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Abstract
We compute the linearised dispersion relations of shear waves, heat waves, and sound waves in relativistic “matter+radi-
ation” fluids with grey absorption opacities. This is done by solving radiation hydrodynamics perturbatively in the ratio
“radiation stress-energy”/“matter stress-energy”. The resulting expressions ω=ω(k) accurately describe the hydrodynamic
evolution for any k ∈R. General features of the dynamics (e.g., covariant stability, propagation speeds, and damping of dis-
continuities) are argued directly from the analytic form of these dispersion relations.
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1 Introduction

Every fluid is filled with a gas of thermal photons. Such
photons must participate in the motion of the fluid, since
they can exchange energy and momentum with the other
constituent particles. On Earth, the backreaction that these
photons exert on the motion of matter is usually small, and
may be neglected. However, if one considers hotter envi-
ronments, such as stars (especially the most massive ones1),
photons can become the main engine driving a flow. The
branch of fluid mechanics that studies the impact of thermal
photons on the macroscopic motion of fluids is called “radi-
ation hydrodynamics”, and its applications span the whole
field of relativistic astrophysics (Pomraning 1973; Miha-
las and Weibel Mihalas 1984; Castor 2004; Thomas 1930;
Weinberg 1971; Udey and Israel 1982; Thorne 1981; Anile
et al. 1992; Farris et al. 2008; Sadowski et al. 2013).

From a fundamental physics perspective, radiation hy-
drodynamics is also particularly interesting in that it is a

1The dimensionless number that quantifies the importance of radiation-
hydrodynamic effects in an astrophysical gas or plasma is the ratio
R = “Radiation pressure”/“Gas pressure” ∼ T 4/(nT ), where T is the
temperature and n the gas number density (natural units are adopted,
so that c=ℏ=kB=1). For atmospheric air, one has R ∼ 10−11. In a star
with mass M and composition μ, the ratio R is related to Eddington’s
β-parameter by the identity β = (1+R)−1, and we have R(1+R)3 ≈
0.003μ4(M/M�)2 (Prialnik 2009, §5.6).

hybrid model, where matter is governed by fluid mechan-
ics (relativistic or not), and radiation is governed by rela-
tivistic kinetic theory (de Groot et al. 1980). Thus, solving
the equations of radiation hydrodynamics requires solving
the hydrodynamic equations for the matter fields, coupled
with the full Boltzmann equation for the radiation distribu-
tion function f (xα,pα), which counts how many photons
are found at a spacetime location xα and occupy a state
with four-momentum pα (Misner et al. 1973, §22.6). This
gives rise to a very rich phenomenology, which is usually
not observed within hydrodynamics or ideal-gas kinetic the-
ory alone, but explicitly involves the combination of the two.

In this article, we study the collective excitations of
radiation-hydrodynamic systems in full special relativity.
Specifically, we linearize the equations of motion about
global equilibrium, and we compute the dispersion relations
of those quasi-normal modes that involve a fluctuation of the
matter component. These are the so-called “hydrodynamic
modes” (McLennan 1965; Kurkela and Wiedemann 2019;
Grozdanov et al. 2019; Romatschke 2016; Gavassino et al.
2022; Gavassino 2024b,a), and they are 5 in total, which
can be classified as follows: 2 shear waves, 1 heat wave,
and 2 sound waves. We will show that, if (a) scattering is
neglected, (b) the opacity is grey, and (c) the stress-energy
tensor of radiation is small compared to that of matter (e.g.
R�0.01, see footnote 1), then the linearised dispersion re-
lations are (ω= “frequency”+i× “growing rate” ∈C, k =
“wavenumber” ∈R, τ = “photon mean free path” > 0):

Shear waves: ω(k) = − i
15Ds
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−
(

1+ 1

(kτ )2

)
arctan(kτ )

kτ

]
, (1)

Heat waves: ω(k) = −i
3Dh

τ 2

[
1 − arctan(kτ )

kτ

]
, (2)

Sound waves: ω(k) = csk − i
15Ds

2τ 2

[
1

3
− 1−icskτ

(kτ)2

+ (1−icskτ )2

(kτ )3

× arctan

(
kτ

1−icskτ

)]
, (3)

where Ds and Dh are two effective (radiation-induced) dif-
fusivities, and cs is the sound speed of matter alone.2 Then,
we will discuss the mathematical properties and physical
implications of (1)-(3).

Some of the results of this article are not entirely new. For
example, equation (2) for heat waves was computed for the
first time by Spiegel (1957). However, our work differs from
the previous literature in two aspects. First, the matter com-
ponent is evolved self-consistently, and no dynamic con-
straint is assumed, while previous analyses make restrictive
assumptions on the flow. For example, Spiegel (1957) holds
the matter component at rest and, as a result, their coeffi-
cient Dh is, strictly speaking, incorrect. Secondly, our treat-
ment of both radiation and matter is fully relativistic. This
is especially important for sound waves, whose speed may
become comparable to the speed of radiation itself. Further-
more, in relativity, accelerations are sources of heat (Eckart
1940; Gavassino et al. 2020), which increases the damping
rate of sound waves.

Throughout the article, we work in Minkowski space-
time, with metric signature (−,+,+,+), and we adopt nat-
ural units, such that c = ℏ = kB = 1. Greek indices run from
0 to 3 (with x0 = t), while Latin indices run from 1 to 3.

2 Derivation of the disperison relations

In this section, we derive the dispersion relations (1)-(3) by
solving the equations of radiation hydrodynamics.

As explained in the introduction, we are dealing with a
“radiation+matter” fluid, i.e. an interacting mixture of two
distinct physical components: a material medium M with
negligibly short mean free path, plus a radiation gas R of
photons with finite mean free path τ > 0.

2Equation (3) is derived under the additional assumption that the iso-
baric thermal expansivity of the matter component vanishes.

2.1 The matter (M) sector

The medium M is an ideal fluid in local thermodynamic
equilibrium (because its relaxation times are instantaneous),
with a well-defined flow velocity field uμ, and with thermo-
dynamic fields {ρ,P, s, n,T ,μ}, representing respectively
energy density, pressure, entropy density, baryon density,
temperature, and baryon chemical potential. These fields are
related by usual thermodynamic identities, like the first law
of thermodynamics, the Gibbs-Duhem relation, and the Eu-
ler relation, respectively:

dρ = T ds + μdn ,

dP = s dT + ndμ,

ρ+P = T s + μn .

(4)

By assumption, the stress-energy tensor and baryon current
associated with M are those of an ideal fluid:

T
μν
M = (ρ+P)uμuν + Pgμν ,

J
μ
M = nuμ .

(5)

2.2 The radiation (R) sector

The kinetic state of the radiation component R is fully char-
acterized by its invariant distribution function f (xα,pα)

(Misner et al. 1973), where pα is the photon four-momentum
(with pαpα = 0). We assume that matter-radiation interac-
tions occur solely through the absorption and emission of
photons by the medium M [see Sect. 1, assumption (a)].
Then, recalling that M is in local equilibrium, the radiative
Boltzmann equation for photons is given in (Mihalas and
Weibel Mihalas 1984, §92),

pμ∂μf = pμuμ

τ
(f − feq) , (6)

where we recall that uμ is the flow velocity of the medium
M . For simplicity, we make the standard “grey opacity” as-
sumption [see Sect. 1, assumption (b)], according to which
τ is a constant, independent of pμ. Note that the right-
hand side of (6) can be divided into two parts. The part
“pμuμf/τ” is the sink term describing absorption pro-
cesses, while the part “−pμuμfeq/τ” is the source term de-
scribing emission processes. As usual, the second term is
related to the first by the Kirchhoff-Planck relation (Miha-
las and Weibel Mihalas 1984, §72), according to which the
source and the sink must cancel out when radiation is in ther-
mal equilibrium with matter, namely when f coincides with
the Planckian distribution

feq = 1

e−βνpν − 1
(with βν = uν/T ) , (7)
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where the field βν is the “inverse-temperature four-vector”
(Israel and Stewart 1979; Becattini 2016; Gavassino 2020)
of the medium. The stress-energy tensor and baryon current
of radiation can be expressed in terms of the kinetic distri-
bution function f as follows (Mihalas and Weibel Mihalas
1984, §91)(Castor 2004, §6.3):

T
μν
R = 2

∫
d3p

(2π)3p0 pμpν f ,

J
μ
R = 0 .

(8)

The factor 2 in the definition of T
μν
R accounts for the spin

degeneracy.3 The baryon current J
μ
R of radiation vanishes

because the photon is its own antiparticle, and thus cannot
carry conserved quantum numbers.

2.3 Linearised equations of motion

The dynamical degrees of freedom of radiation hydrody-
namics are 
 = {ρ,uμ,n,f }. Therefore, the conservation
laws ∂μ(T

μν
M +T

μν
R ) = 0 and ∂μ(J

μ
M+J

μ
R ) = 0, plus the

Boltzmann equation (6), are enough to fully determine
the evolution. We linearized all these equations of motion
around a uniform equilibrium state with uμ = (1,0,0,0),
ρ = const, n = const, and f = feq. The result is reported
below:

ρ ∂t δρ + (ρ+P)∂j δu
j +

∫
2d3p

(2π)3 pμ∂μδf = 0 ,

(9)

u1 (ρ+P)∂t δu
1 + ∂1δP +

∫
2d3p

(2π)3

p1

p0
pμ∂μδf = 0 ,

(10)

u2 (ρ+P)∂t δu
2 + ∂2δP +

∫
2d3p

(2π)3

p2

p0
pμ∂μδf = 0 ,

(11)

u3 (ρ+P)∂t δu
3 + ∂3δP +

∫
2d3p

(2π)3

p3

p0
pμ∂μδf = 0 ,

(12)

n ∂t δn + n∂j δu
j = 0 , (13)

f
τ

p0
pμ∂μδf + δf = feq(1+feq)pνδβν , (14)

3We define f as the average occupation number of single-photon
states, and we assume that both spin polarizations have equal occu-
pation.

where “δ
” is the linear perturbation to 
 , and the boxes
before the equations serve to keep track of which degree of
freedom is evolved by which equation. We search for solu-
tions in the form of sinusoidal waves that propagate in di-
rection 1. This just means that we assume that all quantities
have a spacetime dependence of the form ei(kx1−ωt), with
k ∈ R and ω ∈ C. With this assumption, equation (14) re-
duces to

δf = feq(1 + feq)p
νδβν

1 − iωτ + ikτp1/p0
. (15)

Adopting the decomposition pμ = p0�μ, with �0 =
�j�j = 1, equations (9)-(13) become

ρ ωδρ − k(ρ+P)δu1

+ πT 5

15

∫
S2

(ω−k�1)�νδβν

1−iωτ+ikτ�1
d2� = 0 , (16)

u1 ω(ρ+P)δu1 − kδP

+ πT 5

15

∫
S2

(ω−k�1)�1�νδβν

1−iωτ+ikτ�1 d2� = 0 , (17)

u2 ω(ρ+P)δu2

+ πT 5

15

∫
S2

(ω−k�1)�2�νδβν

1−iωτ+ikτ�1
d2� = 0 , (18)

u3 ω(ρ+P)δu3

+ πT 5

15

∫
S2

(ω−k�1)�3�νδβν

1−iωτ+ikτ�1
d2� = 0 , (19)

n
δn

n
= k

ω
δu1 , (20)

where we have evaluated the integral in the variable p0.
The above equations are exact (within the model assump-
tions), and they can be used to compute all the (gapless, see
Gavassino et al. (2022)) dispersion relations of radiation hy-
drodynamics. The integration element d2� is the solid angle
in spherical coordinates.

2.4 Shear waves

Let us solve equations (16)-(20) for a transversal wave that
fluctuates in direction 3, namely for a configuration such
that δu1 = δu2 = 0 �= δu3. Then, equation (20) immediately
gives δn = 0. Furthermore, δβν = T −1(δT /T ,0,0, δu3).
Therefore, we have

ρ ωδρ + πT 4

15

∫
S2

(ω−k�1)(δT /T +�3δu3)

1−iωτ+ikτ�1
d2�
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= 0 , (21)

u1 − kδP + πT 4

15

×
∫
S2

(ω−k�1)�1(δT /T +�3δu3)

1−iωτ+ikτ�1
d2� = 0 ,

(22)

u2 πT 4

15

∫
S2

(ω−k�1)�2(δT /T +�3δu3)

1−iωτ+ikτ�1 d2� = 0 ,

(23)

u3 ω(ρ+P)δu3 + πT 4

15∫
S2

(ω−k�1)�3(δT /T +�3δu3)

1−iωτ+ikτ�1
d2� = 0 . (24)

Equation (23) is an identity “0=0” due to the factor �2 (the
second component of �j ) in the integrand, which averages
to zero when integrated over the sphere. For a similar rea-
son, the term �3δu3 averages to zero in equations (21) and
(22), which are simultaneously satisfied only when δT = 0
(which implies δρ=δP=0, since δn also vanishes). Hence,
we are left only with equation (24), where δu3 cancels out.
Introducing the real dimensionless quantities 
 = −iωτ and
q = kτ , we obtain the following exact dispersion relation,
expressed in an implicit form:


 + 2π2T 4

15(ρ+P)

[
2

3
+ 1+


q2

−
(

1+ (1+
)2

q2

)
1

q
arctan

(
q

1+


)]
= 0 . (25)

This relation can be converted into an exact parametric ex-
pression {k(r),ω(r)}, see Gavassino (2024). Here, we will
examine the limit of (25) when T 00

R /T 00
M � 1 [see Sect. 1,

assumption (c)], which will give us a simple formula for
ω(k). To this end, we first fix the value of q∈R\{0}, and
treat it as a constant. Then, we define a small free parameter

λ = 2π2T 4

15(ρ+P)
∼ T 00

R

T 00
M

. (26)

This allows us to interpret 
 a function of λ, which may
be Taylor expanded in λ, namely 
(λ) = 
(0) + λ
′(0) +
O(λ2). To compute 
(0) and 
′(0), we only need to regard
(25) as an implicit function F(λ,
(λ)) = 0. Setting λ = 0,
we immediately obtain 
(0) = 0. Differentiating in λ at 0,
we obtain


′(0) = − ∂λF (0,0)

∂
F (0,0)

= −
[

2

3
+ 1

q2
−

(
1+ 1

q2

)
arctan(q)

q

]
. (27)

Thus, we have an approximate formula for the frequency:
ω = iλ
′(0)/τ +O(λ2). Explicitly, this reads

ω = − i
2π2T 4

15(ρ+P)τ

×
[

2

3
+ 1

(kτ )2 −
(

1+ 1

(kτ )2

)
arctan(kτ )

kτ

]
+O(λ2)

= − i
4π2T 4

225(ρ+P)τ

×
[
(kτ )2 − 3(kτ )4

7
+ 5(kτ )6

21
− · · ·

]
+O(λ2) ,

(28)

where the series in the second line converges for |kτ | < 1.
Direct inspection of the first term of such series allows us to
read out the diffusion coefficient (Heller et al. 2023) of shear
waves, namely

Ds = 4π2T 4τ

225(ρ+P)
, (29)

and this finally leads us to the formula we were looking for
(note that Ds/τ ∼ λ):

ω = − i
15Ds

2τ 2

[
2

3
+ 1

(kτ )2
−

(
1+ 1

(kτ )2

)
arctan(kτ )

kτ

]

+O(D2
s /τ

2) . (30)

We stress that this formula is a good approximation of ki-
netic theory for arbitrary values of k ∈ R.

We also remark that (1) coincides with the corresponding
formula of Gavassino (2024). This is reassuring, since the
analysis of Gavassino (2024) was based on a purely geomet-
rical argument, while here we have solved all the equations
explicitly.

2.5 Heat waves

Let us now derive the dispersion relation of heat waves.
To this end, we go back to the original system (16)-(20).
However, this time, we consider a longitudinal wave, i.e.
a sinusoidal perturbation with vanishing tranversal veloc-
ities: δu2 = δu3 = 0. Then, the fluctuation to the inverse-
temperature four-vector is just δβν = T −1(δT /T , δu1,0,0),
and equations (18)-(19) become trivial identities “0=0”
(again, the integrals vanish because the components �2 and
�3 average to zero when integrated over all angles). With
the aid of the first law of thermodynamics (Hiscock and
Lindblom 1983; Misner et al. 1973)

δρ = ρ+P

n
δn + nT δs , (31)
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where s is the specific entropy of the fluid component, we
can rewrite the system (16)-(20) as follows:

ρ ω δs+ πT 3

15n

∫
S2

(ω−k�1)(δT /T +�1δu1)

1−iωτ+ikτ�1
d2�

= 0 , (32)

u1 ω(ρ+P)δu1 − kδP + πT 4

15

×
∫
S2

(ω−k�1)�1(δT /T +�1δu1)

1−iωτ+ikτ�1
d2� = 0 ,

(33)

n
δn

n
= k

ω
δu1 . (34)

This can be viewed as a system in the fluid variables
{δs, δP, δu1}, if one recalls the thermodynamic identities
(Gavassino et al. 2022)

δT

T
= κp

ncp

δP + δs

cp

,
δn

n
= δP

c2
s (ρ+P)

− T κp

cp

δs ,

(35)

where cp , c2
s and κp are respectively the specific heat at con-

stant pressure, the adiabatic speed of sound squared, and the
isobaric thermal expansivity (a.k.a. expansion coefficient) of
the matter component. Thus, introducing again the dimen-
sionless quantities 
 = −iωτ and q = kτ , and defining a
new small parameter [see Sect. 1, assumption (c)]

ν = 4π2T 3

15ncp

∼ T 11
R

T 11
M

, (36)

we can rewrite the system (32)-(34) in the following (exact)
form:

ρ 
 = −ν

∫ 1

−1


+iqξ

1+
+iqξ

[
1 + κp

n
δP + ξcpδu1

]
dξ

2
,

(37)

u1
[

1+ 
2

c2
s q

2

]
δP − 
2

q2

T κp

cp

(ρ+P)

= i
nT ν

q

∫ 1

−1

(
+iqξ)ξ

1+
+iqξ

×
[

1 + κp

n
δP + ξcpδu1

]
dξ

2
, (38)

n δu1 = i



q

[
δP

c2
s (ρ+P)

− T κp

cp

]
, (39)

where we have employed the linearity of the equations to
formally set δs = 1.4 Similarly to what we did in the pre-
vious subsection, we fix the value of q ∈ R\{0} (which
may be large), and consider the list of functions X(ν) =
{
(ν), δP (ν), δu1(ν)}. We expand all such functions to first
order in ν, i.e. X(ν) = X(0) + νX′(0) + O(ν2). The ze-
roth order is straightforward: equation (37) gives 
(0) = 0,
equation (38) gives δP (0) = 0, and equation (39) gives
δu1(0) = 0, which is what we expect from a heat wave in
an ideal fluid. At first order, we find

ρ 
′(0) = −iq

∫ 1

−1

ξ

1+iqξ

dξ

2
= −

(
1 − arctanq

q

)
,

(40)

u1 δP ′(0) = −nT

∫ 1

−1

ξ2

1+iqξ

dξ

2

= −nT

q2

(
1 − arctanq

q

)
, (41)

n δu1′
(0) = −i

T κp

qcp


′(0) = i
T κp

qcp

(
1 − arctanq

q

)
.

(42)

Thus, we finally obtain

ω = − i
4π2T 3

15ncpτ

[
1−arctan(kτ )

kτ

]
+O(ν2)

= −i
4π2T 3

15ncpτ

[
(kτ )2

3
− (kτ )4

5
+ · · ·

]
+O(ν2) ,

δP = − 4π2T 4

15cp(kτ)2

[
1−arctan(kτ )

kτ

]
+O(ν2)

= −4π2T 4

15cp

[
1

3
− (kτ )2

5
+ · · ·

]
+O(ν2) ,

δu1 = i
4π2T 4κp

15nc2
pkτ

[
1−arctan(kτ )

kτ

]
+O(ν2)

= i
4π2T 4κp

15nc2
p

[
kτ

3
− (kτ )3

5
+ · · ·

]
+O(ν2) .

(43)

4In this way, we are also forcing the system to give us the heat wave as
our only solution. In fact, the system (32)-(34) possesses three linearly
independent solutions, where two solutions are sound waves, and the
remaining one is the heat wave. In the limit as ν → 0, the sound waves
become adiabatic, and thus have δs = 0. Therefore, if we set δs = 1,
and Taylor-expand the system for small ν, we automatically rule out
the sound waves.
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From the truncation of ω(k) at order k2, we obtain the for-
mula for the diffusion coefficient of heat waves, which reads

Dh = 4π2T 3τ

45ncp

. (44)

Similar to the shear case, we see that Dh/τ ∼ ν. Thus, the
small-ν expansion is equivalent to the expansion for small
Dh/τ , and we finally obtain

ω = −i
3Dh

τ 2

[
1 − arctan(kτ )

kτ

]
+O

(
D2

h/τ
2) , (45)

which is what we wanted to prove. Note that, in the for-
mula for the diffusivity coefficient Dh, the specific heat cp

is at constant pressure, and not at constant volume,5 which
would otherwise be denoted by cv . This distinction is im-
portant because we are dealing with fluids (where indeed
heat propagates with cp (Landau and Lifshitz 1987, §50)),
while it would be irrelevant in solids (Landau and Lifshitz
1970, §32). We also remark that the dispersion relation given
above well approximates kinetic theory for all values of
k ∈R, including the optically thin limit |kτ | 
 1.

For completeness, let us comment on the physical in-
terpretation of the perturbations to P and u1 provided in
(43). The value of δP can be calculated using equation
(38) alone, which is a rearrangement of (17). The latter
is just the conservation of linear momentum in the longi-
tudinal direction, ∂t δT

01 + ∂1δT
11 = 0. Since the “accel-

eration” term ∂t δT
01 ∝ ωδu1 vanishes to first order in ν,

equation (17) implies that the perturbations to fluid pres-
sure δP and to radiation pressure δPR balance each other,
i.e. δT 11 = δP + δPR = 0, so that the composite matter-
radiation system is kept at rest, in agreement with the discus-
sion of Landau and Lifshitz (1987, §50). Indeed, for small
q, the radiation gas is in local equilibrium with the fluid (i.e.
the black-body formulas apply), and we have, to leading or-
der in ν,

δP = −δPR = −δ

(
π2T 4

45

)
= −4π2T 4

45

δT

T
= −4π2T 4

45cp

,

(46)

which agrees with the second line of (43), in the limit q → 0.
The value of δu1 was calculated from equation (39),

which is a rearrangement of the continuity equation (13).

5As mentioned in the introduction, equation (2) is formally identical
to the quasi-static radiation transport equation given in Spiegel (1957),
which is commonly reported in textbooks (Mihalas and Weibel Mihalas
1984, §100). However, our coefficient Dh differs from that of Spiegel
(1957) by the presence of cp (instead of cv) in the denominator. This
difference arises from the fact that we are evolving the velocity per-
turbation δu1 self-consistently, while in the standard literature one just
sets δu1 = 0 to simplify the problem.

The reason for this small correction to the flow velocity is
simple: While the fluid elements are kept at constant pres-
sure (to first order in ν), their specific entropy s changes
over time due to heat diffusion. Thus, the baryon density n

also varies in time, forcing the fluid elements to expand and
contract by an amount that is proportional to the following
thermodynamic coefficient:

1

n

∂n

∂s

∣∣∣∣
P

= 1

n

∂n

∂T

∣∣∣∣
P

∂T

∂s

∣∣∣∣
P

= −T κp

cp

, (47)

which indeed appears in the formula for δu1, see equation
(43).

2.6 Sound waves

We are only left with the problem of computing the disper-
sion relations of sound waves. Since these waves are longitu-
dinal, the relevant system of equations is again (32)-(34). To
simplify the calculations, we assume that the expansion co-
efficient κp vanishes (see footnote 2). Thus, δT /T = δs/cp

and δn/n = δP/[c2
s (ρ+P)]. Furthermore, we use the linear-

ity of the equations to set δP = 1, which allows us to rule
out heat waves (see footnote 4). Then, introducing again the
small parameter λ defined in (26), and adopting the notation
w= ωτ and q = kτ , we obtain

ρ δs= − λ

nTw

×
∫ 1

−1

(w−qξ)

1−iw+iqξ

[
(ρ+P)

δs

cp

+ ξw

c2
s q

]
dξ,

(48)

u1
w

2 = c2
s q

2 − λc2
s q

×
∫ 1

−1

(w−qξ)ξ

1−iw+iqξ

[
(ρ+P)

δs

cp

+ ξw

c2
s q

]
dξ,

(49)

As we did in the previous subsections, we fix q ∈ R\{0},
and view δs and w as functions of λ. At λ = 0, we have
δs(0) = 0 and w(0) = ±csq. We consider the “+” case for
clarity. Then, we can take the total derivative of (48) and
(49) with respect to λ. This allows us to compute δs′(0) and
w′(0). Below, we report only the formula for the latter:

u1
w

′(0) = q

∫ 1

−1

(ξ−cs)ξ
2

1+iq(ξ−cs)

dξ

2

= − i

[
1

3
− 1−icsq

q2
+ (1−icsq)

2

q3

× arctan

(
q

1−icsq

)]
. (50)
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Thus, if we write explicitly the Taylor expansion w(λ) =
w(0) + λw′(0) +O(λ2), we finally obtain the desired equa-
tion,

ω = csk − i
15Ds

2τ 2

[
1

3
− 1−icskτ

(kτ)2

+ (1−icskτ )2

(kτ )3 arctan

(
kτ

1−icskτ

)]
+O(D2

s /τ
2) ,

(51)

where Ds is the diffusion coefficient of shear waves, defined
in equation (29). Just like the previous dispersion relations,
also the formula above remains a valid approximation of
photon kinetic theory at arbitrarily large kτ . However, dif-
ferently from the previous cases, we have made here the ad-
ditional assumption that κp = 0, which means that the mat-
ter component is assumed not to expand when its tempera-
ture is raised at constant pressure.

We remark that cs and Ds do not coincide with the speed
of sound and damping coefficient of the sound waves. In
fact, if we truncate the dispersion relation (51) to second
order in kτ , we indeed obtain the usual sound-type long-
wavelength expansion ω = ctot

s k−iDak
2 +O(k2), but ctot

s �=
cs and Da �= Ds . The zeroth-order transport coefficient ctot

s

is actually the “conglomerate” speed of sound (i.e. the speed
of sound of the composite “matter+radiation” fluid), while
the first-order transport coefficient Da is the diffusivity of
acoustic waves. The explicit formulas are, respectively,

ctot
s = cs

(
1 − 5Ds

2τ

)
,

Da = Ds

2
(3 + 5c2

s ) .

(52)

Let us verify explicitly that ctot
s is indeed the conglomer-

ate speed of sound that we would obtain from thermody-
namics alone, treating photons as “honorary material par-
ticles” (Mihalas and Weibel Mihalas 1984). To this end,
we need to consider a composite “matter+radiation” sys-
tem in thermal equilibrium, whose energy, pressure, and en-
tropy are the sums of the matter and radiation parts, e.g.
ρtot = ρ +T 00

R

(
feq(T )

)
. Then, with the aid of (31), (35), and

(36), and defined the imperfect differentials /dQ = T nds and
/dW = (ρ+P)dn/n, we find that

dρtot = (1+ν) /dQ+ /dW ,

dPtot = ν /dQ/3 + c2
s
/dW ,

T ndstot = (1+ν)/dQ− 5Ds /dW/τ ,

(53)

where we recall that κp=0 by assumption. Hence, the speed
of sound of the composite fluid is (recall that Ds/τ∼λ)

ctot
s =

(
∂Ptot

∂ρtot

∣∣∣∣
stot

)1/2

=
(

c2
s + 5νDs

3τ(1+ν)

1 + 5Ds

τ

)1/2

ν,λ→0= cs

(
1 − 5Ds

2τ

)
+O[(ν+λ)2] , (54)

which is what we wanted to prove.

3 Optically thick and optically thin limits

Now that the dispersion relations (1), (2) and (3) have been
formally derived, let us discuss their limiting behavior as
kτ → 0 (“optically thick” limit) and kτ → ∞ (“optically
thin” limit).6

3.1 Optically thick limit of diffusive modes

We have already shown through equations (28) and (43) that,
for small kτ , the dispersion relations of shear and heat waves
acquire the standard diffusive form ω = −iDk2 +O(k4τ 4).
Let us now confirm that the effective shear viscosity η and
the effective heat conductivity κ that one obtains in this limit
agree with those provided by Weinberg (1971), who treated
the whole “matter+radiation” system as an effective viscous
fluid.

Let us first compute the shear viscosity coefficient η.
To this end, we recall that the evolution equation of shear
waves in a relativistic viscous fluid (governed by relativistic
Navier-Stokes (Weinberg 1971; Eckart 1940)) is

∂t δT
03 + ∂1δT

13 = (ρ+P)∂t δu3 − η∂2
1 δu3 = 0 . (55)

We note that this has indeed the form of a diffusion equation,
with shear diffusivity coefficient Ds=η/(ρ+P) (Weinberg
1971, §IId). Thus, if we multiply both sides of (29) by ρ+P ,
we obtain an effective (Navier-Stokes-type) shear viscosity
coefficient,

η = 4π2

225
T 4τ = 4

15
aT 4τ , (56)

where a = π2/15 is the usual radiation constant (Rezzolla
and Zanotti 2013). Equation (56) agrees with Weinberg
(1971), Misner (1968), Rebetzky et al. (1990).

Let us now compute the heat conductivity coefficient κ .
This time, it is enough to recall that the heat diffusivity coef-
ficient (as provided in textbooks (Landau and Lifshitz 1987,
§50)) is Dh = κ/(ncp). Thus, multiplying both side of (44)
by ncp , we obtain the well-known formula for the radiative

6Here, the “optical thickness” refers to the geometry of the perturbation
δ
 , and not that of the background state 
 . In fact, the latter is an
infinite uniform fluid, so its optical thickness is infinitely large.
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heat conductivity (Novikov and Thorne 1973), in agreement
with Weinberg (1971):

κ = 4π2

45
T 3τ = 4

3
aT 3τ . (57)

3.2 Optically thick limit of sound modes

In Sect. 2.6, we showed that, for small values of kτ , the
dispersion relation of sound waves acquires the usual form
ω = ctot

s k − iDak
2 + O(k3τ 3), where ctot

s is the speed of
sound of the total “matter+radiation” in local thermody-
namic equilibrium. Thus, to confirm that (3) has the ex-
pected optically thick limit, we only need to verify that the
acoustic diffusivity Da agrees with the (relativistic) Navier-
Stokes prediction with the transport coefficients given in
Weinberg (1971), Udey and Israel (1982). It can be easily
verified that, when κp = 0, the acoustic diffusivity predicted
by Navier-Stokes reads7

Da =
4
3η+ζ+T c2

s κ

2(ρ+P)
, (58)

where ζ is the bulk viscosity coefficient. Comparing (58)
with (52), and invoking (56) and (57), we find that

ζ = 4π2

135
T 4τ = 4

9
aT 4τ , (59)

which agrees with the formula of Weinberg (1971), Udey
and Israel (1982) since, in our fluid of interest,

∂Ptot

∂ρtot

∣∣∣∣
n

= ν

3(1+ν)

ν→0−−→ 0 , (60)

see equation (53). In conclusion, we confirm that, in the op-
ticallly thick limit, radiation hydrodynamics reduces to rela-
tivistic Navier-Stokes, and its transport coefficients {η, κ, ζ }
are indeed those provided by Weinberg (1971).

3.3 Optically thin limit of shear waves

If we take the limit of (1) as kτ → ∞, we obtain

ω(k) −→ −5iDs/τ
2 . (61)

We can explain this asymptotic behavior with the following
simple model. Consider a periodic rectangular shear wave,

7While the first two terms in the numerator of (58) are well-known,
the third term is usually neglected. To see where it comes from,
consider that the perturbation to the momentum density is δT 01 =
(ρ+P )δu1+δq1, where δq1=−κ(∂1δT +T ∂t δu

1) is the heat flux His-
cock and Lindblom (1985). Since, in our case, δT ≈ 0 and ∂2

t ≈ c2
s ∂

2
x ,

we have that ∂t δT
01 ≈ (ρ+P )∂t δu

1 −c2
s T κ∂2

x δu1, meaning that c2
s T κ

can be affectively added to the bulk viscosity. Clearly, this is a purely
relativistic effect. For more detials, see (Weinberg 1971, Eq.s (2.55)
and (2.57)).

where layers with velocity δu3 alternate with layers with
velocity −δu3. Suppose that at t = 0 the photons are in
thermal equilibrium with the medium (inside each layer).
Then, suppose that they are released, and they travel at the
speed of light till time t ≈ τ , when they are absorbed by
the medium. If kτ is large, the layers with alternating veloc-
ity are very thin, compared to the distance traveled by the
photons. Hence, the photons cross many layers before being
absorbed, and they roughly have 50% probability of being
absorbed by a layer that moves with velocity δu3 and 50%
probability of being absorbed by a layer that moves with ve-
locity −δu3. This means that the part of the fluid that moves
with velocity δu3 loses half of its photons, and it receives
half of the photons that were belonging to the part of the
fluid that moves with velocity −δu3. This leads to the fol-
lowing change in momentum density:

T 03(τ )−T 03(0)

= −
(

Momentum of

photons lost

)
+

(
Momentum of

photons gained

)

= −1

2
(+T 03

R ) + 1

2
(−T 03

R ) = −T 03
R . (62)

Recalling that the parameter (26) is small, we have T 03 ≈
T 03

M = (ρ+P)δu3. Since the photons were initially in
thermal equilibrium with the medium, we have δT 03

R =
4aT 4δu3/3. Thus, dividing both sides of (62) by τ , we ob-
tain

∂t δu
3 = −5

Ds

τ 2 δu3 , (63)

which results precisely in the relaxation frequency (61).
Equation (63) may be viewed as the “shear-wave analog”
of Newton’s law of cooling (Mihalas and Weibel Mihalas
1984, §100).

3.4 Optically thin limit of sound waves

If we take the limit of (3) as kτ → ∞, we obtain

ω(k) −→ csk − 5iDs/(2τ 2) . (64)

To have an intuitive understanding of this behavior, we can
invoke a similar model to the one we used for shear waves,
just replacing δu3 with δu1. Then, the calculation of the mo-
mentum exchange due to photons is the same as in the pre-
vious subsection [equations (62) and (63)]. The only differ-
ence is that, now, the wave is longitudinal, and a change in
T 01 can also be caused by pressure gradients. Hence, equa-
tion (63) is now replaced by the following system:

∂t δP

ρ+P
+ c2

s ∂1δu
1 = 0

∂t δu
1 + ∂1δP

ρ+P
= −5

Ds

τ 2
δu1 ,

(65)
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where the first line is the continuity equation of baryons
(with κp = 0). Combining these two equations, we obtain
a telegraph-type equation for the velocity:

∂2
t δu1 + 5

Ds

τ 2
∂t δu

1 = c2
s ∂

2
1 δu1 . (66)

The corresponding dispersion relations can be computed an-
alytically. Recalling that we are working in the limit of very
large kτ , we obtain the desired dispersion relation,

ω(k) = ±csk − i
5Ds

2τ 2
, (67)

which is exactly what we were looking for. Note that, while
in the optically thick limit the group velocity of (3) is the
combined speed of sound ctot

s of matter+radiation, in the
optically thin limit it is the speed of sound cs of matter alone.
This is because, at small kτ , matter and radiation are tightly
coupled and oscillate together, while, at large kτ , radiation
effectively decouples and just spreads around uniformly, so
that only matter oscillates.

3.5 Optically thin limit of heat waves

If we take the limit of (2) as kτ → ∞, we get

ω(k) −→ −3iDh/τ
2 . (68)

Also here, there is a simple explanation. Consider a peri-
odic rectangular heat wave, where layers with temperature
perturbation δT alternate with layers with temperature per-
turbation −δT . For simplicity, we set κp = 0, so thermal
expansion can be neglected. At t = 0, the photons are in lo-
cal equilibrium with the fluid. As before, they then travel at
the speed of light till t ≈ τ , when they are absorbed. Again,
if kτ is very large, the layers with alternating temperature
are very thin and the photons roughly have 50% probability
of being absorbed by a layer with temperature T + δT and
50% probability of being absorbed by a layer with temper-
ature T −δT . This means that the part of the fluid that has
temperature T +δT loses half of its photons, and receives
half of the photons coming from the part of the fluid with
temperature T −δT . The resulting change in entropy density
is (entropy is conserved in the linear regime):

δs0(τ )−δs0(0)

= −
(

Entropy of

photons lost

)
+

(
Entropy of

photons gained

)

= −1

2
(s0

R + δs0
R) + 1

2
(s0

R − δs0
R) = −δs0

R . (69)

Recalling that the parameter (44) is small, we have s0 ≈
s0
M = ns. Since the photons were initially in thermal equi-

librium with the medium, we have δs0
R = δ(4aT 3/3) =

4aT 2δT . Thus, dividing both sides of (69) by τ , we obtain

∂t δs= −3Dhδs/τ
2 , (70)

which results precisely in the relaxation frequency (68).
Equation (70) is just Newton’s law of cooling (Mihalas and
Weibel Mihalas 1984, §100).

4 Mathematical discussion (diffusive modes
only)

4.1 Covariant stability of shear and heat waves

A dispersion relation ω(k):C→C is said to be “covariantly
stable” if it cannot be Lorentz-transformed into a grow-
ing Fourier mode (Hiscock and Lindblom 1985; Gavassino
2022). It was proven that ω(k) is covariantly stable if and
only if Imω(k) ≤ |Imk| for all k complex (Gavassino
2023). This is equivalent to requiring that the function
G(q) = |Imq| −Re
(q) be non-negative for all choices of
q ∈ C. If we write q = qR+iqI , with qR,qI ∈ R, the quan-
tity G is a function from R

2 to R, whose explicit form is

Shear waves: G(qR,qI )

= |qI | + λRe

[
2

3
+ 1

(qR+iqI )2

−
(

1+ 1

(qR+iqI )2

)

arctan(qR+iqI )

qR+iqI

]
; (71)

Heat waves: G(qR,qI )

= |qI | + νRe

[
1 − arctan(qR+iqI )

qR+iqI

]
.

(72)

See Fig. 1 for the 3D plots of these two functions. It turns out
that, for shear waves, G is non-negative all the way to λ �
2.5. Thus, the dispersion relation (1) is covariantly stable
also outside its formal regime of applicability. Instead, for
heat waves, G always becomes infinitely negative near q =
±i, meaning that (2) is not covariantly stable.

The fact that the dispersion relation for heat waves be-
comes unstable (in some boosted frame Gavassino (2023)) is
a signal that, for q ≈ ±i, our formal derivation of (2) breaks
down. This is no surprise, since both (1) and (2) were de-
rived assuming that q was real. To understand the origin of
the problem, consider again the integral in equation (37). If
we set q = i, and expand around 
 = 0, the denominator
1+
+iqξ becomes 1 − ξ . When this happens, the integral
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Fig. 1 Graph of the function G(qR,qI ) according to equation (71) (left panel) and (72) (right panel), for λ=2.5 and ν=0.3. The blue plane marks
level 0. If the orange surface deeps below the plane, the dispersion relation is not covariantly stable

diverges, since

∫ 1

−1

dξ

1 + 
 − ξ
= ln(2+
) − ln



−→0−−−−→ +∞ . (73)

It follows that, when we look for an approximate solu-
tion of the system (37)-(39) with q = ±i, the equations
F(
, δP, δu1, ν)=0 are irregular at (0,0,0,0), and the as-
sumptions of the implicit function theorem do not hold.

Acknowledging that the dispersion relation (2) of heat
waves is not covariantly stable should not prevent us from
using it. In fact, equation (2) remains a good approximation
of kinetic theory whenever δs is a superposition of modes
with k ∈ R. More precisely: Equation (2) can be used to
compute δs(t, x) for t > 0 whenever δs(0, x) has a well-
defined Fourier transform. Note that, since −3Dh/τ

2 ≤
Imω ≤ 0, the spatial profile of δs has a well-defined Fourier
transform at t > 0 if and only if it has a well-defined Fourier
transform at t = 0.

4.2 Causality considerations

It was recently shown (Gavassino et al. 2024) that, in a dis-
persive (stable) system, there is no way to assign a notion of
causality to a single dispersion relation ω0(k). In fact, it was
proven in Gavassino et al. (2024) that (independently from
the system’s details) the collective excitation δ
0(t, x) that
propagates according to ω0(k) can never be localized, so it
is not possible to define a speed of propagation. For exam-
ple, suppose that the collective excitation of interest is a heat
wave, and we have constructed an initial state such that the
temperature perturbation δT (0, x) is contained within a fi-
nite region of space. Then, the perturbation δY (0, x) to some
other quantity Y (e.g., the heat flux) must cover the whole
space.

Let us confirm that this general result applies also to ra-
diation hydrodynamics. We take, as our collective excitation
of interest, the heat waves, with dispersion relation (2) (shear
and sound waves are analogous). We assume that the initial

Fig. 2 Radiation energy density associated to a heat wave (with dis-
persion relation (2)) whose temperature fluctuation is a Dirac delta cen-
tered in the origin, namely δT (x) = Qδ(x/τ). Note that the divergence
of δT 00

R (x) in the origin is logarithmic

temperature perturbation δT (0, x) has compact support, and
we study the initial perturbation to the radiation energy den-
sity, δT 00

R (0, x). Using (8) and (15), we find that, to first
order in ν,

δT 00
R (0, x)

4aT 3
=

∫
dq

2π
eiqx/τ δT (q)

arctan(q)

q
. (74)

Now, since δT (0, x) is compactly supported, its Fourier
transform δT (q) is an entire function of q∈C (Hörman-
der 1989, Th 7.1.14). Hence, the Fourier transform of
δT 00

R (0, x) is the product of an entire function with the
function arctan(q)/q, which has two branch cuts, start-
ing at q = ±i. It follows that the Fourier transform of
δT 00

R (0, x) cannot be entire, meaning that the support of
δT 00

R (0, x) is unbounded (again by (Hörmander 1989, Th
7.1.14)). For example, if δT (0, x) ∝ δ(x), then δT 00

R (0, x) ∝
−Ei(−|x/τ |)/2, where Ei is the exponential integral Ei,
which has infinite support, see Fig. 2.

In summary: It is impossible to simultaneously localize
the perturbations to the fluid temperature T and to the radia-
tion energy density T 00

R without turning on some additional
excitation mode that does not follow (2), like, e.g. a non-
hydrodynamic mode (Gavassino 2024b). If all collective ex-
citations that do not follow (2) are set to zero, the propa-
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Fig. 3 Evolution of the discontinuous temperature profile (75) with
dispersion relation (2) (blue) compared with ordinary diffusion,
ω(k) = −iDhk2 (red). The initial data (dashed black) is δT (0, x) =
�(1−x2), and we work in spacetime units so that τ = 1. Each panel is
a snapshot at a different time, respectively Dht = 0.1 (up-left), 0.5 (up-

right), 1 (down-left), 50 (down-right). Note that the down-right panel
differs from the others in that (a) the range of both axes is different, (b)
we are no longer plotting the initial data, and (c) the blue curve is now
dashed, since it nearly overlaps the red one

gation of δT (t, x) is governed by seemingly non-local dy-
namics, because the relationship (74) between δT and δT 00

R

is non-local. Such non-locality does not violate relativistic
causality, because (74) describes a correlation, not a direct
causation.

4.3 Evolution of jump-discontinuities

The dynamics of jump-discontinuities and wavefronts de-
pends on the asymptotic behaviour of the dispersion rela-
tions ω(k) in the UV limit (i.e. at large k). In fact, jump-
discontinuities of the fluid variables manifest themselves,
in Fourier space, as infinitely long tails (which decay like
∼ 1/k), and such tails are multiplied by a dynamical fac-
tor e−iω(k)t that determines the time-dependence of the
jump structure. For example, the ordinary diffusion equation
(ω∼− ik2) suppresses all power-law tails at any t > 0, since
it multiplies them by a Gaussian factor ∼ e−k2t . As a result,
discontinuities and wedges are immediately smoothed out
at positive times (Evans 1997, §2.3.3). By contrast, Catta-
neo’s theory of diffusion (Cattaneo 1958) multiplies the UV
tails by a factor ∼ e(iak−b)t , so jump-discontinuities travel

with speed a ∼ √
D/τ �= 0 (called “second sound speed”,

see Rezzolla and Zanotti (2013)), and their magnitude de-
cays exponentially at rate b.

Interestingly, the analytical dispersion relations (1) and
(2) of diffusive modes in coupled radiation-matter systems
exhibit a different behaviour from both ordinary diffusion
and Cattaeo diffusion. In fact, at large k, the frequency is
just ω ∼ −ib, meaning that jump-discontinuities stand still
at their initial location (no second sound), and their ampli-
tude decays exponentially by a factor ∼ e−bt . This behav-
ior is well-illustrated by the numerical example in Fig. 3,
where we compare a solution of the usual diffusion equation
(∂t δT = Dh∂

2
x δT ) with initial data δT (0, x) = �(1 − x2)

and the corresponding solution of radiation hydrodynam-
ics,

δT (t, x) =
∫
R

sin(k)

πk
eikx−iω(k)t dk , (75)

computed using the dispersion relation (2). As can be
seen, discontinuities evolve quite differently. The interested
reader can see Gavassino (2024) for a similar calculation
with shear waves.
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5 Comparison with M1 closure predictions

A widely used approximation in radiation-hydrodynamic
simulations is the M1 closure scheme (Minerbo 1978; Lev-
ermore 1984; Sadowski et al. 2013; Chris Fragile et al. 2014,
2018; Murchikova et al. 2017; Anninos and Fragile 2020;
Gavassino et al. 2020). This approach only tracks the first
two moments of the radiation distribution function, namely
{εR(xα),F ν(xα)}, which represent respectively the radia-
tion energy density and the radiation energy flux in the local
rest frame of the medium (with Fνuν = 0). The radiation
stress-energy tensor, then, is approximated as follows:

T
μν
R = 4

3
εRuμuν + 1

3
εRgμν + Fμuν + uμFν

+ 3χ−1

2
εR

[
FμFν

FαFα

−gμν+uμuν

3

]
, (76)

where χ is the Eddington factor (Minerbo 1978; Lever-
more 1984), which is assumed to be a function of the
scalar FαFα/ε2

R . The last term in (76) is the closure, since
it expresses the radiative stress tensor as a function of
{εR(xα),F ν(xα)}. To derive an equation of motion for εR

and Fν , one can just combine (6) with (8), which results in
an exact balance law:

∂μT
μν
R = − 1

τ
(εR−aT 4)uν − 1

τ
F ν . (77)

Let us compare the hydrodynamic dispersion relations
of this approximate “fluid-type” model of radiation with
(1)-(3).

5.1 Linearised radiation-hydrodynamic equations
with M1 closure

Let us linearize equation (77), together with the usual con-
servation laws of energy, momentum, and baryons. In all ap-
proaches of interest, one assumes that, for small Fν , the Ed-
dington factor can be expanded as χ ≈ 1/3 + zFαFα/ε2

R ,
for some number z. Hence, in the linear regime, the pres-
sure anisotropy in (76) vanishes, and the M1 closure reduces
to the Eddington approximation. Introducing the notation
δE = δεR/εR and δF j = δF j/εR + 4δuj /3, we obtain the
following system:

ρ ω δs= aT 3

n

[
k δF1 − ωδE

]
, (78)

u1 ωδu1 − k
δP

ρ+P
= aT 4

ρ+P

[
k

1

3
δE − ωδF1

]
, (79)

uj ω δuj = −ω
aT 4

ρ+P
δF j (for j = 2,3) , (80)

n δu1 = ω

k

δn

n
, (81)

ε (1−iωτ)δE = 4
δT

T
− ikτδF1 , (82)

F 1 (1−iωτ)δF1 = −1

3
ikτδE + 4

3
δu1 , (83)

Fj (1−iωτ)δF j = 4

3
δuj (for j = 2,3) , (84)

where, as usual, we have assumed that all perturbed fields
have a spacetime dependence of the form eikx1−iωt .

5.2 Shear waves

In Anderson and Spiegel (1972), Gavassino et al. (2020),
Gavassino and Antonelli (2021), it was argued that the opti-
cally thick limit of a radiation-hydrodynamic system with
M1 closure is a viscous fluid, with the same values of ζ

and κ as in Weinberg (1971), but with η = 0. Hence, the
damping of shear waves cannot be correctly described by
M1 models. Indeed, it was shown in Gavassino (2024) that
shear waves with M1 closure do not decay. This can be seen
directly from the system (78)-(84). The two pairs of degrees
of freedom {δu2, δF2} and {δu3, δF3} fully decouple from
all other degrees of freedom, and their fluctuations are shear
modes, governed by equations (80) and (84). We find that
the state δF3(k) = 4δu3(k)/3 solves equations (80) and (84)
with ω(k) = 0 for all k, meaning that M1 fluids possess
shear wave solutions that survive forever, in sharp contrast
with (1).

5.3 Heat waves

The M1 closure scheme is known to describe heat propaga-
tion quite accurately, both in the optically thick and in the
optically thin limit (Sadowski et al. 2013). Indeed, the dis-
persion relation (2) and its M1 analogue are textbook mate-
rial (Mihalas and Weibel Mihalas 1984, §100). Let us briefly
summarize the result.

The derivation of the dispersion relation in M1 systems is
analogous to that in Sect. 2.5, namely set δu2 = δu3 = 0, and
δs = 1. Introduce the small parameter ν defined in equation
(36), and expand all variables to first order in ν. We do not
report the intermediate steps (which are not so enlightening)
and we just provide the final formula:

ω = −i
Dhk

2

1+(kτ )2/3
+O

(
D2

h/τ
2) , (85)
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Fig. 4 Comparison between the dispersion relation (2) computed di-
rectly from the radiative transport equation (blue) and the dispersion
relation (85) computed assuming M1 closure (red). Left panel: Imagi-
nary part of the dispersion relations, where the reference dashed line is
ordinary diffusion, i.e. ω = −iDhk2 (the real part vanishes in all mod-

els). Right panel: Temperature profile δT (t, x) at time t = τ 2/(2Dh),
with initial data δT (0, x) = �(1 − x2) (dashed line). The Fourier in-
tegral representing both solutions is reported in equation (75). As in
Fig. 3, the spacetime units are chosen such that τ = 1

Fig. 5 Comparison between the dispersion relation (3) computed di-
rectly from the radiative transport equation (blue) and the dispersion
relation (86) computed assuming M1 closure (red). The black dashed

line is the Navier-Stokes limit ω = ctot
s k − iDak

2, whose coefficients
are given in (52). We have made the following choices: cs = 1/3, and
Ds/τ = 1/10

where Dh is the same diffusivity coefficient appearing in
(2), whose value is provided in equation (44). The behav-
ior of the M1 model in the optically thick limit (kτ→0)
is consistent with the radiative transport equation. Also the
optically thin (kτ→∞) limiting behavior is accurate, since
ω → −3iDh/τ

2, in full agreement with equation (68). This
implies that discontinuities shrink with the correct relaxation
rate, as can be seen from Fig. 4, right panel. The discrep-
ancy between (2) and (85) is only relevant in intermediate
regimes, where the M1 closure overestimates the damping
rate (and therefore the diffusive nature) of heat waves, see
Fig. 4, left panel.

5.4 Sound waves

The dispersion relation of sound waves in M1 fluids can be
computed from (78)-(84) following the same procedure as
in Sect. 2.6. This involves setting 0 = δu2 = δu3 = δP − 1,
and carrying out a perturbative expansion in the parameter λ,
defined in equation (26). Assuming that κp = 0, one obtains

the following formula (see Fig. 5):

ω = csk − i
15Ds

2τ 2

[
1

3
− 1−icskτ

(kτ)2 + 3(1−icskτ )2

]

+O(D2
s /τ

2) , (86)

whose optically thin limit agrees with (3). For optically thick
waves, we have ω(k) = ctot

M1k−iDM1k
2+O(k3τ 3), with

ctot
M1 =

(
1 − 5Ds

2τ

)
cs ,

DM1 = 5

6
(1 + 3c2

s )Ds .

(87)

Comparing (87) with (52), we see that the M1 closure gives
the correct conglomerate speed of sound (i.e. ctot

M1 = ctot
s ),

but not the correct acoustic diffusivity (i.e. DM1 �= Da). This
is expected, since M1 fluids have vanishing shear viscosity
(Gavassino et al. 2020). Indeed, one would obtain the correct
value of DM1 by simply setting η = 0 in equation (58).
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6 Discussion and conclusions

We have solved the equations of relativistic radiation hydro-
dynamics in the linear regime, under the assumptions (a),
(b), and (c) listed in the introduction. Both matter and radi-
ation have been evolved self-consistently, the former being
subject to fluid-dynamical conservation laws, and the latter
being governed by the relativistic Boltzmann equation. This
led us to the dispersion relations (1), (2), and (3), which are
exact to first order in the dimensionless parameters Ds/τ

and Dh/τ , whose magnitude scales like that of the ratios
T

μμ
R /T

μμ
M .

The dispersion relation of shear waves agrees with our
recent calculation in Gavassino (2024). The dispersion rela-
tion of heat waves agrees with that of Spiegel (1957), with
the specific heat cp in place of cv (just as in ordinary fluid
mechanics, see Landau and Lifshitz (1987)). To the best
of our knowledge, the formula for the dispersion relation
of sound waves in special relativity is completely new, al-
though it is derived under the additional assumption that the
matter component does not expand as it absorbs heat (see
footnote 2). Despite this limitation in the thermal properties
of the matter sector, the radiation sector is evolved exactly,
and all radiative corrections to sound propagation (e.g. ra-
diation pressure, radiative viscosity, radiative heat transport,
and acceleration-driven heat) are accurately captured, also
at relativistic sound-speeds.

What do we learn from equations (1)-(3)? In our opinion,
the most important insights come from the observation that
all three dispersion relations were computed directly from
the exact linearized radiative transport equations (9)-(14)
alone, with the aid of perturbation theory techniques. This
allows us to apply the “machinery” of theoretical relativistic
fluid mechanics (Moore 2018; Romatschke and Romatschke
2017; Florkowski et al. 2018; Rocha et al. 2023), and draw
the following conclusions about radiation hydrodynamics as
a whole:

• The dispersion relations (1)-(3) are the hydrodynamic
poles of the retarded linear response Green function of
photon kinetic theory. Hence, if we expand them in Taylor
series for small wavenumbers, i.e. ω(k)=∑

n ank
n, there

is a one-to-one correspondence between the Taylor coef-
ficients an and the infinite list of Chapman-Enskog trans-
port coefficients of linearised radiation hydrodynamics
(McLennan 1965; Dudyński 1989; Henning and Taheri
2011; Heller et al. 2024). In other words, the full knowl-
edge of the Chapman-Enskog expansion (up to infinite or-
der) is contained within (1)-(3).

• The radius of convergence of the Taylor series ω(k) =∑
n ank

n is simply τ−1 for the diffusive modes, while
it is τ−1/(1+cs) for the sound modes. This implies that
the Chapman-Enskog expansion is well-defined (in rigor-
ous mathematical terms, see McLennan (1965), Dudyński

(1989)) in the linear regime (Gavassino 2024a). Further-
more, the radiation mean free path τ marks the breakdown
scale of the viscous hydrodynamic approximation.

• Given that the Taylor series of ω(k) has a finite radius
of convergence, the dispersion relations (1)-(3) propagate
matter waves faster than light (Gavassino et al. 2024).
However, this does not entail superluminal signaling. In
fact, if the initial wave profile at t = 0 is built as a super-
position of hydrodynamic excitations that obey (1)-(3),
then the initial radiation field is not compactly supported.
Hence, some radiation “forerunners” are visible to all ob-
servers already t = 0, and the matter wave transports no
new information.

• The transport coefficients η, κ , and ζ computed by Wein-
berg (1971) coincide with those computed from our dis-
persion relations, and the latter coefficients are those that
one would obtain from the respective Kubo formulas
(Peliti 2011; Czajka and Jeon 2017).

• The sign of the term (kτ )4 in equation (28) shows that
the Super-Burnett approximation (i.e. third-order viscous
hydrodynamics, see Shavaliev (1993)) is unstable in fluids
with radiation.

Acknowledgements This work was supported by a Vanderbilt’s Seed-
ing Success Grant.

Author contributions All research was carried out by myself alone.

Data Availability No datasets were generated or analysed during the
current study.

Declarations

Competing interests The authors declare no competing interests.

Open Access This article is licensed under a Creative Commons Attri-
bution 4.0 International License, which permits use, sharing, adapta-
tion, distribution and reproduction in any medium or format, as long as
you give appropriate credit to the original author(s) and the source, pro-
vide a link to the Creative Commons licence, and indicate if changes
were made. The images or other third party material in this article are
included in the article’s Creative Commons licence, unless indicated
otherwise in a credit line to the material. If material is not included
in the article’s Creative Commons licence and your intended use is not
permitted by statutory regulation or exceeds the permitted use, you will
need to obtain permission directly from the copyright holder. To view a
copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

Anderson, J.L., Spiegel, E.A.: The moment method in relativistic ra-
diative transfer. Astrophys. J. 171, 127 (1972). https://doi.org/10.
1086/151265

Anile, A.M., Pennisi, S., Sammartino, M.: Covariant radiation hydro-
dynamics. Ann. IHP, Phys. Théor. 56(1), 49–74 (1992). www.
numdam.org/item/AIHPA_1992__56_1_49_0/

http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1086/151265
https://doi.org/10.1086/151265
http://www.numdam.org/item/AIHPA_1992__56_1_49_0/
http://www.numdam.org/item/AIHPA_1992__56_1_49_0/


Dispersion relations of relativistic radiation hydrodynamics Page 15 of 16     4 

Anninos, P., Fragile, P.C.: Multi-frequency general relativistic
radiation-hydrodynamics with M1 closure. Astrophys. J. 900(1),
71 (2020). https://doi.org/10.3847/1538-4357/abab9c

Becattini, F.: Thermodynamic equilibrium in relativity: four-
temperature, killing vectors and Lie derivatives. Acta Phys.
Pol., B 47(7), 1819 (2016). https://doi.org/10.5506/APhysPolB.
47.1819

Castor, J.I.: Radiation Hydrodynamics. Cambridge University Press,
Cambridge (2004)

Cattaneo, C.: Sur une forme de l’équation de la chaleur élim-
inant le paradoxe d’une propagation instantanée. Comptes
rendus hebdomadaires des séances de l’Académie des sci-
ences. Gauthier-Villars (1958). https://books.google.pl/books?id=
mHGeQwAACAAJ

Chris Fragile, P., Olejar, A., Anninos, P.: Numerical simulations of op-
tically thick accretion onto a black hole. II. Rotating flow. As-
trophys. J. 796(1), 22 (2014). https://doi.org/10.1088/0004-637X/
796/1/22

Chris Fragile, P., Etheridge, S.M., Anninos, P., Mishra, B., Kluzniak,
W.: Relativistic viscous radiation hydrodynamic simulations of
geometrically thin disks: I. Thermal and other instabilities. As-
trophys. J. 857(1), 1 (2018). https://doi.org/10.3847/1538-4357/
aab788

Czajka, A., Jeon, S.: Kubo formulas for the shear and bulk viscos-
ity relaxation times and the scalar field theory shear τπ calcula-
tion. Phys. Rev. C 95(6), 064906 (2017). https://doi.org/10.1103/
PhysRevC.95.064906

de Groot, S.R., van Leeuwen, W.A., van Weert, C.G.: Relativistic Ki-
netic Theory: Principles and Applications (1980)
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