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In this paper, we consider an extended Kazakov—Migdal model defined on an arbitrary
graph. The partition function of the model, which is expressed as the summation of all Wil-
son loops on the graph, turns out to be represented by the Bartholdi zeta function weighted
by unitary matrices on the edges of the graph. The partition function on the cycle graph
at finite N is expressed by the generating function of the generalized Catalan numbers. The
partition function on an arbitrary graph can be exactly evaluated at large N, which is ex-
pressed as an infinite product of a kind of deformed Thara zeta function. The non-zero-area
Wilson loops do not contribute to the leading part of the 1/N expansion of the free energy
but to the next leading. The semi-circle distribution of the eigenvalues of the scalar fields is
still an exact solution of the model at large N on an arbitrary regular graph, but it reflects
only zero-area Wilson loops.

Subject Index A13, B00, BO1, B38, B83

1. Introduction
Wilson loops [1] are key objects to understand the non-perturbative dynamics of non-Abelian
gauge theories. Since the Wilson loop (and the Polyakov loop) is related to the potential between
the (infinitely heavy) quark and anti-quark, it is an important observable for approaching the
quark confinement problem, which is one of the main subjects of non-Abelian gauge theory.
The Wilson loops are the most general gauge-invariant operators in non-Abelian gauge the-
ory. In fact, the gauge theory can even be reformulated in terms of the Wilson loops [2,3]. It is
therefore not a coincidence that the simplest action of the lattice gauge theory is given by the
plaquette variable, i.e., the smallest Wilson loop on the lattice. When the Wilson loop on the
lattice is expanded in terms of the lattice spacing, each term is expressed as a product of the
field strengths of the gauge fields. While the leading term of the expansion of the plaquette ac-
tion gives the gauge kinetic term Tr F? in the continuous theory, the expansion of larger Wilson
loops begins with higher-derivative operators. Thus, if we construct a general gauge-invariant
action on the lattice by adding up several Wilson loops, the irrelevant higher-derivative terms
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do not contribute in the continuum limit in general and it is considered to describe the non-
Abelian gauge theories on the continuous space-time universally.

The so-called Kazakov—Migdal (KM) model [4] is a lattice gauge theory defined on the D-
dimensional lattice with the action

) D
Skm=NY Tr m7d>2(x) Y PO U ()P(x + WU (x) ¢ (1)
X n=1

where U, (x) is a unitary variable living on the link extending from the site (vertex) x to the
direction of p and ®(x) is a scalar field in the adjoint representation of SU(N) living on x.
Remarkably, the effective action obtained by integrating out the scalar fields of this model is
the sum of all possible Wilson loops. Furthermore, this model can be solved exactly at large N
thanks to its simple structure [5,6]. Hence, this model first attracted attention as a theory that
can be solved at large N and is expected to induce QCD (more precisely, quantum “gluody-
namics” without quarks) [7-13].

However, it has become clear that the KM model does not actually induce QCD [14-16]. The
main difficulty is that this model has an extra Z y gauge symmetry!, U, (x) — w,(x)U,(x) so that
w,(x)N = 1, which is not provided by Wilson’s lattice gauge theory [14]. Due to this symmetry,
a natural operator with finite expected value is not a single Wilson loop (Tr W¢(U)), which
trivially vanishes, but the square of its absolute value (| Tr W¢(U)|?). This is not the situation
realized by the usual QCD. Despite various efforts to circumvent this difficulty, there was no
sign of QCD being realized in the continuous limit of modified KM models [17-21].

Even if the KM does not induce QCD, however, this model is still an interesting matrix model
inits own right [22-27]. In particular, it is still true that the KM model counts all possible Wilson
loops on the lattice in the form of the square of the absolute value. In our previous paper [28],
we proposed a generalized KM model that is defined on an arbitrary graph, called the graph
KM (gKM) model. We showed that, by tuning the parameters of the model appropriately,
the partition function is expressed as the integral of the Thara zeta function [29-31] weighted
by unitary matrices on the edges of the graph. The Thara zeta function is the simplest of the
graph zeta functions, which counts all reduced cycles on the graph. Correspondingly, we can
explicitly write down the effective action of this parameter-tuned model as a theory that adds
up all non-zero-area Wilson loops on a given graph. In particular, we can evaluate the partition
function exactly in the large- N limit thanks to the large-N factorization of the Wilson loops and
properties of the Ihara zeta function, which becomes an infinite product of the (normal) Ihara
zeta function in general. This result suggests that the graph zeta function will be useful for the
analysis of lattice gauge theory and that the gKM model will have important implications for
the knowledge of the zeta function at the same time.

In the present paper, we relax the condition imposed in Ref. [28] and consider the gKM model
with two parameter degrees of freedom. As mentioned above, while the Thara zeta function
counts only cycles without bumps (backtrackings and/or tails), general cycles on a graph typ-
ically have bumps. A graph zeta function that has been extended to count general cycles with
bumps is known as the Bartholdi zeta function [32] (see also Ref. [33]), which has two parame-
ters that count the length of the cycles and the number of bumps. The parameters of the gKM
model considered in this paper can be related to these parameters. We show that the partition

'For the gauge group U(N), it becomes a U(1) center of gauge symmetry.
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function of the gKM model in this general case is represented by the integral of the Bartholdi
zeta function with unitary matrix weights on the edges.

The organization of this paper is as follows: In Sect. 2, we introduce the terminology of the
graph theory and review the basic properties of the Ihara and Bartholdi zeta functions. We also
propose a matrix-weighted Bartholdi zeta function. In Sect. 3, we introduce a generalized KM
model on an arbitrary graph (gKM model). We show that the partition function of the gKM
model is described by the integral of the weighted Bartholdi zeta function by unitary matrices
on the edges. We explicitly write down the two representations of the partition function that
arise by changing the order of integration over the two kinds of matrices: Hermitian matrices
on the vertices and unitary matrices on the edges. We also see the relation to the original KM
model. In Sect. 4, we exactly evaluate the partition function of the gKM model on the cycle
graph at finite V. We see that the partition function is closely related to the generating function
of the generalized Catalan numbers. In Sect. 5, we exactly evaluate the partition function of
the model on an arbitrary graph at large N. The formulas developed in the previous paper [28]
play essential roles. We show that the leading part of the 1/N expansion of the free energy starts
from the contribution of the zero-area Wilson loops. We discuss the relation to the conventional
large-N analysis of the original KM model. Sect. 6 is devoted to conclusions and discussions. In
the appendices, we give proofs of Amitsur’s theorem and an important identity used in Sect. 2.

2. Graph zeta functions and their extensions

2.1 Thara and Bartholdi zeta functions

Let us begin with an explanation of graph theory terminology. Suppose that G is a connected
directed graph that has n) vertices and ng edges. Let us denote the set of vertices and edges as
V and E, respectively. A directed edge is written by a pair of vertices e = (u, v), where u = s(e)
and v = t(e) the “source” and “target” of the edge arrow of e, respectively. A reversed arrow
edge for e is called the inverse of e and denoted by e~! = (v, u). We combine the set of edges
with their inverses as

Ep=lejda=1,...,2ng} = {el,...,e,,E,el_l,...,e;El}. 2)

In other words, Ej is the direct sum of the set of edges E and their inverses E~'; Ep = EQE™.

A path P = (ey,...,er) (e, € Ep) is a sequence of edges that satisfies #(e;) = s(e,1) (a =
1,...,k—1), where k is called the length of the path P, which is expressed as |P|. If two
paths P = (ey,...,e;) and P’ = (e, ..., e)) satisfy 7(e;) = s(e}), we can construct a new path

of length k + /by connecting as PP’ = (ey, ..., e, €}, ..., ;). A backtracking of Pis a part of
P that satisfies e;jl =e,.

When a path P = (ey, ..., ¢;) satisfies s(e) = t(ey), Pis called a cycle of length k. A cycle Cis
called primitive when Csatisfies C # B’ (r > 2) for any cycle B. Acycle C = (ey, ..., e;)iscalled
tailless when e;l # ey, which is equivalent to C* having no backtracking. The backtracking or
the tail is also called a bump, and the number of bumps of a cycle C is denoted by b(C).

Two cycles C = (eq, ..., e;) and C' = (€], ..., ;) are called equivalent when e, = ¢, for
some integer r. We denote the equivalence class including a cycle C as [C]. A cycle C'is said to
be reduced when C has neither backtracking nor tail. We also denote the set of representatives
of the equivalence classes of all kinds of cycles containing bumps by [P], and we denote the set
of representatives of the equivalence classes of reduced cycles by [Pr] C [P].
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The Ihara zeta function [29-31] associated with a connected graph G is defined as

)= [1 = @)
Ce[Pr]
Noting that, if C is a primitive cycle, C! is also a primitive cycle with the same length as C,
a set of equivalence classes of primitive cycles of length ¢ can be decomposed into IT; LTI, ,
where IT; is the set of inverses of the elements in I1; such that IT; = {C~!|C € IT}}. Since
these sets I1;” and IT; have the same number of elements by definition, namely |IT]| = |IT, ],
the Ihara zeta function (3) can be rewritten as
= 1
m@=ﬂazﬁﬁr )
In the following, we call the element of IT; the equivalence class of chiral primitive cycles of
length ¢ and write the set of equivalence classes of all chiral primitive cycles as

mt = o (5)
I=1
We can further rewrite Eq. (4) by using the identity (1 — x)~! = exp(>_or_, %n). Since any

reduced cycle is represented by a positive power of a primitive cycle C and the equivalence
class [C"] (n € N) has |C]| different elements, the Thara zeta function (3) can be regarded as a
generating function of the number of reduced cycles:

Q@=m( %@, ©)
k=1
where N is the number of reduced cycles of length k.

Although we have considered only reduced cycles so far, we can define a function that counts
up all cycles containing bumps as

1

Solg, u) = 1—[ 1= g (7)
CelP]

where the product is taken over the equivalence class of all the cycles including bumps. This
function is called the Bartholdi zeta function associated with a connected graph G [32]°. Note
that, if we take u = 0, the Bartholdi zeta function reduces to the Thara zeta function:

¢6(q, u=0) = ¢c(q).

It is remarkable that the Bartholdi zeta function (and thus also the Ihara zeta function) is
represented as the inverse of a polynomial, even though the graph generally has infinitely many
equivalence classes of cycles. The key is the following theorem [34,35] (see Appendix A for a
proof):

Theorem (Amitsur). Let us consider “letters” 1,..., k and call a sequence of letters a word. In
particular, we call such a word that cannot be written as a proper power of a shorter word
“primitive”. We call two words wy and w, equivalent when wy is obtained by a cyclic rotation
of the letters of wi. We then denote the set of the representatives of the equivalent primitive
words L. For square matrices X, ..., Xy, we define X,, = X;, - - - X, corresponding to a word

2See also Ref. [33] for a generalization.
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w. Then the identity
det(1—X; — -+ — X;) = [ [ det(1 - X,,)

wel

holds.
In particular, the following corollary is useful:

Corollary. Let X be a square matrix of the block form,

X o Xue
Xew o X
where the X are also square matrices of the same size . For a word w =1ii---1, € L, we define
Xy = /Yl'll'z‘Xl'zis T A/fn—ll'n‘Yinl'l .

Then the identity
det (1y — X) = [ [ det (1, - X,)

wel

holds.

To rewrite the Bartholdi zeta function (7) (and the Thara zeta function (3)), we define 2ng x
2ng matrices W and J whose elements are defined by

1 ift(e)=s(¢)and e~ #£e 1 ife'=e

I/Vee’ = ’ Jee’ =
0 others 0 others

®)

where e, ¢’ € Ep, which are called the edge adjacency matrix and the bump matrix, respectively.
Using these matrices, we now consider a combination of the matrices W and Jas X = g(W +
uJ), whose elements are given by

qI/Vee’ el 7é eil
Xeoe = {qulee € =e .
0 others
For any cycle C = (ey, ..., ;) that which is not necessarily primitive, we can uniquely assign
a sequence of elements as Xc = X,0, -+ Xop e, Xewe, = ¢'C1u”©). Since X is common for the

equivalence class of the cycle, by restricting the cycles to primitive cycles, we can write the
Bartholdi zeta function as

tolgw =[] —Xe)™".
Ce[P]

Since we can identify cycles with words made of edges, this is precisely the situation in which
to use (the corollary of) Amitsur’s theorem. We can therefore write the Bartholdi zeta function
(7) as the inverse of a polynomial of ¢ and u, as

£o(q, u) = det (Lo, — q(W +ul)) ™. ©)
Of course, by setting u = 0, the same can be concluded for the Thara zeta function (3).
Equation (9) is sometimes called the edge Bartholdi zeta function because it is described

through matrices W and J that characterize the relations among the edges of the graph. Apart
from this expression, there is another expression focusing on the relations among the vertexes:

to(q, u) = (L, — (1 —uq?) """ det(L,y, — gA + (1 —w)*(D — (1 —w)1,,)) ", (10)
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where D is the diagonal matrix defined by D = diag,.; (deg(v)) and the matrix A4 is a square
matrix of size ny called the vertex adjacency matrix defined by

Aw =Y Spwye. (V€T (11)

EEED

In this paper, we will give a proof of the equivalence of Egs. (9) and (10) as a corollary of the
similar equivalence of the matrix-weighted Bartholdi zeta function introduced shortly.

2.2 Matrix-weighted Bartholdi zeta function
We here consider putting an invertible K x K matrix X, to each edge ¢ of the graph. We assume
that the matrix on the inverse edge e~! is the inverse of the matrix on the edge e:

X=X (12)
For a cycle C = (e;, - - - ¢;,), we assign a matrix
Xe=Xe - Xe,.

We then propose an extension of the Bartholdi zeta function,

ta(g.w X) = [ det(lx — ¢ xe) ™ (13)
CelP

which we call the matrix-weighted Bartholdi zeta function in the following. The matrix-
weighted Bartholdi zeta function (13) is an extension of the weighted Bartholdi zeta function
defined in Refs. [36,37] where the weights on the edges are supposed to be c-numbers. Note that
it becomes the matrix-weighted Thara zeta function introduced in Ref. [28] by taking u = 0.

Suppose that a cycle with backtracking is C = Pjee! P,. Then the matrix X, - reduces as X =
Xp XeX,1 Xp, = Xp, Xp, because we have assumed X,-1 = Xe_l. The same reduction also occurs
for tails when X is included in the determinant as Eq. (13). Repeating this reduction, the matrix
X, finally reduces to the matrix associated with a reduced cycle. In general, a reduced cycle is
a positive power of a primitive reduced cycle C. We then denote the set of representatives of
primitive cycles that are equivalent to C* (k € N) after eliminating the bumps by [B(C*)] C [P].
We also denote the set of the representatives of primitive cycles that reduce to a point (vertex) by
eliminating the bumps by [By] C [P]. From the consideration above, X for C € [B(C*)] reduces
to X é‘ and thus we can rewrite Eq. (13) as

-~ L b(E -1
to(q.uw: X)=Va(g. w)* TT [T [1 det(lx — ¢ OxE) ™, (14)
Ce[Prl k=1 Ce[B(Ck)]
where
1% = 1 15
6(q. u) = 1_[ W (15)
CelBol
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We can further evaluate it as

0
- -1
1_[ l_[ det (IK — q'Club(c)Xé‘> = exp 1

k=1 Ce[B(CH)]

3 @Oy | T (xkm)
Ce[B(CH)]

Nk
WK
S

=
Il
3
Il

k Z (g Sl yrik Tr (X
kln Ce[B(Ch)]

= exp

NE
S| =

3
Il
—_

n

= exp | Z% Z q‘élub(é) Tr(Xg) ,

n=1 Ce[B(O)]

where we have used the identity
n

Z k Z (qlélub(é))n/k — Z qlélub(@) ’ (16)

kln Ce[B(CH)] Ce[B(O)]
which is proven in Appendix B. Therefore the matrix-weighted Bartholdi zeta function is finally
written as
o
Jelg, u)"
to(q. u: X) = Vo(q.w)* [ exp (Z ——Tr(x¢) ). (17)
Ce[Pg] n=1 n
where
felguwy= Y ¢ (18)
CelB(C)]

This expression plays an essential role in evaluating the partition function of the KM model in
the following section.
We note that the matrix-weighted Bartholdi zeta function can be further rewritten as
ta(g, u; X) = Volqw® ] det(x — fe(g, wXe)™,
Ce[Pr]
which can be regarded as an extension of the Thara zeta function in the sense that we count
fcl(q, u)Xc rather than ¢/“! for a primitive reduced cycle C.

2.3 Determinant expressions of the matrix-weighted Bartholdi zeta function
As with the original Bartholdi zeta function, the matrix-weighted Bartholdi zeta function (13)
can be expressed as the inverse of the determinant. This is achieved by extending the edge
adjacency matrix and the bump matrix (8) as

X, ift(e)=s(¢)and e~ #£e X, ifel=e

ee — 1
0 others > V) 0 others (19)

(WX)ee’ = {

Repeating the discussion above Eq. (9), we can show that the matrix-weighted Bartholdi zeta
function can be written as
-1
to(q, u; X) = det(lakn, — g(Wx +uly)) (20)
as a direct result of Amitsur’s theorem.

We can further show that, as in Eq. (10), the matrix-weighted Bartholdi zeta function can be
expressed through the matrix-weighted vertex adjacency matrix of the size Kny,

(AX)VV’ = Z Xe 8(v,v’>,e, (21)

eEE[)
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as
1

tolg.w X) = (1= (1= wPq?) ™" ™" det(1xn, — gAx + (1 =)D — (1 — w)lgy,)) .
(22)

where D has been redefined as
D,, = deg(v)s,, 1. (23)

Let us prove this by using the strategy described in Ref. [38] (see also Ref. [28]): Firstly, we
define matrices Sy and Ty of size ng x ny whose elements are square matrices of size K:

X1 ifv=s(e) X, ifv=t(e)

S ev = ¢ s T ey = .

(Sx) {O others (Tx) 0  others

We also define S = (Sy)|x—=1 and T'= (Ty)|xy=1. Then we can easily show
STTy +TTSy =Ay, STS+T'T =D.

Using these matrices, we define

1kn, qST qTT
L= —tqS+ Ty (1 — lzqz)lKnE 0 ,
—tqT + Sy 0 (1 - tzqz)lKng
(1 - 2¢>)1k,, 0 0
M = tqS — Ty lKnE 0
qu — S)( 0 IKnE
After a straightforward calculation, we obtain
gn, — qAy +1¢*(D — t1ky,) qS™ qT"
LM = 0 (1 - 224"k, 0 ,
0 0 (1 — 2¢*) 1y,
(1 =2 Nk, g1 =22¢")ST q(1 = 2HTT
ML = 0
0 (Lagn, — q(Wx + (1 = 1)Jx)) (lakn, — tqJx)

Using det(LM) = det(M L) and det (12, — tqJy) = (1 — t?¢*)%", we find
(1 —2¢*)" = det (1gn, — gAx + 14°(D — t1gy,))
= (1 — £2gH)X ) det (Lagy, — q(Wy + (1 — 1)Jx)), (24)

and can conclude Eq. (10) by setting r = 1 — u. Note that the assumption (12) is required in
this computation.

3. Graph Kazakov—Migdal model and Bartholdi zeta function
3.1 The partition function of the graph Kazakov—Migdal model as a Bartholdi zeta
function

The KM model [4] s a lattice gauge theory with the gauge group SU(N) that is originally defined
on the D-dimensional square lattice with the action (1). We can naturally extend it to a model
on the graph. Suppose that a Hermitian matrix &, and a unitary matrix U, € U(N) live on each
vertex v € Vand each edge e € F of a given graph G, respectively. If we consider gauge-invariant
operators of quadratic in @ as in the original KM model, we can consider Tr @2 for each vertex

v and Tr &y, Uﬂ),(L,)UJ and Tr <<I>f(£,) + q’?@)) for each edge e. Therefore, if we assign global
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coupling constants to these operators, the most general action is given by

S=Tr {m?% Y di4qy <§ (be(e) + q’?@) - q’s(e)Ueq)z(e)UJ)}

vel ecE
1
=Tr :5 ; (m§ + qrdegv) @2 — ¢ ; Tr cbs(e)Uecb,(e)Uj} : (25)

In the following, we fix the parameters r and mé by using an additional constant # as r = g(1 —
u)and m} =1 — ¢*(1 —u)?,

Sexm = Tr {% D A= —ul + (1 —u)degn)®] — g > CDS(e)UEQJ,(g)UJ} . (26)
velV ecE

in order to see a connection to the Bartholdi zeta function shortly. Although this parametriza-
tion is not the most general one, the action (25) reproduces the action of the original KM model
(1) by setting the graph G to the D-dimensional square lattice and tuning ¢ and u appropriately.
We call the model with the action (25) the graph Kazakov—Migdal (gKM) model. Note that
the model considered in Ref. [28] is obtained by setting u = 0.

We next consider the partition function of the gKM model:

Zoxm = / [[do, []dU. e ?Sexv. (27)

velV ecE

As discussed in Ref. [4] (see also Ref. [28]), there are two different representations of the par-
tition function Zyxm depending on whether the scalar fields @, or the gauge fields U, are in-
tegrated first. Let us first consider the case of integrating the scalar fields @, first. The action
(25) is bilinear in the scalar fields @, and can be written as

1
Eq)v,a (anN2 - qAU + qz(l - M)(D - (1 - u)anNz))
wherea, b =1,..., N, Ay is the adjacency matrix given by Eq. (21) with X, = U, ® U/, and D s
the degree matrix defined in Eq. (23). The matrix that appears in this expression is the same as
the one that appears in the vertex representation of the matrix-weighted Bartholdi zeta function
(22). Therefore, integration over the scalar fields @, in the partition function yields

1 2

27\ 2N _1

Zokm = (%) / [[dU.det (1,52 — g4u + ¢ (1 =)D — (1 = w)1,,))
ecE

SekM = Dy, (28)

va,v'b

2 %nVNZ 1 2 1
=(—) (1= =)o [T at.cotq.u V)
'B ecE

2 %nVNZ 1 2 N2
~(F) a-a-weem vt

o / [[av. [ oS wietwnrimerewrr (29)
ecE Cell*
where ¢ (g, u; U) is the matrix-weighted Bartholdi zeta function (13) with X, = U, ® UJ and
we have used Eq. (17) in the last line. We note that, using the left-right invariance of the Haar
measure [ [, < gdU, in Eq. (26) and the gauge invariance of the action (25), we can fix U, = 1 on
the edges of a spanning tree of the graph G, i.e., a subgraph of G that contains all the vertices
of G and has no cycles.
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3.2 The dual description of the partition function and a relation to covering graphs
We next consider integrating over the gauge fields U, first. To this end, we need the so-called
Harish—Chandra—Itzykson—Zuber (HCIZ) integral formula [39]:
/dUetTrAUBU _ G(N +1)det;; (e ")
P A@)Ab)
where U is a unitary matrix of size N, dU is the Haar measure of U(N) normalized as [dU =
I, GIN+1) = ]_[N 11 i! is the Barnes double gamma function, 4 and B are Hermitian matri-
ces whose eigenvalues are (ai,..., ay) and (by,..., by), respectively, and A(a) and A(b) are the
Vandermonde determinant with respect to 4 and B, respectively:
Aay= [] @=-a). a®= [[ ®—b)
l<i<j<N l<i<j=N

We apply the formula (29) to the partition function of the gKM model (26). Since the inte-
grand includes only the eigenvalues of the Hermitian matrices ®,, we also use a mapping from
the matrix integral to the integral over the eigenvalues (see, e.g., Ref. [40]),
@m) T
G(N +2)

for a Hermitian matrix ® with eigenvalues ¢; (i = 1,..., N). We then obtain

gKM B N./ (1_[ 1_[ d¢v l) (l_[ A(d) )2 degv) Z sgn (01 ©Ong )67%CPM(D“)"i:"//qb"/'j’

velV i=1 VeV O10np ESN

(30)

V('\ 1)

N
/ dof(D) = [ [do:i a) /().
i=1

(31)
where
'V(\ n,

G + 1™ (@m)
NP g

N =

and
(Do yiir'} = (1 + (1 = w)g*(degv — (1 — u)))éw/&] gAyy (3 2+ 8ia, (,)) (32)
with the vertex adjacency matrix 4 given in Eq. (11).

It is remarkable that the matrix (31) is the matrix appearing in the vertex representation of
the Bartholdi zeta function (10) corresponding to a covering graph of G: Imagine that N copies
of the graphs G are stacked with their vertices aligned. We label the vertex v of the ith layer as
(v, i). Let (v, V') be an edge of the original graph G; we consider reconnecting the N vertices
above v and v by edges in a one-to-one relationship. If we connect the vertices in the same layer
(v, i) and (v, i) i = 1,..., N) for all (v, v') € E, it gives simply N copies of the original graph
G. Instead, we can connect vertices in different layers, (v, i) and (v, j) (i # j). In this case, by
making such a recombination on every edge, we can create a graph that is different from G,
which is called a covering graph of G. Note that the obtained covering graph is disconnected
in general. Since the layers that are connected at edge e are specified by the permutation of
N, the vertex adjacency matrix of the covering graph is expressed as a direct product of the
vertex adjacency matrix 4 of the original graph and elements of Sy. It is exactly the one that
appears in the second term of Eq. (31). From the construction, the degree of the vertex (v, i)
of the covering graph is the same as the degree v of the original graph G. Therefore we see that
Eq. (31) is exactly the matrix that appears in the vertex representation of the Bartholdi zeta
function (10) for the covering graph.
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We note that there is a residual gauge symmetry in Eq. (30) to permute the eigenvalues of
®, as ¢y; = ¢, 1) by Y1, € Sy, which transforms the permutation o, on the edge e as o,
— Tye)0eTye). Therefore, we can fix this gauge by setting the permutations on the edges of
a spanning tree of the graph as o, = 1. This symmetry corresponds to the freedom to swap
permutations that create the same covering graph. We will see this in a concrete example in the
next section.

3.3 Graph Kazakov—Migdal model on a d-regular graph

We next restrict the graph to a d-regular graph, i.e., a graph where each vertex has the same
degree d. In this case, the action of the gKM model (24) can be written in the same manner as
the original KM model (1) as

2
m
SgKM = qTf 7 Z CI)% - Z cI)s(e)Ufch)t(e)UgJr s (33)

velV ecE

where the mass parameter m? is related to the parameters g and u as
m* =g +q((1 —wyd — (1 —u)?). (34)

Note that, although ¢ can be absorbed into 8 in the definition of the partition function (26),
we have kept it to make the relation to the original parametrization clearer.
In this parametrization, we can write the partition function as

27_[ %ny/]\/v2 1
ZogkM = ( ) /l_[dUe det (1,52 —m *Ay) °

’quz ecE
2\ 2N | o m %
= dU, exp | = Tr A¥
(o) [ I Xp(% k )
2 N2
= ( 2) /HdU exp Z Z |TrPc(U)| (35)
Bam eeE |Cl=k

where we have used the fact that Tr A’{/ counts all Wilson loops with length k and the summation
of the cycles in the parenthesis of the last line runs over all cycles with length k. Since any
cycle can be written as a positive power of a primitive cycle and the set of representatives of
primitive cycles [P] can be decomposed into [By] and [B(C/)] (C € [Pg], j € N), we can estimate
the expression in the parenthesis as (see also Fig. 1)

—Z

Z Tr Po(U)[?

|Cl=k

m=21C]

Z Z e | Tr Pe(UY|

Ce[P
N2 o] 00 [oe]
=5 2 Z PP Z

Ce[By] =1 Ce[Pr] j=1 ¢e[B(Ciy) =1

m=211C1 m=21C1

| Tr Po(U Y

R ST g
Ce[By] Ce[Pg] n=1 & Ce[B(0)]
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V11

U7

V3 U6

V4 Us

U1

(a) The zero area Wilson loop on a cycle in By. (b) The non-zero area Wilson loop on a cycle in

B(C).

Fig. 1. Examples of Wilson loops on cycles with branches and bumps. The Wilson loop on cycle (a)
reduces to a point (vertex) and Po(U) = 1 since UU" = 1 on round trips over the edges. For the same
reason, the Wilson loop on cycle (b) gives the same contribution to the Wilson loop on the cycle C = (e,
e, e3, e4, es) without branches and bumps (dashed cycle).

where we have used the fact that the equivalence class of the cycle C! (C € [P]) has |C| different
elements in the first line and we have repeated the same calculation above Eq. (16) to obtain the
last line. We can then rewrite Eq. (34) as

l}’l[/Nv2 g ee}
ZgKM=< o ) vG(m—2,1)“f/]_[dUe exp| 3 Z%fc(m‘z,l)n}TrPc(U)"]Z ,

2
Bam ek Ce[IT+] n=1

(36)

where Vg(q, u) and f (g, u) are defined in Egs. (15) and (18), respectively.
Comparing this expression to Eq. (28), we obtain non-trivial identities satisfied by d-regular
graphs:

(gm®) " Ve(m ™, 1) = (1 = (1 —u)’¢*)"* " Vo(q. ),
fe(m™. 1) = fe(q. u). (37)
In particular, the relation Vs(g, 0) = 1 and f(g, 0) = ¢!! yields the identities
-
[T(1-@"+@=109) = ((1+@- D)1 —g)>)",

CelBo]

Y @+ d - Dy =g (38)

Ce[B(O)]

4. Exact partition function of the graph Kazakov—Migdal model on cycle graphs at
finite V

In Ref. [28], the integral (30) with « = 0 for the cycle graph C, i.e., a connected graph that has n
vertices and n edges and degv = 2 for ¥v € V (see Fig. 2), was evaluated exactly at finite N. In
this section, we show that the same can be performed for the gKM model in general parameters.
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€2

@

Fig. 2. A cycle graph C, with n vertices and edges.

4.1  Evaluation by unitary matrix integral
Let us first evaluate the Bartholdi zeta function for C, using Eq. (10):

e, (g, u) = (det M,)7", (39)

where the matrix M, is defined by

1+ (1 —u?)g? —2q
My =1-2q+(—-uqg, M=
1 CI+( ”)q, 2 ( _2q 1+(1—1/l2)q2 P
L+ (1 —u’)g —q 0 —q
—q 1+ —-u?)g - 0 0
M, = : : : : : (n>3)
0 0 1+ (1 —u)g’ —q
—q 0 —q L+ -uw)g
(40)
It is straightforward to evaluate the determinant and the result is
n n -2
t (@0 = (6:(q. 0 — € (q.w)) (41)
where & are the solutions of the quadratic equation x*> — (1 4 (1 — u?)¢*)x + ¢*> = 0:
1
teg =5 (1+ (1 =) £VT=21 )¢ + (1 =g, (42)

We next evaluate the partition function Zyxm for C, by using Eq. (28). Since excluding the
edge e = 1 from C, yields the spanning graph of C,, we can fix the gauge by setting U, = ---
= U, = 1 and the gauge field remains only on the first edge ¢ = 1. We then denote U; = U
in the following. The matrix-weighted Bartholdi zeta function ¢¢, (¢, u; U) in this gauge can be
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computed by using the same technique deriving Eq. (40) as®

-1
te (g, u; U) = det({c” Gy y+Q2-UgU —U'® U)q")

=£.(q. u)_N2” det(lNz —q'6:(qu)"U® UT) ‘_2

= £,(q, u)*N2”€2 Yt 1 (¢4 (g T Uklz’ (43)

where we have used ¢¢, (g, u) expressed as Eq. (40). Substituting Eq. (42) into Eq. (28), we ob-
tain
2

Ny N
2n ’ _ern ni —ni -

Zaow= () et T TI(1- g0 ) (@)
i=1
where we have used the formula obtained in Ref. [28]:
AN

dU S T T —— . g L. 45

/ e 7 l] T or |¢g| < (45)

Note that it is easy to see &£, (¢, 0) = 1, which reproduces the result obtained in Ref. [28].

4.2 Derivation using the covering graphs
We can also derive Eq. (43) from the dual expression (30). In this case, the Bartholdi zeta func-
tions of the covering graphs play an important role instead of the unitary matrix integral.
For G = C,, we can fix the gauge by settingo,—» = - = 0.,-, = 1 and we write 0| = 0.
Then the partition function (30) becomes a summation of Gaussian integrals:
w(w D,

1 (2n) L (DY -
Zoxm = N gy S, / (Hl_[dd)w) Y san(o)e 2P huites, (46)

y=1 i=I oSy

As mentioned below Eq. (31), D, is the matrix associated with the Bartholdi zeta function
(10) of a covering graph of C,. In this case, the recombination of the edges occurs only at
the edge ¢ = 1 by the permutation o. The permutation is a product of cyclic permutations in
general and the elements of Sy can be classified by a conjugacy class labeled by the number
and lengths of the cyclic permutations, i.e., a partition of N. Let us write a partition of N as
A= (", ..., ") where m; is the number of cyclic permutations of the length /. From the
construction, a cyclic permutation of the length / connects / layers of C, in turn, yielding a
cyclic graph Cj,. Therefore the covering graph appearing by a permutation ¢ in the conjugacy
class labeled by 1 is (Cy, )™ @ - - - @ (C,y,)™ and we see

(det Do) =[] tc, (@ w)™. (47)
i=1
Recalling that there are N!/z;, elements in the conjugacy class labeled by A with

]_[ m I, (48)

3In this computation, we have also used ﬁ (2q” +¢c,(gu)™t — /2c, (g, u) 2+ 4q"¢c, (g, u)*l) =
€+(Q7 u)in'
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and the signature of the permutation is written as sgn o = ]_[,r.zl(—l)(l"_”mf =
(=DM T, (—=1)™, we can perform the Gaussian integral in Eq. (45) as

ZgKM = % < ﬁ ) 2 (N(:)l)n Z l_[ (_é'cn[i(% u)1/2>mi

2 AN i=1

() S ()
B WVZ . AN el 22 \&E-(q, 7’)2 —f+(q””)

2w\ E (Y ! ( 1 ) 4
_ =t N n ’ 9
( 8 ) w(w 1)ng « u) Vn );\hl_! Z \1—(&:(q,u)>/E_(q, u)i)l,- (49)

where we have used Eq. (40) and £_ < &, from the first line to the second line. To evaluate the
summation in Eq. (48), we can use the identity (for a proof, see, e.g., Ref. [28])
N

m; 1
S () =it (50
WN =1 I—x i:ll_xl
Combining & _(q, u)¢ .(q, u) = ¢*, we finally obtain
N2

27 . 7N—2n a ni —ni -1

Zoon= (%) et (1= etg )

i=1

for C,, which is identical with Eq. (43).

4.3 Counting the cycles and the Catalan numbers
Equation (43) is the realization of Eq. (17) for G = C,, namely V¢, (¢, u) = £:(q. u)™" and f(q,
u)=q"& (¢, u)~". We can explicitly see that the function & ; (¢, )" and ¢"& . (¢, u)~" count such
cycles that reduce to a vertex (we refer to them as “collapsing cycles” in the following) and the
primitive reduced cycle C of C,, respectively.

Let us first consider the case of n = 1. The point is that the function

(g _ 1+ - = V1 =200+ u))g? + (1 —?)g*
§+(q, u)” 5 (51)
7 2q
is the generating function of the generalized Catalan numbers [41]. The usual Catalan number
Cat(m) can be interpreted as the number of Dyck words of length 2m, i.e., such sequences of
two letters X and Y of the same number () such that no initial segment of the sequence has
more X than Y, which appears as the coefficient of ¢*” when expanding Eq. (50) by ¢ with
u = 1. The generalized Catalan number also counts the number of borders of the X and Y
in the Dyck words, which appears in the coefficient of « in the expansion of Eq. (50). This is
exactly the way to construct collapsing primitive cycles from the two primitive reduced cycles
C and C! of G = (. Since the powers of ¢ and u can be naturally interpreted as the length
of the cycle and the number of bumps, respectively, we can conclude that £ (¢, u)~! counts the
collapsing cycles. The same is true with respect to the element of [B¢] and g£ (g, u)~" counts
the cycles in [B¢], since any cycle C € [B¢]is constructed by putting a collapsing primitive cycle
to C.
We can generalize this argument to an arbitrary n: The collapsing cycles of G = C,, can be
again counted by Dyck words. To see this, we write the n edges of G = C, ase; (i = 1,..., n).
A path of C, can be expressed as a sequence of ¢;, but there is a strict rule for the order of
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~1
~, can appear.

the sequence: After ¢;, only ¢; ;| or el._1 can appear, and after ei_l, only ¢; or e;
Therefore, if we fix the starting point of the path, we can omit the subscript i of the edges to
express the path. As a result, the path is uniquely specified as the starting point and a sequence
of e and e~!. In particular, if the path is a collapsing cycle, it is expressed as a Dyck word by
properly rotating the cycle if necessary. Since C, has n vertices, we see Ven(q, u) = £,.(gq, u)™".
We next consider a path Ce [Bc] with C = (ey,..., e,). The key observation is that C always
contains the pairs e;e; . | (i = 1,..., n). Therefore, by rotating the order of the e; properly, we

can express C as
C = (Wla 615 W27 625 LA ] M}}’h en)a
where w; is a collapsing cycle starting from e¢; and not including the pair ¢;e¢; + ;. As mentioned

above, we can omit the indices of the edges to express the path. Using this rule, C corresponds
to a word made of e and ¢!,

di(e,e Nedy(e,e e - - d,(e, e Ve,

where dj(e, e7!) is a Dyck word made of e and e~!, which comes from w,. Therefore, there is
one-to-one correspondence between the element of [B¢] and n set of Dyck words, which yields

Selg, w) = q"& ((q, w)™".

4.4 The partition function in the parametrization of the original KM model

Although the parametrization of the gKM model adopted in Eq. (25) is convenient to show
the relation between the gKM model and the Bartholdi zeta function, it is worth looking at
how the partition function appears in the parametrization of the original KM model, since the
cycle graph C, that we are considering is nothing but a 1D square lattice where the exact form
of the partition function is known [10]. We then consider the action (32) with d = 2 and the
mass parameter (33) becomes

m? =q ' +q(1 — ). (52)
This reparametrization makes the expressions simpler. Since the generating function of the
generalized Catalan numbers (50) can be rewritten as

sl = Lmz), (53)
where
RGn?) = w’ (54)
the partition function (43) can be written as
AR 2T 2\ !
Zaow=(52) R TI(1- Roy) (59)

i=1
for the cycle graph C,, which reproduces the result in Ref. [10]. We can explicitly see that the
identities (36) (and (37)) hold.

We point out that the function R(m?) is the Stieltjes transformation of the semi-circle distri-
bution (or the expectation value of the resolvent):

12 A=
R’y = o / dx (56)
T J 2 m- — X

It is plausible to think that this is related to the result [6] that the semi-circle distribution is the
exact solution of the eigenvalue distribution of the scalar fields of the original KM model in
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large N (see Sect. 5). It is interesting, however, that the function representing the semi-circle
distribution already appears in the partition function at finite N, which is a different situation
from the Gaussian matrix model. This reflects the fact that the 1D KM model cannot be com-
pletely regarded as a Gaussian matrix model. In fact, as already mentioned, we cannot fix all
unitary matrices of a 1D KM model but there always remains a unitary matrix on one edge.
This is why the partition function (43) or (54) does not turn out to be that of the Gaussian
matrix model.

Another insight obtained by this reparametrization is the relation between the Catalan num-
bers and the generalized Catalan numbers: Recalling that the Catalan numbers are obtained as
the moments of the semi-circle distribution,

1 [ — k :
_/ dek T — Cat(3) k& even’ 57)
7T J_s 0 k: odd

we can rewrite the generating function (50) as

_ =\ Cat(k)
Ev(g, ) Z (m2)2k+1 -

12 Cat(k) 5)
q &

“ (g +q(1 —u?))+

where we have used Eq. (51). This gives a direct relation between the Catalan numbers and the
generalized Catalan numbers.

5. Graph Kazakov—Migdal model at large NV

5.1 Exact evaluation of the partition function

We next evaluate the partition function (26) for an arbitrary graph G in the limit of N — oo
by carrying out the unitary matrix integral of Eq. (28). To this end, we denote the Wilson loop
along a primitive reduced cycle C of the graph as Pc(U), and introduce the notations

| Tr f(U)PP =Tr f(U) Tr f(U)

and

(e)) = [ T]avaw)

eckE
where f(U) = f(U,, ..., U,,)and g(U) = g(U,, ..., U,,) are functions of U, (e = 1,..., ng).
Although it seems impossible at first glance to perform the complex integral involving mul-
tiple unitary matrices, a significant simplification occurs at large N [42-44]. The essential facts
are that the integral of | Tr P(U ) |* at large N is

<|TrPC(U) | > — 1, (59)

and that the integral of the product of the two Wilson loops along two (not necessarily primi-
tive) cycles C; and C; is decomposed into the product of the integrals of the individual Wilson
loops at large N as

<|Tr Pe,(U)Tr Po, (U] ) <|Tr Pe,(U)| ><}Tr Pcz(U)\2>. (60)

In general, we can define a general Wilson loop along a primitive cycle C associated with a
partition A = (/{" ;" ---) by

Y (Pe(U)) = [ [(Tr Pe(U)y™.

17/27

€20z Aenuer Gz uo Jasn uoj01yduAS usuoupd|3 sayosineq Aq 68/G189/£09€2ZL/Z1/2z20z/21onie/dayd/wod dnooliwapede)/:sdiy woly papeojumoq



PTEP 2022, 123B03 S. Matsuura and K. Ohta

Then, combining Egs. (58) and (59), we can evaluate the integral of a product of general Wilson
loops of the chiral primitive cycles at large N as

(TT meewn?) — T = (61)

Cell* N=oo Cell*
where z; is defined by Eq. (47). See Ref. [28] for more details.
We can evaluate Eq. (28) by using these facts. Since the matrix-weighted Bartholdi zeta func-
tion can be written as Eq. (17), we can evaluate the integration in Eq. (28) as

Vet [ T]dU.cotg. )}

ecE

1‘[ eXmet ;fc(q,u)'"lTrPc(U>'"2>

il
|

[T fetgw) %|TA(PC(U>>|2>

Cellt n=1 Aen
o o0 1
L)' p(n) = L 62
x mocl;lwg;fc(q u)' p(n) Cl;[ﬂl:[l = fe(q uf (62)

where we have used the large-N decomposition (60) in the final line and p(n) is the number of
partitions of n. Therefore, the partition function (26) in the large-N limit behaves as

1 2
27 2N 1 2 N2 = 1
Z — [= 1 — (1 —u)?g»):==IN Y (g u) T — . (63
KM > ( 5 > (1= )q) (g, u) C|€H|+ k|:|1 1= feq. ) (63)

Note that the partition function of the gKM model on a d-regular graph (35) can be evaluated
using the same technique as

2 NV e e 1
fan = () oot Mm@

2
m
ﬁq Celly k=1

5.2 Regularized partition function
Since there is still N-dependence on the right-hand side of Eq. (62), the precise meaning of this
expression is that the partition function of the gKM model is asymptotic to the right-hand side
at large N. Therefore, it is convenient to give a suitable approximation of the partition function
at finite N that asymptotically approaches the right-hand side of Eq. (62).

The part to consider is [ecp+ [Toes W in the right-hand side, which is obtained by
evaluating

[ 3 fetq.ur Y L eeyi). (65)
Zy

Ce[Pr] n=0 An
We can safely use the large-N decompositions (58) and (59) because all the class functions Y, (U)
for U € U(N) are independent regardless of the size of the partition . However, at finite N,
we have to take care of the size of the partition since Tr(U") for n > N can be expanded by
products of the Tr(U*) (k < N)*. We therefore restrict the partitions to those with row lengths
less than or equal to N so that we count only independent Wilson loops. If we ignore the O(1/N)
contributions, we can further use the large-N decomposition (60) as an approximation. Then

“This is because Tr(U") is the n’s power-sum symmetric polynomial of the N eigenvalues of U.
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we can approximate Eq. (64) as

< [T D s u)"Z%m(PC(U))|2> I ch(q, u)"Z (I (PeUP)

Ce[Pr] n=0 AFn Ce[Pg] n=0 M

[T D felg, wy'pn; N)

Ce[Pg] n=0

= 11 H —fc(q T fequf (66)

Ce[Prl k=1

where p(n; N) is the number of Young tableaux with n boxes and the lengths of the rows are
less than or equal to N. We then propose the approximate partition function at finite N as

1 2
A 27 N 2
ZgKM = <?> (1 _ (1 _ u)qu)%(l’lE—nV)NZVG(q7 Lt) 2 1_[ 1_[

67
Cell+ k=1 fC(q 1= fe(g.w)” 7

It is obvious that Eq. (66) asymptotically approaches the right-hand side of Eq. (62)° in the
large-N limit. Furthermore, the exact partition function of the model for G = C, at finite N
coincides with Eq. (66). This supports the idea that Eq. (66) can be regarded as a regularized
partition function of the gKM model at finite V.

The free energy calculated from this regularized partition function becomes

A

2 N
Foxm = —— log Zgkm
ny

~ N2 (—i log V(4. u>) + =3 Zlog (1= felg. w)), (68)
W Cen, k=1

up to irrelevant terms. It is remarkable that the leading O(N?) contribution to the free energy
comes from Vg(q, u), which counts the collapsing cycles, which explicitly realizes the analy-
sis given in Refs. [21,22]. In contrast, the second term is the contribution from non-zero-area
Wilson loops but is O(NV). This suggests that, if we deal only with the leading part of the 1/N ex-
pansion of this theory, we completely ignore the physics arising from the non-zero-area Wilson
loop. We will see this explicitly in the next subsection.

5.3 Relation to the exact solution at large N
For the original KM model (1) defined on the D-dimensional square lattice, the equations sat-
isfied by the density of eigenvalues of the scalar field for large N are derived in Ref. [5], and it
was found that the semi-circle distribution satisfies the equations for any D in Ref. [6]. Let us
first briefly review this analysis.

The basic idea is to combine the equations satisfied by the IZ integral,

(D, W) = deeNTr(éUWUT)’

The difference between the regularized free energy (67) and the exact free energy at finite N is O(1)
because the large-N decomposition is justified by ignoring O(1/N) contributions from expectation values.
Therefore we can use the regularized partition function (66) if we are interested in the leading and next-
leading behavior in 1/N expansion.
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with the saddle point equation satisfied by the KM model at large N. More concretely, the
equations are those for the matrix functions,
1
F(®)=VeInI(d,V¥), G (D)= -1,
(@)= Voln (@, 9),  G,(®) = ;s

5o—. We introduce the density function of the eigenvalues of ®:
Jji

1 N
p(p) = v ;5(#« — Ga).

Then, assuming that all ®(x) have the same eigenvalue distribution in the large-N limit, we can
show that the 1Z integral satisfies the following equations at large N:

z— F@w)—RelV'(v)+irp(v) b
Rel'(z) = P/ 2711 (Z —F()—RelV’(v) — in,o(v)) » ImV(@) = —mp(2). (69)

where V'(1) = 22 (”) and P [ denotes the principal integration. Furthermore, from the action
(1), we obtain the saddle point equation at large N,

F(z) = % (%U’(z) — ReV’(z)) = % (m*z —ReV'(z)), (70)

where U(®) is the potential of the KM model and is quadratic, U(®) = ’%2<I>2, in the present
case and the second term Re}’(z) comes from the variation of the Vandermonde determinant.
Substituting Eq. (69) into Eq. (68), we can eliminate the dependence of F from the equations.
For more details, see Ref. [5].
In Ref. [6], it was shown that the semi-circle distribution,
1202
1

o) =~ (1)

solves Eqgs. (68) and (69) for any D as

1 ((D — 1y + DvVm* — 8D + 4), (72)

where 1 is a constant determined by D and m.

We can apply the same analysis to the gKM model. To justify the assumption that all the
scalar field have the same eigenvalue distribution, we consider a d-regular graph as in Sect. 3.3.
Then the saddle point equation of the gKM model becomes

nt =

F(z)= 2 (m z—ReV (Z))

Comparing this to the saddle point equatlon for the original KM model (69), we see that the
equations can be solved by simply replacing D with d/2. Therefore, we can conclude that the
semi-circle distribution (70) with

=g = (d — 2 + d/m* — &(d — 1)) (73)

1
2d—1) (
is an exact solution of the gKM model on a d-regular graph at large N. This indicates that
the semi-circle distribution is a universal scalar field behavior independent of the details of the
graph.

What type of Wilson loops are involved in this semi-circle solution? As discussed in Ref. [6],
the contribution to free energy from the semi-circle solution (70) is

Fsc = N? l—-l—llo _b 1+i—1—10 l+l 1+i
se=N\22, T2%8* T El272 2]
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which is O(N?). The 1/N expansion of the free energy (67) suggests that the semi-circle solu-
tion comes not from the non-zero-area Wilson loops but from the zero-area Wilson loops. To
confirm this, let us evaluate the expectation value of the scalar fields:

1 B\l S
N_nV <§V: Tr CDV> = N_}’lV <Z Z¢1’,a> . (74)

velV a=1
If the distribution of the eigenvalues is a semi-circle (70), the expectation value can be evaluated

as
1 1 (7 / 22

—_— <2Tr<1>3> = — /f dxx? w— ,u4x = —.

Nny veV SC i ’ﬁ s

On the other hand, from the action (32), the expectation value can be evaluated as

1 2 9
— (S T2y =% ogz
Ny <Z r > Nony o2 OB “eKM
gKM

vel
1 o
=———logVs(m >, 1)
ny om?2

—1 - 9 -2 k
Ny 2 e e (1S, (9

where we have used the regularized partition function and set 8¢ = N. Since the functions
Ve(m™2,1) and fc(m2, 1) depend on the details of the graph, we evaluate the expectation
value for the cycle graph C, for which these functions can be explicitly written down as
N2
Ve, (m™,1) = Rm*) =", fe(m™2, 1) = R(m*)'",
where R(m?) is given by Eq. (53). Substituting them into Eq. (74), we obtain

1 5 R I RmH™ | 1
ve gKM k=1

_Rl(’?z) = —_ — L This shows that the exact solution at large N reflects
R(m?*) m*—4 "

only the zero-area Wilson loops of the graph as expected.

where we have used

5.4 Reduction to the Ihara zeta function

As we have seen in Sect. 2, the Bartholdi zeta function reduces to the Thara zeta function by
setting u = 0, which counts only the reduced cycles of the graph. In particular, the functions
Vi(q, u) and fc(q, u) become Vg(g, 0) = 1 and f(q, 0) = ¢'“!, respectively, and the (regularized)
partition function (66) becomes

G.N 2\ N 25 )N? - !
s — sng—ny
Zigm = <?> (1—q) 1_[ l_[ 1 — 4lCik

Cellt k=1

B

as shown in Ref. [28]. We saw in the previous subsection that the semi-circle distribution is
an exact solution of this model at large N and it arises from the collapsing cycles. A natural
question then arises as to what happens to this solution when the collapsing cycles vanish at u
=0.

27T %nVNz 2 l( )NZ N Jon L
- (—) (1 = o= m¥ T 2o(q), (77)
k=1
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If the value of u is fixed, we cannot evaluate ﬁ<2»vev Trd>3> simply by the derivative of the

mass parameter, since the coefficients of Y, Tr®2 and Y, Tr @)U, Py, U, "' are deter-
mined only by the single parameter ¢. Instead, we can use the identity satisfied by a d-regular
graph:

9 ) 1 1, Baq
——B—)(==logz = (¢ = (1 —wd - (1 —u?)yq)) — Tro? ). (78
(qaq ﬂaﬁ) (N2 og gKM) S (@ = (T =wd = (1 —u)9) 5 <2Vj re}). (78)
In order to compare this to the result (75) in the previous subsection, we consider the case of u
= 0 for d = 2. In this parametrization, log Zgxw is written as
G, n 2
—longKM = ElogF + O(1/N),
where the O(1/N) part is independent of 8. Since the left-hand side of Eq. (77) becomes
a (1 C, 0 1 C, n
qa—q (ﬁlOngKM> = O(1/N), _'B@ (ﬁlOngKM) =5

we can evaluate the expectation value of the scalar fields as

Nl <Z Trq>§> = _11 +O(/N) = ! + O(1/N), (79)
ny 9 —9 M
velV gKM
where we have set Bg = N after the computation and used u = v/m* —4=q¢"' —q(lq| < 1)
for u = 0. Therefore, although we have seen only the second momentum of the eigenvalues, it
is natural to think that the semi-circle distribution is still a solution of this model even if u = 0.
However, this solution is of course nothing to do with the Wilson loops since the Thara zeta
function does not count the collapsing cycles; V(g, u = 0) = 1. The reason why the semi-circle
is still a solution for u = 0 is because the leading part of the free energy includes the contribu-
tion of the Gaussian integral. In fact, the radius of the semi-circle distribution obtained for d
= 2 is the same as the radius of the semi-circle distribution produced in the large-/N limit of
the Gaussian model, obtained by simply neglecting the contribution of the link variable from
the action of the gKM model. When d is greater than 2, the semi-circle is modified by an addi-
tional term proportional to (ng — ny)log (1 — (1 — u)>¢*) from that of the the Gaussian model.
However, it is still true that no Wilson loop contributes to the solution for u = 0.

6. Conclusion and discussion

In this paper, we proposed an extension of the Bartholdi zeta function by putting matrices as
weights on the edges of the graph and gave its determinant representation. We showed that the
partition function of the Kazakov-Migdal model defined on a graph (gKM model) is repre-
sented by the unitary matrix integral of the matrix-weighted Bartholdi zeta function in general.
We also derived the dual expression of the partition function by integrating the unitary matrices
first using the so-called HCIZ integration formula. We computed the partition function of the
gKM model for the cycle graph C, exactly at finite V, and showed that the partition function is
closely related to the generalized Catalan numbers. As a byproduct, we found a relation between
the generating function of the generalized Catalan numbers and that of the usual Catalan num-
bers. We also evaluated the partition function of the gKM model for arbitrary graphs at large
N and showed that it can be expressed as an infinite product of deformed Ihara zeta functions.
We showed explicitly that the leading terms in the 1/N expansion of the free energy are the con-
tribution of zero-area Wilson loops, while the contribution of non-zero-area Wilson loops is of
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the order of O(1/N) compared to the leading terms. We applied the large-N analysis performed
on the original KM model to the gKM model and found that the semi-circle distribution is an
exact solution for the gKM model on the regular graphs in general. The contribution from the
zero-area Wilson loops disappears if we set u = 0, where the gKM model is expressed by the
Ihara zeta function.

The partition function of the gKM model is represented by the unitary matrix integral (28),
while at the same time having the dual expression (30). It is not surprising that the dual ex-
pression (30) contains the sum of the symmetry groups because unitary matrix integrals can be
written in terms of symmetry groups in general as a result of the Schur—Weyl duality. However,
it is interesting that the resulting expression includes the adjacency matrix (31) of the covering
graph. This strongly suggests that the Bartholdi zeta function weighted by the unitary matrix
is closely related to the Bartholdi zeta function of the covering graph. As mentioned below Eq.
(31), a covering graph is generated by assigning a permutation to each edge of the graph G.
More generally, we can assume that an element of the finite group I' is assigned to the edge e of
the graph as a(e) € I'. When a(e™!) = a(e)™!, this is called the ordinary voltage assignment in
graph theory. Since any finite group can be represented by a permutation group, we can easily
see that the ordinary voltage assignment « induces a covering graph G* in the same way. The
Bartholdi zeta function of G* is closely related to the base graph G as expected. This is achieved
by defining the Bartholdi L-function [36],

otg.w.ar.p) = [ det (1- ¢ pa(c) . (50)
Ce[P]

where a(C) is defined as «(C) = a(ey) - - - a(e,) € T when the cycle is writtenas C = e; - - - e,. As
shown in Ref. [36], the Bartholdi zeta function of G* can be expressed through the L-function
as

KG“(q’ u) = 1_[ é‘G(q’ u,a, p)dimp’
o

where dim p is the dimension of the representation p. The similarity between the matrix-
weighted Bartholdi zeta function (13) and the Bartholdi L-function (79) is obvious: The matrix-
weighted Bartholdi zeta function would be regarded as an L-function when the voltage assign-
ment to the graph is extended to a Lie group. It is plausible to think that the appearance of
the adjacency matrix (31) of the covering graph will be a consequence of this similarity. A
more comprehensive understanding of the graph zeta function from this perspective would be
a promising topic for the future.

In this paper, we have restricted the parameters of the gKM model as Eq. (25) in order to
reveal the relation between the gKM model and the Bartholdi zeta function, but this is not a
general parametrization. The most general parametrization is to assign an independent cou-
pling constant to all vertices and all edges as

1 -
SgKM =Tr 5 ;m%@% — L)GZEC]L)(I)S(E)UC)@[(E)UE ! . (81)

Using these degrees of freedom, we will be able to see a connection to a more general graph
zeta function than the Bartholdi zeta function. For example, the Bartholdi zeta function is
generalized in Ref. [45] where a different value of the bump parameter u, is assigned to every
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vertex v € V as

-1
Colq ur, ... up,) = 1_[ (1 — qICl 1_[ u’v’"(c)> , (82)

CeP velV

where b,(C) is the number of bumps ¢; = ei_+11 with the condition #(¢;) = v. We can reproduce
(the matrix-weighted version of) this zeta function by tuning the parameters of Eq. (80) as
2 2 1 —uy 4q
AP D s (e i Nl pr s pr R

as the partition function up to an overall factor. An examination of the nature of the gKM
model and comparison of it to the generalized Bartholdi zeta function is left as a future prob-
lem. The more interesting question, however, is for what category of parameters the partition
function of the gKM model has an Euler product representation. Although the zeta function
is generally defined through an Euler product, it is not obvious whether it has a determinant
representation. Conversely, it is clear that the partition function of the gk M model can be ex-
pressed in determinant form, but it is not obvious whether it has a meaning as a zeta function
or not. The Thara and Bartholdi zeta functions are interesting zeta functions that have both
Euler product and determinant representations, and the fact that they are associated with the
gKM model suggests the possibility of shedding light on more general properties of the zeta
function through this model. It will be interesting to pursue this possibility in the future.

Finally, we would like to make a comment on another possibility of the gKM model. The
main part of the 1/N expansion of the gKM model reflects only zero-area Wilson loops and
the contribution of non-zero-area Wilson loops, which is of most interest for gauge theory,
appears rather in the sub-leading part of the 1/N expansion. If we adjust the theory so that
the contribution of the leading part is appropriately eliminated, we will be able to construct
a sort of gauge theory in the continuum limit. It is of course not the usual QCD because of
the existence of the center gauge symmetry, but it is still a summation of non-zero-area Wilson
loops. In that case, the existence of the parameter u is expected to cause interesting phenomena:
From the point of view of the Wilson loop, allowing bumps corresponds to considering the
zigzag symmetry of the Wilson loop, which is essential for gauge theories to behave like string
theory in the large- N limit [46]. In the future, it would be interesting to attempt to use the graph
zeta function to gain insight into the holographic principle.
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Appendix A. A proof of Amitsur’s theorem
In this appendix, we give a proof of Amitsur’s theorem in order to make the paper self-
contained.

Let us consider words generated by the “letters” {1,..., k}, i.e., sequences of n letters. We
call the number of letters in a word the length of the word, and call a word primitive (or
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indecomposable) if it cannot be written as w”" (n > 2) for a word w with a shorter length. We
say that the words w; and w; are equivalent when w; is obtained by a cyclic rotation of the
letters in wy. In the following, we denote a set of primitive words of length d as P, a set of the
representatives of the primitive words of length d as L;, and a set of the representatives of all
primitive words as L = | 77, L.

Let us consider » matrices {X7,..., Xj}. Corresponding to a word w = i;---i,,, we define

Xo=X, X,

In
Then, it is obvious that the quantity (X + --- + X})" is a summation of X,, where w runs over all
words of length m. Recalling that any word can be expressed as a positive power of a primitive
word, we can write this quantity as
X+t X =303 xp (A1)
dim wePy;
We here note that, if w is a primitive word of length d, there are d different equivalent words to
w" (n > 1). Therefore, we can write the trace of Eq. (A1) as
Tr(Xg 4+ X" =) d > Te(x).
dim wely

Using this result, we can show the identity:
o0

1
logdet(1—X; —--- — X;) ! :Z Tr (X + - + Xp)"

> d Dy Te(x

dim wely

§|'~

o0

> D Tr(x;

k=1 d 1 wely

=log l_[ det(1—X,)7".

5

wel
We then obtain
det(1—X; — -+ — X) = [ [det(1 - X,,).
wel
Appendix B. Proof of the identity (16)
In this appendix, we show the identity (16), i.e.,
fen(g,u) = fe(q, u)' (BI)

where

Jealg =Yk 3 (@O,

kln  Ce[B(Ch)]

felgwy= > ¢,
CelB()]
for a representative of primitive cycles C.
We first note that, if we label the elements of [B(C)], i.e., the set of cycles that reduce to C, as
Cie[B(O)](j eN), YC € [B(C?)] can be uniquely written as
C=C, - C

Ja’
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where each C},- is an equivalent cycle to C;,. This means that, as far as we consider such a quantity
that is irrelevant to the cyclic rotation of the cycles in [B(C)], we can identify an element of
[B(C?)] as a word of length d generated by the elements of [B(C)]. Therefore, we rather consider
words generated by [B3(C)], instead of cycles, in the following.

We then consider the summation of all possible words with length » made of the elements of
[B(C)], which is given by <Z@€[B(C)] C’)n. Since any word can be expressed as a positive power
of a primitive word in general, we can describe this quantity as

n

Yo => > ¢k (B2)

Ce[B(CO)] kin Cep,

where P;, denotes a set of primitive words of length k. Since an element of [B(C¥)] is originally
a set of representatives of primitive cycles, it is also primitive in the sense of words. Therefore
there are d different words that are equivalent to C € [B(C¥)]. If we define a mapping #(C) by

1(C) = qlClub(C)’

itis obvious that #(C) = t(C') if C~ C’, so we do not need to care about the differences between
words and cycles. Therefore, by acting this mapping on both sides of Eq. (B2), we finally obtain

n

Z q|C| b(C) Zk Z (q‘C‘ b(C))n/k

Ce[B(C)] kin— Ce[B(C*)]
which is nothing but the equality (B1).
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