the band-head of a low-lying deformed structure of
the same nature as a predicted low-lying deformed band
in 80Zn. These findings confirm shape coexistence in
79,80Zn, similar to the one observed in 78Ni.
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A Appendix

A.1 Note on the atomic mass unit
As shown in Section 2.2.1, the atomic mass is usually presented as the mass excess (see
Eq. (2.7)) in terms of energy in kiloelectronvolt. The accepted non-SI unit commonly
used is the unified atomic mass unit u, equivalent to one Dalton Da or “1/12 of the mass
of a free carbon 12 atom, at rest and in its ground state” [38]. As all atomic masses are
measured as frequency ratios or time-of-flight differences using one or two well-known
reference masses, a conversion from atomic mass in units of the unified atomic mass
unit u to energy in keV using E = mc2 has to be made. This includes using the mass of
u in kg, which is not exactly defined in the SI but consists of several different measured
quantities.

Prior to 2018, the mass of 1 u = 1
12m(12C) = mu was determined through it’s

connection to the molar mass M(12C) of carbon-12 and the Avogadro constant NA

M(12C) = m(12C)NA = 0.012 kg mol−1, (A.1)

where the definition of the Avogadro constant relied on the number of atoms in one mole
of carbon-12, making the value M(12C) exact. The relative standard uncertainty on NA

through experiments prior 2018 was 10−8 [183].
With the redefinition of the international system of units (SI) in 2018 [38], a number

of fundamental observables are now exact physical constants, among them the Avogadro
constant, effectively breaking the link between carbon-12 and the molar mass. These

Table A.1: Reprinted table from the 9th Brochure of the SI [38] for the seven defining
base constants and some selected derived values. The base constants are exact by
definition.

Defining constant Symbol Value and unit
hyperfine transition frequency of Cs ∆νCs 9 192 631 770 Hz

speed of light in vacuum c 299 792 458 m s−1

Planck constant h 6.626 070 15 × 10−34 J s
elementary charge e 1.602 176 634 × 10−19 C

Boltzmann constant k 1.380 649 × 10−23 J K−1

Avogadro constant NA 6.022 140 76 × 1023 mol−1

luminous efficacy Kcd 683 lm W−1

Accepted non-SI units
energy eV 1.602 176 634 J
mass Da 1.660 539 066 60(50) × 10−27 kg

molar mass of 12C M(12C) 11.999 999 995 8(36) g mol−1
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A Appendix

Figure A.1: Relations of the
base units with physical constants
in the 2018 redefinition of the SI
units. Graphic reprinted from Emilio
Pisanty, CC BY-SA 4.0, via Wikime-
dia Commons.

physical constants are the input for the seven base units as shown in table Table A.1
and Fig. A.1. This means that the molar mass of carbon-12 is not exact anymore, with
a numerical value differing from 12 g mol−1 in the order of 10−10 (see Table A.1).

Using the relative atomic mass of the electron Ar(e) and the electron’s rest mass me,
the atomic mass constant is written as

mu = 1
12m(12C) = me

Ar(e) = 2hR∞
Ar(e)α2c

, (A.2)

where h and c are now exact, R∞ is the Rydberg constant known to 10−12 relative
uncertainty from the 1S-2S laser spectroscopy in the hydrogen atom, α is the hyperfine
constant known to 10−10 relative uncertainty from electron g-factor and atom recoil
measurements, and Ar(e) is known to 10−11 relative uncertainty from spin-precession
and cyclotron-frequency measurements of 12C5+ in a Penning trap [35]. Now being
exact, the relative uncertainty of 10−8 on h does not contribute to the overall relative
uncertainty of u anymore, decreasing the uncertainty effectively by a factor of 40 to
10−10.

The Atomic Mass Evaluation (AME) is usually representing the atomic mass
M(N,Z) and its uncertainty in units of µu, the mass excess ME(N,Z) = M(N,Z)−Au
in keV, and the binding energy per nucleon EB/A = [ZM(1H) +NM(n) −M(N,Z)]/A
in keV [2]. In the past, due to the relative uncertainty on the conversion of u to keV,
the precision on ME(N,Z) for some nuclides was worse than the same value expressed
in u. With the 2018 SI redefinition and the ever-improving measurement precision of
some fundamental constants, the mass excess given in keV is now at the same level of
precision as the corresponding value given in u [39].
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