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The Hamiltonian formulation of General Relativity, 
developed in the 1960s by Arnowitt, Deser, and Misner 
(ADM formalism) [4], describes the dynamics of the system 
via the time evolution of a 3D hypersurface (where fields 
are defined) and the Wheeler-DeWitt equation governing 
the wave function of the Universe [5]. In minisuperspace 
models, infinite degrees of freedom are fixed, leaving the 

1  Introduction

Quantum cosmology aims to describe the Universe as a 
whole through quantum theory, particularly when address-
ing issues like the initial singularity or the initial conditions 
for spacetime [1–3].
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Abstract
In this work, we analyze a quantized cosmological model within the framework of Einstein-Aether theory, with matter 
content described by a cosmic string fluid and the presence of a negative cosmological constant. The quantization is per-
formed using the minisuperspace formalism with a perfect fluid via the velocity potentials approach, which allows for the 
interpretation of the fluid-associated variable as an internal time. The resulting Wheeler-DeWitt equation is solved, yield-
ing normalizable eigenstates and associated wave packets. Employing both the many-worlds and the de Broglie-Bohm 
interpretations, we determine the dynamics of the scale factor and the behavior of the quantum potential. The results 
demonstrate the absence of singularities in our model, and the independence of the probability density with respect to the 
spatial curvature. 
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scale factor and matter content as key variables. Alvarenga 
et al. [6] showed that, for a perfect fluid with barotropic 
equation of state (p = αρ), it is possible to obtain analyti-
cal solutions for the Wheeler-DeWitt equation for Fried-
mann-Lemaître-Robertson-Walker (FLRW) models [6]. In 
these specific models, for any value of α < 1, nonsingular 
quantum Universes (with bounces) may arise, and, par-
ticularly, the Universe shows an accelerated expansion if 
−1 < α < −1/3. These results underscore the role of the 
Wheeler-DeWitt equation in probing quantum emerging 
universes and exotic matter.

The likelihood of Lorentz symmetry violation at certain 
energy scales [7] has spurred interest in gravitational the-
ories that incorporate this breaking, such as the Einstein-
Æther theory [8, 9]. This theory modifies General Relativity 
by introducing a unitary timelike vector field ua that defines 
a preferred local reference frame in each point of spacetime. 
Lorentz symmetry breaking also implies a possible rethink-
ing of several subjects such as dark matter and dark energy, 
cosmic microwave background, and cosmic inflation [10–
12]. On the other hand, describing the Universe in Einstein-
Æther theory may lead to models with new singularities 
[13]. Notwithstanding, recent works motivate the investi-
gation regarding the Einstein-Æther theory. Researchers 
using data from the Event Horizon Telescope(EHT) were 
able to find a black hole solution using Einstein-Æther grav-
ity that agrees with the shadow size of the EHT M87* [14] 
given that the parameters of the theory are defined within a 
certain range. In a recent investigation, Bokhari et al. [15] 
used observational data to explore the vacuum electrody-
namics and the plasma magnetosphere of a magnetized neu-
tron star using Einstein-Æther gravity to find observational 
constraints for the upper limits of the Einstein-Æther theory 
parameters. Bairagi [16] builds a cosmological model in 
Einstein-Æther gravity using a non-canonical scalar field 
type dark energy, and its efficiency is tested by comparing its 
predictions to observational data from three compilations of 
the Type Ia supernovae dataset, namely, Union2.1, JLA and 
Pantheon. The study leads to the conclusion that the model 
fits the observational data properly and is able to reproduce 
the accelerated expansion of the Universe. Adam et al. [17] 
numerically built time stationary and rotating black hole 
solutions in Einstein-Æther theory and study their proper-
ties, focusing on two phenomenologically viable regions in 
the parameter space in which some couplings of the theory 
are large, which could suggest significant deviations from 
General Relativity. However, the main argument and result 
of the work is that even in these regimes, rotating black holes 
approach the GR Kerr metric remarkably well. This hap-
pens because the aether field dynamically organizes itself to 
be either nearly "torsion-free" or "torsion-and-expand"-free.

On the other hand, it is also crucial to emphasize our pref-
erence towards a negative cosmological constant (Λ < 0) 
[18–22]. From a quantum point of view, a negative constant 
induces an effective potential that allows the existence of 
bound states in the Wheeler-DeWitt equation, enabling nor-
malizable solutions and a coherent description of the pri-
mordial universe without singularities. Some recent works 
may support the study of models with a negative cosmo-
logical constant. In 2024, Akarsu et al. [23] tested a new 
cosmological model known as ΛSCDM, which considers 
the possibility that the Universe has undergone a transition 
from a negative (AdS) to a positive (dS) vacuum energy at 
redshift z ≈ 1.7, that is, a sign-switching of the cosmologi-
cal constant. The paper shows that this assumption has sig-
nificantly improved the fit to observational data. Based on 
James Webb Space Telescope [24] observations, the authors 
investigate a dynamical dark energy model featuring a quin-
tessence field with a negative cosmological constant, also 
described as an Anti-de Sitter (AdS) vacuum, as its ground 
state. They find that such models naturally affect the galaxy 
UV luminosities in the redshift range 10 ≤ z ≤ 15 needed 
to match the JWST observations. The authors of [25] stud-
ied a cosmological model featuring a negative cosmologi-
cal constant (AdS vacuum) in conjunction with a dynamical 
quintessence dark energy field, exploring how future radio 
astronomy can constrain such a scenario. Their work shows 
that existing galaxy survey data already permit negative 
cosmological constant models, particularly those with a 
phantom-like dark energy component that favors a higher 
value for the Hubble constant, H0. In [26] and [27] the 
authors considered models featuring a negative cosmologi-
cal constant that leads to potential explanations of some of 
the JWST observational data.

In order to introduce matter content into a canonical 
model, one may use Schutz’s perfect fluid formalism [28–
30], in which velocity potentials are assigned to the fluid. 
Its conjugate momentum enters the action linearly thus 
allowing the fluid to act as an internal clock, converting the 
Wheeler-DeWitt equation into a Schrödinger-like form for 
easier quantum analysis of the scale factor’s dynamics.

Cosmic strings are a particular instance of an exotic fluid 
to be studied. They are one-dimensional topological defects 
foreseen in Great Unified Theories, appearing when symme-
tries are broken in phase transitions of the early Universe. 
The fluid related to cosmic strings is described by the equa-
tion of state p = wρ, with w = −1/3. (Other fluids such as 
stiff matter and radiation are characterized by w = 1 and 
w = 1/3, respectively.) Kibble [31] was the first to describe 
these strucurein the 1970’s. In the 80’s, cosmic strings were 
considered as the seeds for large scale structures: since they 
are linear objects, they could have been the cause the forma-
tion of galaxies and clusters. Their presence could be traced 
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through detectable fingerprints, for example, in anisotropic 
anomalies in the cosmic microwave background radiation. 
Nonetheless, it was found through observations such as 
COBE and WMAP that cosmic strings do not contribute 
significantly to the current anisotropies [32–35]. Yet, mod-
ern theories (including the idea of superstrings) suggest that 
string nets would have evolved in the early Universe and 
could represent 10% of the primordial anisotropies. Despite 
not fully explaining structures formation, cosmic strings are 
still a valuable component of primordial cosmology models 
[20, 36].

In this work, we analyze a quantized cosmological model 
within the framework of Einstein-Aether theory, with matter 
content described by a cosmic string fluid and negative cos-
mological constant [37–41]. Its quantization is performed 
using the minisuperspace formalism with a perfect fluid via 
the velocity potentials approach, which allows for the inter-
pretation of the fluid-associated variable as an internal time. 
The resulting Wheeler-DeWitt equation is solved, yield-
ing normalizable eigenstates and associated wave packets. 
Employing both the many-worlds and the de Broglie-Bohm 
interpretations, we determine the dynamics of the scale fac-
tor and the behavior of the quantum potential. The results 
demonstrate the absence of singularities in our model, and 
the independence of the probability density on the spatial 
curvature.

This article is organized as follows. In Section 2, we pres-
ent our classical Einstein-Æther cosmological model with 
negative cosmological constant and cosmic strings fluid, 
derived from its complete Hamiltonian. In Section 3 we per-
form the canonical quantization of the model and obtain solu-
tions to the Wheeler-DeWitt equation; the eigenvalues and 
eigenfunction are obtained analytically, and normalizable 
wave packets are built. In Section 4, we derive the expectation 
value of the scale factor of the Universe and its uncertainty, 
in the many-worlds interpretation of quantum mechanics, and 
the quantum trajectories related to the Universe’s scale factor 
within the framework of the de Broglie-Bohm interpretation. 
Section 5 is devoted to our concluding remarks.

2  The Classical Model

Our starting point is the Einstein-Aether action [13]:

SA-E = 1
16πG

[ˆ

M
d4x

√
−g (R − 2Λ) + 2

ˆ

∂M
d3x

√
h habBab

− Kab
mn∇aum∇bun + λ(uaua + 1)

]
.

� (1)

This is a generalization of the Einstein-Hilbert action that 
explicitly incorporates a unit timelike dynamical vector field 
ua, called the ether field. This field spontaneously breaks the 

local Lorentz symmetry, by defining a preferred direction 
in spacetime at each point while maintaining, however, the 
general covariance of the theory. R is the scalar curvature 
derived from the spacetime metric gµν , hab is the induced 
3-metric on the boundary ∂M, and Bab is the extrinsic cur-
vature; furthermore, G is the gravitational constant, g is the 
determinant of gµν , and h is the determinant of hab. The ten-
sor Kab

mn encompasses the coupling constants of the model,

Kab
mn = c1 gabgmn + c2 δa

mδb
n + c3 δa

nδb
m + c4 uaubgmn.� (2)

The coefficients ci are dimensionless constants that couple 
the ether field to the metric, and λ is a Lagrange multiplier 
that imposes the normalization condition uaua = −1 upon 
the ether field. The matter content can be phenomenologi-
cally included by Schutz’s action [28–30]

SM =
ˆ

M
d4x

√
−g p ,� (3)

which makes possible to describe in terms of scalar poten-
tials the pressure p of a cosmic strings relativistic fluid 
(p = −ρ/3).

The classical model is built considering an isotropic and 
homogeneous Universe, characterized by a FLRW metric

ds2 = −N2(t) dt2 + a2(t)
[

dr2

1 − kr2 + r2(dθ2 + sin2 θ dϕ2)
]

.� (4)

in which a(t) is the scale factor and N(t) is the lapse func-
tion. The complete action of the model can be reduced by 
canonical methods [42]:

S =
ˆ

dt
[
ȧ pa + Ṫ pT − NH

]
,� (5)

where

H = − σ p2
a

12a(β + 2)
− 6ka

σ
+ Λa3 + a pT � (6)

is the so-called super-Hamiltonian, in which pa and pT  are 
the momenta canonically conjugated to the scale factor a 
and to the remaining degree of freedom T of the cosmic 
string fluid, respectively. The lapse function N plays the role 
of a Lagrange multiplier, which determines the super-Ham-
iltonian constraint:

H = 0 .� (7)

On the other hand, the parameters β and σ are remnants 
of the Einstein-Aether theory, defined from the coupling 
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The classical equations of motion are





ẋ = ∂(NH)
∂px

= −px

m
;

ṗx = −∂(NH)
∂x

= −2Λ;

Ṫ = ∂(NH)
∂pT

= 1 ;

ṗT = −∂(NH)
∂T

= 0,

� (16)

together with the super-Hamiltonian constraint

H = − p2
x

2m
− mw2

k

2
+ 2Λx + pT = 0 .� (17)

The system described by (16) is integrable and has as 
solution

x(t) = x0 − px0

m
t + Λ

m
t2 .� (18)

The gauge choice t = T  implies that N = 1, and that pT  is 
a constant of motion.

For our model with Λ < 0 and m > 0, the classical 
solution (18) is singular; i.e. for a finite time t we have 
x(t) = 0. Particularly, it is quite intriguing that for this 
model the classical dynamics of the evolution of the scale 
factor of the Universe is independent of the sign of the spa-
tial curvature k.

3  The Quantum Model

The quantization of the model in the Wheeler–DeWitt 
scheme [46, 47] consists in replacing

p̂x → −iℏ
∂

∂x
and p̂T → −iℏ

∂

∂T
,� (19)

in the super-Hamiltonian H to obtain the Hamiltonian oper-
ator Ĥ . The operators {x̂, T̂ , p̂x, p̂T } obey the the funda-
mental commutation relations

[x̂, T ] = [p̂x, p̂T ] = [x̂, p̂T ] = [T, p̂x] = 0; [x̂, p̂x] = [T̂ , p̂T ] = iℏ.� (20)

Next, by imposing the constraint equation

ĤΨ(x, T ) = 0 ,� (21)

we obtain, in our model, a Schrödinger-type equation,

constants and rescaling of the effective (Newtonian) gravi-
tational constant GN :

β = c1 + 3c2 + c3 e σ = 1 − c1 + c4

2
;� (8)

GN = G

σ
.� (9)

For details on the derivation of the super-Hamiltonian (6), 
see [6, 43–45]. In this work, we assume 16πGN = 1. Even 
thought the condition σ < 0 is mathematically possible, it is 
physically ruled out by the constraints imposed on the Ein-
stein-Aether theory [43]. One example of such constraint is 
that the effective gravitational constant GN = G/σ would 
become negative, which is physically unacceptable. Hence 
we will consider 0 < σ < 1.

It is convenient to introduce a new parametrization of 
the lapse function by writing it as N a−1. Thus, the action 
retains the form (5), but the super-Hamiltonian is modified to

H = − σ p2
a

12a2(β + 2)
− 6k

σ
+ Λa2 + pT ,� (10)

which can be written in terms of new parameters m and wk, 
defined as

m = 6(β + 2)
σ

, and wk =

√
2k

β + 2
.� (11)

This leads to

H = − p2
a

2ma2 − mw2
k

2
+ Λa2 + pT .� (12)

It is crucial to use the following canonical transformation to 
avoid ordering problems,

a =
√

2x, and pa = px a ,� (13)

the generating function of which is

F = 1
2

pxa2 .� (14)

From this point on, we will refer to x as the “scale factor”. 
Applying the canonical transformation (13) to (12) one 
obtains

H = − p2
x

2m
− mw2

k

2
+ 2Λx + pT .� (15)
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ψn(x) ∼ Ai
[
rn − 3

√
4m|Λ| x

]
,� (29)

up to a normalization constant, determined by imposing ´∞
0 dx ψ⋆

n(x)ψn(x) = 1. Observe that the eigenfunctions 
(29) do not depend on the spatial curvature k, even though 
the energy levels (28) do. Even so, the dependence of the 
latter on k comes from wk (Eq. (11)), and amounts to the 
constant term mw2

k/2. Figure 1 shows the three lowest 
energy eigenstates, for all values of k.

Tables 1, 2, and 3 display the behavior of the eigenener-
gies corresponding to the first three energy levels as func-
tions of the parameters k and Λ. The results indicate that the 
energy spectrum increases with larger values of k and larger 
values of |Λ|.

The quantum dynamics is expressed in terms of wave pack-
ets, built through the superposition of the eigenstates (25):

Ψ(x, τ) =
N∑

n=1
Cn Ai

[
rn − 3

√
4m|Λ| x

]
e−iEnτ .� (30)

−∂2Ψ(x, τ)
∂x2 +

(
m2w2

k − 4mΛx
)

Ψ(x, τ) = 2mi
∂Ψ(x, τ)

∂τ
,� (22)

in which we have redefined T = −τ  and adopted ℏ = 1.
We can now use the method of separation of variables, 

writing

Ψn(x, τ) = ψn(x) e−iEnτ ,� (23)

and obtaining eigenfunctions ψn(x) of the form

ψn(x) = C1 Ai

[
3
√

m
(
mw2

k − 4Λx − 2En

)

24/3Λ2/3

]

+C2 Bi

[
3
√

m
(
mw2

k − 4Λx − 2En

)

24/3Λ2/3

]
.

� (24)

Here, Ai(x) and Bi(x) are the Airy functions. As x → ∞, 
Ai(x) decays exponentially, whereas Bi(x) grows exponen-
tially. Therefore, in order for (24) to be well-behaved as 
x → ∞, we must let C2 = 0, obtaining

ψn(x) ∼ Ai

[
3
√

m
(
mw2

k − 4Λx − 2En

)

24/3Λ2/3

]
.� (25)

These eigenstates must satisfy the boundary conditions

ψn(0) = ψn(∞) = 0.� (26)

The condition at x → ∞ is already satisfied by Ai(x). The 
boundary condition at x = 0 yields an equation for the 
energy eigenvalues En,

Ai

[
3
√

m
(
mw2

k − 2En

)

24/3Λ2/3

]
= 0.� (27)

Since the Airy’s functions has known roots rn, we straight-
forwardly write

En = m

2
w2

k − 3

√
2Λ2

m
rn.� (28)

By inserting (28) into (25), we get the eigenvectors

Table 1  The three lowest energy levels for k = −1, β = 0.27 and σ = 0.9999, for several different values of Λ
Level Λ = −15 Λ = −10 Λ = −5 Λ = −1
E1 1.501711858 −0.275264523 −2.393864681 −4.767113911
E2 7.116449950 4.009582590 0.305419853 −3.843971585
E3 11.71328324 7.517622940 2.515346793 −3.088187203

Fig. 1  Normalized eigenstates corresponding to the three lowest 
levels of energy. We let β = 0.27, σ = 0.9999, and Λ = −15. The 
eigenstates do not depend on the spatial curvature k, even though the 
eigenenergies do. (See main text.)
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contributions from higher-energy states to the superposition. 
In panel (c), the packet becomes more dispersed, with mul-
tiple probability maxima distributed along x. The amplitude 
of the main peak gets smaller, whereas the secondary oscil-
lations gain strength, evidencing quantum dispersion and 
interference among the superposed states. Finally, panel (d) 
shows that the packet reaches its maximal dispersion within 
the analyzed interval, with the probability density becom-
ing nearly uniform over a broad region of x. The secondary 
oscillations get more numerous and smaller in amplitude, 
indicating that the packet approaches a stationary configura-
tion. The absence of a dominant peak, along with the pres-
ence of multiple low-amplitude oscillations, suggests that 
the packet no longer drifts appreciably, but instead oscillates 
around an average configuration.

4  Results

4.1  The Many-worlds Interpretation

The wave function of the Universe Ψ(x, τ) is a superposi-
tion of stationary eigenstates Ψn(x), each one associated 
with an eigenvalue En. In the many-worlds interpretation 
of quantum mechanics, originally proposed by Everett [48, 
49], each eigenstate Ψn(x) is regarded as representative of a 
distinct “branch” of the Universe, corresponding to different 
dynamical configurations of the scale factor x(τ) and of the 
cosmic-string fluid. This viewpoint is particularly relevant 
in the context of the Wheeler–DeWitt equation (22), which 
is independent of an external time parameter, suggesting 
that the classical notion of temporal evolution emerges only 
locally within each branch.

The behavior of scale factor the Universe is described by 
the evolution of its expectation value,

⟨x(τ)⟩ =
´∞

0 Ψ⋆(x, τ) x Ψ(x, τ)dx´∞
0 Ψ⋆(x, τ)Ψ(x, τ)dx

,� (32)

following the same procedure as in the Copenhagen inter-
pretation. Quantum fluctuations may occur in the scale fac-
tor in the early Universe. The uncertainty δ(τ) is defined as

δ(τ) =
√

⟨x(τ)2⟩ − ⟨x(τ)⟩2,� (33)

so that the range of variation of the scale factor ⟨x(τ)⟩ is 
given by [∆−(τ), ∆+(τ)], in which

∆±(τ) = ⟨x(τ)⟩ ± δ(τ).� (34)

Figure 3 compares the scale factor expectation value 
⟨x(τ)⟩ (black line) and ∆±(τ) (grey lines) for all values of 

The coefficients Cn are arbitrary up to the normalization of 
the package, imposed by 

´∞
0 dx Ψ(x, τ)∗Ψ(x, τ) = 1, for 

all τ ≥ 0.

Like the eigenstates, all wave packets should satisfy the 
boundary conditions given in (26). And yet, they are nor-
malizable, showing a constant and well defined norm in all 
space, even when x → 0.

The probability density can be written as

ρ(x, τ) = |Ψ(x, τ)|2

=
∑N

n=1
∑N

j=1 C⋆
nCj Ai

[
rn − 3

√
4m|Λ| x

]

Ai
[
rj − 3

√
4m|Λ| x

]
cos [(En − Ej)τ ] .

� (31)

The energy levels En (28) depend on the spatial curvature 
k through wk, but the energy eigenstates ψn(x) (29) do 
not. The wave packets (30) depend on k but only through a 
global phase e−imw2

kτ/2; consequently, the probability den-
sity (31) does not depend on k. (Equivalently: it depends 
on the physically observable energy differences En − Em, 
which are independent of k.) In addition, the expectation 
values of position and momentum will also be independent 
of k.

Figure 2 shows the probability density related to 
wave packets (30) built out of the equiprobable super-
position of the three lowest energy levels, correspond-
ing to any spatial curvature k ∈ {−1, 0, 1}, with 
normalized coefficients Cn = 0.9999333362599749, for all 
n. In panel (a), there is a pronounced probability peak near 
x = 0, accompanied by gentle oscillations that decay rap-
idly as x → ∞; this behavior reflects the imposed bound-
ary conditions Ψ(0, τ) = Ψ(∞, τ) = 0, which enforce the 
vanishing of the wave function at the endpoints. The pack-
et’s profile suggests a coherent superposition of the lowest-
lying quantum states, with constructive interference near 
the origin. In panel (b), the packet broadens, and the main 
peak shifts slightly toward larger values of x; more well-
defined secondary oscillations emerge, indicating increased 

Table 2  The three lowest energy levels for k = 0, β = 0.27 and 
σ = 0.9999, for several different values of Λ
Level Λ = −15 Λ = −10 Λ = −5 Λ = −1
E1

7.502311918 5.725335537 3.606735379 1.1534

E2
13.11705001 10.01018265 6.306019913 3.1377

E3
17.71388330 13.51822300 8.515946853 5.1642

Table 3  The three lowest energy levels for k = 1, β = 0.27 and 
σ = 0.9999, for several different values of Λ
Level Λ = −15 Λ = −10 Λ = −5 Λ = −1
E1

13.50291198 11.72593560 9.607335439 7.234086209

E2
19.11765007 16.01078271 12.30661997 8.157228535

E3
23.71448336 19.51882306 14.51654691 8.913012917
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“pilot wave” represented by the wave function Ψ(x, τ). In 
this interpretation, reality is deterministic: particles follow 
precise, albeit hidden, trajectories, with quantum random-
ness emerging solely from ignorance of initial conditions. 
The wave function does not collapse but rather acts as a 
real physical field that influences particles. Non-locality is 
intrinsic, reflecting instantaneous action between entangled 
particles (as in the EPR experiment), consistent with Bell’s 
theorem. This view preserves ontological realism (i.e., that 
particles exist independently of measurement).

k. We have minτ ∆−(τ) = 0.008657875868247095 ̸= 0; 
therefore, we can assert that there is no singularity at the 
quantum level, for the present model.

4.2  The de Broglie-Bohm Interpretation

The de Broglie-Bohm interpretation [50, 51] of quantum 
mechanics, originally proposed by Louis de Broglie and 
further developed by David Bohm, asserts that particles 
possess well-defined positions at all times, guided by a 

Fig. 2  Time evolution of the probability density associated to wave 
packets, for τ ∈ [0, δτ ], for values of δτ : (a) δτ = 0.6; (b) δτ = 0.7; 
(c) δτ = 0.9; and (d) δτ = 1. Here we let β = 0.27, σ = 0.9999, and 

Λ = −15. The same evolution occurs for all values of the spatial cur-
vature, k ∈ {−1, 0, 1}
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and using (31) and (37) it is possible to identify R(x, τ) and 
S(x, τ) as

R(x, τ) =
N∑

n=1

N∑
j=1

C⋆
nCj Ai

[
rn − 3

√
4m|Λ| x

]

Ai
[
rj − 3

√
4m|Λ| x

]
cos [(En − Ej)τ ]

� (38)

and

S(x, τ) = arctan




∑N
n=1 C⋆

nAi
[
rn − 3

√
4m|Λ| x

]
sin (Enτ)

∑N
j=1 CjAi

[
rj − 3

√
4m|Λ| x

]
cos (Ejτ)


 ,� (39)

which amounts to

∂S

∂x
=

∑N
n=1

∑N
m=1 λ CnCm Ai′(θn)Ai(θm) sin [(En − Em)τ ]∑N

n=1
∑N

m=1 CnCm Ai(θn)Ai(θm) cos [(En − Em)τ ]
� (40)

with

θk = rk − 3
√

4m|Λ|x� (41)

and

λ = −4Λ 3
√

m

24/3Λ2/3 = − 3
√

4m|Λ|.� (42)

According to the postulates of the de Broglie–Bohm 
interpretation, we assume the following. 

1.	 The wave function Ψ(x, τ) obeys the unitary dynamics 
generated by the Wheeler–DeWitt equation.

2.	 Writing Ψ(x, τ) in polar form, 
Ψ(x, τ) = R(x, τ) eiS(x,τ), the phase S(x, τ) satisfies 
a modified Hamilton–Jacobi equation in which an extra 
potential term encodes the quantum corrections, 

Q = − 1
R(x, τ)

∂2R
∂x2 .� (35)

3.	 The scale factor x(τ) is an ontological variable, the 
momentum of which is defined by the guiding equation 

px = ∂S
∂x

.� (36)

In our model, by rewriting the wave function of the Uni-
verse (30) as

Ψ(x, τ) =
N∑

n=1
Cn Ai

[
rn − 3

√
4m|Λ| x

]
cos(Enτ)

−i
N∑

n=1
Cn Ai

[
rn − 3

√
4m|Λ| x

]
sin(Enτ) ,

� (37)

Fig. 3  Behavior of ⟨x(τ)⟩ (black 
central line) and fluctuations 
(∆±(τ)) (upper and lower gray 
lines, respectively) as func-
tions of time τ , for all values 
of the spatial curvature k. We 
let β = 0.27, σ = 0.9999 and 
Λ = −15
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xBohm(0) = ⟨x(0)⟩MW = 0.385864706363, one obtains 
the solution depicted in Fig. 4. It portrays Universes with a 
scale factor that oscillates between finite non-vanishing val-
ues. Just like in the many-worlds interpretation, this model 
is free from singularities at the quantum level.

Comparing the Bohmian trajectory with the classical 
solution (18) under the same initial condition, one con-
cludes that they quickly drift apart, as shown in Fig. 5 for 
τ ∈ [0, 2].

The quantum potential Q(xBohm(τ)) evaluated along 
the Bohmian trajectories xBohm(τ) can be calculated from 
(35) and (38). Also insensitive to the spatial curvature k, the 

Observe that neither R(x, τ) (38) nor S(x, τ) (40) depend 
on the spatial curvature k, since those expressions depend on 
the physically observable energy differences (En − Em), 
which are insensitive to k.

The Bohmian trajectories x(τ), which describe the 
behavior of the scale factor, are solutions of the ODE

dx(τ)
dτ

= − 1
m

∂S(x, τ)
∂x

,� (43)

Using the expectation value (32) at τ = 0 
as the initial condition for (43), i.e., letting 

Fig. 5  Comparison between the 
classical solution (gray lower 
line) and the Bohmian trajectory 
(black upper line) for the scale 
factor, for τ ∈ [0, 2]. The clas-
sical solution quickly collapses, 
whereas the quantum solution 
oscillates within a finite range 
of non-vanishing values. We let 
β = 0.27, σ = 0.9999, Λ = −15. 
Both solutions are insensitive to 
the spatial curvature k

 

Fig. 4  Bohmian trajec-
tory xBohm(τ) for 
τ ∈ [0, 20], for all values of the 
spatial curvature k, obtained 
for Λ = −15, σ = 0.9999 and 
β = 0.27
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indicates that the presence of such fluid may smooth out or 
even neutralize the direct influence of spatial curvature on 
the quantum dynamics of the primordial Universe.

In a future work, we will test the robustness of this effect 
by replacing the cosmic string fluid with other barotropic 
fluids. This will allow us to understand how different mate-
rial contents modify the solution structure and singularity 
avoidance mechanisms within Einstein–Æther theory.
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quantum potential acts repulsively, thereby preventing sin-
gularities, as shown in Fig. 6.

5  Conclusions

We developed a FLRW model within Einstein–Æther grav-
ity with a negative cosmological constant and a cosmic 
string fluid as its matter content. Starting from the canoni-
cally reduced action, we derived the super-Hamiltonian and 
obtained singular classical solutions for the scale factor of 
the Universe. At the quantum level, the Wheeler-DeWitt 
equation takes the form of a Schrödinger-type equation. Its 
stationary solutions are normalizable superpositions of Airy 
functions that satisfy the imposed boundary conditions. 
Using these wave packets, we investigated the quantum 
dynamics of the scale factor in both the many-worlds (using 
its expectation value) and the de Broglie-Bohm interpre-
tations (using its Bohmian trajectories). The wave–packet 
profiles are independent of the spatial curvature of the 
model. Both interpretations consistently predict singularity 
avoidance. In particular, the quantum potential evaluated 
along the Bohm trajectories acts repulsively and provides 
the mechanism for such avoidance.

The quantum solutions obtained behave independently 
of the spatial curvature. This feature seems to stem from 
the specific role the cosmic string fluid plays in our model’s 
Hamiltonian and Wheeler–DeWitt equation. This result 

Fig. 6  The quantum potential 
Q(xBohm(τ)) computed over the 
Bohmian trajectory xBohm(τ) for 
τ ∈ [0, 20]. It is insensitive to the 
value of the spatial curvature k
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