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Abstract. The Kardar–Parisi–Zhang (KPZ) equation is a celebrated non-
linear stochastic dynamical equation yielding non-equilibrium universal scaling.
It exhibits notorious non-perturbative aspects. The KPZ fixed point is strong-
coupling, all the more in d > 1. Strikingly, another, even stronger-coupling fixed
point of the KPZ equation, called inviscid Burgers fixed point, has been recently
unveiled. These non-pertubative features can be theoretically accessed and stud-
ied in a controlled way in all dimensions using the functional renormalisation
group. We propose an overview of the related results, which provide a unified
picture of the fixed-point structure and associated scaling regimes of the KPZ
equation in d =1 and in higher dimensions.
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1. Introduction

The Kardar–Parisi–Zhang (KPZ) equation has become a fundamental model of stat-
istical physics for self-organised criticality and non-equilibrium scaling phenomena. It
models the stochastic dynamics of a growing interface, described by a singled-valued
height field h(t,x), as

∂th= ν∇2h+
λ

2
(∇h)2+ η , (1)

where t is time, x ∈ Rd is the coordinate of the d -dimensional interface embedded in
the space of dimension d +1 in which the growth takes place. The parameters are ν
the surface tension, λ the strength of the non-linearity, and D the amplitude of the
Gaussian noise η, which is of zero mean and of covariance

⟨η (t,x)η (t ′,x ′)⟩= 2Dδ (t− t ′)δd (x−x ′) . (2)

https://doi.org/10.1088/1742-5468/ae1e75 2

https://doi.org/10.1088/1742-5468/ae1e75


The non-perturbative sides of the Kardar-Parisi-Zhang equation

J.S
tat.M

ech.(2025)
124003

Note that time and field can be rescaled such that the KPZ equation has only one free
parameter which is the effective non-linearity g = λ2D/ν3. The KPZ dynamics (1) gen-
erically drives the system to a critical state, characterised by universal power-law beha-
viours with anomalous exponents. Notably, the two-point correlation function endows
the scaling form

C (t,x)≡ ⟨h(t,x)h(0,0)⟩c ∼ |x|2χF̄KPZ

(
|x|/t1/z

)
(3)

where the subscript c stands for connected, χ and z are the universal roughness and
dynamical exponents. The scaling function F̄KPZ is also universal, but depends on the
type of initial conditions for the interface, which define three main universality sub-
classes corresponding to flat, curved, or stationary initial configurations. While these
subclasses share the same values for the critical exponents, they are each associated
with a different universal form for the scaling function, and also for the probability
distribution of the rescaled height fluctuations [1, 2]. We here consider the stationary
interface.

The KPZ equation exactly maps to the Burgers equation for randomly stirred
fluids [3, 4]

∂tv+v ·∇v = ν∇2v+ f , (4)

upon defining v =−λ∇h and f =−λ∇η, where ν now embodies the kinematic viscosity
of the fluid. The KPZ equation is also related to other celebrated models of statistical
physics, such as the equilibrium problem of directed polymers in random media [5],
or driven-dissipative transport and non-linear fluctuating hydrodynamics [6–8]. Beyond
these connections, the KPZ universality class has turned out to be extremely large,
and, remarkably, it keeps extending. Indeed, the KPZ universal behaviour was first
evidenced in growth problems, such as combustion front propagation [9], bacterial or
cancer cell growth [10, 11], and even urban skylines [12]. The most accurate experiments
have been realised in turbulent nematic liquid crystals where the finest KPZ properties
could be measured [13, 14]. We refer the reader to the nice existing reviews for a detailed
account [2, 15–18]. More surprisingly, the KPZ universality has also turned out to be
relevant in quantum systems, where it has recently been observed both in integrable
systems, such as Heisenberg quantum spin chains [19, 20], and in driven-dissipative
systems, such as exciton-polariton condensates [21]. This has sparked a renewed interest
in this seminal equation.

In dimension d =1, the interface always roughens, and exhibits a superdiffusive
dynamics characterised by a critical dynamical exponent z = 3/2, which distinguishes
it from the linear growth (described by (1) with λ=0 which is the Edwards–Wilkinson
(EW) equation [22]). The EW equation leads instead to a diffusive behaviour z =2,
although sharing in d =1 the same roughness exponent χ = 1/2. Beyond the critical
exponents, the statistical properties of the KPZ interface in d =1 are known to an
incredibly fine level, including the precise characterisation of the three universality sub-
classes, thanks to joined efforts from both the mathematical and theoretical physics
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communities. Comprehensive reviews of these advances can be found in e.g. [1, 2]. Yet,
the one-dimensional KPZ equation still holds its surprises, as we explain below.

Let us first comment on dimensions d > 1, where no exact results are available. While
for d⩽ 2, the interface always becomes rough, there exists in d > 2 a phase transition,
called roughening transition (RT) and corresponding to a critical non-linearity λc, which
separates a smooth EW phase for λ < λc from a rough KPZ phase for λ > λc. While
the exponents of the linear EW phase can be simply determined as χ = (2− d)/2 and
z =2, the exponents of the KPZ phase are not known exactly, and have been mainly
estimated through numerical simulations. As emphasised previously, the rough inter-
face is characterised by scale invariance and anomalous exponents. A choice method to
understand critical behaviours, which has proved pivotal in dealing with such situations
in equilibrium, is the renormalisation group (RG), as pioneered by Wilson [23]. The idea
of the RG is to perform the average over fluctuations not at once, but scale by scale,
thereby building scale-dependent effective theories. The evolution of these theories with
the scale is given by an RG flow equation. A key feature of the RG procedure is that
when the system is scale invariant, the RG flow reaches a fixed point, and the effective
description converges to a fixed one. This is analogous to a dynamical system, where
the role of time is played by the RG scale, the physical phase space is replaced by an
abstract theory space, and the fixed points of the dynamics, which describe station-
ary (time-independent) solutions, are superseded by fixed points of the RG flow, which
describe scale-invariant solutions.

For the KPZ equation, the RG flow was early derived at one-loop order [4, 24] and
yields in d =1 the exact exponents χ = 1/2 and z = 3/2. It was shown later that this flow
could in fact be obtained to all orders in the perturbative expansion in λ, and resummed
[25]. However, although it allows one to describe exactly the RT fixed point controlling
the roughening phase transition, it fails to find the KPZ fixed point in d⩾ 2, and leads
instead to a flow running away to infinity. The KPZ rough phase is thus genuinely
non-perturbative, since it cannot be accessed at any order of perturbation theory. To
make progress, one needs to resort to a non-perturbative approach, and the functional
RG (FRG) provides such a tool. This method has indeed allowed one to find the KPZ
fixed point in all dimensions [26, 27]. Moreover, it is very general and versatile, such
that it can be used in other non-integrable cases, such as in the presence of microscopic
correlations of the noise, spatial [28, 29] or temporal [30], and in anisotropic settings [31].

As already hinted at, the non-perturbative side of the KPZ equation surprisingly also
arises in d =1. Indeed, recent numerical simulations have unveiled an unexpected scaling
regime, characterised by a dynamical exponent z =1, which is absent from the exact
results. This scaling has been observed while approaching the inviscid (zero-viscosity)
limit of the stochastic Burgers equation [32], as well as the equivalent tensionless limit
of the KPZ equation [33]. Let us notice that, intriguingly, the same scaling has also been
evidenced in a strongly interacting one-dimensional quantum bosonic model (the Bose–
Hubbard model), although the connection with KPZ dynamics is not clearly established
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in this case [34]1. This unexpected scaling regime suggests the existence of a new fixed
point of the KPZ equation. This fixed point has indeed been uncovered using FRG,
and has been termed the inviscid Burgers (IB) fixed point [36, 37]. The purpose of this
paper is to give an overview of these non-perturbative aspects, and show how they can
be addressed and characterised using FRG. It does not contain new results, but aims at
providing a unified picture of the existing results, in a comprehensive and non-technical
way.

The remainder of the paper is organised as follows. The bases of the FRG formalism
and its formulation for the KPZ equation are set in section 2. We show in section 3 how
the KPZ fixed point can be captured in all d with the simplest approximation of the
FRG, and then explain how quantitative results can be obtained within this formalism.
In section 4, we focus on the inviscid limit and show that the IB fixed point can also be
identified within the simplest approximation of the FRG, yielding the complete phase
diagram of the KPZ equation. We then provide a quantitative characterisation of this
fixed point.

2. FRG for the KPZ equation

The starting point of the FRG is the KPZ generating functional and action, which can
be simply obtained following the standard Martin–Siggia–Rose–Janssen-de Dominicis
formalism [38–40], and read [41]

Z
[
j, j̃

]
=

ˆ
DhDh̃exp

(
−S

[
h, h̃

]
+

ˆ
t,x

{
j h+ j̃h̃

})
,

S
[
h, h̃

]
=

ˆ
t,x

{
h̃

[
∂th−

λ

2
(∇h)2− ν∇2h

]
−Dh̃2

}
, (5)

where h̃ is the response field and j, j̃ are the sources, such that functional derivatives
of Z with respect to them generate the correlation and response functions of h and h̃.

The FRG formalism is a powerful implementation of Wilson’s ideas, which is
expounded in several lecture notes and reviews [42–45]. To achieve the progressive
integration of fluctuations, one adds in the functional integral a scale-dependent weight
exp(−∆Sκ), where κ is a momentum scale, as

Zκ

[
j, j̃

]
=

ˆ
DΦ exp

(
−S [Φ]−∆Sκ [Φ]+

ˆ
t,x

JαΦα

)
, (6)

denoting Φ = (h, h̃) and J = (j, j̃) the multiplet of fields and sources, indexed by α ∈
[[1,2]], and where ∆Sκ[Φ]≡ 1

2

´
t,x,x ′ Φα(t,x)Rκ,αβ(|x−x ′|)Φβ(t,x

′) is chosen quadratic

1 The authors of [34] report, at high filling, a collapse of their data onto a scaling form (3) consistent with the EW one. A crossover
from the EW to the asymptotic KPZ scaling is known to occur when the non-linearity is small and the system size not large
enough compared to the length-scale set by this nonlinearity [35]. This suggests that, although a formal mapping to the KPZ
equation is not available for the Bose–Hubbard model, it may correspond, at large filling, to the KPZ universality class with a
small non-linearity. The authors then find, at half-filling, a change from the EW universal behaviour to a different one termed
‘unconventional universality class’, which features the dynamical exponent z =1 similar to the IB scaling, providing a further
support for the possible connection of this model with KPZ dynamics.
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in the fields. The kernel Rκ is called ‘regulator’ and each of its elements must satisfy
the following set of properties (in Fourier space):

(i) : Rκ,αβ (p)
|p|≪κ∼ κ2 , (ii) : Rκ,αβ (p)

|p|≫κ−→ 0,

(iii) : Rκ,αβ (p)
κ→Λ∼ Λ2 , (iv) : Rκ,αβ (p)

κ→0−→ 0, (7)

such that low-momentum fluctuation modes with |p|≲ κ are suppressed, since (i)
ensures e−∆Sκ ≃ 0 for these modes, while high-momentum fluctuation modes with |p|≳ κ
are included and averaged over, since (ii) ensures e−∆Sκ ≃ 1 for these modes. We have
denoted Λ the (UV) scale at which the model (here (1)) and its parameters are defined.
In general, it can be chosen finite (Λ∼ 1/a inverse lattice spacing) if the model is dis-
crete, or it can be infinite.

The central object within the FRG formalism is the effective average action Γκ,
defined as the (modified) Legendre transform of Wκ = lnZκ

Γκ [Ψ]+∆Sκ [Ψ] = sup
J

[
−Wκ [J ] +

ˆ
t,x

JαΨα

]
, (8)

where Ψ = (φ, φ̃)≡ ⟨Φ⟩J is the multiplet of the average fields in presence of the sources.
By construction (iii), at scale Λ all fluctuations are frozen, such that Γκ=Λ identifies with
the KPZ action (5) ΓΛ ≡ S [44, 45]. In the limit κ→ 0, all fluctuations are integrated
out since the regulator vanishes (iv), such that Γκ=0 is equal to the full effective action
Γ0 ≡ Γ. In between these two scales, Γκ provides the effective theory at scale κ, which
can be interpreted as the effective theory of the system in a volume κ−d . Its evolution
with the RG scale is given by the exact Wetterich equation [46]

∂κΓκ =
1

2
tr

ˆ
ω,q

∂κRκ · Gκ , Gκ ≡
(
Γ(2)
κ +Rκ

)−1

(9)

where the trace means summation over all fields and Γ
(2)
κ is the Hessian of Γκ. The very

idea of the Wilsonian RG is thus closely realised through this formalism. Of course, in
most situations, this functional equation cannot be solved exactly, and several approx-
imation schemes have been devised to study it, which are non-perturbative [45]. A key
aspect is that these approximation schemes are controlled and can be improved in a
systematic way, such that they can provide high-accuracy results, including in some
cases the best available estimates by analytical methods [47, 48]. In the following, we
focus on the most useful approximations for the KPZ equation.

3. The KPZ fixed point

Within the FRG formalism, symmetries play a fundamental role and can be very effi-
ciently exploited through exact identities derived from them which are called Ward
identities. In fact, it proves useful to consider extended symmetries, which are infin-
itesimal transformations of the fields and coordinates which do not leave the action
strictly invariant, but instead yield a variation at most linear in the fields. From them
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can be derived more general forms of the Ward identities [49]. We first briefly list the
extended symmetries for the KPZ action, and then use the associated Ward identities
to constrain successive approximations of the FRG equations.

3.1. Symmetries of the KPZ action

The KPZ action is invariant under a shift of the height field by an arbitrary constant h→
h+ c. This symmetry can be extended by considering instead a shift by an infinitesimal
scalar function of time

h(t,x)→ h(t,x)+ ε(t) . (10)

The KPZ action is invariant under this transformation but for the term (
´
t,x h̃∂tε) which

is linear in the fields. This can be used to derive Ward identities, which essentially
prescribe that the corresponding term in the action

´
t,x h̃∂th is not renormalised and the

rest of the effective average action must be invariant under the transformation (10) [50].
In a similar manner, the statistical tilt symmetry x→ x+λv0t, h→ h−v0 ·x, which

is simply the Galilean symmetry for the corresponding Burgers equation, can be exten-
ded to

h(t,x)→ h(t,x)+λε(t) ·∇h− ∂tε(t) ·x , h̃(t,x)→ h̃(t,x)+λε(t) ·∇h̃ , (11)

where ε(t) is now an infinitesimal vectorial function of time. This extended symmetry
leads to very constraining Ward identities, whose derivation can be found in [36, 50]. It
implies in particular that λ is not renormalised, and more generally that the operator
Dt = ∂t−λ∇h ·∇, which is the covariant time derivative for the Galilean symmetry, is
renormalised as a whole [50].

Lastly, in d =1 only, the KPZ equation is invariant under a discrete time-reversal
symmetry, which corresponds to the transformation

h(t,x)→−h(−t,x) h̃(t,x)→ h̃(−t,x)+ ν

D
∇2h(−t,x) . (12)

This symmetry entails a fluctuation-dissipation theorem relating the correlation and

response functions as
⟨
h̃(t,x)h(t ′,x ′)

⟩
= ν

D∇
2 ⟨h(t,x)h(t ′,x ′)⟩ (t ′ > t). It also yields that

the stationary probability distribution of height fluctuations for the KPZ equation is the
same as for the EW equation in d =1. As a consequence, they share the same roughness
exponent χ = 1/2. This is no longer the case in d ̸=1 where the time-reversal symmetry
is broken.

3.2. Simplest approximation

The simplest approximation one can use within the FRG framework is to choose an
ansatz for Γκ which has the same form as the bare action (5), but with scale-dependent
parameters, that is

Γκ [φ, φ̃] =

ˆ
t,x

{
φ̃

[
µκ∂tφ − λκ

2
(∇φ)2− νκ∇2φ

]
−Dκ φ̃

2

}
. (13)
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In fact, the Ward identities associated with the shift (10) and Galilean (11) symmetries
readily enforce at this level that µκ = µΛ = 1 and λκ = λΛ = λ. Moreover, in d =1, the
time-reversal symmetry (12) further imposes that νκ

Dκ
= ν

D [36, 50].
Let us mention that the regulator Rκ in the FRG formalism should preserve the

symmetries of the action. An appropriate choice for the KPZ action is [50]

Rκ (q)=r

(
q2

κ2

)(
0 νκq

2

νκq
2 −2Dκ

)
, (14)

where one typically uses for the simplest approximation Litim cutoff function r(x) =
(1/x− 1)θ(1/x− 1) [51] with θ the Heaviside step function2, while for advanced approx-
imations one generally uses r(x) = 1/(exp(x)− 1). The RG flow equations ∂κνκ and
∂κDκ of the remaining parameters can be calculated by projecting the exact flow
equation (9) for Γκ onto the ansatz (13). The calculation is detailed in references
[36, 37].

The next important step in the RG procedure is the rescaling. One thus defines
rescaled coordinates and fields, denoted with a hat symbol, as

q̂=
q

κ
, ω̂ =

ω

κ2νκ
, φ̂=

√
νκ

κd−2Dκ
φ , ˆ̃φ=

√
Dκ

κd+2νκ
φ̃ . (15)

One also defines two effective anomalous dimensions as

ηνκ =−∂s lnνκ , ηDκ =−∂s lnDκ , (16)

where s= ln(κ/Λ) is the RG ‘time’ and ∂s = κ∂κ. In a scaling regime, the flow reaches
a fixed point, such that the effective anomalous exponents acquire fixed values, denoted
with an asterisk ηDκ → ηD* and ηνκ → ην* when κ→ 0. It follows from (16) that the effective
noise amplitude Dκ and the effective surface tension νκ then behave as power-laws
Dκ ∼ κ−η

D
* and νκ ∼ κ−η

ν
* . From the rescaling (15), one can deduce that the exponents

χ and z are related to the anomalous exponents as [27]

z = 2− ην* , χ =
1

2

(
2− d+ ηD* − ην*

)
. (17)

Finally, the dimensionless effective coupling, associated with the non-linear term, is then
defined as ĝκ = κd−2λ2Dκ/ν

3
κ. Its flow equation is thus given by

∂sĝκ = ĝκ
(
d− 2− ηDκ +3ηνκ

)
, (18)

where ηνκ and ηDκ are non-trivial functions of d and ĝκ, which can be computed from the
Wetterich equation and are given in [36, 37].

In fact, even without the explicit expressions of ηνκ and ηDκ , one can already deduce
some properties of the fixed points of equation (18). A fixed point is defined as a

2 Litim cutoff function has the advantage that it enables one to analytically calculate the integrals over momentum, which is
generally not possible with the exponential cutoff, but the latter leads in general to more accurate results.
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stationary solution of equation (18), i.e. it satisfies ∂sĝκ = 0. There are two obvious
such solutions. The first one is ĝ* ≡ ĝEW* = 0, which corresponds to the EW solution. It
is Gaussian (non interacting), and thus ηD* = ην* = 0 at this fixed point, which from (17)

yields z =2 and χ = (2− d)/2. The second one corresponds to a finite ĝ* denoted ĝ
KPZ
* ̸=

0 which satisfies(
d− 2− ηD* +3ην*

)
= 0. (19)

This is the implicit equation for the non-trivial KPZ fixed point. Irrespective of the
value of ĝKPZ

* , the identity (19) entails from (17) that z+χ = 2 in any dimension at

this fixed point. Finally, in d =1, the time-reversal symmetry further imposes ηDκ =
ηνκ ≡ ηκ, such that the identity (19) fixes the value of η* = 1/2 again irrespective of the
corresponding value ĝKPZ

* . These two identities together then yield z = 3/2. The values
of the KPZ critical exponents are thus entirely fixed by the symmetries in d =1, which
is quite uncommon in the realm of critical phenomena and is no longer true in d ̸=1.
Note that, even though the KPZ roughness exponent coincides with the EW value
χ = (2− d)/2 = 1/2 in d =1 due to the time-reversal symmetry, the KPZ dynamical
exponent is anomalous, as it significantly differs from the Gaussian EW value z =2
(large correction). In d > 2, the identity (19) has two solutions, both satisfying z+χ = 2,
which are the KPZ and the RT fixed points. The RT fixed point is somewhat peculiar
since it has exact critical exponents χ=0 and z =2 in all dimensions d⩾ 2 where it
exits [25].

To get the actual fixed point solutions ĝ* and study their stability, one needs the
explicit expressions for ηνκ and ηDκ . Using them, one obtains [37]

∂sg̃s =
g̃s
(
2d6+4d5− d4 (7g̃s+8)− 2d3 (3g̃s+8)+ d2g̃s (3g̃s+20)− d(g̃s− 8) g̃s− 2g̃2s

)
2d5+8d4+ d3 (8− 3g̃s)− 2d2g̃s+ dg̃s (g̃s+8)− g̃2s

,

(20)

where g̃s = vdĝs with vd = (2d−1πd/2Γ(d/2))−1 a factor related to the d -dimensional angu-
lar integration.

This equation can be readily integrated numerically from the microscopic scale s =0
(κ= Λ) to the macroscopic one s→−∞ (κ→ 0). Examples of flows for different initial
conditions g̃0 are displayed in figure 1. In dimension d =1, the flow always reaches the
same finite fixed-point value g̃KPZ

* for any initial condition g̃0. The KPZ fixed point is
thus fully attractive, which physically implies that the interface always roughens and
becomes superdiffusive. In dimension d =3, the flow either converges to a finite value
g̃KPZ
* > 0 for any g̃0 > g̃c, which corresponds to the KPZ fixed point, or to g̃EW* = 0
for any g̃0 < g̃c, which corresponds to the EW fixed point. They are both attractive.
Conversely, the RT fixed point is unstable and requires fine-tuning of g̃0 to g̃c to be
attained. It controls the roughening transition, while the KPZ and EW fixed points
describe the rough and smooth phase respectively. This shows that even the simplest
approximation (13) allows one to capture the KPZ fixed point in any d. It thus already
goes beyond the all-order perturbative result, and demonstrates the full ability of the
FRG approach to tackle strongly-coupled non-perturbative problems.
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Figure 1. Flows of
√
g̃s as a function of the RG time s= ln(κ/Λ) for different

initial values of g̃0 in dimension (a) d =1 and (b) d =3. The (IR) flow runs from
the microscopic (s =0) to the macroscopic (s→−∞) scale from right to left.

Figure 2. Flow diagram of the KPZ equation: fixed point values
√
g̃* while varying

the dimension d in the vertical axis. The dots represent the fixed points, and the
grey lines with arrows indicate the RG flows (from s =0 to s→−∞) which show
whether these fixed points are stable are unstable (in the IR flow).

All the fixed point solutions, both stable and unstable, can be determined from (20)
in any dimension. One can construct from them the flow (and phase) diagram of the
KPZ equation, which is represented in figure 2. It shows that the KPZ fixed point is
always attractive in any d, while the RT fixed point is always repulsive. The EW fixed
point changes stability in d =2, from unstable in d⩽ 2 to stable in d > 2, beyond which
it describes a smooth phase which is attained for small non-linearity g̃0 ⩽ g̃c. Let us
notice that a very efficient way to evidence the unstable fixed points, rather than fine-
tuning the initial condition, is to reverse the flow, i.e. change s→−s, and run it from
some very large (negative) value of s to s→ 0. Indeed, the change of sign inverses the
stability properties, such that the unstable fixed points (in the IR flow, which runs from
s =0 to s→−∞) become stable (in the UV flow, which runs from s=−∞ to s→ 0)
and reciprocally. For this reason, we call the fixed points in the following IR fixed points
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when they are stable in the IR flow, and UV fixed points when they are stable in the
UV flow.

Even though this simplest approximation already provides a full qualitative picture,
it yields very poor values for the critical exponents in d > 1 [36]. To obtain quantitative
results, one needs to resort to more advanced approximations, as presented in the next
section.

3.3. Advanced approximations

The next levels of approximation consist in upgrading the scale-dependent parameters
µκ, νκ and Dκ to whole functions of the momentum and frequency, eg. νκ → νκ(ω,p),
and similarly for the others. In real space, it means that they become functions of
the derivative operators ∇ and ∂t, or more appropriately Dt = ∂t−λ∇φ ·∇, which
has the property to automatically preserve the Galilean symmetry [50]. The general
ansatz for the effective average action, enforcing the constraints from the shift (10) and
Galilean (11) symmetries, reads

Γκ [φ, φ̃] =

ˆ
t,x

{
φ̃

[
µκ (Dt,∇)

(
∂tφ − λ

2
(∇φ)2

)
− νκ (Dt,∇)∇2φ

]
−Dκ (Dt,∇) φ̃2

}
.

(21)

In d =1, the time-reversal symmetry further imposes that µκ(Dt,∇)≡ 1 and
Dκ(Dt,∇) = D

ν νκ(Dt,∇), such that one is left with a single renormalisation function.
In fact, three successive levels of approximation, of increasing accuracy, have been

considered. Generically denoting the renormalisation functions f κ, with f ≡ µ,ν or D,
these approximations consist in assuming a functional dependence on momentum only
fκ(∇) (referred to as LO (Leading Order) approximation [26]), on momentum and
frequency fκ(∂t,∇) (referred to as NLO (Next-to-Leading Order) approximation [27]), or
on momentum, frequency, and fields through the covariant derivative fκ(Dt,∇) (referred
to as SO (Second Order) approximation, since it is the most general ansatz at quadratic
order in the response field [50]).

These approximations can be tested in d =1 by comparing with the available exact
results. In particular, the scaling function F̄KPZ(xt

−2/3) associated with the correlation
function C(t,x) (3) was calculated exactly for the stationary subclass in [52], together
with the one FKPZ(pt

2/3) associated with its Fourier transform in space C(t,p). Both
were computed within the SO approximation of the FRG [50]. The results are displayed
in figure 3, which shows a nearly perfect agreement with the exact results, without any
adjustable parameters. Let us point out that the exact function FKPZ(pt

2/3) is known to
exhibit a negative dip, followed by a stretched exponential tail with superimposed tiny
oscillations. As shown in the inset of figure 3(a), these very fine features are reproduced
by the FRG calculation down to extremely small magnitudes.

The characterisation of the KPZ fixed point has been extended to higher dimensions
within the NLO approximation [27]. The results for the scaling function F̊ (ω/pz) associ-
ated with the Fourier transform in space and time C(ω,p) of the correlation function in
d= 1,2,3 are displayed in figure 4(a). In d ̸=1, the response function is no longer related
to the correlation function by a fluctuation-dissipation theorem and is an independent
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Figure 3. Scaling functions in d =1 associated with the correlation function (a) in
Fourier space C(t,p) and (b) in real space C(t,x), from the FRG calculation [50] and
from the exact result of [52]. There are no adjustable parameters. Reprinted figure
with permission from [50], Copyright (2011) by the American Physical Society.

Figure 4. Scaling functions from the FRG calculation in d= 1,2,3: (a) F̊KPZ asso-

ciated with the correlation function and (b) H̊KPZ associated with the response
function [27]. Reprinted figure with permission from [27], Copyright (2012) by the
American Physical Society.

function. It has also been determined using FRG and the associated scaling function
H̊(ω/pz) (which has both real and imaginary parts) is shown in figure 4(b). Subsequent
numerical simulations have very accurately confirmed these predictions [53].

As mentioned in the introduction, the FRG has also been used to study the effect of
non-delta correlation in the noise (2), both spatial correlations, long-range [28] and of
finite range [29], and long-range temporal correlations [30]. Another interesting ingredi-
ent is the presence of spatial anisotropy, where the full non-perturbative phase dia-
gram has been established using FRG [31]. This situation has recently attracted a
renewed attention in the context of driven-dissipative Bose–Einstein condensates, real-
ised in particular with exciton-polaritons. This system can be described by a generalised
stochastic Gross–Pitaevskii equation, which is equivalent to the complex Ginzburg–
Landau equation (equation (24) of section 4.4). In a certain regime, the phase of the
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condensate wavefunction can be mapped to a KPZ equation (or Kuramoto–Sivashinsky
equation (25)), leaving deep imprints on the coherence properties of the condensate.
While the KPZ universal properties have been observed in experiments in a one-
dimensional exciton-polariton system [21], the existence of the KPZ phase in d =2
has been highly debated. It has been specifically argued that anisotropy could favour
the emergence of the KPZ phase, which renders this ingredient particularly salient. We
do not delve into these applications here, and now focus on the inviscid limit of the
KPZ equation.

4. The IB fixed point

We first show, within the simplest approximation of the FRG, the existence of a new
fixed point of the KPZ equation, unveiled in [36], and which had been missed so far.
We then turn to more advanced approximations to quantitatively characterise it.

4.1. Simplest approximation

As emphasised in the introduction, an unexpected scaling regime, characterised by a
dynamical exponent z =1 has been observed in d =1 in several numerical simulations
of the KPZ or Burgers equation, when taking the limit of vanishing surface tension
or viscosity ν. This scaling regime should be controlled by a new fixed point, different
from the known KPZ, EW or RT ones. However, taking the inviscid limit is equivalent
to taking the limit of infinite effective non-linearity g = λ2D/ν3 →∞. This limit is
obviously not accessible through a perturbative expansion in g, such that the non-
perturbative side of the KPZ equation turns out to also arise in d =1 !

To study a fixed point located at infinity, it is convenient to change variables, defining
the new coupling ŵs = ĝs/(1+ ĝs), such that a fixed point ĝ* =∞ is converted to a finite
value ŵ* = 1. The flow equation for ŵs can be straightforwardly derived from the flow
of ĝs (18) and reads [37]

∂sŵs = ŵs (1− ŵs)
(
d− 2− ηDs +3ηνs

)
. (22)

Besides the fixed point solutions already discussed in section 3, this equation reveals the
existence of an additional fixed-point solution ŵ* = 1, that is ĝ* =∞, which has been
named the IB fixed point [36]. This fixed point is a UV fixed point, i.e. it is unstable,
in all dimensions.

The flow equation (22) can again be very easily integrated numerically, using the
trick of reverting the direction of the RG flow s→−s to evidence UV fixed points. The
now complete flow diagram of the KPZ equation is depicted on figure 5, showing the
uncovered IB fixed point.

Since the KPZ fixed point is always attractive, one could wonder why an unstable
fixed point should play any role. Of course, it does so when ν=0 exactly. More inter-
estingly, even at finite but small viscosity, the IB fixed point turns out to control the
large-momentum behaviour of correlation functions. In fact, the same occurs for finite
but small non-linearity λ with the EW fixed point, which is also a UV fixed point
and controls the large-momentum behaviour of correlation functions, in the opposite
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Figure 5. Same as figure 2, but featuring the additional IB fixed point, which is a
UV fixed point, ie always repulsive.

regime (g → 0) compared with the IB fixed point (g→∞). This is developed in the next
section.

4.2. Advanced approximations

The IB fixed point has been quantitatively characterised within the NLO approximation
in d =1 in references [36, 54], which first established that indeed z ≃ 1 at the IB fixed
point. Moreover, to simultaneously resolve small momenta (controlled by the IR fixed
point) and large momenta (controlled by the UV fixed points), a specific numerical
scheme, based on a two-grid approach, has been devised in [54]. It has been used to
compute the full correlation function C(ω,p) on an extended range of p.

To evidence dynamical scaling regimes, a useful probe is the half decay frequency,
defined for each momentum p as the frequency for which the correlation has decayed to
half its value at zero frequency, that is C(ϖ1/2(p),p) = C(0,p)/2. In a scaling regime,
this quantity is expected to behave as a power-law characterised by the dynamical
exponent z as ϖ1/2(p)∼ pz. The half decay frequency obtained for both a small and a
large value of ĝΛ is shown in figure 6, together with a scheme of the fixed point structure
of the KPZ equation in d =1. The shaded regions in this scheme symbolise the range of
momenta controlled by the fixed points: IR momenta for the IR KPZ fixed point, and
UV momenta for the UV EW and IB fixed points. If the initial ĝΛ lies below the KPZ
fixed point value ĝKPZ

* , then the UV momenta are controlled by the EW fixed point.
This is indeed what is observed in figure 6(a) for ϖ1/2(p) which shows at small momenta
(large distances) the expected z = 3/2 KPZ scaling, and at large momenta the diffusive
z =2 EW scaling. However, if the initial ĝΛ lies above ĝKPZ

* , then the UV momenta are
controlled instead by the IB fixed point, as shown in figure 6(b). Here, the half decay
frequency follows on a wide range the z =1 IB scaling, while the small momenta still
display the KPZ scaling as expected. The range of the IB scaling was shown to increase
with ĝΛ, and to disappear when ĝΛ ∼ ĝKPZ

* [54]. Let us notice that the mathematical
studies are built on the EW-KPZ trajectory, and have not explored yet the other side
of the KPZ fixed point, which would be a nice endeavour.
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Figure 6. Half decay frequency ϖ1/2(p) for (a) ĝΛ = 0.1 and (b) ĝΛ = 500, which lie

respectively below and above the KPZ fixed point value ĝKPZ
* . (c) Scheme of the

fixed point structure of the KPZ equation in d =1. The different shades symbolise
the regions in momenta which are controlled by each fixed point, and correspond
to the same shades in (a) and (b). The grey region in (a) and (b) at highest
momenta is non-universal, and merely reflects the initial condition. Reproduced
with permission from [54].

4.3. Comparison with direct numerical simulations

The FRG analysis fully explains the observations from the numerics. Indeed, in [32],
the equivalent half decay time defined from C(t,p) as C(τ1/2(p),p) = C(0,p)/2 has been
computed. The expected scaling behaviour is now τ1/2(p)∼ p−z. The result is shown
in figure 7(a) for different viscosities. At small momenta, the KPZ scaling z = 3/2 is
always observed, apart when ν=0 which corresponds to the dots on top of the black
dashed line. At large momenta, the scaling crosses over from z =2 at large ν to z =1
at small ν, in complete agreement with the FRG prediction.

To complete the quantitative comparison, one can focus on the IB scaling function
FIB associated with the correlation function C(t,p) when ν→ 0. It has also been determ-
ined in [36] within the NLO approximation, where it was found to accurately compare
with the one obtained from the numerical data of [32].

In fact, in this case, the exact asymptotic form of the scaling function can be determ-
ined directly from the exact FRG flow equations (9), without relying on an ansatz such
as (13) or (21) like in the approximations presented so far. This is because for the
IB fixed point one is interested in the large-momentum behaviour. It turns out that
in the limit of large momenta, the Wetterich flow equation (9) can be closed exactly
using the Ward identities related to the extended symmetries (10) and (11) of the KPZ
equation, without other approximations than the large-momentum limit [36, 37]. This
remarkable exact closure of the FRG equations at large momenta is not restricted to
the KPZ equation, it has also been realised in other contexts such as the Navier–Stokes
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Figure 7. (a) Half decay time for different viscosities from the numerical simula-
tions. Reproduced with permission from [32]. (b) Scaling function at the IB fixed
point: the plain line shows the exact asymptotic solution (23) of the FRG equations,
while the symbols are numerical data from [32]. Reprinted figure with permission
from [36], Copyright (2023) by the American Physical Society.

equation [49, 55] or passive scalar turbulence [56]. The analytical fixed-point solution
for the correlation function from these exact asymptotic FRG equations reads

C (t,p) = C (0,p)×

{
exp

(
−µ0 (|p|t)2

)
, t≪ τc

exp
(
−µ∞|p|2|t|

)
, t≫ τc

(23)

where µ0, µ∞ are non-universal constants and τ c is a characteristic time scale. At small
time delays, this is a scaling form in the variable |p|zt≡ |p|t, which demonstrates that
z =1, and provides the asymptotic form of the associated scaling function, which is
simply a Gaussian. It is compared in figure 7(b) with the scaling function obtained
from the numerical data, and the two perfectly match at small times. In fact, the
solution (23) holds in all dimensions, and thus shows that the value z =1 is super-
universal in the sense that it does not depend on the dimension. Let us notice that this
is in agreement with a result from calculations based on the replica method applied
to the equivalent problem of directed polymers in random media, which found that, in
the limit d→∞ where the replica method becomes exact, the dynamical exponent is
z =1 when ν→ 0 [57]. This is also in accordance with results for the deterministic and
spectrally-truncated inviscid Burgers equation in d =1 [58].

Interestingly, the solution (23) also predicts a crossover to another regime at large
time delays, characterised by a much slower exponential decay. Hints of this regime
can be observed in the numerical data of figure 7(b) as their lack of collapse in the
variable pt at large time, which indeed indicates a change of scaling. However, these
data do not have enough resolution at large time delays to make a quantitative com-
parison with the solution (23). Note that a similar crossover has also been predicted
for the Navier–Stokes equation and passive scalar turbulence. In this context, the two
temporal regimes can be related to the two different behaviours of the mean-square
displacement of a Lagrangian particle in a turbulent flow, which behaves ballistically at
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small time and diffusively at large times, as shown in the seminal paper by Taylor [59].
This interpretation is expounded in [60]. The large time regime could be evidenced and
quantitatively confirmed in direct numerical simulations of such turbulent flows [61, 62].

4.4. The realm of the IB fixed point

To finish this overview, let us emphasise that in fact the relevance of the IB fixed point
is much wider than the sole inviscid limit of the KPZ equation. Indeed, it generically
appears in broader contexts, in particular, the one-dimensional complex Ginzburg–
Landau (CLG) equation [63] which describes the dynamics of a complex scalar order
parameter ψ as

i∂tψ = iψ +(c2− i) |ψ|2ψ − (c1− i)∂2xψ , (24)

where c1, c2 are dimensionless real coefficients, and the Kuramoto–Sivashinsky (KS)
equation [64, 65] which describes the deterministic and chaotic behaviour of a height
field according to

∂th= ν∂2xh+ τ∂4xh+
λ

2
(∂xh)

2 . (25)

This is not the place to review these two equations, which are whole worlds in them-
selves. The interesting point here is that the CLG equation exhibits in a certain (c1,c2)
region a phase called phase turbulence, in which the dynamics of the phase of the
complex field ψ can be mapped onto the KS equation. The KS equation is character-
ised by a negative microscopic viscosity ν ≡ νΛ < 0, and hence requires a fourth order
gradient with τ > 0 for global stability. The negative viscosity generates chaos, since
it renders a range of momenta linearly unstable. The resulting chaoting dynamics is
known to belong at large space and time scales to the KPZ universality class [66, 67],
although it requires huge system sizes and times to actually be observed in numerical
simulations [68]. Otherwise, the large-scale behaviour exhibits EW scaling instead.

From the emergence of the KPZ universality class one infers that at large scales, an
effective noise must be generated, and the effective viscosity must change sign to become
positive νeff > 0 (the fourth order gradient term becoming then irrelevant). Hence, in
the process, the effective viscosity must necessarily vanish. According to the analysis
presented in section 4.2, this implies that there must be a whole intermediate range of
momenta, corresponding to the region when νκ ≃ 0, which is controlled by the IB fixed
point. This behaviour has indeed been confirmed by direct numerical simulations of the
CGL equation in the phase turbulence regime [69], as shown in figure 8. The level lines
of the correlation function C(t,k) show a clear z =1 scaling.

Figure 8(b) displays the half decay time τ for different amplitude σ of a micro-
scopic Gaussian and delta-correlated noise η added to the deterministic equation (24).
At small momenta k, one observes a crossover from the EW scaling (which is expected
for not large enough system sizes) to the KPZ scaling as the noise is increased (yielding
a larger effective non-linearity). At even higher noise, the system enters a defect dom-
inated phase, which leads to a saturation of the decay time. However, remarkably, the
large-momentum regime exhibits IB scaling z =1, and this in a very robust manner,
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Figure 8. Results from numerical simulations of the complex Ginzburg–Landau
equation. (a) Map of the correlation function Cψψ(t,k) in the (k, t) plan in logar-
ithmic scales. The level lines demonstrates that the scaling is kzt≡ kt, ie z =1. (b)
Half decay time τ as a function of k for different noise strengths σ. Reprinted figure
with permission from [69], Copyright (2024) by the American Physical Society.

independently of the small-momentum behaviour. This shows that the IB universality
intrinsically emerges in the CLG and KS equations, and thus appears in broader con-
texts than the KPZ equation. This opens exciting perspectives, to further explore the
consequences of this finding within the CGL or KS equations.

A salient and related question is whether the IB regime can be observed in actual
experiments. For experiments of interface growth, reasonably modelled by the KPZ
equation, such as the beautiful liquid crystal platform [13, 14], the parameters—surface
tension ν or non-linearity λ—are probably not easily tuneable. One should try to estim-
ate whether gΛ is large enough for the inviscid scaling to emerge at large momentum,
and ensure that these large momenta can be resolved. A perhaps more appropriate
setting is provided by systems modelled by the CGL or KS equation. Among them is
the exciton-polariton experiment previously mentioned, which realises driven-dissipative
Bose–Einstein condensates [21] and stands as a promising candidate. Indeed, the KPZ
universal behaviour has recently been observed in such a one-dimensional exciton-
polariton condensate. Although the KPZ regime was found to extend over a limited
space-time window in the current setup, the parameters in this system can be varied
to a certain extent, and it is possible that the range where the IB scaling should be
observed becomes accessible. Another intriguing possibility is strongly interacting ultra-
cold gases, described by the Bose–Hubbard model mentioned in the introduction, and
studied through numerical simulations in [34]. The findings of this work suggest that
an IB regime could develop near half-filling, even though a further theoretical support
would be necessary to confirm that this system indeed belongs to the KPZ universality
class, and that lowering the filling corresponds to increasing the effective non-linearity.
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5. Conclusion

In this paper, we have given an overview of the non-perturbative aspects of the KPZ
equation, which are the strong-coupling nature of the KPZ fixed point, and the existence
of an infinite-coupling fixed point, the IB fixed point, in all dimensions, including d =1.
These aspects can be accessed and characterised using the FRG approach. We have
shown that even the simplest approximation of the FRG already provides the complete
phase diagram and associated scaling regimes of the KPZ equation. Then, we have
demonstrated how, using more advanced approximations, very accurate results can be
obtained, in particular, for the scaling functions associated with the correlation and
response functions of the theory in different scaling regimes. A salient point is that in the
large-momentum limit, an exact form of the IB scaling function can be derived, relying
only on taking this limit and exploiting the extended symmetries of the KPZ equation.
As an outlook, it would be interesting to investigate the KS and CLG equations using
FRG to theoretically demonstrate the emergence of the IB fixed point during the flow
from the microscopic scale to the KPZ fixed point, and shows that it indeed controls
the behaviour of the correlation function at intermediate momenta. It would also be
thrilling to reveal the signatures of the IB fixed point in actual experiments.
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