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Abstract

We investigate a young formulation of fermions on a spacetime lattice, which is called
stabilized Wilson fermions and make advancements in the formulation with the motivation
of investigating charm-physics. With this goal in mind, we determine several improvement
coefficients and renormalization factors of quark-bilinears in a bottom-up approach. These
technical constants have to be computed again, as stabilized Wilson fermions change the
fermion action and therefore the cut-off effects.

Thus, we start by the determination of one of the most fundamental improvement
quantities, the improvement coefficient of the axial-vector current, ca, which can be com-
puted with the wavefunction method. Aiming to improve and renormalize the axial-vector
channel, we determine the renormalization factor Z, next, for which the improvement
coeflicient is a prerequisite.

In the vector channel, the renormalization factor Zvy as well as the mass improvement
coefficients to it, by and by, are determined as to fully renormalize this channel in the fra-
mework of stabilized Wilson fermions. Furthermore, the factors necessary for quark mass
renormalization, Z = (Z,,Zp/Zs), (ba — bp) and b, are investigated. The calculations
necessary for the improvement and the renormalization are carried out in the Schrédinger
functional, employing lattices with a box size of approximately 3 fm. Six different lattice
spacings are investigated, with 20 ensembles interpolating between two lines of constant
physics, one at the chiral limit and the other one at the Ny = 3-symmetric point. The
ensembles are designed to cater to the ensembles available from the OpenLat initiative.

We find that, as was the suspicion in early studies of stabilized Wilson fermions, the
cut-off effects for stabilized Wilson fermions are generally smaller compared to traditional
Wilson fermions.

A last step towards charm physics with the OpenLat ensembles is provided by the
determination of the charm-quark mass parameter mg. This is determined directly on
the OpenLat lattices through spectroscopic quantities. Our determination includes first
scaling tests, clearing the way for the investigation of charmed meson physics in the
framework of stabilized Wilson fermions.






Zusammenfassung

In dieser Arbeit untersuchen wir eine junge Formulierung von Fermionen auf dem Git-
ter, die den Namen ,stabilisierte Wilson Fermionen“ trégt und bereiten diese auf die
Erforschung von Charm-Physik vor. Dafiir werden Verbesserungskoeffizienten und Renor-
mierungsfaktoren von Quark-Bilinearen in einem ,,Bottom-up“ Schema bestimmt. Diese
technischen Konstanten miissen neu ermittelt werden, da stabilisierte Wilson Fermio-
nen die Fermionwirkung auf dem Gitter und die damit einhergehenden Cut-Off Effekte
verdndern.

Daher bestimmen wir als Erstes eine der grundlegenden Verbesserungsgrofien, den
Verbesserungskoeffizienten des Axial-Vektorkanals, ca. Dieser kann mit der sogenannten
Wellenfunktionsmethode bestimmt werden. Da wir diesen Kanal nicht nur verbessern,
sondern auch renormieren wollen, berechnen wir als Nachstes die Renormierungskonstante
des Axial-Vektorkanals, Z, fiir welche ein verbesserter Axialstrom die Voraussetzung ist.

Im Vektorkanal wird der Renormierungsfaktor Zy, sowie dessen Massen-abhingigen
Verbesserungskoeffizienten by und by bestimmt. Mit der Bestimmung dieser drei GréSen
ist der Vektorkanal im Framework der stabilisierten Wilsonfermionen vollstdndig renor-
miert.

In einem weiteren Schritt werden die Faktoren Z = (Z,,Zp/Z4), (ba — bp) und b,
untersucht, welche zur Quarkmassenrenormierung nétig sind. Die zur Verbesserung und
Renormierung notigen Berechnungen werden im Schrodinger Funktional ausgefiihrt, auf
Gittern von etwa 3 fm GittergroBe. Sechs verschiedene Gitterabsténde werden untersucht,
wobei die 20 verwendeten Ensembles zwischen zwei Linien konstanter Physik, eine am
chiralen Limes und die andere am Ny = 3-symmetrischen Punkt, interpolieren. Die En-
sembles sind mit dem Ziel erstellt worden, kompatibel zu den OpenLat Ensembles zu
sein.

Die Cut-off Effekte der stabilisierten Wilson-Clover Fermionen werden mit denen tra-
ditioneller Wilson Fermionen verglichen. Es stellt sich heraus, wie schon in fritheren Ar-
beiten vermutet, dass die Cut-Off Effekte dieser neuen Formulierung generell kleiner sind
als im traditionellen Fall.

Als letzten Schritt in Richtung der Untersuchung von Charm-Physik auf OpenLat En-
sembles wird die Berechnung des Charm-Quark Massenparameters direkt auf den Gittern
der OpenLat-Initiative mithilfe spektroskopischer Groéflen durchgefiihrt. Unsere Berech-
nungen in dieser Richtung beinhalten auch erste Skalierungstests des Massenparameters.
Somit wird der Weg fiir eine Untersuchung von Mesonen mit Charm-Quarks auf Grund-
lage von stabilisierten Wilson Fermionen freigemacht.
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Chapter 1

Introduction

The Standard Model of particle physics is the best model we have of particles and the
forces governing their interactions at small scales. It describes, with stunning accuracy,
the fundamental particles and forces and their interplay — except gravity. Early predic-
tions included the existence of particles that have since been confirmed to exist, see e.g. [1]
for a historical introduction. In recent years, the precision of the Standard Model has
been tested to higher degrees than any other theory in physics, a prominent example is
the anomalous magnetic moment of the muon [2,3], which was determined to a precision
of 127 ppb (parts per billion) by the E989 experiment at FermiLab [4-11].

Despite its success, the Standard Model fails to properly represent certain aspects of
reality. Early on, for example, it was believed that neutrinos were massless. This idea had
to be abandoned after neutrino oscillations were discovered, an effect that is only possible
if neutrinos are massive particles. To this day, their exact mass is yet to be determined,
however the upper limits on them are continuously improved, see e.g. [12].

There is also the issue of dark matter and dark energy, the effects of which cannot be
explained by general relativity nor does the Standard Model provide suitable candidates
for a particle based explanation. In short, we know that on large and small scales our un-
derstanding of physics is flawed. From a particle physics perspective, we try to understand
these deviations from our model of gravity (i.e. general relativity) by the introduction of
new particles to the Standard Model. This entails an extension of the Standard Model
in such a way that these particles appear in the right amount, while not contradicting
tested and established Standard Model predictions. The problem for physicists is to find
those parts of the Standard Model, that are still not perfectly aligned with reality. In
praxis, this search is carried out on the experimental as well as the theoretical side.

On the experimental side, tests of the Standard Model are carried out in two main
ways: Direct and indirect detection. Direct detection in the high energy regime is done in
accelerators, such as the LHC at CERN, whose speciality is the very high end of accessible
energies. Other experiments, such as Belle-II [13,14], BESIII [15-17] or KOTO-2 [18§]
extend the precision and intensity frontiers. Reference [19] gives a brief overview over the
experimental prospects in this direction.

Indirect detection of dark matter through interaction with ,,normal“ matter, is carried
out for example at the XENON experiment [20]. While plans for building new colliders
are underway [21-24], we are yet several decades away from beginning to gather new data
at the high energy frontier. Until then, precision tests of the Standard Model are an ideal
way to solidify our understanding of the theory and point towards possible signs of new
physics.

On the theoretical side, new models extending the Standard Model are built and
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tested against experimental results as to put exclusion limits on the proposed models.
Tests of the Standard Model through high precision calculations are carried out to match
experimental precision and identify tensions between the model and the data.

Prominent examples of the latter that are currently investigated are the anomalous
magnetic moment of the muon (g, —2) as well as the unitarity of the CKM-matrix, which
both show the characteristics aimed for: The quantities in question are determinable
to very high accuracy in both, theory and experiment. The CKM-matrix describes the
flavour mixing of quarks, that is, the eigenstates of quarks interacting strongly and weakly
are not the same. It is fully captured by three mixing angles (and a CP-violating phase),
which play an important role in the weak decay of hadrons, where both, strong and weak
interactions are relevant. The anomalous magnetic moment of the muon on the other
hand, has, at first sight, nothing to do with hadrons. However, at higher loop orders of
the interaction between the muon and the photon, hadronic polarizations of the vacuum
are possible. In fact, this kind of polarization is one of the largest contributors to the
overall uncertainties of the calculations [3]. Thus, both observables are directly connected
to precision calculations in hadron physics.

From these examples, we can see that the search for new physics also relies on a
deep understanding of hadrons. This however poses an immediate problem: Commonly,
particle physics calculations rely on perturbative approximations of particle interactions.
This implies the expansion in the coupling that is deemed to be small. However, the
inside of a hadron cannot be examined in this way.

In this situation, we need to rely on non-perturbative techniques. The most successful
approach to this problem is presented by the framework of lattice quantum chromo-
dynamics (lattice QCD). The idea is to solve the QCD path integral by formulating QCD
on a discretized spacetime lattice, allowing for the calculations of observables when the
coupling is not small. The introduction of the lattice makes the path integral treatable
through numerical methods. In particular, lattice calculations rely on specialized Monte-
Carlo algorithms to estimate the path integral.

On the one hand, it is non-trivial to implement gauge and fermion fields on the
lattice, due to various effects of discretization. On the other hand, we will also see that
the formulation of the theory on the lattice leaves some freedoms of how the fields are
discretized on the lattice.

A prominent choice of the formulation of fermions on the lattice is called Wilson
fermions. While they have many advantages compared to other formulations, they suffer
from cut-off effects in first order of the lattice spacing. For the precision needed from
lattice predictions, the systematic errors introduced by this are not acceptable. It is
therefore common to systematically add counter terms to this description of fermions.
This procedure goes by the name improvement. The lattice formulation also introduces
cut-offs at high (UV) and low (IR) energies. Thus, we also need to renormalize the
quantities calculated from the lattice.

In this thesis, we want to concern ourselves with a variant of Wilson fermions, which
goes by the name of stabilized Wilson fermions. As the name suggests, this variant intro-
duces some changes to the common formulation of Wilson fermions in order to improve the
stability of our simulations. It changes the implementation of the fermion action by expo-
nentiating a part of it. The change guarantees, by construction, that the improved Dirac
operator is positive definite, a measure that eases the instabilities introduced by low-lying
eigenmodes. As changing the action impacts the cut-offs of the theory, the complete set
of improvement and renormalization constants needs to be newly calculated. Our goal in
this thesis is to enable the calculations of physical observables from charmed mesons in
this new formulation of fermions, by determination of several prerequisites. The thesis is
structured accordingly:



In the first part, we briefly review the most important concepts needed for our calcu-
lations. In chapter 2, we introduce QCD and its formulation on the lattice, focussing on
the introduction of stabilized Wilson fermions. We also introduce the necessary tools for
our calculations, such as Schrodinger functional boundary conditions, in which we will
determine renormalization factors and improvement coefficients.

Chapter 3 will give a short introduction to the concept of flavour symmetry. Entangled
with this is also the description of weak decays from the perspective of hadron physics.
The part ends with a brief review of the computational methods that are employed for
the evaluation of observables on the lattice in chapter 4.

The second part presents the calculation of various improvement and renormalization
quantities needed in the framework of stabilized Wilson fermions. These are carried out
on 20 Schrodinger functional ensembles at six lattice spacings, which are introduced in
chapter 5. They are designed to cater to the large volume ensembles of the OpenLat ini-
tiative, which we will introduce later on. The ensembles interpolate between two lines
of constant physics that are characterized by the chiral limit and the Ny = 3-symmetric
point and a volume of ~ 3 fm.

In a bottom-up approach, we start by the determination of the improvement coefficient
of the axial-vector current, ca, that is fundamental for the determination of many other
quantities, as we will see. The calculation of this improvement coefficient by means of
the wavefunction method is presented in section 6.1. While the method is standard by
now and straightforward to implement in its basic form, the details of the calculations are
quite intricate. In particular, hurdles in regard to the exact definition of the final values
on each ensemble had to be overcome.

Furthermore, as the ensembles at hand interpolate between two lines of constant
physics, we are able to define the improvement constant not only at the chiral limit,
as usual, but also at the symmetric point. In order to leverage the full potential of the
ensembles at hand, we interpolate in the coupling and a mass parameter at the same time.
This interpolation also allows for the evaluation of the improvement coefficient directly
at the correct mass, such that mass effects in the improvement can be included.

In section 6.2, we use the improvement coefficient in a second calculation crucial to
our endeavour to prepare stabilized Wilson fermions for the calculations of physical ob-
servables. In this section, we dive into the calculation of the renormalization factor Z,.
We will see that, contrary to the improvement, the evaluation of this quantity is straight-
forward from a methodical perspective, however complications arise on the analytical
side. This is complemented by the fact that the evaluation suffers from unexpected mass
effects, as we will see.

The second quark-bilinear we want to investigate is the vector current, whose renor-
malization we discuss in section 7.1. As we will see, thanks to the renormalization condi-
tion having a simple expression in the Schrédinger functional, we are able to determine
the overall renormalization constant Zy as well as the mass improvements to the renor-
malization, by and by. All three factors can be estimated with quite good precision. The
data produced also allows the determination of the three coefficients at the same time
from a global fit.

The last chapter in this part, chapter 8, is dedicated to the determination of factors
relevant for the renormalization of the quark mass: The factors Z = (Z,,Zp/Z4), (ba—bp)
and b,, are needed to connect the bare quark mass, a parameter of the simulated theory
with physical quark mass, a parameter of the Standard Model. The determination relies
on an interpolation in the quark mass parameters, such that the renormalization factors
can be evaluated at different points of the valence-quark mass. We will see, that the setup
of these calculations is quite cumbersome, and some questions still remain in regard to
the stability of the chosen method.
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The calculations presented in part two are generally relevant for the advancement of
the stabilized Wilson fermion framework. We find that, as already suspected in early
studies of this variant of the Wilson fermion action, the cut-off effects observable from
the improvement and renormalization factors calculated here are smaller than in the
traditional Wilson-clover fermion framework.

In the last part, we provide a first determination of the mass parameter for the charm-
quark. This is carried out on large volume ensembles form the OpenLat initiative, which
are briefly introduced in chapter 9. At the moment, the quark-mass parameter is de-
termined by spectroscopic quantities, in particular by employing the physical masses of
the n.- and D-meson as quantities to set the mass. Its determination by both masses is
shown in chapter 10.

With the calculations we carry out, this thesis opens the door for estimations of
relevant charm-physics parameters, such as semi-leptonic form factors. These form factors
are crucial to estimate CKM-matrix elements. In particular, they provide another access
to the quantities computed from lattice QCD that are relevant for the estimation of V.4
and V5. These second row elements of the CKM-matrix are needed for the investigation
of whether the matrix is unitary. While the Standard Model predicts unitarity, deviations
could point towards new physics in the interplay of strong and weak interactions. We give
a comprehensive outlook towards the extensions of the presented calculations in chapter
11 before concluding in chapter 12.



Part 1

Groundwork






Chapter 2

QCD on the lattice

Lattice quantum chromo-dynamics is the most well suited way to examine the properties
of QCD in the low-energy regime. In this chapter, we will cover some relevant concepts
and introduce the notation used throughout this thesis. Starting with the problems of
calculating QCD quantities at low energies, we will briefly introduce the lattice approach
as a possible formulation of QCD from first principles, with which these problems can be
circumvented. Later on, we introduce the concrete theoretical framework this thesis is
based on. Doing so will also further motivate the calculations carried out in part II, as
we find well determined improvement and renormalization factors to be a necessity. In
the end of the chapter, we will shortly review some practical notions.

For a more thorough treatment of the concepts discussed here, the reader may consult
the well-known standard works on lattice QCD e.g., [25-27] that the overview given here
is based on. Helpful are also earlier PhD theses of the group in Miinster [28-31] whose
concern were similar topics. A good impression of the main concepts can already be
gained from [32].

2.1 A short primer on QCD

The strong force in the Standard Model is described by the theory of quantum chromo-
dynamics. Quantum chromo-dynamics in its early stages was a proposal to explain the
wjungle of particles® that was discovered in the nineteen forties. It did so through the idea
that mesons and baryons are — similar to the atom — constituent particles. Mesons consist
of a quark — anti-quark pair (¢g), while baryons consist of three quarks (ggq) and the
anti-baryon of three anti-quarks (ggq) in the valence-sector. The differences in mass and
electric charge between the bound quark states is explained through a difference in the
type of quarks, the so-called flavour. There are 6 flavours of quarks (up, down, charm,
strange, top and bottom), arranged in 3 generations. Each generation consists of an
isospin doublet, in which the up-type has a fractional charge of 2/3e and the down-type
has a fractional charge of —1/3e, in which e is the elemental charge with the electron
having the charge —1le. The generations differ in mass, in that the first is lighter than the
second and the second is much lighter than the third. An unexplained curiosity of the SM
is the fact that in the second and third generation the positively charged quark is heavier
than their negative counterparts. In the first generation, the up is lighter than the down,
making the proton (not the neutron) the lightest baryon. Due to the discovery of the Q~~
baryon [33], an sss-state, quarks needed an additional property to account for the Pauli
exclusion principle, as suggested by Greenberg [34]. This property became subsequently
known as colour, which can be one of 3 (red, green, blue) and their inverse partners

7
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Figure 2.1: Sketches of the quark-gluon, three- and four-gluon-vertices arising from QCD
Lagrangian.

(anti-red, anti-green, anti-blue). As this charge is not observed in experiments, it was
proposed that nature only allows for colourless particles. Mesons would then have one
colour and one anti-colour (e.g., red and anti-red), baryons all three colours. In principle,
this would also allow for more exotic combinations, such as 4- and 5-quark bound states,
that are also under investigation. The theory proposed for the proper description, coined
quantum chromo-dynamics, is based on the non-Abelian gauge group, SU(3). Its action
S is given by

-1
S = /d4a;£ = /d4x [¢(1D +m)y — 7t (F2)| - (2.1)
The covariant derivative of the fermion fields

Dy(x) = (@ +igA" (2)ta) ¥(2) (2.2)

generates a three point interaction vertex between the fermion and gauge field, shown in
figure 2.1 on the left. The field-strength tensor F),, of the gauge field is given by

—igFy, = ig(0pAl(x) — 0,A% (x)) — g° F*° [Au(z), Au(2)] | (2.3)

in which the commutator does not vanish, but instead makes the mediating particles (the
gluons) interact with each other via 3 and 4 particle vertices, depicted in figure 2.1. The
factors fe%¢ are the structure constants of the Lie algebra su(3). Due to these gluon-self
interactions, the running coupling becomes large at small energies

[N

gett = [In (*Adcp)] 2 (2.4)

in which Aqcp is the relevant scale, a parameter of the theory. This strong coupling in
the low-energy regime is the reason for hadrons being strongly bound states. It is also
the reason low-energy QCD cannot be treated through perturbation theory. Another
first-principles approach for calculations is needed. In the past 50 years, the approach of
choice was lattice QCD, which is introduced in the following.

2.2 On paths and lattices

Lattice field theory is formulated through the path integral formalism. Suppose we want
to transition from a pure QCD state O to state O'. The transition between them is fully
governed by the QCD action introduced in equation (2.1). The path integral formalism
tells us that the integral

(©'0) = / Dlts, §, A] 0'0 JSPA (2.5)
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Table 2.1: Gamma structures with their respective quantum numbers and associated
particles, as seen in [28,40].

I-structure H quantum numbers ‘ particles
1 OJer fo, ag, .-
Yo 0t~ exotic
Y5, Y50 0+ 70, K,D, Dy te, ..
Yis Yi7o 1= P, K*7 D*7 J/wa s
YiYj 1+~ hl, bl, -
V575 1++ alafla

in which 1 and ¢ are the fermion fields and A the gauge field expresses this transition.
The integration D[y, ), A] is understood as a symbolic way of writing the integration
over the space of field configurations with each configuration being weighted by their
respective probability (eiS )2. We will call this object a correlator as it, in fact, estimates
the correlations between the states @ and O'.

The states O and O’ are generic, however, for the cases discussed here, correlators
are built of two or more 2-quark interpolators on a single time slice xy. Specifically a
two-quark interpolator can be written as

Or(z0; Z,9) = " (0, %) £(Z,9,5) ¢¥*(x0,7) (2.6)

with T’ a matrix in Dirac- and colour-space and f(Z,%,7) a function in the 3 spatial
dimensions of the theory and a, b the flavours of the participating quarks fields. The
parameter p emphasized here is the 3-momentum of the bound state modelled by O,
that dictates the form of the operator in Fourier space. We note that the structures I,
which are listed in table 2.1, prescribes the quantum numbers JX¢ of Op and that the
operator generally has overlap with all states with the same quantum numbers. However,
the spatial distribution f(Z, ¥, §) influences the overlap of the states produced by O with
the eigenstates the Hamiltonian operator 7. There are many implications of this. We
will see, that one may use this fact to excite different energy eigenstates with the same
quantum numbers, an idea that is also employed in techniques like distillation [35], see
e.g. [36-39] for recent examples. Similarly, the produced states may have more or less
overlap with a state of specified momentum, as the spatial structure also has influence on
the Fourier transform of the state. In the lattice approach, the correlation between two
or more quark bilinears can be computed numerically. For the evaluation in this way, we
need to discuss two issues with the path integral in equation (2.5). The appearance of
the imaginary unit ,,i“ and the discretization of spacetime.

Wick rotation In continuous Minkowski space, the complex exponential in equation
(2.5) leads to a highly oscillating term. However, a Wick rotation ¢ — —ir renders the
term an exponential decay in imaginary time 7 and the metric Euclidean. Investigating
the normalization term 1/Z, we assert Z = exp{—S&} to look similar to a partition function
in statistical mechanics after the rotation.

Discretization Integrating over the space of all field configurations is not a simple
task in continuous spacetime. As an approximation to Euclidean spacetime (i.e. R* with
euclidean metric), we introduce the idea of the lattice, a spacetime grid embedded in
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Euclidean space. We define a finite set of points in x, € L C R?, that are organized in
the following way: The lattice spacing a between the points is equal in all directions pu,
such that the smallest step possible is ae,, where e, is the unit vector in direction pu
and every two directions p and v are orthogonal to each other. This introduces a UV
cut-off, as everything over the energy associated with a cannot be accounted for on the
lattice. Note that isotropic spacing is not necessary and there are lattice computations
carried out with an-isotropic lattices in the time direction (see e.g. [41] for the tuning of
three flavour QCD on these), which can have desirable properties for example for finite
temperature [42-45], heavy quark [46-50] or glue-ball physics [51].

Furthermore, we organize the lattice points such that there are L points in each
direction of space, and in time direction, there are T points. The physical dimensions of
the lattice are therefore T'a x L3a3, with T - L? lattice sites. The spatial extent introduces
an inherent IR cut-off. Similar to the UV cut-off, energies below the energy associated
with the spatial lattice extent can also not be accounted for.

The discretization has two very direct consequences: Evidently, continuous trans-
lations and infinitesimal steps in spacetime are not allowed, such that integration and
differentiation need to be replaced by finite differences, the replacements used in this the-
sis are listed in appendix B. Treatment of the path-integral in this way makes the space
of field configurations less large. The dimension of the space of field configurations is still
infinite, but to probe points in it is at least somewhat feasible. The space of all possible
combinations of field values at each lattice point is called the configuration space.

This concludes the brief overview of how the introduction of a lattice can facilitate the
calculation of the path integral. We will discuss the technical implementation of probing
configuration space in chapter 4 and will first turn towards more theoretical matters. The
discretization of spacetime introduces some delicate problems that need our attention. In
particular, the QCD action needs to be discretized suitably. This is again done in two
parts: First, the pure gauge action, then the fermion action is discretized.

The gauge action In a first step, we will ignore the fermions and discretize the part
of the QCD action that only depends on the gauge fields

Scl[A] = —i/dz4 tr (F7,) - (2.7)

The covariant derivative of the fermion fields that connects it with the gauge fields will
be treated later on as part of the fermion action.
In the continuum, the gauge field provides a connection

Utiag) =P {exn{-i [ Lt 03] | (25)

of two vector spaces living on two spacetime points z* and y* connected by a path vy with
parametrization ¢t € [0,1] — v(¢) € R*. Suppose we are only talking about the lattice we
introduced in the last section and the paths between lattice sites are given by straight
lines of length a. It is then natural to express the dependence of the action on the gauge
field A through its dependence on the connection U, of neighbouring lattice points. If
the lattice spacing is small, the following identity holds:

Uu(z) =1 —iaA(x) + O(a?) . (2.9)

These objects are called link variables and are elements of SU(3). They are however,
unlike the field-strength tensor, not gauge invariant. To find the smallest possible gauge
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Figure 2.2: Sketch of a plaquette, a closed loop of four gauge links, as described by
equation (2.10).

invariant combination on the lattice, we employ the analogous object to a Wilson loop
on the lattice. The smallest possible object like this is a plaquette, an oriented path of 4
gauge links

P (z) =U,(z)U,(x + ae#)Ul(x + ae,)Uj (z) (2.10)

as shown in figure 2.2. It is easy to see that this object is invariant under gauge transfor-
mations. The gauge action can be expressed as

= 2221 P, (z)) . (2.11)

Le]L n<v

Note that this discretized version of the gauge action has discretization errors appearing in
the second order of the lattice spacing. In the next section, we will push these deviations
to O(a®) in the lattice spacing, when discussing the improvement of the gauge action.

The fermion action The second part of the QCD action introduces the fermions
(quarks) into the action. It is given by

Sr[, 1, A /d“w (D +m)y (2.12)

The gluon-fermion interaction generated by the covariant derivative is treated in two
separate ways, depending on whether the fermions are in the sea- or the valence-sector
of the theory. We will see how the sea-sector will get incorporated into the gauge field
configurations themselves. The effect the gauge field and the incorporated sea-sector on
the valence-sector is evaluated in a separate step, which we will call measurement in the
following. In the discretized case, contrary to the gauge field, the quark fields reside on
the lattice sites x,,. Replacing the derivative in the fermion action with symmetric finite
differences yields the naive version of the fermion action

se= [ d%&(x)(mﬂ (o) (2.13)
= S = 2% a0 P atn) 2aa)
z€ll a,b

This version of discretized fermions has a problem: The Fourier-transformed propagator

. 4
~ 1
D(p) =m+ - si 2.15

(p) =m+ “,;:1% sin(pp.a) (2.15)
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possesses unphysical poles (so-called doublers) due to the periodic behaviour of the sine-
function. It shows that the most naive option for discretization is not a proper definition
of fermions on the lattice. This problem is solved in different ways, and multiple fermion
formulations are employed in current lattice calculations (see e.g. [25, ch. 10] for peda-
gogical introductions to these).

Before we introduce Wilson fermions, the discretization of choice for this work, we
want to comment on some simplifications that we will be using.

2.3 Simplifications

As we are getting closer to practical calculations, we want to introduce a few simplifica-
tions that are specific to the concrete implementation of QCD in this thesis.

Pure QCD We have — so far — only looked at the formulation of pure QCD on the
lattice, and we will keep it this way. The six quark flavours interact with the weak, the
strong and the electromagnetic gauge bosons. In chapter 3 we will comment on how weak
decays are recovered in the framework at hand.

The electric charges are neglected here, which is a common choice, as the expected
deviations are below 1% (c.f. [52, ch. 3]). Note that these effects become relevant in
recent years of lattice QCD calculations, and first steps towards including QED effects in
directly lattice calculations are made, e.g., in [53-58]. Neglecting these charges restores
isospin symmetry and renders the 6 quarks only different in terms of their masses.

Quark flavours As the masses of the different flavours are vastly different, it is cus-
tomary to make another approximation:

The theory described in lattice QCD simulations is usually an effective theory with
less than six flavours. This is due to the following reasons: The top and bottom quark are
very heavy. Their exclusion from lattice simulations is on one hand of technical nature,
as the lattice spacings needed for dynamical simulations with these flavours would be too
fine for state-of-the-art lattice simulations. The top quark does not admit bound states
in experiments as it decays very fast (see [59] for a review of top-quark physics) and is
therefore not of interest for calculations in the low-energy regime with bound states. Note
that partially quenched calculations including the bottom quark can be carried out on
the lattice, by using the HQET framework, in which the theory is expanded in inverse
quark masses, followed by an interpolation between multiple (heavy) valence-quarks and
a static quark with infinite mass. Works in this direction are found for example in [60-62].

In [63] it was shown that charm effects in the sea can also be estimated to be below
1%. As current simulations are only just reaching this level of precision, it is also common
to exclude dynamical charm-quarks. Works with dynamical charm-quarks are abundant
in recent years, see [52] and references therein. In this work, we will reintroduce charm-
quarks later on only in the valence-sector. Theories of this kind are known as partially
quenched. Overall, we end up with three quarks in the sea f € {u,d,s}.

Quark masses The simplifications discussed are finalized by setting the masses of the
sea-quarks to the same value,

My = Mq = Mg =My , (2.16)
we call the mass m; the light-quark mass. The quark mass matrix is therefore given by

Mq =my ]13><3 . (217)
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The specific value chosen is unimportant for now, it is however customary to simulate
quarks at much larger masses than their physical masses. This renders the extrapolation
towards the physical continuum harder to execute, but the gain in computational time
outweighs this drawback. We will call mesons in our theory with unphysical masses by
the names of their physical counterparts (e.g., a pseudo-scalar ll-state is a pion, etc.).
The pion mass is a good measure of how far we are from the physical point. In the large
volume ensembles we will employ pion masses of m, =~ 400 MeV, while the mass of the
physical charged pion is only m + = 139.57039 + 0.00017 MeV [64]. On a last note, we
will call the point at which Tr {M} = Tr {M}l’hys} = my+mq+ms the Ny = 3-symmetric
point.

2.4 Wilson fermions

The naive fermion discretization that we introduced in equation (2.14) had fermion dou-
blers that appeared due to the sine-function in the Fourier transformed propagator. Early
on, Wilson found a way to circumvent this pitfall of the naive formulation [65]. He intro-
duced the Wilson term that augments the naive action in the following way:

a-, a2 -
Sr — Sw =S + §¢(I)3MUM(I)1//(3/) = (x) Dwi(y) - (2.18)
The Fourier transformed Dirac operator of this action receives an additional term
) ) - 1 4
D Dw(p) =m+ - in(pea) + - (1— , 2.19
(p) = Dw(p) =m + -~ ;Vu sin(pua) + - z:: cos(pua)) (2.19)

which can be seen as an additional mass term only affecting the doublers. In the contin-
uum limit a — 0, the doublers become infinitely heavy and can be integrated out. This
trick proves very valuable, however the price to pay is that chiral symmetry is broken
explicitly by this term, even when the quark mass is set to zero. As to regain a proper
notion of the quark mass, we introduce the subtracted quark mass

Mg = Mo — Merit (2.20)

which is zero when the chiral limit is reached. The critical point is parametrized by mcyit,
which is a measure of how badly the symmetry is broken. Note that mc;; can only be
extracted from an observable that is proportional to the quark mass and tuning it to 0
(prime candidates that we will introduce later are the effective mass in the axial-vector
channel or the PCAC mass). At this point, let us also introduce the hopping parameter

1

= — (2.21)
2amg + 8

which commonly parametrizes the mass of quarks on the lattice. Note that the hopping
parameter depends on mg, which does not vanish at zero quark mass as per equation
(2.20). The subtracted quark mass in terms of this parameter is then given as

1 /1 1 (2.22)
mg=—|—— . .
T 20 \ K Kerit

Furthermore, deviations in the first order of the lattice spacing appear, making the con-
tinuum extrapolation prone to systematic errors. To make continuum extrapolations
within second order of the lattice spacing, like the naive gauge action, we need to intro-
duce counter terms that lift discretization effects in the first order. This can be achieved
systematically with the Symanzik improvement program.
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2.5 Symanzik improvement

When we introduced the gauge action, we had seen that its ambiguities are of order O(a?).
In the case of the fermions, the ambiguities introduced through discretization were even
of O(a). This is — in principle — not a problem, however the systematic errors picked
up through these ambiguities may spoil the calculation of sensitive quantities. We are
therefore interested in setting up an improved approach from the lattice to the continuum.
The systematic way to reduce lattice effects was formulated by Symanzik [66]. It relies on
the idea that continuum QCD can be viewed as a fundamental theory to the lattice theory.
This effective description is valid up to the cut-off introduced by the lattice spacing. In
this regard, it is natural to expand the action in terms of the lattice spacing a, such that
the action is represented by the power series

S=8y+cia S+ 02a2 So + 030,3 Ss+ ... (2.23)

in which S; are terms of dimension 4 4 i. They contribute at the i-th order of the lattice
spacing with the ¢; being the appropriate coefficients. Similarly, an operator O is also
only an effective description of its continuum counterpart, such that they can be written
as

O =0+ cra O1 + 02(12 Oy + C3CL3 O3+.... (2.24)

The coefficients can be obtained in multiple ways, either through perturbative calcula-
tions, renormalization group transformations (for an introduction see e.g., [25, ch. 9.2]) or
non-perturbative calculations, as carried out later on. In the following, we will briefly dis-
cuss the terms added to the action as well as to two currents in particular, the non-singlet
axial-vector and vector current.

2.5.1 Improvement of the gauge action

Improving the gauge action is standard in current calculations. In particular, the gauge
action is usually augmented by including larger plaquette-like objects. In the practical
calculations carried out later, a form of the tree-level Symanzik improved gauge action,
introduced in [67-69],

Sa = Z 32 (Z(n — Pu(z)) — %(1 - R,W(x))> (2.25)

zel, 70

is employed. This is also known as the Liischer-Weisz action. It improves the accuracy
of the gauge action to third order in the lattice spacing by including a term proportional
to closed loops of 6 link variables. These have rectangular shape and are denoted by
R, (z) (possible shapes are shown in figure 2.3). The choice presented here relies only
on rectangular contributions in figure 2.3a) with no ,bent“ contributions. A popular
alternative for the choice of the prefactors was introduced in [70] by Iwasaki on grounds
of renormalization group analyses.

In principle, it is possible to use even larger gauge-link loops to improve the gauge
field action to higher orders. So-called perfect or fixed point actions take this idea to the
extreme. They are also based on renormalization group transformations and have been
studied already in the nineties, for example in [71-73]. In recent years, there have been
efforts [74,75] to rely on machine learning techniques to extract the coefficients for these
highly improved actions.
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Figure 2.3: Sketch of the possible expansions of the plaquette in the Symanzik improved
gauge action.

2.5.2 Improvement of the Wilson fermion action

While the introduction of discretization effects of O(a) by the Wilson term — in principle
— does not pose a problem, the systematic errors of the approach towards the continuum
would make predictions from Wilson fermions weaker. Similar to the gauge action, we
are interested to add counter terms to the fermionic part of the Wilson Dirac operator
from equation (2.18).

Writing down all dimension-5 terms that transform like the action

S = 9(@)0 F (2)9(x) | (2.26a)
S = (x) (DMDH - D#DH) h(z) (2.26b)
8§ =m Te {Fu (@)} | (2.26¢)
SV =m ¥(x) (wD# - ’VJJM) Y(z) , (2.26d)
S = m? Y(a)y(x) (2.26¢)

we find that (2.26b) and (2.26d) can be related to (2.26a) through the field equation.
Equations (2.26¢) and (2.26¢) can be absorbed into the renormalization, as we will discuss
later. The only term that survives, (2.26a), is added to the Wilson action

Sty = Sw + cewa® Z Z {p(m)%awa(m)w(x) (2.27)

el p<v

in which the field-strength tensor is of discretized form and o, = [y,,7,]. This is the
Sheikholeslami-Wohlert term [76], also known as the clover term, due to its form that
is, in two dimensions, reminiscent of a clover leaf (see figure 2.4). The improved Wilson
action is therefore also known as Wilson-clover action. It is obvious, but nevertheless
noteworthy that this action recovers the correct continuum action, as the improvement
term is linear in the lattice spacing a. What is left is the determination of the prefactor
of the clover term, csy. While in case of the gauge action it was sufficient to consider
perturbatively calculated tree-level values, in case of the fermion action it is necessary to
determine it non-perturbatively. In [77,78] early discussions in the quenched approach
have been carried out, and later on [79-84] followed up with various determinations in
two- and three-flavour setups.
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Figure 2.4: Sketch of the clover term in two dimensions. Equation (2.27) describes the
four dimensional generalization.

Before carrying on with the improvement of interpolators, we comment that the clover-
term is not positive definite. This is important, as this hampers simulations of lattice
QCD with Wilson-clover fermions.

2.5.3 Improvement of interpolators

We have seen that, after absorbing the rest into renormalization or using relations between
the possible terms, the Wilson action can be improved by adding only one counter-term.
The effective descriptions of the interpolators Or on the lattice are treated similarly.
Seeing them as effective descriptions of the continuum interpolators, we also add terms
with higher dimension. As with the prefactor csy, the suitable prefactor needs to be
determined non-perturbatively.

In this work, we concentrate on the improvement and renormalization of the axial-
vector current and the vector current. For a more general discussion, the reader may be
referred to [85]. The improvement terms needed for the two currents can be constructed
analogously to the improvement of the action just discussed:

The non-singlet axial-vector current For the axial-vector current, there are three
dimension-4 terms that are allowed

(Agl))z (x) = {ﬁ(l") ’YS(DM - Du)§ () (2.28a)
()" @) =0, (9o 3% 0(2)) SoP@)  (228)
(49)" @ =m D) 5 ¥l = mAj(z) (225¢)

out of which (2.28a) can again be related to the other two by the Dirac equation. The
Gell-Mann matrices \* appearing here act on the flavour indices of the fields ¥. As in
case of the action, (2.28¢c) can be absorbed into the renormalization coefficient, such that
the axial vector current A}, is also improved by only a single term, (2.28b), as shown
in [77,86] (cf. [25, ch. 9.1.3]). The O(a)-improved axial vector current therefore takes the
form

(A1)}, (z) = Af(2) + acad,P(z) , (2.29)
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where the improvement factor cs is to be determined non-perturbatively. Determining
this factor is one of the main goals of this thesis and will be worked out explicitly in
section 6.1.

The non-singlet vector current The vector current receives improvement similarly.
As discussed in [85], the terms

a _ )\

(V?))H (&) =1m ¢y, =mV§ (2.30a)
a _ . )\

(V) @ =i 9D, - DG (2.30b)

(Vég))a () =190, (Dy + Dy)&w =0,T¢, (2.30¢)
Iz 2 H

transform in the right way to be added to the vector current (see also [28, ch. 1.4]). This
time, (2.30b) is eliminated by the field equations, while (2.30a) is of the same form as the
vector current itself and is absorbed into the renormalization coefficient. The improved
vector current is therefore of the form

(V)? (@) = Va(2) + acyd, ¢, (x) . (2.31)

The determination of ¢y is also to be carried out non-perturbatively. We will see in section
7.2 that the setup for this determination needs direct input from the other determinations
carried out here. We only discuss it shortly to see how it is affected by our results. First
steps towards improvement of the exponential Wilson Clover framework worked on here
have been made in [87].

2.6 Renormalization

As usual in quantum field theory, we have introduced a cut-off, in our case through
the lattice spacing a (and a second one through the lattice extent). Calculated physical
quantities therefore need to be renormalized. This can be done in various schemes, of
which the Wilsonian renormalization group approach is the most common one on the
lattice. We omit the general introduction to renormalization and advise the reader to
consult the well known literature, such as [88, ch. 23] and the look into the Wilsonian
and continuum way of renormalization given in [28]. Here, we oriented ourselves on the
discussion in [29].

When improving the action, two terms were absorbed into the renormalization of the
gauge coupling (cf. equation (2.26¢)) and the quark mass (cf. equation (2.26¢)). Both of
which add a quark mass dependent term to the renormalized action. In fact, by chiral
perturbation theory arguments, one finds that the subtracted quark mass mg is only
renormalized multiplicatively, such that it can be written as

mr = ZmMyq - (2.32)

The renormalization factor Z,, is dependent on the scale p that is fixed e.g., by the
hadronic scheme. However, we will see later that this dependence drops out in the cal-
culations carried out here. As extensively discussed in [85], away from the chiral limit, a
plethora of new renormalization constants appear. For the quark mass, the renormaliza-
tion factor is augmented by the mass dependent term from improvement and terms that
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come from higher orders in perturbation theory, multiplying the quark mass matrix. The
complete expression is of the form

— { {mq +(r — 1)TYEVM<1}] + aBi} +0(a?) (2.33)
f
2.7 Tr { M}
B; = byymy + byymg Tr {Mq} + (rmdm — bm)TOl (2.33a)
i
5 7oy Ir {Mq}2
+ (rmdm — bm) N .

See [89] for a concise discussion of the different terms multiplying Tr { M} and how they
relate to the appearing loops. We can see that the renormalization is quite convoluted,
when massive sea-quarks are present. In chapter 8, we will look into this calculation
with chiral sea-quarks, employing the relation of the quark mass to the PCAC mass.
The bare coupling itself is also renormalized [77] and receives an additional term through
improvement,

Jo = (1+bgaTr {Mq}) g5 , (2.34)
which is then used to renormalize the coupling
& = Zg(35, an)gs - (2.35)

We will not dive into the determination of these renormalization constants, however the
determination of b, for Wilson clover fermions is carried out in [90]. The meaning of b, is
somewhat interesting. As the coupling is (non-trivially) connected to the lattice spacing,
we infer from this term that quantum effects of the simulated quarks change the lattice
spacing. We will discuss this shortly in chapter 5.1.1, as we would have to slightly shift
all values calculated based on this influence. In this work, this is avoided by defining the
lattice spacing at a certain quark mass (i.e., at the Ny = 3-symmetric point).

Apart from the action, the currents of interest are also to be renormalized. Sim-
ilar to the action, we employ a massless renormalization scheme [85,91], meaning the
renormalized and improved currents are expressed as

Or1 = Zo (1 + boamqg + boaTr {My}) (O + aco Q) . (2.36)

As before, the overall renormalization constant Z» is augmented by mass dependent
terms, that come from the improvement, as we just discussed, meaning that renormal-
ization and improvement are not clearly distinguishable. We will call these terms im-
provement terms to the renormalization for the rest of this work. In the last section,
we have seen that mass dependent terms by are expected. However, working with non-
chiral sea-quarks allows for terms dependent on the trace of sea-quark masses Tr {M,}
to appear at two-loop order in perturbation theory. Reference [85] distinguishes between
them, while some earlier works only introduce one improvement factor. We will see that
the introduction of both factors is important when working with valence-quarks of masses
other than the degenerate sea-quark mass.

In the presented studies, we will determine all three coefficients for the vector current,
Zv, by and by, as well as the renormalization Za for the axial-vector current.

2.7 The exponential Wilson clover action

When introducing the discretized actions for the gauge and fermion fields, we have seen
that there are freedoms in the choice of the discretization. The alterations that we have
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introduced thus far in order to arrive at improved Wilson fermions always targeted specific
problems with the preceding action.

As the clover term is not guaranteed to be positive definite, the inversion of the
Dirac operator needed in the gauge field simulation and the calculation of observables
may be hampered. Hence, we have an action that is has good properties in terms of
its convergence towards the continuum, however it is evidently worse in terms of how
well it can be simulated. This is especially a problem when simulating on very large
lattices, such as the lattices needed for the master-field approach [92]. To accomplish
the needed stability of the simulation algorithm, an alternative definition of the clover
term in equation (2.27) was introduced in [93]. The specific form chosen relies on a
short-cut to inverting the Dirac operator that we will introduce later on, when we look
at the computational aspects of lattice QCD in more detail. For now, we state that there
is a way to only calculate parts of the Dirac operator and infer the rest of it through
the symmetries of the lattice. This is called even-odd preconditioning and is a standard
technique for lattice computations. For now, it is only important that this preconditioning
technique will split the Wilson Dirac operator into a form

DCC DCO
b= (2 2°) o

In which o designates the odd sites of a given lattice and e the even sites. The pro-
posed fermion action replaces the diagonal entries of the even-odd preconditioned Dirac
operator, such that they are given by an exponentiated version of themselves:

Dee + Doo = (4 +mp) + acswia';wF;w — (44 myg) exp { 4(:?5;20 ;UMVFIW} ,  (2.38)
which, when expanded in powers of the lattice spacing a returns the clover term if trun-
cated after the first order. However, the great advantage of this form of the Wilson clover
action is that, by construction, this term is positive definite, thereby stabilizing the simu-
lation. Stabilized Wilson clover fermions, as introduced by the OpenLat initiative in [93],
employ this action. They also introduce further stabilizing measures such as the use of a
specific Monte Carlo algorithm (SMD), which we will also discuss later on.

2.8 Boundary conditions

At this point it is worth to discuss another aspect of lattice gauge theories. The lattice
always being of finite size leads to a decision on how to treat the boundaries. In lattice
QCD in particular, three types of boundary conditions, fized, periodic and open, and
possible combinations of them are usual.

We will have a look into two particular choices: The Schrodinger functional, which
is periodic in space and fixed in time and periodic boundary conditions in all spacetime
dimensions, which both play a role in the context of this thesis.

2.8.1 Periodic boundary conditions

A simple representation of infinite spacetime with a finite number of points is to impose
periodicity in all directions. Employing periodic boundary conditions in all directions
saves translational symmetry in its most complete form on the lattice. This is employed
in many fields of physics, for example also in condensed matter physics, as the highly
symmetrical construction of these boundaries makes calculations easier. Due to the saved
translational symmetries, they also come closer to the physical world in this regard. For
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Figure 2.5: Sketch of a lattice with periodic boundary conditions. The point-to-point
connections in time are omitted here for readability.

lattice QCD, these boundary conditions have one particular computational advantage.
They allow us to also exploit temporal translations in order to reduce correlations be-
tween two calculations on successive Monte-Carlo steps or extend the statistics of the
calculations inexpensively. The drawback of these boundary conditions is, that in corre-
lation functions, which we will discuss in section 2.9, quarks are allowed to wrap around
the lattice and come back. In modern calculations, however, these around-the-world ef-
fects can be neglected due to the rather large temporal lattice extents. This will also be
the case later on in part ITI, where the lattices employed have temporal extents of 6 to
12 fm.

2.8.2 Schrodinger functional boundary conditions

The Schrodinger functional is the quantum field theoretical equivalent to the Schrodinger
picture in quantum mechanics, meaning that we see the reaction as a time-evolution of
the fields. In particular, the state of the fields is fixed at both time boundaries.

It is essential to the calculations that are carried out in the projects presented. These
boundary conditions have been introduced in [94] and were extended to gauge fields and
full QCD in [95,96]. In particular, it is of interest for the improvement and renormalization
studies, as we are able to work very close to and at the chiral limit. This property comes
from a spectral gap appearing in the Dirac operator of Schrodinger functional boundary
conditions [97], which is bounded from below for positive quark masses. The obvious
practical upside is that, when employing a massless renormalization scheme, the mass
dependence is factored out explicitly. If we are able to work in the chiral limit, the
massive parts drop out, giving direct access to the renormalization factors. Additionally,
as we will see later on, the determination of these factors and of some improvement
constants can be done through chiral Ward identities which have to be evaluated in the
chiral limit.

In any case, the boundaries are composed as follows: In time direction, we have
fixed Dirichlet boundary conditions, while in spatial direction, they are periodic for the
gauge fields and anti-periodic for the fermion fields. A typical sketch of these boundary
conditions is shown in figure 2.6. On the time-like boundaries, the fields have to be
identified with functional derivatives of the action towards parity projected fields

p= ?—‘rw(x”xo:O s pl = f)—’lr/)(x”i’():T ) (239&)
p = w(x)Pf|w0:0 ) f)/ = w(x)P+|w0:T ) (239b)

in which P, and P_ are the positive and negative parity projectors, respectively. The
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Figure 2.6: Sketch of a lattice with Schrédinger functional boundary conditions. The red
points and lines are fixed fields in this approach.

boundary fields are then defined as

() = — 8%) = & P_Uo(0, ) (a, ) , (2.40a)
(@) = + ai(sf) &(a, T)PLUL 0, ) (2.40D)
(@) = — 85’?@*) = &P UNT — a,2)(T — a,T) (2.40¢)
(@) = + 62%) = &p(T — a, 2)P_Uo(T — a,T) . (2.40d)

The fields receive an extra boundary improvement ¢, see [77,95] for a discussion. For a
more thorough discussion of Schrédinger functional boundary conditions and the bound-
ary fields, the reader may be referred to [28, ch. 1.5] and [31, ch. 3.8] that this short review
is based on. From the projectors in the fields, it follows that the possible I'-matrices on
the boundaries of the Schrodinger functional are restricted, as the constructed mesons are
(¢ states and therefore bracket the Dirac structures as P, T'P_ on the lower and P_T" P,
on the upper boundary. The allowed Dirac matrices are s, Y05, Vi, Yoyi- Lhe parity
projectors also mix the structures 5 and vg7y5 and also ; and 7yy; with each other, such
that calculations with only 75 and ~; suffice. In the next section, we will discuss the
possible contractions of the fields, that are called correlation functions.

2.9 Correlation functions

Now we have built the theoretical foundation of what we are trying to achieve. On the
practical side, the evaluation of all quantities we are interested in are handled through
correlators, or correlation functions. We will use these words interchangeably.

In our case, the correlation functions are built from two or more interpolators. In
particular, we will need functions with two, three, and four points of interpolator insertion
in the quark lines for the definitions we are investigating. The concrete evaluation of them
is dependent on the quark flavours. However, in most cases, the flavours are chosen in
such a way, that only the connected diagrams are left after Wick contraction.
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Figure 2.7: Sketch of a generic 2-point correlation function, inspired by [28, fig. 1.2]. In
the following, we refer to the black diamond as the source term and the red diamond as
the sink term.

2.9.1 Two-point functions

The simplest correlation functions we can build are 2-point functions:

Cxy = Y (Oy(t2, 0,5 O(t1,7,7)") (2.41)
7,0,%,9
= 3 B (e )Ty (12, ) & (01, DT x 0" (11, 7))
T,®,%,7

Note the superscripts of the quark fields, which are the flavours chosen in such a way
that the disconnected (point-to-point) diagrams drop out, see e.g., [28, eq. (1.33)] for
the derivation. In equation (2.41), 'y and 'y can be matrices in Dirac space, compare
the I'-structures in table 2.1. These can however also be extended to include derivatives.
Carrying out the Wick contractions, only quark-connected terms survive, whose diagrams
are depicted in figure 2.7. We call the interpolator at ¢; the source, and the interpolator
at ty the sink. We can introduce functions f : R3 x R® — R, as in equation (2.6) in
spatial directions at the time slices t; and ¢, such that the quarks and anti-quarks are
not created at the same point in space or are smeared out. In physical applications, this
can dramatically improve the overlap between the created state and e.g., the meson state
targeted. This will also come in handy in section 6.1.2, where exactly this property is
exploited.

Note that the positioning of the source and the sink are generally not predetermined.
In the boundary conditions introduced, the following is, however, natural: In periodic
boundary conditions, we have full discretized temporal symmetry, such that the correlator
is (anti-)symmetric in time, where the symmetry properties are fully determined by the
Dirac structure of the interpolators. We choose the time slice t; of the source to be
the origin. In the Schrodinger functional, temporal symmetry is broken by the fixed
boundaries. The natural choices for the source time slice are therefore t; =0 or t; =T,
as can be seen in figure 2.8.

We can write the QCD transition amplitude from equation (2.5) by employing the
time evolution operator 7 in Euclidean time. As already discussed, the states produced
by the interpolators O have overlap with all energy states |n) with the same quantum
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numbers. The 2-point correlation function is then equal to

Cxx = (O1(t2)O(t1))
= (01T (ty — 1,)0)

= (V) (nle”Mn)

— ZCnE*En(tzftl) (2.42)
n=0

in which we sum over all states n with the same quantum numbers given as the source
and sink operators. The prefactors ¢, then parametrize the overlap of the states created
by the source and sink operators with the energy states. In the exponent, FE, labels
the energy of state n. In the absence of momentum, the energy coincides with the mass
m,, of the given state via the energy-momentum-relation. For 2-point functions, a brief
investigation of the effective mass

Megg = —0p In (Cx x) (2.43)

proves useful, an expression that singles out the energies of the states targeted by the
correlator. We will make the following approximations:

In(Cxx) =In (Z cne_m"”’°>
n=0
> ¢
=1 —™mo®o (] o —(mp—mo)zo
n (coe 1+ ; 0 e ))

=1In (coe—moxo) + (1 + 712::1 Z)le—(mn—mo)xo>
=1In moZo 1 (k—1) Cp — (M —m0)T0 ¥
(Coe + Z 77‘2::1 0 e

=1In (coe_moxo) + Z Z—ne_A”x" + O(e~281%0) (2.44)
0
aA
~00In(Cxx) = mo + — — Le=B170 4 (e B2%0) 4 O(e281%0) | (2.45)
0

This approximation is useful for the examination of contaminations from the first excited
state. It is easy to see that after higher states have decayed, meg () = my, i.e. the ground
state mass of the meson represented by the correlator. This ansatz will be exploited when
we a plateau for the ground state mass, inspired by [98], as the plateau is the only surviving
term after some time x5 in this approximation.

In the Schrodinger functional, as introduced in section 2.8.2, it is custom to use t; =
0 or t; = T. In these cases, the replacements ¥(0,%) — ((Z) (1(0,%) — ((Z)) and
W(T,Z) — ¢'(Z) (O(T,Z) — ' (Z)) need to be carried out as to adhere to the boundary
conditions.

As only 5 and v, are allowed as boundary source structures, it is custom to shorten
their names: Correlation functions with a pseudo-scalar source (7s)

0 ="CorsC O =Cisth (2.46)
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Figure 2.8: Two-point functions in the Schrodinger functional. The open (closed) circles
represent quark (anti-quark) boundary fields. The red diamonds on the other hand are
current insertions.

are referred to as fx, if xo =0 and gx if zg = T. Similarly, if a vector source
Q=0 Q@ =0wG (2.47)

is employed, the correlators are referred to as kx and [ x respectively. These are depicted
in figure 2.8.
A special case that also needs to be introduced for later convenience are the correlators

Fy = (00') = ({156 C1v58) (2.48)

and ~ .,
K1 =(QQ) = {ComuCr C17uCa) (2.49)

that are the boundary-to-boundary correlators in the Schréodinger functional, compare
figure 2.8 on the right.

2.9.2 Three-point functions

As the name suggests, three point functions receive three gamma insertions. The general
correlator has the form

Cxyz = Z (1 ()T 293(2) 5(y)Ly b2 (y) o(z)Dxtpr () (2.50)

T,Y,z

Interacting meson can be modelled with this type of correlator. This will become quite
important in tests for physics, that we will see in part III. We will also see that terms
proportional to these correlation functions appear when trying to renormalize the vector
channel later in chapter 7, when we talk about Ward identities.

As in equation (2.41), the flavours are chosen in such a way that only quark-connected
diagrams are allowed. We will call the operators at x and z the source and sink operators,
the one at y a current insertion. Note that the time slices have no natural order. To fix



2.9. CORRELATION FUNCTIONS 25

FX FZ

Zo Yo 20

Figure 2.9: Sketch of a generic 3-point function. In the following, we call the black
diamond the source, and the red diamond the sink of the correlator, while the orange
diamond will be called an insertion.

LE():T

.7;‘0:0

a a* b c d d*

Figure 2.10: Possible contributions to 4-point functions, inspired by [31, fig. 6.1]. The
terms a and a* and d and d* are related to each other by hermitian conjugation. Terms
b and c are possible disconnected contributions to the diagrams, that only occur with the
correct flavour combinations. As in figure 2.8, the open (closed) circles represent quark
(anti-quark) boundary fields while the red diamonds are current insertions.

g = 0 is again a natural choice. In practical computations, the time-distance zg — x¢ =
AT is fixed, as calculations of all yg-z9-combinations are too time intensive. In this case,
calculation-wise they are very similar to 2-point functions. Most properties of 2-point
functions also apply to three point functions. Again, momenta can be introduced at
each interaction point, as long as kinematics and energy-conservation are implemented
correctly.

In the Schrodinger functional, one or two operators can be placed on the boundaries,
which will be used for the renormalization of the vector current.

2.9.3 Four point functions

As we will see in chapter 6, the Ward identity needed for our endeavour to renormalize the
axial-vector current depend on 4-point correlation functions. The Wick contractions for
these are more complicated and allow for disconnected diagrams that do not include free
quark loops, as e.g., shown in figure 2.10. This renders the evaluation of these functions
rather unwieldy. We postpone the discussion of the particular contractions contributing
to them to section 6.2, as the relative factors of the contributions depend on the flavour
choices made.
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Chapter 3

Flavour symmetry and weak
decays

In the last chapter, we have built a well suited picture of QCD on a spacetime lattice.
We have seen that employing the lattice, the path integral formulation of QCD has the
potential to make predictions about the low-energy regime of the theory. Through the
study of this formulation, we can properly predict the behaviour of quarks at low energies.

We have also introduced structures in Dirac-space that can be used to describe par-
ticles with specific quantum numbers (cf. table 2.1). In this chapter, we want to discuss
the vector and axial-vector current further, focusing on their connection to weak decays
and the formulation of Ward identities.

3.1 Flavour symmetry

Considering the QCD Lagrangian we introduced in equation (2.1) with three quarks of
equal mass, we find that it obeys several symmetries. The spacetime and gauge symme-
tries are not to be discussed here, for these the reader is referred to [31, ch. 2.3]. Instead,
we want to discuss the flavour symmetry along the lines of [99, ch. 8.2] with some details
filled in from [31].

The flavour symmetry expresses rotations of the flavours of the quark field ¥ into
each other. Generally, it has the symmetry group U(N¢). The right- and left-handed
components of the fields, which can be separated by the projectors

1 1-—-
_ 1+ P = 5 (3.1)

P,
R 9 2

can be rotated independently by the angles 9g € U(N;) and ¢y, € U(Nt) respectively.
The overall symmetry group can therefore be expressed as U(N;)g x U(Ng)1, which we
will discuss for the case of Ny = 3. The symmetry is broken by the mass terms in the QCD
Lagrangian, however, for physical quark masses, remnants of the symmetry are still to
be found, as the physical mass of the quarks is small compared to Aqcp. The symmetry
group U(3)r x U(3)1, can be decomposed into four subgroups SU(3)r, x SU(3)r x U(1), X
U(1)gr. For our discussion, we first look at the rotations in the U(1)r, x U(1)gr subgroup,
which is the singlet case. From the projectors in equation (3.1), we can gather that the
rotations can be re-parametrized with two vectors multiplied by the angles ¥y and ¥a as

<19v]21> ) (m%) (3.2)
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in which the new angles are given in terms of the original rotation angles ¥, and ¥g by
Ov =0 +Ir), Va= L —Jr) (3.3)

such that the symmetry becomes that of U(1)a x U(1)y, the singlet axial-vector and
vector group. By Noether’s theorem [100], we know that both symmetries have a Noether
current attached to them, which are

vV, = @Wp , (3.4a)
Au = 1/}'757;L¢ . (3'4b)

We want to concern ourselves with the SU(3)1, x SU(3)r components of the overall sym-
metry. These can be re-parametrized analogous to their U(1) counterparts. The difference
is that o is part of SU(3), such that it can be described as a vector ¥* multiplying the
generators T of the group. For SU(3), the parametrization T* = A*/2, in which A* are
the Gell-Mann matrices is customary. The respective rotations in flavour space are

b(x) = P () = e @ F () (3.5a)
b(x) = 3 (x) = Pla) et (3.5b)
for the vector current and
b(x) = ¢ () = e EF 4 (x) (3.6a)
B(x) = P () = P(a) ety (3.6b)

for the axial-vector current. The respective (non-singlet) vector and axial-vector Noether
currents are given by

Vz = &PYMT%/) ) (3.7a)
Al =V T (3.7b)

Note that the vector currents are conserved also for the case of massive, degenerate quarks,
while the axial-current is only conserved for the massless case. This will become of interest
in the next section, where we derive the partially-conserved axial-current (PCAC) relation.
Also note that . .

Yy PLT Y = V”TA“ (3.8)
as is seen easily by the form of the projectors.

We will discuss the implications of these symmetries in the rest of this chapter. First,
we will derive Ward Identities from them, as the improvement and renormalization con-
ditions that we will set up in part II are based on those. In the last section, we then
have a look at the implications of the vector and axial-vector current for Standard Model
processes, in particular for weak leptonic and semi-leptonic decays.

3.2 Flavour non-singlet Ward identities
The determinations we will present in part II rely on Ward Identities. While the concrete

evaluation may be postponed to later chapters, it is nevertheless useful to discuss the
ground layers of these techniques.
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If a(x) is small for all z, the rotations in the vector and axial channels presented in
equations (3.5) and (3.6) are given by

¥(w) = ¥(w) ~ i0(2) 5 ¥() (392)
Uw) = D) +ib()ala) s (390)
and
Y(@) > P(a) — ia(e)s 5 6(2) (3.10a)
Pe) > D) + D (@)alahs s (3.10b)

respectively. These local rotations are not changing the expectation value of an operator
O, such that the following relations hold:

by /a(2)(0) = 0 (3.11a)
(0v/a(2)O0) — (Ody /4 (x)S) =0 (3.11b)
(dv/a(2)0) = (Ody /4 (2)S) , (3.11c)

in which ¢ is the variation operator. We set the support of the variation to an arbitrary
part of the finite box that is the lattice: sup(da(x)) = R C L. The variation of the expec-
tation value relies evidently on the variation of the action §S. The action is transformed
under vector-like variations as

oS = i/ d4x8MVZ(x)a(a:)
R

=ia(x) d3z Vi(z), (3.12)
OR

while, under chiral transformations, we receive

IS = —i/Rd4x (2m a(z) P*(x) — afz) 0" AL (z)) (3.13a)

— _i2m alz) /R Ao P(a) +iaa) [ ' An(e) (3.13D)

Now we consider the rest of the equation (3.11c). Indeed, we need to consider multiple
variants, which differ in

o the type of variation that is carried out (V or A)

e the support R, in which the variation 0g; /A does not vanish
e the operator (or operator combination) O.

We will call operators O(z) with € R internal operators O;, and operators with « ¢ R
external operators Ogy. Note that external operators are not affected by the variation.

As a first, simple but powerful example, we consider the case of an external operator
Oext chosen as the pseudo-scalar density P*(y). As external operators are not affected
by the variation, the left-hand side of (3.11¢) vanishes, and we receive

(P9()3.8) = 0 . (3.14)
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Using equation (3.13a), we realize that the relation can be solved for all x separately,
meaning that the following holds:

2m (P*(2)P*(y)) = (AL(2)P"(y)) - (3.15)

This relation defines the current quark mass m, as a parameter of the symmetry breaking
of the axial symmetry. It will serve us as the start into the improvement program in
chapter 6.

As more complicated relations arise from the axial and vector transformations, we will
see that the evaluation of the mass defined here is important to many other calculations
that involve Ward identities. In these, when internal operators are involved, we need to
set the region of variation explicitly. We will evaluate these identities in the Schrodinger
functional, such that the spatial directions are periodic. It is therefore customary to set

alz) =¢ x(x) withe < 1 (3.16)

and x : I. = {0,1} a function with compact support R on the lattice. The support is
chosen to be of the form

R=2S8"x 8" x 8" x [t;,t:] C L (3.17)

such that the integration runs over all of space and part of time. Due to periodicity,
the surface terms in space direction vanish, allowing us to simplify the second term in
equation (3.13b) even further:

/ B A% (z) = [AG()] =" (3.18)

where we have set ;= 0 in the integrated part, as the spatial components of the axial-
vector current have to cancel due to periodicity in the spatial dimensions.

3.3 Weak decays

The goal of the work presented is to prepare the stabilized Wilson fermion framework to
derive first results for leptonic and semi-leptonic decays in charm-physics. While we have
seen that the strong interaction is well described on the lattice, we now turn towards
the implementation of weak decays from the perspective of a hadron. These decays are
mediated by the vector bosons W and Z° and can be brought in contact with the weak
currents by the interaction Lagrangian

L=gWrlIHr W J M) +gZ,J%" . (3.19)

The weak currents J?* consist of leptonic parts JIQ’“ and hadronic parts J}? . Note that
the eigenstates coupling to the weak interaction are not the same as the ones in contact
with other interactions. In particular, they are related through the PMNS-matrix for
the leptons (neutrinos) [101,102] and through the CKM-matrix [103] in the case of the
quarks, which we will investigate in a second.

In the following, we briefly discuss the structure of weak decays in the Standard Model,
for which the reader may also be referred to [88,99,104] for pedagogical introductions to
this topic. Here, we only introduce the necessary concepts to make contact with lattice
QCD.

We will start by briefly introducing the expression of weak decays through currents
before discussing the CKM-matrix. In the end, we want to shortly discuss two specific
decays, which are prominent examples for the decays described by this framework.



3.3. WEAK DECAYS 31

Weak decays in the current algebra To arrive at the decays we are interested in,
we concern ourselves with the charged currents J* coupling to the W*-bosons, which we
want to discuss along the lines of [99, ch. 8.2, 8.3]. We neglect the leptonic part of the
currents and only view the charged, hadronic current

1
=%
where 11, are only the left-handed components of the fields and the colours are summed
over.

The projector Py, from equation (3.1) can be inserted for each quark field, such that
the expression in terms of the full Dirac spinors is

- I [= (147 1—75 1+ 1—5
JH=—"0o|d | —=2 m —= ! s 3.21
RV < 2 )7 ( 2 )u+s( 2 ) 2 )¢ (3.21)

J [&év“uL + 8 y*er, + by (3.20)

where we have used 1);, = 1)Pr and P? = P;,. The primed quark flavours appearing here
are the weak flavour eigenstates, that are related to the common quark flavours through
the CKM-matrix that is discussed in the next paragraph. Remembering equation (3.8),
we realize that each term is related to the vector and axial-vector current.

The CKM-matrix In the weak Lagrangian, not only the left-handedness of the parti-
cles at hand play a role, but also primed quark fields d’,s’, b’ of the down-type fields were
introduced. As already mentioned, they are related to the quark flavours taking part
in the strong interactions by the Cabibbo- K obayashi- M askawa matrix [103] through the
relation

dl Vud Vus Vub d
S/ = Vcd VCS V;;b S . (3.22)
b’ Via Vis Vin/ \b

Mckm

The two-generation case of this matrix is realized by the Cabibbo angle [105], which
is found to be 6. = 13.04°. The squared absolute of each matrix entry |V,,|? is the
probability of flavour change from quark flavour = to quark flavour y. Therefore, the
relation

[Vad|? + [Vas|® + Va2 = 1 (3.23)

must hold for each row and the matrix must be unitary in case of no BSM physics going
on in the weak decays mediated by W*-bosons. The most recent review of the unitarity of
the CKM-matrix is found in [64], where we find the first row to add up to 0.99844-0.0007,
the second to 1.001 £ 0.012. Note that the uncertainties of the second row are about 20
times larger than those of the first.

We want to finish this chapter by discussing two prominent decays: 7(p) — [T, and
D — 7+ Iy, to show how we can contribute to the estimation of the matrix elements.

Leptonic 77 decays The leptonic pion decay is a prominent example of a weak decay
investigated in lattice QCD. As we have seen in the last paragraph, from the point of view
of flavour physics, the weak decays can be modelled by the currents we introduced in the
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Figure 3.1: Sketch of the semi-leptonic D(,)-meson decay. The charged current W+
changes the flavour from charm Q. = 2/3e to a lighter flavour of charge Q. = —1/3e.
The energy difference between the heavy D-meson and the lighter 7/K is absorbed in a
change of the momenta.

first section of this chapter. The decay we are concerned with is m(p) — [Tv;, which we
want to discuss along the lines of [99, ch. 8.3].
The pion is a pseudo-scalar particle with spin zero. We can parametrize the decay as

(01d [ (1 = )] ulm(p)) = = fapu (3.24)

where we call fr the pion decay constant. The momentum p, is the only four-vector
allowed and f, has to be Lorentz invariant. The decay is characterized by the weak
current appearing on the left-hand side. Note that the right-hand side transforms like a
Lorentz-vector (as opposed to an axial-vector). The left-hand side, as we have seen in
the last section, is composed of the vector and the axial-vector current. As the result of
the right-hand side must evidently also transform as a vector, we deduct that the part
proportional to the vector current needs to vanish:

(0ld,ulm(p)) = (0[Vulm(p)) = 0. (3.25)

And only the axial-vector current contributes, as combined with the pseudo-scalar parti-
cle, it indeed transforms like a vector

(0ldyysulm(p)) = (0[Aulm(p)) = frpy - (3.26)

In order to derive the pion decay constant f it is therefore sufficient to only consider the
axial-vector part of the decay.

Semi-leptonic D-meson decays This decay is another prominent example for lattice
calculations. We follow the discussion in [99, ch. 8.3] and [106, ch. 1.1.5] to see the
significance of the currents we introduced for the semi-leptonic D-meson decay. The
decay D — 7 + lv; is depicted in figure 3.1. The amplitude of the decay is parametrized
by

. —ig? 9"+
iM= S Vea Hy, o ——; L, (3.27a)
.Gr
=i g Ve H,L" . (3.27h)

In which H,, is the hadronic and L, the leptonic part of the diagram. As this parametriza-
tion depends explicitly on the CKM-matrix element V.q, we can probe it if we know all
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other quantities in the relation. The matrix element M can be related to the scatter-
ing matrix S through the LSZ-formula as usual and can therefore be estimated from
experiment. The leptonic part appearing on the right-hand side can be calculated in
perturbation theory.

The hadronic part H,, needs to be treated non-perturbatively. On the quark level,
the charm-quark decays weakly to a light quark via a charged current 1[y,(1 —v5)]c. A
convenient parametrization for our purposes was first introduced by [107]. It is given by

H,, = (x(pp)lT (L = 35)] el D(pi) (3.280)
2 2 2 2

= f+(¢%) [(pi +p5), — (W) qp} + folg®) (W) Qu,  (3.28b)

where ¢ is the momentum going towards the boson, while p, and pp are the momenta

of the respective mesons. The factors fy and fi are called the scalar and vector form

factor respectively. They fulfil the kinematic relation fy(¢?> = 0) = f;. Note that this

parametrization is not unique and there are cases, where different parametrizations are
more convenient.

The Dirac-structure of the decay is similar to the pion decay. The D and the =«
are both pseudo-scalar particles. The full contribution H,, is again a Lorentz-vector.
The decay is evidently again characterized by the combination V,, — A,. However, as
two pseudo-scalar states are present on the left-hand side. Including the axial-vector
current, the result would transform as an axial-vector, as 757,575 = —7yu7s. Hence,
this contribution must vanish. Instead, the vector contribution transforms like a Lorentz-
vector, as Y5, Y5 = —7Yu- We receive:

<7T|a’7uC|D> = (n|V,|D)=H, (3.29a)
{xldyu5¢lD) = (7 AL D) = 0. (3.20D)
The matrix elements V.q and Vs, parametrizing the decay from a charm-quark to a down

or strange quark can therefore be inspected from the point of view of hadron physics by
the vector current.
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Chapter 4

Computational methods

In chapter 2 we have worked towards the solution of the QCD path integral through
numerical methods. The solution provided in the end of that chapter was to integrate
over the configuration space of the fields appearing in the path integral. We have briefly
discussed that this is equivalent to the integration over an infinite dimensional space.
Numerical integration methods are abundant, however, most only perform well in low-
dimensional spaces, making them not a suitable choice.

There is however an integration method with which high-dimensional integrals can be
solved efficiently: Monte-Carlo integration. In short words, this method approximates
the desired integral by probing its value at different points in the space that is integrated
over. In our case, this is the configuration space of the fields, such that the expectation
value of an operator O is calculated as

(0) = % > 0(U,) (4.1)

in which U,, denotes a specific field configuration.

We have also briefly alluded to the fact that the integration measure used in the
path integral depends on the probability of each field configuration. Therefore, we would
like to probe the configuration space according to these weights rather than completely
randomly. Thus, we introduce importance sampling with the weight proportional to
the probability (e‘s [U"])2 of the field configuration into our treatment of the integral.
As probing randomly, even with importance sampling, is not feasible by itself, we need
to relate the field configurations to each other. This is implemented in practice by a
Markov-chain, a series of configurations in Monte-Carlo time. While the introduction of
a Markov-chain makes the evaluation of the integral feasible, it has the downside that
the probes this procedure yields are correlated with each other, an issue we cannot leave
unaddressed.

In this chapter, while we will not get into the intricate details that make modern lat-
tice calculations the powerful tool they are. However, we want to give an overview over
the general principle of the calculations that are part of the basis our investigations are
founded on. In the first part of the chapter we will therefore give a brief introduction to
Markov-chain Monte-Carlo algorithms. Focus is laid on the introduction of the hybrid
Monte-Carlo and stochastic Molecular dynamics algorithm that are at play in the gener-
ation of the gauge fields we use. The second part will be concerned with the treatment
of the correlations inherent to these algorithms.

35
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4.1 Markov-chain Monte Carlo

As we have just discussed Monte-Carlo integration is only feasible in lattice calculations
if the probed points are generated through a so-called Markov-chain. The reader may be
referred to [25, ch. 4] for a pedagogical introduction to this matter. For the moment, it
is enough to list the main aspects that characterize a Markov-chain:

Suppose you have a sequence of configurations U, Us, ... each of which is fully char-
acterized by the set of gauge links {U¥(z)}. We will equate the progression of the index
n with the progression of Monte-Carlo time. The sequence is called a Markov-chain if it
has the following properties:

e The Markov property
PU, =UU,.1=U)=TU'|U), (4.2)

which means that the transition T(U’|U) only depends on the probability of U’
following on U and is not dependent on the index n.

e The transitions T(U’|U) are characterized by

0<TWU) <1, Y TUU)=1 VYUU . (4.3)
U/

e The transitions T'(U’'|U) and the probabilities of the configurations P(U) further-
more respect the detailed balance condition

TU'NPU)=TUUHYPU'), (4.4)
which describes the symmetry of the path between U and U’.

e The sequence of variables is ergodic, meaning that for each pair U, U’ there is a finite
number k of applications of the transition function 7' such that T%(U’|U) > 0. This
includes that the sequence is aperiodic.

Note that, as mentioned in [108], the detailed balance condition is not always obeyed in
practice, meaning that the probability of paths can be slightly asymmetric. Before we
see how we can estimate the margins of error for an observable estimated by Monte-Carlo
techniques, we want to give a brief overview over the algorithms employed to generate
Markov-chains in lattice calculations.

4.2 The HMC and SMD algorithms

While this thesis is not concerned with the generation of gauge field ensembles, it is still
worthwhile to have a general understanding how the data basis we work with is gener-
ated. Here, this is presented in three steps: we will first introduce the basic steps of
the Metropolis-Hasting algorithm that is used to evolve pure gauge fields. As dynami-
cal fermions are incorporated in modern lattice field simulations, the next step is then
to introduce fermions to the picture by the introduction of the hybrid Monte-Carlo algo-
rithm. At last, we will briefly discuss a slight change in the hybrid Monte-Carlo algorithm,
dubbed Stochastic Molecular Dynamics (SMD) algorithm that is used for the simulations
of the OpenLat initiative. For more complete discussions of the topics discussed, the
reader may be referred to [27, ch. 2 & 3.4], [93, ch. 3] and [25, ch. 8].
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4.2.1 The Metropolis-Hastings algorithm

The Metropolis-Hastings algorithm [109] is the basis of the algorithms used for the gen-
eration of gauge fields configurations. It evolves the gauge field configuration U, at a
point n in the Markov-chain to the next piece of the chain U, ;. The generation of
which should follow the properties of a Markov-chain. This can be implemented in three
successive steps:

1. Choose a site = and a direction y to change. Propose a new link variable U} (z) €
SU(3) that replaces Uy, (z) € SU(3).

e It is customary to set U} (x) = xUy(x) and choose x to be Gaussian distributed
around 1 to respect the weighting of the ensembles.

2. Compute the change of the action AS = S[U] — S[U’] between the old and new
gauge field.

e In the case that the links are only connected by nearest neighbour interactions,
such as the gauge links, the change of the action is indeed local, such that
change can be expressed only in terms of U(z) and U'(z).

3. Compute a random number r € [0, 1) and accept the change Uy, () — U), () in case
that » < min{exp(—AS), 1}. If this is not the case, reject the change (Uy,11 = U,).

Note that with this algorithm, we indeed draw random configurations U,, from the space
of possible field configurations. Tuning the change of the links proposed in the first step
evidently lets us find a way to have a good acceptance rate in the last step. A detail that
is not to be neglected in this procedure is the choice of a high-quality random number
generator for 7. A popular choice used in calculations is the RANLUX generator [110].
While the described algorithm is suitable for Yang-Mills theories, lattice simulations in
their current stage also have dynamical fermionic degrees of freedom.

4.2.2 Hybrid Monte-Carlo

As a next step, we introduce dynamical fermionic degrees of freedom to the generation
of configurations. In principle, we would need to implement the anti-commutation rela-
tions of fermions into our calculations. However, instead of doing so, we first rewrite the
fermions as Grassmann variables. As we can integrate over the fermionic degrees of free-
dom separately, our goal is actually to integrate an exponential over a set of Grassmann
variables. Therefore, we can make use of the Matthews-Salam formula

/ di,dny, ... dfydnyexp | > 0, Mm; | = det(M) (4.5)

t,j=1

to circumvent the evaluation of anti-commuting variables all together. Comparison with
the fermion action in equation (2.18), shows that the matrix M is evidently the matrix
representation of the Dirac operator D.

While this is already a step in the right direction, we now have to compute the
determinant of a matrix with dim[D] = T x L? x 3 x 4. This is also known as the fermion
determinant, for which the dimension comes about from each lattice point in the volume
T x L? having 3 colour and 4 spin degrees of freedom. In modern calculations dim[D]
can exceed O(10). In very small calculations, the determinant could be computed by
LU-decomposition of the matrix, however this is not practical for matrices this large.
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We will not go into all the details how this conundrum is solved, however, we want
to point out two techniques that are standard in modern calculations, even-odd precon-
ditioning and the introduction of pseudo-fermions.

Even-odd preconditioning Before solving the problem introduced by the large di-
mension of the fermions determinant, we try to simplify the problem as much as possible.
A standard technique in case of the fermion determinant is even-odd (or red-black) pre-
conditioning, which is introduced here along the lines of [27, sec. 3.2.2.4]. It relates the
lattice sites to each other in the following way: Suppose you divide the lattice into even
and odd lattice sites, depending on the sum of the spacetime index of each lattice site.
(x=(1,1,1,1) — even, x = (1,1,1,2) — odd, etc.) The Dirac operator D can then
be expressed as a 2 X 2 matrix

‘DCC DCO
Dw = (Doe Doo> (4.6)

as we have already used in equation (2.37). The diagonal parts De. and D, are block-
diagonal for the Dirac operator of improved Wilson fermions. And the Schur-decomposi-
tion is given by

D _ Ilee l)eol)o_o1 Dee - DeoDo_olDoe O ILee 0 (4 7)

0 ]loo 0 Doo Do_olDoe ]loo ’ '
in which D = Dee—Deo D3l Do is called the preconditioned operator. The Dirac equation
Dy =n, (4.8)

with the even and odd parts of the fermion field 1) = (o, %) " can be solved by first
solving

Dwe =T — DeoDo_olno ) (49)
to find the even part of the fermion fields, followed by a second step
Yo = Do_o1 (10 — Do_elz/)e) (4.10)

to solve for the odd parts of the field. Note that the preconditioned operator D is only
defined on the even lattice sites. We can recover the determinant of the full Dirac operator
by

det[D] = det[Dyo] det[D] . (4.11)
As the D, is block-diagonal, we can solve for the determinant much more easily, as the
calculation decomposes. The determinant of the preconditioned operator ]:?, is carried
out differently, using pseudo-fermions.

Pseudo-fermions After preconditioning, we still need to compute the determinant
det [D], which is non-trivial. It is customary to not compute the determinant directly, as
the matrix is still high dimensional, but instead approximate it stochastically.

In the case of Ny = 2 Wilson fermions and with a few assumptions (see [27, egs.
(3.32)-(3.39)]), one can show (see e.g. [27, p. 76]) that, in this case, det(D) = det(DDT)
as the Wilson Dirac operator is ,,y5-hermitian“, meaning that D' = ~5D~5. Therefore,
we can formulate the determinant as an integral

det[DD]7t = / D[¢] e~ SvtlU9] (4.12)
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in which ¢ is a complex-valued field that is known as the pseudo-fermion field, which is
not Grassmann valued. As the fermions are dynamical, the pseudo-fermions are as well.
They have the action

SptlU,¢] = ¢(DD*) "¢ (4.13)

Thus, we have avoided the implementation of Grassmann variables that we needed to
integrate over originally. Instead, we can evaluate the fermion determinant for Ny = 2
by approximating its integral representation that depends on the complex valued field ¢.
This approximation can be carried out through Monte-Carlo methods due to the form
of equation (4.12), which again allows for probing with a Markov-chain and importance
sampling. The algorithm to do exactly this is the hybrid Monte-Carlo algorithm we are
about to introduce.

Hybrid Monte-Carlo Coming back to the original goal of this section, we can collect
from the previous paragraphs that the calculation of the fermion determinant can be
carried out in two steps: We precondition the Dirac operator D and solve the determinant
of the block-diagonal matrix. The preconditioned operator D is then solved with pseudo-
fermions by approximating its integral representation through Monte-Carlo methods. The
combinations of this and the evolution of the gauge fields together is implemented in the
hybrid Monte-Carlo algorithm [111]. For this short review, we follow [27, ch. 3.4.1]. We
write down the Hamiltonian of the gauge and pseudo-fermion fields

T

2

H= + SclU] + Spe[U, ¢] . (4.14)
Based on this, we evolve the equations of motion inside an algorithm that is similar to
the Metropolis-Hastings algorithm in its bare structure, but also evolves the fermionic
degrees of freedom (see also [112]):

1. The new pseudo-fermion momenta 7’ are generated with a probability density P(x’)
proportional to exp{—(7'7"*)/2}. A new set of pseudo-fermion fields is also gener-
ated with their probability proportional to exp{—Sp¢[U]}. This is commonly done
by setting ¢’ = DTp, where p is a normally distributed field.

2. The molecular dynamics equations
T = =0p,u(SclU] + Spe[U, ) , UM = Pu(2)Uu(x) , (4.15)

are integrated over some time interval [7p, 7] in molecular dynamics time 7. The
(dotted) derivatives are to be taken with respect to 7. The pseudo-fermion field ¢
is kept fixed in this step.

3. The evolution of the fields changes the value of the Hamiltonian, prompting an
accept-reject step as in the Metropolis-Hastings algorithm. We calculate the dif-
ference AH = H(pr,,Ur ) — H(pry, Ur,) and compare it to a random variable r,
allowing the change if r < min{exp(—A%H), 1}. If the step is rejected, as before, the
configuration U is kept the same U’ = U.

This algorithm is commonly used in lattice QCD calculations. However, part of the
stabilization is the change of this algorithm in a particular way, which we will discuss as
the last part of this section.
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4.2.3 Stochastic Molecular Dynamics

The Stochastic Molecular Dynamics (SMD) algorithm introduces a slight change to the
hybrid Monte-Carlo algorithm we have just discussed, which we will briefly review here
along the lines of [93]. In the first step, we drew the fields 7’ and ¢’ according to a
Gaussian distribution. This is still the case with the SMD algorithm, however, the newly
proposed fields are constructed as follows [93, egs. (3.2, 3.3)]:

T — T+ com, (4.16a)
¢ — c19 + 2D, (4.16b)

ci=e 7 g =1/1-¢%, (4.17)

in which € = 7 — 79 is the molecular dynamics integration time. Evidently, when ¢; — 0
and ¢ — 1 (i.e. when + is large), we recover the usual hybrid Monte-Carlo algorithm.
On the other hand, for ¢ — 0 with fixed =, this algorithm solves the stochastic molecular-
dynamics equations.

The stability of this algorithm for lattice QCD has, for example been tested in [93, ch.
6.5], where it has been seen that for fine lattices this algorithm is stable.

where ¢; and ¢y are given by

4.3 The I'-method

We have laid out a computational framework with which we are able to probe configura-
tion space efficiently. However, as pointed out in the beginning of the chapter, there is
still an unsolved problem: The configurations this procedure yields are correlated, which
calls into question the usual way of error estimation, which assumes uncorrelated data.
Enlarging the margins of error is not easily done, as we also do not want to overestimate
the error of the quantities calculated. Modern Monte-Carlo methods in other realms
than lattice QCD may produce enough samples to bin or leave out extracted points of
the Monte-Carlo chain. This has the benefit that the samples accumulated can be viewed
as uncorrelated. Binning is also used in lattice QCD, however due to the high costs of
generating field configurations, we want to formulate a more reliable way of treating the
data, that can also accommodate phenomena like critical slowing down [113]. Further-
more, while binning is a fairly straightforward approach it can become problematic in
situations, in which the longest correlation modes are not visible in primary observables.
Even though we may introduce algorithmic changes, such as the use of the overrelaxation
algorithm (see e.g. [27, ch. 2.2.3]) these issues make more sophisticated treatment of
auto-correlations quite important in modern calculations, especially on fine lattices.

In the following, we introduce a framework of estimating and treating the correlations
that is used in our calculations efficiently. It is called the I'-method, which was originally
introduced in [114] and introduced to lattice QCD in [108], which this section is based
on.

The goal we try to accomplish here is to find a way of neither over- nor underestimating
the margins of error of correlated data. To receive an entry point to the I'-method, we
first need to introduce the basics of error estimation and error propagation together with
the necessary notation.

Suppose we have a set of values {a”}, which could be evaluations of some operator
O, on a gauge-field configuration U™. We define, as usual, the mean as

1 N
Go = 5 > ap (4.18)
n=1
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and state that in the limit of infinite samples N this approaches the real value A, of the

operator O,
lim a, = A, (4.19)

N—o0
as by the central limit theorem. Furthermore, we define the square of the statistical
variance as

g

2 _ (aa) = (@a)” (4.20)

It is customary to also define the fluctuations of our measurement around the real value

5" =am — Aq (4.21)

[e%

The expectation value of the fluctuations should then vanish,
(00) =0. (4.22)

It should be noted that this, together with equation (4.19) is natural and essential to all
measurements, as if any of these conditions is not given, the measurements are flawed as
they do not approximate the actual value.

In terms of the fluctuations we now define the object

Tap(t) = (0505™) (4.23)

that measures the correlations between two measurements at Monte-Carlo times n and
n+t. Intuitively, this can be understood as a generalization of equation (4.18), where the
generalization takes place in two different dimensions. If we fix ¢t = 0, the function above
becomes the symmetric covariance matrix. The I'-function makes it feasible to measure
covariances also at separated Monte-Carlo times. From the symmetry in the covariances
as well as the symmetry in paths (cf. fourth bullet point on page 36) in Monte-Carlo
simulations, it is intuitive that

Tas(—) = Dpalt) (4.24)

should hold.
We furthermore define the normalized auto-correlation function as

p(t) = ?:g((é)) X exp (— Teip) , (4.25)

where the proportionality to an exponential decay is expected, as discussed for example
in [113]. The sum over the autocorrelation function is denoted as

Cop= Y Tap(t). (4.26)

t=—o0

So far we have only looked at primary observables. However, relevant observables are
usually derived from of these. We therefore also need to expand our definitions to the
case of derived observables. The estimator for an arbitrary function f(z) depending on

some primary observable is -
F = f(aa)- (4.27)

We state that this can be expanded as a Taylor-series if the fluctuations defined by
equation (4.21) are small

F=F+ Zaaf(Aa)Sa + % Zaaaﬁf(Aa) 80lp + ... (4.28)
« af
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for the case discussed here, we truncate the series after the linear order. For derived
observables, we can then define the variance as

op = ((F - F)?)

R%

1
— 4.2
NCF (4.29)

where

Cr =Y 0uf 03f Cap(t) (4.30)
af

similar to C,g before. With these definitions, primary and derived observables are on
equal footing.

4.3.1 The integrated auto-correlation time

After the necessary definitions, we can proceed to rewrite equation (4.29) by expanding
the fraction with

vp =Y Oaf 95f Tap(0) (4.31)
aff
and receive
0% = %%va (4.32)
with .
T = i t;m %; Onf Dsf Tup(t) . (4.33)

It should be noted that the integrated auto-correlation time 7i,; encodes the correlations
between the measurements directly.

In the case of iy = 1/2, equation (4.32) equals equation (4.29), the uncorrelated
situation. From this fixed point, we can look at situations, in which 73, > 1/2. In this
case, as OF X Ting, it 18 clear that correlations enlarge the error. As explained in [108], one
can understand the fraction 27y /N as the inverse effective number of measurements.
In binning techniques, this would be dictated by the bin size, while here this is directly
dependent on the correlations exhibited by the observable of interest. Finally, as Monte-
Carlo algorithms aim to exhibit the smallest auto-correlation possible, this is also a good
parameter for how well this goal is achieved with the algorithm in use.

4.3.2 FError estimation

As all we have is the measurements that we took from the data, we simply cannot define
everything in the way we first planned to. This already starts with the notion of the
real value of our operator that we used in equation (4.21), as the real value is only a
construct that can be achieved with infinitely many samples of the operator. Therefore,
we reformulate everything in terms of estimators. The fluctuations are then estimated as

o =a —a, . (4.34)
In the same way, we find the estimator of the auto-correlation function to be

Fos(t) = ﬁ (a — ) (a3 — ). (4.35)

3
Il
-
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For derived data, this is generalized as

Zaf ) 93f(@) Tap(t).- (4.36)

This is also what we need for an estimation of vy and Tin, p. As in [108], we use, for
practical reasons:

Vp = fF(O) (437)

Contrary to the reference, we choose the following approach to estimate Tin: As p(t) x
exp(—t/7), we can model

2, r (W) = D exp(=S]t|/7(W)) (4.38)
from which we get
w
1 5(t)
Tint,F 5 z:: 0 (4-39)

We truncate the summation after several Monte-Carlo steps W, which we will call the
summation window. Due to this truncation, we introduce a bias & —exp(—W/7). Now
we need to decide on a method to find the optimal window W. Often, this is done by
monitoring the error itself as well as the error of the error. In our case, we do not consider
the error of the error, but instead the normalized auto-correlation function p and estimate
its error as

w
(9p Z m+t) +p(m —t) = 2p(m)p(t)) . (4.40)

Now, as we do not want to underestimate contributions made by the correlations, we take
the summation window W to be the first value, in which p = 0 within errors. Furthermore,
we then state that

var(0’:)
N

OF = \/ 2Tint,F (4.41)

which is already enough for the analysis done here.

4.3.3 Comparison to alternatives

Commonly used alternatives to the I'-method are binning and Jackknifing. The I'-method
has a few advantages over these. In particular, this method estimates the correlations
on the final quantity calculated, while in binning, the bin sizes are, as already alluded
to, determined at an early stage of the analysis and cannot be changed after the fact.
Correlations may therefore be overlooked, if they are only visible in certain rare or derived
observables and are not obvious in the observables examined to set the bin size. The I'-
method would capture these, but the method adds a lot of complexity to the analysis. It
also cannot capture asymmetric error bars, as we truncate the expansion of the errors of
derived observables in equation (4.28). Other methods are able to do so. However, the
I-method has the advantage that the metadata and the originally measured data from
the configurations can be easily conserved at all times. This facilitates to use the FAIR
guiding principles [115], as the data can easily be traced back to its origin.
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4.3.4 Analysis setup

The analyses that were carried out for this thesis are written in python. The error estima-
tion is done with the I'-method described in this section. The concrete implementation is
the one provided by version 2.14.0 of the pyerrors package that the author contributed
to develop. The package is described in our publication [116].

The core concept of the pyerrors package is the introduction of a new class, Obs, which
represents an observable calculated on a range of gauge field configurations. The class
provides function overloading of most numpy functions [117]. This allows for the calcula-
tion of observables in a straightforward python workflow. The error can be estimated for
both, primary and secondary observables with one call of the function gamma method(),
in which the I'-method is implemented as we have described it in this section. The error
estimation of secondary observables relies on automatic differentiation, which is imple-
mented in [118]. The plots presented in the following are made with matplotlib [119].
Care has been taken to make the outcomes of this thesis as reproducible as possible by
employing Datalad [120] and Snakemake [121].
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Chapter 5

Schrodinger functional
ensembles

The renormalization and improvement of stabilized Wilson fermions is one of the main
objectives of this thesis. In the following, we will describe the procedures to estimate
various renormalization factors and improvement coefficients with focus on the axial-
vector and vector current. As these currents are important for the description of leptonic
and semi-leptonic decays, their renormalization and improvement is of direct importance
for the correct estimation of physical quantities from the lattice.

In the renormalization scheme that we introduced, the renormalization factorizes into
mass independent (Zp) and mass dependent terms (abomg, aboTr {M}).

As introduced in section 3.1, the identities used here to determine the renormalization
factors and improvement constants are chiral Ward identities. One has easier access to
these constants if the valence- and sea-quarks are massless, and it is crucial to work at or
close to the chiral limit. One therefore needs to be able to simulate as close to the chiral
limit as possible. The Schrédinger functional that we have introduced in section 2.8.2
enables us to simulate at the chiral limit, where mq = 0 due to its inherent spectral gap.
Traditionally, also the improvement constants have been calculated in the chiral limit.
However, for ca, this is a choice and the improvement condition can be evaluated with
massive quarks as well.

For these calculations, we employ a set of ensembles with Schrodinger functional
boundary conditions, designed for the determination of these quantities for stabilized
Wilson fermions. They use the improved exponential Wilson fermion action from equation
(2.38) with ¢y as determined in [93] and the Liischer-Weisz action from equation (2.25)
for the gauge fields. The ensembles were generated and graciously provided by Patrick
Fritzsch and were already used our earlier presentations of the following projects [122-124]
as well as in [87,125]. The placement of the ensembles in the mass-coupling parameter-
space is presented in figure 5.1. Their key attributes are also listed in table 5.1.

Other important features are the approximation of two lines of constant physics, de-
fined by the parameter ¢y, (cf. equation (5.5)) and the volume of the ensembles of ~ 3 fm.
Due to this comparatively large volume, boundary improvement as discussed in section
2.8.2 is neglected and set to the tree level values of ¢; = ¢; = 1. The lines of constant
physics we aim for are at the chiral limit (¢4 = 0) and the Ny = 3-symmetric point,
which is defined by the OpenLat guidelines as ¢4 = 1.115, the same value as the CLS
consortium employs in their calculations.
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Schrodinger Functional Ensembles
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Figure 5.1: Positioning of the ensembles with Schrodinger functional boundary conditions
in the mass-coupling plane. The red and blue lines show the position of the chiral and
symmetric point, respectively.
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Table 5.1: The ensembles with Schrodinger functional boundary conditions employed in
this thesis. The ensembles have 6 different values of the inverse coupling S that can be
related to the lattice spacing a. The hopping parameter x (compare equation (2.21)) is
the measure by which the mass of the quarks are given in the simulations. The lattice
geometry is fully determined by the boundary conditions and the number of lattice sites
T in time and L in space direction. ¢4, as introduced in this chapter is a dimensionless
measure for the mass, that does not depend on the lattice spacing. The column #MDU
shows the number of molecular dynamic units covered by all replica of the ensemble
combined and is a measure of how ,long“ the Monte-Carlo chain is in Monte Carlo time.

Name || 8 | T L | K | alfm] | o4 | # MDU
A24s1 || 3.685 | 24 24 | 0.139440000 | 0.1223(15) 1.015(64) 13292
A24i2 || 3.685 | 24 24 | 0.139550000 | 0.1223(15) | 0.633(11) 17232
A24i2 || 3.685 | 24 24 | 0.139660174 | 0.1223(15) 0.1192(89) 16116
A24ci || 3.685 | 24 24 | 0.139698000 | 0.1223(15) | -0.011(12) 7488
B32s1 || 3.800 | 32 32 | 0.138963000 | 0.0946(11) 1.0868(85) 12472
B32i1 || 3.800 | 32 32 | 0.139100000 | 0.0946(11) 0.5553(44) 17904
B32c1 || 3.800 | 32 32 | 0.139250000 | 0.0946(11) -0.0152(51) 13648
C40s1 || 3.900 | 40 40 | 0.138603000 | 0.07737(94) 1.0850(87) 3136
C40i2 || 3.900 | 40 40 | 0.138614800 | 0.07737(94) 1.0464(65) 4276
C40i1 || 3.900 | 40 40 | 0.138729484 | 0.07737(94) 0.5626(61) 7868
C40c1 || 3.900 | 40 40 | 0.138856200 | 0.07737(94) | -0.000020(62) 5964
D48s1 || 4.000 | 48 48 | 0.138272000 | 0.06411(78) 1.0911(70) 10120
D48c2 || 4.000 | 48 48 | 0.138483000 | 0.06411(78) 0.0071(15) 4970
D48cl || 4.000 | 48 48 | 0.138494200 | 0.06411(78) | 0.0000012(57) 9020
E56s1 || 4.100 | 56 56 | 0.137945000 | 0.05404(66) 1.1290(76) 7340
E56i2 || 4.100 | 56 56 | 0.137975000 | 0.05404(66) 0.9635(66) 3872
E56i1 || 4.100 | 56 56 | 0.138000000 | 0.05404(66) 0.8252(88) 3320
E56¢1 || 4.100 | 56 56 | 0.138141000 | 0.05404(66) 0.00189(61) 4228
H96h1 || 4.370 | 96 96 | 0.137050000 | 0.03453(43) 1.749(21) 400
H96s1 || 4.370 | 96 96 | 0.137130000 | 0.03453(43) 1.020(16) 524
H96i1 || 4.370 | 96 96 | 0.137175000 | 0.03453(43) 0.655(12) 656

Table 5.2: The ensembles with Schrodinger functional boundary conditions employed in
this thesis. The description of the columns can be inferred from the table above, the
differing column is the effective mass in the axial-vector channel meg(fa). The value of
B is not exact, hence the asterisk. The real value is 5 = 6/0.7, which we have rounded in
the table.

Name H B ‘T L K ‘ Mo (fa) H#MDU

M3216¢c1 || 8.57* | 32 16 | 0.13049252054 | 0.000126(42) 4680
M4824cl || 8.57* | 48 24 | 0.13049252054 | 0.000062(24) 3292
M32c1 8.57% | 32 32 | 0.13049252054 | 0.000014(17) 3876
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From these features, the identifiers of the ensembles as listed in the figure and table
are, on the example of ensemble A24c1, abstracted as follows:

A: The first letter encodes the inverse coupling 3, starting at the lowest with A at
B = 3.685 to E at 8 = 4.10. We leave two placeholders (F and G) for prospective
additions to the ensembles presented and denote S = 4.37 with H.

24: The numbers in the second place signify the lattice extension in the four space time
dimensions T'/a = L/a. As the lattices introduced here all have equal time and
space extension, only one number for the identifier is used. In other cases, one
may use the time and space extension concatenated, like 2416 for T'/a = 24 and
L/a = 16.

c: The lower case letter identifies the position of the lattices with respect to the lines
of constant physics. Lattices close to the chiral limit are denoted with a c, the
ones close to the symmetric point with an s and the ones in between with an i for
intermediate. The identifier h denotes heavy lattices with ¢4 > 1.115.

1: The last number is a serial number for the cases in which two ensembles are not
distinguishable by the other identifiers, e.g. when we have two ensembles between
the lines of constant physics, as in the case of E56i1 and E56i2. The serial numbers
start with 1.

Separate from these ensembles, also three ensembles at 8 = (6/0.7) ~ 8.57 were
produced, which are listed in table 5.2. They do not lie on either of the lines of constant
physics, as their volume is much smaller, however an estimate for their lattice spacing
is not given. We can see from their effective mass that they lie close to the chiral limit.
We will employ these ensembles in order to check whether our extrapolations in g3 hold
approximately at smaller couplings.

With the ensembles at hand, we are able to set up interpolations for the improvement
and renormalization to the exact points of interest as to smooth out inaccuracies in the
tuning of the ensembles. In particular, we aim for the improvement of the axial-vector
current at the symmetric point as an alternative definition of improvement, defining a
,massive” improvement scheme. The improvement of the currents is defined through this
directly at the mass point of further calculations, the Ny = 3-symmetric point in our case.

As the ensembles are created with openQCD [126], which implements exponential Wil-
son fermions in version 2.0 and higher, some basic calculations are already carried out
during generation, employing the appropriate programs from the openQCD library. In par-
ticular, the (reweighting) measurements for the rational HMC algorithm and the flowed
observables, that we will introduce in a minute are already carried out. Further calcula-
tions, in particular of the correlation functions needed for the analyses for improvement
and renormalization have been calculated with SFCF [127]. On a technical note: We will
deal with a lot of interpolations and extrapolations from the ensembles to the lines of
constant physics described. The ensembles at hand only allow for interpolation in the
strict sense in a few scenarios (namely, when the smallest quark mass is slightly negative).
Thus, we will use the words interchangeably in the interest of readability, and keep in
mind that — strictly speaking — there are only a few cases in which this is actually an
interpolation.

5.1 Preparatory analyses

Before carrying out the calculations we aim for, we need to do a few preparatory analy-
ses, which are necessary for the self-sufficiency of the discussed analyses. They amount
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essentially to the evaluation of the dimensionless mass parameter ¢4 for the ensembles at
hand. The parameter is built from the effective pion mass and the scale parameter tg.
The mass parameters m&'t and mg’™, which are needed to implement the two lines of
constant physics for each lattice spacing are evaluated by interpolation.

The scale parameter to makes its first appearance here, and we will only introduce
it briefly. In short terms, as the inverse coupling 3 is used as the simulation parameter,
the lattice spacing is not known a priori. We need to determine it and, as was the case
with the renormalized coupling in equation (2.35), it depends on the quark masses as
well. Over the years, many strategies to set the scale have been introduced, like the
scale setting through hadron masses [25, ch. 6.4] or the Sommer scale ¢ [25, ch. 3].
Reference [128] gives an overview over some strategies in use. A popular method today
is to use the parameter tq. It is derived through the flow-equation [129]

dB

d—t“ =D,Guy, Bul,_y = Ay (5.1)
G = 0,B, — 9,B, + [B,, B, (5.1a)
D,X =0,X +[B,, X], (5.1b)

a differential equation in the flow time, t, which has dimension 2. As is evident, at ¢t = 0,
the flowed field B coincides with the lattice gauge-field. The scale can be determined via
the energy density E of the flowed field. The advantage of this method is that at finite
flow time, the fields renormalize in a simple way [129-131]. In fact, the energy density
does not have to be renormalized. This property, together with the fact that this the
clover energy is a local quantity that is comparatively inexpensive to calculate makes for
a good scale setting parameter, as it can be determined to relative high accuracy. The
parameter t¢ is then implicitly defined through

t2(E) =0.3. (5.2)

The 0.3 on the left-hand side is an empirical choice, as the scales received are comparable
to earlier determination with the parameter rg, and they are such that QCD is non-
perturbative regime at these scales. Note that this is a purely theoretical quantity with
no physical meaning. In [132, eq. (5.5)], the physical counterpart tghys to this scale
parameter was calculated for the traditional Wilson Clover action with the same gauge
action as our ensembles are based on. The numerical value we cite for the rest of this

thesis is
\/ 8PS = 0.415(5) fm (5.3)

as by the OpenLat guidelines. Note that this scale is defined at the Ny = 3-flavour
symmetric point and that there is a newer scale setting available on the CLS ensembles
[133, eq. (7.1)]. The newer scale parameter is not used in the context of this thesis, but
is compatible with the one cited here.

5.1.1 Evaluation of ¢,

The dimensionless parameter ¢4 is often used to compare the mass of quarks across lattice

spacings. It is defined by
3
¢4 = §8t0mgﬁ 5 (54)
in which the effective mass is that of the pion on the lattice. Through the Gell-Mann—
Oakes—Renner relation [134], ¢4 is linearly proportional to the quark masses. To be fully

able to leverage the linearity, in the Schrodinger functional, we redefine ¢4 as

3
P4 = §8tomeff|meff\ ) (5.5)
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Figure 5.2: Example of the fit (orange) to the effective mass (data points in blue) in the
axial-vector channel used to fix ¢4 on ensemble E56c1.

which equals taking the sign of the quark masses into account, such that negative quark
masses also fall in line.

The determination of the effective mass on the Schrodinger functional ensembles we
introduced amounts to fixing a plateau range in the effective masses in the axial-vector
channel, while keeping the contaminations from higher states in mind.

Compared to analyses such as the one carried out in [135], we vastly simplify our
strategy as we will not estimate the glue-ball mass that dominates the boundary effects
on the upper ([1/2T,T]) part of the lattice. Instead, we fit the first half of the lattice with
equation (2.45) as our ansatz, evaluating the first excited state contributions. The final
time slice of the fit is successively moved through the second half of the lattice, while we
evaluate the x?/d.o.f. for each fit. The time-slice with the minimal x?/d.o.f. defines the
final time slice of the fit. For the beginning of the plateau, we demand

%e—ﬁlmo < Ogtar(20)/4 (5.6)
in which o4 is the statistical uncertainty of the effective mass. An example of the fit to
the effective mass and to the correlator are shown in figure 5.2.

Through this procedure, we receive a reliable plateau range in the effective mass, and
are able to extract the means of the masses from the plateau, which are listed in table
5.3.

At the same time, ¢ is evaluated on the Schrodinger functional ensembles as to cal-
culate ¢4 and fix the lattice spacing. The expectation value of the flowed clover energy-
density (E(t)) is averaged over a range zo € [1/3,2/3|T at different values of the flow
time. The averaging range is chosen quite conservatively, as can be seen in figure 5.3.
On the finest ensembles (H96), we take a few more time slices into account and define
x € [29,67]. The fit to find the point in question is shown in figure 5.4. With the values
of meg and tg, we can evaluate the parameter ¢4 on each ensemble. The values are listed
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Figure 5.3: Plateaus in the Yang-Mills clover action energy on ensemble E56c1 at different
flow times t. The flow-times are marked by the different colors, whose description we omit
here.
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Figure 5.4: Linear fit of t2(F(t)) at a range around the point of interest, at which ¢, is
defined. This example is also taken from ensemble E56c1.
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Table 5.3: Table of the final evaluations of the effective masses in the axial-vector channel
mest(fa) and the scale parameter to the Schrodinger functional ensembles that are needed
for the evaluation of ¢4 by equation (5.5).

Name || mea(fa) | to | o

A24s1 || 0.2458(18) 1.400(88 1.015(64)
A24i2 || 0.1826(17) | 1.5815(57) 0.633(11)
A24i2 || 0.0763(30) 40) | 0.1192(89)
A24cl || -0.023(12) | 1.7561(66) | -0.011(12)
47)
51)
59)

~—

(

( (1
B32sl | 0.19312(82) | 2.4284( 1.0868(8
B32i1 | 0.13364(61 ( (4
B32cl || -0.0213(36

)
6 4
3
C40s1 0.15822(7
6
)
1

)
) 0.5553(44)
) -0.0152(51)
) | 3.6118(100) | 1.0850(87)
) | 3.635(17) 1.0464(65)
) | 3.8226(86) | 0.5626(61)

00) | 4.016(13) | -0.000020(62)
39)

(
(
C40i2 || 0.15489(
C40il || 0.11075(
C40cl || -0.00065(

1
2
6

D48s1 || 0.13151( 5.258(13) 1.0911(70)
D48¢2 || 0.0101(10) | 5.722(29) 0.0071(15)
D48l || 0.00013(32) | 5.747(14) | 0.0000012(57)
E56s1 || 0.11270(45) | 7.407(30) 1.1290(76)
E56i2 || 0.10423(37) | 7.391(33) 0.9635(66)
E56i1 || 0.09509(55) | 7.605(39) 0.8252(88)
E56cl || 0.00444(73) | 8.020(49) | 0.00189(61)
H96h1 || 0.09110(60) | 17.57(13) 1.749(21)
H96s1 || 0.06866(49) | 18.02(17) 1.020(16)
HO6i1 || 0.05417(44) | 18.59(22) 0.655(12)

together in table 5.3.

As the scale tghys is defined at the symmetric point, we need to extrapolate the
extracted values of tg to ¢4 = 1.115 to fix the lattice spacing. This is shown for 8 = 3.900
in figure 5.5. The lattice spacings that we find through this procedure have been listed
in table 5.1.

5.1.2 Defining the lines of constant physics at each lattice spacing

With the values of ¢4 at hand, it is convenient to define the chiral and symmetric LCP in
terms of the mass mg by linearly interpolating in ¢4 at different lattice spacings, which is
shown exemplary in figure 5.6. In table 5.4 the bare quark masses mg are listed for each
value of (.

This concludes the introduction of the Schrédinger functional ensembles. With the
values that we were able to define here, the improvement and renormalization that we set
out to determine is discussed in the following.
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Figure 5.5: Interpolation of ¢y to the symmetric point (¢4 = 1.115) at 8 = 3.900.
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Table 5.4: The bare quark masses mg at the couplings investigated for the chiral m§

and symmetric mg’

CHAPTER 5. SCHRODINGER FUNCTIONAL ENSEMBLES

chi

™ Jines of constant physics.

B 3.685 | 3.800 | 3.900
amg™ -0.420694(30) -0.409231(20) | -0.39915243(43)
amg™ -0.41361(12) -0.401380(42) -0.392236(38)

B | 4.000 | 4.100 | 4.370

Chl

sym
0

-0.38973957(48) | -0.3805141(21) | -0.356805(52)
-0.383525(45) | -0.375377(25) | -0.353567(23)




Chapter 6

The axial-vector current

One of the ground layers of improving and renormalizing a fermion formulation on the
lattice is the improvement of the axial-vector current. As the renormalization and im-
provement strategies detailed in the following chapters are derived from equation (3.11c),
and the axial variation of the action includes the introduction of the PCAC mass, iden-
tities from this variation rely on the axial current. Therefore, after improving the action
itself, the next step is usually the improvement of the non-singlet axial-vector current. It
is one of the major focus points of the projects presented and is discussed in section 6.1.

The improved current also allows us to non-perturbatively renormalize it, which is
presented in section 6.2. For the case of the axial-vector current, we are however only
able to estimate the mass-independent part of the renormalization, Z4.

Parts of the project presented have already been discussed in my master thesis [122]
and our proceedings [123]. In this chapter, we expand on these references.

6.1 Improvement

The improvement of the axial-vector current relies on the PCAC relation. We revisit
equation (3.15), as to expand on some details we have not discussed earlier. For this
chapter, we use the PCAC relation with the external operator O defined by equation
(2.46) as a pseudo-scalar boundary operator

0= Z(fv 9) ’750‘)(5’ 37) C(gv 9) ’ (61)

in which ¢ are the Schrédinger functional boundary fields at ¢ = 0. They may carry a
phase 6, as described in [77, sec. 4.2]. The counterpart of the source operator on the
other side of the lattice is accordingly defined by

0" ='(2,60) vsw(Z,7) ¢'(7,0) (6.2)

where ¢’ are the fermion boundary fields at ¢t = T. The function w(Z,7) : (R*, R3) — R
is a smooth, arbitrary function on the space-like directions of the lattice.
With this replacement, we find a specific case of the PCAC relation:

2 (P(2) Ot (@) = (90 Ay (2) Ot (w)) (6.3)

Renormalization cancels in this setup. We therefore postpone the introduction of the
renormalized currents and discuss it later, in chapter 8. Transitioning to the lattice

o7
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formulation and integrating over the spatial extent of the lattice, the quark-current mass
is defined in terms of Schrodinger functional correlation functions as

B aéfA(x) "
am = (@) +0O(a"), (6.4)

(see app. C for quick reference) in which the order n is given by the order to which
our theory is improved. The lattice derivative d is given by the symmetric derivative
as detailed in equation (B.3), if not stated otherwise. With this alone, we are able to
improve the axial-vector current.

6.1.1 Improvement condition

An improvement condition for the axial-vector current was already formulated in quenched
QCD [78]. The approach relies on the fact that the external source operator Oy is ar-
bitrary. The PCAC mass in the continuum is invariant under changes in the boundaries,
such that any difference Am in the current quark mass has to be induced by lattice
artefacts. This provides the leverage needed to improve the axial-vector current up to
0(a?).

As the pseudo-scalar density P* does not receive improvement in first order that is
absorbed into renormalization factors, it is for our intents and purposes already improved,
meaning that the O(a)-improved PCAC mass is given by

R A 22
aml — adfi(z) +0(a?) = adfa(z) + caa®d” fp(x)
2fp () 2fp(x)
in terms of Schrédinger functional correlation functions. If two improved PCAC masses

(m"H© and (m!)M are not the same due to a change in the boundary fields, we are able
to extract cp from this difference in the following way:

+ 0(a?) (6.5)

()@ = (m") (6.6)
dUNO @) _ V@) e
TR RR
Of () +(§;xa32f1§°)(x) _ @) +({i;w<92f§>”(x) +0(a?)
26 (@) 2/ (@)

rO(z) + acas®(z) = rV(x) + acas (z) + O(a?)
caQ (s(o) () — s(l)(x)> = (r(l)(x) - r(o)(x)) +0(a?)
(r®(z) —rO(z))

N TG0 ) O
cA = —% +0(a) . (6.7)
The helper functions
L@ O he@ ©8)

" @) M T ()

denote the unimproved mass and the improvement part, respectively. The differences Ar
and aAs are of interest to look at, as they are directly related to the signal of ca.
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6.1.2 The wavefunction method

There are multiple ways in which the boundary fields of the lattice can be varied. For
example, in quenched lattice QCD, the boundary phase 6 was varied [78] (cf. equations
(6.1) and (6.2)). This however entailed the generation of new gauge field ensembles for
each angle 6 to examine. In the Ny = 2-flavour case, this was abandoned in favour of the
wavefunction method [136], as this does not require new (expensive) simulations for the
variation of the boundary conditions. Since then, this has been the standard method for
estimating ca and has also been employed in [137,138] to estimate the improvement of
the axial-vector current for the theory with Ny = 3 traditional Wilson-clover fermions.
The method is presented here in short terms along the lines of [31, ch. 4.4].

Instead of varying the boundary quark fields themselves, the function w in the bound-
ary operator O is varied and the phase 6 is kept constant (we hold § = 0 in the case
presented). The independence of the PCAC mass discussed above holds in this scenario
as well. Therefore, altering this function enables a determination of the improvement
parameter ca without expensive new gauge field generation.

The idea in the wave function method is to optimize the functions w employed in
regard to signal clarity and stability of the produced states. As a cornerstone, we assume
that it is possible to find a set of functions {wp,w;} that approximate the spatial form of
the two lowest energy eigenstates of the pion. It is furthermore assumed, that this form
can be approximated well by a linear combination of the hydrogen wavefunctions (hence
the name of the method). The following functions have been chosen traditionally as a
basis:

wp (r) = e~/ (6.9a)
wpa(r) =1 e~ /%0 (6.9b)
wp3(r) = e~/ (2a0) (6.9¢)

In our analysis, we have complemented this basis by two more functions

wpa(r) = cons. (6.10a)
wis(r) =% e/ (6.10b)

in which the function wps would resemble an infinitely smeared out state, while wys
resembles a higher excited state of the hydrogen wavefunction.

The parameter ag is arbitrary and parametrizes the spatial extent of the bound state.
In earlier calculations, this was set as ag = L/6 =~ 0.16 fm. We use the physical extent as
a guideline and take ag = L/18, as the lattices in this analysis are larger (L ~ 3fm). In
section 6.1.3, an example analysis is shown.

To achieve the best overlap with the ground state and the first excited state, a linear
combination of the wavefunctions is employed. As the prefactors of the linear combination
are not known a priori, we need a way to estimate these reliably.

The boundary-to-boundary correlation function

(F1)ij = (O (wh;)O(wpi)) (6.11)

is employed for this goal (cf. equation (C.5)). In which, at both ends of the lattice, the
base wavefunctions wy,; are placed in the boundary operator.

The correlator is calculated with all possible combinations of the base wavefunctions,
defining a matrix (F1);;. The boundary-bulk correlation functions

(fx ()i = (X($)O(0,wn;)) (6.12)
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can be seen as vectors in this regard. The matrix (F});; is hermitian due to time-
symmetry. It is therefore diagonalizable and the eigenvectors of the matrix are orthogonal
to each other. We denote the eigenvalues of the matrix as A, in descending order of mag-
nitude, A\, 1 < A, and order their respective eigenvectors as 7, accordingly. To see how
this helps the analysis, we remember the energy expansion,

Fi(wi,wj) = Z vgn)e*msfn)tvj(»n) + O(e~met) (6.13)
n=0

(n)

in which v; (v§n)) are the overlaps of the spatial state produced by w; (w;) and the n-th

energy state with mass mi™ (cf. [135,139]). The mass mg denotes the mass of the lowest
scalar state in this context. As the masses er") are ordered such that m;”“) > mﬁr”),
the term with n = 0 dominates, when ¢ is large. This term is the ground state of the
pseudo-scalar channel (7(%)), with the overlap vectors vgo) (v§0)). The ground state is
then equal to the state produced by the eigenvector 7, as can be seen by the following
argument:
When multiplying the energy expansion with 7, one receives
Fl(wbi,wbj)n(,o) = pVe—mt (Uﬁo)ngo)) +0 (efmgfn)t> + 0 (e7™m<) (6.14)

K2

where the left-hand side can be written as Agng, such that
0 0) —m 0) (0 -m -m
)\(O)UJ( ) — ,02( )6 w(o)t (UJ( )77; )) + O (6 ,,((n)t) 4 O (6 Gt) (615)
m(O) _ owio) +0 (efmww)t) +0 (e*mGt) (6.16)
with a complex phase «, that can be absorbed by defining n(®) and v(°) with suitable
complex phases. The vector 7 is therefore an approximation of the ground state.

Due to the hermiticity of the matrix, the eigenvectors 7y and 7; are orthogonal to
each other. The ground state is therefore suppressed:

0= non1 ~ von1 + O(e™ (M= =m=)T) 4 O(e~(me=m=)T) (6.17)

In conclusion, we receive the ground state and first excited state
Wr(0) = Zwbi(ﬁo)i , Wr) = Zwbz‘(m)i (6.18)

of the pseudo-scalar channel in this way. By scalar multiplication, the correlators fa and
fp are projected onto these states as well:

(fx())r0) = Z(fX(t))i(no)i , (fx(®)r) = Z(fx(t))z'(m)i (6.19)

K2 K2

and the determination of ¢y through the difference in the current quark mass as suggested
in 6.1.1 can be evaluated with these states.

6.1.3 Base analysis

In practice, the analysis is carried out as follows: The correlation functions fa(wws; o),
fr(wbi; o), ga(wbi; o), gp(wpe; xo) are calculated for all basis wavefunctions, as well as
F1 (wp, wpy) for all wavefunction combinations. As in reference [31], multiple sources on
the boundaries are used in order to improve the statistical yield. In the analysis presented,
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64 sources are employed, with equidistant spacing along the lattice, such that there is a
source at every

3

-L .

4 }

As the box size in this project is about three times larger in each direction than in previous
determinations, e.g. [138], this choice is not expected to increase correlations significantly.
The only exception being the constant wavefunction wpy, which has larger correlations
at small xy compared to the other wavefunctions. The source terms and time-reverse
partners fa (fp) and ga (gp) are averaged over with their respective time symmetries in
mind.

As an example, let us look at the ensemble C40c1, which is chosen due to the following
properties: It lies in the middle of the lattice spacings of interest, while being close to
the chiral limit. Its setup is therefore one that is more comparable to the traditional one.
The matrix (F}),; in wavefunction space is determined to be

€
x2
x3

1 1
Tore = with x1,T2,X3 € {0, ZL7 §L7 (620)

824(10) 1060(13) 1202(15) 927(14) 1164(15)
1060(13) 1364(18) 1547(20) 1192(19) 1497(20)
(F)i; = | 1202(15) 1547(20) 1753(24) 1351(22) 1698(23) | , (6.21)
927(14) 1192(19) 1351(22) 1038(21) 1308(21)
1164(15) 1497(20) 1698(23) 1308(21) 1644(22)

where the matrix is already symmetrized M = (M + MT)/2 as to cancel out numerical
inaccuracies and the imaginary part.

As mentioned, we are free to choose any subspace of the wavefunction space to find
the best overlap with the two desired states. It is easy to see (cf. [122, app. B]) that
the case of a 2-dimensional subspace makes the determination of the second eigenvector
trivial. In order to not over constrain the system, it was decided to only use subspaces
with dimension d > 2. Two cases are considered in this example: The traditional case of
d = 3 with basis wavefunctions wp1 b2 b3 (the upper left 3 x 3 matrix of Fy) and the case
of an extended basis with wp1 b2 b3,bs, Which has been seen to improve the signal of ca in
some cases. We will call these the standard and the preferred projection respectively.

For both cases, the sub-matrices of (F});; are diagonalized and one finds the following
eigenvectors and eigenvalues

Ao = 3941(51) Ap = —0.15(14) Ao = 0.0016(11)

0.45717(62) 0.58829(22) 0.66702(62)

m = | 0.648(34) m=| 0.294(42) me = | —0.703(14)

0.610(36) —0.753(16) 0.247(39)
Ao = 5585(73) AL = —0.17(16) A2 = 0.0043(32) A3 = 0.000019(52)
0.38404(62) 0.49419(30) 0.56032(38) 0.54252(32)
[ 0.691(32) [ 0.389(25) [ —0.538(54) [ —0.288(58)
=1 0.379(55) =1 —0.205(71) | T | 0.610(44) =1 —0.630(49)
0.481(25) ~0.719(22) —0.156(44) 0.476(43)

for the standard and preferred projection respectively.
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Figure 6.1: The effective mass in the pseudo-scalar channel on C40c1. We can visually see
no difference between the two projections show. Here, the standard projection is shown
on the left and the preferred projection is shown on the right.
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Figure 6.2: The unimproved PCAC current quark masses of the ground and first excited
state on C40c1. As in the figure above, the standard projection is shown on the left and
the preferred projection is shown on the right.

Note that, of the eigenvectors determined, the margins of error are not taken into
account in the following. Since they are in principle not unique, but instead are just a
convenient choice to build the pion states from the chosen base states. One may equally
well carry out the calculations with fixed base wavefunction prefactors.

The projection of the correlation functions can be examined in the effective masses of
the pseudo-scalar correlators, shown in figure 6.1, as F; projects onto the eigenstates of
the pseudo-scalar channel.

As the improvement condition does not rely on the mass splitting in this channel
directly, but the mass splitting in the PCAC masses, this is also inspected in figure 6.2. If
the axial-vector current was improved, the splitting would vanish and the masses would
be the same, as demanded by the improvement condition. The derivatives opted for in
this example have discretization artefacts of O(a?) (cf. equation (B.3)).

Summed up, we see that the projection in the standard and the preferred subspace
are both promising, judging by the pseudo-scalar meson masses and the PCAC masses.
However, it is also obvious that we need to define a place at which we extract cy. The
functions Ar and As are shown in figure 6.3. Due to the definition in the improvement
condition, the signal of cp depends on As in particular, which has clear signal that



6.1. IMPROVEMENT 63

0.25 0.25
0.20 0.20
0.154 0.15
0.10 0.10
0.054 0.05
° 1 T ° T 1
0.001 '-o.---ooc--o---f.. 0.001 ."--ooo--o-o-l-f..
—003{ Y A —o03{ A l
As As
—0.10 T — —0.10 T y
0 10 20 0 10 20
z0/a zp/a

Figure 6.3: The difference functions Ar and As on ensemble C40c1, against the time xg
on the lattice. Again, we cannot visually differentiate between the two projections. As in
the figure above, the standard projection is shown on the left and the preferred projection
is shown on the right.
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Figure 6.4: The improvement coefficient ¢y shown with its time-dependency on C40c1.
Again, we cannot visually differentiate between the two projections. As in the other
figures, the standard projection is shown on the left and the preferred projection is shown
on the right.

is sufficient in both projections investigated. The result of the basic analysis is the
improvement coefficient cy shown in figure 6.4, which is still time dependent.

‘We now make the choice for the definition of ca as to where on the lattice we extract
the value. In earlier calculations, xop = T/2 was chosen, as the boundary effects are
evidently lowest in the middle of the lattice. However, as the signal on the larger lattices
presented here vanishes before the middle of the lattice this is not an option in our case.
Instead, we opt for an average over the range of time-slices oy € [0.2, 0.3]T, which is
presented in figure 6.4. While — in principle — all choices are valid, this range is has two
properties that are desirable:

1. The range is far enough from the boundary such that boundary effects are negligible.
2. There is no signal-to-noise issue for cp. The value within the plateau range is clear.

For these properties, the plateau around z¢o = T'/4 is a compromise. With the definition
of zp € [0.2, 0.3]T, both demands are met on lattices with 0.055fm < a < 0.094 fm.
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Figure 6.5: The improved PCAC current quark masses of the ground and first excited
state on C40cl. Again, we cannot visually differentiate between the two projections.
As in the other figures, the standard projection is shown on the left and the preferred
projection is shown on the right.
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Figure 6.6: The time-dependent improvement coefficient ca in the preferred projection,
once with one single source (left) and with eight sources (right) on ensemble C40c1.

The final values extracted from this example are cx = —0.01869(74) and cp =
—0.01963(69) for the standard and the preferred projection respectively. Re-evaluation
of the PCAC masses with improved currents shows that the improvement condition is
fulfilled, as shown in figure 6.5.

In figure 6.6 the results for cp are shown with one and eight source terms on the
boundary. Between them and the right plot in figure 6.4 a large reduction in statistical
errors is seen, confirming that the introduction of more source terms is an option for error
reduction on lattices of this size.

For the finest and coarsest lattice spacings, that is, a =~ 0.035fm and a =~ 0.122 fm,
exceptions in regard to the plateau range were made. On the coarsest set of lattices, only
one point is chosen to contribute, namely zo = 7 = 0.2927. In figure 6.7 the reason is
clearly demonstrated: The boundary effects on these lattices are reaching far into the
bulk, such that the compromise found earlier does not apply here.

On the fine end, the plateau range was altered to xo € [0.125, 0.250]T. Figure 6.8
demonstrates the reason for this. In this case, while the ,conventional“ choice of the
plateau region would be possible, it is clear that this choice is not the most advantageous.
With the plateau range presented here, lower margins of error are achieved and the quality
of the result improves. On the other ensembles, the standard plateau range chosen is well-



6.1. IMPROVEMENT 65

0.00

—— plateau of cp

¢

—0.02 A

—

e

~0.04 1 o
~0.06 1

—0.08 4

—0.10 T “r

xo/a

Figure 6.7: The improvement coefficient ca, in dependence of the time on the lattice, in
the preferred projection on ensemble A24c1 with a =~ 0.122fm. The vertical lines show
the proposed plateau range.

supported, as can be seen in figure 6.9. This closes our discussion of the base analysis
of c¢a. The final results on the ensembles considered are listed in table 6.1. The rest of
this section is structured out as follows:

First, some ambiguities of the strategy laid out in this example are examined more
closely. Due to these, a systematic error is formulated that is estimated on grounds of
the ambiguities found. Afterwards, the analysis of ca is extended by interpolations to the
exact lines of constant physics that we are interested in. For these extrapolations, two
approaches are shown: A two-step approach, in which the value for ¢y at a single squared
coupling g2 is determined first by extrapolating to the mass points of interest (cf. table
5.4 in the last chapter). An alternative to this is a single global fit, expressing ca as a
function of (g2, ¢4). After those, a conclusion for this project is drawn, and we move on
to the renormalization of the axial-vector current.

6.1.4 Ambiguities

So far, we have been investigating the same setup for two different choices of the wavefunc-
tion basis. Broadening the scope, the analysis discussed has to be investigated towards
several ambiguities in the definition of the improvement factor.

We expect them to be not discernible in the O(a) improved theory. That is, the
ambiguities in the improvement coefficient itself are at most of O(a), such that they play
a role only at O(a?) overall. In the next paragraphs, these are discussed shortly, as we
investigate different types of ambiguities relevant for the analysis discussed above.
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Figure 6.8: The improvement coefficient cpa in the preferred projection on ensemble H961i1
with a ~ 0.035 fm, shown with its time-dependence and the proposed plateau range.

Wavefunctions When setting up the wavefunction method, we have argued that the
choice of the wavefunction basis is arbitrary, as long as the margins of error on the PCAC
masses are small enough to extract cp. As we calculate of the Fj-matrix on each ensemble,
we have made the determination of the concrete wavefunction part of the analysis. The
choice of the basis wavefunctions is however still arbitrary and enters the analysis at a
fundamental level.

With the example above as our guideline, we can compare the two bases shown on
each ensemble and look at the differences

AWFey =5 — cpArCf (6.22)

in the final values. In figure 6.10, these differences are shown with a linear and a quadratic
fit in the lattice spacing. As can be seen, when the fit is less constrained by the functions
form, 0 is within statistical errors. In figure 6.11 one can see that this is not the only
occasion: If one carries out the same ambiguity analysis for other wavefunction bases, one
sees that the resulting interpolations are similar. In this particular example, the basis
w1,2,5 is compared to the two at hand.

Reuse of wavefunction coefficients So far, the base analysis and the differences
inspected played out on a single ensemble, before being compared to other ensembles.
The arbitrariness of the wavefunctions used can also be inspected differently:

In earlier determinations, e.g., [138], the linear combinations that are the eigenvectors
1o and 7; were determined on one ensemble and the result was reused for the rest of the
analysis. In contrast, in the analysis presented here, the wavefunction combination was
determined on every ensemble inspected.
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Figure 6.9: Plateaus for the ensembles close to the chiral limit (upper plots) and close to
the symmetric point (lower plots) each once with the standard (left) and the preferred
(right) wavefunction basis. Note that the coarsest (in this plot lowest) plateaus are only
taking the right-most point in the plateau-range into consideration.
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Figure 6.10: Linear and quadratic fits of the differences in cy with respect to the wave-
function selection at the lattice spacings of 5 € [3.800, 4.100]. The coarsest lattice spacing
has been left out, as the scaling at these lattices is not fully trusted. At the chiral limit,
no ensemble with smaller lattice spacing is present.
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Figure 6.12: Differences of calculating the eigenvectors on each ensemble separately com-
pared to reusing the eigenvectors from the chiral ensemble C40c1 on the ensembles of the
two LCPs, the chiral on the left and the symmetric on the right.

Reusing the eigenvectors is cheaper than calculating them anew on each ensemble, as
the eigenvector can be handed over to the measurement program. Then, the eigenvectors
determined in section 6.1.3 for the preferred combination of wavefunctions can be used
on all ensembles. Comparing the fixed eigenvectors and the ones determined on each
ensemble close to the chiral limit, we observe differences of < 3%, as presented in figure
6.12 on the left. On the right, the same is shown with the ensembles at the symmetric
point, showing larger deviations of ~ 5%.

In both cases, there is no pattern discernible in the ambiguities.

Derivatives In the improvement condition, derivatives of two correlators are to be
taken. Finite differences allow us to carry them out with discretized data points (cf.
Appendix B). To inspect the ambiguities in these, the base analysis described is carried
out with two different discretizations of finite differences, namely the central-differences
method (B.3) and once with the second-order improved central-differences method (B.4).
Subtracting the two formulations

AR = — & (6.23)

we can assert the differences, shown in figure 6.13 for one sole lattice. Evaluating plateaus
on a range of ensembles close to the chiral limit, one may evaluate how the differences
behave towards the continuum limit. The normal and higher order derivative are expected
to show a difference of O(a?). In figure 6.14 differences of exactly this order are indeed
visible in ca.

Masses As a part of the aim of this analysis is to define ¢y away from the chiral limit,
the reader may not be surprised that the quark mass also plays a role in the determination
of the improvement coefficient. We will deal with this circumstance by introducing the
quark mass as a new degree of freedom in the analysis and interpolate ca with respect to
it in sections 6.1.6 and 6.1.7. Therefore, we only note at this point that we expect those
ambiguities to only be of order O(amy).

Summary The ambiguities inspected are indeed either negligible or are at least of O(a).
Ambiguities coming from the quark masses of the lattices are dealt with by interpolation
to the lines of constant physics set up in section 5.1.1. Other than those, we conclude that
the ambiguities to the first-order improved formulation of the current behave as expected.
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Figure 6.13: The difference of ¢ extracted on ensemble C40c1 once with the symmetric
(equation (B.3)) and once with improved (equation (B.4)) derivative in direction of xg.
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Figure 6.15: The differences of the chosen plateau and the evaluation of cp at xg = T/4.
The differences are existent but marginal and enclose 0 over all chiral ensembles.

The systematic error we introduce does not rely on the introspection given here, but is
based on a more relevant ambiguity that we want to review now: the choice of the plateau
region.

6.1.5 Choices, plateaus, and errors

The base analysis of the improvement factor ¢y described earlier differs compared to the
ones carried out in earlier works in particular in the choice of employing plateau means in
the definition. In contrast to the other ambiguities examined, this is a choice that is not
inherent from the discretization or similar. The advantages of this change are evident:
Plateaus retain more information of the calculations and can vastly improve the final
outcome of the calculations when the range of the plateau is chosen correctly. However,
averaging over multiple time slices introduces two minor inconveniences that we should
account for:

The main concern is the quality of the plateau identified. While choosing a plateau
can improve the quality of the final result, identifying a good range to average over can be
quite difficult. An alternative choice for the improvement coefficient would for example
be to set xyp = T//4 and extract cy on just a single time slice. Figure 6.15 compares the
plateau range discussed in the example with this choice for the ensembles close to the
chiral LCP. A comparison to different choices on the ensemble shown in the example can
be found in figure 6.16.

While retaining the information of the plateau value is desirable, we have introduced
a choice influencing the statistical error in such a way, that the resulting margins of error
may not represent the uncertainties of the value properly.

To circumvent both of these problems, a systematic error is added. In this analysis,
the idea is to give penalties for values that are incompatible with the fitted plateau and
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enlarge the margins of error accordingly. This is implemented as follows:

The plateau § over the points y(zo) with the respective statistical margins of er-
10T Ogtat(Y) and ogat(y(x0)) is evaluated. For points y(xp), whose margins of error
Ostat (Y(20)) have no overlap with the margins of error of the mean ogat(7), the dif-
ference between the upper (lower) and lower (upper) end of the margin is summed up
and added to the statistical margins of error:

Ttot (U) = Ostat (U) + Osys(Y) (6.24)

This formulation gives minor penalties in the cases, where the data points do not settle
into a plateau at the proposed range. The result is a more conservative estimation margins
of error for cp on ensembles where the plateau is not of good quality. At the same time,
this implementation does also not give penalties so large that the margins of error of the
plateau are larger than the ones extracted from a single point.

One exception has to be made: At the coarsest lattice spacing, the plateau range
chosen consists of only one point. Per definition, the formulation of the error given above
does not account for this. In this case, we instead compare the points z¢ € {6,7,8} and
employ

Oays = max(y(mo)) ;mln(y(‘rO)) (625)

as the systematic error.

The values received with and without these penalties are listed in table 6.1, from which
it is apparent that the preferred projection has marginally smaller statistical errors on
most of the ensembles. In the next sections, we will exclusively work with the values for
ca presented here in the preferred projection and with systematic errors added (the right-
most column of the table). With the values extracted, two paths towards interpolating the
improvement constant in the region that we are interested in are discussed. Both times,
we aim to extrapolate to the exact lines of constant physics to make an interpolation in
the coupling at those.

6.1.6 Interpolations

With the data extracted from each ensemble, an interpolation in terms of the squared
coupling (g2) is already possible in principle. However, as can be seen in the introduction
of the Schrédinger functional ensembles (cf. figure 5.1, table 5.1), the ensembles at hand
are not perfectly aligned with the lines of constant physics we aim for (¢4 = 0 and
¢4 = 1.115). In order to circumvent residual mass effects, it is customary to interpolate
the values for ca to the exact values in the mass parameter defining the lines of constant
physics from section 5.1. One is then able to perform interpolations in the squared
coupling at these LCPs. For our discussion, the simplest form of the mass ambiguities
is chosen: We expect ambiguities of O(am). In fact, one can see that this expectation is
well-supported by the data in figure 6.17.

Carrying out the interpolation at every lattice spacing at hand, we receive the values
for ca that are listed in table 6.2. The fits have a x?/d.o.f. < 3, apart from the fit at
B = 3.800 that is of worse quality with x2?/d.o.f. ~ 5.9. However, great dependence on
the margins of error of the data is observed, with x2/d.o.f. < 1 for the cases in which
the ensembles have small statistics, while the combined statistics of the ensembles with
B = 3.800 is large compared to all other lattice spacings. The slopes of the linear fits
employed are listed in table 6.3. The mass ambiguities we postulated in the last section
can therefore be confirmed. In figure 6.18, the difference between the two masses is shown
in two ways: The blue points show the difference between the ensembles closest to the
chiral limit (ensembles with a c¢) and closest to the symmetric point (ensembles with an s),
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Table 6.1: The values of ca extracted with the choice of the plateau discussed in section
6.1.3. The start and end of the plateau listed together with the values for ca with their
statistical error only and their inflated margins of error after taking the quality of the
plateau into consideration.

Ensemble H pitart gend ‘ Y (ogtat) ‘ A (gtar) H () ‘ A (g0t

A24s1 77 | -0.04260(98) | -0.04407(93) || -0.0426(24) | -0.0441(22)
A24i2 77 | -0.0377(14) | -0.0370(15) || -0.0377(26) | -0.0370(29)
A24i2 77 | -0.0338(13) | -0.0354(12) || -0.0338(26) | -0.0354(29)
A24ct 77 | -0.0342(21) | -0.0352(20) || -0.0342(39) | -0.0352(35)
B32s1 79 | -0.03182(43) | -0.03317(41) || -0.03182(43) | -0.03317(60)
B32i1 79 | -0.02747(38) | -0.02851(36) || -0.02747(38) | -0.02851(36)
B32c1 79 | -0.02502(68) | -0.02631(64) || -0.02502(68) | -0.02631(64)
C40s1 8 12 -0.02696(69) | -0.02768(66) || -0.02696(77) | -0.02768(82)
C40i2 8 12 | -0.02459(62) | -0.02561(61) || -0.02459(62) | -0.02561(78)
C40i1 8 12 | -0.02244(43) | -0.02338(41) || -0.02244(56) | -0.02338(67)
C40ct 8 12 | -0.01869(74) | -0.01963(69) || -0.01869(74) | -0.01963(69)
D48s1 10 14 | -0.02148(54) | -0.02209(51) || -0.02148(54) | -0.02209(51)
D48c2 10 14 | -0.0166(10) | -0.01731(97) || -0.0166(10) | -0.01731(97)
D48cl 10 14 | -0.01607(83) | -0.01677(76) | -0.0161(10) | -0.0168(11)
E56s1 12 16 | -0.01895(48) | -0.01926(47) | -0.0190(12) | -0.0193(10)
E5612 12 16 | -0.01760(58) | -0.01790(56) || -0.01760(99) | -0.01790(99)
E5611 12 16 | -0.01589(70) | -0.01622(67) || -0.01589(70) | -0.01622(67)
E56c1 12 16 | -0.0159(10) | -0.01631(94) || -0.0159(24) | -0.0163(21)
H96h1 12 24 | -0.01499(34) | -0.01524(33) || -0.01499(57) | -0.01524(42)
H96s1 12 24 | -0.01349(29) | -0.01377(29) || -0.0135(16) | -0.0138(13)
HO6i1 12 24 | -0.01260(39) | -0.01310(37) || -0.0126(14) | -0.0131(12)

Table 6.2: Table of the cy values extrapolated to the mass points of interest with the
preferred wavefunction basis.

B || chi. LCP | sym. LCP
3.685 || -0.0341(23) | -0.0442(23)
3.800 || -0.02556(53) | -0.03287(56)
3.900 || -0.01967(64) | -0.02721(59)
4.000 || -0.01698(72) | -0.02245(55)
4.100 || -0.0143(18) | -0.01813(69)
4.370 || -0.0120(22) | -0.01420(87)

Table 6.3: Slopes of the linear fits employed to the extrapolation of ¢y with the preferred
choice of wavefunctions to the mass points of interest, as presented in table 6.2.

B

3.685

| 3.800 |

3.900

| 4.000

4.100

| 4.370

dca/Oamyg || —1.43(51) | —0.93(12) | —1.09(14) | —0.88(15) | —0.75(43) | —0.69(78)
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Figure 6.17: Example for the interpolation of cs in the mass parameter amg to the
points of interest at ¢4 = 0 and ¢4 = 1.115, marked by the red and blue starred point,
respectively. The data shows the interpolation at S = 4.000.

while the orange points show the data extrapolated to the exact masses of interest. One
can see, that the differences are similar in the two cases, and approach zero faster than
O(a). The behaviour is rectified when interpolating, showing that the effect aimed for is
achieved. After the mass interpolations, the fits in g3 are carried out with a conventional
Padé fit of the form

1—a gg

calgs) = —0.006033 g3 T g2
0

(6.26)
for both lines of constant physics. The overall prefactor comes from the 1-loop per-
turbative value for ca [140, tab. 1]. We can adapt it here, as the 1-loop value for the
exponential clover action coincides with it [93, app. C]. The fits have a x2?/d.o.f. = 1.3176
and x?/d.o.f. = 2.9153 for the chiral and symmetric LCP respectively. The parameters
of the fit in the chiral limit are

8.968227 - 107° 2.456908 - 10~°

a =0.5126(95), b= 0.5870(36) covq, = <2.456908 10-5 1319951 . 10_5> . (6.27)

while the parameters at the symmetric point are

8.327217-107° 2.590252 - 10~°

a =0.4554(91), b= 0.5813(28) covap = <2.590252 10-% 8057190 10_6> . (6.28)

The fits are shown in figure 6.19. The same fit was carried out excluding the coarsest
lattice spacing (8 = 3.685), as to see how they behave excluding the lattice spacing the
least trusted. Their parameters are

a =0.541(13), b = 0.5991(52) (6.29)
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Figure 6.18: Difference in the improvement factor ca with regard to the mass, once
directly determined from the ensembles at hand (blue), and once from the data points

extrapolated to the lines of constant physics (orange).
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Figure 6.19: Interpolations at the chiral and symmetric line of constant physics of the
improvement coefficient cpa, using the values extracted at the respective lines of constant
physics. As in the plots above, the red data points and interpolation are at the chiral
point, while the blue counterparts show the data at the symmetric point.
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and
a=0.473(11), b= 0.5874(37) , (6.30)

respectively. It was found, that the fits excluding these values have a slightly smaller
reduced x? (x?/d.o.f. = 0.0757 and x?/d.o.f. = 2.4888, respectively) however the chiral
case is over-fitted in this case. In appendix A, we evaluate cy on the M ensembles. As
volume dependence is clearly visible, we omit the values in the fits above.

6.1.7 Global fit

An alternative approach to the two-step method we presented in the last section is to
model the dependence of ¢y on g3 and the mass, represented by ¢4, at once and find
a global fit ansatz. With this, the fit procedure is able to take advantage of all data
points at the same time, possibly reducing margins of error. This ansatz was originally
introduced to fill out parts of the parameter-space where fewer data points were available,
for example when there were only two ensembles available at a specific lattice spacing.
As we are interested in the interpolations at the LCPs at ¢4 = 0 and ¢4 = 1.115, after
fitting with all data available, the fit function is evaluated at fixed ¢4 to compare with
the fits discussed before. As a fit ansatz, we choose

1-— aq (1 + b1¢4) gg

ca(g2, d4) = —0.006033 (1 + bods) g2 o
0

, (6.31)

where — evidently — we have replaced the fit constants in equation (6.26) with linear
dependencies on the mass parameter, inspired by the linear fits from the two-step fit
in the last section. Note that the given fit function also implements mass dependencies
of O(¢3), which were evaluated to be  (1075¢3g3) and compatible with zero. It was
furthermore observed that a potential additional mass dependence of as was compatible
with zero and was avoided to not spoil the reduced x2. The final global fit employing the
function above has the parameters

bp = —0.062(50), a1 = 0.5013(59), by = —0.097(24) , as = 0.5828(22) (6.32)
with x?/d.o.f. = 1.9996 and a covariance matrix of

2.458964 - 1073 1.553000 - 10~° 8.129246 - 10~* 2.588227-107°
1.553000 - 10~° 3.500638 - 107° 2.724344 -107° 1.051471-107°
COVbo,arbiaz = | 8 190246 - 10~4  2.724344 - 1075 5.522720- 10~4  1.944825 - 105
2.588227-107° 1.051471-107° 1.944825-10"° 4.780059 - 1076
(6.33)
The fixed ¢4 values that are comparable to the fits extracted with the two-step method
are shown in figure 6.20.
Carrying out the same fit without constraining the 1-loop perturbative value employ-
ing the function

1—a; (140 2
ca(g5, #4) = ao (1+boda) g5 11(— a2912¢4) %
0

: (6.34)

one finds the parameters

ao = —0.000016(16) , by = 0.129(11), a; = —78(76), by = 0.130(11), as = 0.5537(35) .

(6.35)
While this benefits the fit (x?/d.o.f. = 1.0191), the continuum approach is overshot (see
figure 6.21), which is why we ruled this fit out.



78

CHAPTER 6. THE AXIAL-VECTOR CURRENT

0.00 0.00
—0.01 A r—0.01
—0.02 A r—0.02

<
Q
—0.03 A r—0.03
—0.049 .. 1-loop PT r—0.04
—— Padé fit @ chiral
—— Padé fit @ symmetric

T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

9

1.2

Figure 6.20: Global fit at ¢4 = 0 (red) and ¢4 = 1.115 (blue) shown together with the
extrapolated data from the two-step fit. Note that the fits, even if extracted at the correct
mass points do not follow from the data shown, but instead are only comparable to it.
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Figure 6.21: Global fit at ¢4 = 0 and ¢4 = 1.115 shown together with the extrapolated
data from the two-step fit. Without restriction of the 1-loop perturbative value. As in
earlier plots, the red data points and interpolation are at the chiral point, while the blue
counterparts show the data at the symmetric point.
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Figure 6.22: Difference in the improvement factor ¢y with regard to the mass, once
directly determined from the ensembles at hand (blue), and once from the globally fitted
data points at the lines of constant physics (orange).

Similar to the two-step case, the differences of cp at the symmetric and the chiral
point are evaluated in and compared to the non-interpolated differences in figure 6.22.
For this fit procedure, it is also evident that the differences are smoothed in the continuum
approach and approaches zero faster than O(a). In table 6.4, the two methods (two-step
and global constrained) are compared at the inverse couplings of interest. The global
constrained fit is advantageous in terms of the error-budget. The two fits are compatible
and represent the data equally well. This can be inferred from figure 6.23, in which the
residues of the two methods are compared to the data interpolated to the lines of constant
physics in the first step of the two-step fit.

Overall, the global fit uses fewer parameters and does not produce outliers such as the
ones seen in the first step of the two-step fit, while maintaining smaller error budgets in
the final fit parameters.

In the following, we therefore employ the constrained global interpolation function for
our purposes.

6.1.8 Comparison to traditional Wilson clover fermions

When improving the action, it turns out that the coefficient of the clover term for the ex-
ponential action is smaller at comparable lattice spacings, compared with the traditional
formulation of Wilson Clover fermions (cf. [93, fig. 2]). This fact motivates the investi-
gation of the possibility of similar statements for the improvement coeflicients of quark
bilinears. For the axial-vector current, we compare the findings of [138] with the findings
from this chapter in figure 6.24. These are compared in terms of the lattice spacing, as
the dependence of the spacing on the coupling is non-trivial. While we know the spacings
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Table 6.4: Values for cap received from the different fit methods examined at the inverse
couplings of the original data.

chiral, ¢4 =0 symmetric, ¢4 = 1.115
B H 2 step ‘ Global, constr. I} H 2 step ‘ Global, constr.
3.685 || -0.0367(17) -0.03531(99) 3.685 || -0.0475(16) -0.0487(13)
3.800 || -0.02481(41) | -0.02488(40) 3.800 || -0.03258(41) | -0.03271(39)
3.900 || -0.02024(35) | -0.02053(31) 3.900 || -0.02629(30) | -0.02611(29)
4.000 || -0.01750(34) | -0.01784(26) 4.000 || -0.02240(29) | -0.02208(28)
4.100 || -0.01564(32) | -0.01598(23) 4.100 || -0.01972(28) | -0.01933(28)
4.370 || -0.01264(25) | -0.01292(17) 4.370 || -0.01538(23) | -0.01491(29)
0.004 A .|_
0.003 1
—  0.002
%
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Figure 6.23: Residues of the interpolated data after the first step of the two-step procedure
and the two-step fit (blue) as well as the global fit (orange).
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Figure 6.24: Comparison of the improvement coefficient for the axial-vector current in
the traditional Wilson clover case (magenta) with the two points (red for chiral and blue
for symmetric) of the exponential Wilson fermion action considered here. The data for
the exponential cases is taken from the constrained global fit.

of the ensembles presented here from the last chapter, the interpolation equation for the
lattice spacing in terms of the gauge coupling in the traditional Wilson clover action was
empirically determined as [133, eq. (3.38)]

g -
- = fun(9”) +0.285 — 1566,/ (”) (6.36)
foii(97) = exp{17.545969 2 — 7.507 + 0.790123 In(g?) — 0.9334¢%} , (6.36a)

/85 = 0.99974(4)1/ 8PS (6.36b)

The corrections introduced by the improvement are — as is evident by the plot — smaller
than in the traditional case. The improvement of the exponential clover is also approxi-
mately of O(a?), while the dependence of the Symanzik improvement factor follows O(a).

6.1.9 Conclusion

We have discussed the base method of the calculation and have expanded the wavefunction
basis to four dimensions. We needed to overcome the problem that the signal of cs in
the determination shown is lost before the middle of the lattice. Our solution was the
introduction of an average at earlier times (zg € [0.2, 0.3] T), to which we made two
exceptions for the coarsest and finest lattices.

We have investigated the ambiguities that are present in the determination discussed
and assessed that they have the expected scaling or are only small and randomly dis-
tributed. The two most prevalent ambiguities — the choice of the plateau and the mass
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dependence of the parameter — were solved in two different ways: The systematic error
is based on the plateau range, while we incorporated the mass parameter ¢, as a part of
the interpolation.

Finally, two different approaches to the fits in the squared coupling were shown. While
the two-step fit yields reasonable results, a constrained global fit yields lesser errors and
can be easily evaluated at the parameter points needed. From a fitting perspective it
is therefore better suited to represent the data. Hence, the next projects presented are
carried out with the constrained global fit discussed here.

6.2 Renormalization

The massless renormalization pattern we introduced in equation (2.36) calls for three
factors to be determined for each current: the multiplicative renormalization, and the
two factors of mass improvement to it. While the currents are — in principle — not
fully renormalized when either of the factors is missing, the determination of the mass
improvement factors to the renormalization of the axial current, by and ba, remains
challenging.

In reference [141] the determinations of by and ba were carried out with coordinate
space methods. While the results in the reference are close to the respective perturbative
expectations, the mean values show deviations.

Note also, that an alternative form of the renormalization condition can be found in
the chirally rotated Schrodinger functional (xSF) [142,143], which was quite successful
for traditional Wilson clover fermions [144]. A similar determination was carried out for
exponential Wilson fermions [125], which left some questions as O(a) contributions were
seen that are expected to cancel in this framework.

The Ward Identity determination used here will be carried out along the lines of [31].
As was the case with ca, earlier stages of this project were presented in the references
[122,123]. It takes mass effects into account and is therefore not suited to determine the
coefficients by and ba.

6.2.1 Setting up the renormalization condition

The renormalization of the axial-vector current relies on a slightly more complicated
Ward Identity. It was developed in [139] in the 2-flavour theory (see also [145]) and
subsequently employed in [146] for Ny = 3 fermion flavours. Previously, in reference [91],
another renormalization condition was used for the quenched case. In the following, we
want to convey the idea of the calculation, but will skip a lot of details, which are discussed
further in [31,122], along the lines of which this chapter is structured.

From the general identities in section 3.2, we take the following turn: Consider

5% (AL () Oext) (6.37)

where the axial current is an internal operator, affected by the variation (y € R). Thus,
considering equation (3.11c) we receive:

(0XAY () Ocxt) = (AL(Y)04S Oexe) - (6.38)

We already know how to treat the variation of the action on the right-hand side from the
considerations in section 3.2, but still need to calculate the axial variation of the axial
current. Plugging transformation (3.10a) into the axial-vector current (3.4b), we find

S AL (2) = alx) fEOV () (6.39)
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after some algebra. Employing {7,,75} = 0 and 72 = 1 and exploiting the commutation
of the Gell-Mann matrices, we find

—a(2) [ (Ve (2) Oext) = (6.40)
i [ dtedty a(o) 2m(P(0)AL() Ou) - BHALAL() Ouc]

To simplify the left-hand side, locality of the variation is employed and the region of
variation is chosen as in equation (3.17) to restrict the integral to a part of the lattice
and use Gauss’s law as in equation (3.18) to receive

ia(a:)fgb(Vﬁ(x) Oext) = (6.41)
_ / Bod®y 2m / " dao(PH@)AL(Y) Ouxt) — [(AG(@)AL(Y) Our)] "

To simplify the equation further, we apply the fundamental theorem of calculus to make
two shifts in the integration variables in the last term, which amount to

1. t1 — Yo
Yo
<A8(t1,f)Af,(y) Oext) = <A8(90a f)Ag(y) Oext> —2m d$0<Pa(x)A8(y) Oext)
ty
(6.42a)
2. Yo — T2

<A8(y07f)Ag(y) Oext> - <A8(y)Ag(t2vf) Oext> - 2m/ ’ dl“o<A8(y)Pb($) Oext>
v (6.42b)

where the integrated PCAC relation (cf. equation (3.15)) in y can be used due to the
vanishing boundary terms in space (cf. [139, eq. 2.6]). We have also exchanged the spatial
vectors in the second shift. This rises questions concerning the contact terms that would
be at play between the two shifts. As argued in [31], this is of no concern, as one could
equally well do the first shift to some yy — &, proceed with the second shift and complete
the first shift afterwards. Including the shifts, we receive

[y 12 Vi) Ou) = (6.43)

_ / PydPe — (AL(t2, F)AL(Y)Ou) + (AL(y)AL (t2, #)Oect)

ta
+ /dgyd% 2m [ dao(P*(2)Af(y)Oext) — (A5 (y) P’ (2)Ocxt)
Yo
where we still have y € R. Setting 29 = t, and using the convenient notation v®u®—v?u® =

20l we can write

i / By V() Oext) = — 4m / Bydis / " 2o (P19 (2)AY (1) Ocxe (6.44)

Yo

+2 / Byd3z (AL (2)AY (1) Ocxs) -

The external operator is set to

Oext = 0(0")/ (6.45)
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as introduced in section 2.9.1. The boundary renormalization factors necessary, as dis-
cussed in [139], are present on both sides of the equation and therefore cancel. To simplify
the left-hand side, we will employ equation (7.5) which we will derive later on, as it is the
equation that is needed for the renormalization of the vector current. With it, we arrive
at

1A 00y = = m [ @by [ (PREATWONO))  (606)
2 / dydz (Al (@)AY ()0"(0)) .

The respective lattice expression to the continuum expression above is rather straightfor-
ward:

11 (070 = —dma” 3 () (Pr) () A 0)O(O)) (647

¥Z Zo=Yo

+2a°) <(ARI)([)Q($)(ARI)8] (y)Oe(O’)f> ,

zy

This relation is valid for renormalized, improved currents. Note that the term md,P®
renormalizes like A} due to the PCAC relation.

The trapezoidal rule as detailed in equation (B.10) is employed for the temporal
sums. Later on, the spatial integral is carried out implicitly in the correlation functions
we introduced in section 2.9. We still have open flavour indices, which will make a
difference only in the allowed contributions and prefactors, such that we can postpone
their discussion. For now, we carry on with this high level picture and repackage it
in the form of correlation functions. We carry out the contraction of the quark lines
implicitly and replace the flavour indices with a new superscript j, which signifies a
flavour combination (a,b). While all spatial coordinates are summed over, the temporal
coordinates only receive sums over parts of the lattice. We fix xg = T/3 and yo = 27/3
as to maximize the temporal spacing between the two insertions and the boundaries.
Defining the correlation functions accordingly, we write the renormalization condition on
a high level as

_Fj = —2mI(FZpA0)RI + (FJ{OAO)RI (6.48)
For(zo,y0) = — N7a® Z (y)O24) (6.48a)
(FXOAO)I(ZEanO) :FAOAO(manO) (648b)

+ aca (ay Fp (20, y0) + Dyo Fip (20, %0))
+ QQCiéﬁoéyo FIJDP (:170, yO) )

(Fpa,)1(20,Y0) =Fpa, (20, Y0) + cadyo Fpp (20, y0) » (6.48¢)
. Yo )
For(o,yo) =a > w(z)FYr(z0.%0) , (6.48d)
Zo=I0

where the weight w(2) is that of the trapezoidal sum and N7 the normalization needed
for each flavour choice. The lattice derivatives are again written as 3# (see appendices C
and B). Neglecting the mass improvement terms of the renormalization, on the left-hand
side of the equation an overall factor of Z% can be factored out, and we receive

—F] = Z3(- 4mI(F;AO)I+2(F110AO)I) (6.49)
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Rearranging this expression, we find that the renormalization factor can be written as

Fj
Za = T . (6.50)
(4my(Fpp,)1t — 2(F3, a,)1)

The open flavour indices determine, which contractions are allowed. As in reference [31],
we inspect two flavour choices:

j=1: a=1,b=2¢e=2 f=1 — fPf>=-5, — N9 =2 (6.51a)

1 A
—30g = N=4  (6.51b)

j=2: a=1b=2e=5 f=4 — fI2f5

Such that in both cases, F; receives an additional minus sign and the normalization N7
in the 4-point functions changes due to the structure constants. The 4-point functions
also receive different contributions depending on the flavour choices.

The first choice allows for the disconnected diagrams b) and c¢) shown in figure 2.10,
while the second choice does not. Thus, we call the first choice full definition, the second
choice connected definition, accordingly. The difference between the choices are O(a?)-
ambiguities, as discussed in [136].

The renormalization condition is in principle also valid for massive quarks and Z, is
received in the limit m — 0, such that only O(am) ambiguities are expected. As was the
case for cs, we can therefore use all available Schrodinger functional ensembles for the
determination.

6.2.2 Results and discussion

We evaluate the renormalization condition on each ensemble with all four definitions and
list them in table 6.5. For the moment, we employ the definition of the global fit of cs with
¢4 = 0 fixed, as this is the case seen in literature. In the following, we use superscripts to
distinguish between the full (f) and connected (c¢) definitions. The addition msl stands
for the massless definition, for which we set m; = 0 in equation (6.50). In the massive
case, we define the plateau range of the current quark mass as zo € [1/3,2/3] T, which is
a good estimator on the large volume lattices at hand. It is chosen here to resemble the
summation window chosen for the temporal sums in equation (6.47).

We take the limit of all values to m — 0. In the literature [136,146], this limit
was accomplished by linear extra- or interpolation. In figure 6.25 we show, that this
cannot be achieved here. The mass dependencies are not what we expect. While the
massive, connected definition Z§ shows the expected behaviour, with negligible mass
dependence, the other definitions show clear differences to the traditional three-flavour
case of reference [146]:

Note that the interpolation in the literature is often against the (PCAC) current quark
mass am that also enters the renormalization condition. This is not the case here. We
instead plot the mass dependence against the bare subtracted quark mass amg, as we
have extracted the bare quark mass of the chiral point from the effective meson mass in
the axial channel, as described in section 5.1.2. (cf. table 5.4). This way of fitting is more
in line with the fits we did for ca and is therefore preferred in this context.

The slope of the mass dependence of the connected definition that neglects the mass
term, ZXmS]7 is positive, not negative as in earlier studies [138,139].

Furthermore, the full definitions receive large corrections from the disconnected dia-
grams. These clearly have strong higher order cut-off effects, that were parametrized in
figure 6.25 with a polynomial of second degree. While the fits with second degree polyno-
mials fit the data well, an investigation towards better fit strategies for the effects seen is
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Table 6.5: Table of the evaluated renormalization condition on the ensembles at hand,
up to f = 4.100. The four definitions are all given by equation (6.50), the differences
between the values are as follows: The full definition Z% uses all diagrams shown in figure
2.10, while the connected definition Z§ only allows the connected diagrams (a, ¢* and d,
d*). If the value shows the addition msl, m; in equation (6.50) was set to zero, neglecting
the mass terms.

Ensemble | 2§ | zZi™ | z5 oz
A24s1 0.2507(39) | 0.1239(11) | 0.7662(17) | 1.3863(74)
A24i2 0.3893(63) | 0.1963(24) | 0.7584(26) | 1.1419(77)
A24i2 0.648(16) | 0.451(12) | 0.7552(67) | 0.8579(98)
A24c1 0.725(28) | 0.818(58) | 0.737(15) 0.711(22)
B32s1 0.2171(25) | 0.09327(60) | 0.77731(87) | 1.3713(43)
B32i1 0.4023(46) | 0.1732(11) | 0.77332(96) | 1.1059(33)
B32c1 0.768(15) | 1.146(84) | 0.7777(47) | 0.7410(61)
C40s1 0.2342(45) | 0.0940(10) | 0.7862(11) | 1.5251(97)
C40i2 0.2455(30) | 0.09763(83) | 0.78832(98) | 1.5002(88)
C40i1 0.4276(68) | 0.1749(15) | 0.7850(10) | 1.1837(45)
c4o0ct 0.767(12) | 0.799(31) | 0.7804(57) | 0.7753(74)
D48s1 0.2664(26) | 0.10008(57) | 0.79532(64) | 1.4750(56)
D48c2 0.778(10) | 0.664(17) | 0.7910(19) | 0.8127(36)
D48c1l 0.8119(87) | 0.836(25) | 0.7902(29) | 0.7868(44)
E56s1 0.2704(21) | 0.09326(57) | 0.80381(38) | 1.4480(62)
E5612 0.3155(30) | 0.10649(72) | 0.80402(53) | 1.3848(67)
E5611 0.3696(50) | 0.1286(13) | 0.80323(73) | 1.2958(82)
E56c1 0.7901(63) | 0.730(16) | 0.8032(17) | 0.8124(30)
M32i1 0.92703(11) | 0.92686(19) | 0.927267(20) | 0.927304(39)

Table 6.6: Table of the evaluated renormalization condition at each inverse coupling, up

to f = 4.100 at amq = 0. The notation is the same as in the table above.

B ‘ ‘ Zg Z&mbl ‘ ZX ‘ Zi,mbl
3.685 || 0.712(24) | 0.759(42) | 0.7493(47) | 0.7791(80)
3.800 || 0.758(15) | 1.120(77) | 0.7707(20) | 0.7735(40)
3.900 || 0.767(12) | 0.799(31) | 0.7825(22) | 0.7938(60)
4.000 || 0.8117(85) | 0.835(25) | 0.7907(16) | 0.7909(28)
4.100 || 0.7906(63) | 0.730(16) | 0.8030(14) | 0.8129(28)
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Figure 6.25: Example of the interpolation in the bare quark mass amq at 5 = 4.100 (the
values shown can be seen in table 6.5). Note that in comparable determinations [136,146],
this is often plotted again the current quark mass. As these fits (in particular the quadratic
ones) need more investigation, they are given without margins of error. The extrapolated
values at the chiral limit, which are not shown here, are listed in table 6.6.
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Figure 6.26: Constrained Padé fit to the values of Z§ interpolated to the chiral point.
Note that the point at g2 = 0.7 is not on the line of constant physics imposed on the
other points, as it has a different lattice extent.

yet to be done. This is especially true for the cases in which the quadratic interpolations
only have three points to fit and are therefore unreliable (see, in particular 5 = 3.800
in table 6.6). We also find that the full definition with the mass term, Zg, included is
compatible with the other definitions if the points are interpolated with a second order
polynomial. This is not the case for the full definition neglecting these terms, Zy™. The
values found are also not well represented by a polynomial fit of second degree.

Going forward, we do not cite the extrapolated values of the full definition without
the mass term Z&mSI, as more insight into the mass dependence is needed. Potentially
with a larger set of ensembles, such that also fits with polynomials of higher degree can
be carried out reliably. The chirally interpolated points of the connected definitions listed
in the table are however compatible apart from the full massless definition Zz’mSl. For the
moment, the massive, connected definition of the renormalization is preferred. In figure
6.26 we show a fit of the form

C1193 + 0293

1
Za =1 —0.090488¢2 +1 b (6.52)
0

to this definition of the renormalization constant. Note that the point at g8 = 0.7 is
not interpolated to the chiral point, however, as is evident from table 5.2, the ensemble
M32c1 that this data point is generated on is tuned well to the chiral limit, making the
interpolation not strictly necessary. However, this point is also not on the line of constant
physics imposed on the other points, especially in regard to the volume of the ensemble.
The parameters

a; = —0.301(29), ag = —0.052(18), by = —0.478(36) (6.53)
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describe the data well with x?/d.o.f. = 0.954 and the covariance matrix

8.374254 - 10~% 2.484293-10~4 9.376311-104
COVa, appy = | 24842931074 3.284594-10~% 3.799650- 104 | . (6.54)
9.376311-10*  3.799650 - 104 1.311376- 1073

Note that the 1-loop value in the equation above comes from the traditional Wilson clover
action and is not derived in the exponential framework. We have therefore made a second
attempt, without constraining the 1-loop value:

21+ a1g8 + azg)

Zx=1-c19; T+ big? ) (6.55)

using this ansatz, the parameters

c¢1 = —0.08475(3186) , a; = —0.2262(4507) , as = —0.1466(5606) , by = —0.5314(2909)
(6.56)
describe the values well. While the mean values of the fits are almost identical, the
margins of error of the fit parameters of the unconstrained fit are large. This implies that
evaluating the fit at in the regions where no data points are present, the margins of error
of the fit are substantial as well. The covariance matrix

COVe, a1 ,an.by = (6.57)

1.014958 - 102 1.435858 - 1072  —1.785905-10"2 —9.268970-1073
1.435858 - 1072 2.031304-10~' —2.526514-10~' —1.311279-10"!
—1.785905 - 1072 —2.526514-10~" 3.142451-10~'  1.630954 - 10!
—9.268970- 1073 —1.311279-10~! 1.630954-10"'  8.464765- 1072

shows that there are comparatively large covariances between the fit parameters. Thus —
for the moment — we prefer the constrained fit.

Finally, we compare the renormalization of the axial-vector current we have deter-
mined with to the values at the same lattice spacing in the traditional case in figure 6.27.
As was the case for ca, we find the exponential Wilson clover action to be closer to the
perturbative calculations than the traditional Wilson clover calculations for comparable
lattice spacings.

6.2.3 Conclusion

We have seen that the mass effects of the renormalization constant we investigated are
characteristically different from the mass effects seen in the literature [136,146] that this
investigation is based on. Better understanding of the mass effects in particular in the
disconnected diagrams is needed. Dominant mass effects in O((amq)?) could however
be characteristic of the exponential action. Hence, deeper investigation of the system-
atic effects could be fruitful. An example would be to test how the global fit that we
implemented for ca influences this behaviour, i.e. whether the behaviour changes when
taking mass effects in the improvement into account. Also, in references [145,146], the
wavefunction method, that we used for cp was also employed in the determination of
the renormalization factor, to project onto pseudo-scalar states. This could be another
avenue to pursue. Furthermore, we have seen that constraining the 1-loop value of the
renormalization factor in the exponential Wilson clover framework would greatly benefit
the interpolation in the coupling. This could either be carried out numerically or an-
alytically. In case the numerical route is taken, one has to be careful in regard to the
investigation of the role the volume plays in the determination.
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Figure 6.27: Comparison of the exponential Wilson clover case (Z§) to the traditional
Wilson clover case ( [146, eq. 4.1]). The traditional case uses the full definition (Z%).
Note that the margins of error of the traditional points not taken from the paper, but
instead come from a re-analysis of the data [147]. Furthermore, the point at a ~ 0.122 fm
is not part of the interpolation region of the traditional case and is only shown here for
illustrative purposes.



Chapter 7

The vector current

Contrary to the axial-vector current, the improvement of the vector current relies on its
renormalization. It is also dependent on the renormalization and improvement of the
axial-vector channel, as we will see. We therefore first need to deal with the renormal-
ization and only shortly explain the improvement, as it is out of the scope of this thesis.
This chapter is structured accordingly, in reverse order compared to the previous one.

Another difference will become apparent quickly: We will be able to determine the
overall renormalization, as was the case for the axial-vector current, but here we will
also be able to discern the mass dependent (by, by) and mass independent parts (Zyv) of
the renormalization. Knowledge of the renormalization and improvement of the vector
current is of particular interest for semi-leptonic vector form factors, as we have seen in
chapter 3.

In three-flavour theory, determinations of the factors discussed here have been carried
out in the Schrédinger functional in [28,148,149] as well as on large volume ensembles
and away from the chiral limit i.e. in [150].

7.1 Renormalization

The renormalization of the vector current is easily evaluated in the Schrodinger functional
through the identity
Fy

7y = Zy (1 + byamg + by Tr {aM,}) = =t 0(a?) , (7.1)
\%

in which we will call Z v the effective renormalization factor and F; and Fy are implicitly
dependent on the valence- and sea-quark masses. In references [91,149], the same tech-
nique has been employed in the quenched and three flavour setup. The fraction on the
right-hand side of equation (7.1) can be evaluated to very high precision. Therefore, this
equation may be used to estimate each factor on the left-hand side. This enables us to
present determinations of all three factors, Zv, by and by, in this context.

To estimate Zy, as with the quantities examined in previous chapters, we first inter-
polate to the chiral limit my = Tr {M,} = 0. Variations in the sea-quark mass mg™® and
valence-quark mass mg&l are employed afterwards to estimate by and by. As in section
6.1.6, we make use of the bare quark masses listed in table 5.4 to define the chiral limit
at the different lattice spacings for this study.

The rest of this section is organized as follows: We first derive equation (7.1), followed
by the evaluation of the factors as seen in literature. For this, we will shortly describe the

91
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evaluation of single data points. Once these are evaluated, interpolations can be done in
multiple ways. We will explore the literature procedures first, and will then follow it up
with slightly different formulations to cross-check our results. We compare the strategies
among each other and finally with the traditional clover case.

7.1.1 Setting up the renormalization condition

As was the case for the renormalization of the axial current we discussed, the renormal-
ization of the vector current is gained from a Ward identity derived from equation (3.11c).
In fact, it is derived straightforward from the vector transformation of the action shown
in equation (3.12). Let us consider the vector-like variation of the operators appearing in
Fli

55(0°(0')) . (7.2)

The time interval of the support R of the variation is chosen as
[t1,t2] = [0, yo] - (7.3)

The lower time-boundary is affected by the transformation, but not the upper. The
boundary fields in O°¢ transform like

0y 0° = —a(x) f;0Y (7.4)
such that equation (3.12) becomes
~HOMOY) =1 [ d'(0"(O Viw) (7.5
R

where we have set g = 0. This relation is true for the renormalized currents. Reformu-
lating it with correlation functions, we find that the left-hand side still has the form of
Fy, while the right-hand side is written as

3
. a a c
FV(Q?O) = 16? Em eabc<0/ V(b)(xo)O > . (76)

With these, we arrive at equation (7.1):
Zv = Zv(l + bvamq + BVaTr {Mq})Fv(xo) =F + O(GZ) . (77)

The choice of pseudo-scalar external interpolators O = O is typical. Note, however, that
this is not strictly necessary for them to be pseudo-scalar. In [28], the source operators
were replaced by vector sources, which yielded better plateaus, but less statistical precision
in the cases presented. For our analysis, we will therefore keep the standard choice of
pseudo-scalar sources.

7.1.2 Calculating the effective renormalization

As the aim of this chapter calls for variation of the valence- and sea-quark masses inde-
pendently of each other, a dataset with valence-quark scans on all ensembles available up
to f = 4.100 was produced. The scanned points in mass parameter space are shown in
figure 7.1. We evaluate Zv(mgal, mg™®) at each point. The result of a single evaluation is
shown in figure 7.2. In all cases, the plateau is exhibited well in the middle part of the
lattice with a x?/d.o.f. of fits in the vicinity of 1. We opt for a plateau average over the
middle half of the lattice (xg = [0.25,0.75] T'). This is a choice conservative enough on
the ensembles investigated, without being influenced by the boundaries.
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Figure 7.2: Example of the evaluated effective renormalization constant with the proposed

plateau range on ensemble C40c1, with my™ = mge®.

7.1.3 Interpolations from literature

To arrive at the mass independent renormalization, we extract Zyv along the line of
mgal = mg™ = mq (grey, dotted line in figure 7.1) and interpolate the effective renormal-
ization linearly as in figure 7.3, cancelling all mass effects for mq — 0. The interpolations
are carried out at each lattice spacing, such that an estimation of the mass-independent
renormalization factor is extracted at each coupling similar to Z4 in the last chapter.
To estimate the mass improvement to the renormalization constant, we follow the
lines of [149], in which two estimators are constructed: One estimates the factor attached

to the valence-quark

Ry = 0,,,va1 log (Zv(amffa; amgal)) — by , (7.8)
a amy'—0

in which the sea-quark mass is fixed, while the other one estimates the combination of
the valence- and sea-quark mass factors

Ry = Oamsen log (Zv(amffa = am"al)) —— (by +3by) (7.9)

q
amq—

which can be combined with Ry to access by. The estimator Ry is evaluated along
the vertical line mg™ ~ 0 (next to the dotted red line) in figure 7.1. For this pur-
pose, the ensembles close to the chiral point are sampled at small valence-quark masses
(méa”1 =0.001...0.010). The estimator Ry is evaluated along the dashed grey line in the
same figure which shows the line of degenerate quark masses. Note that the definitions
given are only valid in the chiral limit, this being the reason for the small mass variations
employed in the valence-quark mass. A great advantage of this method is the indepen-

dence of the factor Zy. We evaluate the estimators along the lines as needed by taking
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Figure 7.3: Linear extrapolation of the effective renormalization factors to the chiral point
(orange x) at inverse gauge coupling 8 = 3.900.

the logarithm of the data points calculated and interpolating linearly. The factor of the
linear term is then evidently the estimator. Examples of the interpolations carried out
are shown in figure 7.4. A first complete set of estimators for all coefficients is therefore
already at hand, which we label log in the tables 7.1, 7.2 and 7.3.

7.1.4 Linear and two-dimensional fits

Inspecting equation (7.1), the derivative of the interpolation in figure 7.3 is evidently
equivalent to the combined mass effect

Oamq Zv (bv(JLm;al + byaTr {Mflea}) (7.10)
= aamq YA (bV + 36\/) amq
=2y (b\/ + 35\/) ,

as mg’® = méal = mq. Dividing by Zvy, we are able to compare this to the estimator Ry

in equation (7.9) from above. We will call this estimation Rl\i,n, and note that we already
have this information from the linear extrapolation we did for Zy,. Similarly, we can fix

mg™ and interpolate linearly. Dividing by Zy, we get the combined mass effect

8amgla1 (bvam;a1 + byaTr {Mgea}) = bl\i/n , (7.11)

such that a second pair of estimators is received. This method of estimation was already
used in reference [91].

Lastly, we consider a fit in (améal, amaea) at the same time. As an ansatz we trivially
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Figure 7.4: Interpolations for by and Ry at B = 3.900 with the same scales on the x- and
y-axes. Note the slight miss match equal to 3by.

Table 7.1: Table of the interpolated values for Zy at zero quark mass from form the

interpolations along the line of méal = mg™® and from the global fit.

B ‘ ‘ ZV ‘ Zglobal

3.685 || 0.702042(66) | 0.701962(65)
3.800 || 0.728707(43) | 0.728662(39)
3.900 || 0.747075(32) | 0.747065(27)
(18) (19)
(17) (17)

4.000 || 0.761628 0.761630
4.100 || 0.773787 0.773778
8.570 || 0.9187581(46)

employ

Fm,me®) = by (1401 amy™ +by aTr {M*})
=Zy (1+ by am + by aTr {M:*}) | (7.12)

and can simply read off the three parameters, which we will write from now on with the
superscript global. Over all, we receive two estimations for Zy, and three estimations for
by and by respectively, which are listed in the tables 7.1, 7.2 and 7.3.

The overall factor Zy in particular is determined to very high degree with errors of
0(0.01%). Note that the two determinations coincide, even at this accuracy. We will not
fit them independently and only employ the determination from the linear (traditional)
fit (as opposed to the global fit). Note also that the value at § = 8.570 is extracted on
only one ensemble, M32c1, which is tuned to the chiral limit very well, as seen in table
5.2. Similarly, the values of by are mostly compatible with each other. Due to the slight
changes observed, we will give interpolations for all three definitions in the next section.
The values for Bl\?g and El\lfn are both defined by the respective differences (Rv — Ry)/3.
They are fully compatible with each other and with the two-dimensional fit in most places.

For the time being, we employ the logarithmic method when needed as it is the closest
to literature. We note however, that both other methods are equally valid and coincide
with the results in most places.
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Table 7.2: Table of the estimators for by from the three methods of determination dis-
cussed in the chapter: From the fit to the logarithm of the effective renormalization
factors, from a fit directly to the effective renormalization factors both against the valence-
quark mass, as well as a global fit in the sea- and valence-quark mass at the same time.

s | | w
3.685 || 1.534(17) | 1.542(17) | 1.531(15)
3.800 || 1.4750(61) | 1.4821(67) | 1.4982(33)
3.900 || 1.4463(48) | 1.4546(57) | 1.4598(30)
4.000 || 1.4112(24) | 1.4198(26) | 1.4212(18)
4.100 || 1.3807(24) | 1.3872(28) | 1.3907(20)

Table 7.3: Table of the estimators for by from the three methods of determination dis-
cussed in the chapter: From the fit to the logarithm of the effective renormalization
factors, both from a fit directly to the effective renormalization factors against the valence-
quark mass and a global fit in the sea- and valence-quark mass at the same time.

B H Bl\c])g ‘ Bl\l/n ‘ B%[lobal

3.685 || 0.2295(75) | 0.2325(76) | 0.2370(81)
3.800 || 0.0895(30) | 0.0911(30) | 0.0919(31)
3.900 || 0.0458(25) | 0.0459(25) | 0.0455(24)
4.000 || 0.0251(19) | 0.0245(19) | 0.0255(19)
4.100 || 0.0176(15) | 0.0171(16) | 0.0162(16)
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Figure 7.5: Interpolation of Zy in the squared bare coupling g3. Note that the values at
B = 4.370 are not taken into consideration when interpolating, as the ensembles are far
from the chiral limit.

7.1.5 Interpolation in the coupling

After evaluation of the mass-independent and mass-dependent renormalization parame-
ters, we would like to interpolate them in g2. We will start again with Zy and inspect
the interpolations of by and by later on.

Renormalization factor In figure 7.5, the renormalization factor Zy is fitted against
the squared bare coupling with a Padé ansatz of the form

1 2 4
Zy(g2) = 1 — 0.075427 Cp g2 Tf‘—})jgf”“
0

(7.13)
with Cr = 4/3. The term in the front is the constraint from perturbation theory found
in [140]. The parameters of the fit shown are

a; = —0.00170(71), az = —0.2738(16) , by = —0.2554(21) (7.14)

with which the fit reproduces the points with y?/d.o.f. = 1.0387, when inflating the
margins of error of the data points by a factor of 50. When not inflating the margins
of error, the mean values of the fit parameters only change slightly and are statistically
compatible with the ones cited. The reduced x? is however ~ 6000, because of which we
discard the fit without inflating the errors.

Valence-quark mass factor As a second step, the valence-quark mass improvement
factor is mapped out depending on the squared coupling. The values are well approxi-
mated by the polynomial

by (g3) =14 0.0886 Cr g + argf + azg5 . (7.15)
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Figure 7.6: Plot of the three fits for the different determinations of by, with the 1-loop
perturbative expectation as the dotted line.

in which the first term is again dictated by perturbation theory. The three lines of data
produced here are described by the parameter sets

a1 = —0.035(18) , as = 0.070(12) , (7.16)

a1 = —0.031(20), as = 0.068(13) , (7.17)
and

a1 = —0.051(13), ay = 0.0824(83) (7.18)

for the logarithmic, the linear and the two-dimensional fits, respectively. Comparing these
results to [149], we find that there the constraint to the 1-loop order was not necessary,
as data much closer to the perturbative regime was known. Figure 7.6 shows the three
fits with their respective data points.

Sea-quark mass factor At last, we also give two descriptions of by (g2). In the liter-
ature (cf. [149, fig. 4]), the estimation of this factor is done trough fitting Ry (g2) and
Ry (g2) separately, then employing their relation to by(g2) to estimate the factor. In
that reference, Ry (g2) and Ry (g2) were fitted with a Padé fit of the same kind, which
is favourable when employing this subtraction. Remember also, as alluded to in section
2.6, this factor only plays a role at two-loop order in perturbation theory, making the
factor generally small at small couplings. In our case, we found that the combined factor
Ry (g2) is fitted best with the ansatz

B 1+ a102 + anglo
Ry(g?) =1+ 0.0886 Cr g2 1lioblg2290
0

, (7.19)
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for which the parameters
a1 = —0.5695(12) , a; = —0.00050(67) , by = —0.5923(24) (7.20)

yield an appropriate description of the logarithmic procedure. The results of the linear
procedure are very similar. However, employing the polynomial given in equation (7.15)
with the parameters (7.16) for by, we find a local maximum between g2 = 0 and the
first value investigated. As already discussed, at this time there are no ensembles at
g¢ = 0.7 with mass greater zero that could be employed to strengthen the fit at these
small couplings. It seems however unintuitive that the functions is non-monotonous.
Therefore, fits to the data directly at the points of the ensembles are explored. In this
case, the evaluations listed in table 7.3 are fitted to, once with an exponential fit of the
form
by(g3) = argger /%) | (7.21)

with which we receive the parameters
ay = 6.88195392(67), p1 = 18.97(84), p2 = —38.1(1.3) (7.22)

and once with a Padé fit of the form

8 12
= a19g + a29,
b (af) = M (7.23)

for which the parameters
a1 = —0.00198(50) , ag = 0.00114(23), by = —0.5948(22) (7.24)

yield a good fit. The fits are shown in figure 7.7, however neither of the proposed functions
is particularly desirable, but for different reasons. The exponential fit has a x?/d.o.f. ~ 11,
while the Padé fit is slightly negative at smaller values of the coupling. From the residues
shown, we can see that the Padé fit carried out along the data that is shown in the plot
describes the data best in the range of couplings investigated.

7.1.6 Comparison to traditional Wilson Clover fermions

As for ¢y and Zu, the values at the lattice spacings presented may be compared to
literature for the three flavour case with traditional Wilson clover fermions carried out
in [149] and [151]. This is shown in figure 7.8. As one can see, the factors Zy and by in
the exponential case are both closer to the 1-loop perturbation theory when compared to
values at equal lattice spacing with the traditional action. For by, this is not always the
case, and we can see that the difference changes sign when going to coarser lattices.

7.1.7 Conclusion

We have seen that, due to the simple expression given for Zy, the renormalization fac-
tor was calculable up to a very high accuracy, with the two determinations presented
matching.

As for the mass-improvements to the renormalization, by was also shown to be well
determined through all three methods presented. The small deviations seen are mostly
within margins of error of each other. For the moment, we prefer to stick with the
(logarithmic) method employed in literature.

For by in particular we have also seen that our determinations coincide. However,
as for this quantity perturbative results would start at two loops, the interpolation over
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Figure 7.7: Three different fits for the sea-quark mass improvement to the renormaliza-
tion. The discrete points are evaluations at the couplings investigated, once from the
logarithmic method used in literature and once from the global method.

g¢ has clear disadvantages, which could only be lifted with the generation of more gauge
field ensembles close to the perturbative limit.

Compared to results in the traditional case, we have seen that the exponential case
has less cut-off effects overall. The only exception is the sea-quark mass improvement at
large lattice spacings, which increases faster than in the traditional case. In conclusion,
the renormalization and the mass improvements are well presented by our fits within
the range of couplings considered here. However, the continuum approach needs to be
investigated with care, when more gauge field ensembles are available at small couplings.

7.2 Improvement

The improvement of the vector current can also be determined through Ward identities.
This method was first introduced in [152] and has already been applied to traditional
Wilson clover fermions in [148] the respective 1-loop perturbative calculations have been
carried out in [153].

The improvement of the vector current is not a direct aim of this thesis, however, in [87]
this Ward identity method was implemented for the Schrédinger functional ensembles at
hand. We want to shortly describe the method along the lines of [28] as it is an integral
part of the improvement program we are working on in this part of the thesis.
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Figure 7.8: Comparisons of the renormalization factor Zy and its mass improvements by
and by calculated here (blue) and on traditional Wilson clover fermions (orange). The
orange points were created by evaluating [149, eq. (2.8) - (2.11)] at the points of equal
lattice spacing.
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7.2.1 Setup of the improvement condition

The setup is similar to the one for the axial-vector renormalization in the following way:
Consider again the axial variation of the expectation value

5% (A (4)Oext) (7.25)

with an internal axial insertion (y € R). This time, the external operator takes the
form of Q from equation (2.47), such that there are only 3-point functions appearing in
the expression received. This makes the appearing contractions easier, as we can choose
the flavours such that only the connected diagrams appear, as discussed in section 2.9.2.
The evaluation of the axial variation stays the same as in equation (6.42a) and the final
discretized version is of a similar form:

@ 3 (AN @A RN~ 20m™a 3 3 (P @AD" ) 28)

T xo=t1

=if* (V)M QE) +0(a?) (7.26)

where the region R was again chosen as in equation (3.17) and the fact that the spatial
components of the axial-vector current do not receive additional counter terms. Again,
the relation is expressed in terms of correlation functions, with the renormalization factors
and O(a) improvement terms written explicitly:

72 [k‘AOA;(tz,mo) = FAGAL (1) 09) — 2Mkpa, (tzatl)} ey (o)

— ~A ° d _ 2
o= ZV aaokT({E()) aaokT(Io) * O((l ) (727)
ki (y0, z0) :kAA + cayokpa (Yo, 2o) (7.27a)
6
kaa(yo, zo) = 48 73 =N (AG(y)AL(2)Q5) (7.27b)
zy
6
kpa (yo, zo) = 48 78 — fobe Z(P“(y)AZ(x)QZ> (7.27¢)
zyj
. ab b2
kpa(ty,ta, 20) = 48 VE ) wlye) Y (P(y) AR (2)Q5) - (7.27d)
Yo=t1 Ty

As the analysis needed for the evaluation is outside the scope of this thesis, the only
observation to be made is that this relation relies on Zy, Z5 and cp as prerequisites. As
we have seen in section 6.2.2, the margins of error on Z are large compared to the other
inputs needed. This fact is worsened, as Za enters quadratically. Especially with the
preliminary values for Z, given at the time, the margins of error reported in [87] are to
be investigated again with final values of the improvement and renormalization.
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Chapter 8

Renormalization of the quark
mass

In the last chapters, we have seen how the axial-vector and vector currents are improved
and renormalized. Before, in chapter 2.6, we had already seen that also parts of the
action are renormalized multiplicatively. Now, we investigate the renormalization of the
subtracted bare quark mass mq as prescribed in equation (2.33). A second notion of the
quark mass on the lattice was introduced through the PCAC relation in equation (3.15).
As two quarks of different flavour i and j are potentially involved in the evaluation of
the PCAC mass, we define the current quark mass as the average m;; = (m; + m;)/2.
In order to find suitable renormalization factors, these notions of the quark mass are
combined in ratios that approximate the factors of interest in the chiral limit.

The higher level motivation behind renormalizing the quark mass is obvious: If we
are able to relate the subtracted bare quark mass to the renormalized quark mass, a
direct connection between some of the most fundamental parameters of QCD, the physical
quark masses, and the simulation parameters of our lattice simulations can be established.
For the research program this thesis is part of, this direct relation facilitates fixing the
charm-quark mass via its physical value as an alternative to its determination through
spectroscopic quantities.

We employ the renormalization scheme for the mass as introduced in section 2.6. The
strategy to find the necessary renormalization factors was developed in the quenched
theory in [154] with the two-flavour case following in [155]. Some improvements to the
strategy were introduced in the three-flavour case [89], which we will follow for the most
part. Let us start with a short introduction to the renormalization strategy itself, before
we show the results received as part of the research carried out for this thesis.

8.1 The renormalized quark mass revisited

The subtracted bare quark mass mq,; of a quark of flavour 7 in presence of massive sea-
quarks can be renormalized as

Tr {M,
R A e R R (5.1
_ Tr { M2 T M)
Bi = byuml ; + brmq  Tr {Mg} + (rmdy, — bm)Lq} + (rmdm — bm)M ;

Nt N

(8.1a)
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which was originally introduced in [77] and extended to the non-degenerate quark case
in [85]. The superscript ,R* is from now carried by renormalized quantities. The
terms multiplying the trace of the sea-quark mass matrix Tr {M,} are out of scope for
the presented work. The reader is referred to reference [89], where each term is briefly
discussed. Neglecting the sea-quark mass terms, the renormalized quark mass can be
expressed in terms of the subtracted bare quark mass as

mi} = Zn(1 4 abmeqi)mq.i + O(aTr {My}) + O(a?) , (8.2)
where evidently most terms in the additional term (8.1a) vanish and only Z,, and b,
are to be determined. Note, that the overall renormalization is a function of the scale
parameter Z,,(au) and diverges logarithmically in the ultraviolet. The scale can be fixed,
for example by a hadronic scheme. Working with Wilson quarks in the chiral limit is, as
alluded to in section 2.8.2, only possible in the Schrédinger functional.

Let us now turn towards the current quark mass. Renormalizing each current, the
fully renormalized PCAC relation is given by

Oy (A%I)M O = 2ams(PR)OY + O(a?) . (8.3)

It is also an eligible definition of the quark mass. As constructed in equation (2.36), the
renormalized and improved currents are:

(A™), = Za (L +baamg + baaTr {My}) (Ay + acadyuP) + O(a) | (8.4)

and

PR = Zp (1 + bpamq + bpaTr {My}) P + O(a?) , (8.5)

in which the superscript ,,I“ denotes the improved currents. The renormalization factor
Zp = Zp(ap) is also a function of the scale that diverges logarithmically in the ultra-
violet. Upon rewriting equation (8.3) with equations (8.4) and (8.5), the renormalized
quark mass extracted from the PCAC relation is of the form

Z _ _
mi = ﬁmij (14 (ba — bp)amq; + (ba — bp)aTr {My}] +O(a?) , (8.6)

in which, by addition of a source term, we are able to identify each term with the appro-
priate correlation function, but the renormalization factors are yet to be determined.

Therefore, when we neglect the sea-quark mass terms, the renormalization of equations
(8.2) and (8.6), amounts to the determination of Z,,, by, Za/Zp, and (ba — bp).

8.2 Determination of the renormalization factors

The factors Z,,, by, Za/Zp, and (bp —bp) — or combinations thereof — can be determined
by a series of quark mass ratios [89,154,155]. We will only give a brief review of the
strategy here and refer the reader to [89] for a discussion of each term appearing,.

As a first step to determine the renormalization constants, the PCAC mass from
equation (8.6) and renormalized subtracted quark mass from equation (8.1) are related.

For this, we calculate the mean of two renormalized subtracted quark masses m and m

4 J
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and equate it with the appropriate expression of the current quark mass, thus receiving

ZmZ Tr { M,
mig = 222 [t (- ) B 1 02 (5.7)
ZA Nf
m2 it m2 .
Bi; :bm% — (ba — bp)m? (8.7a)
_ T — 1 _ _
+ {bm — (ba — bp) : — (ba — bp)] Mg, Te {Mq}
T {02}
- L Tr {M)?
(= Bu) = (= 1) (b — )] Ml
£
We note that in the combination 7
7z =2mob .
= (53

the scale dependencies of Z,,(g2,au) and Zp(g3,ap) exactly cancel, such that Z is scale
independent [154]. Following [154, 155], we introduce three ratios for the evaluation of
the renormalization factors:

2(am12 — am33) A, mq—0
R, =

Loy { M, _
(amaz — amiy) 2aA b + O(a; aTr {Mq}) , (8.9a)

2amis — AMi1 — AMas A, mq—0
fiar = ba —bp) + O(a; aTr {My}) , 8.9b
AP (amag — amq1) 2aAA (ba = bp) + O(a; aTr {My}) ( )
@ma2 — amiy

2aA

A, mq—0

Ry Z 4+ 0(a®;aTr {M,}),

(8.9¢)

+ (Rap — Ry)(amiy + amas)

where, similar to the cases of by and ca discussed earlier, the b-factors only need to be
determined with ambiguities in O(a) for the theory to be correct to O(a?). Note that the
terms proportional to the sea-quark masses are neglected at this stage.

In equation 8.9, we have introduced the parametrization

amq,2 — GMq,1
2 )

in which mgq2 > mgq,1. As the current quark mass m;; depends on the mass parameters of

the quarks participating in the current insertion, we can parametrize all masses appearing

in equation (8.9) with aA. For the ratios above, a third current quark mass is needed.
This is ,artificially” constructed, following [89], as

al = (8.10)

m33(aA) = mgg(aA/Q) . (8.11)

In principle, the limits in equation (8.9) can be taken in a point-by-point fashion. However,
as (amgga —amyy) — 0 and aA — 0, with fixed a, numerical instabilities are eminent, as
discussed in [89, sec. 2.2]. An example of these numerical instabilities on the dataset at
hand is shown in figure 8.1, where the estimator Rap is evaluated on a point by point
basis. In the same figure, we also show the solution to this problem. Instead of evaluating
the estimators for each mass separately, it is customary (cf. reference [89]) to rewrite the
estimators in equation (8.9) by approximating the current quark mass by a power series
in the subtracted bare quark mass (or equivalently of A)

amij(amqij, A) = Y Crr(8)* (amq,i;)" . (8.12)
n,k=0
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Figure 8.1: Evaluation of the ratio Rap on a point-by-point basis (green points). The
divergence when taking the limit aA — 0 on a point-by-point basis is clearly visible,
contrary to the case of the evaluation via interpolation (with a polynomial of degree 6)
discussed here (blue line).
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By comparison of coefficients, one finds

aTr aTr { M?
Coo = z%i”q} {(rm D)+ (P — bm)Tr{{%q}} (8.134)
+ [(rmdm — bim) — (rm — 1)(ba — bp)] aTr{Mq}} , (8.13b)
Tm — 1

COlzZ{1+ [bm—(bA—bp)—(bA—bp) }aTr{Mq}},

C()Q =7 [bm — (bA — bp)} 5 (8.130)
Cro = Zbm, . (8.13d)

The particular masses employed in the ratios can be rewritten as the following power
series

ami] = Z Cor(amq1)" , (8.14a)
k=0
amay =Y Cor(amqr + 2aA) (8.14b)
k=0
amia = Z Couk(al)?™(amqy + aA)F | (8.14c¢)
5—=0

whose derivatives are related through

190m am om

1 0mag | - 12 | - o (8.15)
2 OA 'A=0 OA 'A=0 dmg

When mos and mqo are close to mq1, the series can be truncated after the second order,
and mg3 can be, by definition, constructed similarly:

amia(A) = amyy + NiaA + No(aA)? + O((aA)?) (8.16a)
amaz(A) = amyy + 2N1aA + 4Dy (aA)? + O((al)?) (8.16b)
am33(A) =amii + NlaA + D2(llA)2 + O((CLA)S) . (816C)

We use these approximations to rewrite the ratios of quark masses in equation (8.9) as

N2 — D2 A, mq—0

R, = I bm + O(al; aTr {M,}) , (8.17a)
1
No—2Dy A,m
Rap = =222 20 () — bp) + O(adhiaTe {My}) (8.17b)
1
2D m
Ry = Ny — 3\‘;’”“ 21920, 74+ 0 ((al)? aTr {M,}) . (8.17¢)
1

In conclusion, we can relate the three estimators of the renormalization factors with the
help of a power series in the parameter A to the PCAC quark masses. At A = 0, all
three renormalization coefficients can furthermore be determined by the prefactors of the
polynomials.
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Figure 8.2: Example of an interpolation of degree 9 in the PCAC quark masses against
the parameter aA, taken from ensemble D48c1, close to the chiral limit. The upper
plot shows the combined fits to the current quark masses. The lower plots the residues
belonging to the two lines, showing how the margins of error of the data points and the
interpolations overlap.

8.3 Analysis and encountered problems

We carry out valence-quark mass scans similar to the ones in section 7.1. However, in the
presented case, the valence-quark mass was varied to larger bare quark mass parameters

val __

such that points amg™ = [amg.1, amg1 + 0.2] were produced for the examined ensembles.
We set the light quark mass equal to the sea-quark mass of the ensemble amq,1 = amg?.

As an example, we look at ensemble D48c1, as it is the ensemble closest to the chiral
limit (see table 5.1). This suppresses unwanted sea-quark mass terms as much as possible.

In figure 8.2 the interpolation of the data points that we extracted is shown with
a combined fit of two polynomials of degree 9. As one can see from the residues, the
polynomials describe the data well. In practice, the light-light current quark mass
amyy is subtracted from both lines of data. Hence, the final fit is a combined fit in
algg(aA) = amaa(aA) —amy; and aAjz(aA) = amiz(aA) —amy;. As we truncate an
infinite polynomial at small aA, the particular degree of the polynomial is — in principle
— not of concern. For example, the authors of reference [89] compared polynomial fits of
degree 3 and 4 to show that the introduced ambiguities reduce in a controlled way.

In our determination, polynomials of this degree do not represent the data with high
accuracy, as is exemplary shown in figure 8.3. In an attempt to improve this circumstance,
we employed polynomials of higher degrees. On first sight, this eases the problem, but
does not fully eliminate it. While in the literature, only very small patterns in the residues
were observed (see e.g. [89, fig. 2] and [156]), in the case presented here, even relatively
high degrees of polynomials still show patterns in the residues.
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Figure 8.3: Fits to the data extracted from ensemble D48c1 with different polynomials.
The estimators for the three renormalization factors received from the interpolations
shown here are listed in table 8.1. Compare also figure 8.2 for the interpolation with

degree 9.
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Rap Ry,

—— Rap
¥ Rw(a=0)

0.14

Rz

— R,
P rua=0

Figure 8.4: The interpolated estimators R,,, Rap, and Rz on the ensemble D48c1, be-
longing to the interpolation with a polynomial of degree 9 shown in figure 8.2. The
apparent mismatches between the point in the chiral limit (blue x) and the come from
the fact that the continued line diverges at A,,, — 0 and can therefore not be plotted in
the limit.

Furthermore, another problem emerges: Naively, one would expect that polynomials
of higher degrees, which represent the data better, also yield better descriptions of the
estimators R,,, Rz, and Rap. However, this is not the case in our determination. The
three plots in figure 8.4 show the three estimators belonging to the fit shown in figure
8.2. They show undesirable features, as is evident in two ways: On the one hand, it
seems the estimators follow the point-by-point estimation too closely, as is evident by the
curvature of the estimators (see in particular Rap) towards the chiral limit. Exclusion
of this behaviour was the exact reason we started their description through polynomials
to begin with. Comparing the determinations employing our 9*" degree polynomial to
the determinations in the traditional clover case, we can see from the values we receive
that further investigation is needed. On the other hand, apart from the comparison with
earlier works, a reason to question the presented determination is the observation that
the used strategy is highly sensitive towards the degree of the polynomial employed. This
can be seen from the values listed in table 8.1, which shows how the estimators relying
on the prefactors of the polynomials (cf. equation (8.17)), vary depending on the chosen
degree of the polynomial. This is a major problem, as it illustrates the instability of the
presented determination to the point that it cannot be trusted.
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Table 8.1: Comparison table of estimators extracted from the prefactors of polynomials
of various degrees at zero quark mass parameter difference.

deg(P) || Rm(A=0) | Rz(A=0) | Rap(A=0)

3 -0.3892(84) | 1.01980(94) | -0.2045(57)
4 -0.153(19) | 1.0128(13) | -0.283(17)
5 0.139(33) | 1.0084(16) | -0.330(40)
6 0.514(58) | 1.0051(20) | -0.294(78)
7 0.92(11) | 1.0028(25) | -0.19(12)
8 (30)

9 (35)

0.93(18) | 1.0024 -0.27(17)
1.27(25) | 1.0014 -0.05(23)

It would be interesting to see if this behaviour appears on other ensembles, however,
only one other ensemble is approximately as well tuned as the one examined here (i.e.
C40c1). We carried out the analysis on this second ensemble, which showed similar flaws.
To further investigate the issue, a larger set of ensembles with similar properties are
needed. With these at our disposal, we could carry out the analysis on them, and we
would be able to better judge the reliability of the method at hand.

8.4 Possible solutions

While the tension in regard to the proper representation of the data on the one, and the
expected behaviour of the estimators on the other hand is not yet fully solved, in the
following we propose a few attempts as possible solutions to find a suitable polynomial:

Automating the polynomial choice An attempt to improve the situation could be
to not lock the degree of the polynomial, but instead choose a polynomial P of degree
2 < deg(P) < 9 based on suitably defined criteria. The degree of the polynomial could for
example be related to how well the data is described (e.g. by monitoring the reduced x?2
of the fit) with a threshold where we expect it to over-fit the data. As the idea is to fit the
data to a very high degree, the upper limit could be set very low (e.g. x?/d.o.f. = 0.25).

This ansatz could protect from employing polynomials of too high degree, which could
bypass the problems at hand. It does however also potentially lead to inconsistencies as
the degree of the polynomial identified may change. This has to be monitored with care,
especially in light of the results so far. We have already carried out tests of this procedure,
however the parameters in regard to the maximal degree of the polynomial and how fit
quality is monitored still need refinement.

Preliminary fitting Another idea to circumvent the posed problem is to determine
the parameter Ny (cf. equation 8.17) in a separate, preliminary fit. We choose a small
region close to the origin, for example similar to the region taken for the determination of
by. When aA is small, the fit is dominated by the linear term. Therefore, we first make
a linear fit to the data in this region. As is the case for the larger fit, in the first linear fit,
one may combine the two data lines amaa(A) and ami2(A) at hand. Once the parameter
is determined, a fit with a higher degree polynomial is made including the fixed linear
prefactor. The second fit then determines the parameters Ny and Ds. In first tests, this
ansatz did not describe the data to the same degree seen in the other fits. However, the



114 CHAPTER 8. RENORMALIZATION OF THE QUARK MASS

estimators received were in the expected ballpark. A larger set of ensembles would be
required to assess the stability of this ansatz.

Correcting the light quark mass In reference [89], the light quark mass ami; was
not kept fixed in the fits. As described above, in the presented work, the light quark mass
is fixed indirectly as a preparatory step for the fit, by subtracting it from the other current
quark masses. In early tests of this project, this ansatz was investigated, however it was
seen that, while it helps to reduce the absolute residues of the fits, it does not prevent the
patterns appearing in the residues. It therefore only circumvents part of the problem. In
particular, it does not subdue the instabilities seen in the estimators meaningfully.

Systematic errors Finally, an investigation of the margins of error of the data points
may also alleviate parts of the problem. While the plateau fits to the PCAC masses
are of high quality, one could find ways of adding systematic errors to the plateaus. A
preliminary test in this regard was carried out by simply enlarging the margins of error
by a factor of 3, such that the margins of error were about on par with those presented
in reference [89]. This evidently improves the reduced x? of the fit with lower polynomial
degrees and suppresses the patterns seen in the residues.

Probably the solution to fitting the accumulated data lies somewhere in between the
proposed ways. One could for example imagine fixing the linear factor, while opening the
light quark mass for correction and follow up the preliminary fit with a second, higher
polynomial fit.

8.5 Conclusion

We have seen that the determination of the estimators is hindered in two major ways:

We observe issues in regard to the choice of the degree of the polynomial employed. At
this time, while the proposed solutions are promising in first tests, a proper investigation
of each solution individually as well as of combinations of them is still missing.

In any case, the solutions need to be tested on a larger range of ensembles, as to judge
their stability on multiple sets of data. This relates to a larger problem this investigation
faces: The lack of ensembles tuned very accurately to the chiral limit and a lack of
understanding of the inherent sea-quark mass terms in the formulated estimators.

The solution to this is evidently two-fold: On the numerical side, production of further
extremely well-tuned chiral ensembles would suffice to make progress in this direction.
On a larger scale, theoretical work in regard to the form of the Tr {M,} terms that spoil
the exact estimation of the renormalization factors would be valuable. This would not
only shed a light on the problems encountered in this analysis, but could also help to
possibly formulate an estimation of the prefactors of said terms based on similar ideas as
presented here. These prospects are, however, beyond the scope of this thesis.

As discussed in the preface of this chapter, once these problems are overcome, the
findings could be employed in the context of the general research program aimed for
with stabilized Wilson fermions as an alternative way of fixing the charm-quark mass. In
that scenario, the mass parameter would not rely on spectroscopic quantities. However,
lacking this, we opt for a determination of the charm-quark mass parameter relying on
spectroscopy for the moment. The determination through spectroscopy is presented in
chapter 10.
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Chapter 9

OpenLat ensembles

In chapter 5, we have introduced a set of ensembles with Schrédinger functional boundary
conditions. In the last part, we have seen that we can make great progress on renormal-
ization and improvement by using these ensembles. However, for calculating physically
significant observables, the reduced volume of Schrodinger functional ensembles may not
be advantageous. As we have shortly alluded to in section 2.8, periodic boundary condi-
tions are better suited for these calculations.

In the following, we want to make first steps towards calculations of physical observ-
ables that are connected to the charm-quark in the framework of stabilized Wilson clover
fermions. As a prerequisite, we determine the charm-quark mass on the lattice in this
framework and carry out preliminary scaling tests to estimate cut-off effects of physical
observables that are easy to determine.

For this purpose, we introduce a new set of ensembles to this thesis, which are listed
in table 9.1. These ensembles are part of the OpenLat ensembles. They were produced
by the Openlat initiative with the standard set for stabilized Wilson clover fermions.
We therefore only introduce them briefly here and refer the reader to [157,158] for a full
introduction of the ensembles. Similar to the Schrodinger functional ensembles we have
already introduced, these ensembles are also created with openQCD [126] version 2 and
higher and the measurement of the reweighting factors and the flowed energy density F
has already been carried out.

Table 9.1 gives an overview over the ensembles employed here. The Schrédinger
functional ensembles we have used in part II were designed to fit the coupling range
and spatial volume of these ensembles. As in chapter 5, we evaluate the parameter ¢4
similarly to the procedure described there. The main difference is the calculation of the
effective mass in the axial-vector channel, which was carried out employing a slightly
different definition of the mass that relies on the symmetry properties of the lattice. In
particular, when periodic boundary conditions are present, we can exploit the forward
and backward propagating modes of the mesons directly. Neglecting higher energy states,
we can approximate the behaviour of the correlator as

o~ e (£ (5 ) o)

ctan = a5 (5(% 1)) 02

for correlators with time-symmetry 7 = +1 and 7 = —1, respectively. The reader is
referred to [30, ch. 2| for a derivation of the symmetries. For the moment, we will only

and
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Table 9.1: List of large volume ensembles employed, subset of the ensembles by the
OpenLat initiative. The ensembles have 6 different values of the inverse coupling £ that
can be related to the lattice spacing a. The hopping parameter x (compare equation
(2.21)) is the measure by which the mass of the quarks are given in the simulations.
The lattice geometry is fully determined by the boundary conditions and the number of
lattice sites T in time and L in space direction. ¢4, as introduced in this chapter is a
dimensionless measure for the mass, that does not depend on the lattice spacing. The
column #MDU shows the number of molecular dynamic units covered by all replica of
the ensemble combined and is a measure of how ,,long“ the Monte-Carlo chain is in Monte
Carlo time. Additionally, the column #M/C shows the fraction of configurations we did

measurements on, (1/4) = one out of four configurations.
Ensemble H B ‘ T L ‘ K ‘ a [fm)] ‘ 04 H # MDU ‘ #M/C
al20m400 || 3.685 | 96 24 | 0.1394305 | 0.1204(15) | 1.1255(68) 11760 1/4
a094m400 || 3.800 | 96 32 | 0.1389630 | 0.0939(11) | 1.1062(53) 27528 1/4
a080m400 || 3.900 | 96 48 | 0.1386030 | 0.07712(93) | 1.1128(32) 5952 1/4
a065m400 || 4.000 | 96 48 | 0.1382720 | 0.06410(77) | 1.1080(64) 2748 1/2
state that solving
C(./L'()) _ COSh (m (ZL'O B %)) (9 3)
C(xo+a) cosh(m(xo—l—a—%)) '
or
C(xo)  sinh (m(zo— L)) (9.4)

C(rg+a) sinh (m (360 +a— %))

for m (again depending on the time-symmetry), yields the effective mass of the correlator
while exploiting the time-symmetry directly. The plateau of the mass is then taken only
on the first half of the lattice, to avoid double-counting of the statistics. These are the
equations by which we will calculate the effective masses in the rest of part III. For the
calculation of ¢4 in table 9.1, the effective mass is extracted analogously to the strategy
in section 5.1. We set up a two-state fit for to the effective mass in the first half of the
lattice starting at x¢ = 3, as higher lying states are non-negligible on the first few time
slices of the lattice. The start of the plateau range is set to be the zg for which equation
(5.6),

IGPAN
%e—ﬁlwo < Ogtas(20)/4 (9.5)
0
holds, where A; is again the energy difference between the ground and first excited state.
The end is set to the point at which

Ostat (2 + @) > 0.03 meg (252 + a) | (9.6)

holds or at most at zp = T'/2—2 to suppress numerical instabilities present in the middle of
the lattice. An equivalent procedure will again be used in section 10.1 to extract effective
masses in a similar scenario. The correlation functions in this part are calculated with
the C++ program Hadrons [159], which is built on top of GRID [160].



Chapter 10

The charm-quark mass
parameter

The physics program we aim for contains the decays of charmed mesons. However, so far,
we have only looked at QCD with three degenerate flavours. To observe charm decays,
we reintroduce charm-quarks as a quenched (non-dynamical) flavour, meaning the charm
is only present in the valence-sector of the theory. As mentioned in section 2.3, effects
from quenching the charm only add small systematic errors and are therefore ignored in
our computations.

Since we are also ignoring the electromagnetic properties of quarks, the introduction
of a charm-quark in the valence-sector only entails the introduction of an additional quark
flavour with the correct mass. For this purpose, a physical observable X that is sensitive
to the mass of the charm-quark m, is calculated at different bare quark masses. Here,
we will focus on the mass of charmed mesons (i.e. X € {m,. ,mp,mp,, mp-,...}). To
compare it to physical masses, we need to introduce a scale parameter r, such that

P X (mgh) = X () (10.1)

holds for the observable of our choice. The parameter r is chosen as +/8tg, similar to
the scale introduced in section 5.1.1. For the lattices at hand we have calculated this
parameter as part of the quantity ¢q4.

Generally, the chosen quantity X should be known from experiment with small uncer-
tainty, and we should also be able to determine the lattice equivalent of the quantity with
small uncertainty as well. Apart from meson masses, popular candidates are decay rates
or direct comparison of the renormalized current quark mass (see e.g. [161]). Also, as
proposed in [124], ratios of renormalized charm and light quark masses can be employed,
if the renormalization factors we have calculated in chapter 8 are known for the light
and expected charm-quark mass. Determination of the charm-quark mass parameter via
the renormalized charm-quark mass directly is not carried out here, as further inspection
towards the sea-quark mass dependence of the factors calculated is needed.

In our determination, we are focusing on the masses of the 7.-meson, i.e., the lowest cc¢
energy eigenstate in the pseudo-scalar channel, and its heavy-light pendant, the D-meson
(cl). Varying the valence-quark mass, similar to the scans carried out in chapters 7.1 and
8, we find the charm-quark masses. The scans in those chapters were modelled after the
ones employed here to determine the current quark renormalization factors at the light-
and charm-quark masses.

After the determination, we will show a small scaling test as to see whether the two
masses indeed scale towards the same in the continuum. To avoid circular reasoning, the
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quantity employed for the determination of the charm-quark mass can of course not be
regarded as a valid test or result of the tuned parameters. Instead, two mesons, the J/¥
and the D* are employed as a test subject.

First results of this project were communicated in our proceedings to the LATTICE
conference 2023 [124].

10.1 Determination through spectroscopy

The determination of the charm-quark mass through spectroscopic quantities is a standard
technique (see e.g. [161]). Its advantage is the straightforward evaluation of the quantities.
We take strong inspiration from [162] for the analysis at hand.

In detail, the strategy is as follows: The charm-quark mass is fixed in our case through
the mesons in the pseudo-scalar channel, . and D, whose masses we cite as

m, = 2978 4 6 MeV [163] (10.2a)

c

mp = (2mp +mp.)/3 = 1899.40 + 0.37 MeV 162] (10.2b)

These come about as follows: The D-meson mass is the flavour averaged mass of D
and Dy, as we are working at the Ny = 3 flavour symmetric point. Effects from QED
corrections have to be ignored in both masses, as isospin symmetry holds. In case of the
n.-mass, the mean value from [163] is employed as to account for missing disconnected
ce-diagrams. The margins of error are increased as in reference [162] to be compatible
with the PDG value of m,_ = 2984.10 & 0.40 MeV [64].

Spin-averaged combinations with the vector channel, i.e.
mp = (mp +3mp~)/4, (10.3)

(where the D" is constructed analogously to the D) as in [164] were also explored in this
project, however, we have seen that the averaging procedure is not of much value, due
to larger margins of error in the vector channel (as was the case with traditional Wilson
fermions, see reference [162]).

Remembering equation (2.45), we construct the lattice counterpart as follows: At large
source-sink separations, we receive the effective mass of the meson ground-state on the
lattice. We only have to define a start and an end of the plateau properly. Our strategy in
this regard is the same as in section 5.1.1 and chapter 9, when evaluating ¢4. As in those
evaluations, we assume that a fit ansatz of the form of equation (2.45) can approximate
the calculated mass. We demand the statistical errors to be four times larger than the
deviations due to the first excited state. Such that the inequality

A
clc—le—mo < Ouat(20) /4 , (10.4)
0

holds for the plateau region. As described in chapter 9, we average the forward and
backward propagating modes and only use the first half of the lattice for the subsequent
fits. For the two masses calculated, two separate definitions of the end of the plateau are
chosen:
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Figure 10.1: Example of a fit to the heavy-light- (left) and the heavy-heavy-meson mass
(right), both taken on ensemble a094m400, in the vicinity of the found charm-quark mass.

heavy-light: In the case of the heavy-light mesons, that approximate the D-meson
mass, the end of the plateau is chosen such that

Ostat ("4 + @) > 0.03 meg (2" + a) . (10.5)

The next time slice is the first time slice whose margins of error are
larger than 3% of the mean value of the effective mass (see the example
in figure 10.1 on the left).

heavy-heavy: In the case of the heavy-heavy mesons which approximate the 7.-meson
mass, the condition employed above is not reached as the data does not
admit margins of errors of this order. Instead, we define

g = (T/2) -2, (10.6)

meaning the full potential of the correlator employed is used for the
measurement. The —2 is only a protection from numerical inaccuracies
at T/2 of the lattice that might appear due to the definition of the
effective mass (see the example in figure 10.1 on the right).

Note that, after the plateau range is set, we take the plateau by means of a constant fit
within the calculated range. This does not necessarily yield the (exact) same value of the
ground state mass as the two-state fit. Employing these definitions, we scan the parameter
range from the light to the charm-quark mass and compare the effective masses of the
scanned mesons with their physical counterparts. Instead of searching for the parameter
méﬂl directly as demanded by equation (10.1), it is customary to re-parametrize the
problem in terms of

1, » e 1/1 1
Ahiﬁ(mo—moy )4<;§h/§bym) . (107)

Thus, the determination of the mass parameter is disconnected from the critical mass
point. This helps with uncertainties (as m&"* has margins of error attached to it), and
also eliminates the need to know said point in the first place. We follow the Gell-Mann—
Oakes—Renner relation [134] as with ¢4, and linearize the squared effective mass (ameg)?
around the charm-quark mass. For the final value of the hopping parameter, as is shown
in figure 10.2, we only fit the effective masses locally: two points above and below the
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Figure 10.2: Linear interpolation of heavy-light (left) and heavy-heavy (right) squared
meson masses on the ensemble a094m400. The orange line shows the reference masses of
the D- and 7.-mass from equations (10.2a) and (10.2b), respectively. Note that, while
not visually discernible, the cross-point on the left-hand plot is in fact above the second
point numerically.

Table 10.1: Table of the hopping parameters extracted at each inverse coupling with the
ne-meson and D-meson as reference values.

B mi(ne) | m§(D) | s (e) K¢ (D)

3.685 0.2821(43) | 0.2587(33) || 0.11676(12) | 0.117407(92)
3.800 || 0.0596(18) | 0.0502(18) || 0.123165(54) | 0.123452(54)
3.900 || -0. 0501 13 -0.05702(34) || 0.126586(41) | 0.126808(11)
4.000 || -0. 12085 98 -0.1215(11) || 0.128894(33) | 0.128916(36)

final value of the hopping parameter. Following this procedure, we extract the mass
parameters listed in table 10.1 as our result for the masses of the charm-quark on the
lattices at hand.

10.2 Scaling tests

Once we found the mass parameters by means of the 7.- and D-meson masses, we set
out to estimate their scaling behaviour towards the continuum. Obviously, a different
quantity is needed for this endeavour. As a very first step, we may look at the ambiguity
of the charm-quark mass parameter itself, which is shown in figure 10.3, where we see
that the differences vanish with O(a) towards the continuum.

However, as a proper scaling test, we calculate a different physical quantity than
we used to determine the mass parameter. In the case presented, we have determined
the charm-quark mass with the masses of the mesons in the pseudo-scalar channel. A
valid test for the scaling of the mass parameter is therefore, for example, given by the
masses of the respective vector channel mesons, the J/W¥- and the D" -meson, which need
to be calculated on each lattice. The continuum extrapolation should then land on the
physical counterpart of the meson mass. The calculation follows a similar strategy as
finding the charm-quark mass before, but backwards: From the scans employed for the
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Figure 10.3: Ambiguity in the mass parameter introduced through the meson by which
it is determined. In the range shown, the dependence on the lattice spacing is well
approximated by a linear fit. Note that this is only used here to guide the eye, as a more
complicated dependence is expected, when including more points towards the continuum
limit.
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Figure 10.4: Fits of the effective masses of the J/W-meson at different charm-quark masses
(left) and interpolation to the desired mass parameter (right) in ensemble a094m400. The
target parameter is determined via the 7n.-meson.
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Figure 10.5: Scaling tests of the determined charm-quark hopping parameter in the vector
channel. The right side showing the vector channel charmonium state .J /¥, the left
showing the flavour averaged D”-meson.

determination of the hopping parameter that we carried out, we select the same four
masses in the valence-quarks. The effective masses of the vector mesons are calculated
at these points, and we interpolate linearly in the squared effective mass to the desired
hopping parameter, as shown in figure 10.4. The plateau conditions for the effective
masses are the same as before. Carrying out these interpolations on all lattices available,
we receive the effective masses of the J/¥- and D"-mesons.

These are interpolated towards the continuum, as shown in figure 10.5. The proposed
fits are linear in a?/tg. For the limited statistics available at the moment, the scaling
behaviour is fine for a first test. This is particularly true for the mass parameters deter-
mined from the n.-meson evaluated for the mass of the J/W-meson. Further investigation
with higher statistics is clearly needed. Additional tests could then also be carried out in
other channels.
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10.3 Conclusion

We have determined the hopping parameters for the charm-quark on four lattices. Fur-
thermore, we have seen that the continuum extrapolations of the mass channels are well
controlled for the limited statistics, especially when looking at the meson masses deter-
mined for the J/U-meson. As the effective mass plateaus of the .- and the J/¥-meson
are both well-defined and show small cut-off effects, they yield a continuum limit close
to the expected physical value. Nevertheless, it is desirable to increase statistics and add
a smaller lattice spacing to improve the continuum limit especially for the heavy-light
quarks. With these extensions, the continuum limit can be probed once more, including
further quantities known from experiment. These tests could potentially also shed light
on higher-order cut-off effects and a more robust estimation of the mass parameters is
facilitated. As alluded to in the introduction to these determinations, the alternative
determination through the current quark mass could be promising, when the renormal-
ization factors for the quark mass we discussed in chapter 8 are understood better. For
the time being, due to the lower cut-off effects visible, we tend towards the determination
by the pseudo-scalar charmonium state 7.
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Chapter 11

Outlook

The various calculations carried out are part of a larger plan to prepare the framework of
stabilized Wilson fermions for physics applications, with focus on charm-physics. There-
fore, we want to focus here on concrete steps that are proposed to be carried out next in
regard to exponential Wilson clover fermions and the stabilized ansatz.

Direct further investigations We have seen in some project parts that further inves-
tigation needs to follow up on some details. We refer the reader back to the chapters in
question for detailed lists of proposals. In broad strokes, the next steps are the following;:

e Addition of further ensembles While a large range of Schrédinger functional
ensembles was already investigated, there are still cases in which further ensembles
would be beneficial. In particular, an extension of the ensembles close to the per-
turbative regime is needed. On the one hand this would improve the estimation of
the volume dependence of ca, and by this further substantiate the computations
that showed the perturbative prediction and the prediction in the traditional case to
coincide. On the other hand this would also help to investigate the renormalization
of the vector current at small couplings, for which the introduction of massive en-
sembles at these small couplings would be of interest. Another avenue in this regard
is better tuning of the ensembles towards the chiral point. This would facilitate two
projects: Determining the renormalization constants of the quark masses would
greatly benefit from not needing to worry about sea-quark mass contamination.
Also, the renormalization constant Za could benefit from a separate determination
in the chirally rotated Schrédinger functional, for which these ensembles are a pre-
requisite. The determinations in reference [125] hinted at the possibility that better
tuned ensembles are needed. However, the proposed extension alone would still lead
to a mixed (rotated valence- and not-rotated sea-) setup.

e New investigations with updated data The improvement coefficients for the
vector and tensor channels relies on the quantities determined here. A setup for
these with exponential Wilson fermions has already been presented in [87]. The
determinations of cp, Za and Zy is need to be completed before carrying out the
calculations of these improvement coefficients again. While the determinations of
ca, Za and Zy have progressed furthest of the presented, some work still remains
to be done before returning to these issues.

e Theoretical exploration In light of the investigation of quark mass renormal-
ization, further theoretical exploration is also needed. While in the case presented
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here, sea-quark mass effects are the most interesting, other investigations could help
the projects presented here as well. In particular, perturbative calculations of the
overall renormalization factors Z» would benefit the presented investigations to a
large degree, as was briefly discussed in chapter 7.1.

e Renormalization of the pseudo-scalar density Another investigation that
needs to be carried out is the renormalization of the pseudo-scalar density (see
e.g. [165] for a determination in Ny = 3 Wilson clover quarks). While the strategy
employed follows similar lines as the determination of Zy, the scale dependence was
the reason this quantity was out of scope for this thesis.

Apart from these relatively immediate follow-up investigations, further physics oriented
projects may be pursued with the projects carried out here as a ground layer.

Leptonic decay constants A physically interesting test for some quantities examined
here are the leptonic decays of the D-meson. See [52, ch. 7] and references therein (for
results relying on Wilson fermions see [162,166]). As was the case when determining the
charm-quark mass, this test would only be valid for the Ny = 3-symmetric point with
the ensembles at hand. However, as a proof of concept for the larger physics program
based on OpenLat lattices, this could serve as an entry point for physically relevant
quantities. The simulations are close to the ones already carried out for the determination
of the charm-quark mass. While a first analysis can already be set up with the data at
hand, the provided data would need to be interpolated to the correct charm-quark mass
parameter (as was the case in our scaling tests). This is — at the current stage of the
determination — an advantage, as the mass parameter has not yet been finalized. However,
from an error-budget perspective, further calculations with a finalized charm-quark mass
parameter could be valuable. The physics of the leptonic D-meson decay is similar to the
pion-decay described in section 3.3, as this decay is mediated by the axial-vector current.

Semi-leptonic decays of the D-meson As already alluded to in section 3.3, the semi-
leptonic form factors are of interest for the determination of the factors V.q and V.. A
first percent-level determination of V.q on the lattice has been reported by the Fermilab
and MILC collaborations in [167] from Ny = 2+ 1+ 1-flavour lattice QCD. Commonly, the
semi-leptonic D-meson decay is parametrized by the form factors fy and fi (cf. equation
(3.28b)) which can be determined from the lattice. This involves the evaluation of three-
point correlation functions with the appropriate momenta as the lattice pendant to the
physical decay. The setup of the decay is as depicted in figure 11.1 We have made first
steps towards extracting the form factors along the lines of [106, 168], as the software
setup in those references is similar to ours. An approximation of the renormalized matrix
element is given in [168, eq. 4] by the ratio

RE =225 Ol i) Clogmn) = 20 Py o) V@) (L)

@ (o)
Dy = e (ZA)ZI) e (vs) : (11.1a)
ZVZV

in which P; and Py are the pseudo-scalar initial and final state respectively (i.e., the D-
meson and the pion), C* is the three-point function consisting of the initial pseudo-scalar
state at ¢;, a vector insertion at time ¢ and the final pseudo-scalar state at ty. C® are
the two-point functions of the D-meson and the pion. It is non-trivial to see why, for
large times, this ratio properly approximates the matrix element on the right-hand side,
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Figure 11.1: Sketch of the semi-leptonic D()-meson decay (see also figure 3.1). In the
present setup, the D-meson is at rest, such that the final state meson 7/K and the W -
boson have opposite momenta. The spectator quark does not carry momentum, while
the light quark from the interaction is projected to the full momentum of the final state.
The dotted red and blue lines show the ,,path“ the calculations take, i.e., the final state
is the source, from which the spectator quark is projected onto the initial state. The
charm-quark is then produced at this sequential source and the vector boson is the sink.

as all exponentials in the correlators have to cancel. In the concrete setup pursued in our
research program, the calculations are carried out as follows (cf. figure 11.1):

e For our convenience, the D-meson is left at rest (p; = 0). As the charm-quark
is heavier than the light quarks involved, this does not dramatically change the
dynamics of the system, as the energy threshold of the decay is fulfilled nevertheless.

e As discussed in section 3, the W-boson vertex of the decay is equivalent to a vector
current insertion Vi; at some time ¢ with momentum g.

e As momentum conservation needs to be fulfilled and p; = 0, p; = g+py is equivalent
to g = —py.

e The spectator quark does not carry any momentum, the light quark coming from
the interaction is the sole momentum carrier [(py) in the resulting pion.

This project will also be carried out on the large volume ensembles that we introduced in
chapter 9, still at the Ny = 3-symmetric point. In general, various methods can be used
to calculate the 3-point functions, which are discussed in [169] in terms of computational
cost and accuracy. Of the methods described in the reference, we employ the sequential
source strategy. This setup was extensively examined in [106] with domain wall fermions.
The idea of the sequential solver method is illustrated in figure 3.1 with the dotted lines.
In the case pursued, the spectator quark [(0) is produced from a source with Dirac-
structure I'; at the final state. Its propagator is constructed and projected on the initial
state. This is then employed as a source for the charm-quark c¢(0). From the source at
the final state, another light-propagator I(ps) is produced with an attached momentum
py. Finally, a vector insertion is placed at time ¢ which carries momentum —py, as to
adhere to momentum conservation. The great advantage of this setup is that, thanks
to the software, multiple Dirac structures can be embedded at the source (final state)
and sink (interaction point) without recalculating the propagators. Furthermore, as the
light-quark is the one projected from the final to the initial state, the most cost intensive
part of the calculation does not need to be carried out multiple times in one setting. This
is particularly practical in the case that multiple charm-quark masses and pion momenta
are to be covered. As a first step, we have implemented an appropriate workflow for
the calculation on top of Hadrons [159] and successfully tested the energy-momentum
relation for the pion correlation functions (Cy) with various momenta py.
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Chapter 12

Conclusion

In this thesis, we have worked on implementing improvement and renormalization for sta-
bilized Wilson clover fermions, with the goal of investigating charm-physics in this frame-
work. The basis for our investigations were two sets of ensembles, one with Schrédinger
functional and one with periodic boundary conditions.

We have seen that the Schrodinger functional allowed us to determine a variety of
quantities in regard to the improvement and renormalization of the axial-vector current,
the vector current and the quark mass. While many challenges in regard to proper
definitions of the investigated quantities were overcome, some adjustments are yet to be
carried out.

A main concern was the determination of the improvement of the axial-vector current
ca. We were able to not only determine this at the chiral limit, but also to define it on a
second line of constant physics, at the Ny = 3-symmetric point, for which we investigated
the quark mass dependency of the improvement constant. This investigation was carried
out on a large set of ensembles, including six lattice spacings with masses at and between
the two lines of constant physics.

Apart from the improvement, we have investigated various renormalization factors.
In particular, we have seen that renormalization of the axial-vector current shows strong
sea-quark mass effects, especially when considering disconnected contributions to the
correlation functions involved. These effects need further investigation, as they are not
present in similar studies carried out in the traditional Wilson clover framework. However,
considering only connected contributions, a definition of this factor similar to the ones in
the literature was found.

The renormalization of the vector channel, relying on simpler Ward identities, was
determined reliably. We were also able to map out the valence- and sea-quark mass de-
pendence of the renormalization. Considerations, for example in regard to the systematic
error, are however yet to be inspected.

The renormalization of the quark mass on the other hand showed that, also me-
thodically, there is still work to do for further renormalization of the stabilized Wilson
framework. While a few solutions to the problems we faced in this regard were proposed,
their thorough investigation will be time-consuming. From an analytical perspective, a
project in this direction may have potential, especially in regard to the better under-
standing of sea-quark mass terms affecting the estimators that were used in the presented
project. Investigation of these would not only benefit the project at hand, but may also
push the boundaries on determinations of quantities involved in the renormalization of
the quark mass by similar means.

By comparison to the traditional Wilson clover case, we can furthermore report that
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the quantities investigated indeed show lesser cut-off effects than the traditional case
at the same lattice spacing. While this was suspected early on in the investigation of
stabilized Wilson fermions, it is nevertheless reassuring that we can indeed confirm this
suspicion for these technical quantities. Whether this suspicion also holds for physical
observables is yet to be seen.

Apart from improvement and renormalization, we have also facilitated the investiga-
tion of charm-physics in the framework of stabilized Wilson clover fermions by providing a
first determination of the charm-quark mass. Clearly, the determination itself would ben-
efit from higher statistics. As we have seen, first scaling tests need further investigation,
however for the limited statistics available they turned out well.

Overall, with this work we have opened the door for various projects in the framework
of stabilized Wilson fermions. These include the investigation of quantities linked to
charmed mesons, such their decay constants, but also other quantities relying on decays
mediated by the axial-vector and vector current benefit from the presented work. We
have seen within the investigated quantities, that we can confirm this approach to have
smaller cut-off effects compared to the traditional approach. Quantities directly related
to flavour physics should be investigated as soon as possible as to see if this statement
holds for these as well.



Appendix A

The continuum approach of cy

The improvement of the axial-vector current we have discussed in section 6.1 ended with
the discussion of the interpolation of ca(g3). The final interpolation cited relies on the
1-loop perturbation-theory result

ca = —0.00603(3)g2 + O(gp) (A1)

as found in [93, app. C].

Employing the ensembles M introduced in table 5.2, the value at infinite volume of
ca(g3 = 0.7) was roughly estimated, by extrapolating the values from table A.1 in (a/L)?
with fixed gauge coupling, which is shown in figure A.1. The plateau ranges employed are
farther in the lattice than usual, at zo = [0.25,0.50]7. We find ca /g5 = —0.00955(30) in
the infinite volume limit. However, as the volume dependence is unclear and a fit linear
in a/L, a value greater zero is reached, we conclude that this value, while not being the
1-loop value expected is close enough to further rely on the 1-loop value from [93].
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Table A.1: Table of the results for ¢y on the three ensembles in the perturbative regime
with 8 = 8.57.

L | 16 | 24 | 32
ca || -0.02430(30) | -0.014768(58) | -0.01081(17)

—0.005

—0.010 A

—0.015 A

—0.020 A

ea/gg

—0.025 -

—0.030

—0.035

T T T T
0.000 0.001 0.002 0.003 0.004 0.005

Figure A.1: Extrapolation of ca on (a/L)?, approaching infinite volume.



Appendix B

Discretization

B.1 Derivatives

While the discretization of derivatives is well known, the following equations have been
gathered here for reference. The naming scheme is the same as the one in pyerrors [170].
In the package, definitions of the derivatives are as follows: The forward derivative is

defined as
flz+a) - f(z)

Of(x) = 05 f(z) = p + O(a), (B.1)
the backward derivative as
0f (x) = Opf(z) = w +0(a), (B.2)

we call

0F(x) » 0.f(@) = (05 + o) f () = LTS

the symmetric derivative. The (Richardson-extrapolated), improved derivative is defined
as

+ 0(a?) (B.3)

flx—2a) —8f(x —a) +8f(x +a) — f(x + 2a)
12a

Of(x) = 0if(z) = +0(@a*) . (B4)

The logarithmic derivative is defined as

01(w) = Do () = T )] (B.5)

Similarly, the second derivative may be discretized in one the of following ways: The
combination of the forward and backward derivative

0 f(x) = O2f(x) = (00p)  (x) = LZ TV =2/ @) T (2 ) (B.6)

a2
the combination of two symmetric derivatives

0 (2) = OBf(2) = (0,0,) f(a) = L2 = QZ <> + f(z — 20)

which we call the large stencil second derivative. The improved second derivative is
defined as

(B.7)

—f(x+2a)+16f(x +a) — 30f(x) + 16f(x — a) — f(z — 2a)
12a?

() = 92 (x) = .
(B.8)
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B.2 Integration

Numerical integration is also well known. However, also for this we note the following
definitions for quick reference: In these definitions, we suppose we want to integrate over
a range [p, q] with n points z,, € [p, q] at which we know the function f(z). We identify
p=x9 and ¢ = x,,. While a simple sum

JRCES> W (©.9)

is the easiest way to integrate over some range, this approximation overestimates the
influence of the outermost points. The trapezoidal rule weighs them accordingly:

n—1

[ 1= g )+ F@) + 2 Y 5w (B.10)



Appendix C

Correlation functions in the
Schrodinger functional

For quick reference, the correlation functions that are of use for this thesis, that we
use in the Schrodinger functional are listed here, according to the SFCF documentation
[127,171]. We begin with the two-point functions,

9
fp = *é% >~ (Dal@)3sta(@) - a2y (C.1)
1a° _ - =/
gp = 75?3 ; <w2(x)’)’51/)1($) : Cl(g)75<§(2)>F ) (C.2)
9
fao = —é% 2 (Da(@hstr (@) - G @se®)s (C:3)
) ag XYz ) y
an =431 Z (Ba(@)r07591 () - LG (C.4)

which are — each — the contraction of a pseudo-scalar source and the pseudo-scalar or
axial current in the bulk. f and ¢ are related through time inversion. The boundary-to-
boundary correlators in the pseudo-scalar and vector channel are defined as

= _2‘/3,21;@<C/2(77>75C1(77) : 51(?3)’75C2(Z>>F ’ (€5
Ky = _Eli% gﬂzg;k <</2(ﬁ)7kd (¥) - Zl(ﬁm@(z)> ’ (C6)
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Furthermore, we have introduced 4-point functions for the determination of Z,, which
have to following connected contributions:

a
FA(JAO -

d
Faga, = —

a —
FRoor = —

d —
FAO orP —

a —
FaPAo -

d —
FaPAo -

a —
FaPaP -

d _
Fapop =
~a
FPAO =
FPA0 =

~.a
FPBP:

Fpop =

T 2V2 Z (G (@)5¢1 (D) - Vo () 107502 (y) - o () 0752 () - C2(D)75¢1(2) )

(C.8)
L&%fg;ﬁ%( @)75C1 (D) - o (x)7075%2 () - Yo (¥)1075%2(y) - C(D)715¢1()) g
(C.9)
‘1'(1;‘/3?5%;@25% (G (@)75¢1 (D) - Yo ()52 () - Yo (2)70952(2) - C2(@)75¢1(2))
(C.10)
[ 3 B0 {0 Dot (a) Dy ) GO
(C.11)
42v 3 On G0 Dl ) By niate) GG,
(C.12)
sza (@) - Dola)rst (=) - o (W103552) - G (@)5GE)p |
(C.13)
o 3 Onbun (A Dol ) D o) @G
(C.14)
- W 3 0n B GO Dol ) B Ostls) GO
(C.15)

2V2 Z > {G@G @) - Pa(y)r07502 (4) - Yo (9)75%2() - G (@) 1562 () )

qo=x0 GYUVUWZ

(C.16)

Vg Z > (G )56 (D) - Pal@)vstar (@) - Par () 1075%2(y) - G (@)7562(2) )

qo=%0 qYUUWZ

(C.17)

18
o2 Z > By, (G(E)Y5C D) - o ()58 (4) - o (@)V5%2(0) - G (@)15C2(2) )

q0==0 qYTuwz

(C.18)
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