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Abstract: In this paper, we introduce the parity extension of the harmonic oscillator systems to
develop the generalized Tavis-Cummings model (T-CM) based on a specific deformation of the
Heisenberg algebra. We present a quantum scheme of a two-qubit system (TQS) interacting with a
quantized field that is initially prepared in parity deformed coherent states (PDCSs). The dynamical
features of the considered system are explored in the presence of parity deformed parameter (PDP)
and time-dependent coupling (t-dc). In particular, we examine the amount of the entanglement
formed in the qubit–field and qubit–qubit states. We find that the maximal amount of the entangle-
ment may be occurred periodically during the time evolution. Finally, we investigate the influence
of PDP on the Fisher information and the photon statistics of the deformed field with respect to the
main parameters of the system.

Keywords: two-qubit system; parity deformed coherent states; population; entanglement; fisher
information; concurrence
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1. Introduction

Quantum entanglement (QE) is a kind of nonlocal correlation that is regarded as an
essential concept in quantum mechanics theory, providing the features that distinguish
quantum systems from their classical counterparts [1,2]. As a result of technological ad-
vances over the past few decades, QE has become the powerful resource and the core of
various quantum technologies, including quantum metrology [3–5], quantum thermody-
namics [6,7] and solid-state physics [8–12]. Therefore, the characterization and quantifi-
cation of QE have attracted significant research interest [1,2,13]. Advances in quantum
information technology have provided more information about the nonlocal correlation
and increased awareness of it. Significant physical phenomena, such as QE sudden birth
and QE sudden death, were investigated [14,15]. Therefore, the treatment and transmission
of quantum information during the dynamics is limited by the decoherence effect. In such
a situation, discussion of dynamical decay, studies and protection of stabilization of QE
become of crucial significance.

In the past few decades, the concept of coherent states (CSs) has been incorporated
into a large number of researches in the area of quantum optics and information. At the
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beginning, Schrödinger presented CSs as non-propagating wave packet that minimize
quantum mechanical uncertainty for systems with harmonic oscillator Hamiltonian [16].
These CSs exhibit the classical equations for the harmonic oscillator and that the expectation
values of the momentum and coordinate operators oscillate in time in just in the same
way as the case in the classical theory. Thereafter, Glauber showed that these states can be
established by using the displacement operator on the ground state or as an eigenket of
the annihilation operator [17]. In point of fact, the last two ideas led to the build of CSs
in two distinct classes, the so-called Barut-Girardello and Klauder-Perelomov CSs [18,19].
Many generalizations with applications of these states have been considered in the litera-
ture [20–23]. Furthermore, by using the deformed Heisenberg algebra, the notion of the
deformed harmonic oscillator was introduced and considered as a nonlinear oscillator with
a particular kind of nonlinearity [24–28].

Recently, the concept of quantum Fisher information (QFI) has played a crucial role
in the parameter estimation theory by characterizing the precision limits of quantum
measurements [29]. It has significant applications in quantum technology, including the
quantum frequency standards [30], clock synchronization [31] and measurement of gravity
acceleration [32]. The QFI effectively characterizes the statistical distinguishability about
a parameter that is encoded in a quantum state and delimits the parameter-estimation
precision through the inequality so-called Cramer-Rao inequality [33–35], where the lower
bound is provided by the QFI. It exhibits a specific bound for distinguishing the family
members of probability distributions and shows the limit for which the quantum states
are distinguished through measurements. It is crucial to take into account the connection
between the concept of QFI and other key phenomena such as QE and squeezing. In this
context, it was shown that the QFI can be used to comprehend the QE of multi-partite
states [36,37]. Moreover, it was proven that the QE criterion provided through the QFI is
stronger than that exhibited through spin squeezing phenomenon. On the subject of open
systems and nonunitary evolutions, QFI is considered in the framework of finite systems to
estimate the noise parameter of amplitude-damping [38,39] and depolarizing channels [40].
By using Gaussian squeezed probes, the estimation of the loss parameter can be improved
in the presence of a bosonic channel [41]. Recently, researchers have utilized the parameter
estimation problem in the quantum systems to explain the phase transitions [42,43].

The Jaynes-Cummings (J-CM) model has been widely utilized in quantum optics to
describe the two-level atom–field interaction, where the applications and solvability of this
model have long been discussed [44]. This model is utilized to describe several quantum
phenomena, such as revival and collapse phenomena, atom–field entanglement and Rabi
oscillations [45]. Recently the J-CM has been playing a major role in quantum information
processing and considered one of the most important possible schemes for the production
of non-classical states [46]. The quantum dynamics predictions of J-CM have been validated
using a Rydberg atom in a QED cavity [45]. Since this model is an ideal in the framework
of quantum optics, its extensions such as multi-photon transitions, cavity field with three-
(or four)-level atoms and T-CM were considered [47–53]. On the other hand, the methods
of algebraic operators have been used to study other extensions of J-CM. It is proven that
the usual annihilation and creation and operators in the standard J-CM may be replaced by
the deformed operators to form so-called deformed J-CM [54–56].

By considering the parity extension of the standard J-CM model, the aim of this work
is to explore a quantum system that consists of a TQS interacting with a quantized field
that is initially prepared in PDCSs. We investigate the dynamical features in the considered
system in the absence and presence of PDP and t-dc effects. In particular, we examine the
amount of the entanglement formed in the qubit–field and qubit–qubit states. Moreover,
we consider the influence of PDP on the Fisher information and the photon statistics of the
deformed field with respect to the main parameter of the system.

The remaining sections of the article are structured as follows. We provide a physical
description of the quantum system and its dynamics in Section 2. The quantumness
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quantifiers are presented in Section 3 together with the numerical results. In Section 4, we
give our conclusions.

2. Physical Model

The Hamiltonian describing the interaction of each qubit, two-level atom, of the TQS
with an upper (lower) state

∣∣0j〉 (
∣∣1j〉) with a one-mode field is given by

ĤI(t) =
2

∑
k=1

Dk(t)
(

A|0k〉
〈
1k
∣∣+A+

∣∣1k〉〈0k|
)
, (1)

where A
(
A+
)

represents the annihilation (creation) operator and Dk(t) characterizes the
t-dc strength between each qubit and the field. We consider the case of two identical qubits
where D1(t) = D2(t) = D(t) and D(t) = s sin(t). The t-dc is considered to be cosine or sine
function. In this context, the coupling varies rapidly with time is of interest. New physical
situations can be modeled through the generalization from the coupling D to arbitrary t-dc
D(t). An implementation of particular interest is used when D(t) is the consideration of the
time-dependent alignment of the atomic/molecular dipole moment using laser pulse [57]
and motion of atoms inside the cavity. Recently, a study of a cavity-QED system adjusted
by employing bichromatic adiabatic passage in the presence of dissipation [58], where this
study examined the generation of a controlled Fock state through the cavity by considering
a traveling atomic system that encounters t-dc.

Here, we introduce the parity Heisenberg algebra (PHA) for considering the parity
extension of the quantum model described by the Hamiltonian (1). This algebra is defined
through by the operators

{
I, A, A+, P

}
that obey the following commutation and anti-

commutation relations[
A, A+

]
= 1 + 2λP,

{
P, A+

}
= {P, A} = 0. (2)

Here, I and R are the identity and parity operators, respectively, and λ represents a
deformed parameter. The operator P satisfies

P+ = P−1 = P, P2 = I, (3)

acting on the Fock state as
P
∣∣n〉 = (−1)n∣∣n〉. (4)

The number operator N, N|n〉 = n|n〉, is quite different from the operator A+A and
it verifies

A+A = N + λ(1− P),
[
N, A+

]
= A+, [N, A] = −A. (5)

with the following irreducible representation

A|2n = (2n)
1
2 |2n− 1〉 , A+|2n〉 = (2n + 2λ + 1)

1
2 |2n + 1〉 (6)

A|2n + 1〉 = (2n + 2λ + 1)
1
2 |2n + 1〉 , A+|2n + 1〉 = (2n + 2)

1
2 |2n + 2〉 . (7)

The operators A and A+ are related to the usual operators a and a+ as follows [56]:

A = a− λ√
2 x

P, A+ = a+ +
λ√
2x

P. (8)

In the limit λ→ 0 , we find that the ordinary case, [A, A+]→ [a, a+] = 1, is recovered
and the model described by the Hamiltonian (1) represents the standard T-CM.
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The coherent states, PDCSs, associated with the parity field are introduced as an
eigenket of the square of the annihilation operator, Â2|α 〉λ = α2|α〉 . The PDCSs is given
by [56]

|ΨF(0)〉 =

√
α2λ−1

2λ−1/2 Iλ−1/2

∞

∑
m=0

(
α2m

2n
√

Γ(m + 1)Γ(m + λ + 1/2)

)
|2m〉 . (9)

These states exhibit properties like the Wigner negative binomial states.
The TQS−Field state at subsequent time can be formulated as

|ΨTQS−F(st)〉 =
∞
∑

m=0
(R1(m, st)|2m, 0102〉 + R2(m, st)|2m + 1, 0112〉

+R3(m, st)|2m + 1, 1102〉 + R4(m, st)|2m + 2, 1112〉 ).
(10)

The coefficients Ri can be obtained through solving the Schrödinger equation

i } ∂

∂t
|ΨTQS−F(t)〉 = ĤI(t)

∣∣ΨTQS−F(0)〉 . (11)

The initial quantum state of the whole system is considered to be∣∣ΨTQs−F(0)〉= |ΨTQS(0)〉 ⊗ |ΨF(0)〉
= (cos(θ)|0102〉+ sin(θ)|1112〉)⊗

∞
∑

m=0
Qm|2m〉 , (12)

where the amplitude Qm is defined by Equation (9). For θ = 0, the TQS initially is in the
separable state and for θ = π/4, and the TQS initially is in the Bell state.

Substituting Equation (10) into (11) and using the initial condition (12), the coefficients
Ri are given as

R1(2m, st) = Qm(λ)
4m+2λ+3 [cosθ{2m + 2 + (2m + 2λ + 1)cos(d(t)ξm(λ))}

+
√
(2m + 2λ + 1)(2m + 2)sinθ{cos(d(st)ξm(λ))− 1}],

(13)

R2(2m, st) = R3(2m, st)

= −iQm(λ)sin(d(st)ξm(λ))
ξm(λ)

[cosθ
√

2m + 2λ + 1

+sinθ
√

2m + 2
]
,

(14)

R4(2m, st) = Qm(λ)
4m+2λ+3

[√
(2m + 2λ + 1)(2m + 2)cosθ{cos(d(st)ξm(λ))

−1}+sinθ{(2m + 2)cos(d(t)ξm(λ)) + 2m + 2λ + 1}],
(15)

where
ξm(λ) =

√
8m + 4λ + 6. (16)

From the total density matrix ρTQS−F(st) =
∣∣ΨTQS−F(st)〉〈ΨTQS−F(st)

∣∣, the reduced
density matrix of the TQS (field) contributed by ρF(st)

(
ρTQS(st)

)
is obtained as

ρTQS(st) = TrF{ρTQS−F(st)} =
4

∑
j=1

4

∑
n=1

ρjn|j〉〈n |, (17)

ρF(st) = TrTQS{ρTQS−F(st)} =
∞

∑
k

ρk|k〉〈k |. (18)

The QE and FI of the TQS state will be obtained through the time variation of the
elements of the matrix defined in Equation (17). The photon statistics of the radiation field
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can be studied via the evolution of the Mandel parameter based on the evolution of the
field density matrix given by Equation (18).

3. Quantum Measures and Numerical Results

Here, we define the different measures of quantumness and discuss their behavior
with respect to t-dc and PDP effects.

3.1. Atomic Inversion

The population inversion is defined as the difference between the excited and ground
state populations. The atomic population inversion of the TQS can be written by

ρz(t) =
∞

∑
m=0

(
R1(m, st)2 + R2(m, st)2 − R3(m, st)2 − R4(m, st)2

)
(19)

In Figure 1, we illustrate the evolution of the population inversion, ρz, of TQS with
λ = 0 and λ = 50. Generally, it is obvious that the dynamical behavior of the function ρz
is influenced by the parameters λ and D. In the absence of t-dc and PDP effects, we find
that the function ρz exhibits fast oscillations with collapse and revival phenomena. The
collapse period occurs for small intervals of time and the amplitude of the function ρz
decreases with time. In the existence of the t-dc effect, the oscillations of function ρz become
regular, exhibiting a periodic behavior. Moreover, we notice that the period of the collapse
remains constant during the dynamics. On the other hand, the presence PDP effect leads to
raise the amplitude of oscillations of the atomic inversion accompanied with the collapse
phenomenon in the absence of t-dc effect during the time evolution. From this result, we
can conclude that the nonlinearity of field will enhance the amplitude of oscillations in the
population of the TQS with the revival and collapse phenomena and that the existence of
the t-dc will result the periodic behavior of ρz during the dynamics.
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Figure 1. Time variation of the atomic population inversion ρz for the TQS with θ = π/4 and the
radiation field in the PDCSs. Panels (a,b) correspond to the case of absence of the PDP effect (i.e.,
λ = 0) for constant (D(t) = s) and t-dc (D(t) = s sin(t)), respectively. Panels (c,d) are, respectively,
the same as (a,b) but in the presence of the PDP effect with λ = 50.
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3.2. Qubits–Field Entanglement

The results of the quantum entanglement evolution of the qubits–field state using the
subsystem systemare obtained by using the von-Neumann entropy as

EF−TQS = −Tr{ρTQS ln[ρTQS]}. (20)

Here, ρTQS represents the TQS density operator given by Equation (17). The function
EF−TQS takes the form

EF−TQS = −∑
i

vi ln vi, (21)

where vi are the eigenvalues of the state ρTQS.
In Figure 2, we plot the dynamical behavior of the von Neumann entropy according to

the parameter values of the physical model. We consider the four physical situations that
depend on λ and D. Figure 2a–d displays the dynamical behaviour of the quantum entropy
according the same condition of the physical parameters as above. In the λ→ 0 limit
and D(t) = s, we can observe that the EF−TQS function increases with time and presents
an oscillatory behavior with a steady comportment of oscillations for large times. In the
t→ ∞ limit, the TQS is trapped by the parity field and that the QE of the TQS–field state
stabilizes at a certain range of time values, exhibiting the same behavior of the population
inversion. In the λ→ 0 limit and D(t) = s sin(t), the EF−TQS function oscillates with time
as a periodic function with the same time period of oscillations of the population inversion.
Furthermore, the maximum value of QE is diminished during the dynamics in comparison
with the case of D(t) = s. For λ→ 50 , we find that the behavior of the EF−TQS function is
not strongly changed with time and that the TQS–field state reaches the maximum value
of entanglement in the existence of t-dc effect. We can conclude that the amount of the
entanglement is more sensitive to the t-dc in comparison to the nonlinearity of the field.
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Figure 2. Time evolution of the QE of the TQS–field state denoted by ETQS−F. Panels (a,b) correspond
to the case of absence of the PDP effect (i.e., λ = 0) for constant (D(t) = s) and t-dc (D(t) = s sin(t)),
respectively. Panels (c,d) are, respectively, the same as (a,b) but in the presence of the PDP effect with
λ = 50.
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3.3. Qubit–Qubit Entanglement

We use the concurrence to measure the nonlocal correlation between the two qubits [59].
It is defined as

C12 : max{0, µ1 − µ2 − µ3 − µ4} , (22)

where µj defines the eigenvalues given in decreasing order of the matrix ρTQSρ̃TQS, where
ρ̃TQS is the density matrix related to the Pauli matrix σY and ρ∗TQS (complex conjugate of
ρTQS) by

ρ̃TQS = (σY ⊗ σY)ρ
∗
TQS(σY ⊗ σY). (23)

The state of TQS is in a separable state for C12 = 0, while the maximally entangled
state is obtained for C12 = 1.

The dynamics of the concurrence with respect to the values of the different parameters
of the system is displayed in Figure 3. Generally, it is clear that the dynamical behavior of
the function C12 is very sensitive to values of λ and D. The value of concurrence ranges
between 1 and 0, showing that the entanglement of the TQS state can be strong in some
periods and weak in other ones contingent on the values of λ and D. In the absence of
t-dc and PDP effects, we can observe that the function C12 starts from its maximal value
1, exhibits random oscillations and decreases with time until attain a steady behavior
of random oscillations. Interestingly, the function C12 takes suddenly zero values for a
finite time interval during the dynamics displaying sudden death and birth phenomena of
entanglement. Moreover, we also observe that the periods of sudden phenomenon change
during the dynamics. In the presence of the t-dc effect, the oscillations of concurrence
become regular, exhibiting a periodic behavior during the dynamics and that the periods of
the sudden death phenomenon remain constant during the dynamics. On the other hand,
the PDP effects do not largely influence the behavior of the concurrence in the presence
of t-dc effect. The presence of PDP and t-dc effects leads to decrease the maximal value of
the concurrence as well as the time periods of the sudden death phenomenon. This result
indicates that control and preservation of the entanglement of TQS state strongly depends
on the interaction between the TQS and the parity field and that the dependence on the
nonlinearity of the radiation field is stronger in the absence of the t-dc effect.
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Figure 3. Time evolution of the TQS entanglement denoted by C12. Panels (a,b) correspond to the
case of absence of the PDP effect (i.e., λ = 0) for constant (D(t) = s) and t-dc (D(t) = s sin(t)),
respectively. Panels (c,d) are, respectively, the same as (a,b) but in the presence of the PDP effect with
λ = 50.



Mathematics 2022, 10, 3051 8 of 12

In Figure 4, we illustrate the time variation of the concurrence of TQS when the
qubits are initially defined in a separate state. We can observe that it is possible to create
entanglement using the model. That is to say, if starting with a fully separable state, it is
possible to obtain an entangled state.
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defined in a fully separable state, θ = 0. Panels (a,b) correspond to the case of absence of the PDP
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respectively, the same as (a,b) but in the presence of the PDP effect with λ = 50.

3.4. Quantum Fisher Information

The QFI of TQS relies on the estimator parameter β, which is motivated by the shift
parameter according to Wϑ̂ = 1√

2
[exp(iβ)|0102〉+|1112〉]. Thus, the optimal target state is

Wϑ̂

∣∣U(0)〉 is

|U(0)〉opt =
1√
2

[
exp (iβ)

1√
2
(|0102〉+|1112〉)

]
⊗ |UF(0)〉 . (24)

The QFI is formulated as [25]

FTQS(st) = tr{ρTQS(β, st)L(β, st)2}, (25)

where the TQS operator, ρTQS, is related to the symmetric logarithmic derivative operator
L(β, T) via the equation,

2
∂L(β, st)

∂t
= ρTQS(β, st)L(β, T) + L(β, T)ρTQS(β, st). (26)

In Figure 5, we depict the evolution of QFI versus the time st with respect to the
values of the different parameters of the physical model. Generally, we can note that the
enhancement and preservation of the parameter estimation precision strongly depends on
the values of λ and D. From the figure, we can observe that the function FTQS is affected
in similar as the concurrence according to the values of λ and D, where the function FTQS
oscillates chaotically between the values 0 and 1 in the case of D(t) = s, and its behavior
becomes regular as a periodic function when D(t) = s sin(t) and attains the minimum and
maximum values periodically, showing the flow change of the information between the
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field and TQS. Furthermore, the presence of PDP leads to a raise in the value of minima
of the function FTQS and then enhances the precision of the parameter estimation during
the dynamics.
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3.5. Field Photon Statistics

We introduce the Mandel parameter to examine the photons distribution in of the
parity field. This parameter is defined as [60]

QM =
Tr
(

Â† Â
)2

Tr
(

A† Â
) − Tr

(
A† Â

)
− 1, (27)

The field is governed by super-Poissonian statistics for QM > 0, Poissonian statistics
for QM = 0 and sub-Poissonian statistics for QM < 0, which indicate that photons are
antibunched. The sub-Poissonian statistics indicate that the field has a quantum nature.

In Figure 6, we display the dynamical behavior of the Mandel parameter to show the
time variation of the statistical property of the deformed field according to the values of λ
and D. Generally, it is clear that the time variation of the parameter QM is influenced by λ
and D. In the λ→ 0 limit, we can observe that the parameter QM takes negative values
exhibiting super-Poissonian behavior for both cases D(t) = s and D(t) = s sin(t). On the
other side, the statistics of the quantized field provides, in general, a super-Poissonian
behavior for λ > 0.
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the case of absence of the PDP effect (i.e., λ = 0) for constant (D(t) = s) and t-dc (D(t) = s sin(t)),
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λ = 50.

4. Conclusions

In summary, we introduced the parity extension of the harmonic oscillator systems to
develop the generalized T-CM based on a specific deformation of the Heisenberg algebra.
We studied a system where a TQS is interacting with a quantized field that is initially
prepared in the PDCSs. The dynamical features of the considered system were explored
according the main physical parameters of the model. Generally, the PDP and t-dc effects
were found very prominent on the dynamical properties of the quantumness measures.
In particular, we examined the amount of the entanglement formed in the qubit–field
and qubit–qubit states. The nonlocal correlation between the TQS and radiation field
was provided by the evolution of von Neumann entropy. Whereas the concurrence was
used to detect the qubit–qubit entanglement during the dynamics. We found that the
maximal amount of the entanglement may have occurred periodically in the presence of
t-dc effect. Moreover, we investigated the influence of PDP on the parameter estimation
and the photon statistics of the deformed field according to the main parameters with and
without the t-dc effect.
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