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Abstract
It is known that entanglement-assisted quantum error-correcting codes (EAQECCs), a type of
quantum error correction codes, can be easily constructed using linear codes that satisfy the
property called linear complementary duals (LCD). For quasi-cyclic (QC) codes, which are a
class of linear codes, we have already published the methods for constructing the codes with
properties such as self-orthogonality, self-duality and reversibility according to the prime-
factor decomposition of −1 + xm , which reduce the amount of calculation by assembling
several small generator polynomial matrices into a large generator polynomial matrix. In
this paper, we propose a method to construct LCD–QC codes according to the prime-factor
decomposition. The main idea of this method is to decompose the generator polynomial
matrix of the QC code into several small generator polynomial matrices corresponding to
the prime factors and perform LCD determination, which leads to a reduction in the amount
of calculation. As an application of our construction method, we create EAQECCs from the
constructed LCD–QC codes, compare those minimum weights with the maximum values of
the minimum weights of existing EAQECCs and find 15 EAQECCs with larger minimum
weights than the existing ones.
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1 Introduction

Quantum computers have attracted much attention because powerful algorithms such as
Shor’s and Grover’s ones have been known. Quantum error-correcting codes are essential in
the realization of them [19]. Calderbank–Shor–Steane (CSS) codes [2], a class of quantum
error-correcting codes, can be easily constructed from classical error-correcting codes and
are actively researched. On the other hand, entanglement-assisted quantum error-correcting
codes (EAQECCs), another class of quantum error-correcting codes, offer various advantages
by sharing quantum entanglement between transmitters and receivers. For example, more
quantum states can be encoded and the error-correcting capability can be improved [1, 3].
EAQECCs can be constructed from a certain class of classical error-correcting codes as
well as CSS codes as follows [20]. For a linear code C over Fq and its dual code ⊥C, if
C ∩ ⊥C = {0}, then we say that C is a linear complementary dual (LCD) code or LCD. For
a generator matrix G of C, C is LCD if and only if det

(G (G�)) �= 0 [11], where G� is the
transpose of G. From LCD codes, we can construct optimal EAQECCs in a sense, called
maximal-entanglement EAQECCs [9]. On the other hand, it is known that, among linear
codes, quasi-cyclic (QC) codes contain asymptotically good codes [6]. Then algorithms
through mutually prime factor decomposition and Chinese Remainder Theorem (CRT) are
proposed as efficient constructionmethods for self-dual QC codes [8] and for LCDcodeswith
quasi-cyclicity (LCD–QCcodes) [4], respectively.Whilewe havementioned the construction
methods using the generator matrix G so far, in this paper we deal with the ones using the
generator polynomial matrix G. For R = Fq [x], if an l-by-l square polynomial matrix G
with entries in R satisfies AG = f I for some l-by-l square polynomial matrix A with entries
in R, where f ∈ R divides −1+ xm ∈ R and I is the l-by-l identity matrix, then we say that
G is a generator polynomial matrix. In the case of f = −1+ xm , for a generator polynomial
matrix G, C = LG/(−1 + xm)L is a QC code of code length n = ml and conversely, for a
QC code C, there exists a generator polynomial matrix G such that C = LG/(−1 + xm)L

[7], where L = Rl is an R-module of row vectors of length l with entries in R. One of
the authors proposes construction methods for various types of QC codes with generator
polynomial matrices, which reduce the matrix size compared to the generator matrices of
linear codes and the computational complexities of algorithms [12, 14]. In [14], a construction
method for self-orthogonal or self-dual QC codes with generator polynomial matrices G
through mutually prime factor decomposition and CRT is shown, i.e., one shows that G
corresponds to certain generator polynomial matrices G1, . . . , Gt satisfying Ai Gi = fi I ,
where f1, . . . , ft ∈ R, −1 + xm = f1 · · · ft and gcd( fi , f j ) = 1 with 1 ≤ i < j ≤ t ,
cf. later Algorithm 1. In [16], we show construction methods for self-orthogonal or self-
dual and/or reversible QC codes with generator polynomial matrices through mutually prime
factor decomposition and CRT. Furthermore, in [17] we show a decision method for LCD–
QC codes with generator polynomial matrices, i.e., a QC code C is LCD if and only if
LG +LH = L as an R-module equation, where H is a generator polynomial matrix of ⊥C.
However, the construction of LCD–QC codes with generator polynomial matrices through
mutually prime factor decomposition and CRT has not been studied.

In this paper, we propose a decision method for LCD–QC codes by mutually prime factor
decomposition with generator polynomial matrices. Let f ∗ = xdeg( f ) f (x−1) ∈ R be the
reciprocal polynomial of f ∈ R. For fi ∈ R, if fi = α f ∗

i with some 0 �= α ∈ Fq ,
then fi is called to be self-reciprocal, and for fi �= f j ∈ R, if fi = α f ∗

j with some
0 �= α ∈ Fq , then fi , f j are called to be mutually reciprocal. Our decision method for
LCD–QC codes replaces the condition of G with those of G1, . . . , Gt , i.e., a QC code C is
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Table 1 Comparison of computational complexities among three decision methods for LCD–QC codes

[11] [17] Ours
– With [15] – With [15]

O(l3m3) O(l2m3) O(l2m log2(m)) O
(
l2
∑t

i=1 m3
i

)
O
(
l2
∑t

i=1 mi log
2(mi )

)

LCD if and only if LGi + LHi = L when fi is self-reciprocal and LGi + LHj = L and
LG j + LHi = L when fi , f j are mutually reciprocal, cf. later Theorem 1. Our decision
method is effectively incorporated into the constructionmethod and reduces its computational
complexity compared to the methods [11, 17], cf. later Table 1. As numerical experiments,
we construct LCD–QC codes over F2 up to 6 ≤ n ≤ 39, 3 ≤ m ≤ 16 or 2 ≤ l ≤ 6 and
over F3 up to 4 ≤ n ≤ 28, 2 ≤ m ≤ 14 or 2 ≤ l ≤ 6, and find EAQECCs made from these
LCD–QC codes with the largest minimum weights. We compare those of our EAQECCs
with the existing ones in [3]. We find 15 LCD–QC codes that provide EAQECCs with higher
error-correcting capability than those in [3].

The rest of this paper is organized as follows. In Sect. 2, we define the codes C = LG/ f L
anddescribe constructingQCcodes throughmutually prime factor decomposition of−1+xm .
In Sect. 3, as a decision method for LCD–QC codes, we explain the necessary and sufficient
conditions for G1, . . . , Gt where G is a generator polynomial matrix of an LCD–QC code. In
Sect. 4, we construct LCD–QC codes over F2 and F3 of fixed m, l and demonstrate searching
for EAQECCs with larger minimum weights than the existing ones.

2 Preliminaries

Let R = Fq [x] be the ring of one-variable polynomials with coefficients in q-element finite
field Fq .

2.1 Generator polynomial matrices, R-modules and QC codes [13, 14, 16]

Let l be a positive integer and

Ml(R) =

⎧
⎪⎨

⎪⎩

⎛

⎜
⎝

b1,1 · · · b1,l
...

...

bl,1 · · · bl,l

⎞

⎟
⎠

∣∣∣∣∣∣∣

bi, j ∈ R,

1 ≤ i ≤ l,
1 ≤ j ≤ l

⎫
⎪⎬

⎪⎭
.

Let I ∈ Ml(R) be the identity matrix. Let m be a positive integer and f ∈ R\Fq divide
−1 + xm ∈ R. For G ∈ Ml(R), if there exists A ∈ Ml(R) with AG = f I , then we say that
G is a generator polynomial matrix. We can convert G to a generator matrix G of a linear
code of code-length n = ml over Fq , cf. later Example 1.

Let GLl(R) = {γ ∈ Ml(R)
∣∣ det(γ ) ∈ Fq \ {0}}. Among γ G with γ ∈ GLl(R), we can

choose G = (gi, j ) ∈ Ml(R) satisfying the following three conditions.

• G is an upper-triangular matrix such as

G =

⎛

⎜⎜⎜
⎝

g1,1 g1.2 · · · g1,l
0 g2,2 · · · g2,l
...

. . .
. . .

...

0 · · · 0 gl,l

⎞

⎟⎟⎟
⎠

.

123
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• gi,i is monic, i.e., the coefficient of the highest degree monomial is equal to one.
• deg(gi, j ) < deg(g j, j ) for all 1 ≤ i < j ≤ l.

If a generator polynomial matrix G satisfies the above three conditions, then we say that G
is reduced.

Let

L = Rl = {a = (a1, . . . , al) | ai ∈ R, 1 ≤ i ≤ l},
L/ f L = (R/ f R)l = {b = (b1, . . . , bl) | bi ∈ R/ f R, 1 ≤ i ≤ l},

where R/ f R is the quotient ring of R by f R. For a subset C ⊂ L/ f L, if there exists a
generator polynomial matrix G such that

C = LG/ f L = {c ∈ L/ f L | c = uG, u ∈ L/ f L},
then we say that C is an R-module of L/ f L. If f = −1+ xm , then an R-module C of L/ f L
agrees with a quasi-cyclic (QC) code over Fq [7, 8]. For a general f , R-modules of L/ f L
are linear codes over Fq , but not necessarily QC codes.

2.2 Dual R-modules and QC codes

For a subset ⊥C ⊂ L/ f ∗
L, if there exists an R-module C ⊂ L/ f L such that

⊥C =
{

b = (b1, . . . , bl) ∈ L/ f ∗
L
∣∣
∑l

i=1 bi

(
c〈m〉

i

)
≡ 0 mod f ∗,

∀c = (c1, . . . , cl) ∈ C

}

,

where for 1 ≤ i ≤ l and ci = ∑m−1
j=0 ci, j x j ∈ R, c〈m〉

i = ci,0 +∑m−1
j=1 ci,m− j x j ∈ R, then

we say that ⊥C is the dual R-module of C. If C is a linear code of code-length n and dimension
k as a linear space over Fq , then ⊥C is a linear code of code-length n and dimension n − k.
If f = −1 + xm , then the dual R-module ⊥C of C agrees with the dual linear code of a QC
code C over Fq . For an irreducible f , the dual R-module ⊥C of C agrees with the Hermitian
dual linear code of C over Fq . For A = (ai, j ) with AG = f I , let H ∈ Ml(R) be

H = diag
[
xm+deg(ai,i )

]
A�(x−1) + (−1 + xm) diag

[
a∗

i,i

]
, (1)

where, for c1, . . . , cl ∈ R, diag[ci ] ∈ Ml(R) is the diagonal matrix whose i th entry is equal
to ci for all 1 ≤ i ≤ l. Then H is a generator polynomial matrix of ⊥C and B H = f ∗ I for
some B ∈ Ml(R).

2.3 LCD codes, LCD R-modules and LCD–QC codes

Let C be a linear code over Fq . If C ∩ ⊥C = {0}, where ⊥C is the dual linear code of C, then
we say that C is a linear complementary dual code or an LCD code. Note that C∩⊥C = {0} if
and only if C+⊥C = (Fq)n because dim

(C + ⊥C) = dim C+dim ⊥C−dim
(C ∩ ⊥C). Note

also [11] that C ∩ ⊥C = {0} if and only if det (G (G�)) �= 0 if and only if det
(H (H�)) �= 0,

where G and H are generator and parity check matrices of C, respectively.
Let f ∈ R \Fq divide −1+ xm and be self-reciprocal and C be an R-module of L/ f L. If

C ∩ ⊥C = {0}, where ⊥C is the dual R-module of C, then we say that C is an LCD R-module.
It is known [17] that there are the other equivalent conditions, where ‘⇐⇒’ means ‘if and
only if’, H is given by (1) and O is a zero matrix of appropriate size, as
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C ∩ ⊥C = {0} ⇐⇒ LG + LH = L ⇐⇒ N

(
G
H

)
=
(

I
O

)
for some N ∈ GL2l(R).

(2)

If f = −1 + xm , then we call an LCD R-module C an LCD–QC code.

2.4 Constructing EAQECCs via LCD codes

In this paper, an [[n, k, d; c]]q entanglement-assisted quantum error-correcting code, where
we say an [[n, k, d; c]]q EAQECC or an [[n, k, d; c]]q code for short, encodes k qubits into
n qubits with the help of c copies of maximally entangled states, i.e., c ebits, over Fq and
d indicates the minimum distance of the code [1, 9, 10]. From now on, if q = 2, then q is
omitted as [[n, k, d; c]]. It is known that EAQECC can be constructed using two classical
error-correcting codes as follows.

Lemma 1 (Cf. [20]) Let H1 and H2 be parity check matrices of [n, k1, d1]q and [n, k2, d2]q

linear codes, respectively. Then an [[n, k1+k2−n+c,min{d1, d2}; c]]q EAQECC is obtained,
where c = rank(H1H�

2 ).

Remark 1 Let C be an [n, k, d]q LCD code with a parity check matrix H. In Lemma 1, if
H1 = H2 = H, then an [[n, k, d; n−k]]q EAQECC is obtained. If an [[n, k, d; c]]q EAQECC
Q satisfies c = n − k, then we say thatQ is maximal-entanglement. The family of maximal-
entanglement EAQECCs contains the ones that have asymptotically good parameters [18].

2.5 Constructing QC codes via mutually prime factor decomposition

Let f , f1, . . . , ft ∈ R\Fq divide−1+xm , f = f1 · · · ft and gcd( fi , f j ) = 1 for all 1 ≤ i <

j ≤ t . For i = 1, . . . , t , we define ei ∈ R by ei ≡ ( f / fi )bi mod f and deg(ei ) < deg( f ),
where bi ∈ R satisfies ( f / fi )bi ≡ 1 mod fi . We call e1, . . . , et idempotent elements. They
satisfy the following three conditions [5].

(i) ei ei ≡ ei mod f ,
(ii) ei e j ≡ 0 mod f if i �= j ,
(iii) e1 + · · · + et = 1.

We quote Algorithm 1 for converting G1, . . . , Gt to G and Algorithm 2 for converting G
to G1, . . . , Gt [14, 17].

Algorithm 1 Converting G1, . . . , Gt to G via mutually prime factor decomposition
Input: G1, · · · , Gt ∈ Ml (R) with A1G1 = f1 I , . . . , At Gt = ft I where gcd( fi , f j ) = 1, 1 ≤ i < j ≤ t .
Output: G ∈ Ml (R) with AG = f I = f1 · · · ft I .
for i = 1 to t do

bi with ( f / fi )bi ≡ 1 mod fi
ei ≡ ( f / fi )bi mod f and deg(ei ) < deg( f )

end for

N

⎛

⎜
⎝

e1G1
.
.
.

et Gt

⎞

⎟
⎠ =

(
G
O

)
for some N ∈ GLtl (R)
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3580 H. Matsui, K. Kaneko

Algorithm 2 Converting G to G1, . . . , Gt via mutually prime factor decomposition
Input: G ∈ Ml (R) with AG = f I = f1 · · · ft I where gcd( fi , f j ) = 1, 1 ≤ i < j ≤ t .
Output: G1, . . . , Gt ∈ Ml (R) with A1G1 = f1 I , . . . , At Gt = ft I .

N1

(
G
f1 I

)
=
(

G1
O

)
, . . . , Nt

(
G
ft I

)
=
(

Gt
O

)
for some N1, . . . , Nt ∈ GL2l (R)

Let {G} f be the set of all reduced generator polynomial matrices with AG = f I for some
A ∈ Ml(R).

Proposition 1 (Cf. [14]) Let

π : {G} f → {G1} f1 × · · · × {Gt } ft [G �→ (G1, . . . , Gt )]

be a map defined by LG + f1L = LG1, . . . ,LG + ftL = LGt . Moreover, let

� : {G1} f1 × · · · × {Gt } ft → {G} f [(G1, . . . , Gt ) �→ G]

be a map defined by Le1G1 + · · · +Let Gt = LG. Then π is a bijective map and its inverse
map π−1 is equal to � .

3 Deciding LCD–QC codes via mutually prime factor decomposition

In this section, we show Theorem 1, a method for efficiently deciding and constructing
LCD–QC codes via mutually prime factor decomposition. In order to prove the theorem, we
introduce Propositions 2 and 3. The notations are as in Sect. 2.5.

Proposition 2 Let f , f1, f2 ∈ R \ Fq divide −1 + xm, gcd( f1, f2) = 1, f = f1 f2 and
be self-reciprocal, respectively. Let G ∈ {G} f , π(G) = (G1, G2) ∈ {G1} f1 × {G2} f2 and
H , H1, H2 be given by (1), respectively. Then

LG + LH = L ⇐⇒ LG1 + LH1 = LG2 + LH2 = L.

Proof (�⇒) FromProposition 1,LG+ f1L = LG1. Because of a one-to-one correspondence
between G and H , there exists a map {H} f ∗ → {H1} f ∗

1
× {H2} f ∗

2
and LH + f ∗

1 L = LH1.
Because f1 is self-reciprocal, LH + f1L = LH1. We add f1L + f1L to both sides of
LG + LH = L and then
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LG + LH = L �⇒ LG + LH + f1L + f1L = L + f1L + f1L = L ⇐⇒ LG1 + LH1 = L.

Similarly, LG2 +LH2 = L. (⇐�) It follows from LG1 +LH1 = L that Le1G1 +Le1H1 =
Le1. Similarly,Le2G2+Le2H2 = Le2.We add these both sides and it follows fromLe1G1+
Le2G2 = LG and Le1H1 + Le2H2 = LH that LG + LH = L. ��

Proposition 3 Let f , f1, f2 ∈ R \ Fq divide −1 + xm, gcd( f1, f2) = 1 and f = f1 f2 and
let f1, f2 be mutually reciprocal. Let G ∈ {G} f , π(G) = (G1, G2) ∈ {G1} f1 × {G2} f2 and
H , H1, H2 be given by (1), respectively. Then

LG + LH = L ⇐⇒ LG1 + LH2 = LG2 + LH1 = L.

Proof (�⇒) From Proposition 1,LG + f1L = LG1. Because f1, f2 are mutually reciprocal,
LH + f2L = LH1 andLH + f1L = LH2.We add f1L+ f1L to both sides ofLG+LH = L

and then

LG + LH = L �⇒ LG + LH + f1L + f1L = L + f1L + f1L = L ⇐⇒ LG1 + LH2 = L.

Similarly, LG1 + LH2 = L. (⇐�) It follows from LG1 + LH2 = L that Le1G1 +
Le1H2 = Le1. Similarly, Le2G2 + Le2H1 = Le2. We add these both sides and it follows
from Le1G1 + Le2G2 = LG and Le1H2 + Le1H2 = LH that LG + LH = L. ��

Lemma 2 The notations are as in Proposition 3. Let k1 = dim(C1) and k2 = dim(C2), where
C1 = LG1/ f1L and C2 = LG2/ f2L. If two of the following three conditions are satisfied,
the remaining condition is also satisfied.

(1) LG1 + LH2 = L,

(2) LG2 + LH1 = L,

(3) k1 = k2.

Proof Because deg( f1) = deg( f2), dim(L/ f1L) = dim(L/ f2L). Thus n1−k1 = dim(⊥C1)
and n1 − k2 = dim(⊥C2), where n1 = dim(L/ f1L). Then LH2/ f1L = ⊥C2 and, for some
S1 ∈ Ml(R),

LG1 + LH2 = LS1 ⇐⇒ k1 + n1 − k2 − dim(C1 ∩ ⊥C2) = dim(LS1/ f1L). (3)

Similarly, LH1/ f2L = ⊥C1 and, for some S2 ∈ Ml(R),

LG2 + LH1 = LS2 ⇐⇒ k2 + n1 − k1 − dim(C2 ∩ ⊥C1) = dim(LS2/ f2L). (4)

First, we show that (1) and (2) deduce (3). If I = S1 = S2, then n1 = dim(LS1/ f1L) =
dim(LS2/ f2L). Because of (3) and (4), dim(C1 ∩ ⊥C2) = dim(C2 ∩ ⊥C1) = 0 and 3). Next,
we show that (3) and (1) deduce (2). Because I = S1 and k1 = k2 in (3), dim(C1 ∩⊥C2) = 0.
Because ⊥(C1 ∩ ⊥C2) = ⊥C1 + C2 = n1 deduces dim(C2 ∩ ⊥C1) = 0. Thus from (4),
n1 = dim(LS2/ f2L), S2 = I and (2). Finally, we similarly show that (2) and (3) deduce (1).

��

Remark 2 The notations are as in Proposition 3. In Lemma2 andProposition 3,LG1+LH2 =
L does not imply LG2 + LH1 = L and k1 = k2 in general. Let f1 = 1 + x + x3 and

f2 = 1 + x2 + x3. Let G1 =
(
1 0
0 1

)
and G2 =

(
1 x
0 f2

)
. Then H1 =

(
f2 0
0 f2

)
and
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H2 =
(

f1 0
x6 1

)
are given by (1). The following N12 ∈ GL2l(R) satisfies N12

(
G1

H2

)
=
(

I
O

)
,

hence LG1 + LH2 = L.

N12 =

⎛

⎜
⎜
⎝

1 0 0 0
0 1 0 0
f1 0 1 0
x6 1 0 1

⎞

⎟
⎟
⎠ , N21 =

⎛

⎜
⎜
⎝

1 0 0 0
0 1 0 0
f2 x 1 0
0 1 0 1

⎞

⎟
⎟
⎠ .

However, the above N21 ∈ GL2l(R) satisfies N21

(
G2

H1

)
=
⎛

⎝
1 x
0 f2

O

⎞

⎠ and we do not have

LG2 + LH1 = L and k1 = k2.
On the other hand, k1 = k2 does not imply LG1 + LH2 = L and LG2 + LH1 = L in

general. Let G ′
1 =

(
1 x
0 f1

)
and G ′

2 =
(
1 x
0 f2

)
. Then H ′

1 =
(

f2 0
x6 1

)
and H ′

2 =
(

f1 0
x6 1

)

are given by (1). The following N ′
12, N ′

21 ∈ GL2l(R) satisfy N ′
12

(
G ′

1
H ′
2

)
=
⎛

⎝
1 x
0 f1

O

⎞

⎠ and

N ′
21

(
G ′

2
H ′
1

)
=
⎛

⎝
1 x
0 f2

O

⎞

⎠ and we do not have LG ′
1 + LH ′

2 = L and LG ′
2 + LH ′

1 = L.

N ′
12 =

⎛

⎜⎜
⎝

1 0 0 0
0 1 0 0
f1 x 1 0
x6 1 + x + x2 + x4 0 1

⎞

⎟⎟
⎠ , N ′

21 =

⎛

⎜⎜
⎝

1 0 0 0
0 1 0 0
f2 x 1 0
x6 1 + x2 + x3 + x4 0 1

⎞

⎟⎟
⎠ .

For self-reciprocal f , let {G}�f be

{G}�f = {G ∈ {G} f | LG + LH = L}. (5)

Then {G}�f is the set of all reduced generator polynomial matrices G of LCD R-modules
with AG = f I for some A ∈ Ml(R).

Theorem 1 Let fi ∈ R \ Fq for i = 1, . . . , s be self-reciprocal, f j , f j+t ∈ R \ Fq for
j = s+1, . . . , s+t be mutually reciprocal,−1+xm = f1 · · · fs+2t and gcd( fu, fv) = 1with
1 ≤ u < v ≤ s + 2t . Let a generator polynomial matrix Gu ∈ Ml(R) satisfy Au Gu = fu I
for some Au ∈ Ml(R). Let Hu be given by (1). We define

{G j,t }�f j f j+t
= �

({
{G j } f j × {G j+t } f j+t

∣∣∣∣LG j + LHj+t = LG j+t + LHj = L

})
,

i.e., {G j,t }�f j f j+t
is the set of G j,t = �(G j , G j+t ) ∈ {G j,t } f j f j+t for (G j , G j+t ) ∈

{G j } f j × {G j+t } f j+t satisfying LG j + LHj+t = LG j+t + LHj = L in Algorithm 1
and is equal to {G}�f for f = f j f j+t in (5). Then the following map that is equal to π of
Proposition 1 restricted to {G}�−1+xm is bijective.

{G}�−1+xm →
s∏

i=1

{Gi }�fi
×

s+t∏

j=s+1

{G j,t }�f j f j+t
.
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Proof For mutually reciprocal f j and f j+t , f j,t = f j f j+t is self-reciprocal, and if LG j +
LHj+t = LG j+t + LHj = L, then G j,t = �(G j , G j+t ) is LCD because of Proposition
3. The product of two self-reciprocal polynomials is also self-reciprocal. If Gi , G j,t are
LCD, then �(Gi , G j,t ) is LCD because of Proposition 2. Thus, from induction argument,
G is in {G}�−1+xm . Conversely, for G ∈ {G}�−1+xm , π(G) ∈ ∏{Gi }�fi

×∏{G j,t }�f j f j+t
by

Propositions 2 and 3. Because π and � are inverse each other, the proof is completed. ��

Example 1 Let q = 2, l = 3 and m = 7. Let f = −1+ x7, f1 = 1+ x , f2 = 1+ x + x3 and
f3 = 1 + x2 + x3. Then f = f1 f2 f3, where f1 is self-reciprocal and f2, f3 are mutually
reciprocal. Let

G1 =
⎛

⎝
1 0 0
0 f1 0
0 0 1

⎞

⎠ , G2 =
⎛

⎝
1 0 1 + x2

0 1 x
0 0 f2

⎞

⎠ , G3 =
⎛

⎝
1 0 0
0 1 x2

0 0 f3

⎞

⎠ .

Then e1, e2, e3 are

e1 = 1 + x + · · · + x6, e2 = 1 + x + x2 + x4, e3 = 1 + x3 + x5 + x6.

H1 given by (1) is as follows.

H1 =
⎛

⎝
f1 0 0
0 1 0
0 0 f1

⎞

⎠ , N1 =

⎛

⎜⎜⎜⎜⎜⎜
⎝

1 0 0 0 0 0
0 0 0 0 1 0
0 0 1 0 0 0
0 1 0 0 f1 0
f1 0 0 1 0 0
0 0 f1 0 0 1

⎞

⎟⎟⎟⎟⎟⎟
⎠

.

Because N1 ∈ GL2l(R) satisfies N1

(
G1

H1

)
=
(

I
O

)
, G1 is LCD. Similarly, H3 given by (1)

is as follows, where, e.g., [1101] indicates 1 + x + x3.

H3 =
⎛

⎝
[1101] 0 0
0 [1101] 0
0 [000001] 1

⎞

⎠ , N2 =

⎛

⎜⎜⎜⎜⎜⎜
⎝

1 [0000011011] [01011111] 0 0 [11011]
0 [100000111] [0010011] 0 0 [0111]
0 [00000111] [010011] 0 0 [111]
0 [000001101] [1000001] 0 0 [1101]
[1101] 0 [101] 1 0 0
0 [1101] [01] 0 1 0

⎞

⎟⎟⎟⎟⎟⎟
⎠

.

Because N2 ∈ GL2l(R) satisfies N2

(
G2

H3

)
=
(

I
O

)
, LG2 + LH3 = L.

FromAlgorithm 1, G =
⎛

⎝
1 0 x2 + x4 + x5

0 1 + x 1 + x + x3 + x4

0 0 1 + x + x2 + x3 + x4 + x5 + x6

⎞

⎠ can be constructed

by N ∈ GL3l(R) satisfying N

⎛

⎝
e1G1

e2G2

e3G3

⎞

⎠ =
⎛

⎝
G
O
O

⎞

⎠. We can confirm that G is LCD by (2), but

here we apply the method of [11]. Converting G to a generator matrix G of a linear code C
over F2, we can confirm that C is an LCD code because det

(G (G�)) �= 0.
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Fig. 1 Constructing generator polynomial matrices of LCD–QC codes via three decision methods

N =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 0 1 1 0 0 1 0 0
0 0 [1001] 0 [0001] 0 0 [11] 0
0 0 1 0 0 0 0 0 0
0 0 [010001] 0 [111001] 0 0 [1011] 0
[0011] 0 [1111] [1101] 0 0 [1011] 0 0
[11] 0 [1111] [1101] 0 0 0 0 0
0 1 [011] 0 [1101] 0 0 0 0
0 0 [11] 0 0 1 0 0 0
0 0 [1111] 0 0 0 0 0 1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

,

G =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

100000000000000010110
010000000000000001011
001000000000001000101
000100000000001100010
000010000000000110001
000001000000001011000
000000100000000101100
000000011000001101100
000000001100000110110
000000000110000011011
000000000011001001101
000000000001101100110
000000000000110110011
000000000000001111111

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

.

Remark 3 There are the other two decision methods for LCD–QC codes. One is based on
the generator matrix G of a linear code C [11] and the other is based on the global generator
polynomial matrix G [17]. In this paper, we have proposed a decision method based on the
local generator polynomialmatrixGi . Let−1+xm = f1 · · · ft ,mi = deg( fi )with 1 ≤ i ≤ t
and m = m1 + · · · + mt . We summarize three decision methods for LCD–QC codes in Fig.
1.

We compare the computational complexities of three methods. First, as for the decision
method [11], the matrix size of G is k rows and n = ml columns with k ≤ ml. Then G (G�)

and det
(G (G�)) are calculated by matrix product and Gaussian elimination with computa-

tional complexities O(k2lm) and O(k3), respectively. Thus, from k ≤ ml, the computational
complexity of the decision method [11] is O(l3m3). Next, as for the decision method [17], A
in AG = f I is obtained simultaneously with G in the generation algorithm [12] of G, H is
given by (1) without finite-field operation and N in (2) is calculated by Gaussian elimination

for

(
G
H

)
. The computational complexity of Euclidean algorithm for two polynomials with

degree at most m is O(m3). We apply Euclidean algorithm for 2l polynomials in a column
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of

(
G
H

)
, repeat it l times and calculate N with computational complexity O(l2m3). Finally,

as for our decision method, because the computational complexity for checking LCD of Gi

is O(l2m3
i ) similarly and it is done for i = 1, . . . , t , the computational complexity of ours is

O
(
l2
∑t

i=1 m3
i

)
. If we apply the fast multiplication method and Half-GCD (HGCD) in [15],

the computational complexity of Euclidean algorithm for two polynomials with degree at
most m is reduced to O(m log2(m)) and those of the method [17] and our decision method
can be reduced. The estimation is summarized as Table 1, where our method is reduced
compared to the other two.

In the actual LCD–QC-code construction, if we use our decision method, compared to the
other ones, the calculation time can be further reduced than that shown in Table 1.While LCD
decisions by [11, 17] are performed for G after making G from all Gi with Algorithm 1, our
LCD decision is performed for all Gi before making G. Because these G’s are automatically
LCD, our decision method is suitable for the actual LCD–QC-code construction.

4 Numerical results

We construct [n, k, d] LCD–QC codes over F2 and provide [[n, k, d; n − k]] EAQECCs.
Then the minimumweights d of EAQECCs are compared with the existing largest minimum
weights of EAQECCs. In [3], the range of the largest minimum weights for EAQECCs is
described as [[n, k, dlower-dupper; c]],wheredlower is the lower boundof theminimumweights,
i.e., the largest minimum weights of EAQECCs currently found, and dupper is the theoretical
upper bound of the minimum weights. The objective of our experiment here is to find the
EAQECCs with the minimumweight that equals or exceeds dlower. We note that, in [3], some
values of theminimumweights are omitted.As an example, [[n = 7, k = 2, dlower-dupper; c =
3]] with dlower = 4 and dupper = 5 is listed but [[n = 7, k = 2, dlower-dupper; c = 4, 5]] is
not listed. Because [[n, k, d; c + 1]] codes can be constructed from [[n, k, d; c]] codes, we
have [[7, 2, 4-5; 4]] and [[7, 2, 4-5; 5]] for c = 4, 5, respectively.

The LCD–QC-code search in this section is conducted in MATLAB on an AMD Ryzen
Threadripper PRO 3995WX 64 Core PC. We show in Tables 2 and 3 the largest minimum
weights of EAQECCs made from LCD–QC codes up to 6 ≤ n ≤ 39, 3 ≤ m ≤ 16 or
2 ≤ l ≤ 6 for q = 2 and 4 ≤ n ≤ 28, 2 ≤ m ≤ 14 or 2 ≤ l ≤ 6 for q = 3, where
“−” indicates that the LCD–QC code in the parameter does not exist, the italic numbers
and underlines indicate those that meet dlower and the bold numbers and overlines indicate
those that exceed dlower. As shown in Tables 2 and 3, we have found various EAQECCs
with minimum weight d = dlower. We have also found 15 EAQECCs with minimum weight
d > dlower. Table 4 shows dlower and dupper for these (q, m, l, k)’s and Table 5 shows these
generator polynomial matrices.

5 Conclusion

In this paper, we have proposed a method for constructing LCD–QC codes with generator
polynomial matrices through mutually prime factor decomposition of −1 + xm . While a
generator matrix G as a linear code has k × n = kml Fq -elements, a generator polynomial
matrix G has at most l×ml Fq -elements and it has fewerFq -elements than a generator matrix
if k > l ordinarily. Our main contribution is that we have proved a method of determining an
LCD–QC code by attributing the global LCD property of G to the local LCD property of Gi ,
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Table 3 Comparison of the largest minimumweights of our EAQECCsmade from LCD–QC codes with those
of the existing EAQECCs in [3] for q = 3

m l\k 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28

2 2 4 2 2 1

3 4 4 2 2 1 1

4 8 4 4 4 2 2 2 1

5 10 7 5 5 4 3 2 2 2 1

6 10 8 7 6 5 5 4 3 2 2 1 1

3 2 – – 3 – – 1

3 – – 5 – – 3 – – 1

4 – – 7 – – 5 – – 2 – – 1

4 2 8 4 4 4 2 2 2 1

3 8 8 7 6 4 4 4 3 2 2 1 1

4 16 10 9 8 8 7 6 6 4 4 4 3 2 2 2 1

5 2 10 5 – 5 4 3 – 2 2 1

3 10 5 5 8 8 5 5 5 4 4 3 2 2 1 1

6 2 – – 6 – – 5 – – 2 – – 1

3 – – 10 – – 9 – – 6 – – 4 – – 2 – – 1

4 – – 14 – – 12 – – 10 – – 8 – – 4 – – 4 – – 2 – – 1

7 2 14 7 – – – 6 6 5 – – – 2 2 1

3 14 7 7 – – 11 10 7 7 – – 6 5 5 4 – – 2 2 1 1

8 2 16 8 8 8 8 7 6 6 4 4 4 2 2 2 2 1

3 16 16 14 12 12 12 11 10 8 8 8 6 6 6 6 5 4 4 2 2 2 2 1 1

9 2 – – – – – – – – 6 – – – – – – – – 1

10 2 20 10 10 10 10 9 8 8 8 7 6 5 4 4 3 2 2 2 2 1

11 2 22 11 – – – – – – – 8 7 6 – – – – – – – 2 2 1

12 2 – – 12 – – 10 – – 9 – – 8 – – 4 – – 2 – – 2 – – 1

13 2 26 13 – – – 13 13 11 – – – 9 8 7 – – – 5 4 4 – – – 2 2 1

14 2 28 14 14 7 – 12 12 12 10 7 – 10 9 9 8 7 – 4 4 4 4 2 – 2 2 2 2 1

where −1+ xm =∏t
i=1 fi is the mutually prime factor decomposition and G, Gi ∈ Ml(R)

are generator polynomial matrices which satisfy AG = (−1 + xm)I , Ai Gi = fi I for some
A, Ai ∈ Ml(R), respectively. It has been found that this decisionmethod can construct LCD–
QC codes faster than the other decision methods [11, 17] as shown in Table 1. Next, we have
conducted experiments to build EAQECCs through LCD–QC codes and finding EAQECCs
with the largest minimum weights in fixed parameters, where the results are summarized in
Tables 2, 3, 4, and 5, and we have updated the values of [3] for 15 parameters.

There is an issue to be addressed in the future. It is to use k-Galois inner products [9]
that include Euclidean and Hermitian inner products, where EAQECCs can be obtained from
LCD codes with k-Galois inner products.
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Table 4 Novel EAQECCs with
minimum weights that exceed
dlower in Tables 2 and 3

q m l k dlower d dupper

2 5 4 4 9 10 16

7 3 2 10 14 18

4 6 10 12 21

7 10 11 21

9 3 2 14 18 24

6 10 12 20

7 9 10 18

8 9 10 19

11 3 2 16 22 30

13 9 10 17

13 2 12 7 8 11

3 2 20 26 36

14 2 14 6 7 10

15 2 18 5 6 9

3 4 2 1 7 8 7

Table 5 Generator polynomial matrices of LCD–QC codes that produce EAQECCs in Tables 2 and 3

(q, m, l, k, d) G

(2, 5, 4, 4, 10)

⎛

⎜
⎝

[11] [11] [101] [10111]
0 [100001] 0 0
0 0 [100001] 0
0 0 0 [100001]

⎞

⎟
⎠

(2, 7, 3, 2, 14)

⎛

⎝
[1111111] 0 [1111111]
0 [1111111] [1111111]
0 0 [10000001]

⎞

⎠

(2, 7, 4, 6, 12)

⎛

⎜
⎝

[10111] 0 [10111] [10111]
0 [11101] [11101] [011101]
0 0 [10000001] 0
0 0 0 [10000001]

⎞

⎟
⎠

(2, 7, 4, 7, 11)

⎛

⎜
⎝

[1101] [1011] [1001111] [10001]
0 [11101] [11101] [011101]
0 0 [10000001] 0
0 0 0 [10000001]

⎞

⎟
⎠

(2, 9, 3, 2, 18)

⎛

⎝
[111111111] 0 [111111111]
0 [111111111] [111111111]
0 0 [1000000001]

⎞

⎠

(2, 9, 3, 6, 12)

⎛

⎝
[1001] [11011] [110101011]
0 [1000000001] 0
0 0 [1000000001]

⎞

⎠

(q, m, l, k, d) G

(2, 9, 3, 7, 10)

⎛

⎝
[111] [011011111] [001001111]
0 [1000000001] 0
0 0 [1000000001]

⎞

⎠
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Table 5 continued

(q, m, l, k, d) G

(2, 9, 3, 8, 10)

⎛

⎝
[111] [111] [011010001]
0 [111111111] [111111111]
0 0 [1000000001]

⎞

⎠

(2, 11, 3, 2, 22)

⎛

⎝
[11111111111] 0 [11111111111]
0 [11111111111] [11111111111]
0 0 [100000000001]

⎞

⎠

(2, 11, 3, 13, 10)

⎛

⎝
1 [0010010111] [1101110001]
0 [11111111111] 0
0 0 [11111111111]

⎞

⎠

(2, 13, 2, 12, 8)

( [11] [1101000101111]
0 [10000000000001]

)

(2, 13, 3, 2, 26)

⎛

⎝
[1111111111111] 0 [1111111111111]
0 [1111111111111] [1111111111111]
0 0 [10000000000001]

⎞

⎠

(2, 14, 2, 14, 7)

(
1 [1111010001]
0 [100000000000001]

)

(2, 15, 2, 18, 6)

( [11] [0110101011]
0 [110001100011]

)

(3, 4, 2, 1, 8)

( [1111] [1111]
0 [20001]

)
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