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Abstract: We calculate the gravitational wave power spectrum from sound waves in a
cosmological first-order phase transition in the unexplored regime of large bubbles, by which
we mean that the mean bubble spacing R∗ is a non-negligible fraction of the Hubble length
H−1

∗ , i.e. R∗H∗ ≲ O(1). Since the amplitude of the gravitational wave signal increases with
R∗H∗, this is also the loud signal regime. In this regime the effects of gravity, hitherto
neglected, become relevant. We carry out the calculation in cosmological perturbation theory
expanding in the parameter R∗H∗, or bubble over Hubble radius. The leading-order term is
the standard result for acoustic production of gravitational waves. At next-to-leading-order
we find three novel contributions: two contributions arise from general relativistic corrections
to the dynamics of both sound waves and gravitational waves. A third contribution comes
from secondary gravitational waves induced by curvature perturbations. These contributions
suppress the gravitational wave peak amplitude. The suppression factor relative to the leading-
order contribution scales as (R∗H∗)2, and also depends on other transition parameters, such
as the sound speed cs, the duration of the acoustic source, and the peak wavenumber of
the velocity field kp. We investigate the range 0.3 ≲ R∗H∗ ≲ 0.7 in a simplified model
of the velocity field, finding that the suppression factor lies between 2% and 15% when
R∗H∗ ≃ 0.5, but is independent of the root mean squared fluid velocity. We provide
analytical approximations to the next-to-leading-order corrections, and a recipe to join them
smoothly across different frequency regimes. Our work improves the precision of current
estimates of the gravitational wave power spectrum in the relatively unexplored regime of
phase transitions with large bubbles.
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1 Introduction

Cosmological gravitational waves are unique probes of the Universe before recombination.
The weak gravitational coupling allows gravitational waves to stream freely throughout the
Universe, forming a stochastic background that inherits the features of the early Universe
and of the physical mechanisms that produced them [1]. In June 2023, the NANOGrav [2, 3]
collaboration, as well as the European Pulsar Timing Array (EPTA) [4, 5], the Parkes Pulsar
Timing Array (PPTA) [6], and the Chinese Pulsar Timing Array (CPTA) [7], independently

– 1 –



J
C
A
P
0
3
(
2
0
2
6
)
0
2
4

reported evidence for the presence of a stochastic background of gravitational waves at nHz
frequencies. A higher frequency stochastic gravitational wave background will be within
reach of the next generation of gravitational wave interferometers such as LISA (Laser
Interferometer Space Antenna) [8, 9], possibly revealing a large population of compact binary
systems around the milli-Hertz frequency band, both galactic [10–12] and extragalactic [13].

In addition, LISA will offer an unprecedented opportunity to investigate the early Universe
at the electroweak scale. One possible source within LISA’s frequency window is a first-order
phase transition resulting from the breaking of the electroweak symmetry [14, 15]. This
process naturally arises in many theories beyond the Standard Model at high energy. One of
the biggest challenges for LISA will be to disentangle all the individual sources that contribute
to the stochastic gravitational wave background, and in particular to distinguish the signal of
a first-order phase transition from the strong astrophysical foreground. Precise theoretical
models of phase transitions are therefore crucial for discriminating the features of the emitted
gravitational wave signal from other sources. Finally, through robust models, it may be
possible to connect gravitational wave observations with the underlying particle theory.

Cosmological first-order phase transitions [16–19] proceed with the nucleation, expansion,
and percolation of bubbles of the stable (low-temperature) phase [20–22]. The potential
energy difference between the two phases is converted, throughout the expansion, into kinetic
and thermal energy of the fluid around bubbles, which thereby becomes a source of anisotropic
stress [23], and thus gravitational radiation [24, 25].

Numerical simulations of weak phase transitions indicate that the expanding bubbles
generate mainly compressional modes in the surrounding fluid [26–28]. Therefore, right after
the merging of the new-phase bubbles, the bulk fluid motion consists mainly of compressional
sound waves in the plasma (acoustic phase) [26–33], unless the transition has significant
latent heat and proceeds via deflagrations [34]. Afterwards, due to the large Reynolds
number of the cosmic fluid in the early Universe [35], the fluid evolves non-linearly and can
develop and maintain turbulence, both acoustic [36–40] and vortical [37, 40–46]. In acoustic
turbulence, the non-linearities are in the form of shocks, which are the principal sites of
dissipation of kinetic energy. Shocks in the fluid form on a characteristic timescale estimated
as ηsh ∼ R∗/vrms, turning the acoustic phase into a turbulent phase [36, 38]. Here R∗ is the
bubble mean spacing, corresponding to the typical correlation length of the fluid flow, and vrms
is the root-mean-squared velocity of the fluid motion. Acoustic and vortical turbulence plays a
significant role in the evolution of the fluid flow for strong phase transitions, where the initial
value of vrms is typically O(1) and the onset of turbulence comes soon after the transition.

Other sources of gravitational waves that are not discussed in this work are the collisions
between bubbles’ interfaces [47–52]. Gravitational waves from bubble collisions are typically
subdominant compared to acoustic production in transitions proceeding at subluminal speeds.
On the contrary, they can constitute a significant fraction of the total energy of gravitational
waves when most of the energy released by the transition is used to expand the bubble wall,
as often found in strongly supercooled phase transitions [53–57].

In this work we focus on the production of gravitational wave from the acoustic motion
in a weak first-order phase transition. The power spectrum of gravitational waves from sound
waves has been investigated by numerical simulations of the fluid flow in some simple scenarios,
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neglecting both the expansion of the background Universe and the back-reaction of the fluid
on the metric [26–28, 58]. Neglecting spacetime curvature effects in the bubble evolution is
typically a good approximation when the phase transition proceeds fast compared to the
expansion rate of the Universe, so that the comoving mean bubble spacing R∗ is much smaller
than the comoving Hubble radius R∗ ≪ H−1

∗ , where H∗ ≡ H(η∗), and η∗ is the conformal
time when sound waves start to propagate. However, even in such cases, the acoustic phase
that follows the bubble collisions persists until the energy in the compressional modes is fully
dissipated into shocks, and can last for many Hubble times. The effects of the expansion of a
radiation-dominated Universe on the power spectrum of acoustically generated gravitational
waves were first estimated in ref. [27], where the authors described the cosmic fluid dynamics
with a conformal rescaling of the energy-momentum tensor simulated in flat spacetime.

Other spacetime curvature effects in the acoustic source beyond the Universe expansion
depend on the relative length scales of the fluid flow R∗ and of the expanding Universe H−1,
and have so far been ignored by numerical simulations of phase transitions. However, if the
bubble nucleation process is slow enough, it is possible to realize first-order phase transitions
with large bubbles R∗H∗ ≲ O(1), where general relativistic curvature effects cannot be
neglected [59]. Large bubbles also correspond to the regime of strong gravitational signal,
since the power spectrum of acoustic gravitational waves grows approximately linearly with
the mean bubble spacing R∗H∗ [14, 15, 60]. Large bubbles are therefore the configurations
that maximize the efficiency of acoustic production of gravitational waves and the resulting
signals at LISA and other future interferometers.

In a thermal transition, the bubble formation proceeds by thermal nucleation with a
nucleation rate Γ that increases exponentially as the temperature of the Universe decreases [61].
The nucleation rate and the speed of expansion of the bubbles of the stable phase determine
the transition rate β = d

dη ln Γ(η)|η=ηf
, where the conformal time ηf is implicitly defined

as the time at which a fraction 1/e of the Universe remains in the metastable phase [60].
Finally, we define the mean bubble spacing R∗ as inverse cubic root of the bubble number
density at asymptotic infinite time, and is related to β and vw as

R∗H∗ = (8π)1/3vw

(
β

H∗

)−1
. (1.1)

Large bubbles are expected to form in slow phase transitions, by which we mean 1 ≲ β/H∗ ≲
10. The lower bound 1 ≲ β/H∗ is set by the requirement that the stable phase percolates [62].
Tighter bounds come from recent studies of primordial black holes seeded during a first-order
phase transition. In fact, if the supercooled phase of the transitions persists for too long, large
curvature fluctuations would yield the overproduction of long-lived primordial black holes
and dark matter [63–65]. Currently, there is not a strong consensus on the precise values of
these bounds, as different communities disagree on the correct cosmological gauge to adopt to
describe the collapse of super-horizon curvature fluctuations (see for example refs. [63–65] and
ref. [66]). The most conservative bound is currently β/H∗ ≥ 3.8 [63], which, by equation (1.1),
implies R∗H∗ ≲ 0.77 vw. This indicates that large bubbles are likely to be found when the
bubbles’ phase boundaries propagate at relativistic speeds vw ≃ 1, as for example in strongly
supercooled detonations. On the opposite, the speed of propagation of deflagration fronts is
bounded from above by the Chapman-Jouguet speed [67]. Nonetheless, deflagration fronts
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can also yield large R∗H∗, as the front heats up the fluid ahead of the bubble wall, reducing
the nucleation rate and thus the number density of bubbles [68]. Hubble-sized bubbles can
also be expected in scenarios where bubbles nucleate on a pre-existing network of domain
walls or strings from an earlier phase transition [69].

Semi-analytic models, such as the sound shell model [29, 30], have been developed to
support and interpret numerical simulations. In the original papers, the sound shell model
considered the fluid dynamics and the gravitational wave production neglecting all spacetime
curvature effects, such as the expansion of the Universe. It further limited the analysis
to comoving gravitational wave wavenumber k around and greater than the typical energy
injection scale, k ≳ R−1

∗ , obtaining results compatible with numerical simulations of weak
phase transitions [28, 70]. In recent years, different works have extended the sound shell
model to the low-frequency regime k ≲ R−1

∗ [71, 72], and improved it by accounting for
the leading-order general relativistic effect in R∗H∗ ≲ O(1), that is the expansion of the
Universe with either a pure radiation equation of state (speed of sound cs = 1/

√
3) [71–73]

or a soft equation of state (cs < 1/
√

3) [73–75].
In the present work we aim to extend the current model of gravitational wave production

from sound waves by computing the first general relativistic contributions beyond the leading-
order in R∗H∗ ≲ O(1), that is beyond the Universe expansion. To pursue a semi-analytical
calculation we restrict our analysis to some specific scenarios. In particular we focus on weak
phase transitions, and assume that fluid perturbations during the acoustic phase can be
approximated as linear and Gaussian. The fluid flow in weak phase transitions typically moves
at non-relativistic speed [26, 27]. To neglect higher order contributions in R∗H∗ ≲ O(1), we
will make the assumption that vrms ≪ R∗H∗. This implies that the acoustic flow lasts for a
long time before shocks form, typically longer than a Hubble time. In fact, non-linearities
become important on the time scale of shock formation ηsh [34, 37, 42, 44], and in our scenario
H∗ηsh ∼ (R∗H∗)/vrms ≫ 1. However, in an expanding Universe, the gravitational wave power
spectrum is generally almost entirely sourced within one Hubble time H−1

∗ [71]. We therefore
expect that the energy dissipation of sound waves through shocks and non-linear motion
has little effect on the shape of the gravitational wave power spectrum in the regimes under
consideration. We approximate the energy decay of the acoustic flow as a sharp cut-off of
the source at a timescale determined by ηsh, which determines the end of the acoustic phase,
neglecting the shape evolution of the spectrum due to shocks (see refs. [38, 39] for details
on the energy dissipation via shocks). General relativistic effects beyond the leading-order
in R∗H∗ ≲ O(1) can be significant also in the non-linear regime, but we leave this analysis
to future development.

As the energy density of acoustically generated gravitational waves increases quadratically
with the kinetic energy of the fluid [27, 28], acoustic flows with small average velocity
vrms might lead to weak gravitational wave signals. We stress however that the condition
vrms ≪ R∗H∗ is not too restrictive in scenarios with large bubbles. As an example, we obtain
a signal within LISA’s sensitivity curve when R∗H∗ ≃ 0.524 and vrms ≃ 0.085.

Within our framework, we review the calculations of the sound shell model and solve the
dynamic equations for gravitational waves and sound waves in cosmological perturbation
theory with the expansion parameter R∗H∗ ≲ O(1). At the next-to-leading-order (NLO), we
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find general relativistic corrections to the dynamics of both gravitational waves and sound
waves. Moreover, while the shear stress components of the energy momentum tensor at the
leading-order are sourced only by the fluid velocity perturbations, at the next-to-leading-
order in R∗H∗ they get an additional contribution from curvature perturbations. These are
indeed a source of secondary (scalar-induced) gravitational waves, which have not been fully
understood in the context of first-order phase transitions yet. The amplitude of the novel
contributions at the NLO grows quadratically with R∗H∗ with respect to the leading-order
term, so that they become relevant only when the typical size of the new-phase bubble is
a significant fraction of the causal Universe.

Secondary gravitational wave production has been considered in the context of primordial
black holes formation at strongly supercooled phase transitions [64–66, 76], where the
gravitational waves are sourced by curvature perturbations induced by the bubbles of the
stable phase during the phase transition. In our approach, the power spectrum of scalar-
induced gravitational waves is a term beyond the NLO in R∗H∗, and is therefore neglected.

The article is divided as follows: in section 2 we review the calculation of the gravitational
wave power spectrum from sound waves in the framework of the sound shell model [29, 30]. We
additionally include curvature perturbations to the shear stress (secondary gravitational waves)
and the NLO corrections in R∗H∗ to the equations of motion of both gravitational waves
and sound waves. In section 3 we provide the analytic approximation for each contribution
to the power spectrum in three different frequency regimes: low-frequency regime, where
kη∗ < kηend ≪ 1 and kR∗ ≪ 1; intermediate-frequency regime, with 1 ≪ kη∗ ≪ kpη∗ and
kR∗ ≪ 2π; and high-frequency regime, that is (kR∗ ∼ 2π) ∪ (kR∗ > 2π). Finally, we present
and comment our results in section 4.

Throughout this paper we use units c = ℏ = 1. We further adopt the mostly positive
signature for the metric (−,+,+,+). Greek letters (µ, ν, . . . ) will be used for four-dimensional
tensorial indices, while Latin letters (i, j, . . . ) for three-dimensional indices. We use conformal
time η as the time coordinate, a(η) for the scale factor in a Friedmann-Lemaître-Robertson-
Walker Universe, and use a prime to denote derivative with respect to η, e.g. a′ = da/dη.

2 Generation of gravitational wave from sound waves

We consider scalar and tensor perturbations around a Friedmann-Lemaître-Robertson-Walker
(FLRW) background Universe in Poisson gauge and conformal coordinates [77, 78], where
the line element is

ds2 = a2(η)
[
−(1 + 2Φ)dη2 + (1 − 2Ψ)γijdx

idxj
]
, (2.1)

with
γij = δij + hij . (2.2)

In the line element, Φ and Ψ are the scalar Bardeen potentials, and hij are the gauge-invariant
tensor perturbations. We describe the energy content of the Universe during the transition
as a perfect fluid with energy momentum

Tµν = wuµuν + pgµν , (2.3)
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where uµ = a−1(1 − Φ, vi) is the fluid four-velocity and w = e+ p the fluid enthalpy, being e
the energy density and p the pressure of the fluid. In a perfect fluid, anisotropic perturbations
vanish at linear order, and the Bardeen potentials coincide Φ = Ψ [77]. Moreover, in
linearised gravity, Bardeen potentials and energy fluctuations in the fluid are related through
the Bardeen equation [79]

∇2Ψ − 3H(Ψ′ + HΨ) = 6H2 δe

ē
. (2.4)

Gravitational waves are sourced instead by quadrupole moments, that is by shear stress
Sij(η,x). The Einstein equations for tensor perturbations yield [79](

∂2
η + 2H∂η − ∇2

)
hij(η,x) = 16πGa2w̄S(TT)

ij (η,x), (2.5)

where w̄ is the background enthalpy of the cosmic fluid. The physical degrees of freedom of
gravitational waves are recovered by projecting the source onto the transverse and traceless
subspace as S(TT)

ij = Λij,kℓSkℓ, and we defined

Λij,kℓ = PikPjℓ − 1
2PijPkℓ, (2.6)

with Pij = δij − n̂in̂j and n̂i the direction of propagation of the gravitational wave [30, 80].
The source of shear stress is given by (see ref. [79] for a derivation)

Sij(η,x) = vivj + vivj
δw

w̄
+ 1

4πGa2w̄
∂iΨ∂jΨ, (2.7)

where δw(x, η) ≡ w(x, η) − w̄(η). Here, the first two terms correspond to the shear motion
of the fluid (primary gravitational waves) [30], while the last term derives from the gradients
of the Bardeen potentials (secondary gravitational waves) [81]. We anticipate that in the
scope of this work, the second term vivj δw/w̄ is deemed as a subdominant contribution
to the energy density of gravitational waves in the limit vrms ≪ R∗H∗, and is therefore
neglected. We will justify this statement at the beginning of section 2.2. In the previous
literature [29, 71–74], also the secondary source, that is the last term in equation (2.7), has
been neglected in the approximation of small bubbles, that is R∗H∗ ≪ 1. In the present
work, we aim to go beyond this approximation, and include the leading corrections to the
gravitational wave energy density originating from curvature perturbations.

We remark that the condition vrms ≪ R∗H∗ is not too restrictive, especially in a scenario
of weak transition with large bubbles where R∗H∗ ≲ O(1). In section 4.2.1 we will mention
an example of gravitational wave signal from a weak phase transition with vrms ≪ R∗H∗
which could potentially be detected by LISA.

For later convenience, in order to align our notation with that of ref. [74], we define the
rescaled field ℓij ≡ a(η)hij and rewrite the wave equation (2.5) as(

∂2
η − ∇2 − a′′

a

)
ℓij(η,x) = 16πGa3w̄S(TT)

ij (η,x). (2.8)

In this form, the term a′′/a vanishes in a radiation dominated Universe, since by the
Friedmann equation a′′/a = 4πG(ē − 3p̄)/3.
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2.1 Energy density of gravitational waves

We define the energy density of gravitational waves as the time-time component of the energy
momentum tensor of gravitational waves egw ≡ −T 0

gw 0, which is computed by averaging the
covariant time derivative of tensor perturbations over several wavelengths

T µ
gw ν = 1

32πG⟨Dµh∗
ijDνh

ij⟩, (2.9)

with D the Levi-Civita connection. The Christoffel symbols inside the covariant derivatives
bring terms beyond the analytical precision of this work. We therefore compute the energy
density of gravitational waves as1

egw = 1
32πGa2 ⟨h′ ∗

ij h
ij ′⟩ , (2.11)

which recovers the Isaacson formula in the case of a static flat background [83, 84]. Since
the sound waves are generated by the collisions between the fronts of randomly distributed
bubbles, we assume that fluid perturbations are statistically homogeneous and isotropic.
In momentum space, the two point correlation function is then entirely described by the
spectral density Ph′(η, |k|) as

⟨h̃′ ∗
ij (k1, η)h̃ij ′(k2, η)⟩ = (2π)3δ(k1 − k2)Ph′(|k1|, η), (2.12)

where h̃ij(k, η) is the Fourier transform of the gravitational wave field

h̃ij(η,k) =
∫
d3xhij(x, η)e−ik·x. (2.13)

The gravitational wave power spectrum normalized to the background energy density ē is then

Pgw ≡ 1
ē

d egw
d ln k = 1

32πGa2ē

k3

2π2Ph′ . (2.14)

2.2 Gravitational wave power spectrum with a soft equation of state

During the acoustic phase, sound waves dissipate energy via shocks. While this is a dynamical
process that can extend over a long time [40], we approximate the process of energy dissipation
as a sharp cut-off of the acoustic source at the time of shock formation, estimated as
ηsh ∼ R∗/vrsm.

We assume that the cosmic fluid during and after the transition can be described by
a barotropic equation of state p(e) = ωe, with ω a constant parameter (ω = 1/3 for an
ultra-relativistic fluid). The symmetry-breaking process that drives the transition induces a

1Expanding the covariant derivative yields (see ref. [82] for details)

egw = 1
32πGa2

〈
h′∗

ijhij ′ (1 + 2Ψ + O(Ψ2)
)〉

. (2.10)

Recalling equation (2.5), we estimate
〈
h′∗

ijhij ′〉 ∼ 32πG ē(R∗H∗)4 [v4 + v2δ2(R∗H∗)2 + O
(
δ4(R∗H∗)4)], with

δ = δe/ē. Similarly, recalling the Bardeen equation (2.4), we estimate the first correction to the Isaacson
formula as

〈
h′∗

ijhij ′Ψ
〉

∼ 32πG ē(R∗H∗)4 [v4δ(R∗H∗)2 + O
(
v2δ3(R∗H∗)4)]. Assuming that density and

velocity perturbations in sound waves are of the same order, we neglect this term in the limit
√

vivi ≪ (R∗H∗)2.
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softening of the equation of state inside the bubbles in the broken phase [85, 86] that can
persist for a long time, even after the dissipation of energy in the sound waves. In fact, the
equation of state does not depend on the fluid flow, but only on the temperature of the
cosmic fluid and on the underlying particle theory that triggered the transition.

We consider here the scenario discussed in our previous work in ref. [74]: at time η∗,
after the collisions between the bubbles’ interfaces, the Universe is in the broken phase and
described by a soft equation of state ω ≤ 1/3, and sound waves start propagating across
the thermal plasma. Non-linear dissipative processes quench the sound wave energy over
a time scale ηsh ∼ R∗/vrms. The evolution of the equation of state is instead independent
of the fluid motion, and remains “soft” until the Universe smoothly evolves towards the
exact radiation era with ω = 1/3.

To pursue an analytic calculation of the gravitational wave power spectrum we assume
that sound waves remain nearly stationary during the acoustic phase until ηend ∼ ηsh, when
they abruptly disappear, modelling their dissipation by shock formation. Moreover, we
approximate the relaxation of the equation of state, which in a real scenario varies smoothly
from the “soft” state toward the radiation state, as an instantaneous change at an arbitrary
radiation time ηr. Therefore, we approximate that the equation of state remains constant
and “soft” until ηr, when it suddenly moves to the exact radiation era. While the end time of
the source ηend is set by the timescale of acoustic dissipation ηsh ∼ R∗/vrms, the return to
radiation time ηr is a separate physical scale. The only constraint on ηr is that radiation must
dominate prior to Big Bang nucleosynthesis (T ∼ 1 MeV). For simplicity, in this work we
assume ηr > ηend, so that we can neglect the time evolution of the equation of state during
the activity of the source. The case ηr < ηend can also be treated within our framework,
but it requires a smooth matching between the sound-wave and gravitational-wave solutions
at the transition in the equation of state.

The scenario of a constant equation of state is compatible with a thermal phase transition
in an expanding Universe if ω evolves sufficiently slowly in time. It is possible to improve
this approximation by allowing for a temperature-dependent equation of state, which is
particularly important in the case of a long-lived flow H∗ηsh ≫ 1. This, however, would
introduce a complicated time dependence in fluid shear stress, hindering the analytical
estimation of the gravitational wave power spectrum. We therefore leave this analysis for
future developments of this work. We further recall that in this work we account for the
dissipation of energy in sound waves via shocks only as a time cut-off of the acoustic source.
This means that we also neglect the spectral shape of the source due to acoustic turbulence
in the fluid, which has been observed for example in refs. [38–40].

The evolution of the equation of state parameter is then summarized as

ω(η) =

ω η∗ < η < ηr,

1/3, η ≥ ηr.
(2.15)

The limit ηr → η∗ corresponds to assuming a pure radiation equation of state, that is ω = 1/3,
throughout the transition. This scenario represents a special case of our analysis. The
equation of state (2.15) allows us to find a simple solution to the system of Friedmann
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and continuity equations

3H2 = 8πGēa2, ē′ + 3H(ē+ p̄) = 0, (2.16)

describing the time evolution of the homogeneous and isotropic background Universe. In
particular we find

a(η) = a∗

(
η

η∗

)1+ν

, w̄(η) = w̄∗

(
a

a∗

)−2 2+ν
1+ν

, ν = 1 − 3ω
1 + 3ω , (2.17)

with a∗ ≡ a(η∗), w̄∗ ≡ w̄(η∗). The parameter ν ∈ [0, 1) measures the deviation from the case
of pure radiation, where ω = 1/3 and the Universe expands with a′′ = 0.

Under the approximation of stationary source and piecewise constant equation of state,
the power spectrum of acoustically generated gravitational waves at late time η > ηr was
computed in ref. [74] as

Pgw = 3(1+ω)2H2
∗

(
a∗
ar

) 2ν
1+ν k3

2π2

∫∫ ηend

η∗
dη1dη2

(
η2

∗
η1η2

)1−ν

×G′
k(η,η1)G′

k(η,η2)US(k,η1,η2),

(2.18)

with US the unequal time correlator of the fluid shear stress

⟨S̃∗ (T T )
ij (η1,k1)S̃(T T ) ij(η2,k2)⟩ = US(k1, η1, η2)(2π)3δ(k1 − k2), (2.19)

and Gk(η, η1) the Green’s function for the wave equation (2.8). The Green’s function method
is described in more detail in appendix A, where we find

Gk(η, η1) = −kηη1 [jν(kη)yν(kη1) − jν(kη1)yν(kη)] Θ(η − η1), ν = 1 − 3ω
1 + 3ω , (2.20)

where jν and yν are the spherical Bessel functions of the first and second kind, and Θ(η − η1)
the Heaviside step function.2 In radiation, that is when ν = 0, the spherical Bessel functions
revert to linear combinations of the trigonometric functions, and

Gν=0
k (η, η1) = 1

k
sin [k(η − η1)] Θ(η − η1). (2.21)

2.3 The shear stress unequal time correlator beyond the leading-order in the
bubble-over-Hubble radius expansion

Numerical simulations of weak phase transitions show that the expanding bubbles generate
mainly non-relativistic compressional modes, indicating that the linear motion dominates
the fluid flow in the initial stages of the gravitational wave production [27]. We restrict our
analysis to the compressional components of the fluid velocity, assuming that vrms ≪ R∗H∗.
Shocks and non-linearities develop at later times, on the timescale ηsh ∼ R∗/vrms. We

2This expression of the Green’s function for tensor perturbations coincides with the expression given in
ref. [74], equation 2.11. The Green’s function in equation (2.20) is here written in a more compact way by
using the fact that the Wronskian of spherical Bessel functions can be simplified as W

(
jν(z1), yν(z1)

)
≡

∂z1 jν(z1)yν(z1) − jν(z1)∂z1 yν(z1) = z−2
1 with z1 = kη1 [87, (10.50.1)].
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approximate the effect of non-linearities as an instantaneous dissipation of the energy of
sound waves into turbulence at a time ηend ∝ ηsh. In the large bubble regime R∗H∗ ≲ O(1),
this also means that the acoustic flow can last for many Hubble times.

We then assume that, during the acoustic phase, fluid perturbations can be treated as
linear to a good approximation. Due to the stochastic nature of sound waves, we further
assume that the perturbations can be described as Gaussian random fields with zero mean.
Finally, we assume that in the linear regime velocity perturbations and energy fluctuations
in sound waves are of the same order, so that |δw|/w̄ ∼ v.

Since fluid perturbations are correlated up to the characteristic length scale R∗, the
relevant wavenumbers of the causal flow are p ≳ 1/R∗, with most of the energy being released
around the energy injection scale p ∼ 1/R∗ [26–28]. We aim to perform a perturbative
calculation of the gravitational wave power spectrum by expanding in the small bubble-over-
Hubble radius parameter R∗H∗ ≪ O(1). General relativistic effects are enhanced in the
large-bubble regime, where the perturbative parameter grows to order R∗H∗ ≲ O(1).

In the regimes under consideration, we can simplify the source of shear stress in equa-
tion (2.7) by neglecting terms vivj δw/w̄, that is by considering

Sij(η,x) ≃ vivj + 1
4πGa2w̄

∂iΨ∂jΨ. (2.22)

Let us justify this point by a simple dimensional analysis. From the Bardeen equation (2.4),
we estimate Ψ ∼ (R∗H∗)2δw/w̄, and the second term on the right hand side of equation (2.22)
is estimated as

1
4πGa2w̄

∂iΨ∂jΨ ∼ (R∗H∗)2
(
δw

w̄

)2
. (2.23)

Recalling equation (2.18), the energy density of gravitational waves is proportional to the two-
point correlator of shear stress. By expressing the two-point correlator with the source (2.22),
and expanding it in power of the bubble-over-Hubble parameter R∗H∗ ≲ O(1), we find:

- at the leading order ⟨SijSij⟩lo ∼ ⟨vivjv
ivj⟩ ∼ v4.

- At the next-to-leading order ⟨SijSij⟩nlo ∼ H−2
∗ ⟨vivj∂iΨ∂jΨ⟩ ∼ (R∗H∗)2v2δ2, where

δ ≡ δw/w̄, and in the second step we used the estimate in equation (2.23).

- At the next-to-next-to-leading order ⟨SijSij⟩nnlo ∼ H−4
∗ ⟨∂iΨ∂jΨ∂iΨ∂jΨ⟩ ∼ (R∗H∗)4δ4.

If in addition we consider terms vivj δw/w̄ as in equation (2.7), we find new contributions.
However, since we assumed that the perturbations are Gaussian fields with zero mean, by
applying the Wick’s theorem one can see that odd-point correlators vanish, and in particular
⟨vivjv

ivj δw/w̄⟩ = 0. Therefore, the only non vanishing additional contribution from the
terms vivj δw/w̄ is

- ⟨SijSij⟩vvδ ∼ ⟨vivjv
ivj(δw/w̄)2⟩ ∼ v4δ2.

Assuming that |δw|/w̄ ∼ v, this contribution is subdominant with respect to ⟨SijSij⟩nlo

in the limit vrms ≪ R∗H∗. We thus neglect this contribution and consider the source of
shear stress as in equation (2.22).

– 10 –
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In momentum space, using the background Friedmann equation 3H2 = 8πGēa2, the
source is written as

S̃ij(η,k) =
∫

d3p

(2π)3 p̂iq̂j

[
ṽ(η,p)ṽ(η,−q) + 2

3(1 + ω)
p

H Ψ̃(η,p) qH Ψ̃(η,−q)
]
, (2.24)

with q = p − k and ṽ(η,p) = ip̂iṽ
i(η,p), being p̂i the unit normal direction of the sound wave

wavenumber, p̂i = pi/p. To be concise, in the following we will suppress trivial functional
time dependence and use the notation ṽi

p ≡ ṽi(η,p).
The linearized Einstein equations relate curvature perturbations to density and velocity

fluctuations as [77]

Ψ̃p = −3
2(1 + ω)

(H
p

)2 (
λ̃p + 3H

p
ṽp

)
, (2.25)

with λ(x, η) = [e(x, η) − ē(η)]/w̄(η), and allow us to write the source tensor (2.24) in terms of
fluid perturbations only. Considering p ∼ R−1

∗ and H/p ∼ R∗H∗, at the next-to-leading-order
in the bubble-to-Hubble radius expansion R∗H∗ ≲ O(1) we find

S̃ij(η,k) =
∫

d3p

(2π)3 p̂iq̂j

[
ṽpṽ−q + 3

2(1 + ω)H
p

H
q
λ̃pλ̃−q

]
+ O

(H
p

)3
. (2.26)

The shear stress unequal time correlator (2.19) is then a combination of 4-point correlator
functions. Since we assumed the perturbations to be Gaussian random fields, we can use
Wick’s theorem to reduce the shear stress unequal time correlator to the combination of
two-point correlators of fluid perturbations [41–43]. For compressional modes we define

⟨ṽ1,p ṽ
∗
2,q⟩ = Cṽṽ(p, η1, η2)(2π)3δ3(p − q), (2.27a)

⟨ṽ1,p λ̃
∗
2,q⟩ = Cṽλ̃(p, η1, η2)(2π)3δ3(p − q). (2.27b)

Additional terms Cλ̃λ̃ originate from the correlators of density fluctuations ⟨λ̃1,p λ̃
∗
2,q⟩. These

are however neglected as they bring contributions beyond the next-to-leading-order in the
bubble-over-Hubble radius expansion R∗H∗ ≲ O(1). In this calculation we also neglect the
contributions from the cross-correlator ⟨vi

p1v
j
−p2⟩, since they are argued to be subdominant

compared to (2.27) [29, 30]. The spectral densities Cṽṽ(p, η1, η2) and Cṽλ̃(p, η1, η2) depend
on the initial conditions at the time η∗ when sound waves set in the fluid, and they will
be discussed in detail in section (2.4). The leading-order contribution to the shear stress
unequal time correlator (2.19) was obtained already in our previous paper (ref. [74], section
2.1), where we found

⟨S̃∗
ij(k1, η1)S̃ij(k2, η2)⟩lo =Λij,kℓ(k)Λij,mn(k′)

×
∫

d3p1
(2π)3

∫
d3p2
(2π)3 p̂

k
1 q̂

ℓ
1p̂

m
2 q̂

n
2 ⟨ṽ∗

1,p1 ṽ
∗
1,−q1 ṽ2,p2 ṽ2,−q2⟩,

where q1 = p1 − k1 and q2 = p2 − k2, leading to

U lo
S (k, η1, η2) = 1

4π2k

∫ ∞

0
dp

∫ p+k

|p−k|
dq(1 − µ2

p)2 p
3

q
Cṽṽ(p, η1, η2)Cṽṽ(q, η1, η2), (2.28)
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with µp ≡ p̂ · k̂ = (p2 + k2 − q2)/(2pk), and dµp = −q/(pk)dq.
For the sake of brevity, here we just outline the new calculation of the next-to-leading-

order (NLO) contributions. Let us then consider

⟨S̃∗
ij(k1,η1)S̃ij(k2, η2)⟩nlo = Λij,kℓ(k1)Λij,mn(k2)

∫
d3p1
(2π)3

∫
d3p2
(2π)3 p̂

k
1 q̂

ℓ
1p̂

m
2 q̂

n
2 ×

× 3
2(1 + ω)

[
H2

1
p1q1

⟨ṽ∗
2,p2 ṽ

∗
2,−q2 λ̃1,p1 λ̃1,−q1⟩ + H2

2
p2q2

⟨ṽ∗
1,p1 ṽ

∗
1,−q1 λ̃2,p2 λ̃2,−q2⟩

]
,

(2.29)

with Hi ≡ H(ηi), i = 1, 2. Using Wick’s theorem and the definitions (2.27), we obtain

⟨S̃∗
ij(k1, η1)S̃ij(k2, η2)⟩nlo = Λij,kℓ(k1)Λij,mn(k2)

∫∫
d3p1d

3p2 p̂
k
1 q̂

ℓ
1p̂

m
2 q̂

n
2 δ

3(k1 − k2)

× 3
2(1 + ω)

{ H2
1

p1q1
Cṽλ̃(p1, η2, η1)Cṽλ̃(q1, η2, η1)

[
δ3(p1 − p2) + δ3(p2 + q1)

]
+ H2

2
p2q2

Cṽλ̃(p1, η1, η2)Cṽλ̃(q1, η1, η2)
[
δ3(p1 − p2) + δ3(p2 + q1)

]}
. (2.30)

We can now simplify this expression using the properties of the TT-projector Λij,kℓ. Indeed,
the terms in the square brackets proportional to δ3(p1 − p2) lead to

Λkℓ,mn(k1)p̂k
1 q̂

ℓ
1p̂

m
1 q̂

n
1 = Λkℓ,mn(k1)p̂k

1 q̂
ℓ
1q̂

m
1 p̂

n
1 = 1

2(1 − µ2
p1)2 p

2
1
q2

1
, (2.31)

where in the first step we used the definition q = p − k and the fact that Λij,kℓ is transverse
on all its indices, and in the second step we defined µp ≡ p̂ · k̂. The calculation for the
term in the square brackets proportional to δ3(p2 + q1) proceeds analogously, resulting in
exactly the same factor. Therefore

⟨S̃∗
ij(k1, η1)S̃ij(k2, η2)⟩nlo =

∫
d3p (1 − µ2

p)2 p
2

q2

× 3
2(1 + ω)

[H2
1

pq
Cṽλ̃(p, η2, η1)Cṽλ̃(q, η2, η1) + H2

2
pq
Cṽλ̃(p, η1, η2)Cṽλ̃(q, η1, η2)

]
.

(2.32)

Notice that the correlators Cṽλ̃(p, η1, η2) are not required to be symmetric in η1 and η2.
Finally, adding the leading-order contribution (2.28), we write the shear stress unequal time
correlator (2.19) at next-to-leading-order in the bubble-over-Hubble radius expansion as

US(k,η1, η2) = 1
4π2k

∫ ∞

0
dp

∫ p+k

|p−k|
dq (1 − µ2

p)2 p
3

q

{
Cṽṽ(p, η1, η2)Cṽṽ(q, η1, η2)

+ 3
2(1 + ω)

[H2
1

pq
Cṽλ̃(p, η2, η1)Cṽλ̃(q, η2, η1) + H2

2
pq
Cṽλ̃(p, η1, η2)Cṽλ̃(q, η1, η2)

]
,

(2.33)

where we performed the change of integration variable µp → q as in equation (2.28).

2.4 Shear stress correlators from sound waves

Conservation of energy and momentum ∇µT
µν = 0 provides the equations of motion for the

fluid variables. These are derived in appendix B, which the reader can use as a guide for the
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following calculations. At linear order in cosmological perturbations and at next-to-leading-
order in the bubble-over-Hubble radius expansion R∗H∗ ≲ O(1) we find

λ̃′
p +

[
1 − 9

2(1 + ω)
(H
p

)2
]
pṽp = 0, (2.34a)

ṽ′
p + 2ν

η
ṽp − c2

s

[
1 − 3

2
1 + ω

c2
s

(H
p

)2
]
pλ̃p = 0. (2.34b)

At the next-to-leading-order in the bubble-over-Hubble radius expansion we can decouple
this system and obtain the equations of motion for fluid density and velocity perturbations
separately

ṽ′′
p + 2ν

η
ṽ′

p + c2
s

[
1 − 2

c2
s

(1 + 3ω)
(H
p

)2
]
p2ṽp = 0, (2.35a)

λ̃′′
p + 2ν

η
λ̃′

p + c2
s

[
1 − 3

2c2
s

(1 + ω)(1 + 3ω)
(H
p

)2
]
p2λ̃p = 0. (2.35b)

These are the equations for damped harmonic oscillators with a time-dependent effective
frequency. Previous works [29, 30] only considered the free propagation of sound waves on a
flat space-time with pure radiation. Equations (2.35) recover this case in the limit ν → 0 and
H/p → 0. The effect of damping is carried by first derivative terms, and was analyzed in detail
in our previous work [74]. Notice that these vanish in pure radiation when ν = 0. The next-
to-leading-order general relativistic corrections, carried by the time-dependent terms inside
the square brackets, bring a time modulation of the effective frequency of fluid perturbations
that modifies over time the amplitude and the phase of sound waves. Analytic solutions to
equations (2.35) and (2.34) can be expressed, at any order in the bubble-over-Hubble radius
expansion, as a superposition of plane waves. At the next-to-leading-order we find

ṽp(η) =
(
η

η∗

)−ν

p̂i

{
vi

pe
−icspη

[
1 − i

2cspη
(4 + ν(3 + ν))

]

+ v∗i
−pe

icspη
[
1 + i

2cspη
(4 + ν(3 + ν))

]}
, (2.36a)

λ̃p(pη) = − i

cs

(
η

η∗

)−ν

p̂i

{
vi

pe
−icspη

[
1 − i

2cspη
(4 + ν(1 + ν))

]

− v∗i
−pe

icspη
[
1 + i

2cspη
(4 + ν(1 + ν))

]}
. (2.36b)

The details on the derivation of these solutions is left in appendix B. We emphasize the
distinction between the plane wave amplitudes vi

p, λp and the Fourier transform of the fluid
variables ṽi

p, λ̃p. The unequal time correlators of Fourier modes Cṽṽ(p, η1, η2) and Cṽλ̃(p, η1, η2)
are thereby computed and related to the spectral density Pv of plane wave amplitudes

⟨vi
p1v

∗ j
p2 ⟩ = p̂i

1p̂
j
1Pv(p1)(2π)3δ3(p1 − p2). (2.37)
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This way, the unequal time correlators of Fourier modes (2.27) can be written, at next-to-
leading-order in the bubble-over-Hubble radius expansion, as

Cṽṽ(p, η1, η2) = 2
(
η1η2
η2

∗

)−ν

Pv(p)
{

cos(cspη−)

− 1
2cs

(4 + ν(3 + ν))
( 1
pη1

− 1
pη2

)
sin(cspη−)

}
, (2.38a)

Cṽλ̃(p, η1, η2) = 2
cs

(
η1η2
η2

∗

)−ν

Pv(p)
{

sin(cspη−)

+ 1
2cs

(4 + ν(3 + ν)
pη1

− 4 + ν(1 + ν)
pη2

)
cos(cspη−)

}
, (2.38b)

with η− = η1 − η2.

2.5 The gravitational wave power spectrum

We find convenient at this point to introduce the dimensionless wavenumbers z = kR∗,
x = pR∗, y = qR∗ and the dimensionless time variables τ ≡ η/R∗, τ∗ ≡ η∗/R∗, τend ≡ ηend/R∗.
We further define the dimensionless spectral density of plane wave amplitudes

Pv(p) ≡ v2
rmsR

3
∗P̃v (pR∗) , (2.39)

with root mean square (RMS) fluid velocity vrms. Remembering the results on the shear
stress unequal time correlator (2.33) with spectral densities (2.38), the power spectrum of
gravitational waves (2.18) can be written as

Pgw = 3(1 + ν)
(
Γv2

rms

)2
(H∗R∗)

(
a∗
ar

) 2ν
1+ν (kR∗)3

2π2 P̃gw(kR∗), (2.40)

with adiabatic index Γ ≡ w̄/ē = 1 + ω. The shape of the spectrum is controlled by the
dimensionless spectral density function

P̃gw(kR∗) = τ∗
π2z3

∫ ∞

0
dx

∫ x+z

|x−z|
dy ρ(z, x, y)P̃v(x)P̃v(y)∆ (z, x, y, τ∗, τend, τ) , (2.41)

with

ρ(z, x, y) =
[
y2 − (x− z)2]2 [(x+ z)2 − y2]2

16xyz2 , (2.42)

a geometric function that encodes the projection of the sound wave wavenumbers onto the
TT-subspace. We notice that ρ vanishes when y2 = (x± z)2, that is at the extrema of the
integration. The kernel ∆ (z, x, y, τ∗, τend, τ) is a vertex that encodes the resonance condition
for sound and gravitational waves, and captures all the general relativistic corrections in the
short sound wavelength expansion. Up to the next-to-leading-order we find

∆(z,x,y,τ∗,τend,τ)=
∫∫ τend

τ∗

dτ1dτ2
τ2

∗

(
τ2

∗
τ1τ2

)1+ν

G′
z(τ,τ1)G′

z(τ,τ2)×
{

cos(csxτ−)cos(csyτ−)

−4+ν(3+ν)
2cs

( 1
τ1

− 1
τ2

)[sin(csxτ−)cos(csyτ−)
x

+sin(csyτ−)cos(csxτ−)
y

]
+(1+ν)(2+ν)

c2
s

( 1
τ2

2
+ 1
τ2

1

)sin(csxτ−)sin(csyτ−)
xy

}
.

(2.43)
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As we aim to quantify the gravitational wave power spectrum after the end of the acoustic
phase, we can fix the time η such that η > ηend and kη ≫ 1 for all scales of interest for
the acoustic production. The factor G′

z(τ, τ1)G′
z(τ, τ2) is thus estimated in appendix A by

averaging the gravitational wave power spectrum over many oscillations at wavenumber k,
resulting in (see equation (A.9))

G′
z(τ, τ1)G′

z(τ, τ2) z≫1−→ zτ1zτ2
2

[
yν(zτ1)yν(zτ2) + jν(zτ1)jν(zτ2)

]
. (2.44)

The spectral density of gravitational waves (2.41) with kernel function (2.43) and equa-
tion (2.44) can be thus computed with a numerical integration in four dimensions.

2.6 Kernel function of the gravitational wave power spectrum

For the purpose of this work, we aim to reduce the dimensionality of the integral by performing
analytically the time integrations in the kernel (2.43), allowing us to speed up the numerical
evaluation of the gravitational wave power spectrum. To this end, we approximate the
factor (2.44) by considering two different regimes: sub-horizon gravitational wave modes with
kηend > kη∗ ≫ 1 and super-horizon gravitational wave modes with kη∗ < kηend ≪ 1 ≪ kη.
In both regimes we expand the Green’s functions at the next-to-leading-order in kη∗ ≫ 1
or kηend ≪ 1 respectively. The results of these expansions can be seen in appendix A. In
general we can write

G′
k(τ, τ1)G′

k(τ, τ2)
∣∣
kη≫1 = G′

k(τ, τ1)G′
k(τ, τ2)

∣∣lo
kη≫1 +G′

z(τ, τ1)G′
z(τ, τ2)

∣∣nlo
kη≫1 + . . . , (2.45)

where the leading-order and the next-to-leading order terms are determined by comparing
equation (2.45) with equation (A.11) in the sub-horizon regime or equation (A.19) in the
super-horizon regime. We will make this expansion more explicit in sections 2.6.1 and 2.6.2.

The expression of the kernel (2.43) and the expansion of the Green’s functions as in
equation (2.45) finally allow us to identify four different contributions:

∆ (z, x, y, τ∗, τend) = ∆lo
sw (z, x, y, τ∗, τend) + ∆nlo

gw (z, x, y, τ∗, τend) +
+∆nlo

sw (z, x, y, τ∗, τend) + ∆nlo
Φ (z, x, y, τ∗, τend) ,

(2.46)

where

∆lo
sw(z,x,y,τ∗,τend)=

∫∫ τend

τ∗

dτ1dτ2
τ2

∗

(
τ2

∗
τ1τ2

)1+ν

G′
k(τ,τ1)G′

k(τ,τ2)
∣∣lo
kη≫1

×cos(csxτ−)cos(csyτ−), (2.47a)

∆nlo
gw (z,x,y,τ∗,τend)=

∫∫ τend

τ∗

dτ1dτ2
τ2

∗

(
τ2

∗
τ1τ2

)1+ν

G′
k(τ,τ1)G′

k(τ,τ2)
∣∣nlo
kη≫1

×cos(csxτ−)cos(csyτ−), (2.47b)

∆nlo
sw (z,x,y,τ∗,τend)=−4+ν(3+ν)

2cs

∫∫ τend

τ∗

dτ1dτ2
τ2

∗

(
τ2

∗
τ1τ2

)1+ν

G′
k(τ,τ1)G′

k(τ,τ2)
∣∣lo
kη≫1

×
( 1
τ1

− 1
τ2

)[sin(csxτ−)cos(csyτ−)
x

+sin(csyτ−)cos(csxτ−)
y

]
, (2.47c)
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∆nlo
Φ (z,x,y,τ∗,τend)= (1+ν)(2+ν)

c2
s

∫∫ τend

τ∗

dτ1dτ2
τ2

∗

(
τ2

∗
τ1τ2

)1+ν

G′
k(τ,τ1)G′

k(τ,τ2)
∣∣lo
kη≫1

×
( 1
τ2

2
+ 1
τ2

1

)sin(csxτ−)sin(csyτ−)
xy

}
. (2.47d)

In these expressions, ∆lo
sw is the leading-order contribution from sound waves propagating

in a flat expanding Universe, ∆nlo
gw the next-to-leading-order (NLO) correction coming from

the gravitational wave Green’s functions, ∆nlo
sw the NLO correction due to a modification

of the sound waves effective frequency (2.36), and ∆nlo
Φ the contribution from curvature

perturbations. In the following we will discuss these terms in different regimes.

2.6.1 Gravitational wave mode expansion on super-horizon scales

Gravitational wave modes on super-horizon scales kη∗ < kηend ≪ 1 ≪ kη were outside the
causal horizon during the acoustic phase, and did not have time to complete one period of
oscillation within the duration of the source, i.e. k(ηend − η∗) ≪ 1. In this regime, the Green’s
function (2.20) can be estimated by expanding the argument of the Bessel functions for small
argument, as shown in appendix A, resulting in (see equation (A.19))

G′
k(τ, τ1)G′

k(τ, τ2)
∣∣lo
kη≫1

kηend≪1=
Γ2
(

1
2 + ν

)
2π

(
kη1
2

)−ν (kη2
2

)−ν

, (2.48a)

G′
k(τ, τ1)G′

k(τ, τ2)
∣∣nlo
kη≫1

kηend≪1= − sin(πν)
Γ
(

1
2 + ν

)
Γ
(
−1

2 − ν
)

2π

×
[(

kη1
2

)1+ν (kη2
2

)−ν

+
(
kη1
2

)−ν (kη2
2

)1+ν
]
, ν ̸∈ ℕ0

2 .

(2.48b)

This expression provides a good approximation for all cases with ν ̸∈ ℕ0/2. The case ν = 1/2
can be studied using the complete expression (A.19). For the sake of simplicity, in this work
we only consider equation (2.48), and we understand the case ν = 1/2 with a limit procedure.
We refer to appendix C for a more detailed explanation. We also recall the limit of validity
of equation (2.48), which holds for wavenumbers k on super-horizon scales throughout the
acoustic production kηend ≪ 1 but that are well inside the horizon at the time η, that is
kη ≫ 1, as required by equation (2.44).

The properties of the trigonometric functions inside the kernel (2.43) allow us to separate
the integration variables τ1 and τ2 and perform the integration analytically. The details of
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the integration are given in appendix C.1, resulting in

∆lo
sw

kηend≪1=
(
kη∗
2

)−2ν Γ2
(

1
2 + ν

)
4π

∑
m=±

|ωmτ∗|4ν

×
[(

ci−2ν(ωmτ)
∣∣∣τend

τ∗

)2
+
(

si−2ν(ωmτ)
∣∣∣τend

τ∗

)2
]
, (2.49a)

∆nlo
gw

kηend≪1= −
(
kη∗
2

)
sin(πν)

Γ
(
−1

2 − ν
)

Γ
(

1
2 + ν

)
2π

∑
m=±

|ωmτ∗|−1+2ν

×
[
ci−2ν(ωmτ)

∣∣∣τend

τ∗
sin(ωmτ)

∣∣∣τend

τ∗
− si−2ν(ωmτ)

∣∣∣τend

τ∗
cos(ωmτ)

∣∣∣τend

τ∗

]
, (2.49b)

∆nlo
sw

kηend≪1= −
(
kη∗
2

)−2ν Γ2
(

1
2 + ν

)
2π

4 + ν(3 + ν)
2c2

sτ
2
∗xy

∑
m=±

m |ωmτ∗|2+4ν

×
[

si−1−2ν(ωmτ)
∣∣∣τend

τ∗
ci−2ν(ωmτ)

∣∣∣τend

τ∗
− ci−1−2ν(ωmτ)

∣∣∣τend

τ∗
si−2ν(ωmτ)

∣∣∣τend

τ∗

]
,

(2.49c)

∆nlo
Φ

kηend≪1= −
(
kη∗
2

)−2ν Γ2
(

1
2 + ν

)
2π

(1 + ν)(2 + ν)
c2

sxyτ
2
∗

∑
m=±

m |ωmτ∗|2+4ν

×
[

ci−2−2ν(ωmτ)
∣∣∣τend

τ∗
ci−2ν(ωmτ)

∣∣∣τend

τ∗
+ si−2−2ν(ωmτ)

∣∣∣τend

τ∗
si−2ν(ωmτ)

∣∣∣τend

τ∗

]
,

(2.49d)

with ω± = cs(x ± y) and ν = (1 − 3ω)/(1 + 3ω). To simplify the above expressions, we
introduced a new notation such that f(τ)|τend

τ∗ ≡ f(τend) − f(τ∗) for any arbitrary function
f(τ). The time integration is thereby completely performed analytically in the low-frequency
regime by writing the kernel in terms of the generalized sine [87, (8.21.4)] and cosine [87,
(8.21.5)] integral functions, defined respectively as

si(ν, x) =
∫ ∞

x

sin(t)
t1−ν

dt, ci(ν, x) =
∫ ∞

x

cos(t)
t1−ν

dt. (2.50)

We adopt the sign convention of ref. [87], which implies ci(0, x) = − Ci(x) and si(0, x) =
− si(x). For convenience, in this article we prefer to use a more compact notation, such
that ciν(x) ≡ ci(ν, x) and siν(x) ≡ si(ν, x).

We previously studied the effects of a softer equation of state on the gravitational
wave power spectrum from sound waves in ref. [74]. The leading-order term (2.47a) with
G′

k(τ, τ1)G′
k(τ, τ2)

∣∣lo
kη≫1 given by equation (2.48) should then reproduce the results of ref. [74],

in particular equation (B.4) therein, in the same super-horizon regime. The two results are
however not compatible in general due to the fact that in ref. [74] the sub-horizon expansion
kη∗ ≫ 1 is used across all gravitational wave frequencies, ignoring the modification of the
gravitational wave Green’s function in the super-horizon regime kη∗ < kηend ≪ 1 and kη ≫ 1.
The discrepancy between equation (2.49a) and our previous result increases with the softening
of the equation of state, and vanishes in radiation. In fact, the two results are identical in
pure radiation, where ν = 0 and G′

k(τ, τ1)G′
k(τ, τ2)

∣∣lo
kη≫1

ν→0−→ 1/2, and the kernel term (2.47a)
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in this limit recovers equation (B.4) of ref. [74]. This is also the result found in refs. [71, 72].
We finally point out that ∆nlo

gw vanishes in pure radiation, where ν = 0.

2.6.2 Gravitational wave mode expansion on sub-horizon scales

For gravitational wave modes on sub-horizon scales kηend > kη∗ ≫ 1 we estimate the
gravitational wave Green’s function (2.20) by taking the limit of large arguments. At the
NLO in the short gravitational wave wavelength expansion we find (see equation (A.11))

G′
k(τ, τ1)G′

k(τ, τ2)
∣∣lo
kη≫1

kη∗≫1
≃ 1

2 cos (kη−) , (2.51a)

G′
z(τ, τ1)G′

z(τ, τ2)
∣∣nlo
kη≫1

kη∗≫1
≃ −ν(1 + ν)

4 sin (kη−)
( 1
kη1

− 1
kη2

)
, (2.51b)

with η− = η1 − η2. The details on the analytical integration of the kernel (2.43) are left
in appendix C.2, where we find

∆lo
sw

kη∗≫1= 1
8

∑
m,n=±1

|ωmnτ∗|2ν

[(
ci−ν(ωmnτ)

∣∣∣τend

τ∗

)2
+
(

si−ν(ωmnτ)
∣∣∣τend

τ∗

)2
]
, (2.52a)

∆nlo
gw

kη∗≫1= −ν(1 + ν)
8

∑
m,n=±1

|ωmnτ∗|1+2ν

zτ∗
sign(ωmn)

×
[
si−1−ν(ωmnτ)

∣∣∣τend

τ∗
ci−ν(ωmnτ)

∣∣∣τend

τ∗
− ci−1−ν(ωmnτ)

∣∣∣τend

τ∗
si−ν(ωmnτ)

∣∣∣τend

τ∗

]
,

(2.52b)

∆nlo
sw

kη∗≫1= −1
8

4 + ν(3 + ν)
cs

∑
m,n=±1

(
n

yτ∗
+ m

xτ∗

)
|ωmnτ∗|1+2ν sign(ωmn)

×
[
si−1−ν(ωmnτ)

∣∣∣τend

τ∗
ci−ν(ωmnτ)

∣∣∣τend

τ∗
− ci−1−ν(ωmnτ)

∣∣∣τend

τ∗
si−ν(ωmnτ)

∣∣∣τend

τ∗

]
,

(2.52c)

∆nlo
Φ

kη∗≫1= −2(1 + ν)(2 + ν)
8c2

s

∑
m,n=±1

mn
|ωmnτ∗|2+2ν

xyτ2
∗

×
[
ci−2−ν(ωmnτ)

∣∣∣τend

τ∗
ci−ν(ωmnτ)

∣∣∣τend

τ∗
+ si−2−ν(ωmnτ)

∣∣∣τend

τ∗
si−ν(ωmnτ)

∣∣∣τend

τ∗

]
,

(2.52d)

with
ωmn = z + cs(mx+ ny), (2.53)

and ν = (1 − 3ω)/(1 + 3ω). We notice that, in the conformal limit ν = 0, the leading-order
contribution ∆lo

sw reverts to the well known expression used for an expanding Universe in
pure radiation [71, 72], and the next-to-leading-order contribution ∆nlo

gw vanishes because
gravitational waves propagate freely in a conformally expanding Universe.

We finally remark again on the different meaning of the label NLO for the three contribu-
tions. While for the terms ∆nlo

Φ and ∆nlo
sw this indicates the contributions at next-to-leading-

order in the short sound wavelength expansion R∗H∗ ≲ O(1), for the term ∆nlo
gw it has a twofold

meaning: the next-to-leading-order in the super-horizon modes (kη∗ < kηend ≪ 1 ≪ kη)
or sub-horizon modes (kηend > kη∗ ≫ 1).
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2.6.3 Immediate return to the radiation era

If the equation of state right after the phase transition is again pure radiation, that is ηr → η∗,
we can model the acoustic phase as an era of pure radiation with ω = 1/3 and ν = 0. The
gravitational wave Green’s function has a closed expression in terms of trigonometric functions
and, as obtained in equation (A.10) of appendix A, we have

G′
k(η, η1)G′

k(η, η2) ν=0≃ 1
2 cos [k(η1 − η2)] . (2.54)

We notice that this is exactly the leading-order term in the expansion of the Green’s
function (2.51). Therefore, we can follow the same steps outlined in appendix C.2, setting
ν = 0, to obtain the kernel contributions

∆lo
sw

∣∣∣
ν=0

= 1
8

∑
m,n=±1

[(
Ci(ωmnτ)

∣∣∣τend

τ∗

)2
+
(

si(ωmnτ)
∣∣∣τend

τ∗

)2
]
, (2.55a)

∆nlo
gw

∣∣∣
ν=0

= 0 , (2.55b)

∆nlo
sw

∣∣∣
ν=0

= 1
2cs

∑
m,n=±1

(
n

y
+ m

x

)
|ωmn| sign(ωmn)

×
[
si−1(ωmnτ)

∣∣∣τend

τ∗
Ci(ωmnτ)

∣∣∣τend

τ∗
− ci−1(ωmnτ)

∣∣∣τend

τ∗
si(ωmnτ)

∣∣∣τend

τ∗

]
, (2.55c)

∆nlo
Φ

∣∣∣
ν=0

= 1
2c2

s

∑
m,n=±1

mn
ω2

mn

xy

×
[
ci−2(ωmnτ)

∣∣∣τend

τ∗
Ci(ωmnτ)

∣∣∣τend

τ∗
+ si−2(ωmnτ)

∣∣∣τend

τ∗
si(ωmnτ)

∣∣∣τend

τ∗

]
. (2.55d)

We remind the reader about the sign convention on the trigonometric integral functions,
discussed below equation (2.50), such that si0(x) = − si(x) and ci0(x) = − Ci(x). These
expressions of the kernel, which holds only in pure radiation, are valid across the whole
gravitational wave frequency spectrum. As a consistency check, while it is clear that, by
construction, the kernel functions in the sub-horizon scales (2.52) recover the expressions (2.55)
when ν = 0, we point out that also the kernel functions in the super-horizon scales (2.49)
agree with equations (2.55) when ν = 0 and kη∗ = zτ∗ ≪ 1. We also recall that all these
expressions are always derived in the limit kη ≫ 1.

In the case ν = 0, the NLO contribution from the gravitational wave Green’s function
∆nlo

gw vanishes because gravitational waves propagate in a conformally expanding Universe, and
the Green’s function (2.20) reverts to the constant-amplitude, oscillatory sine function (2.21).
Instead, even in a conformally expanding Universe, the sound wave NLO contribution ∆nlo

gw
does not vanish. Indeed, even if background expansion effects vanish when ν = 0, the
propagation of sound waves is additionally influenced by the self gravity of the fluid. We
show in appendix B how curvature perturbations generated by the sound waves modify the
dynamics. In the end, these effects give rise to the kernel contribution ∆nlo

sw in equation (2.55c).

3 Acoustic gravitational wave power spectrum at next-to-leading-order

In the sound shell model, the spectral density Pv(k) of plane wave amplitudes (2.37) is
computed from the hydrodynamic solution of a single expanding bubble [29, 30]. The
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dynamics of a self-gravitating bubble in a general relativistic framework was studied in
refs. [59, 88], but the implications on the spectral density Pv(k) are yet to be understood.
For the purpose of this work, in analogy with the analysis of ref. [74], we then choose to
use the ansatz

Pv(k) = 3πv
2
rms
k3

p

(k/kp)2

1 + (k/kp)6 , (3.1)

where we define the peak gravitational wavenumber as kpR∗ = 2π. The ansatz (3.1) is
physically well motivated for an irrotational causal flow [89] in presence of shocks [38]. The
root mean squared velocity is set by the Parseval’s theorem as

v2
rms =

∫
d3p

(2π)3Cṽṽ(p, η∗, η∗), (3.2)

with equal time correlator Cṽṽ(p, η∗, η∗) given by equation (2.38a). The parametrization of
the velocity spectral density with the analytic function (3.1) allows us to pursue the evaluation
of the gravitational wave power spectrum analytically in different frequency regimes. The
leading-order contribution (2.52a) has been discussed in details in ref. [74]; in the next sections
we will focus on the NLO contributions (2.49) and (2.52).

For the sake of clarity and coherence, the calculations leading to the asymptotic expressions
of the kernel function terms used in sections 3.1.1, 3.1.2, 3.1.3 are presented in appendix C.

3.1 Asymptotic expansions of the gravitational wave power spectrum

The approximations of the gravitational wave Green’s function on super-horizon (2.48) and
sub-horizon (2.51) scales allow us to perform analytically the time-integrations in the kernel
functions (2.47), resulting in equations (2.49) and equations (2.52) respectively. With these
approximations, the calculation of the gravitational wave power spectrum (2.40) reduces to
an integration in two dimensions. In section 4 we show the results of this two-dimensional
integration for some values of the phase transition parameters (speed of sound cs, bubble-
over-Hubble radius R∗H∗, source duration ∆ηv = ηend − η∗ and radiation time ηr).

Some additional approximations in different asymptotic regimes allow us to further
compute analytically (entirely or partially) the integrations over the sound wave wavenumbers
in equation (2.41). These approximations are discussed thoroughly in the next sections. Here
we would like to give a brief overview in order to introduce the reader to the different notation.

On super-horizon scales kη∗ < kηend ≪ 1 ≪ kη, we find analytical approximations to the
gravitational wave power spectrum in the regime of “low-frequency” kR∗ ∼ (R∗H∗)kη∗ ≪ 1,
where the sound wave wavenumbers tend to align y ≈ x.

On sub-horizon scales kηend > kη∗ ≫ 1, analytical approximations can be found for
modes that oscillate fast within the duration of the source, that is for sufficiently long lasting
sources such that k(ηend − η∗) ≫ 1. Here we further divide the spectrum into two regimes:
first, an “intermediate-frequency” regime, where 1 ≪ kη∗ ≪ kpη∗, that is, recalling that
kp = 2π/R∗, kR∗ ≪ 2π. In this regime the sound wave wavenumber y can be approximately
evaluated as y ≈ x− µz, with µ = x̂ · ẑ. Second, a “high-frequency” regime for gravitational
wave wavenumbers around the energy injection scale kR∗ ∼ 2π and beyond kR∗ > 2π. In the
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Frequency regime Approximation

Super-horizon
kη∗ < kηend ≪ 1 ≪ kη

Low-frequency
kR∗ ≪ 1

k(ηend − η∗) ≪ 1
y ≈ x

Sub-horizon
kηend ≫ kη∗ ≫ 1

Intermediate-frequency
kR∗ ≪ 2π

k(ηend − η∗) ≫ 1
y ≈ x− µz

High-frequency
(kR∗ ∼ 2π) ∪ (kR∗ > 2π)

k(ηend − η∗) ≫ 1

ηend → ∞
τ− ≪ τ+

Table 1. Summary of the analytic approximations to the gravitational wave power spectrum in
different asymptotic regimes. Here η∗ is the conformal time at which the acoustic motion starts
generating gravitational waves, and ηend the time at which the energy in the acoustic motion is
completely dissipated (recall discussion in section 2.2). The length scale of fluid perturbations
is the mean bubble spacing R∗, and the dimensionless wavenumbers x and y are defined at the
beginning of section 2.5. We also defined τ± ≡ τ1 ± τ2. The approximation τ− ≪ τ+ stems from
the fact that gravitational waves are mostly sourced within the first Hubble time, while sound waves
rapidly decorrelate afterwards [72, 73]. More details are found in section 3.1.3 and in appendix C.2.2.
Recall that many other assumptions are included in our calculation of the gravitational wave power
spectrum (2.40). We in fact assume that compressional fluid perturbations are linear, stationary,
stochastic, and Gaussian, and that vrms ≪ R∗H∗.

case of a long-lasting source, high-frequency modes oscillate many times during the acoustic
phase, so that sound waves at this frequency decorrelate much before the end of the acoustic
phase, allowing to extend the support of the time-integration in the kernel to ηend → ∞.

The different approximations are discussed in detail in appendix C. To help the reader
familiarise themselves with the nomenclature of the different regimes, we provide a summary
in table 1.

3.1.1 Low-frequency regime: causal tail of the spectrum

Gravitational wave modes on super-horizon scale kη∗ < kηend ≪ 1 ≪ kη do not have time to
complete one period of oscillation within the time duration of the acoustic source k(ηend −
η∗) ≪ 1. The kernels functions for these modes can be approximated as in equation (2.49).
This also implies the “low-frequency” regime kR∗ ∼ (R∗H∗)kη∗ ≪ 1, corresponding to
gravitational wave modes that are outside the typical correlation length of sound waves.

In the regime z ≪ 1 the wavenumeber y = x − z tends to align to x, that is y → x; in
the same way, ω± → csx(1 ± 1). Since the kernel functions (2.49) are now independent of y,
it is possible to perform the y-integration in the spectral density function (2.41) analytically.
Using dy ρ(z, x, y) = dµ (1 −µ2)2x4z3/y2, we perform the trivial integration over the azimuth
angle µ = k̂ · p̂ and get

P̃ low
gw (kR∗) = lim

z→0

16τ∗
15π2

∫ ∞

0
dxx2P̃ 2

v (x)∆(z, x, τ∗, τend). (3.3)
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Using now the kernel terms in equation (C.6), and defining

Iv ≡ 1
2π2

∫ ∞

0
dxx2P̃ 2

v (x), Jv ≡ 1
2π2

∫ ∞

0
dxP̃ 2

v (x), (3.4)

we find, neglecting the oscillatory and decaying terms of the kernel, the following contributions
to the gravitational wave power spectrum

P lo, low
gw, sw(kR∗)kR∗≪1≃ 3(1+ν)

(
Γv2

rms

)2
(H∗R∗)2ν

(
a∗
ar

) 2ν
1+ν (kR∗)3−2ν

2π2

(1+ν
2

)−2ν

×
Γ2
(

1
2 +ν

)
2π (1+ν)16

15IvΥ2
2ν

(
η∗
ηend

)
, (3.5a)

Pnlo, low
gw, gw (kR∗)kR∗≪1≃ −3(1+ν)3

(
Γv2

rms

)2
(H∗R∗)−1

(
a∗
ar

) 2ν
1+ν (kR∗)4

2π2

×sin(πν)
Γ
(
−1

2 −ν
)

Γ
(

1
2 +ν

)
2π

[
τend
τ∗

−1
]
Υ2ν

(
η∗
ηend

) 16
15Iv, (3.5b)

Pnlo, low
gw, sw (kR∗)kR∗≪1≃ −3(1+ν)2

(
Γv2

rms

)2
(H∗R∗)2ν

(
a∗
ar

) 2ν
1+ν (kR∗)3−2ν

2π2

(1+ν
2

)−2ν

×
Γ2
(

1
2 +ν

)
2π (4+ν(3+ν)) 32

15π2

∫ ∞

0
dxx2P̃ 2

v (x)(2csxτ∗)4ν

×
[
si−1−2ν(2csxτ)

∣∣∣τend

τ∗
ci−2ν(2csxτ)

∣∣∣τend

τ∗
−ci−1−2ν(2csxτ)

∣∣∣τend

τ∗
si−2ν(2csxτ)

∣∣∣τend

τ∗

]
,

(3.5c)

Pnlo, low
gw, Φ (kR∗)kR∗≪1≃ 3(1+ν)

(
Γv2

rms

)2
(H∗R∗)2+2ν

(
a∗
ar

) 2ν
1+ν (kR∗)3−2ν

2π2

(1+ν
2

)−2ν

×
Γ2
(

1
2 +ν

)
π

(2+ν)
c2

s

Υ2ν

(
η∗
ηend

)
Υ2+2ν

(
η∗
ηend

) 16
15Jv, (3.5d)

where we used τ∗ = (1 + ν)/(R∗H∗), and captured the dependence on the duration of the
stationary source inside the function

Υℓ

(
η∗
ηend

)
= 1
ℓ(ν)

[
1 −

(
η∗
ηend

)ℓ(ν)
]
. (3.6)

With the analytic expression of the fluid velocity spectral density in equation (3.1) we can
evaluate Iv = 1/32π2 and Jv = Iv/(2π)2. The above estimation of the gravitational wave
power spectrum at small wavenumber kη∗ < kηend ≪ 1 ≪ kη predicts the scaling

P lo, low
gw, sw(k), Pnlo, low

gw, sw (k), Pnlo, low
gw, Φ (k) ∼ k3−2ν , Pnlo, low

gw, gw (k) ∼ k4. (3.7)

The scaling of the causality tail of the gravitational wave power spectrum is therefore
affected by the expansion rate of the Universe, and reverts to the known Pgw ∝ k3 profile
when ν = 0, that is in pure radiation. As we will comment later on, the contribution of
Pnlo, low

gw, gw is subdominant compared to the other terms, so we expect to find an overall scaling
Pnlo, low

gw, total(k) ∼ k3−2ν of the total gravitational wave power spectrum. This power law scaling
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agrees with the general expectation on the stochastic gravitational wave background for
modes that enter the horizon when the Universe is described by a constant equation of
state parameter ω [81, 90, 91].

We also remark that the power scaling computed in this section applies for gravitational
wave modes such that k(ηend − η∗) ≪ 1 and kη ≫ 1. Indeed, the latter condition is
necessary for our approximation on the Green’s functions of gravitational waves introduced
in equation (2.44). On larger scales, such that kη ≪ 1, any causal field whose correlation in
physical space decays faster than any power law at large distance |x| → ∞ is instead expect
to lead to the scaling Pgw ∼ k3, as it was proved in ref. [89].

The generalized sine and cosine functions provide oscillatory and decaying contributions
that become subdominant when the source lasts for many gravitational wave oscillation
periods k(ηend − η∗) ≫ 1. The NLO contribution to the sound wave propagation, Pnlo, low

gw, sw ,
only contains oscillatory decaying terms, and thus rapidly becomes subdominant in this
frequency regime.

The NLO contribution to the gravitational wave Green’s function Pnlo, low
gw, gw vanishes at

ν = 0 and is largely suppressed by the hierarchy of scales (kR∗) ≪ (H∗R∗) ≲ O(1), valid
in this frequency regime. Therefore, at low wavenumber k, the steep power law scaling
Pnlo, low

gw, gw (k) ∼ k4 makes this contribution rapidly negligible compared to the leading-order
term. We also notice that this contribution increases, in absolute value, with the duration of
the source. However, we recall that the expansion of the Green’s function has been performed
in the small parameter kη∗ < kηend ≪ 1, so that the above expression (3.5b) cannot be trusted
for indefinitely long-lasting sources, but only as long as this hierarchy is maintained. All the
other contributions in equations (3.5) converge instead to a limiting profile as τ∗/τend → 0
with either a power law, or, when ν = 0, a logarithm, as seen in refs. [72, 74].

The largest correction to the leading-order term in the low-frequency regime comes
from curvature perturbations Pnlo, low

gw, Φ , which brings a positive contribution suppressed by
a factor (R∗H∗)2 with respect to P lo, low

gw, sw. We also notice that P lo, low
gw, sw ∼ (H∗R∗)2ν . This

factor introduces an equation of state dependent suppression on the gravitational wave power
spectrum at small wavenumbers k in all cases where ν > 0, while it reverts to unity in the
conformal radiation case where ν = 0.

3.1.2 Intermediate-frequency regime: shallow growth

Next we consider gravitational wave modes in the “intermediate-frequency” range, 1 ≪
kη∗ ≪ kpη∗. Assuming that these modes oscillate several times within the acoustic phase
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k∆ηv = k(ηend − η∗) ≫ 1 we find (a detailed derivation can be found in appendix C.2.1)

P lo, int
gw, sw(kR∗) ≃ 3

(
Γv2

rms

)2
(H∗R∗)2

(
a∗
ar

) 2ν
1+ν

× z

π2
2

3c4
s

[
3 − 2c2

s − 3
cs

(1 − c2
s) arctanh(cs)

]
Iv, (3.8a)

Pnlo, int
gw, gw (kR∗) ≃ −3

(
Γv2

rms

)2
(H∗R∗)4

(
a∗
ar

) 2ν
1+ν

× 1
π2z

ν

c4
s(1 + ν)

[
3 − 1

cs
(3 − c2

s) arctanh(cs)
]
Iv, (3.8b)

Pnlo, int
gw, sw (kR∗) ≃ −3

(
Γv2

rms

)2
(H∗R∗)4

(
a∗
ar

) 2ν
1+ν

× z

π2
4 + ν(3 + ν)
3c6

s(1 + ν)2

[
15 − 4c2

s − 3
cs

(5 − 3c2
s) arctanh(cs)

]
Jv, (3.8c)

Pnlo, int
gw,Φ (kR∗) ≃ 3

(
Γv2

rms

)2
(H∗R∗)4

(
a∗
ar

) 2ν
1+ν

× z

π2 4 (2 + ν)
3c6

s(1 + ν)

[
3 − 2c2

s − 3
cs

(1 − c2
s) arctanh(cs)

]
Jv, (3.8d)

with Iv and Jv defined in equation (3.4). All the general NLO contributions are suppressed
by a factor (H∗R∗)2 with respect to the leading-order term, which therefore dominates the
gravitational wave power spectrum. The contribution from the modified propagation of
gravitational waves decays linearly with the frequency P̃ nlo, int

gw, gw (kR∗) ∝ k−1, while all the
other terms follow the shallow growth P lo, int

gw, sw(k) ∼ Pnlo, int
gw, sw (k) ∼ Pnlo, int

gw,Φ (k) ∼ k1, found for
the leading-order term [71, 72]. We finally emphasize that, contrary to our results in the low-
frequency regime, the dependence of each term in equation (3.8) on the bubble-over-Hubble
radius parameter R∗H∗ does not vary with the equation of state.

3.1.3 High-frequency regime: spectral peak amplitude

Let us now discuss gravitational wave modes around and beyond the peak scale k ≳ kp that
oscillate several times during the acoustic phase k(ηend − η∗) ≫ 1, which we denote as the
“high-frequency” regime. An extended calculation of the gravitational wave power spectrum
in this regime is left in appendix C.2.2. Due to the fast oscillations, the periodic functions
in the kernel (2.47) decorrelate very rapidly. However, the emitted gravitational wave is
found in phase with the incoming sound waves when z − cs(x+ y) = 0, at which the power
spectrum develops a strong resonance [30, 71, 72]. This allows us to approximate the integral
of periodic functions with a Dirac delta functions centred at the location of the resonance.
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Following the analysis outlined in refs. [29, 30] we find

P lo, high
gw, sw (kR∗) = 3(1 + ν)

(
Γv2

rms

)2
(H∗R∗)

(
a∗
ar

) 2ν
1+ν

Υ1+2ν

(
η∗
ηend

)

× z2

2π2
1

4πcs

(
1 − c2

s

c2
s

)2 ∫ x+

x−
dx

(x− x+)2(x− x−)2

xy
P̃v(x)P̃v(y), (3.9a)

Pnlo, high
gw, gw (kR∗) = −3

(
Γv2

rms

)2
(H∗R∗)3

(
a∗
ar

) 2ν
1+ν

Υ3+2ν

(
η∗
ηend

)

× z

2π2
ν

8πc2
s

(
1 − c2

s

c2
s

)2 ∫ x+

x−
dx

(x− x+)2(x− x−)2

xy2 P̃v(x)P̃v(y)

×
{

7y4 − 6y2(x2 + z2) − (x2 − z2)2

[y2 − (x− z)2] [y2 − (x+ z)2] + 2
[
1 − 3(y/2π)6

1 + (y/2π)6

]}
, (3.9b)

Pnlo, high
gw, sw (kR∗) = 3

(
Γv2

rms

)2
(H∗R∗)3

(
a∗
ar

) 2ν
1+ν

Υ3+2ν

(
η∗
ηend

)

× z3

2π2
4 + ν(3 + ν)
8πc4

s(1 + ν)

(
1 − c2

s

c2
s

)2 ∫ x+

x−
dx

(x− x+)2(x− x−)2

x2y3 P̃v(x)P̃v(y)

×
{

7y4 − 6y2(x2 + z2) − (x2 − z2)2

[y2 − (x− z)2] [y2 − (x+ z)2] − x

x+ y
+ 2

[
1 − 3(y/2π)6

1 + (y/2π)6

]}
,

(3.9c)

Pnlo, high
gw,Φ (kR∗) = −3

(
Γv2

rms

)2
(H∗R∗)3

(
a∗
ar

) 2ν
1+ν

Υ3+2ν

(
η∗
ηend

)

× z2

2π2
(2 + ν)
2πc3

s

(
1 − c2

s

c2
s

)2 ∫ x+

x−
dx

(x− x+)2(x− x−)2

x2y2 P̃v(x)P̃v(y), (3.9d)

where we defined x± = z(1 ± cs)/(2cs), so that y = x+ + x− − x, and Υℓ is the lifetime
suppression factor defined in equation (3.6), that is

Υℓ

(
η∗
ηend

)
= 1
ℓ(ν)

[
1 −

(
η∗
ηend

)ℓ(ν)
]
, (3.10)

with ℓ(ν) = 1 + 2ν for the leading-order term, and ℓ(ν) = 3 + 2ν for the NLO terms. The
suppression factor of the leading-order term Υ1+2ν recovers the lifetime suppression factor
defined in ref. [73] in the case studied therein, that is in the case of pure radiation (ω = 1/3
and ν = 0), also recently confirmed in ref. [72], and in the case of pressureless matter (ω = 0
and ν = 1). Our expression generalizes the notion of the lifetime suppression factor to
generic equation of state parameter ω.

Considering expression (3.1) of the velocity spectral density, we can infer the power-law
indices of the gravitational wave power spectrum. If the velocity spectral density scales as
Pv ∼ kn, with n = 2 for k < k⋆ and n = −4 for k > k⋆, then

P lo, high
gw, sw (k) ∼ k2n+5 ∼

{
k9 k < k⋆,

k−3 k > k⋆,
Pnlo, high

gw, sw, gw, Φ(k) ∼ k2n+3 ∼
{
k7 k < k⋆,

k−5 k > k⋆,
(3.11)

where k⋆ ≃ 2cskp denotes the wavenumber corresponding to the peak amplitude of the
spectrum [74].
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4 Numerical analysis of the gravitational wave power spectrum at NLO

With the choice of the spectral density (3.1), we can now carry out the numerical integration of
the gravitational wave power spectrum (2.40) using the integrate.quad routine of SciPy [92,
93]. More details on the strategy of numerical integration can be found in appendix D and
in appendix of ref. [74].

Following the discussion on the gravitational wave Green’s function of section 2.5, we
divide the support of the gravitational wave power spectrum in two regions: the region
kη∗ < 1, where we use the super-horizon (kη∗ < kηend ≪ 1 ≪ kη) approximation of the kernel
functions (2.49); and region kη∗ ≥ 1, where we use the sub-horizon regime (kηend > kη∗ ≫ 1)
approximations (2.52). This way, having performed analytically the two time-integrations
over τ1 and τ2, we perform the numerical integration of the gravitational wave power
spectrum (2.40) over the two sound wave dimensionless wavenumbers x and y. For the purpose
of this paper, we will refer to these integrations in two dimensions as numerical integrations.
These can be further approximated by our semi-analytical approximations (3.5) (3.8) and (3.9).
Only in the case of pure radiation, where ν = 0, the integration of the kernel function can be
performed analytically across the entire spectrum, as long as kη ≫ 1, yielding the results
in equations (2.55).

Due to the artificial splitting of the support of the gravitational wave power spectrum, our
numerical integrations in two dimensions are inaccurate in the region kη∗ ∼ 1, and in general
the integrations in the sub-horizon and super-horizon regimes do not match at kη∗ = 1.
To understand how the two regimes smoothly join at kη∗ ∼ 1 one needs to perform the
complete integration of the gravitational wave power spectrum (2.40) in four dimensions, using
equation (2.44) for the product of time derivatives of gravitational wave Green’s functions.
We leave the analysis of these fully-numerical integrations to future work. We remark that this
discontinuity is not physical, but it arises due to the different limiting procedures with which
we computed the gravitational wave Green’s function in the sub- and super-horizon regimes.

In this section we present an analysis of the gravitational wave power spectrum (2.40)
scanning through three different parameters: (i) the characteristic length of sound waves
compared to the Hubble radius R∗H∗; (ii) the speed of sound cs; and (iii) the duration of
the acoustic phase ∆ηv ≡ ηend − η∗. We parametrise the duration of the acoustic phase in
numbers Nsh of shock formation times ηsh

∆ηv = Nshηsh. (4.1)

In analogy with ref. [74], we choose to relate ηsh to the integral scale ξ∗ as

ηsh ≡ ξ∗
vrms

, ξ∗ ≡ 1
v2

rms

∫
d3p

(2π)3 p
−1Pv(p) = R∗

4π
√

3
, (4.2)

where we used kpR∗ = 2π. Henceforth we further set the normalization η∗ = 1. We assume that
the equation of state parameter ω remains approximately constant throughout the duration
of the source, so that ar ≥ aend. Our analysis is therefore limited to two opposite cases:

i) The case where the softening of the equation of state lasts for a long period of time, at
least longer than the duration of the acoustic source, that is

a∗
ar

≤ a∗
aend

=
(
η∗
ηend

)1+ν

. (4.3)
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For simplicity we choose a∗/ar = 0.1 in figure 1, where we study the gravitational wave
power spectrum for different source durations, and ar = a(ηend) otherwise. To see more
deeply the effects of the background energy dilution carried by the scale factor ratio
a∗/ar we refer to ref. [74].

ii) The case of immediate return to radiation, where ηr → η∗. This limit amounts to
consider cs = 1/

√
3 throughout the acoustic phase.

4.1 Dependence on the time duration of the source and power-law scaling

Figure 1 shows the contribution to the power spectrum brought by each individual term
of the kernel (2.49) and (2.52) for different source duration when ν ̸= 0. The shaded
gray area highlights the region of the spectrum that we computed in the sub-horizon limit,
with kernel functions (2.49). The contribution Pnlo

gw, gw converges to a limiting profile after
approximately one Hubble time in the intermediate and high-frequency band, where kη∗ ≫ 1.
In the low-frequency band, instead, the contribution Pnlo, low

gw, gw seems to grow with the source
duration without ever reaching a convergence. As briefly explained in section 3.1.1, this
behaviour is expected from the fact that the gravitational wave Green’s function in the
regime kη∗ < kηend ≪ 1 and kη ≫ 1 has been estimated with a polynomial by Taylor
expanding around the small parameter kη∗ ≪ 1. In this estimation, the term in the Green’s
function (2.48) grows linearly with the source duration and, likewise, so does the power
spectrum contribution Pnlo, low

gw, gw . This approximation however breaks down when kηend ∼ 1.
We therefore expect the linear growth with the source duration to be lost for sufficiently
long-lasting sources or for wavenumbers kη∗ ∼ 1. A deep understanding of the power spectrum
in this regime requires the full four-dimensional integration of equation (2.41), which we
leave for future developments of this work. All the other contributions, P lo

gw, sw, Pnlo
gw, sw and

Pnlo
gw,Φ, seem to tend toward a unique limiting profile within approximately one Hubble time

across all gravitational wave wavenumbers.
Let us now comment on the power law scaling of the spectrum. Our numerical results

indicate that the power law exponents that characterize the leading-order contribution to
the gravitational wave power spectrum P lo

gw, sw are preserved in the large-bubble regime.
However, the equation of state describing the thermal plasma during the transition influences
the power law scaling of large gravitational wave wavelength modes outside the correlation
length of sound waves kR∗ ≲ kη∗ ≪ 1 and kη ≫ 1. Indeed, these modes are not affected by
the acoustic source, and, while they remain constant outside the causal horizon, they decay
by a redshift factor a(ηk)/a(η) from the moment ηk ∼ k−1 when they cross the horizon. The
background evolution of the scale factor a(η) is thereby imprinted in the gravitational wave
power spectrum, which scales as P lo, low

gw, sw ∝ k3−2ν [81, 90, 91]. For the same reason, the same
scaling profile is found for the next-to-leading-order terms Pnlo, low

gw, sw and Pnlo, low
gw,Φ . We remark

however that on even larger scales, where kη ≪ 1, the causality of the fluid flow is expected
to yield a universal scaling Pgw ∼ k3 regardless of the equation of state. This limit has not
been address in our analysis, and thus does not appear in our numerical results. In the same
frequency regime, with kηend ≪ 1 and kη ≫ 1, the NLO contribution from the gravitational
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Figure 1. Power spectrum of gravitational waves from sound waves for different duration of the
acoustic phase ∆ηv/η∗. The leading-order contribution from sound waves and the NLO contribution
from curvature perturbations are displayed on top-left and top-right panels respectively. Contributions
from the dynamics of gravitational waves and sound waves are shown in the bottom-left and bottom-
right panels. Solid line are used for positive and dotted lines for negative values. Dashed lines
are used in the bottom left panel in the low-frequency region when the contribution Pnlo

gw,gw in the
super-horizon regime overcome the value in the sub-horizon regime, that is for every k such that
Pnlo, low

gw,gw (kη∗) > Pnlo, int
gw,gw (kη∗ = 1). This is a region where we do not trust the low-frequency result,

due to the fact that the regime kη∗ ∼ kηend ∼ 1 breaks the perturbative expansion of the gravitational
wave Green’s function (2.48). The equation of state parameter in the broken phase is ω = 0.2, and
the time of return to radiation is set to a∗/ar = 0.1. The gravitational wave peak frequency is set to
kpη∗ = 20, which corresponds to a fractional bubble mean spacing compared to the Hubble radius
R∗H∗ = 0.393.

wave Green’s function scales as Pnlo, low
gw, gw ∝ k4. This steeper scaling behaviour arises from the

NLO term in the series expansion of the Green’s function (2.48) for kη∗ ≪ 1 and kη ≫ 1.
In the intermediate-frequency range 1 ≪ kη∗ ≪ kpη∗ the leading-order contribution

develops the shallow profile P lo
gw, sw ∝ k1 discussed in refs. [71, 72, 74], where the Universe

expansion is taken into account. In the same frequency range, the numerical integrations
also indicate the scaling Pnlo

gw, gw ∝ k−1 and Pnlo
gw, Φ ∝ k1 of the next-to leading-order terms,

which we estimated analytically in section 3.1.2.
In the high-frequency region, at gravitational wave modes around the peak k ∼ kp and

beyond k ≳ kp, the leading-order sound wave contribution approximately follows the power
scaling of the sound shell model, with a steep P lo

gw, sw ∝ k9 growth on the left side of the peak,
and a Pnlo

gw, gw ∝ k−3 decay on the right side of the peak. For the next-to-leading-order terms
instead, we estimated in section 3.1.3 a Pnlo

gw, sw,Pnlo
gw, gw,Pnlo

gw, Φ ∝ k7 growth at frequencies just
below the peak, and a decay as Pnlo

gw, sw,Pnlo
gw, gw,Pnlo

gw, Φ ∝ k−5 at frequencies just above the
peak. While we observe the correct decay scaling k−5 in all the terms, we see the approximate
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Figure 2. Power spectrum of gravitational waves from sound waves for different duration of the
acoustic phase ∆ηv/η∗ with a pure radiation equation of state cs = 1/

√
3. The leading-order

contribution from sound waves and the NLO contribution from curvature perturbations are displayed
in the top-left and top-right panels respectively. The contributions from the dynamics of gravitational
waves and sound waves are shown in the bottom-left and bottom-right panels. Solid line are used for
positive and dotted lines for negative values. The gravitational wave peak frequency is set to kpη∗ = 20,
corresponding to a fractional bubble mean spacing compared to the Hubble radius R∗H∗ = 0.393.

k7 growth only for the contribution of curvature perturbations Pnlo
gw, Φ. In the other two

terms, whose expressions were computed in equations (3.9c) and (3.9b), the naive power
counting that led to the estimate (3.11) is spoiled by the modulator factors in the curly
brackets. In appendix C.2.2 we show that these factors arise from the particular interference
structure of the kernel terms ∆nlo

sw and ∆nlo
gw in equation (C.20). Notably, these are zero

when the sound wave leading-order term ∆lo
sw and the curvature perturbation term ∆nlo

Φ
have a maximum. As a consequence, Pnlo

gw, sw and Pnlo
gw, gw vanish in correspondence of the

peak amplitude of P lo
gw, sw and Pnlo

gw, Φ.

The case of pure radiation: In the case of immediate return to radiation, so that one
can consider cs = 1/

√
3 throughout the transition, the kernel functions simplify to the

expressions (2.55). The numerical strategy used in ref. [74] cannot be applied to this
case study, since the integer order of the generalized trigonometric integral functions leads
to divergences in both the Gamma function and the Krummer confluent hypergeometric
function (see equations (D.1)). Therefore, for the purpose of the numerical integration, we
find convenient to rewrite these functions as in equation (D.5) of appendix D. The results
of the numeric integration of the gravitational wave power spectrum (2.41) with kernel
functions (D.5) are displayed in figure 2.

The effects due to the non-conformal Universe expansion are turned off when ν = 0.
We see indeed that the contribution from the NLO term of the gravitational wave Green’s
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function Pnlo
gw, gw vanishes in this limit. The case of pure radiation allows us to turn off

the non-conformal effects of background evolution of the Universe and isolate the effects
of the fluid self-gravity.

4.2 Numerical results and comparison with the analytic approximation

In figure 3 we compare the numerical integrations with the semi-analytic approximations
derived in section 3. The semi-analytic approximations describe quite accurately the shape
of the gravitational wave power spectrum in different asymptotic regimes. We recall that the
approximations in the high- and intermediate-frequency regimes are derived in the limit of fast
oscillations, that is k∆ηv ≫ 1. We also remark that the discontinuities in the plot at kη∗ = 1
are not physical discontinuities, but they arise from the fact that we are evaluating the
gravitational wave power spectrum with a semi-analytical approach in two opposite regimes,
kη∗ < kηend ≪ 1 in the shaded region with kernel functions (2.48), and kηend > kη∗ ≫ 1
in the blank region with kernel functions (2.52).

In the large-bubble regime R∗H∗ ≲ O(1), and thus kpη∗ ≳ O(10), the analytic estimation
of the power spectrum in the intermediate-frequency range 1 ≪ kη∗ ≪ kpη∗ provides a good
approximation only in a very narrow frequency window (see discussion in section 3.1.2).
Following the idea outlined in ref. [74], we can smoothly join the analytic approximations
at high- and intermediate-frequency by inserting a complementary error function erfc(x)
centred at k⋆ = 2cskp:

Pkη∗≫1
gw ≃ 3

(
Γv2

rms

)2
(H∗R∗)(H∗η∗)

(
a∗
ār

) 2ν
1+ν (kR∗)3

2π2

×
{
P̃ int

gw (kR∗)1
2 erfc

(
2π (k − k⋆)

k⋆

)
+ P̃ high

gw (kR∗)
}
.

(4.4)

We apply this recipe to all four contributions (2.52), plotted in gray lines in figure 3 (white
background region). This analytic method describes very accurately the transition from the
shallow profile P lo

gw, sw ∝ k1 to the peak of the sound wave leading-order term, while it is
less accurate in reproducing the other NLO contributions. Nevertheless, it is remarkably
precise in locating and reproducing the zeros and the peaks of the contributions Pnlo

gw, gw,
Pnlo

gw, sw and Pnlo
gw, Φ at k ∼ kp.

The analytic approximation of the power spectrum around the peak works particularly
well for the cases P lo

gw, sw and Pnlo
gw, Φ, while it slightly overestimates the value of the other

two contributions, Pnlo
gw, sw and Pnlo

gw, gw. We remark however that our approximation, outlined
in appendix C.2.2, is able to reproduce the non-trivial structure of the latter terms, which
at frequencies k ≳ kp present a single peak for P lo

gw, sw and Pnlo
gw, Φ and two different peaks

with nearly opposite values for Pnlo
gw, sw and Pnlo

gw, gw.
The low-frequency tails P lo, low

gw, sw,Pnlo, low
gw, sw, ,Pnlo, low

gw, Φ ∝ k3−2ν and Pnlo, low
gw, gw ∝ k4 manifest at

gravitational wavelengths much larger than the typical correlation length of sound waves
kR∗ ≪ 1. Our numerical results indicate that the low-frequency approximations, as estimated
by the analytic expressions (3.5), provide a good approximation to the spectrum in the region
kR∗ ≲ O(10−2). A smooth joining between the low-frequency and the intermediate-frequency
profiles seems to be rather difficult to achieve with this analytical procedure due to the large
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Figure 3. Power spectrum of gravitational waves from sound waves. Numerical results, obtained
through the integration over the two sound wave wavenumbers in equation (2.41), in coloured thick
lines; semi-analytic approximations in thin gray lines. In the sub-horizon region kη∗ > 1, the semi-
analytic approximations in the intermediate- and high-frequency regions are smoothly joined according
to equation (4.4). The leading-order contribution from sound waves and the NLO contribution
from curvature perturbations are displayed in the top-left and top-right panels respectively. The
contributions from the dynamics of gravitational waves and sound waves are shown in the bottom-left
and bottom-right panels. Solid line are used for positive and dotted lines for negative values. Dashed
lines are used in the bottom left panel in the low-frequency region when the contribution Pnlo

gw,gw in
the super-horizon regime overcomes the value in the sub-horizon regime, that is for every k such that
Pnlo, low

gw,gw (kη∗) > Pnlo, int
gw,gw (kη∗ = 1). This is a region where we do not trust the low-frequency result,

due to the fact that the regime kηend ∼ 1 breaks the perturbative expansion of the gravitational
wave Green’s function (2.48). The duration of the acoustic phase is set by ηend = Nshηsh and by
choosing Nsh/vrms = 200, which implies ∆ηv/η∗ = 2.87. We set the time of return to radiation to
ar = a(ηend), the speed of sound to c2

s = 0.2, and the gravitational wave peak frequency to kpη∗ = 20,
i.e. H∗R∗ = 0.393.

separation of scale that divides the two regimes, the former valid for kη∗ ≲ 0.01/(R∗H∗),
and the latter when 1 ≪ kη∗ ≪ kpη∗. Therefore, the larger the bubble-over-Hubble radius
the larger the separation between the low- and high-frequency scales. In our previous work
(see ref. [74], section 4.4) we were able to perform this smooth joining of the two profiles
focusing on relatively smaller bubbles, whose size was set to kpη∗ = 100, that is H∗R∗ ∼ 0.1.
In the large-bubble regime, one can reproduce correctly the transition between these two
regimes only with an exact numerical integration.

We finally remark that the transition between the low- and intermediate-frequency regimes
is particularly tricky for the contribution Pnlo

gw, gw. Indeed, this term takes into account the NLO
correction to the Green’s function of gravitational waves, where the expansion is performed
in the super- or sub-horizon regimes, for which we have respectively kη∗ < kηend ≪ 1 ≪ kη
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Figure 4. Power spectrum of gravitational waves from sound waves. Leading-order and NLO
contributions are displayed in the same panels. Solid line are used for positive values, while dotted
lines for negative values. The total power spectrum is obtained as the sum of each individual
contribution, and is shown as a black line. The duration of the acoustic phase is set by ηend = Nshηsh
and by choosing Nsh/vrms = 100. The time of return to radiation is set to ar = a(ηend). The peak
wavenumber of the velocity field is set to kpη∗ = 20 in the upper panels, and kpη∗ = 15 in the bottom
panels. The insets zoom in on the region around the peak of the gravitational wave power spectrum.

and kηend > kη∗ ≫ 1. However, the NLO term in the Green’s function expansion (2.48)
can grow larger than the leading-order term as kη∗ and kηend approach unity from below,
spoiling the perturbative expansion. For this reason, our results on Pnlo

gw, gw can only be
trusted in the two opposite regimes kη∗ ≪ 1 and kη∗ ≫ 1. We leave a deeper analysis of
the transition between these regimes for future work.

The total gravitational wave power spectrum: in figure 4 we compare the amplitude
of each individual contributions and study their combination in the total gravitational
wave power spectrum. In light of the discussion above, at the end of section 4.2, we cut
the contribution from Pnlo

gw, gw to the region kη∗ ≳ O(1). Due to the steep power scaling
Pnlo, low

gw, gw ∝ k4, this term brings a marginal contribution to the gravitational wave power
spectrum at very small frequency kη∗ ≪ 1. We then neglect Pnlo

gw, gw at small frequencies,
leaving a more complete understanding of this contribution for future numerical analysis.

From figure 4 we first observe that the NLO terms slightly amplify the total power spectrum
in the frequency regions k < kp, i.e. on the left side of the peak. The most significant signature
of the NLO contributions to the total gravitational wave power spectrum is found precisely
at the peak. In particular, recalling the analytic estimates for the gravitational wave power
spectrum at high frequency displayed in section 3.1.3, we infer that the combination of the
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Figure 5. Suppression coefficient of the power spectrum of gravitational waves from the NLO contri-
butions. Data obtained from the numerical integration of the gravitational wave power spectrum (2.40)
with kernel (2.52). In the upper panel the coefficient A is plotted for different source duration
∆η/η∗ and speed of sound cs, keeping the gravitational wave peak frequency fixed at kpη∗ = 20, i.e.
H∗R∗ ≃ (1 + 3c2

s)−10.628. In the lower panel the coefficient A is instead plotted for different speed of
sound cs and gravitational wave peak frequency kp, with the source duration fixed at Nsh = 400, that
corresponds to ∆ηv/η∗ ≃ 400/(2

√
3kpη∗).

NLO terms suppresses the total peak amplitude by a factor

Pgw, tot(k⋆R∗) ∼ P lo
gw, sw(k⋆R∗)

[
1 + A

(
cs,

∆ηv
η∗

, k⋆R∗

)
(R∗H∗)2

]
, (4.5)

where k⋆ denotes the location of the peak amplitude of the leading-order term P lo
gw, sw.

From the expressions (2.52) of the kernel contributions, we can state that the function A
depends only on the speed of sound cs, on the duration of the acoustic phase ∆ηv/η∗, and on
the sound wave correlation length R∗ through z = kR∗ (see for example the approximate
expressions (3.9)). However, since k⋆ is approximately set by the peak frequency kp as
k⋆ ∼ 2cskp, and since the peak frequency scale kp is related to the bubbles’ mean separation
by kpR∗ = 2π, we expect to find a weak dependence of A on the sound wave correlation
length R∗. We remark that, given our model of the source in equation (3.1), the coefficient
A does not depend on the root mean squared fluid velocity vrms. Indeed, in this model,
vrms is just a constant multiplying factor that sets the amplitude of the spectral density Pv.
Therefore, this factor cancels when taking the ratio of two gravitational wave power spectrum
contributions, as implied by the definition of A in equation (4.5).

In figure 5 and 6 we display the value of A for different values of the speed of sound and
source duration. Each data point in the plots is computed by finding the wavenumber k⋆

that corresponds to the location of the global maximum of P lo
gw, sw. This is obtained with

the Nelder-Mead simplex algorithm encoded in the scipy.optimize.fmin function [92], and
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Figure 6. Suppression coefficient of the power spectrum of gravitational waves from the NLO
contributions. Data obtained from the analytical approximations (3.9) to the gravitational wave
power spectrum. In the upper panel the coefficient A is plotted for different source duration ∆η/η∗
and speed of sound cs, keeping the gravitational wave peak frequency fixed at kpη∗ = 20, i.e.
H∗R∗ ≃ (1 + 3c2

s)−10.628. In the lower panel the coefficient A is instead plotted for different speed of
sound cs and gravitational wave peak frequency kp, with the source duration fixed at Nsh = 400, that
corresponds to ∆ηv/η∗ ≃ 400/(2

√
3kpη∗).

then used to evaluate the different contributions to the gravitational wave power spectrum. In
figure 5 the profiles of the gravitational wave power spectrum that are used to compute A are
obtained with the numerical integration of the kernel functions (2.52) inside (2.41). In figure 6
instead, we use the semi-analytical approximations at high frequency from equations (3.9).

Figures 5 and 6 show that A is always negative for every value of the parameters cs,
∆ηv/η∗ and kpη∗; general relativistic corrections at the NLO always bring a suppression of
the spectral peak amplitude. The upper panels show that A decreases with the softening of
the equation of state, that is reducing the speed of sound cs. The bottom panels indicate
that the coefficient A depends weakly on the peak frequency kpη∗, as anticipated before.
Equation (4.5) then implies that the effect of the suppression brought by NLO corrections
grows quadratically with the bubble-over-Hubble radius parameter R∗H∗.

We also notice that, for sufficiently long-lasting sources ∆ηv/η∗ ≳ O(0.7) and for fixed
kpη∗ and cs, the coefficient A is smaller for shorter source durations, and it increases with
∆ηv/η∗ until converging to a limiting value. The dependence of A on the source duration
reflects indeed that of the power spectrum investigated in section 4.1. Since the NLO
contributions in (3.9), which grow proportionally to Υ3+2ν(η∗/ηend), converge faster than the
leading-order term (3.9a), which grows as Υ1+2ν(η∗/ηend), they reach their limiting profile
earlier and bring the largest suppression for shorter durations of the source.
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kpη∗ cs ∆c2
s(%) H∗R∗ ∆ηv/η∗ A ∆Pgw(%)

analytic numeric analytic numeric
20 0.570 2.5 0.318 0.722 −0.240 −0.185 −2.429 −1.874
20 0.524 17.5 0.344 0.722 −0.300 −0.231 −3.560 −2.741
20 0.447 40.0 0.393 0.722 −0.428 −0.323 −6.601 −4.983
20 0.387 55.0 0.433 0.722 −0.572 −0.420 −10.743 −7.887
20 0.316 70.0 0.483 0.722 −0.856 −0.598 −19.987 −13.970
20 0.500 25.0 0.359 1.443 −0.281 −0.223 −3.620 −2.875
20 0.500 25.0 0.359 2.887 −0.243 −0.191 −3.127 −2.467
30 0.447 40.0 0.262 0.962 −0.399 −0.332 −2.735 −2.279
15 0.548 10.0 0.441 1.925 −0.204 −0.155 −3.973 −3.019
15 0.447 40.0 0.524 1.925 −0.342 −0.249 −9.385 −6.836
10 0.548 10.0 0.661 2.887 −0.187 −0.127 −8.174 −5.557
10 0.447 40.0 0.785 2.887 −0.320 −0.205 −19.727 −12.660

Table 2. Fractional suppression of the peak amplitude of the gravitational wave power spectrum
for different values of the peak frequency kp, sound speed cs, and source duration ∆ηv/η∗. The
value of vrms does not affect the spectral peak suppression since, given the model of the source in
equation (3.1), this overall multiplying factor is canceled out when taking the ratio in the definition of
A (cf. eq. (4.5)). The value of A is computed with a semi-analytic approach using the expressions (3.9),
or by integrating the kernel functions (2.52) inside the gravitational wave power spectrum (2.40). The
fractional suppression is computed as

[
Pgw, tot − P lo

gw, sw
]
/P lo

gw, sw and displayed in percentage values.
The quantity ∆c2

s = 1 − 3c2
s measures the deviation from pure radiation.

Comparing figure 5, which uses data computed through the numerical integration of the
kernel (2.52), with figure 6, where the analytical approximations (3.9) are used instead, we
observe that our analytical approximations provide a good estimate of A only for sufficiently
long lasting sources, ∆ηv/η∗ ≳ O(0.7). Indeed we found the analytical approximations (3.9)
by estimating the kernel function with a Dirac delta centered at the resonance between
gravitational waves and sound waves, which is only justified when the gravitational wave
modes around the peak k ∼ kp oscillate several times during the activity of the source, that
is k∆ηv ≫ 1 (see appendix C.2.2 for a rigorous discussion).

We remark that the analytical approximations always slightly overestimate the suppression
factor A compared to the numerical results. A sample of this comparison, alongside the
percentage suppression of the peak amplitude of the gravitational wave power spectrum,
is given in table 2.

4.2.1 Comparison to LISA’s sensitivity

Finally, let us compare our predictions for some specific cases with the nominal sensitivity of
LISA [94]. Let us consider the gravitational wave power spectrum in the case ω = 0.2, mean
bubble size R∗H∗ = 0.524, source duration ∆ηv/η∗ = 1.925, and return to radiation time
set to ar = a(ηend). This case is shown in the top right panel of figure 4. The amplitude of
the spectrum is proportional to v4

rms. Let us consider, for example vrms = 0.08, so that to
satisfy the regime vrms ≪ R∗H∗. For the case at hand we find Pgw,tot(k⋆R∗) ≃ 0.509 × 10−6.
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The gravitational wave power spectrum is red-shifted to today and thus attenuated by a
factor [95, 96]

h2Fgw,0 ≃ 1.64 × 10−5
(100
g∗

)1/3
, (4.6)

where g∗ is the effective number of degrees of freedom at the end of the phase transition and
h = H0/(100 km/s/Mpc), with H0 the current Hubble rate. For a phase transition at the
electroweak scale we now consider the reference value g∗ ≈ 100 [97].

This way, we estimate the spectral peak amplitude today of the gravitational wave power
spectrum for the case at hand as

h2P⋆
gw,tot,0 = h2Fgw,0Pgw,tot(k⋆R∗) ≃ 0.835 × 10−11

(100
g∗

)1/3
. (4.7)

For reference, the reader can compare this number with the sensitivity curves of LISA,
drawn for example in ref. [96] figure 1. LISA is maximally sensitive to gravitational wave
where its amplitude spectral density (or for simplicity the sensitivity curve) has a minimum,
which is approximately at h2PLISA ≃ 0.965 × 10−11. This is however not a “hard wall”
discriminating observables signals, since the stochastic gravitational wave background is not
a resolvable instantaneous signal, but instead a continuous signal over time. Therefore, even
if the instantaneous strain of the signal is slightly below the sensitivity curve of LISA, by
integrating over many waveform cycles the signal-to-noise ratio can grow above detectability.
A signal with the intensity of equation (4.7) could then be detected by LISA if the spectral
peak amplitude is located near the frequency region where LISA is maximally sensitive. The
position of the peak in the frequency space is determined by many parameters, such as the
mean bubble separation R∗, the speed of sound cs, and especially the transition temperature
(see for example ref. [95] figure 1.d).

For the case considered by this example, we computed the relative suppression of the
spectral peak amplitude ∆Pgw ≃ −6.836 % (see table 2, line 10). Such difference is therefore
potentially detectable by LISA.

5 Conclusion

In this work we presented a semi-analytical calculation of the power spectrum of gravitational
waves from sound waves in a first-order phase transition. We focused on scenarios with large
bubbles, meaning R∗H∗ ≲ O(1), as these are the loudest and the first to be constrained
in any developing dataset.

The profiles of the gravitational wave power spectrum (2.40) are obtained with a hybrid
method in different asymptotic limits. The time integrations in the kernel function (2.43) are
evaluated analytically into two different regimes: a) super-horizon modes kη∗ ≪ 1 ≪ kη; and
b) sub-horizon modes kη∗ ≫ 1, with η∗ the conformal times at the beginning of the acoustic
production and η the time at which the gravitational wave power spectrum is evaluated,
after the total dissipation of the acoustic source. The remaining two integrations over the
sound wave wavenumbers in equation (2.41) are performed numerically. We refer to these
results as numerical integrations.
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We improved the precision of existing model [29, 30, 72] by adding the contributions at
the next-to-leading-order (NLO) in the short sound wave wavelength expansion parameter
R∗H∗, where the peak wavenumber is at kp ≃ 2π/R∗. The leading-order contribution to the
gravitational wave power spectrum, P lo

sw, is the energy injection from sound waves, and was
already studied in the context of the sound shell model with a pure radiation equation of
state in refs. [29, 30, 72], or with a softer equation of state in ref. [74].

In addition to the effects considered in ref. [74], in this work we extended the approximation
of the gravitational wave Green’s function to super-horizon modes kη∗ < kηend ≪ 1 ≪ kη.
We found that, for modes outside the sound wave correlation length kR∗ ≪ 1, the background
evolution of the Universe modifies the power law scaling of the spectrum to Pgw ∝ k3−2ν ,
with ν = (1 − 3c2

s)/(1 + 3c2
s). Gravitational wave modes on very low frequencies kη ≪ 1 are

not treated in this work. In this frequency region, the gravitational wave power spectrum
is expected to scale as Pgw ∼ k3 due to causality arguments [89], and is therefore less
interesting observationally.

The NLO terms include, besides corrections to the dynamics of both gravitational and
sound waves, a novel contribution from curvature perturbations. The most significant
signature of the NLO corrections is the suppression of the spectral peak amplitude of the
total gravitational wave power spectrum, located approximately at k⋆ ∼ 2cskp, with respect
to the leading-order contribution from sound waves. The extent of the suppression depends
primarily on the average size of the bubbles, and more marginally on the speed of sound
cs and on the duration of the source ∆ηv/η∗. In our results, we find that this suppression
is of order ∆Pgw ∼ O(5%) when R∗H∗ ∼ O(0.4), and it grows quadratically with R∗H∗
according to equation (4.5). Some reference values of the suppression brought by the NLO
contributions is given in table 2. Leading-order and NLO contributions become comparable
in magnitude when R∗H∗ ∼ O(1), showing the symptoms of perturbation theory breaking
down; non-perturbative analysis should be used in this regime.

The numerical integrations are supported by semi-analytic approximations, where the
additional integrations over the sound wave wavenumbers are performed analytically (entirely
or partially) by splitting the support of the gravitational wave power spectrum into three
different regimes: (i) low-frequency regime kη∗ < kηend ≪ 1 ≪ kη, (ii) intermediate-frequency
regime 1 ≪ kη∗ ≪ kpη∗, and (iii) high-frequency regime (k ∼ kp) ∪ (k > kp). We refer to
section 3.1 and table 1 for a detailed explanation of the different regimes. To obtain analytical
approximations in both the intermediate- and high-frequency regimes we also assume that
these modes oscillate several times within the duration of the source, that is k(ηend − η∗) ≫ 1.

The semi-analytical results provide good approximations of the numerical integrations
for long-lasting sources ηend − η∗ > η∗ over most of the frequency range. We provided in
equation (4.4) a useful analytic recipe to smoothly join the semi-analytical results in the
high-frequency regime (k ∼ kp) ∪ (k > kp) to the intermediate-frequency regime 1 ≪ kη∗ ≪
kpη∗. This method does not include, for now, the low-frequency region of the spectrum
kη∗ ≪ 1. In the large-bubble regime R∗H∗ ≲ O(1), the significant separation between the
sub-horizon region kη∗ ≫ 1 and the frequency region kR∗ ≪ 1, where analytic profiles at small
wavenumbers provide a good approximation, causes the standard matching procedure (4.4)
to fail in connecting these spectral regions. In order to further confirm the validity of our
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results in the asymptotic limit considered in this work, it might be useful to perform a full
four-dimensional numerical integration of the gravitational wave power spectrum (2.41). We
leave this check for the future.

Our results are limited to non-relativistic compressional modes with vrms ≪ R∗H∗. In
addition, we assumed fluid perturbations to be linear, stochastic, and Gaussian, approximating
the source of sound waves as stationary throughout the acoustic phase. In a realistic phase
transition, however, we expect the energy of the source to decay in time due to the formation
of shocks, until sound waves eventually decorrelate. In our framework, we approximated
the non-linearities as a sharp cut-off of the source at a time proportional to the shock
formation time ηsh ∼ R∗/vrms. This corresponds to a scenario where non-linearities remain
negligible until ηend, when they suddenly form and instantaneously dissipate all the energy
of sound waves into shocks. Proper considerations of the dynamical effect of non-linearities
were introduced, for the leading sound wave contribution P lo

sw in refs. [38–40], leading to a
time-dependent spectral density of fluid perturbation and time-dependent peak-frequency kp.
The same analysis can be applied, with new numerical methods, to the next-to-leading-order
terms. We leave this study for future work.

In order to pursue a semi-analytic calculation of the gravitational wave power spectrum, we
approximated the source of shear stress with the analytic function in equation (3.1). A more
realistic profile for the source can be obtained numerically with the sound shell model from
the linear superposition of the fluid perturbations carried by each individual bubble [29, 30].
This model has so far been applied only to transitions with small bubbles, R∗H∗ ≪ 1, whose
dynamics can be approximated on a static and flat background [29, 30, 72, 98, 99]. The
study on the effects of the Universe expansion and self-gravitation of the fluid, relevant for
large bubbles R∗H∗ ≲ O(1), only started recently with refs. [59, 88, 100], but it has not been
applied to the sound shell model yet. We leave this study for the future.

A Green’s function method

The Green’s function for a linear differential operator L(k, η) is obtained by combining two
independent solutions g1(kη) and g2(kη) of the homogeneous equation L(k, η)gj(kη) = 0.
For an initial value problem, the Green’s function is

Gk(η, η̃) = 1
Nk

[g1(kη)g2(kη̃) − g1(kη)g2(kη̃)] Θ(η − η̃), (A.1)

with Nk = g′
1(kη̃)g2(kη̃) − g1(kη̃)g′

2(kη̃) a normalization that only depends on the time
η̃, and Θ(η − η̃) the Heaviside step function. Time derivatives in Nk are computed with
respect to η̃. One can show that two homogeneous solutions of the wave equation (2.8) are
g1(kη) = kη jν(kη) and g2(kη) = kη yν(kη), with yν and jν the spherical Bessel functions of
first and second kind respectively of order ν = (1 − 3ω)/(1 + 3ω). Then

Nk = −k(kη̃)2W(
jν(kη̃), yν(kη̃)

)
= −k, (A.2)

with W(
jν(z̃), yν(z̃)

)
≡ ∂zjν(z̃)yν(z̃) − jν(z̃)∂zyν(z̃) = z̃−2 the Wronskian of spherical Bessel

functions [87, (10.50.1)], and

Gk(η, η̃) = −kηη̃ [jν(kη)yν(kη̃) − jν(kη̃)yν(kη)] , ν = 1 − 3ω
1 + 3ω . (A.3)
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In the expression of the gravitational wave power spectrum (2.18), the time variable η̃ is
integrated over the time duration of the transition, while η is evaluated long after the end of
the phase transition. We can then consider η ≫ η̃ and kη ≫ 1. In the limit of large argument
z ≡ kη, the spherical Bessel functions approximate to [101]

jν(z) ≃ 1
z

{
Pν+ 1

2
(z) cos

(
z − π

2 (ν + 1)
)

−Qν+ 1
2
(z) sin

(
z − π

2 (ν + 1)
)}

, (A.4a)

yν(z) ≃ 1
z

{
Pν+ 1

2
(z) sin

(
z − π

2 (ν + 1)
)

+Qν+ 1
2
(z) sin

(
z − π

2 (ν + 1)
)}

, (A.4b)

with

Pν+ 1
2
(z) =

∞∑
m=0

(−1)m c2m(ν + 1
2)

(2z)2m
, Qν+ 1

2
(z) =

∞∑
m=0

(−1)m c2m+1(ν + 1
2)

(2z)2m+1 , (A.5)

and
cm(ν + 1

2) = Γ (ν +m+ 1)
m! Γ (ν −m+ 1) . (A.6)

Therefore, considering only leading-order contributions in 1/z, we can write the Green’s
function as

Gk(η, η̃) = −η̃
{[

cos
(
kη − π

2 (1 + ν)
)

− ν(1 + ν)
2kη sin

(
kη − π

2 (1 + ν)
)]

yν(kη̃)

− jν(kη̃)
[

sin
(
kη − π

2 (1 + ν)
)

+ ν(1 + ν)
2kη cos

(
kη − π

2 (1 + ν)
)]}

.

(A.7)

Since the power spectrum of gravitational waves depends on the time derivative of tensor
modes (2.18), we consider the derivative of the Green’s function Gk(η, η̃) with respect to
the evaluation time η, yielding

G′
k(η, η̃) = kη̃

{[
sin
(
kη − π

2 (1 + ν)
)

+ ν(1 + ν)
2kη cos

(
kη − π

2 (1 + ν)
)]

yν(kη̃)+

+ jν(kη̃)
[

cos
(
kη − π

2 (1 + ν)
)

− ν(1 + ν)
2kη sin

(
kη − π

2 (1 + ν)
)]}

.

(A.8)

Since the trigonometric periodic functions oscillate with a period 2π/k, for wavenumbers
k such that kη ≫ 1 we can perform the average over a large number of oscillations. For
the product of two Green’s functions, we finally obtain

G′
k(η, η1)G′

k(η, η2) kη≫1−→ kη1kη2
2

[
yν(kη1)yν(kη2) + jν(kη1)jν(kη2)

]
. (A.9)

A special case of equation (A.9) that serves as a comparison to the previous literature [71,
72, 74] is the case of pure radiation equation of state, ω = 1/3 and ν = 0. The spherical Bessel
functions of integer order can be then represented in terms of trigonometric functions [101],
leading to

G′
k(η, η1)G′

k(η, η2)
∣∣∣∣
ν=0

kη≫1−→ 1
2 cos [k(η1 − η2)] . (A.10)

In the following we will consider the general expression (A.9) in two different regimes:
(i) the super-horizon regime kη∗ < kηend ≪ 1 ≪ kη, where generally gravitational waves
modes do not have time to complete one oscillation within the duration of the source, i.e.
k(ηend − η∗) ≪ 1; and (ii) the sub-horizon regime kηend > kη∗ ≫ 1.

– 39 –



J
C
A
P
0
3
(
2
0
2
6
)
0
2
4

A.1 Green’s function of gravitational waves on sub-horizon scales

We first study the sub-horizon regime kηend > kη∗ ≫ 1. Since η1, η2 ∈ [η∗, ηend], we can take
kη1, kη2 > kη∗ ≫ 1, and use again the expansion of the spherical Bessel functions for large
arguments (A.4a), resulting in, at next-to-leading-order in 1/kη∗,

G′
k(η, η1)G′

k(η, η2) kη∗≫1= 1
2

[
cos (kη−) − ν(1 + ν)

2 sin (kη−)
( 1
kη1

− 1
kη2

)]
, (A.11)

with η− = η1 − η2.

A.2 Green’s function of gravitational waves on super-horizon scales

In the opposite regime, we consider gravitational wave modes such that kη1, kη2 < kηend ≪
1 ≪ kη. These are gravitational wave modes that do not have time to oscillate within the
duration of the source, but still have enough time to oscillate within the time η at which the
gravitational wave power spectrum is computed (recall equation (2.41)). We then estimate
the expression (A.9) by using the approximation of the spherical Bessel functions for small
arguments. To this end, we consider the limit of small argument starting from the power
series representation of the Bessel function of the first kind of order ν ∈ ℝ [87, (10.2.2)]

Jν(z) =
∞∑

m=0

(−1)m

m!Γ(m+ ν + 1)

(
z

2

)2m+ν

−→
z≪1

1
Γ(1 + ν)

(
z

2

)ν

+ O(z2+ν), (A.12)

and, for every index ν ̸∈ ℕ0, we evaluate the Bessel function of the second kind as

Yν ̸∈ℕ0(z) = Jν(z) cos(νπ) − J−ν(z)
sin(νπ) −→

z≪1
−Γ(ν)

π

(
z

2

)−ν

− Γ(−ν)
π

cos(νπ)
(
z

2

)ν

+ O(z2−ν).

(A.13)
Here we used the reflection formula of the Euler Gamma function Γ(ν)Γ(1−ν) = π/ sin(νπ) [87,
(5.5.3)]. The expression (A.13) is ill-defined for every integer index ν ∈ ℕ0, since in this
case sin(νπ) = 0. In such cases we can find instead an alternative expression. Let ν be an
arbitrary non-negative integer ν ∈ ℕ0. For the Bessel function of the second kind of order
ν ∈ ℕ0 one can use the following power series representation [87, (10.8.1)]

Yν∈ℕ0 (z) = −
(1

2z)
−ν

π

ν−1∑
ℓ=0

(ν − ℓ− 1)!
ℓ!

(
1
4z

2
)ℓ

+ 2
π

ln
(

1
2z
)
Jn (z)

−
(1

2z)
ν

π

∞∑
ℓ=0

(ψ (ℓ+ 1) + ψ (ν + ℓ+ 1))
(−1

4z
2)ℓ

ℓ!(ν + ℓ)! , (A.14)

with ψ(x) ≡ Γ′(x)/Γ(x) the digamma function. In the limit of small arguments (remember
however that this asymptotic limit is bounded by the requirement kη ≫ 1) so that

Yν∈ℕ0 (z) −→
z≪1

−
(
z

2

)−ν Γ(ν)
π

+ 1
πΓ(ν + 1)

(
z

2

)ν

[2γ + 2 ln(z) − 2 ln(2) −Hν ] + O(z2−ν),

(A.15)
with γ ≃ 0.57721 . . . the Euler-Mascheroni constant and Hν =

∑ν
ℓ=1 ℓ

−1. Using the relation
between the Bessel functions Jν(z), Yν(z) and the spherical Bessel functions

jν(z) =
√
π

2z Jν+ 1
2
(z), yν(z) =

√
π

2zYν+ 1
2
(z), (A.16)
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we can now write, up to terms of order O(z2),

jν(z) ≃
√
π

2Γ
(

3
2 +ν

) (z
2

)ν

, (A.17)

yν(z) ≃ −
Γ
(

1
2 +ν

)
2
√
π

(
z

2

)−1−ν

+


sin(πν)

Γ
(
−1

2 −ν
)

2
√
π

(
z

2

)ν

, ν ̸∈ ℕ0

2(
z
2
)ν

2
√
πΓ
(
ν+ 3

2

) [2γ+2ln
(
z

2

)
−H

ν+ 1
2

]
, ν ∈ ℕ0

2

(A.18)

Finally, remembering the expression (A.9), this leads to

G′
k(η, η1)G′(η, η2)

kη∗≪1
≃

Γ2
(

1
2 + ν

)
2π

(
kη1
2

)−ν (kη2
2

)−ν

×



{
1 − sin (πν)

Γ
(
−1

2 − ν
)

Γ
(

1
2 + ν

) [(
kη1
2

)1+2ν

+
(
kη2
2

)1+2ν
]}

, ν ̸∈ ℕ0

2{
1 − 1

Γ
(
ν + 3

2

)
Γ
(
ν + 1

2

) [(kη1
2

)1+2ν

fν(kη1) +
(
kη2
2

)1+2ν

fν(kη2)
]}

, ν ∈ ℕ0

2

(A.19)

where for brevity we defined fν(z) = 2γ+2 ln
(

z
2
)
−H

ν+ 1
2
. We again recall that this expression

is obtained in the limit kη∗ < kηend ≪ 1 and kη ≫ 1. Very long-wavelength modes with
kη ≪ 1 do not have time to complete one oscillation in the time η. These modes are
constrained by causality [89], and are not discussed in this work.

B Analytic solutions to the sound wave equation

The dynamic equations for the fluid variables are given by the continuity equations ∇νT
µν = 0,

which impose local conservation of energy and momentum. Given the metric (2.1), the
continuity equations for a barotropic perfect fluid with energy momentum tensor (2.3) are

∇µT
µ0 = 0 → λ′ + ∂iv

i + 3ωHλ− 3Ψ′ = 0, (B.1a)

∇µT
µi = 0 → vi′ + Hvi + ∂iΦ + vi p̄

′

w̄
+ ∂ip

w̄
= 0. (B.1b)

In Fourier space, neglecting the time dependence of the equation of state parameter ω = p/e,
we have

λ̃′
p + pṽp − 3Ψ′

p = 0, (B.2a)
ṽ′

p + (1 − 3ω)Hṽp − c2
spλ̃p − pΦ̃p = 0. (B.2b)

Notice that neglecting curvature perturbations, that is if we set Ψ = 0 and Φ = 0, these
equations agree with equations (2.26) of ref. [74]. In our approximation we also neglect
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anisotropic pressure, as this identically vanishes for a perfect fluid. Einstein equations allow
us then to set Φ = Ψ [77]. Moreover, we can use the linearized Einstein equations

Ψ̃p = −3
2(1 + ω)

(H
p

)2 (
λ̃p + 3H

p
ṽp

)
, (B.3a)

Ψ̃′
p + HΨ̃p = 3

2(1 + ω)
(H
p

)2
pṽp, (B.3b)

to write the system of equations (B.2) in terms of ṽp and λ̃p only, leading to the system (2.34).
For notational convenience we define ζ ≡ cspη and rewrite the system as

∂λ̃p

∂ζ
+ 1
cs

[
1 − (2 + ν)(1 − ν)

ζ2

]
ṽp = 0, (B.4a)

∂ṽp

∂ζ
+ 2ν

ζ
ṽp − cs

[
1 − (2 + ν)(1 + ν)

ζ2

]
λ̃p = 0, (B.4b)

where we have also used the definition ν ≡ (1 − 3ω)/(1 + 3ω). In writing the equations (B.4)
we also used the solution to the background Friedmann equation for a barotropic fluid:
a(η) ∼ η2/(1+3ω) ∼ η1+ν , which implies H(η) = (1 + ν)/η.

By differentiating equations (B.4) with respect to ζ and neglecting terms of order O(1/ζ3),
which we consider to be subdominant in the short sound wavelength expansion R∗H∗ ≲ O(1),
we can decouple the fluid energy fluctuations and peculiar velocity into

∂2ṽp

∂ζ2 + 2ν
ζ

∂ṽp

∂ζ
+
[
1 − 41 + ν

ζ2

]
ṽp = 0, (B.5a)

∂2λ̃p

∂ζ2 + 2ν
ζ

∂λ̃p

∂ζ
+
[
1 − 22 + ν

ζ2

]
λ̃p = 0. (B.5b)

We now recognize that this is a system of Bessel equations. To make this clear, we perform
a shift of the fluid perturbation fields

ṽp ≡ ζ1−ν Ṽp, λ̃p ≡ ζ1−νΛ̃p (B.6)

and simplify equations (B.5) as

∂2Ṽp

∂ζ2 + 2
ζ

∂Ṽp

∂ζ
+
[
1 − ν2 + 3ν + 4

ζ2

]
Ṽp = 0, (B.7a)

∂2Λ̃p

∂ζ2 + 2
ζ

∂Λ̃p

∂ζ
+
[
1 − ν2 + ν + 4

ζ2

]
Λ̃p = 0. (B.7b)

Equations (B.7a) and (B.7b) are now manifestly written as Bessel equations. Their solutions
can be written as a linear combination of spherical Bessel functions of order n and m

respectively, with n(n+ 1) = ν2 + 3ν + 4 and m(m+ 1) = ν2 + ν + 4. Finally we can write
the solutions for the fluid perturbations as

ṽp =
(
η

η∗

)1−ν

[ĉ1jn(cspη) + ĉ2yn(cspη)] , (B.8a)

λ̃p =
(
η

η∗

)1−ν

[ĉ3jm(cspη) + ĉ4ym(cspη)] , (B.8b)
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with ĉi (i ∈ [1, 2, 3, 4]) real constants and jn, yn spherical Bessel functions of the first and
second kind of orders

n = 1
2
√

17 + 12ν + 4ν2 − 1
2 , m = 1

2
√

17 + 4ν + 4ν2 − 1
2 . (B.9)

We notice that in the original system of equations (B.4) there can be only two independent
solutions, and thus two independent real constants ĉi. This means that the constants ĉi

(i ∈ [1, 2, 3, 4]) are not all independent from each other, but implicitly related through the
sound wave equations (B.4).

Comparison to previous literature: the contributions carried by curvature perturbations
to the sound wave dynamics appear in the square brackets of equations (B.4) as the terms
that scale as ζ−2. Without these terms, equations (B.4) describe the dynamics of sound
waves in a simpler scenario, that is an expanding Universe with constant equation of state
p = ωe without curvature perturbations. In this simpler situation, performing the same
steps that led to equations (B.5), we obtain

∂2ṽp

∂ζ2 + 2ν
ζ

∂ṽp

∂ζ
+
[
1 − 2ν

ζ2

]
ṽp = 0, (B.10a)

∂2λ̃p

∂ζ2 + 2ν
ζ

∂λ̃p

∂ζ
+ λ̃p = 0. (B.10b)

These equations agree with the results of ref. [102], equations (3.83). This case also correspond
to the scenario studied in ref. [74], as one can understand by comparing equations (2.26) therein
with equations (B.4). Using the same field redefinition in equation (B.6), one can then write

∂2Ṽp

∂ζ2 + 2
ζ

∂Ṽp

∂ζ
+
[
1 − ν(1 + ν)

ζ2

]
Ṽp = 0, (B.11a)

∂2Λ̃p

∂ζ2 + 2
ζ

∂Λ̃p

∂ζ
+
[
1 + ν(1 − ν)

ζ2

]
Λ̃p = 0. (B.11b)

Solutions to these second order differential equations are again spherical Bessel function.
Therefore one can write a solutions in a way analogous to equation (B.8), where the order of
the Bessel functions for the case without curvature perturbations are n = ν and m = ν − 1,
as obtained in ref. [74] (see equation 2.27).

Moreover, in absence of curvature perturbations and in the case ν = 0 (which means
cs = 1/

√
3), our expressions (B.4) recover the sound wave equations for a radiation fluid

(see for example equations (24-25) of ref. [72]) and the solutions of equations (B.10) are
sine and cosine functions, as in ref. [72].

B.1 Asymptotic expansion at large wavenumbers

The mean bubble spacing R∗ sets the largest typical size of correlated fluid regions. On length
scales larger than R∗, fluid perturbations are not coherent. The relevant length scales for the
source are therefore smaller than R∗, that is wavenumbers p > 1/R∗. Since in this paper we
consider that the characteristic wavelength of the fluid is shorter than the Hubble length,
meaning that R∗H∗ ≲ O(1), the relevant wavenumbers satisfy pη > pη∗ > (R∗H∗)−1 ≳ O(1).
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With the same level of approximation in the bubble mean spacing expansion R∗H∗ ≲ O(1)
used to derived the sound wave solutions (B.8), we can expand the spherical Bessel functions
for large arguments ζ ≫ 1. At any order one has [101]

jm (ζ) ≃ 1
ζ

{
Pm+ 1

2
(ζ) cos

[
ζ − (m+ 1)π2

]
−Qm+ 1

2
(ζ) sin

[
ζ − (n+ 1)π2

]}
, (B.12a)

ym(ζ) ≃ 1
ζ

{
Pm+ 1

2
(ζ) sin

[
ζ − (m+ 1)π2

]
+Qm+ 1

2
(ζ) cos

[
ζ − (m+ 1)π2

]}
, (B.12b)

with the expansion polynomials

Pm+ 1
2
(ζ) =

∞∑
j=0

(−1)j c2j(m+ 1
2)

(2ζ)2j
, Qm+ 1

2
(ζ) =

∞∑
j=0

(−1)j c2j+1(m+ 1
2)

(2ζ)2j+1 , (B.13)

and coefficients

cj(m) =
Γ
(
m+ j + 1

2

)
j! Γ

(
m− j + 1

2

) . (B.14)

At the next-to-leading-order in the bubble-over-Hubble radius expansion R∗H∗ ≲ O(1), we
have Pm+ 1

2
(ζ) = 1+o(ζ−2) andQm+ 1

2
(ζ) = m(m+1)/2ζ+o(ζ−3). Thus, from equation (B.8b),

and writing the trigonometric functions as sum of exponential functions, we obtain

λ̃p = − i

cs

(
η

η∗

)−ν [
c1

(
1 − i

m(m+ 1)
2ζ

)
e−iζ + c2

(
1 + i

m(m+ 1)
2ζ

)
eiζ
]
, (B.15)

where we defined the constants c1 and c2 as

−ipη∗c1 ≡ ĉ3 + iĉ4
2 ei(m+1) π

2 , −ipη∗c2 ≡ ĉ3 − iĉ4
2 e−i(m+1) π

2 . (B.16)

The redefinition of the constants is done in such a way that the solution fluid density
fluctuation field (B.15) recovers the known solution in flat Minkowski spacetime (see for
example equation 12 of ref. [29]) at the initial time η∗ and in the asymptotic limit ζ → ∞.

We remind the reader that, in order to satisfy the system of equations (B.4), also the
real constants ĉ1 and ĉ2 that specify the solution (B.8) must be related to c1 and c2, as there
are only two independent constants. To obtain the fluid peculiar velocity we now insert this
expression back into the starting differential equation (B.4a). At the next-to-leading-order
in 1/ζ we then have

ṽp = − i

cs

(
η

η∗

)−ν [
c1

(
1 − i

m(m+ 1) + 2ν
2ζ

)
e−iζ − c2

(
1 + i

m(m+ 1) + 2ν
2ζ

)
eiζ
]
, (B.17)

Recalling equation (B.8a), the solution (B.17) implicitly defines the relation between the real
constants ĉ1,2 and c1,2. Finally, we can connect the complex constant c1 and c2 to the plane
wave amplitudes by defining c1 ≡ p̂iv

i
p and c2 = c∗

1 = −p̂iv
i
−p. Remembering further that

m(m+ 1) = ν2 + ν + 4, we recover the result of equation (2.36) anticipated above.
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C Additional material for the calculation of the kernel functions and the
gravitational wave power spectrum

In this section of the appendix we provide additional material that leads to the analytical
integration of the gravitational wave power spectrum (2.40). Let us first remember the kernel
for the gravitational wave power spectrum from equation (2.43),

∆ (z, x, y, τ∗, τend) =
∫∫ τend

τ∗

dτ1dτ2
τ2

∗

(
τ2

∗
τ1τ2

)1+ν

G′
z(τ, τ1)G′

z(τ, τ2)

×
{

cos(csxτ−) cos(csyτ−)

− 4 + ν(3 + ν)
2cs

( 1
τ1

− 1
τ2

) [sin(csxτ−) cos(csyτ−)
x

+ sin(csyτ−) cos(csxτ−)
y

]
+ (1 + ν)(2 + ν)

c2
s

( 1
τ2

2
+ 1

τ2
1

)sin(csxτ−) sin(csyτ−)
xy

}
.

(C.1)

As done in the main text of the paper, we divide this calculation in super- and sub-horizon
modes.

C.1 Approximation for super-horizon gravitational wave modes

On super-horizon scales kη∗ < kηend ≪ 1 ≪ kη, the product of Green’s functions of
gravitational waves is well approximated by equation (A.19), so that the individual terms
of the kernel can be written as

∆lo
sw ≃

kηend≪1

(
kη∗
2

)−2ν Γ2
(

1
2 + ν

)
4π

∑
m=±

∫∫ τend

τ∗

dτ1dτ2
τ2

∗

(
τ2

∗
τ1τ2

)1+2ν

cos(ωmτ−), (C.2a)

∆nlo
gw ≃

kηend≪1
−
(
kη∗
2

)
sin(πν)

Γ
(
−1

2 − ν
)

Γ
(

1
2 + ν

)
4π

∑
m=±

∫∫ τend

τ∗

dτ1dτ2
τ2

∗

×
[(

τ∗
τ1

)1+2ν

+
(
τ∗
τ2

)1+2ν
]

cos(ωmτ−), (C.2b)

∆nlo
sw ≃

kηend≪1
−
(
kη∗
2

)−2ν Γ2
(

1
2 + ν

)
4π

4 + ν(3 + ν)
2c2

sxy

∑
m=±

m

×
∫∫ τend

τ∗

dτ1dτ2
τ2

∗

(
τ2

∗
τ1τ2

)1+2ν ( 1
τ1

− 1
τ2

)
ωm sin(ωmτ−), (C.2c)

∆nlo
Φ ≃

kηend≪1
−
(
kη∗
2

)−2ν Γ2
(

1
2 + ν

)
4π

(1 + ν)(2 + ν)
c2

sxy

∑
m=±

∫∫ τend

τ∗

dτ1dτ2
τ2

∗

(
τ2

∗
τ1τ2

)1+2ν

×
( 1
τ2

2
+ 1

τ2
1

)
m cos(ωmτ−)

]
. (C.2d)

In writing the above expression, we also made use of the trigonometric properties

cos(A) cos(B) = 1
2
∑
±

cos(A±B), sin(A) sin(B) = −1
2
∑
±

± cos(A±B),

sin(A) cos(B) = 1
2
∑
±

sin(A±B).
(C.3)
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We notice that the NLO contribution ∆nlo
gw grows linearly with k, and it is identically zero

in pure radiation, when ν = 0. On the opposite, all the other contributions decay with the
gravitational wavenumber as k−2ν . Notice further that, in writing equation (C.2b), we used the
expression of the product of Green’s functions (A.19) with ν ̸∈ ℕ0/2. This choice implies that
∆nlo

gw is not defined for ν = 1/2. The case with ν = 1/2 is more difficult to integrate analytically
because of the presence of a logarithmic function in fν(z) = 2γ + 2 ln (z/2) − Hν+1/2 in
equation (A.19). We therefore prefer to use equation (C.2b) to evaluate ∆nlo

gw for all purposes
and understand the case ν = 1/2 as a limit, that is ∆nlo

gw (ν = 1/2) ≡ lim
ν→1/2

∆nlo
gw (ν ̸∈ ℕ0/2).

We can now use the properties of summation of trigonometric functions to separate the
integration variables τ1 and τ2. The evaluation of the kernel function is thereby reduced to
the calculation of one dimensional integrals of the form∫ τend

τ∗
dτ

cos(ωmnτ)
τj+ν

= |ωmn|−1+j+ν [ci1−j−ν (|ωmn| τ∗) − ci1−j−ν (|ωmn| τend)] , (C.4a)∫ τend

τ∗
dτ

sin(ωmnτ)
τj+ν

= sign(ωmn) |ωmn|−1+j+ν [si1−j−ν (|ωmn| τ∗) − si1−j−ν (|ωmn| τend)] ,

(C.4b)

with j ∈ ℕ+, and siν(x), ciν(x) the generalized sine and cosine integral functions defined
in (2.50). This way, we finally find the following expressions

∆lo
sw

kηend≪1=
(
kη∗
2

)−2ν Γ2
(

1
2 +ν

)
4π

∑
m=±

|ωmτ∗|4ν ×

×
[(

ci−2ν(ωmτ)
∣∣∣τend

τ∗

)2
+
(

si−2ν(ωmτ)
∣∣∣τend

τ∗

)2
]
, (C.5a)

∆nlo
gw

kηend≪1= −
(
kη∗
2

)
sin(πν)

Γ
(
−1

2 −ν
)

Γ
(

1
2 +ν

)
2π

∑
m=±

|ωmτ∗|−1+2ν

×
[
ci−2ν(ωmτ)

∣∣∣τend

τ∗
sin(ωmτ)

∣∣∣τend

τ∗
−si−2ν(ωmτ)

∣∣∣τend

τ∗
cos(ωmτ)

∣∣∣τend

τ∗

]
, (C.5b)

∆nlo
sw

kηend≪1= −
(
kη∗
2

)−2ν Γ2
(

1
2 +ν

)
2π

4+ν(3+ν)
2c2

sτ
2
∗xy

∑
m=±

m|ωmτ∗|2+4ν

×
[
si−1−2ν(ωmτ)

∣∣∣τend

τ∗
ci−2ν(ωmτ)

∣∣∣τend

τ∗
−ci−1−2ν(ωmτ)

∣∣∣τend

τ∗
si−2ν(ωmτ)

∣∣∣τend

τ∗

]
,

(C.5c)

∆nlo
Φ

kηend≪1= −
(
kη∗
2

)−2ν Γ2
(

1
2 +ν

)
2π

(1+ν)(2+ν)
c2

sxyτ
2
∗

∑
m=±

m|ωmτ∗|2+4ν

×
[
ci−2−2ν(ωmτ)

∣∣∣τend

τ∗
ci−2ν(ωmτ)

∣∣∣τend

τ∗
+si−2−2ν(ωmτ)

∣∣∣τend

τ∗
si−2ν(ωmτ)

∣∣∣τend

τ∗

]
,

(C.5d)

with ω± = cs(x ± y).
On super-horizon scales kη∗ < kηend ≪ 1 ≪ kη we can further consider the limit

kR∗ ∼ (R∗H∗)kη∗ ≪ 1. We recall that, since the fluid flow has support in R∗, the relevant
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wavenumbers of sound waves satisfy p ≳ 1/R∗. This means that we can consider k/p ≪ 1.
In this limit, the incoming sound wave wavenumbers tend to align q ≈ p, and we consider
y ≈ x. This approximation simplifies the above system of equations to

∆lo
sw ≃

z≪1

(
kη∗
2

)−2ν Γ2
(

1
2 + ν

)
4π

{
1

4ν2

[
1 −

(
τ∗
τend

)2ν
]2

+ (2csxτ∗)4ν

[(
ci−2ν(2csxτ)

∣∣∣τend

τ∗

)2
+
(

si−2ν(2csxτ)
∣∣∣τend

τ∗

)2
]}

, (C.6a)

∆nlo
gw ≃

z≪1
−
(
kη∗
2

)
sin(πν)

Γ
(
−1

2 − ν
)

Γ
(

1
2 + ν

)
2π

{
1
2ν

[
τend
τ∗

− 1
] [

1 −
(

τ∗
τend

)2ν
]

+ (2csxτ∗)−1+2ν
[
ci−2ν(ω+τ)

∣∣∣τend

τ∗
sin(ω+τ)

∣∣∣τend

τ∗
− si−2ν(ω+τ)

∣∣∣τend

τ∗
cos(ω+τ)

∣∣∣τend

τ∗

]}
,

(C.6b)

∆nlo
sw ≃

z≪1
−
(
kη∗
2

)−2ν Γ2
(

1
2 + ν

)
2π [4 + ν(3 + ν)] 2(2csxτ∗)4ν

×
[
si−1−2ν(2csxτ)

∣∣∣τend

τ∗
ci−2ν(2csxτ)

∣∣∣τend

τ∗
− ci−1−2ν(2csxτ)

∣∣∣τend

τ∗
si−2ν(2csxτ)

∣∣∣τend

τ∗

]
,

(C.6c)

∆nlo
Φ ≃

z≪1

(
kη∗
2

)−2ν Γ2
(

1
2 + ν

)
2π

(2 + ν)
ν(2csxτ∗)2

{[
1 −

(
τ∗
τend

)2ν
] [

1 −
(

τ∗
τend

)2+2ν
]

× (2csxτ∗)2+4ν
[

ci−2−2ν(ωmτ)
∣∣∣τend

τ∗
ci−2ν(ωmτ)

∣∣∣τend

τ∗
+

+ si−2−2ν(ωmτ)
∣∣∣τend

τ∗
si−2ν(ωmτ)

∣∣∣τend

τ∗

]}
. (C.6d)

The generalized sine and cosine functions provide oscillatory and decaying contributions
that become subdominant for large arguments xτ > xτ∗ ≳ (R∗H∗)−1 ≳ O(1). In providing
an estimation for the gravitational wave power spectrum, carried out in section 3.1.1, we
will therefore neglect these terms.

Since the gravitational wave power spectrum (2.40) scales as Pgw ∝ (kR∗)3P̃gw(kR∗), this
estimation of the kernel at low frequency predicts, for all wavenumbers kη∗ ≪ 1, a scaling
Pgw ∝ k3−2ν for the contributions from ∆lo

sw,∆nlo
sw ,∆nlo

Φ , while a steeper scaling Pgw ∝ k4

for the contribution from ∆nlo
gw .

We recall however that the above derivation is done in the limit kη ≫ 1. At gravitational
wave wavenumbers kη ≪ 1 the above arguments are not valid, and the gravitational wave
power spectrum is bound instead by causality to scale as Pgw ∝ k3 [89].

C.2 Approximation for sub-horizon gravitational wave modes

Gravitational wave modes with kη∗ ≫ 1 typically oscillate several times within the duration
of the source. The product of Green’s functions inside the kernel (2.43) is well approximated
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by equation (A.11). The four contributions are then

∆lo
sw

kη∗≫1= 1
2

∫ τend

τ∗

dτ1dτ2
τ2

∗

(
τ2

∗
τ1τ2

)1+ν

cos(zτ−) cos(csxτ−) cos(csyτ−), (C.7a)

∆nlo
gw

kη∗≫1= −1
2
ν(1 + ν)

2

∫ τend

τ∗

dτ1dτ2
τ2

∗

(
τ2

∗
τ1τ2

)1+ν ( 1
τ1

− 1
τ2

)
× sin(zτ−) cos(csxτ−) cos(csyτ−)

z
, (C.7b)

∆nlo
sw

kη∗≫1= −1
2

4 + ν(3 + ν)
2cs

∫ τend

τ∗

dτ1dτ2
τ2

∗

(
τ2

∗
τ1τ2

)1+ν ( 1
τ1

− 1
τ2

)
cos(zτ−)

×
[cos(csxτ−) sin(csyτ−)

y
+ sin(csxτ−) cos(csyτ−)

x

]
, (C.7c)

∆nlo
Φ

kη∗≫1= 1
2

(1 + ν)(2 + ν)
c2

s

∫ τend

τ∗

dτ1dτ2
τ2

∗

(
τ2

∗
τ1τ2

)1+ν ( 1
τ2

2
+ 1

τ2
1

)
× cos(zτ−) sin(csxτ−) sin(csyτ−)

xy
. (C.7d)

The kernel contributions (C.7) contain a double integration over dimensionless time variables
τ1 and τ2. As done for the non-oscillatory modes kη∗ ≪ 1, we aim to split the integration
variables and reduce the kernel terms to products of one-dimensional integrals. To this end,
we make use of the properties of trigonometric functions

cos(zτ−) cos(xcsτ−) cos(ycsτ−) = 1
4

∑
m,n=±1

cos(ωmnτ−), (C.8)

cos(zτ−) sin(xcsτ−) sin(ycsτ−) = −1
4

∑
m,n=±1

mn cos(ωmnτ−), (C.9)

cos(zτ−) cos(xcsτ−) sin(ycsτ−) = 1
4

∑
m,n=±1

n sin(ωmnτ−), (C.10)

sin(zτ−) cos(xcsτ−) cos(ycsτ−) = 1
4

∑
m,n=±1

sin(ωmnτ−), (C.11)
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with ωmn = z + cs(mx + ny), and write the kernel terms as

∆lo
sw = 1

8
∑

m,n=±1

∫ τend

τ∗

dτ1dτ2
τ2

∗

(
τ2

∗
τ1τ2

)1+ν

×
{

cos(ωmnτ1) cos(ωmnτ2) + sin(ωmnτ1) sin(ωmnτ2)
}
, (C.12a)

∆nlo
gw = −1

8
ν(1 + ν)

2z
∑

m,n=±1

∫ τend

τ∗

dτ1dτ2
τ2

∗

(
τ2

∗
τ1τ2

)1+ν ( 1
τ1

− 1
τ2

)
×
{

sin(ωmnτ1) cos(ωmnτ2) − cos(ωmnτ1) sin(ωmnτ2)
}
, (C.12b)

∆nlo
sw = −1

8
4 + ν(3 + ν)

2cs

∑
m,n=±1

(
n

y
+ m

x

)∫ τend

τ∗

dτ1dτ2
τ2

∗

(
τ2

∗
τ1τ2

)1+ν ( 1
τ1

− 1
τ2

)
×
{

sin(ωmnτ1) cos(ωmnτ2) − cos(ωmnτ1) sin(ωmnτ2)
}
, (C.12c)

∆nlo
Φ = −1

8
(1 + ν)(2 + ν)

c2
s

∑
m,n=±1

mn

xy

∫ τend

τ∗

dτ1dτ2
τ2

∗

(
τ2

∗
τ1τ2

)1+ν ( 1
τ2

2
+ 1

τ2
1

)
×
{

cos(ωmnτ1) cos(ωmnτ2) + sin(ωmnτ1) sin(ωmnτ2)
}
. (C.12d)

With equations (C.4), it is straightforward now to recover the expressions of the kernel
contributions (2.52).

C.2.1 Approximation at intermediate frequency

Let us now consider the gravitational wave power spectrum in the intermediate-frequency
range 1 ≪ kη∗ ≪ kpη∗. In the large-bubble regime with R∗H∗ ≲ O(1) and kpη∗ ∼ 2π/(R∗H∗),
this asymptotic regime might be very narrow and thus not very relevant. Nonetheless it
can at least help us understand the overall shape of the power spectrum and in particular
how to join the high- and low-frequency regimes. In the intermediate-frequency range the
gravitational wave power spectrum is dominated by the odd terms of the kernel sum (2.52),
when ωmn = ωm ≡ z+mcs(x− y) [71]. Since k ≪ kp, it follows that kR∗ ∼ (R∗H∗)kη∗ ≪ 2π.
Moreover, since kη∗ ≫ 1, it follows that kR∗ ≳ 1. We can then expand y = x − z for
small z and approximate y ≃ x − µz, with µ = x̂ · ẑ, so that ωm ≃ z(1 + mcsµ). The
arguments of the generalized trigonometric integrals have typically very large values in the
intermediate-frequency regime, so that we are motivated to consider the expansion

si−ν(x) =
x≫1

cos(x)
x1+ν

+ (1 + ν)sin(x)
x2+ν

+ o

( 1
x3+ν

)
, (C.13a)

ci−ν(x) =
x≫1

−sin(x)
x1+ν

+ (1 + ν)cos(x)
x2+ν

+ o

( 1
x3+ν

)
. (C.13b)

Moreover, for the purpose of this analytic estimation of the power spectrum, we just focus on
the case of long-lasting sources with ηend ≫ η∗, where we can approximate

ci−ν(ωmτ)
∣∣∣τend

τ∗
≃ − sin(ωmτ∗)

(ωmτ∗)1+ν
+ (1 + ν) cos(ωmτ∗)

(ωmτ∗)2+ν
, (C.14a)

si−ν(ωmτ)
∣∣∣τend

τ∗
≃ cos(ωmτ∗)

(ωmτ∗)1+ν
+ (1 + ν) sin(ωmτ∗)

(ωmτ∗)2+ν
. (C.14b)
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At leading-order in 1/kη∗ the kernel terms (2.52) approximate to

∆lo
sw(1 ≪ kη∗ ≪ kpη∗) ≃ 1

8
∑

m=±1
|ωmτ∗|−2 , (C.15a)

∆nlo
gw (1 ≪ kη∗ ≪ kpη∗) ≃ ν(1 + ν)

8
∑

m=±1

|ωmτ∗|−3

zτ∗
, (C.15b)

∆nlo
sw (1 ≪ kη∗ ≪ kpη∗) ≃ −1

2
4 + ν(3 + ν)

(2csxτ∗)2 csµzτ∗
∑

m=±1
m |ωmτ∗|−3 , (C.15c)

∆nlo
Φ (1 ≪ kη∗ ≪ kpη∗) ≃ (1 + ν)(2 + ν)

(2csxτ∗)2

∑
m=±1

|ωmτ∗|−2 . (C.15d)

Finally, we can expand the sums to get

∆lo
sw(1 ≪ kη∗ ≪ kpη∗) = 1

4(kη∗)2
1 + µ2c2

s

(1 − µ2c2
s)2 , (C.16a)

∆nlo
gw (1 ≪ kη∗ ≪ kpη∗) = ν(1 + ν)

4
1

(kη∗)4
1 + 3µ2c2

s

(1 − µ2c2
s)3 , (C.16b)

∆nlo
sw (1 ≪ kη∗ ≪ kpη∗) = 4 + ν(3 + ν)

(2csxτ∗)2
c2

sµ
2

(kη∗)2
3 + µ2c2

s

(1 − µ2c2
s)3 , (C.16c)

∆nlo
Φ (1 ≪ kη∗ ≪ kpη∗) = 2(1 + ν)(2 + ν)

(2csxτ∗)2
1

(kη∗)2
1 + µ2c2

s

(1 − µ2c2
s)2 . (C.16d)

We now find it convenient to rewrite the dimensionless spectral density (2.41) using ρ(z, x, y) =
(1−µ2)2x3z2/y and y dy = −xz dµ. At leading-order in z/x ≪ 1, we can further approximate
P̃v(y) ≃ P̃v(x) and write

P̃ int
gw (kR∗) ≃ τ∗

π2

∫ ∞

0
dxx2P̃ 2

v (x)
∫ 1

−1
dµ(1 − µ2)2∆int(z, µ, x, τ∗, τend), (C.17)

where the superscript “int” specifies that the quantity is evaluated in the intermediate-
frequency range 1 ≪ kη∗ ≪ kpη∗. The integration over the angle µ can now be performed
on a case-by-case basis with the expressions (C.16), resulting in

P̃ lo,int
gw, sw(kR∗) ≃ 4

3c4
s

[
3 − 2c2

s − 3
cs

(1 − c2
s) arctanh(cs)

] Iv

τ∗z2 , (C.18a)

P̃ nlo, int
gw, gw (kR∗) ≃ −2ν(1 + ν)

c4
s

[
3 − 1

cs
(3 − c2

s) arctanh(cs)
] Iv

τ3
∗z

4 , (C.18b)

P̃ nlo, int
gw, sw (kR∗) ≃ −24 + ν(3 + ν)

3c6
s

[
15 − 4c2

s − 3
cs

(5 − 3c2
s) arctanh(cs)

] Jv

τ3
∗z

2 , (C.18c)

P̃ nlo, int
gw,Φ (kR∗) ≃ 8(1 + ν)(2 + ν)

3c6
s

[
3 − 2c2

s − 3
cs

(1 − c2
s) arctanh(cs)

] Jv

τ3
∗z

2 , (C.18d)

where we have defined

Iv ≡ 1
2π2

∫ ∞

0
dxx2P̃ 2

v (x), Jv ≡ 1
2π2

∫ ∞

0
dxP̃ 2

v (x). (C.19)

Recalling the definition τ∗ ≡ η∗/R∗ ∼ (H∗R∗)−1, we notice that the general relativistic
corrections are suppressed by a factor (H∗R∗)2 with respect to the leading-order term.
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Moreover, we notice that the correction coming from the modified propagation of gravitational
waves, P̃ int, nlo

gw, gw (kR∗), decays faster with the gravitational wave frequency. At the level of the
power spectrum (2.40), given that Pgw ∼ (kR∗)3P̃gw(kR∗), we find P lo, int

gw, sw(k) ∼ Pnlo, int
gw, sw (k) ∼

Pnlo, int
gw,Φ (k) ∼ k1, while P int, lo

gw, sw(k) ∼ k−1.

C.2.2 Approximation at high frequency

Let us finally consider gravitational wave modes around or beyond the energy injection
scale (k ∼ kp) ∪ (k > kp), which implies kR∗ ≳ 2π. For a sufficiently long-lasting source
k(ηend − η∗) ≫ 1, these mode oscillate many times during the acoustic phase. In this regime,
the damped oscillatory behaviour of the kernel allows us to apply some further simplifications.
Following the analysis of refs. [29, 30], let us start with a change of integration variables
τ+ = (τ1 + τ2)/2 and τ− = τ1 − τ2, so that

∆lo
sw = τ2ν

∗
8

∑
m,n=±1

∫ τend

τ∗
dτ+

∫ τ̄+

−τ̄+
dτ−

cos(ωmnτ−)(
τ2

+ − τ2
−/4

)1+ν , (C.20a)

∆nlo
gw = τ2ν

∗
8
ν(1 + ν)

2z
∑

m,n=±1

∫ τend

τ∗
dτ+

∫ τ̄+

−τ̄+
dτ−

τ−(
τ2

+ − τ2
−/4

)2+ν sin(ωmnτ−), (C.20b)

∆nlo
sw = τ2ν

∗
8

4 + ν(3 + ν)
2cs

∑
m,n=±1

(
n

y
+ m

x

)∫ τend

τ∗
dτ+

∫ τ̄+

−τ̄+
dτ−

τ−(
τ2

+ − τ2
−/4

)2+ν sin(ωmnτ−),

(C.20c)

∆nlo
Φ = −1

8
(1 + ν)(2 + ν)

c2
s

∑
m,n=±1

mn

xy

∫ τend

τ∗
dτ+

∫ τ̄+

−τ̄+
dτ−

τ2
+ − τ2

−/4(
τ2

+ − τ2
−/4

)3+ν sin(ωmnτ−),

(C.20d)

where, as shown in ref. [72], the extrema of integration are set by

τ̄+ =
{

2(τ+ − τ∗) if τ+ < τm,

2(τend − τ+) if τ+ ≥ τm,
(C.21)

with τm = (τend − τ∗)/2 the half source duration.
To pursue an analytical estimation, we now introduce some approximations. Due to the

oscillatory behaviour of the Green’s functions and thus of the integrands in equations (C.20),
sound waves rapidly decorrelate after a few oscillations as ωmnτ− → ∞, so that gravitational
waves are mostly sourced in the first Hubble time [73]. In the limit of long-lasting source,
modes around the energy injection scale oscillate several times within the duration of the
source k(ηend − η∗) ≫ 1, so that the integrands in equations (C.20) have enough time to
perform several oscillations within the support of τ−. For this reason, extending the support
of τ− to τ− ∈ (−∞,∞) does not affect the final result much, as it adds to the integral
regions of phase space where integrands oscillate very fast with zero average. Similarly, in
the limit k(ηend − η∗) ≫ 1, the largest contributions to the kernels come from the region
τ− ≪ τ+ (see for example ref. [72] figure 5). We then evaluate the integrand of the kernel
contributions (C.20) using a Taylor expansion in τ−/τ+ ≪ 1. Neglecting contributions of
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order (τ−/τ+)2, we perform the integration over τ+ resulting in

∆lo
sw ≃ τ−1

∗
8

1
1 + 2ν

[
1 −

(
τ∗
τend

)1+2ν
] ∑

m,n=±1

∫ τm

−τm
dτ− cos(ωmnτ−), (C.22a)

∆nlo
gw = ν(1 + ν)

16z
τ−3

∗
3 + 2ν

[
1 −

(
τ∗
τend

)3+2ν
] ∑

m,n=±1

∫ τm

−τm
dτ−τ− sin(ωmnτ−), (C.22b)

∆nlo
sw = 4 + ν(3 + ν)

16cs

τ−3
∗

3 + 2ν

[
1 −

(
τ∗
τend

)3+2ν
] ∑

m,n=±1

(
n

y
+ m

x

)∫ τm

−τm
dτ−τ− sin(ωmnτ−),

(C.22c)

∆nlo
Φ = −(1 + ν)(2 + ν)

4c2
s

τ−3
∗

3 + 2ν

[
1 −

(
τ∗
τend

)3+2ν
] ∑

m,n=±1

mn

xy

∫ τm

−τm
dτ− cos(ωmnτ−).

(C.22d)

We note that every term of the kernel is proportional to the suppression factor

Υℓ

(
η∗
ηend

)
= 1
ℓ(ν)

[
1 −

(
η∗
ηend

)ℓ(ν)
]
, (C.23)

where ℓ(ν) = 1 + 2ν for the leading-order term, and ℓ(ν) = 3 + 2ν for the NLO terms. This
suppression arises from the finite lifetime of sound waves, and it was first studied for the
leading-order term in ref. [73]. Our suppression factor in the leading-order term Υ1+2ν reduces
to the known expression Υ1 in the case of pure radiation (ω = 1/3 and ν = 0) [72, 73] and
Υ3 in the case of pressureless matter (ω = 0 and ν = 1) [73].

If the source lasts for many Hubble times τend ≫ τ∗, we can consider the limit τm → ∞
and use the properties of the Dirac delta function δ(x)∫ ∞

−∞
dτ− cos(ωmnτ−) = 2π δ(ωmn), (C.24a)∫ ∞

−∞
dτ−τ− sin(ωmnτ−) = − n

cs
∂y

∫ ∞

−∞
dτ− cos(ωmnτ−) = −2πn

cs
∂yδ(ωmn). (C.24b)

We notice at this point that the Dirac delta functions are all centred at z + cs(mx+ ny) = 0.
Since in the gravitational wave power spectrum (2.40) the variables x and y are weighted
by the spectral densities Pv(x) and Pv(y) via equation (2.41), in the high gravitational
frequency regime z ≳ O(1) only the case m = n = −1 can realize the condition ωmn = 0.
This way we finally obtain

∆lo
sw ≃ τ−1

∗
8 Υ1+2ν

(
η∗
ηend

)
2π δ(z − cs(x+ y)), (C.25a)

∆nlo
gw ≃ τ−3

∗
ν(1 + ν)

16csz
Υ3+2ν

(
η∗
ηend

)
2π ∂yδ(z − cs(x+ y)), (C.25b)

∆nlo
sw ≃ −τ−3

∗
4 + ν(3 + ν)

16c2
s

Υ3+2ν

(
η∗
ηend

) (1
y

+ 1
x

)
2π ∂yδ(z − cs(x+ y)), (C.25c)

∆nlo
Φ ≃ −τ−3

∗
(1 + ν)(2 + ν)

4c2
sxy

Υ3+2ν

(
η∗
ηend

)
2π δ(z − cs(x+ y)). (C.25d)
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High-frequency approximation of the gravitational wave spectral density function
The Dirac delta function can be now used to perform one integration over the sound wave
wavenumbers in the expression of the gravitational wave dimensionless spectral density
function (2.41)

P̃gw(kR∗) = τ∗
π2z3

∫ ∞

0
dx

∫ x+z

|x−z|
dy ρ(z, x, y)P̃v(x)P̃v(y)∆ (z, x, y, τ∗, τend) . (C.26)

Studying each contribution individually, the integration of the gravitational wave spectral
density function can be split into the evaluation of the terms

I =
∫ ∞

0
dx

∫ x+z

|x−z|
dy ρ(z, x, y)f(x, y)P̃v(x)P̃v(y) δ(z − cs(x+ y)), (C.27a)

J =
∫ ∞

0
dx

∫ x+z

|x−z|
dy ρ(z, x, y)g(x, y)P̃v(x)P̃v(y) ∂yδ(z − cs(x+ y)), (C.27b)

where f(x, y) = 1 for the leading-order contribution (C.25a), and f(x, y) = 1/(xy) for the
contribution from curvature perturbations (C.25d); g(x, y) = 1 for the NLO contribution from
gravitational wave propagation (C.25b), and g(x, y) = (x+ y)/(xy) for the NLO contribution
from sound wave propagation (C.25c). The y-integration in I is now trivial, and gives

I = z2

cs

(
1 − c2

s

c2
s

)2 ∫ x+

x−
dx

(x− x+)2(x− x−)2

x(x+ + x− − x) f(x, x++x−−x)P̃v(x)P̃v(x++x−−x), (C.28)

with x± = z(1 ± cs)/(2cs). Therefore

P̃ lo, high
gw, sw (kR∗) = 1

4πcsz
Υ1+2ν

(
η∗
ηend

)(1 − c2
s

c2
s

)2

×
∫ x+

x−
dx

(x− x+)2(x− x−)2

x(x+ + x− − x) P̃v(x)P̃v(x+ + x− − x),
(C.29)

and

P̃ nlo, high
gw, Φ (kR∗) = − τ−2

∗
(1 + ν)(2 + ν)

2πc3
sz

Υ3+2ν

(
η∗
ηend

)(1 − c2
s

c2
s

)2

×
∫ x+

x−
dx

(x− x+)2(x− x−)2

x2(x+ + x− − x)2 P̃v(x)P̃v(x+ + x− − x).
(C.30)

In J instead, we carry out the y-integration by parts. Remembering the fact that
the geometric function ρ(z, x, y), defined in equation (2.42), vanishes at the extrema of
integration when y = x + z or y = |x − z|, we can write

J = −
∫ ∞

0
dxP̃v(x)

∫ x+z

|x−z|
dy ∂y

[
ρ(z, x, y)g(x, y)P̃v(y)

]
δ(z − cs(x+ y)) =

= − 1
cs

∫ x+

x−
dxP̃v(x)∂y

[
ρ(z, x, y)g(x, y)P̃v(y)

]
y=x++x−−x

. (C.31)
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Finally

P̃ nlo, gw
gw (kR∗) = − τ−2

∗
ν(1 + ν)
8πc2

sz
2 Υ3+2ν

(
η∗
ηend

)(1 − c2
s

c2
s

)2

×
∫ x+

x−
dx

(x− x+)2(x− x−)2

x(x+ + x− − x)2 P̃v(x)P̃v(x+ + x− − x)×

×
{

7y4 − 6y2(x2 + z2) − (x2 − z2)2

[y2 − (x− z)2] [y2 − (x+ z)2] + 2
[
1 − 3(y/2π)6

1 + (y/2π)6

]}
, (C.32a)

P̃ nlo, high
gw, sw (kR∗) =τ−2

∗
4 + ν(3 + ν)

8πc3
sz

Υ3+2ν

(
η∗
ηend

)(1 − c2
s

c2
s

)2

×
∫ x+

x−
dx

(x− x+)2(x− x−)2

x2(x+ + x− − x)3 (x+ + x−)P̃v(x)P̃v(x+ + x− − x)

×
{

7y4 − 6y2(x2 + z2) − (x2 − z2)2

[y2 − (x− z)2] [y2 − (x+ z)2] − x

x+ y
+ 2

[
1 − 3(y/2π)6

1 + (y/2π)6

]}
,

(C.32b)
with y = x+ + x− − x.

C.3 Immediate return to pure radiation

When the soft phase lasts for a sufficiently small amount of time, so that we can consider
the equation of state to be that of pure radiation throughout the transition, the kernel (C.1)
can be integrated analytically across the entire gravitational wave frequency domain. Indeed,
in pure radiation

G′
k(η, η1)G′

k(η, η2)
∣∣∣∣
ν=0

≃ 1
2 cos [k(η1 − η2)] . (C.33)

Since this is exactly the leading-order contribution of equation (A.11), the calculation of the
kernel functions proceeds very similarly to the case outlined in section C.2. Taking the result
in equation (C.12) and setting ν = 0, we write the kernel functions

∆lo
sw

∣∣∣
ν=0

= 1
8

∑
m,n=±1

∫ τend

τ∗

dτ1dτ2
τ2

∗

(
τ2

∗
τ1τ2

)

×
{

cos(ωmnτ1) cos(ωmnτ2) + sin(ωmnτ1) sin(ωmnτ2)
}
, (C.34a)

∆nlo
gw

∣∣∣
ν=0

= 0, (C.34b)

∆nlo
sw

∣∣∣
ν=0

= − 1
4cs

∑
m,n=±1

(
n

y
+ m

x

)∫ τend

τ∗

dτ1dτ2
τ2

∗

(
τ2

∗
τ1τ2

)( 1
τ1

− 1
τ2

)
×
{

sin(ωmnτ1) cos(ωmnτ2) − cos(ωmnτ1) sin(ωmnτ2)
}
, (C.34c)

∆nlo
Φ

∣∣∣
ν=0

= −1
4

1
c2

s

∑
m,n=±1

mn

xy

∫ τend

τ∗

dτ1dτ2
τ2

∗

(
τ2

∗
τ1τ2

)( 1
τ2

2
+ 1

τ2
1

)
×
{

cos(ωmnτ1) cos(ωmnτ2) + sin(ωmnτ1) sin(ωmnτ2)
}
. (C.34d)

Finally, using equations (C.4), we recover the expressions of the kernel contributions (2.55).
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D Details on the numeric integration

We pursue the numeric integration of the kernel functions (2.48) and (2.52) using a Cython
code and the SciPy library. However, the generalized trigonometric functions ci−α(x) and
si−α(x) are only defined in the library for the case α = 0. For the cases where α has a
non-integer value, we need instead to relate the generalized trigonometric functions to other
known geometric functions. This is done in the Appencix (C) of ref. [74], from which we
take here the main result

ci−α(x) = Re
{
iα
[
Γ(−α) + (ix)−α

α
1F1(−α, 1 − α,−ix)

]}
, (D.1a)

si−α(x) = − Im
{
iα
[
Γ(−α) + (ix)−α

α
1F1(−α, 1 − α,−ix)

]}
, (D.1b)

where 1F1(a, b, c) is the Krummer confluent hypergeometric function [103] [87, (8.5.1)]. The
above expressions are ill-defined in the limit x → 0. To avoid this problem we consider the
limit x → 0 of the original expressions (2.50) as

ci−α(x → 0) = x−α

α
, si−α(x → 0) = 0. (D.2)

The apparent divergence in ci−α(x → 0) is removed inside the kernels (2.48) and (2.52),
yielding always to finite results.

The expressions (D.1) are well defined for non-integer orders α of the trigonometric
integrals. In the kernel functions (2.48) and (2.52), since ν ∈ [0, 1), trigonometric integrals
of integer order only appear in the pure radiation case, where ν = 0. The kernel functions
in this case are given by equations (C.34). For trigonometric integrals of integer orders
we can derive a recurrence formula to reduce the order of the generalized trigonometric
integrals. In particular

∫ τend

τ∗

sin(ωτ)
τ2 dτ2 = − sign(ω)|ω|

[
sin(x)
x

∣∣∣∣x=|ω|τend

x=|ω|τ∗

−
∫ |ω|τend

|ω|τ∗

cos(y)
y

dy

]
=

= − sign(ω)|ω|
[sin(x)

x
− Ci(x)

]x=|ω|τend

x=|ω|τ∗

, (D.3)

where in the first step we used integration by parts. We also recall that, in our notation,
ci0(x) = − Ci(x). In the same fashion we find

∫ τend

τ∗

cos(ωτ)
τ2 dτ2 = −|ω|

[cos(x)
x

+ si(x)
]x=|ω|τend

x=|ω|τ∗

, (D.4a)

∫ τend

τ∗

sin(ωτ)
τ3 dτ2 = −sign(ω)

2 |ω|2
[sin(x)

x2 + cos(x)
x

+ si(x)
]x=|ω|τend

x=|ω|τ∗

, (D.4b)

∫ τend

τ∗

cos(ωτ)
τ3 dτ2 = −1

2 |ω|2
[cos(x)

x2 − sin(x)
x

+ ci(x)
]x=|ω|τend

x=|ω|τ∗

. (D.4c)

– 55 –

https://dlmf.nist.gov/8.5.E1


J
C
A
P
0
3
(
2
0
2
6
)
0
2
4

Finally, implementing this results in the expressions (C.34), we obtain

∆lo
sw = 1

8
∑

m,n=±1

[(
Ci(ωmnτ)

∣∣∣τend

τ∗

)2
+
(

si(ωmnτ)
∣∣∣τend

τ∗

)2
]
, (D.5a)

∆nlo
gw = 0, (D.5b)

∆nlo
sw = 1

2cs

∑
m,n=±1

(
n

y
+ m

x

)
|ωmn| sign(ωmn) ×

×
{

Ci(ωmnτ)
∣∣∣τend

τ∗

[sin(|ωmn|τ)
|ωmn|τ

− Ci(|ωmn|τ)
]τend

τ∗

− si(ωmnτ)
∣∣∣τend

τ∗

[cos(|ωmn|τ)
|ωmn|τ

+ si(|ωmn|τ)
]τend

τ∗

}
, (D.5c)

∆nlo
Φ = 1

4c2
s

∑
m,n=±1

mn
ω2

mn

xy

×
{

Ci(ωmnτ)
∣∣∣τend

τ∗

[cos(|ωmn|τ)
(|ωmn|τ)2 − sin(|ωmn|τ)

|ωmn|τ
+ Ci(|ωmn|τ)

]τend

τ∗

− si(ωmnτ)
∣∣∣τend

τ∗

[sin(|ωmn|τ)
(|ωmn|τ)2 + cos(|ωmn|τ)

|ωmn|τ
+ si(|ωmn|τ)

]τend

τ∗

}
. (D.5d)
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