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The unification of classical electrodynamics and general relativity within the context of five-dimensional general relativity (Kaluza,
1921, and Thiry, 1948) contains a scalar field which may be identified with the gravitational constant, G. The field equations of this
theory are solved under conditions of the Robertson-Walker metric for flat space, for a radiation-dominated universe—a model
appropriate for the early history of our universe. This leads to a cosmology wherein G is inversely proportional to the Robertson-
Walker scale factor. This result is discussed in the context of the Dirac large number hypothesis and in the context of an expression

for G in terms of atomic constants.

1. Introduction

General relativity and classical electrodynamics are elegantly
unified in the classical five-dimensional (5D) theory intro-
duced by Kaluza [1], with the self-consistent field equations
provided by Thiry [2] and Jordan and Miller [3]. It is
important to distinguish the purely classical 5D theory from
the quantum interpretations introduced by Klein [4]. In the
purely classical theory, the fifth dimension is understood to
be macroscopic, not compactified or microscopic. An early
summary of the classical 5D theory was provided by [5].

The essence of the classical 5D theory is to posit a 15-
component 5D metric comprising the usual 10-component
four-dimensional (4D) metric, the electromagnetic 4-vector
potential, and a scalar field. Applying the 5D vacuum
Einstein equations to the 5D metric yields the 4D Einstein
equations with electromagnetic sources, plus the vacuum
Maxwell equations. A fifteenth equation describes the scalar
field. Applying the 5D geodesic hypothesis to the same metric
yields the 4D geodesic equation with the Lorentz force term.
To this framework is added the constraint, known as the
cylinder condition, that none of the fields are observed to
depend on the fifth coordinate.

It is unorthodox to seek fundamental unification in a
theory which predates the quantum revolution. And it was
the quantum discoveries which spurred abandonment of the
purely classical 5D theory. But the perspective of 85 years has

revealed to us what could not have been known when work
on the classical theory was dropped: that a quantum theory
of general relativity may be impossible, thereby blocking any
attempt at a unification with quantum electrodynamics. If
we are to unify general relativity with the other forces, we are
obligated to look again at the common symmetries of general
relativity and classical electrodynamics.

An intriguing result of 5D relativity is that the coupling
of electromagnetic stress energy in the 4D Einstein equations
is variable, depending on the scalar field. In other words, the
gravitational “constant” will vary in a radiation-dominated
universe. A radiation-dominated universe is an appropriate
model of the early history of our own universe, from the
Big Bang until the time of radiation-matter equality when
the universe was around 50,000 years old [6]. In this paper
the equations of 5D relativity are applied to a flat, radiation-
dominated universe. The modified Friedmann equation is
derived, and the evolution of the Robertson-Walker scale fac-
tor and the gravitational constant are obtained. These results
are contrasted with the standard model of the radiation-
dominated universe, and their implications are discussed.

2. The Five-Dimensional Field Equations

The fully self-consistent field equations of 5D relativity [2,
3] were written some 25 years after Kaluza [1] introduced



the basic idea. Under the assumption that none of the field
variables depend on the fifth coordinate, the field equations
are given by
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where Ry, is the usual 4D Ricci tensor, R is the Ricci scalar,
g is the 4D metric, Gy is the gravitational constant at a
reference time, ¢ is the scalar field, T}ﬂ,\’[ is the usual electro-
magnetic stress-energy tensor, Fy, is the usual electromag-
netic field tensor, V, is the covariant derivative, and greek
indices span the 4 dimensions of space and time. The scalar
field stress-energy tensor is defined by

Th = 67 [ VuVet — gug™ Va Vo . (4)

In the limit that the scalar field ¢ = 1, as originally
assumed by Kaluza [1], (1) and (2) are the usual source-free
Einstein and Maxwell equations.

The 5D unification leads to couplings between g, and
F,, through ¢. In particular, the factor in ¢? in the first term
on the RHS of (1) will behave as a varying gravitational
constant in terms of the coupling of spacetime to the electro-
magnetic stress energy. This, along with the stress-energy
term in ¢, will modify the behavior of the Friedmann equa-
tion for a radiation-dominated universe.

3. Radiation-Dominated Universe

Now we apply these equations to the standard results for
a radiation-dominated universe, for example, [7]. We solve
(1) and (3) for the case of the Robertson-Walker metric
describing a flat universe:

cdr? = dt* — a(t)’ (dr? + 1?d6? + Psin’0dy?),  (5)

where a(t) is the Robertson-Walker scale factor, presumed to
depend only on the cosmic time coordinate ¢.

For (3) we invoke isotropy and homogeneity to assume
that the scalar field, like a, depends only on t. The quantity
on the RHS of (3), the electromagnetic Lagrangian, is
proportional to the difference between the square of the
electric field and the square of the magnetic field. For
the early radiation-dominated universe, the electromagnetic
field is expected to be a random photon field. In this case, the
RHS of (3) should average to zero. Under these assumptions,
(3) becomes

g“(¢+3%9) =0, (6)

where the dots indicate single or double time derivatives. We
can immediately write down the solution to (6) in terms of a:

(7)
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where « is a constant.
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We turn now to the modified Friedmann equation, which
is obtained from the ¢t component of the Einstein equations,
(1). The scalar field contribution from (4) is
8= 349

ad
The electromagnetic energy density will scale as a™* as

usual [7]. Writing TEM = Eo(ao/a)*, we obtain the Kaluza-
modified Friedmann equation:
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Equations (6) and (9) now describe the radiation-
dominated universe in which gravity and electromagnetism
are unified within 5D relativity. It may be verified that the
following power-law solutions satisfy (6) and (9):

azao(é)ys’ (10)
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In these equations, ag and ¢, are constants which repre-
sent the values of a and ¢, respectively, at the reference time
to.

4. Discussion

When ¢ = 1, (9) reduces to the standard Friedmann
equation for a flat, radiation-dominated universe. The scalar
field equation (6) is a typical inflaton field equation without
a potential term. The standard result for a radiation-
dominated universe has a(t) o t/2. So the effect in (10) of
the scalar field is to flatten this dependence somewhat.

The reference time t, for this model is taken to be the
time of matter-radiation equality, at the end of the radiation-
dominated era when the universe was approximately 50,000
years old [6]. Therefore, the Hubble parameter a/a evaluated
at the reference time is not the value of the Hubble constant
we have today. Likewise, the reference value Gy of the
gravitational constant is referred to f; and is not necessarily
the value at the current epoch.

Note that the effective gravitational constant G(¢) in (9) is
the quantity Go¢?. Equations (10) and (11), therefore, imply

G(1) ! (12)
T ay’
That is, the gravitational constant is inverse to the Robertson-
Walker scale factor.

Of course, the variation of the gravitational constant,
G/G, has been extensively studied [8]. The variation in the
current epoch has been constrained to a value of order 1071/
year. Yet it remains for a later work to extend the predictions
of this model to the current epoch.

Inferences about G/G in the early universe can be ob-
tained from nucleosynthesis because the gravitational con-
stant has some effect on the freeze-out temperature. There
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have been rather strict constraints of this nature placed on
the variation of the gravitational constant [9]. These may
indeed provide the evidence to falsify Kaluza’s 5D relativity
as a viable unification of gravity and electromagnetism. But
such a conclusion may still be premature until the effects
of matter and a cosmological constant are included in the
model equation (9). Since nucleosynthesis occurs very early
after the Big Bang, in the first few minutes, the model (6)
and (9) should be interpreted as perhaps valid only between
nucleosynthesis and radiation-matter equality.

The result (12) suggests an alternative formulation of
the Dirac large number hypothesis. Let us now leave the
specific case of the radiation-dominated universe to consider
this alternative formulation. Recall that the original Dirac
hypothesis [10] equated the ratio of the gravitational to elec-
tric force between a proton and electron to the ratio of the
classical electron radius 7, to the size of the visible universe:

c(a q*
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Let us now modify the Dirac hypothesis by adjusting the
LHS of (13) in accordance with (12):

a(t) T
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where ay is here taken to be unity, with a(t) > 1.

The theory does not provide us with the normalizing
constant for (14) nor can we use the value Dirac used in
(13). But to illustrate where we encounter the limits of the
classical theory, let us consider the numeric expression for
the gravitational constant discovered by Brandenburg [11].
Brandenburg proposes that the gravitational constant in the
current epoch:

G = 06q2 —2(my/m )1/2
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where « is the fine structure constant, m, and m, are the
proton and electron masses, and g is the quantum of electric
charge. This expression is accurate to within the measured
uncertainty of the gravitational constant.

When Brandenburg’s expression (15) is substituted into
(14), we find

a~ lez('”!’/m“)l/z. (16)

o

Equation (16) is a remarkable parameterization of the
current-epoch Robertson-Walker scale factor in terms of the
electron-proton mass ratio and the fine structure constant. It
has the mathematical form for the scale factor in a standard
inflation model [7]: a large e-folding factor. The fine struc-
ture constant forms a seed length for the scale factor, and the
e-folding depends only on the electron-proton mass ratio.

Of course, if Brandenburg’s expression (15) is used
in (13), the size of the visible universe also exhibits the
exponential factor:

(§) ~ e, (17)
a MeC

In this case, the Compton wavelength of the electron forms
a seed-length for the e-folding. So the mere existence of the
exponential factor is not enough to indicate whether G o< 1/a
or G o< d/a.

The point is that one may expect quantum effects to
provide the normalization of this classical theory, as in (16);
note that Planck’s constant does not enter the e-folding
expression. But the classical treatment can still provide a
description of interesting dynamics, such as inflation or
the variation of the gravitational constant. Furthermore, we
may expect a deviation from the standard Dirac hypothesis
of G o a/a while still preserving the basic idea of the
cosmological variation of G.

5. Conclusions

The classical unification of electrodynamics and general
relativity predicts that the electromagnetically induced defor-
mation of spacetime is mediated by a scalar field. This scalar
field will manifest as a varying gravitational constant, G, in
terms of the coupling of the electromagnetic stress-energy to
spacetime. When this system of equations is applied to the
flat radiation-dominated universe with a Robertson-Walker
metric, a model appropriate to our own early universe, one
finds that G varies inversely with the Robertson-Walker scale
factor. This behavior suggests an alternative formulation
of the Dirac large number hypothesis. A model of G
inversely proportional to the Robertson-Walker scale factor is
consistent with an expression for G in terms of other atomic
constants. It is expected that quantum effects, and Planck’s
constant in particular, will set the fundamental length scales,
but the classical theory can still predict interesting dynamics
of cosmological parameters.
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