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1 Introduction

1.1 Constants of motion and integrability

In mechanics a constant of motion is called the quantity that is conserved throughout the
motion. These quantities allow to describe properties of motion and solve equations of
motion without doing it explicitly. Each constant of motion adds restriction to the motion

and for each couple of constansts the following relation is true:
I, I, = const

Thus each constant of motion reduces degrees of freedom of the system by one.

In classical and quantum mechanics a system with N degrees of freedom is called com-
pletely integrable if N functionally independent constants of the motion can be obtained for
the system. The system is superintegrable if more than N constants of the motion can be
defined and maximally superintegrable if there exist 2N — 1 constants of the motion. These
systems are very fundamental from the mathematical and physical perspective due to their
many in teresting properties.

Another way of definig integrability is the Liouville integrability. In this sense integra-
bility means that there exists a maximal set of Poisson commuting invariants: Liouville
integrals. These are functions on the phase space whose Poisson brackets with the Hamilto-
nian of the system, and with each other, vanish. In quantum systems Poisson brackets shift

to commutaition relations.

{[1,[2} — O

1.2 Examples of integrable systems

The N-dimensional free particle, isotropic oscillator and particle moving in the Coulomb
potential are the simplest maximally superintegrable systems. This means that apart from
the Liouville integrals, such systems have N — 1 additional constants of motion. Due to
them, the orbits of the classical bounded motion are closed. For quantum systems, the
superintegrability leads to a hight degeneracy of energy levels and an exact expression for
the wavefunctions. The entire symmetry of the free-particle, oscillator and Coulomb systems
constitute, correspondingly, the Euclidean F(N), unitary U(N) and (pseudo)orthogonal
SO(N+1)/SO(1, N) groups, which are responsible for the superintegrability. The described

models lie at the origin of many (super)integrable models of classical and quantum mechanics.
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Another example of a superintegrable system can be obtained by treating each coordinate
as a separate particle in one dimension and consider an interaction between them. In par-
ticular, interaction with the inverse-square potential, introduced by Calogero, significantly
complicates the above systems [1, 2, 3, 4, (]. Nevertheless, it preserves the superintegrability
[31, 7, 8, 9]. Apart from the Liouville integrals [2], the unbound Calogero system (Calogero-
Moser model) possesses additional integrals of motion ensuring maximal superintegralility
[31, 7, 32]. This property is retained in the presence of the oscillator [33] and Coulomb
potentials including the spaces with constant curvature [3].

In the quantum case, the Calogero potential can be involved into a covariant derivative
with flat connection, bringin closer to the original system [10, [1]. Tt was first introduced
by Dunkl and contains particle-exchange operators [12]. As a result, the Calogero model
(unbound or bound by oscillator or Coulomb potential) can be regarded as a Dunkl-operator
deformation of the underlying system without particle interaction. The related symmetries
are deformed as well. Their generators together with the exchange operators form a quadratic

algebra [13, 11, 9, 15].

1.3 Truncated quantum Calogero model

A nonlocal gauge (similarity) transformation eliminates the connection together with the
Calogero potential [16]. For indistinguishable bosons or fermions, it just shifts the ground-
state energy level in the bound spectrum ensuring an equivalence with the related noninter-
acting system. Recently, a modified analog of this transformation have been applied in order
to construct Calogero-type model with more general inverse-square interaction, containing
also three-particle terms [17]. In contrast to the pure Calogero case, here most wavefunc-
tions of the noninteracting oscillators are mapped to non-normalizable states. In the current
talk, we introduce a simpler U(1) gauge transform in N-dimensional space, which produce
not only similar-type inverse-square potentials but also but also terms linear in momen-
tum. It is equivalent to inclusion of the Aharonov-Both type magnetic potential which is
inverse in coordinates. For quantum case, the momentum shift is reminiscent the truncated
Dunkl operator without the particle exchanges. For an imaginary phase, the map produces

non-Hermitian PT-invariant Hamiltonians.



2 N-dimensional hamonic oscillator

2.1 The solution of Schrodinger equation for the oscillator

In classical mechanics a harmonic oscillator is a particle or system that undergoes harmonic

motion about an equilibrium position occording to
r = asinwt (1)

law, where w = 27 . In quantum mechanics an oscillator is described via following Hamil-

tonian A
g P Wi

where the first term represents the kinetic energy of the particle, and the second term the

potential energy represented by w frequency of the oscillator.
One may find eigenvalues and eigenstates of the system by directly solving time-

independent Schrodinger equation.

Another approach called the ’ladder operator’ method was developed by Paul Dirac which
allows extraction of the energy eigenvalues without directly solving the differential equation
by giving matrix representation of system operators. The energetic representat ion of the

system has the following form:
~ _ ]5_22 u)QJ?Z‘Q

H 2+2 (4)

where p;; and 2;; are the matrices of impulse and coordinate. Which obey following relation:

Eip; — pict = iRl (5)
Now let’s introduce new d;, d; " lowering and rising operators that are related to impulse
and coordinate with following expressions:
~ Jr o~ . ~
a;' = p; +1wwx; (7)
Representations of #; and p; by ladder operators are:

~



Following the (6) and (7) definitions it is easy to show that lowering-rising operators obey
following commutative relations:

Further (4) Hamiltonian can be exspressed via d;, d;* with following equation:

N
. 1
=1

Having two equations above it is easy to show that lowering-rising operators and oscillator

Hamiltonian obey following relations:

[d;, H] = hwi; (12)
6,7, H] = —hwi; (13)
a;d; " = 2H + hw (14)
;" d; = 2H — hw (15)

Acting on both sides of (3) Schrodinger equation by d; lowering operator one will get:
@ Hep, = (Hd; + h)n H (@) = (B, — hw)(dgby) (16)

Which means that ai, is the eigenfunction of H for E, —hw energetic level. Generalizing
we will get that a;1,,, a;,_1, ..., a;301 are eigenfunctions for correspondingly F,, —hw, E,,_1 —
hw, ..., By — hw eigenvalues. This means that a; acts on 1, to produce 1,_; state. Thus a;

lowerinng operator annihilates the ground state .
dithy =0 (17)

dzwn = anwnfl (18)

The spector will be E,, = Ey + nhwy. The same way for the d;" raising operator

di+¢n = Cn¢n+1 (19)

It is easy to find the ground state Ej energy and corresponding 1)y wave function having

(11) and (17). Acting on a state by d;"d; operators one will get.

. h h
Gt dgaby = 2 (H - 7(”) o = 2 (EU - 7“’) Wo =0 (20)
From this the ground state energy will be:
I
Ey == (21)



And for the spector we will get:
1
E, = Ey + nhw = hw (n + 5) (22)

where n =0,1,2, ....
The ground state wavefunction will be found via (17) annihilation relation:

ditbo = —ih (% + %’%) —0 (23)

Which produces following differential equation:
x
Yo + ?%(x) =0 (24)

where a® = h/w.
The normalised solution for the above equation is [5]:

2
o(z) = ;exp— <

— e (25)

2.2 Superintegrability and symmetries of the N-dimensional os-
cillator

In the first subsection we have represented N-dimensional oscillator in matrix terms via

d;,d; " ladder operators. Now it is easy to show that the system is invariant under a set of

transformations isomorphic to the group U(N).
One can define group generators as follows:
The antisymmetric combinations of Eij yield the angular momentum components:

Lij = By — Eji = &, — 0, (27)

To show that system is invariant to transformation under the angular momentum it is

enought to show that (4) Hamiltonian commutes with ﬁij:
[H, Lij] =0 (28)

Indeed following to matrix representations of (11) Hamiltonian and (27) angular momen-

tum the commutation can be written as follows:
N
A 1
[H, Lij) =hw» K&jai + 5) (afa; — ajaj)} - (29)
i=1

hwz ([a) @i, ai a;] — [afas, a;a]) =0 (30)



The symmetric combinations of the U(N) generators produce another symmetry of the

system, the Fradkin tensor:

lij = Eij + Eji = pipj — i (31)
Which also commutes with the oscillator Hamiltonian.

[H,I;;] =0 (32)

Symmetries of N-dimensional isotropic oscillator make up complete U(N) group which in-
cludes SO(N) angular momentum and Fradkin’s tensors. Thus the isotropic oscillator is
maximally superintegrable since it possesses the maximal (2N — 1) number of functionally

independent constants of motion.

3 Generalized Calogero model

The Calogero model describes one-dimensional identical particles interacting by an inverse-

square potential.

. — al Vi glgFh) 33

PR P e 3
i=1 i<j LY

Here p; = —ih0; is the momentum operator, ¢ is a coupling constant that characterizes in-

terparticle interactions and the F sign in the potential corresponds to the fermions (bosons).
We use a conventional notation for the particle distance, z;; = z; — x;.

Adding an external harmonic force to the system one gets the following Hamiltonian:

N

o= 30+ + 3 AOF, en

i=1 i<j Lij
This system is called bound Calogero model (the frequency of the external harmonic oscillator
is set to unity w = 1).
Most properties of the Calogero model (and its various extensions), like (su-
per)integrability, spectrum, wave functions, and conservation laws are conditioned by its
slightly modified version known as a generalized Calogero Hamiltonian [10, 1] given by

following Hamiltonian:

SRR 9(g — hMs)



It includes a permutation operator M,;, which exchanges the coordinates of ith and jth
particles. At a first glance, such a modification may look rather strange due to its nonlocality
but for the identical particles the permutation operator becomes M;; = £1 and the system
just reduces to the standard Calogero Hamiltonian (108). The advantage of the above
Hamiltonian is the representation in terms of the deformed momentum operator with a

derivative replaced with the Dunkl operator,

N
o 1 .
=53 () (36)
T = pi + Z ;—gMzg (37)

g#i Y
Note that the inverse-square Calogero interaction is encapsulated into the Dunkl momentum
operator. The latter can be considered as a kind of flat nonlocal covariant derivative with

the following algebra [12]:

(i, 5] = 23, 25] = 0, [z, 7] = 15y, (38)

Sy = (6;; — 1)gM;; + 05 (h +9) Mik> . (39)

ki
At the ¢ — 0 limit when the Calogero inverse-square potential is absent, 7; is mapped to
p; and the matrix S;; is reduced to the Kronecker delta, recovering the Heisenberg algebra
commutation rules.

A

T = Di, Sij = hoij
Another set of quantities to describe the system, are the lowering-rising operators. A

Dunkl-operator analog of lowering-rising operators are defined in the standard way [11, 10,

],
ZT; ’L’ﬁ'i
i =" (40)
V2
With this definition most of the canonical relations preserve. The lowering (and rising)
operators mutually commute and the commutation between lowering and rising operators

results in S;; operator(39).

a;,a;] = [a,a7] =0, la;,af] = Sij' (41)

17 J

The generalized Hamiltonian can be expressed in terms of them,

. hN
H =3 zi:(aja,- + @07 = ;ajai +— =8 (42)

11



Here, by S, the rescaled invariant of the permutation group algebra is denoted,

S=-g) My,  [S,My]=0. (43)

4 Symmetries of the generalized Calogero model

As it is shown in section 2.1 symmetries of N-dimensional isotropic oscillator make up
complete U(N) group which includes SO(N) angular momentum and Fradkin’s tensors.
Using Dunkl representation we have defined the generalized Calogero system with a
Hamiltonian quite similiar to /N dimensional oscillator hamiltonian, here the inverse-square
Calogero interaction is encapsulated into the Dunkl momentum operator. Thus the system
symmetries as well can be expressed as Dunkl deformation of U(N) group. It has been shown
that as a result of (41) and (42) properties, the lowering-rising operators obey a standard

spectrum generating relations [11, 30],
[H,dF] = +hat. (44)
Bilinear combinations of lowering-rising operators,
Ey = a}a;, (45)

They are Dunkl-analogs of U(N) group generators. Together with the permutations S;,
they generate the symmetries of the nonlocal Calogero model.
As a result they commute with the Hamiltonian(satisfie the conservation law) and obey

to following relation, which is a deformation of U(N) generator commutation relations.

[H,E;]=0. [H,S;]=0. (46)

The elements Eij together with permutations M;; provide entire algebra of symmetries
for the generalized Calogero model. In addition, the following quadratic relation takes place
among Fy; and Sy; [14]:

Eij(Ey + Sk) = Ea(Exj + Sky). (47)

The latter implies, in particular, the following commutation relation:

[Em Ekzl + gkl] = Eilgkj - gilEkj- (48)

12



As a consequence, the diagonal elements are closed under commutation. Unlike the

Cartan algebra, they are not Abelian but obey a simple commutation,
[Eiia Ekk] = (En - Ekk)gzk (49)

The above algebra ensures that the power sums form a system of Liouville integrals of the

Calogero system [10],

E=) Ef  [&.&]=0. (50)

The generalized Hamiltonian itself is expressed in terms of the first member in this family,
. A Nh

H:éfl—S—l—T. (51)

Moreover, it is a unique Casimir element (up to a nonessential constant term) of the Dunkl-
deformed u(N) algebra [14].

Remember that the same algebra (49) describes also the symmetries of the generalized
Hamiltonian related to the Sutherland model [10], an analog of the Calogero-Moser system
with trigonometric interactions [27].

The antisymmetric combinations of El-j yield the Dunkl angular momentum components

[ Y ]7

A A

Lz’j = EA'Z'j — Eji = ZL’Z"YATJ‘ — l']’ﬁ'l (52)

Together with permutations, they produce a deformation of so(NN) algebra with a unique
Casimir element given by the Dunkl angular momentum square L2 = 3, i 23] shifted by a

permutation invariant term [14],

~

Lo=1L1*+S>—h(N—-2)S,  [Liy, Ly =0. (53)

It can be considered as a generalized angular Calogero Hamiltonian, which is reduced to the

angular part of the Calogero model for identical particles [11],

. W N -1 2 L
H=—" (2 +—0, )+ =+ 2=
2 r 2 2r? (54)
with r = va?2
The symmetric combinations of the deformed u(/N') generators produce a Dunkl-operator
deformation for the well-known Fradkin tensor [15],
fij = Eij + Eji — Sij = ’/'ATﬂAT] + [Bil’j. (55)

13



Remember that the angular momentum and Fradkin tensor describe, respectively, the dy-
namical and hidden symmetries of the N-dimensional isotropic oscillator [12].
The diagonal algebra (49) has an Abelian basis obtained by applying a shift to its ele-

ments. The shift is a tail composed of exchange operators [37],

i—1
~ ~ ~

Di = Em - Si7 Sz = Sija (56)
1

J
where S = 0 is supposed. Together with permutations, the elements D, satisfy the defining
relations of degenerate affine Hecke algebra,

Dy, D;] =0,  [Dy, ;4] =0 if k#d,i+1,
L . (57)
D1 S0 — SjnDi = ¢*.
Note that the tails S; satisfy the same relations; i.e., the above equations remain true upon
the substitution D; — S;. As a result, the modified diagonal elements can be considered as
an analog of Liouville integrals for the generalized Hamiltonian (35), which may be expressed

via them using the representation (42),
- ~ RN
H = D;+ —. 58
Tosh .
The higher-order power sums define the higher Hamiltonians,
Dy =) D} (59)

The second member, 152, corresponds to the generalized Calogero-Sutherland model. Note
that in contrast to the previous integrals (50), the permutation invariance is not evident but
can be verified. More familiar are the monomials given by the generating function [, (u— Dz)
[37]. In general, any symmetric polynomial in D; is permutation invariant and reduced to
the constant of motion of the Calogero model (108) for indistinguishable particles.

The Calogero system is superintegrable, which means that we must be able to find in-
tegrals of motion for the system out of Liouville integral set. They an be constructed by
taking the symmetric polynomials of the generators F;;

To transition from generalized to bound Calogero models and preserve symmetry algebra
we define integrals of motion as symmetric polynomials Py, on the generators Eij, (or f/ij

and I;;) and permutation S;;.

A

Piym(Eij, Sij) = P, (f/ija L;, Sij)
14



Here are some simplest examples of simple integrals of motion describing the system.,

SoIb > LY, Y IEMy, Y IELY (60)
ij i i

5 Generalized Polychronakos-Frahm chain

Let us set the interaction constant to unity, g = 1. In the current section, we consider the
discrete Calogero model and it’s relation to Polychronakos-Frahm chain.

First let’s describe the transition from the dynamical to discrete Calogero systems. Con-
sider the generalized Calogero system at the equilibrium points, where the entire Calogero

potential takes its minimal value,

oV N2 1
=0, Vi(x) = E = 4 —. (61)
ox; ~ 2 o a:fj

This condition gives a differential equation, solving which we find that equilibrium coordi-
nates for particles are roots of the N-th order Hermite polynomial.

This leaves us with NV particles that are distributed along with the N equilibrium points,
one per each. Since the momenta vanishes, p; = 0, the permutations M;; are the only allowed
motion in the frozen system, so that it becomes discrete.[29].

All roots differ, so there are N! equivalent minima connecting by the coordinate exchanges
M;;. These are only allowed evolutions in the frozen system.

Consider the expansion of the Hamiltonian (35) in powers of Planck’s constant,
h29?

H=V+nrH®Y — 5

(62)

The first-order term can be considered as a generalized Polychronakos-Frahm Hamiltonian,
where the spin exchange operator is replaced by the coordinate exchange [28],
Y = Y
=> — M. (63)
i<j Y
The SU(n) symmetric spin chain is recovered from the above Hamiltonian after the replace-

ment of the coordinate permutations with spin exchange operators so that

P

Hop =Y —2. (64)

i<j Lij
Here, P;; permutes the ¢th and jth spins, which take values in the fundamental representation

of the SU(n) group. Both Hamiltonians become identical on the bosonic (fermionic) states
15



provided that the particles are endowed with additional spin degrees of freedom. Then the
entire wave function must be symmetric (antisymmetric) under simultaneous exchanges of
coordinates and spins for bosons (fermions). A permutation of spatial coordinates M;; can
be replaced by the spin exchange operators F;; and —F;; in the bosonic and fermionic cases
respectively. Note that the projection inverts the order of permutations so that the operator
M;; My, must be substituted by Py P;;.

Let us now construct the constants of motion of the chain Hamiltonian (63) by applying
the i expansion to the integrals of the original dynamical model (35) at the equilibrium
point. They do not provide directly the invariants of the SU(n) spin chain (64). In order to
get them, one needs to carry out symmetrization over all particles prior to the projection.
For instance, H() stays invariant under a selected coordinate exchange, M;;, but Hpp does
not preserve its spin counterpart, F;;. However, both Hamiltonians preserve the symmetrized
version given by the element S (43).

We have established an analogy and the mapping mechanism between the dynamical and
discrete generalized Calogero models. Let us apply the Plank’s expansion for the dynamical
operators as well. Accordingly the Dunkl momentum (37) and permutation matrix (39) can

be presented as follows:

ﬁi = T — zh@z with T = Z L ijs (65)

i i
Sij = Sij + héy;  with (66)
Sij = (65 — 1)Mj; + 655 Y M.
k#i
Here and in the following, the superscript is omitted in the zeroth-order term of any operator,
so that 7Y = 7;. In that limit, the canonical commutation relations resemble their original

form (38),

[7Ti, 7Tj] = O, [ZIZ’i, 7Tj] = Zsij,

—Mij, if i # j, (67)
Sij =
> iz Mix, otherwise,

6 Symmetries of the Polychronakos-Frahm chain

Recall now that the particle coordinates are set by the roots of the Hermite polynomial,

which imposes certain algebraic relations on them (see, for example, [13, 38]). As a result,

16



the discrete Dunkl momenta are not independent any more but undergo additional algebraic

constraints. In particular, the following relations hold among the fixed phase space variables:

2
2 _ 2 Z 1 _
=7 _Zﬁ = 1LN(N — 1), (69)
i<y W
r-m=—m-r=—1S. (70)

In general, all relations between the operators of the dynamical Calogero system are

preserved at the h = 0 limit. In particular, the frozen lowering-rising operators

T; F v R h
== - af =af +

a; > i — Y s
' V2 V2

obey a rule similar to the commutations of the deformed Heisenberg algebra (41) [28],

0; (71)

[ahaj] = [CL?,CL;_] =0, [aiaa

] = Sy (72)

J
Because of the minimum condition (61), the spectrum generating relation (44) remains valid

for the generalized Polychronakos-Frahm chain too [28],
[HY aF] = +af. (73)

However, unlike the dynamical case, the discrete Hamiltonian is not expressed via lowering-
rising operators [see Eq.(42)].
The constants of motion of the generalized Calogero model (45) have terms up to the

second order in their expansion,
: m B
The relations (73) imply conservation of the constant terms,

Eij = CL?—(Z]‘, [H(l), EU] =0. (75)

For the Dunkl angular momentum (52), the A2 part vanishes, while the / term corresponds

to the usual angular momentum operator in quantum mechanics,

A

Lij = Lz‘j — zh(xﬁj — x]@-), Lij = .fL’ﬂTj — l’jﬂ'i. (76)
A similar expansion for the Fradkin tensor is more complex,

fij = Iz’j + h[l(;) — hQal‘aj, Iz’j = xixj + 7TZ'7Tj. (77)
17



The first order operator-valued coefficient is given by

m _ 1
%—ﬁ%+z<
1)

ki,

0; 0,
My, + —Mzk> (78)
Tk T

ik

for i # j and

) = Z L (@‘ + Ok — i) Mig. (79)

xX; Z;
ki ik ik

As was discussed above, the algebraic relations between the symmetry generators of the
dynamical system remain true at the freezing limit. In particular, the most general relation

(47) and its consequences (48), (49) are reduced, respectively, to the following equations:

Eij(Ey + Sk) = Eu(Ey; + Sk;j), (80)
|Eij, Exi + Sk = EuSk; — SaEk;, (81)
|Ei, Ey] = (E; — Ex) S (82)

The power sums of diagonal elements yield Liouville integrals of the Polychronakos-Frahm
chain [28],

N(N-1)
2

The first element of this set is rather trivial, & = S + , as is easy to get using the
equations (69) and (71). The higher rank &, have more complicated expressions.

For the dynamical system, the quadratic relations (47) are the only constraints which the
symmetry generators E'Z-j obey [11]. However, there are a lot of other restrictions on them

at the equilibrium point. For example, the Eqgs. (68) imply the sum vanishing rules,

ZEik:ZEki:ZLikZZIikZO- (84)

In the dynamical case, the angular Calogero Hamiltonian (53) plays an important role
among constants of motion. In the absence of an oscillator potential, it maps the Liouville
set to additional integrals. However, in the equilibrium limit, the angular part does not
produce a new integral but just is expressed via trivial ones. Using the relations (68), (69),
(52), and (85), it is easy to verify that the operator L, is a scalar at the equilibrium. Its

h-linear coefficient reproduces the chain Hamiltonian as was argued earlier [11],
Lo=r1" £§1) = 2r?HW (85)

with 72 = $N(N — 1) (69).
18



Let us calculate also a chain analog of the Fradkin’s tensor square. It corresponds to the

second (k = 2) member of the first sequence presented in (60),

D I =254 (Si+ )My +2r' + N(N = 1) = (86)
i3 i<j
Z Mijk—252+1/2N(N_1)(N2_N+4)' (87)
itk

Here, M;;;, is a cyclic permutation of the marked three coordinates. It also is expressed
through the invariants of the permutation group algebra. Nevertheless, we expect that
higher degree power sums from (60) at the equilibrium give rise to nontrivial integrals of
motion for the chain Hamiltonians (63), (64).

Finally, consider the shifted diagonal elements (56). At the freezing level, they also

commute,
[D;, D;] =0, D;,=FE; -5, (88)

Together with permutations, they form also degenerate affine Hecke algebra (57) (with g =
1). Contrary to the nonshifted case (75), (83), the related symmetric polynomials, Dy =
>, DF, are scalars (multiples of identity) and do not lead to a conservation law. At the
same time, the Ai-linear terms of the dynamical integrals (59) form a family of commuting

nontrivial integrals (83),

k-1
D) =323 Dot o DY) =0, (89)
i 1=0

where Dgl) = %IZ-(Z-l) . The first element of the family describes the chain Hamiltonian: Dgl) =
—2HM_ This remarkable property was established first for the Haldane-Shastry chain using

the Yangian represtation [39] and has been extended later to the Polychonakos-Frahm chain

[35].

7 Two-dimensional system with dihedral symmetry

Consider the simple two-dimensional analog of the Calogero model (63), (108), which re-
mains invariant with respect to the dihedral group D,, with odd n. The latter describes the
symmetries of a regular polygon with n vertexes and contains 2n entries.

In the complex plane,

I\

2 = X1 + T2, =T — 1Xa,

19



it consists on the n discrete rotations,

b
>
23

and n reflections with respect to the symmetry axes,
sp(z) =w 2z
with £ =0,1,...,n — 1. Clearly, such operations obey the relations
T = si =1
and the commutation rules
SES1 = Tk—1, SET = Sk—1s TkS1 = Sk+1, TETL = Tkt

The Dunkl operators are defined by [12]
n—1 w_k
V.=0.—g Z — S with fe = 2wk — zwk
= T

and its complex conjugate. Note that fi, = — fs.
In two dimension, the Dunkl angular momentum (52) is described by a single operator

[10]
T
L=2:V,—-2V;="nh(20, — z0;) — gz wsk. (90)
- k

The Fradkin tensor (55) has three components, and only two of them are independent.
The mixed component is related to the Hamiltonian, while the diagonal one is related to an

hidden integral of motion,

2 2, \n—1 n-l
]zi - _VzVE + 1/2’2Z = _h28282 + 1/2ZZ + % - FLQZ %7 (91)
Z?’l — Zn
k=0 'k

nl o2k wk
I.=-V2+2*=-R%0% +1)2° — hg Z [wkﬁz +w k9, — —} Sk
= I

_ n—1 _
, N2 . nz"

In the derivation of the above equations we have used the following identities:

n—1 — n—1 =
1 n?(zz)" ! w2 winz" 2 nz"
Z - 51’0 n( )*n 2’ Z ~ n n |:1 + 61’0 n n:| ’
St (2" —2m)  frfern 22 2" —Z
The complex Fradkin tensor (91), (92) is related to its Cartesian representation (55) by
1 1 1 )
I:=-(1 Iy) = -H, I,=—-(l1; — I —1s.
4( 11+ Io) 5 4( 11— loz) + 5112

Note that in the symmetric case when r, = 1 and s, = +1, the radial and angular degrees

of freedom separate from each other [?].
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8 Canonical mapping of classical Hamiltonians

Consider the following map transformation of the phase space variables of an N-dimensional

system, which mixes the coordinate and momentum,

d=nt Y L o=, (93)

)
1<i—jl<r ** J

parameterised by an integer r < N — 1.

It describes a canonical map with singularities at the hyperplanes z; = x; with |[i—j| <7

S pidet =Y pida; +dlog Ff,  F= ] |wi— . (94)

1<i—j<r

so that the new variables obey the standard Poisson brackets,
{pi,z;} = &y, {p;, v} = 0.

Note that the primed momentum can be interpreted as a generalized momentum in the

Aharonov-Bohm like magnetic potential
A; = d;log FY. (95)

As a result, the free-particle system is equivalent to the following model with the two-

particle and three-particle distant interactions as well as

HO_Z%Q
_ Z p? f? pi — D f? (96)
_Z:EJF Z ((5’?‘—%’)2 +f$i—37j) - Z (@i — ) (2; — xp)

1<i—j<r ! i<j<k
r<k—i<2r

Of course, the above system is superintegrable with integrals of motion given by the

/

momentum p; and angular momentum L

;= x;p; — x;p; with the standard Poisson brackets
between them.
The harmonic and Coulomb potentials preserve the superintegrability.

w?r? gl 2 2
Hy=Ho+=—,  Hy=Hy—— 7 :Zx (97)

The integrals of motion in the first case form the u(/NV) algebra with the angular momentum
and Fradkin tensor T}, = x;r; + pip;. In the Coulomb case, the symmetry forms the so(4)

Lie algebra with the Runge-Lenz vector A; = > a;Li; — ya; /7.
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Of course, the canonical map (93) may be applied to other models. The above Hamiltoni-
ans look quite close to the Calogero-Moser model, which is also maximally supertintegrable

[?7]. The later, in its turn, is mapped to the following system:

p? b fP+9°  pi—p;
H, Z +Zx—x Z Z ((:Ui—xj)2+fxi—xj)

i<j 1<i— j<r
D D D DR
i— j>7" Li — I] i<j<k ('rl - xj)(xj - xk)
r<k—i<2r

Note that in » = N — 1 case, the last two terms in the Hamiltonian (98) disappear, and the
system becomes invariant under particles exchanges.

Clearly, the constructed model is superintegrable too. The Lax matrix is inherited from
the Calogero model [2]

g
L= 0up: + (1 —0)———,
j i+ ( ])l’i—xj

where the p} is defined by (93). It defines the Liouville integrals of motion 7, = TrL" for
n < N. The additional integrals may be taken as the Poisson brackets {I,, H;'}, where H}’
is the angular part of the H, [|

Note that the Hamiltonian (98) is reminiscent of the classical version of the truncated
Calogero model [17] without external harmonic potential, which contains both the two-body
and three-body inverse-square interactions:

2 2 2

WYt X eoop X eenmomw

1<i—j<r ek i zi)(zj — x,)
r<k—i<2r

9 Gauge transformation of quantum systems

In the quantum case the canonical map (93), (94) is generated by the following gauge trans-

formation acting on any function G' on the phase space variables,

with p; = —10;. Here the local U(1) phase

U=FY =exp <zf Z In|z; — :L*]\) (101)

1<i—j<r

defines the unitary shift which does not contain any singularity.
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In particular, the free one-dimensional particle Hamiltonian is mapped to the following

system:
N2 N
__ 77t ) _ 7
Hy=U" () S |U=)
i=1 =1
N 2 2
p; f(f =) f ) f
=) 5t + (pi —pj) | = :
; 2 = ((%‘ —x;)?  w— ’ szgk (j — @) (@ — i)
r<k—i<2r

(102)
Note that the quantum corrections make the coefficient in front of the inverse-square
potential term a complex number [compare with (96)]. The classical coefficient recovers
upon applying the anticommutator in the momentum term:
p; f? f pi—p f?
H sy + , J _
R S s P O

1<i—j<r (xz - IJ) i<j<k (I'J — IZ)('TZ — J}k) '
r<k—i<2r

(103)
In this form the Hermiticity of the Hamiltonian becomes transparent.
The unitary map (100) does not change the spectrum. It just produces the local phase
factor in front of the wavefunctions.
Consider the bound system with the oscillator potential H, (97) with unit frequency,
w = 1. Therefore recalling the eigenfunctions of the usual isotropic oscillator, one can

immediately write those for our model ,

N
Yk (T) = e~ 27" Tigimje, Inlei—aj] H Hy, (x;), (104)

i=1
where k; > 0 are integral numbers, Hi(x) is the k-th order Hermite polynomial. The
normalization constant is omitted. The corresponding eigenvalues are the same as that of

the free oscillators: N

N
Eyy ky = E ki + o (105)
=1

10 Non-Hermitian models

Consider now the transformation (100), (101) with an imaginary constant. Keeping the old

notation, we just substitute f — ¢f anywhere,

U=F7= ] loi—al™. (106)



This is not unitary map any more so that the shifted Hamiltonians become non-

Hermitian. But they remain invariant under the PT transformation: which inverts the

sign of coordinates, so that x; - —x; and 0; — —0;.

R IV N
= ;2 Z ((l’z‘—%’)Q %‘z‘—x(al aj))Jr

For example, instead of the non-Hermitian version of the system (103) is given by

>

i) (2 — 1)

1<i—j<r Y i<j<k NI
r<k—i<2r
(107)
2
; glg—1)—f(f=1) , ,0i—0, glg —1)
=% B L
g 22+ Z ( (; —x;)? +fl'i_xj +AZ (x; — x;)?
7 1<i—j5<r T—ji>T
e (108)
+ .
sz<k (@i — 25)(x; — wp)
r<k—i<2r
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