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Abstract
The semi-empirical mass formula (SEMF) is a phenomenological model
describing nuclear binding energies with high accuracy. We present different
realizations and applications of this model based on 3D-printing and anima-
tions. A central new contribution is a visualization not only of the energy land-
scape provided by the SEMF, but also a comparison with actual experimental
data. Our visualization of this difference energy landscape reveals limitations
of the phenomenological model, and at the same time shows the special impor-
tance of the so-called magic numbers which have been explained in the shell
model, introduced much later than the liquid drop model. This provides an
excellent opportunity to discuss limits and merits of models in general in the
context of physics education.
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(Some figures may appear in colour only in the online journal)

1. Introduction

Nuclear physics is a topic of central importance in modern physics, with a broad range of rel-
evant applications, e.g. nuclear fusion and fission, or radioactive decay. As a generalization
of the periodic table of elements, which classifies elements with respect to the number Z of
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protons, isotopes are included with different number of neutrons N in the charts of nuclides
such as the Karlsruhe Nuclid Chart, or the Chart of nuclides of the Brookhaven National
Laboratory, which is also available online [1]. In order to understand the binding energy
EB(Z, N) of a nucleus with a given number of protons Z, neutrons N, and total number of nucle-
ons A = Z + N, the liquid drop model has been proposed by Gamov in 1930 [2]. Based on this
model, the semi-empirical mass formula (SEMF) has been formulated in 1935 by Bethe and
Weizäcker [3]. The model is based on several assumptions, in particular the nucleus is modeled
as a round droplet of volume V ∝ A and radius R ∝ A(1/3).

The explicit discussion of the role of models in physics, and in particular the ability to
discuss the limits of models is an important topic in science education [4, 5]. Testing the accu-
racy of the liquid drop model and in turn of the SEMF in nuclear physics seems to be a good
opportunity to explicitly discuss the role of models in modern physics. Moreover, modern com-
puter animation helps to visualize the three-dimensional energy landscape of binding energies
per nucleon EB(Z, N)/A. Indeed, in recent time, many variants of visualizations of the binding
energies have been proposed, e.g. using animations and even models within popular games
such as Minecraft [6].

In the present contribution, we extend this work in two directions: on the one hand, 3D-
printing technique is used in order to realize haptic models for binding energies per nucleon
and radioactive decay, which can easily be reproduced in class.

In addition to the 3D-printed model, we produced a video showing the model assump-
tions of the SEMF, and its relation to magic numbers and the shell model by compar-
ing the predictions of the SEMF with actual experimental data. We find new visualiza-
tions for the difference energy landscape, revealing limitations of the phenomenological
model, in particular for small nuclei, and showing the special importance of the so-called magic
numbers.

Within the nuclear shell model introduced by Goeppert-Mayer and by Jensen in 1949 [7],
nuclei are particularly stable if the number of protons and neutrons coincides with the magic
numbers. Note that magic numbers have been explained much later than the SEMF, thus it is
striking to see that they can already be anticipated from the much simpler liquid drop model.

In combination, these models can be used in class for a detailed study not only of important
topics in nuclear physics, but also in order to foster critical thinking concerning model building
in modern physics in general.

2. From the semi-empirical mass formula to the magic numbers

The semi-empirical mass formula (SE) based on the liquid drop model of the nucleus describes
the binding energy ESE

B (Z, N) as follows [4]

ESE
B = aVA − aSA(2/3) − aCZ(Z − 1)/A(1/3) − aA((Z − N)2)/A − δ(A, N)

with δ(A, N) = ±aPA−1/2 for nuclei with even (odd) number of protons and neutrons, oth-
erwise δ(A, N) = 0. The coefficients are determined empirically in order to optimally fit
the experimental data. Using these coefficients, the binding energy per nucleon EB/A can
easily be visualized either as a 3D-printed energy landscape, or within a video, as shown
in figure 1. The experimental data for the binding energy EExp

B (Z, N) [5, 6] can be compared to
the prediction of the model. For the realization as a 3D-printed model, we model the difference
energy of the binding energy per nucleon given by Δ(Z, N) = EExp

B (Z, N)/A − ESE
B (Z, N)/A as

shown in figure 2. Using the model shown in figure 2, pupil can learn how to reflect the limit of
validity of the liquid drop model: deviations between the liquid drop model and experimental
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Figure 1. A 3D-printable model of the binding energies (left). The animation shows how
the well-known 2D graph fits the 3D model (right).

Figure 2. Difference of the binding energies per nucleon between the SEMF and
experimental data, where magic lines and double magic numbers can be observed.

data are particularly large for small A. Here, the basic model assumption of a spherical droplet
breaks down for small A. Indeed, the distinction between a volume term ‘aVA and a surface
term’ aSA(2/3) breaks down in this case.

On the other hand, the deviations become particularly small for nuclei with magic numbers
2, 8, 20, 28, 50, 82, 126 . . . [7] as can be observed both in the 3D-printed model and in the video,
see also figure 6. If the number of protons and neutrons (Z, N) coincide with a magic number,
the nucleus is called double-magic. Here, the difference energy Δ(Z, N) almost vanishes.

It is fascinating that the magic numbers, which have been explained within the nuclear shell
model in analogy to the shell model of the bound electrons much later by Goeppert-Mayer and
by Jensen in 1949 (Nobel price 1963), can already be anticipated from this difference energy
landscape Δ(Z, N) comparing the experimental data and the SEMF of the binding energy per
nucleon. The inner structure of shells is not included in the simple liquid drop model proposed
in 1935. If the numbers of neutrons and protons coincides with the magic numbers, a certain
number of shells is completely filled, and thus neglecting inner shell structures and the simple
assumption of a spherical shape as proposed by the liquid drop model seem to be sufficient for
the description of the binding energies in these cases.
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3. Models for decay patterns in the charts of nuclides

The visualization of the binding energy as a three-dimensional energy landscape makes it pos-
sible to predict the stability of each nuclide. Since a nucleus, like all physical systems, tends
to adopt the state of lowest energy, the condition for nuclear transformation is a release of
energy to attain an energetically lower state. Due to the equivalence of mass and energy, this
condition can be formulated as

∑
Mparent >

∑
Mprogeny. In general, the mass M(Z, N) of a

nucleus is given by

M(Z, N) = ZmZ + NmN − EB(Z, N),

where mZ , mN are the masses of free neutrons and protons. Since mN > mZ , the free neutron
itself is instable, and will decay into a proton, and electron and an antineutrino via β−-decay. In
general, radioactive decay can only emerge through certain decay modes, the most important
being α- and β-decay. So the main idea of the model is to provide all required informa-
tion through the visualization of binding energy to identify radioactive and stable elements.
However, care must be taken that a gain of binding energy is only a necessary condition, and
not a sufficient condition for all decay modes. Note that e.g. for β+-decay, the gain of binding
energy must fulfil

EB(Z − 1, N + 1) > EB(Z, N) + (me+ + mνe ) + (mN − mZ).

The allocation of small nuclei (until A ≈ 15) is particularly suitable for a self-explaining
model of radioactive decay, since the differences of the binding energies are most significant,
such that the small effect of the mass of the electron and the neutrino is irrelevant in most cases.
Each nuclide is represented as a tower, with its height proportional to its binding energy in an
inverse representation, meaning that a lower tower implies a higher binding energy. On top
of each tower is a removable grey box, which indicates the element, number of neutrons and
protons as well as the mass number, as shown in figure 3.

The allowed movements to reach a lower tower (i.e. an element with a higher binding
energy) are either α decay (emission of two protons and two neutrons), β+ decay (a pro-
ton decays into a neutron, an anti-electron and a neutrino) or β− decay (neutron decays into
a proton, an electron and an anti-neutrino). The idea of the 3D model is to assign a certain
decay mode or the stability of a nucleus based on the gain of binding energy. Therefore, the
height of each element needs to be compared to potential progenies. In case a lower tower can
be reached through a α, β+ or β− decay, the element can be marked with a ring according to
the decay mode, which points to the progeny, as is visible in figure 4. Note that the fact that
height difference is only a necessary but not a sufficient condition, which is a limitation of this
model.

An element is stable if no lower tower can be reached using the motions allowed by the
decay modes. The result is a self-assembled chart of nuclides, where the binding energy and
allowed decay modes can be grasped haptically, see figure 5.

4. 3D-printing the models

A special feature of the model of the binding energies (section 2) is the color separation between
the base plate and the nuclide map including the inscriptions on one level. This makes the
models information stand out clearly (see figures 5 and 6).

Common FDM-3D-printers are able to produce multicolored prints in different ways:
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Figure 3. A 3D model of the binding energies per nucleon of the small nuclei to detect
radioactive and stable elements.

Figure 4. The decay mode of an element can be marked with a ring, which points to the
progeny.

(a) Individual parts are printed separately in different colors and are connected by glueing or
plugging (as in the decay models in section 3).

(b) For printers with multiple nozzles (or with interchangeable magazines), two (or more)
different colored filaments can be used at alternately.

(c) The filament can be changed during printing at a specific height (z-level). Depending on
the machine, a specific code can be added to g-code, that pauses the machine at a certain
height. See e.g. https://prusaprinters.org/color-print/ for details.

With this model, the color change can be implemented particularly easily, since the change
between the colors takes place from a certain cutting plane. To do this, the printer can be
paused at a suitable point during the printout and the filament can be changed to another color
(variant (c)). Many slicers offer the function of adding a pausing command to a certain height.

The printable files for the presented models can be obtained under https://physikkommun-
izieren.de/semf/.
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Figure 5. The composed 3D nuclides chart visualizes decay series and stable elements
based on binding energy.

Figure 6. A 3D printed model of the binding energies of the small nuclei with placeable
caps (e.g. H, He, Li) and decay markers (black: stable, blue: XXX, red: XXX).

5. Video

In order to show the magnitude of the five contributions to SEMF, we produced a video
(https://physikkommunizieren.de/semf/) where the terms are visualized one by one in a
dynamic animation. Furthermore, we compare to experimental data in the difference energy
plot. In such a way, the deviations between theory and experiment can be visualized in an intu-
itive manner, which can serve as a starting point for a general discussion on models and model
building in physics.
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6. Conclusion and outlook

In this contribution, we discussed properties and limits of physical models using 3D-printing
and animation techniques at the example of nuclear physics.

Printed models offer learners additional haptic access to the object, which fascinates
learners and invites them to explore. The 3D-printed models proposed here have two
possible applications: on the one hand, using the model shown in figure 1, pupil can under-
stand many fundamental properties of nuclear reactions, e.g. why, depending on the number A
of nucleons, either fusion reactions (like in our Sun) or fission reactions (like in nuclear power
stations) lead to a gain of energy. Concerning radioactive decay, the model allows for predic-
tions of decay series. Since the element iron is in the minimum of the energy landscape, it is
the most stable elements of all.

Animations are particularly useful for dynamical visualizations. Here, for the first time, we
shown an animation of the difference energy landscape comparing the predictions of the liquid
drop model with actual experimental data. In such a way, the particular importance of magic
numbers is revealed, since for these cases, the accuracy of the SEMF is particularly high, which
can be read off directly from the animation.

While the rapid development in computer graphics allows for a large variety of illustrations
of physical models, the nature of models itself is not self-obvious for pupils [8, 9]. Thus, fur-
ther empirical research concerning model understanding and its relation to various possible
representations is in need. We believe that models in nuclear physics provide a good example
for abstract model building in physics, and thus might serve as a starting point for further
research in this field.
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