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Theory of Superconducting Quantum Devices and Reconfigurable Quantum

Materials for Quantum Computing Applications

Nicholas M. Hougland, PhD

University of Pittsburgh, 2025

The physics of quantum devices is a vast and growing field with active research into

many emerging technologies based on quantum effects. In particular, new devices which rely

on the quantum properties of superconducting materials, as well as technologies which allow

for fine control of the superconductivity in such materials, are being developed. However,

a major limitation on practical hardware which takes advantage of quantum effects is scal-

ing. Quantum systems are naturally susceptible to the effects of noise, which can destroy

useful properties of practical quantum hardware. This is especially true in quantum com-

puting, which represents a major application for quantum hardware. In this field, quantum

information which relies on the coherence of many qubits is easily destroyed.

In addition to quantum computing, quantum hardware based on superconducting mate-

rials can be used in a variety of applications. This is because superconducting devices can be

engineered with various properties to build components such as amplifiers and masers which

have broad applicability. These classes of devices are useful in all areas of physics and engi-

neering, including radio astronomy and communication where amplification of small signals

is essential, as well as atomic physics and even molecular biology, which rely on sources of

coherent light for fine control and probing of atoms and molecules.

In this Dissertation, I theoretically investigate the properties of superconducting quan-

tum hardware and how they can be used to design new devices for various applications.

I will describe my work on examining fundamental properties of reconfigurable materials

which may prove useful in these applications, in particular by modeling and engineering the

band structure of graphene with an electrostatic potential and by modeling supercurrents

in 2D superconductors at complex oxide heterointerfaces. Then I will describe designing

superconducting hardware which relies on the nonlinearity of Josephson junctions, specif-

ically amplifiers and masers. These devices each represent a significant new property or
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improvement in performance along some dimension as compared to the quantum hardware

of the past, and the further investigation of these properties in this Dissertation lays the

groundwork for building useful quantum devices which can be practically realized.
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1.0 Introduction

Superconductivity was discovered in 1911 by Kamerlingh Onnes [109] (or perhaps his

graduate student [103]) when it was observed that mercury exhibited zero electrical re-

sistance at temperatures below 4.2K. This discovery, along with subsequent discoveries of

properties of superconductors, has prompted investigation into theoretical explanations of

these phenomena. The impetus for a deeper understanding of superconductivity often stems

from the desire to take advantage of superconducting properties for practical applications.

Throughout this Dissertation, we will investigate theoretical models for superconducting sys-

tems and devices which we anticipate may be useful in quantum computing applications in

particular. In this Chapter, we will introduce established theoretical models which describer

superconductivity, and which form the basis for our work in later Chapters.

We begin by introducing the Bardeen-Cooper-Schrieffer (BCS) model of superconduc-

tivity in Section 1.1.1, which explains the origin of superconductivity from a microscopic

perspective. While we do not make direct use of the BCS theory in this thesis, the BCS

theory is a strong motivator for designing materials (or meta-materials) with a high density

of states in order to promote the formation of strongly correlated states, which is the subject

of Chapter 2. Next, in Section 1.1.2, we introduce the phenomenological/macroscopic theory

of Ginzburg and Landau which we refer to in Chapter 3 to model supercurrents in nanoscale

superconducting quantum interference devices. In Section 1.1.3 we then introduce the theory

of the Josephson effects, which describe supercurrents through and voltages across junction

between pairs of superconductors. We also argue that the Josephson relation for the current

results in the DC-SQUID effect, i.e. flux quantization in superconducting devices with pairs

of Josephson junction. The DC-SQUIDs in the novel superconductor formed at the interface

of two complex metal oxides is the central topic of Chapter 3. Finally, in Section 1.2, we in-

troducing circuit quantum electrodynamics (cQED), which is the theory of superconducting

circuits that plays a crucial role in our investigation of superconducting parametric amplifiers

in Chapter 4 and superconducting micromaser circuits made of qubits in Chapter 4.

1



1.1 Superconductivity

1.1.1 Bardeen-Cooper-Schrieffer theory of superconductivity

While superconductors had been phenomenologically studied since their discovery in

1911, a microscopic theory for the origin of superconductivity was not developed until 1957,

when Bardeen, Cooper, and Schrieffer proposed a theory by which electrons would form a

bound state known as a Cooper pair. This theory has become known as BCS theory, and is

the accepted model for the origin of superconductivity in low-temperature superconductors.

In this Subsection, we will derive important results of the BCS theory, primarily following

the derivation in Chapter 3 of Refs. [109]1 and originally formulated by Bardeen, Cooper,

and Schrieffer in Ref. [7].

We will first present Cooper’s argument which shows that under the presence of an

attractive potential, even if it is very weak, the electrons will form Cooper pairs. We will

consider the case of two electrons added to the Fermi sea at temperature T = 0, where these

electrons do not interact with the electrons in the sea (except for Pauli blocking). We will

consider a wavefunction for the two electrons with equal and opposite momenta and opposite

spin, i.e.

Ψ(r1, r2) =
∑

k

gke
ik(r1−r2)(|↑↓⟩ − |↓↑⟩), (1)

where gk is the amplitude for the pair being in the k,−k state, and Pauli blocking by the

electrons in the Fermi sea requires that |k| > kF . We insert this to the Schrodinger equation,

HΨ = EΨ, to get

∑

k

gk
(
ϵk + ϵk + V (r1 − r2)

)
eik(r1−r2) = E

∑

k

gke
ik(r1−r2), (2)

where ϵk is the kinetic energy of each electron (and we have assumed that ϵk = ϵ|k|). Then,

we can write this as

2ϵkgkΩ +
∑

k′>kF

∫
d3rgk′V (r)ei(k

′−k)·r = EgkΩ, (3)

1Other useful references include [1] and [59].

2



where we have integrated over space so that Ω is the normalization volume. Finally, we can

write this as

(E − 2ϵk)gk =
∑

k′>kF

Vkk′gk′
, (4)

where

Vkk′ =
1

Ω

∫
d3rV (r)ei(k

′−k)·r. (5)

We will now approximate Vkk′ as a constant attractive potential. I.e. it has strength −V
for all k states with energy from EF to EF + h̄ωc. Beyond this cutoff energy, the potential

is zero. Plugging in this potential, we have

gk =
−V ∑k′>kF

gk′

E − 2ϵk
. (6)

We can sum over k and get

1

V
=
∑

k>kF

(2ϵk − E)−1. (7)

We can convert this into an integral over energy, and obtain

1

V
= N0

∫ EF+h̄ωc

EF

dϵ

2ϵ− E
=
N0

2
ln

2EF − E + 2h̄ωc

2EF − E
, (8)

where N0 is the density of states at the Fermi level. For N0V ≪ 1, the solution for E can

be written as

E ≈ 2EF − 2h̄ωce
−2/N0V . (9)

That is, the energy for a bound state of two electrons is below the Fermi level, favoring the

formation of Cooper pairs. Typically, in 3D, bound states only appear when an attractive

interaction is sufficiently strong. On the other hand, due to the Fermi sea blocking states

with k < kF , the Cooper problem supports a bound state of two electrons in 3D no matter

how weak the attractive interaction V is. This remarkable property implies that even weak

attractive interactions can lead to the breakdown of the Fermi sea and the formation of a

superconducting state composed of electron pairs, which we describe below.

3



To imagine how an attractive potential between electrons could arise despite the Coulomb

repulsion between them, we must consider the effect of the lattice of ions in the material. In

particular, the presence of an electron near positive ions will induce a lattice deformation,

leading to a net positive charge in the region. The ion lattice returns slowly to equilibrium

compared to other electrons, which are attracted to this region. The net effect is an attraction

between electrons which is mediated by phonons induced by the Coulomb interaction.

Since we have shown that the presence of an attractive potential between electrons will

lead to Cooper pairs, we now realize that these pairs will continue to form until we reach a

new ground state. This state is reached when the binding energy of an additional Cooper pair

reaches zero. We will take a second quantization approach to write down the wavefunction

for this BCS ground state.

We will use ck,σ and c†k,σ, the annihilation and creation operators for an electron with

momentum k and spin σ. These operators obey the anticommutation relations

{ck,σ, c†k′,σ′} = δkk′δσσ′ , (10)

{ck,σ, ck′,σ′} ={c†k,σ, c†k′,σ′} = 0. (11)

We will start with the pairing Hamiltonian for the system, expressed as

H =
∑

k,σ

ϵknk,σ +
∑

k,l

Vklc
†
k,↑c

†
−k,↓c−l,↓cl,↑, (12)

where nk,σ is the electron number operator. We now define bk = ⟨c−k,↓ck,↑⟩ as the expectation
value of c−k,↓ck,↑, which due to Cooper pairing may be nonzero (without such pairing, this

should average to zero). We will also define the gap energy as

∆k = −
∑

l

Vklbl. (13)

Finally, we will take H → H + µN where µ is the chemical potential (Fermi energy) and N

is the particle number operator. Then, we can write the Hamiltonian as

H =
∑

k,σ

ξknk,σ −
∑

k

(∆kc
†
k,↑c

†
−k,↓ +∆†

kc−k,↓ck,↑ −∆kb
†
k), (14)

where ξk = ϵk − µ.

4



We will now diagonalize the Hamiltonian, which has been shown by Bogoliubov and by

Valatin to be possible by implementing the following linear transformation:

ck,↑ = u†kγk,0 + vkγ
†
k,1 (15)

c†k,↑ = −v†kγk,0 + ukγ
†
k,1, (16)

where |uk|2 + |vk|2 = 1. By this construction, new operator γk,0 has components which

destroy an electron with k, ↑ and a component with creates an electron with −k, ↓, i.e. it

decreases momentum of the system by k and decreases Sz by h̄/2. Similar properties hold

for γ†k,1 and conjugates.

We can now write the Hamiltonian as

H =
∑

k

ξk[(|uk|2 + |vk|2)(γ†k,0γk,0 + γ†k,1γk,1) + 2|vk|2 + 2u†kv
†
kγk,1γk,0

+2ukvkγ
†
k,0γ

†
k,1] +

∑

k

[(∆kukv
†
k +∆†

ku
†
kvk)(γ

†
k,0γk,0 + γ†k,1γk,1 − 1)

+(∆kv
†2
k −∆†

ku
†2
k )γk,1γk,0 + (∆†

kv
2
k −∆ku

2
k)γ

†
k,0γ

†
k,1 +∆kb

†
k].

(17)

This Hamiltonian is diagonal when γk,1γk,0 and γ†k,0γ
†
k,1 terms are zero. This is when the

coefficients satisfy 2ξkukvk +∆†
kv

2
k −∆ku

2
k = 0. Or rather,

∆†
kvk
uk

= (ξ2k + |∆k|2)1/2 − ξk ≡ Ek − ξk, (18)

where we have implicitly defined Ek = (ξ2k + |∆k|2)1/2. Finally, taking into account the

normalization requirement on the coefficients, we have

|vk|2 = 1− |uk|2 =
1

2

(
1− ξk

Ek

)
. (19)

The phases of ∆k, uk, and vk are related by Eq. (18), while their global phase is arbitrary.

We plot |vk|2, |uk|2 in Fig. 1.

We can then consider writing the general BCS ground state as

|ψG⟩ =
∏

k,σ

γk,σ |ϕ0⟩ =
∏

k

(
uk + vkc

†
k,↑c

†
−k,↓
)
|ϕ0⟩ , (20)

where ϕ0 is the vacuum state.
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Figure 1: Occupation fraction of Cooper pair states in BCS theory.

With the choice of uk and vk to diagonalize the Hamiltonian, what remains is

H =
∑

k

(ξk − Ek +∆kb
†
k) +

∑

k

Ek(γ
†
k0γk0 + γ†k1γk1). (21)

Thus, the Ek give the energies of excitations of the quasi-particles given by the γk

operators. Even near the Fermi surface, where ξk = 0, we have Ek = |∆k| > 0, indicating

a gap in the energy spectrum for quasi-particles with a minimum excitation energy of 2∆k,

unlike in a normal metal. To see this more concretely, we plot an example energy spectrum

in Fig.2. The BCS ground state corresponds to where all the negative energy states are

occupied.

1.1.2 Ginzburg-Landau theory of superconductivity

In the previous Section, we have focused on the microscopic theory which underlies super-

conductivity in conventional, low-temperature superconductors. However, in many scenarios

a macroscopic, phenomenological theory is sufficient for describing superconductivity. The
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Figure 2: Positive and negative eigenvalues (energies) of Eq. (21).

Ginzburg-Landau theory represents such an approach. This theory, proposed by Ginzburg

and Landau in 1950 [43], introduces a pseudowavefunction ψ(x) as an order parameter, where

|ψ(x)|2 represents the local density of superconducting charge carriers ns(x). In this Section,

we will introduce the Ginzburg-Landau free energy and consider its important properties.

This presentation will follow Chapter 4 of Ref. [109].

The Ginzburg-Landau theory begins with the postulate that for ψ which is small and

slowly varying in space, the free energy density can be expanded in |ψ|2 and |∇ψ|2 as

f = fn0 + α|ψ|2 + β

2
|ψ|4 + 1

2m∗

∣∣∣∣
(
h̄

i
∇− e∗

c
A

)
ψ

∣∣∣∣
2

+
B2

8π
, (22)

where A is the magnetic vector potential and B = ∇×A, and fn0 is the free energy of the

normal state. The terms m∗ and e∗ are the mass and charge of the superconducting charge

carriers. In the original Ginzburg-Landau theory, which predated BCS, it was assumed these

terms would be the same as the electron values. However, the microscopic theory shows that

the charge carriers are Cooper pairs with values m∗ = 2m and e∗ = 2e.
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It is possible to derive the Ginzburg-Landau theory from the microscopic BCS theory,

as shown by Gor’kov [80], but we will instead assume the expanded form of f and examine

the terms which describe superconducting effects, including the nonlinear effect of A which

can change ns.

Beginning with the case of no field A and no gradients of ψ, we have that the free energy

of the superconducting condensate is

f − fn0 = α|ψ|2 + 1

2
β|ψ|4. (23)

Whenβ > 0, the above free energy has a well defined minimum for a finite |ϕ| and hence

we can minimize the free energy. In the case of positive α, the minimum of the free energy

occurs when |ψ|2 = 0, i.e. the superconducting electron density is zero and we have the

normal state. If α is negative, then the minimum is at |ψ|2 = −α/β.
At the transition temperature Tc, α must change sign, so we can Taylor expand it as

a function of t − 1 = T/Tc − 1 at t = 1 to get α = α′(t − 1). Plugging into (23) implies

that |ψ|2 = ns ∝ (1 − t), giving the relation between superconducting electron density and

temperature near Tc.

The 1/2m∗ term in the Ginzburg-Landau theory accounts for fields and gradients. We

can write ψ = |ψ|eiφ and consider the term as

1

2m∗

[
h̄2(∇|ψ|)2 +

(
h̄∇φ− e∗A

c

)2

|ψ|2
]
. (24)

This form gives two terms, where the first is associated with the gradient of the magnitude

of the order parameter. The second gives the energy due to supercurrents and variations in

superconducting phase in the superconductor. The supercurrent density is given by

J = e∗|ψ|2vs =
e∗

m∗ |ψ|
2

(
h̄∇φ− e∗

c
A

)
, (25)

where vs is the supercurrent velocity. In Chapter 3, we will solve for supercurrents and phase

gradients in a 2D superconductor by minimizing this Ginzburg-Landau free energy.
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1.1.3 Josephson effect and Josephson junction-based devices

The Josephson junction is a junction of two superconducting electrodes connected by a

weak link (e.g. insulating barrier, normal metal, constriction). These junctions have the

property that, with zero potential difference between the superconductors, a current Is will

flow between them with

Is = Ic sin∆φ, (26)

where Ic is the critical current of the junction and ∆φ is the difference in the phase of the

Ginzburg-Landau wavefunction ψ between the two superconductors.

Furthermore, if a voltage V is applied across a Josephson junction, ∆φ will follow

d(∆φ)

dt
=

2eV

h̄
=
V

ϕ0

(27)

such that the current alternates with frequency 2eV/h and ϕ0 = h̄/2e is the reduced flux

quantum. These effects, known as the DC and AC Josephson effects, were predicted by

Josephson in 1962 [54], and they form the basis for many important superconducting quan-

tum devices.

One class of Josephson junction-based devices is the superconducting quantum interfer-

ence device (SQUID). We will consider the operation of a DC-SQUID, and we will draw from

Chapter 6 of Ref. [109].

The DC-SQUID is composed of a superconducting loop with two junctions (i.e., two

Josephson junctions in parallel). This loop will enclose a flux Φ which can be found by

integrating A around a contour through both junctions. Additionally, due to the Meissner

effect of superconductors, there is a contour we can choose where the current velocity vs = 0

around the loop. Using Eq (25), we have m∗vs = h̄(∇φ− 2πA/Φ0) so that A = (Φ0/2π)∇φ
in the superconductor. We can write

Φ =

∮
A · ds = (Φ0/2π)

∫

superconductor

∇φ · ds+
∫

weak links

A · ds (28)

by separating into the superconducting loop and the weak links of the junctions. Here,

Φ0 = 2πϕ0 is the magnetic flux quantum. In order to maintain single-valuedness around the

9



contour, the value of the phase differences across the weak links ∆φi and the integral of ∇φ
across the superconductor must be zero (modulo 2π). So,

∫

superconductor

∇φ · ds ≡ −
∑

∆φi mod 2π. (29)

We can take the integral around the loop in two halves of the loop, one through one junction

and one through the other. In this case, the sum of the phase differences as computed by

these integrals around the loop in the same direction is 2πΦ/Φ0. We want to consider the

sum of the phase differences in the same direction around the loop in order to compute the

current flowing from one side of the loop to the other, and so we get 2πΦ/Φ0 mod 2π. In

other words, flux through the loop is quantized, and the maximum supported supercurrent

of the combination of the two paths in parallel is less than the sum of the critical currents

in the two paths, except when Φ is a multiple of Φ0. When this happens, the two phase

differences can simultaneously be π/2, supporting the maximum supercurrent. In the case

of two identical junctions, we can write the maximum supported supercurrent as

Im = 2Ic| cos(πΦ/Φ0)|. (30)

The maximum supercurrent is twice the critical current of each junction with flux being an

integer number of flux quanta, and is zero at half-integer values. In other words, the critical

current is at a maximum when there are no screening currents in the SQUID, and is at a

minimum when there are maximum screening currents in the SQUID. This relation of critical

current to magnetic field provides utility in that we can measure magnetic flux to a fraction

of Φ0.
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1.2 Modeling superconducting circuits with cQED techniques

In this Dissertation, we will frequently model systems which contain nonlinear supercon-

ducting elements. Circuit quantum electrodynamics, or cQED (which we do not use to refer

to cavity QED here), is a framework for modeling such systems. In this Chapter, we will lay

the groundwork for using circuit QED in later chapters, and we will start by considering the

dynamics of an LC oscillator. We will follow the derivations laid out in Ref. [44]2.

We begin with an LC oscillator with inductance L and capacitance C, whose Lagrangian

we write as

L =
1

2
LI2 − 1

2

q2

C
, (31)

where I is the current through the circuit and q is the charge on the capacitor. Since I = q̇

by charge conservation, we can write this as

L =
1

2
Lq̇2 − 1

2C
q2. (32)

This system is dynamically equivalent to a mass on a spring, where here the inductance

L plays the role of the mass, and the inverse capacitance 1/C plays the role of the spring

constant. The frequency of this oscillator is then 1/
√
LC.

We can write the conjugate momentum for the charge coordinate in this system, which

is the flux through the inductor

Φ =
∂L
∂q̇

= Lq̇ = LI. (33)

We can then write the Hamiltonian of the system as

H = Φq̇ − L =
Φ2

2L
+

1

2C
q2. (34)

2A review of key points is available at [12].
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This Hamiltonian can be used to give the current through the inductor and the voltage

across the inductor and capacitor, as follows:

q̇ =
∂H

∂Φ
=

Φ

L
= I, (35)

Φ̇ = −∂H
∂q

= − q

C
= V. (36)

We can then write the coordinate q and its conjugate Φ as quantum operators with the

commutation relation [Φ̂, q̂] = −ih̄ so that the Hamiltonian becomes

H = h̄
1√
LC

(
â†â+

1

2

)
, (37)

with raising and lowering operators

â = i
1√

2Lh̄
√
LC

Φ̂ +
1√

2Ch̄
√
LC

q̂, (38)

â† = −i 1√
2Lh̄

√
LC

Φ̂ +
1√

2Ch̄
√
LC

q̂, (39)

giving the usual form of the quantum harmonic oscillator.

To this point, we have taken the picture that the kinetic energy term of the system

is the inductive term, as L is equivalent to a mass, and similarly the capacitive term is

the potential energy term. However, we aim to use this formalism to model circuits which

include Josephson junctions, which act as nonlinear inductors. Thus, it is ideal to consider

the inductive elements as contributing to the potential energy of the system. To do this, we

can define the dimensionless node flux (i.e. the superconducting phase) at a point in the

circuit as

φ(t) =
1

ϕ0

∫ t

−∞
dτV (τ), (40)

which then gives V (t) = ϕ0φ̇. This is equivalent to the Josephson relation given in Eq. 27.

The capacitive term then becomes

1

2
Cϕ2

0φ̇
2, (41)
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which has the form of a kinetic energy. We also have V = Lİ = ϕ0φ̇, so the inductive term

becomes

ϕ2
0

2L
φ2, (42)

which has the form of a potential energy in φ. Now, the Lagrangian of the system is

L =
1

2
Cϕ2

0φ̇
2 − ϕ2

0

2L
φ2. (43)

We can take the conjugate momentum of the new φ coordinate,

Q =
∂L
∂φ̇

= Cϕ2
0φ̇. (44)

This formalism becomes extremely powerful for modeling nonlinear elements such as

Josephson junctions, which have sinusoidal current-phase relations. Many nonlinear devices

with applications in quantum computing can be modeled with these techniques, such as the

RF-SQUID which we model in Chapter 4, where we derive equations of motion based on

Lagrangian mechanics starting from cQED. We then extend this method to model nonlinear

superconducting circuits of arbitrary forms. In Chapter 5, we model the transmon qubit and

SNAIL devices by writing their Hamiltonians with cQED methods and apply Schrödinger’s

equation to find eigenstates of each.

It is also important to note that this formalism is relevant to systems which are coupled

to a transmission line. A transmission line which is infinite or semi-infinite in fact can

act resistively even if it is composed of only reactive elements. This is because energy

can propagate down the transmission line and never return. Therefore, a transmission line

can have an effective impedance Z, and coupling to a transmission line makes for an open

quantum system. We will model the transmission line as having a certain capacitance and

inductance per unit length, and define node fluxes along the transmission line so we can

model it with the cQED techniques outlined here. We will then see in Sec. 4.2.1 how this

gives rise to a characteristic impedance and allows us to write input-output relations for

systems coupled to the transmission line.
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2.0 Engineering flat bands in graphene using doubly-periodic electrostatic

gating

2.1 Introduction

Graphene has been found to exhibit numerous interesting and useful properties. It is

a two-dimensional material and a semimetal with zero-gap due to Dirac points in its band

structure, as first observed by Novoselov and co-workers [113, 77, 76, 78, 42]. In 2007, dos

Santos and co-workers considered the effects of a small twist angle in bilayer graphene, using

an effective model to find that the velocity near the Dirac points is reduced [69]. This was fur-

ther investigated when a tight-binding model also indicated the presence of flat bands [105].

In 2011, Bistritzer and MacDonald found, using a continuum model, that at discrete magic

angles, the Dirac velocity approaches zero [11]. More recently, the experimental discovery of

superconductivity and correlated insulator phases in twisted bilayer graphene (TBG) near

the magic angle [16, 15, 70, 106, 119] has prompted interest in properties which can be

induced in graphene, a field that has been named twistronics [17]. This magic angle, at ap-

proximately 1.1◦, is where band flattening occurs near zero energy. It has since been shown

that this band flattening is a fundamental feature of the magic angle [107], which raises the

question of the role of flat bands in the phenomena seen with magic angle TBG (MATBG).

It has previously been predicted that applying a potential with periodicity in one direc-

tion to graphene would induce band flattening in one direction [82, 117]. More recently, this

asymmetric band flattening was realized experimentally in graphene [32, 61]. In particular,

it has been shown that band flattening can be induced, for instance, in the kx direction

alone by applying a square wave potential along the y spatial direction. Electrostatic gat-

ing of graphene with doubly-periodic potentials, i.e. 2D potentials with periodic structure

in two different directions, like triangular and square lattices, has also been considered in

the past [88]. Indeed, it has been observed that lithographically defined gates can modify

the electronic band structure [83, 38]. Here, inspired by the possibility of using conductive

AFM-lithography [51, 53] or ultra-low-voltage electron-beam lithography [118] to define arbi-
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trary shaped electrostatic gates at complex-oxide interfaces, we ask whether doubly periodic

potentials applied to monolayer graphene can induce symmetric band flattening as seen in

twisted bilayer graphene.

Figure 3: Isotropic band flattening induced by Kagome potential. The figure depicts

two bands in the Brillouin zone of the superlattice (applied potential) obtained with the

continuum model of gated monolayer graphene. At the point kx = ky = 0, which corresponds

to the location of the Dirac point in the ungated model, the Fermi velocity as well as the band

curvature are both essentially zero. In part (a), the black line indicates a constant energy,

demonstrating the flat nature of the highlighted bands. Part (b) shows the highlighted bands

in both kx and ky.

We investigate the band structure of monolayer graphene gated by doubly periodic electri-

cal potentials. In searching for band flattening, we consider three kinds of applied potentials:

checkerboard, hexagonal, and Kagome lattice. Consistent with previous work [83, 38], we

find that the checkerboard potential can affect the Fermi velocity at the Dirac point, but we

do not find strong examples of band flattening among energy bands near zero energy. Next,

we consider two members of the wallpaper group 17, which has the same symmetries as those
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Figure 4: Tight-binding (solid blue) and continuum (dashed black) band structures for a

checkerboard potential with periodicity of 204Å× 197Å, or 48× 80 unit cells. (a) shows the

case for amplitude of 0.000t, (b) shows 0.100t, (c) shows 0.125t, and (d) shows 0.150t.

of both monolayer graphene as well as TBG [125]. For the case of a sinusoidal hexagonal po-

tential, we are able to find gating voltages for which this potential induces strongly flattened

bands. For the case of the Kagome potential, we find even stronger band flattening, with

both the Fermi velocity and band curvature very close to zero in the vicinity of the Dirac

point as shown in Figure 3. We also investigate a potential with symmetries of wallpaper

group 15, the results of which can be found in appendix 2.6.2.

In our investigation we use both a tight-binding and a continuummodel of gated graphene,

as in references [75, 20]. These two models agree well within certain ranges of parameters.

However, as the gating voltage is increased, the continuum model becomes less applicable as

effects of the graphene lattice which cannot be described by physics near the Dirac cone alone

become relevant. The tight-binding model considers these effects, but for lattices with larger
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periodicity we run into the limits of our computational resources. Further, the tight-binding

model has its own pathologies associated with the comensurability of the applied potential

lattice and the underlying graphene lattice that is necessary for numerical analysis, which

are addressed in appendix 2.6.1. An example of the divergence of the two models can be

seen in Figure 4. In this figure, we plot the band structure computed using both models for a

checkerboard potential and find that for low amplitudes, the models agree well. However, as

the amplitude of the potential increases, the band structure obtained from each model differs

more significantly. Therefore, in order to find the most robust band flattening scenario, we

specifically look for band flattening that occurs in both the tight-binding and the continuum

model at the same time.

Having an experimental knob for tuning band flatness, we propose an experimental

investigation of whether band flattening is sufficient to reproduce the properties of MATBG

with the use of only a single layer of graphene. This approach would help to experimentally

disentangle whether flat bands are the fundamental characteristic that induces correlated

insulator and superconducting phases in these systems or whether additional features [3]

such as fragile topology [91, 90] are required.

In addition to the search for behavior similar to that of MATBG, our work points to the

possibility for band engineering. Our models provide a predictive guide in determining the

behavior of electronic band structure under different potentials. By modeling the results of

the interplay of the applied potential and the intrinsic electronic properties of graphene, we

make strides toward turning graphene into a metamaterial with fine control of velocity near

the Dirac point [38, 100]. We expect that continuous tuning of band flatness by electro-

static gating could be a powerful tool for probing fundamental physics of strongly correlated

systems. Specifically, band flattening quenches the kinetic energy relative to the interac-

tion energy, thus pushing graphene into the strongly interacting regime. Band structure

engineering could also have potential applications in optics and electronics [25].

In this Chapter, we will discuss the model and results from our paper, which is available

on the arXiv [49].
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2.2 Tight-Binding Model

Tight-binding calculations used here consider the hopping of electrons between neighbor-

ing carbon atoms allowing us to derive the electronic band structure of the gated graphene

lattice. Our tight-binding Hamiltonian consists of a hopping term that couples neighboring

lattice sites and an on-site potential term that describes the action of an electrostatic gate.

Here, we consider the nonmagnetic case and hence focus on only one spin species as we

expect both to have an identical band structure. Therefore, the Hamiltonian is of the form

H = −tΣi,j(c
†
icj + h.c.) + Σic

†
iciV (ri), (45)

where i, j index the lattice sites of the honeycomb lattice, ci, c
†
i are the annihilation and

creation operators on site i, t is the hopping term between lattice sites, and V (ri) is the

applied potential at position ri, or the position of the site i.

We implement this Hamiltonian in Mathematica by writing a matrix which couples

neighboring lattice sites with the strength t, where in this matrix the row and column indices

represent lattice sites. Then, the diagonal of this square matrix will represent the strength

of the potential at each lattice site. The electronic band structure can then be solved by

using Mathematica’s Eigensystem[] solver, evaluating the allowed energies at each value of

k.

However, in order to investigate this model in a computationally tractable way, we must

apply some constraints to the choice of potential V (r). The potential must be periodic in

both spatial directions in such a way that the graphene lattice can be specified to have the

same period in such directions, thus resulting in an extended unit cell that can be specified

with finite computational resources. That is, the period of the potential in x and y directions

must be an integer multiple of the size of a graphene unit cell. In the armchair configuration

of the graphene unit cell as used in this simulation, the size of each cell is 3a×
√
3a, where a

is the distance between lattice sites. Only certain potentials at certain orientations relative

to the graphene lattice are able to be made compatible with the integer unit cell requirement.

In particular, a square potential cannot be perfectly simulated by this tight-binding

method due to the fact that it is not possible to find four points in a hexagonal lattice which
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form a square. Therefore, for our checkerboard potential, we use a rectangular potential

by choosing the period in each direction to be an arbitrary integer multiple of the size

of the graphene unit cell. Hexagonal lattices are possible as the graphene lattice itself is

hexagonal in nature, however only certain angles of the potential relative to the graphene are

possible. These commensurate angles are further classified into type-I and type-II, which are

considered for Moiré lattices in twisted bilayer graphene by Zou and colleagues [125] and are

extended here for hexagonal potentials applied to graphene. Type-I lattices are manifested in

this simulation by those angles wherein the extended unit cell contains three vertical periods

of the potential, whereas Type-II lattices are represented by extended unit cells containing

a single period of the potential. Due to phenomena associated with band folding in the

tight-binding model, type-I hexagonal lattices are not considered (see appendix 2.6.1).

2.3 Continuum Model

We begin with the effective two-band low-energy Hamiltonian near the K points. In

particular, we consider the Hamiltonian of the form

H =


−iv0σ∇ V (r)

V (r) −iv0σ∇


 (46)

where v0 represents the Fermi velocity in graphene, σ is the Pauli matrix vector,∇ = (∂x, ∂y),

and V (r) represents the applied potential over the graphene lattice. We write the real-space

wave function as in reference [107] in terms of the momentum components, aσ,ij(k), as

ψk(r) = Σi,j


a1,ij(k)
a2,ij(k)


 ei(Kij+k)r, (47)

where Kij = ib1 + jb2 and b1,b2 are the reciprocal lattice vectors of the extended unit cell

of the periodic potential.
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We wish to write the Hamiltonian in momentum space, and since the Hamiltonian is

periodic in real space, the lattice momentum, which is set by the period of the potential, is

a good quantum number. Therefore, the momentum space Hamiltonian is

H =




0 kx − iky F01 0 . . .

kx + iky 0 0 F01 . . .

F10 0 0 kx +K10,x − i(ky +K10,y) . . .

0 F10 kx +K10,x + i(ky +K10,y) 0 . . .
...

...
...

...
. . .




(48)

where the diagonal 2×2 blocks correspond to the kinetic energy shifted by lattice momentum

Kij, while the off-diagonal 2 × 2 blocks at position (i1, j1)(i2, j2) correspond to the Fourier

transform of the potential energy with the coefficient F(i2−i1)(j2−j1) where the momentum

transfer is K(i2−i1)(j2−j1). We write this Hamiltonian as a matrix in Mathematica, and when

we perform the numerics, we truncate the Hamiltonian matrix by enforcing −n ≤ i ≤ n and

−n ≤ j ≤ n, and choosing n sufficiently large to ensure the convergence of the bands that

we are interested in.

The continuum model is only valid over a range of parameters for which effects far from

the Dirac point are negligible, i.e. for momentum close to the Dirac cone center. As the

amplitude of the applied potential increases, Eq. (2.3) indicates that scattering between

farther away k points becomes more important, and the linear dispersion assumption of the

continuum model breaks down. Consequently, the continuum model diverges from the tight-

binding model and hence the true behavior of graphene. In particular, the model functions

best for potentials with amplitudes less than ≈ 0.1t, where t is the hopping term between

lattice sites, and this term is given by t = 2h̄v0/3a. In order to gauge the the deviation

between the two models, we consider the normalized mean error between the central bands

as computed by the two models along ky, averaged over one Brillouin zone

∆ =

∫ 2π/a

0
dky|ϵTB

kx=0,ky
− ϵcont1,kx=0,ky

|
∫ 2π/a

0
dkyϵTB

1,kx=0,ky

. (49)
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Figure 5: Divergence of tight-binding and continuum models as amplitude of the checker-

board potential is increased. Each curve plots the difference between the two models for a

different extended unit cell size. The differences and amplitudes here have been scaled by

ny/80, where ny is the number of graphene unit cells along the y direction in the extended

unit cell.

In Figure 5, we plot the difference ∆ scaled by ny/80 as a function of the amplitude of the

checkerboard potential also scaled by ny/80 for various extended unit cell sizes nx × ny. We

observe reasonable collapse of the numerical data, indicating that regardless of extended unit

cell size, the models diverge at roughly the same rate as amplitude is increased.

2.4 Exploration of electrostatic potentials

We find instances of band flattening which show promise of being experimentally repro-

ducible, with verification of band flattening in both tight-binding and continuum model cal-

culations and for various gating potentials. We use our continuum model to numerically com-
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pute band structure and identify band flattening near high-symmetry points (kx = 0, ky = 0)

over regimes spanning a range of amplitudes. We then compute the second derivatives of

these bands in order to identify a gating strength with optimal flattening. The tight-binding

model provides an additional check on these calculations to ensure we are operating within

the applicable regime of parameters of the continuum model. We consider here the results

from a checkerboard potential, a sinusoidal hexagonal potential, and a Kagome potential.

In addition to these useful regimes of band flattening, the tight-binding model implies

instances of band flattening which occur at very precisely tuned values of applied amplitude,

in particular at points wherein the observed Dirac point splits into further Dirac points.

However, we note that these cases of band flattening are likely difficult to reproduce experi-

mentally as variations of the extended unit cell size by a single graphene cell will destabilize

the flat point. This indicates that experimental realization of checkerboard-based band flat-

tening requires sub-nanometer control of the applied potential as well as fine tuning of the

potential amplitude. While these phenomena exist in principle, they do not provide a strong

basis for demonstrating flat bands in a lab. See appendix 2.6.1 for more.

Figure 6: Single extended unit cell of a checkerboard potential with different periodicity in

each direction. This potential is used to produce the results in Figure 7, parts (a) and (d).

2.4.1 Checkerboard Potential

The checkerboard potential, a member of wallpaper group 11 (p4mm), pictured in Fig-

ure 6, is used as an extension of the 1D case of a square potential as investigated by Li and
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Figure 7: Numerically computed derivatives of the energy bands from the continuum

model near Brillouin zone center versus applied potential amplitude. (a),(b), and (c) show

a selection of first derivatives for energy bands near the zero energy for the checkerboard,

sinusoidal hexagonal, and Kagome potentials, respectively. In each, one energy band is

highlighted in orange. (d), (e), and (f) show the second derivative of the energy band whose

first derivative is highlighted in (a),(b), and(c), respectively. The amplitude is measured in

units of t, the velocity is measured relative to the Fermi velocity of electrons in graphene,

vf , and the inverse mass is measured in units of t ·A, where A is the extended unit cell area.

colleagues [61], as it is composed of square waves along the x and y directions independently.

It is of the form

V (x, y) = V0 (IF((x, y) ∈ High, 0.5,−0.5)) ,

where V0 is the amplitude of the potential, the IF function returns the second argument if

the first is true and the third argument otherwise, and the set “High” refers to the set of

points (x, y) that lie within a tile in the checkerboard with the higher potential. We apply

this potential such that the periodicity in each direction is different because of the required

periodicity imposed by the graphene lattice. That is, the tight-binding model requires that
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an extended unit cell be specified which is doubly periodic, and therefore takes into account

the periodicity of both the graphene and the applied potential in both directions. However,

the hexagonal lattice of the graphene is not commensurate with a square lattice, and it is

not possible to choose 4 graphene sites in a honeycomb lattice such that they form a square.

Therefore, the tight-binding model can only provide results for a rectangular potential, where

the square potential is slightly stretched to fit the chosen dimensions of the extended unit

cell in the model.

In Figure 4, we plot the electronic band structures computed by the tight-binding model

and the continuum model at select amplitudes of the checkerboard potential. We observe

that both models show band flattening over the range of amplitudes chosen, as the energy

levels of the plotted bands decrease toward zero. Additionally, as amplitude is increased, the

models begin to disagree.

In Figure 7, we see plotted the derivatives of several energy bands near zero energy over a

range of amplitudes for a checkerboard potential with periodicity of 94 graphene unit cells in

each direction (400Å×231Å). This checkerboard potential case demonstrates the least band

flattening compared to other potentials investigated here, with few regions of amplitude over

which any band near the central bands are flattened. That is, band flattening to a velocity of

zero occurs only at finely tuned values of gating strength rather than over larger amplitude

ranges. This is the case for amplitudes up to half of the coupling energy and for bands near

zero energy. Because of this, we do not identify any applied amplitudes wherein the first and

second derivatives of the energy bands near the Dirac points are simultaneously nearly zero.

Therefore, we do not find the checkerboard potential to be useful in attaining flat bands in

graphene for relevant applied potential strengths.

2.4.2 Sinusoidal Hexagonal Potential

This potential, which is a member of wallpaper group 17 (p6mm) and which can be

expressed without rotation as

V (x, y) =
V0
4

(
cos

(
2y√
3

)
+ cos

(
y√
3
+ x

)
+ cos

(
y√
3
− x

))
,
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Figure 8: Single extended unit cell of the sinusoidal hexagonal potential with rotation of

approximately 10.9◦ relative to the graphene lattice. This potential is used to produce the

results in Figure 7, parts (b) and (e).

where V0 is the amplitude of the potential, is commensurate with the graphene lattice due

to its hexagonal nature, and thus is replicable in the tight-binding model. For example,

see Figure 8, which shows a sinusoidal hexagonal potential that is rotated by 10.9◦ so as to

be commensurate with the underlying graphene lattice. In this example, which shows the

same potential as used for the simulations in Figure 7, the extended unit cell is composed

of 94 × 94 graphene unit cells, resulting in a size of 400Å × 231Å. However, the distance

between adjacent potential maxima is only 87Å. The extended unit cell size is chosen so

as to maintain the required double-periodicity, accounting for both the potential and the

graphene lattice.

For this potential, we find that certain bands are flattened for a range of applied gating

voltages, as shown in Figure 7. We are able to identify at least one point where both the

first and second derivative of one band are simultaneously nearly zero, as highlighted in

parts (b) and (e) of the figure. We also identify further points at which the Fermi velocity

becomes small for finely tuned values of the applied gating voltage. Therefore, a hexagonal

potential is a reasonable choice for exploring phenomena expected of flat bands. In particular,

for 400Å × 231Å extended unit cell size the amplitude of the applied potential should be

0.45t. If we scale the size of the extended unit cell, while keeping its aspect ratio fixed (i.e.
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Lx/Ly = 400/231), then the amplitude of the applied potential needed to obtain flat bands

scales as (400Å/Lx) ∗ (0.45t).

Figure 9: Kagome potential used in this simulation. Here, we plot two copies of the

extended unit cell in the y direction, and one copy in the x direction. This potential is used

to produce the results in Figure 7, parts (c) and (f).

2.4.3 Kagome Potential

The Kagome potential has a hexagonal lattice and can therefore be represented with

tight-binding calculations in a way which is commensurate with the underlying graphene

lattice. This potential is a member of wallpaper group 17 (p6mm), which represents the

same symmetries as twisted bilayer graphene. Here, we consider a uniform 2-coloring of the

Kagome lattice as pictured in Figure 9. In particular, the potential is of the form

V (x, y) = V0 (IF((x, y) ∈ Hexagon, 0.25,−0.75)) ,

where V0 is the amplitude of the potential, the IF function returns the second argument if

the first is true and the third argument otherwise, and the set “Hexagon” refers to the set

of points (x, y) that lie within a hexagonal tile in the Kagome potential. The hexagons are

assigned a potential of 0.25 and the triangles a potential of -0.75 in order to set the average

potential to be 0.
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We show in part (c) of Figure 7 the first derivatives of bands calculated using the con-

tinuum model for this potential. We observe significant ranges of applied voltage where

bands near zero energy have nearly zero velocity. At the same time, we are able to identify

points where the second derivative of a band is zero and coincides with zero velocity, as

highlighted in part (f) of the figure. The wide range of amplitudes for which the Kagome

potential exhibits flat bands indicates that this potential is the most promising for producing

the desired flat band effects in practice, particularly near an applied potential amplitude of

0.177t. Although it is tempting to ascribe the presence of these flat bands to the effects of

a Kagome lattice of sites as found by Bergman and colleagues in [10], we do not expect this

is the case as we observe a pair of flat bands in our region of interest rather than a single

band as predicted by Bergman’s Kagome lattice model.

2.5 Summary

We have shown that it is possible to induce band flattening in gated graphene through

the application of doubly periodic potentials. We have also identified a range of potential

amplitudes over which this is possible, and our results indicate that the Kagome potential

shows the most robust band flattening. In particular, a Kagome potential with spacing

between hexagon centers of, for instance, 11.6 nm requires a gating potential of 5.5 eV

to get flat bands, while one with 50 nm spacing requires 1.3 eV (where we use vf ≈ 106

m/s [20]). Electronically reprogrammable complex oxide heterostructures, in particular

LaAlO3/SrTiO3 interfaces [22], can potentially be used to produce these doubly periodic

potentials. Graphene/LaAlO3/SrTiO3 heterostructures can be programmed using conduc-

tive atomic force microscope (c-AFM) lithography [51, 53]; however, this technique is not

amenable to van der Waals stacks containing hexagonal boron nitride. A more recently

developed approach, which uses ultra-low-voltage electron beam lithography (ULV-EBL)

to achieve nanoscale control of the metal insulator transition at buried LaAlO3/SrTiO3

interfaces [118], can realize sub-10-nm resolution conductive nanostructures that are repro-

grammable, and thus provide a pathway toward a more general approach to analog quantum
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simulation. The theoretical results described here offer guidance and insight into the families

of doubly periodic potentials that are likely to induce strong electron-electron interactions

due to ultraflat electronic dispersion.

2.6 Appendix

2.6.1 Pathologies of the tight-binding model

Figure 10: Band structure for checkerboard potential with extended unit cell size 85Å×86Å,

or 20 × 35 graphene unit cells. In (a), the potential has an amplitude of 0.2850t, and the

central bands approach each other with a point of minimum separation at ky = and ky =.

In (b), at an amplitude of 0.2874t, the two bands touch and form a flat region at ky = and

ky =. In (c), with a potential amplitude of 0.2900t, the flat region has split into two distinct

Dirac points.

Due to the discrete nature of the tight-binding model and its underlying lattice, we

note that the model predicts various phenomena which one would not reasonably expect

to be replicable in a laboratory setting. There are two important classes of such spurious

phenomena. The first is band flattening which occurs only at precise, finely tuned values of

the applied potential. We observe this at transitionary points where the band touching point

metamorphoses into a pair of Dirac points as the amplitude is tuned. The second occurs

when the number of simulated graphene cells in the vertical direction, i.e. the direction in

which the graphene unit cell has length
√
3a, is a multiple of 3. In this case, band folding
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Figure 11: Example of band folding effects at certain unit cell sizes for a 1D square wave

which is periodic along the y direction. In (a), we have a 10× 14 unit cell potential, in (b),

a 10 × 15 unit cell potential, and in (c), a 10 × 16 unit cell potential. All three have an

applied potential of amplitude 0.3t. The band folding in (b) produces an electronic band

structure wherein the two Dirac points in the Brillouin zone are mapped to the same point,

(kx, ky) = (0, 0), so that the Dirac point is split. Due to the precise unit cell size needed to

realize this, we expect that this effect is difficult to reproduce in a laboratory setting.

will perfectly map the two Dirac cones in a unit cell to the same point in the Brillouin zone

associated with the potential, resulting in an electronic band structure that is very sensitive

to the commensurability of the graphene and the electrostatic potential lattices.

Here, we note that our tight-binding model can demonstrate band flattening at finely

tuned values of the potential which, while plausible in theory, are unlikely to be accessible

via experiment. These occur as the amplitude is tuned such that two bands approach each

other until they touch at a point, and then split into two Dirac points, as shown in Figure 10.

This process can also happen in reverse order with amplitude tuning. Additionally, as the

periodicity of the applied potential is varied by a single graphene unit cell (on the order of

5Å), the necessary applied amplitude to see band flattening varies significantly. Therefore,

experimental realization of these modes of band flattening would require precise control of

both the amplitude of the applied potential and the length scale over which the potential is

applied. As demonstrated by Barbier and colleagues, a continuum model of graphene can

predict the emergence of extra Dirac points at certain applied potential strengths in the case
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of a one-dimensional potential [84, 81, 14, 6, 33]. However, these additional Dirac points

are not analogous to the anomalous Dirac points we see in our tight-binding model. Rather,

these Dirac points, which are predicted by a continuum model, are stable over a range of

applied potential amplitudes. The anomalous Dirac points discussed here are predicted only

by our tight-binding model for two-dimensional potentials and are not stable under changes

to the applied potential.

Band folding effects are responsible for the second type of anomaly of the tight-binding

model discussed here. This effect, which can be seen in Figure 11, occurs when the size of

the chosen extended unit cell is such that the two distinct Dirac points are mapped to the

same point in k-space. In particular, this occurs when the number of graphene unit cells in

the super cell in the y direction is divisible by 3. This is because for a single graphene unit

cell, Dirac points occur along the ky direction at exactly thirds of the size of the Brillouin

zone. Therefore, when the number of unit cells is such that the Brillouin zone is reduced

by a factor divisible by 3, both of the Dirac points will all be mapped to the zone center.

In practice, these effects are unlikely to be detectable experimentally as they require the

precise alignment of the periodic potential to the graphene lattice with precision of better

than one graphene lattice spacing. Consequently, we consider only cases where the period

of the applied potential in the vertical direction is not precisely a multiple of three graphene

unit cells.

This second effect prevents useful simulation of type-I hexagonal lattices, i.e. those where

the chosen rectangle of lattice sites is such that the number of vertical graphene unit cells is

a multiple of three. This limits the set of angles at which we can simulate hexagonal lattices

to those for which a type-II lattice can be constructed.

2.6.2 Wallpaper group 15

In addition to the three potentials outlined above, we consider an additional gating

potential which is a member of wallpaper group 15 (p3m1). This potential consists of a

30



3-coloring of a hexagonal lattice, with a potential expressed by

V (x, y) = V0





0.5 (x, y) ∈ Hex1

0 (x, y) ∈ Hex2

−0.5 (x, y) ∈ Hex3

,

where “Hex1”, “Hex2”, and “Hex3” are the sets of points such that each set represents

hexagons at one of the assigned potential levels. This regular coloring of a hexagonal grid is

pictured in Figure 12. We find that this potential results in band flattening similar to that

which is seen with the Kagome potential. These results, shown in Figure 13, demonstrate

that we are able to find bands which exhibit flatness for a range of gating amplitudes for the

wallpaper group 15 potential.

Figure 12: Single extended unit cell of a wallpaper group 15 potential. This potential is

used to produce the results in Figure 13.
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Figure 13: Numerically computed derivatives of the energy bands from the continuum

model near Brillouin zone center versus applied potential amplitude for the wallpaper group

15 potential. (a) shows a selection of first derivatives for energy bands near zero energy. One

energy band with a region of flatness over a range of amplitudes is highlighted in orange.

(b) shows the second derivative of the highlighted energy band.
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3.0 LAO/KTO DC-SQUID

3.1 Introduction

The platform of complex oxide heterointerfaces raises interest in the possibilities of de-

signing superconducting devices with great precision. One such complex oxide, strontium

titanate (SrTiO3), or STO, was found to be superconducting in 1964, an early example of

superconductivity identified in a semiconducting material [98]. Decades later, it was shown

that a 2 dimensional electron gas (2DEG) forms at the interface of STO with lanthanum alu-

minate (LaAlO3), or LAO [79]. This 2DEG becomes superconducting at low temperatures

(100s of mK) with similar properties as in bulk STO [94, 41]. The LAO/STO interface has

given rise to a technique for fabricating reconfigurable superconducting nanoscale devices

called conductive atomic force microscope (c-AFM) lithography [22, 27].

In the c-AFM lithography technique, which is used by the LevyLab, a c-AFM tip with

a positive applied voltage is used to induce the formation of a 2DEG between the two

complex oxide layers. The formation of conducting regions at the interface can be reversed

to form insulating regions by applying a negative c-AFM tip voltage. This allows us to

implement arbitrary designs constructed from this 2D superconductor, with fine control over

the geometries of the defined devices [23, 60]. However, previous attempts by the LevyLab

to use this method to demonstrate the DC-SQUID effect have failed.

More recently, superconductivity has been discovered at the interface of LAO with potas-

sium tantalate (KTaO3), or KTO [66, 28]. Much like LAO/STO, the LAO/KTO interface

has been introduced as a candidate for novel device manufacturing via c-AFM. However,

there are various important material differences between KTO and STO. For instance, su-

perconductivity has never been observed in bulk KTO [108], but rather only at interfaces,

unlike STO. Specifically, at interfaces of LAO and KTO, the bulk of the oxides is not su-

perconducting, but a 2DEG at the interface becomes a 2 dimensional superconductor. The

critical temperature of superconductivity in these interfaces with KTO is, however, much

higher than in STO interfaces, up to 2 K [66]. Also of note is that the critical temperature in
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KTO interfaces depends on crystallographic orientation, suggesting that the pairing mecha-

nism for superconductivity may be unconventional, i.e. a p-wave superconductor [67, 124].

In this chapter we analyze and model LAO/KTO DC-SQUID that have been investigated

experimentally by the LevyLab. This is of particular interest since this is the first time that

DC-SQUID effect has been observed in complex oxide heterointerface device made at the

nanoscale by c-AFM. Previously, DC-SQUIDs have been made at the LAO/STO interface

by conventional lithography [45], but all attempts to make one by c-AFM have, as far as we

know, failed to work.

Using c-AFM lithography, the LevyLab manufactured two devices, SQUID A and SQUID B,

by “sketching” weak links between bulk superconducting areas at the LAO/KTO interface

with the geometry shown in Fig. 14. When measuring these DC-SQUIDs, the LevyLab found

some peculiar properties, and that is how I became involved in the investigation. Based on

the combined experimental and theory results, we wrote a joint paper (Ref. [120]) with the

LevyLab in which I contributed the theoretical model. Next, I will set the stage by discussing

the peculiar properties of LAO/KTO DC-SQUID devices. In the following sections, I will

introduce a theoretical model for describing LAO/KTO nanodevices that explains the key

experimental observations.

3.1.1 Device geometry and properties

SQUID A is composed of a square annular area where a 1.2 µm by 1.2 µm region was

written via c-AFM. A square of size 0.4 µm by 0.4 µm in the center of the region is erased,

forming the annulus. SQUID B is geometrically similar, but with outer dimensions of 1.02 µm

by 1.02 µm and an inner hole measuring 0.34 µm by 0.34 µm. The annulus of each is split

into two half-annuli by erasing a strip through the center of the square. Dayem bridge weak

links are then written between the halves, forming the DC-SQUIDs. The corners of the

SQUIDs are connected to leads which can be used for current-voltage measurements and for

current sources to the device.

The LevyLab performed four-probe measurements of the differential resistance dV/dI of

the SQUIDs for varying bias current and external magnetic field, which reveal properties
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Figure 14: Geometry of the SQUIDs which are discussed in this Chapter. The green regions

are those which are written with a c-AFM tip, and the red regions are erased. The light

green lines represent the Dayem bridge weak links which function as the junctions in the

SQUIDs. The right expanded view shows the Dayem bridge between the two half-annuli.

The figure is adopted from Ref. [120].

of the devices’ transitions between the superconducting and normal states. In Fig. 15,

we see the results of this measurement for SQUID A. We see that the devices’ resistance

exhibits two transitions as current is increased, which we refer to as Ic,in and Ic,out. We

associate these transitions with the transitions of the Dayem bridges and of the half-annuli

from superconducting to normal states, respectively. These critical currents demonstrate

a few important properties. In particular, the inner critical current Ic,in exhibits periodic

oscillations with applied magnetic field, and Ic,in for positive and negative currents are not

in phase with each other. In the regime between the two critical currents, we see a periodic

dependence of the resistivity of the material on B in both SQUIDs. This implies coherence

around a contour which crosses the weak links and encircles the hole of the annulus, and so

phase slips in the two bridges are correlated in this regime. Ic,out, however, does not oscillate

with B, which indicates that phase coherence is disrupted by fluctuation superconductivity.

In a conventional DC-SQUID, the critical current is a periodic function of the magnetic
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Figure 15: Device resistance versus external magnetic field and current through the device

for SQUID A. The white dashed line represents Ic,in and the black dashed line represents

Ic,out. This measurement was performed at T = 50 mK. The figure is adopted from Ref. [120].

field, with the period ∆B set by the area A of the non-superconducting “hole” in the device

∆B = Φ0/A, (50)

where Φ0 is the magnetic flux quantum. In SQUID A, the experimentally observed period

of oscillation of Ic,in is ∆B = 2.74 mT. Using Eq. (50), we can extract the effective area of

the SQUID based on the observed period of oscillation. For SQUID A, the effective area of

the hole is approximately 0.75 µm2. This is significantly greater than the actual area of the
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hole, which is only 0.16 µm2. The situation in SQUID B is similar, with ∆B = 3.26 mT, or

an effective area of 0.63 µm2, versus the actual area of 0.12 µm2.

The comparison between the Pearl length in LAO/KTO and the SQUID size was an

important clue for us in resolving the discrepancy between the actual and the effective area

of the hole. The Pearl length is the characteristic length over which magnetic field is screened

in thin film superconductors, and it is defined as 2λ2L/d, where λL is the London penetration

depth and d is the thickness of the film [87]. In the case of these devices, their size is

significantly smaller than the Pearl length, and so magnetic fields penetrate them with very

little attenuation.

This is very different from conventional DC-SQUIDs where magnetic field is almost

completely expelled from the superconducting device by generated screening currents. In

that case, as the magnetic flux through the hole is increased, it eventually reaches half a

flux quantum, at which point the screening currents will prefer a flux of Φ0. That is, the

current through the device will reverse with period Φ0, which can be exploited to create

a magnetometer which converts flux to voltage with this same period. However, in the

SQUIDs in this paper, the penetration of magnetic field into LAO/KTO devices means that

the period of oscillation is significantly shorter since flux is not quantized, which is equivalent

to a larger effective area. In this Chapter, we provide a model of this phenomenon which

better explains the observed periodicity.

We also aim to explain other important properties of LAO/KTO SQUIDs and extract

properties of superconductivity in LAO/KTO. Of note, the oscillations of the positive and

negative inner critical currents, Ic,in, are not in phase with each other. Moreover, the phase of

these oscillations depends on the position of the leads that are used to source current through

the SQUID. In order to explain this phenomenon, as well as derive important parameters

of the SQUIDs, we couple our model of supercurrents in the devices to a Ginzburg-Landau

model of the Dayem bridges as short superconducting nanowires. Among the parameters

derived by this model is the kinetic inductance, which we find to be very high in this material.

In the remainder of this Chapter, we will describe our model of supercurrents in the

SQUIDs given that they are penetrated by applied magnetic fields, and we will extract the

periodicity of such a device’s critical current with magnetic field. We will then introduce a
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model of the Dayem bridges which link the two half-annuli, which are equivalent to short

superconducting nanowires. We will then present results from fitting our experimental data

to these models, including physical device parameters. Finally, we will provide details on

the methods we used in coupling and fitting these two models.

3.2 Model of supercurrents coupled with Ginzburg-Landau weak bridges

Here we describe the theoretical model for the DC-SQUID which we use to understand the

magnetic field period and to fit critical current oscillations and extract device parameters. We

model the two half-annuli of the SQUID as uniform 2D superconductors. As the annuli are

much smaller than the Pearl length, external magnetic fields penetrate them almost without

attenuation. However, such fields generate screening currents and associated phase gradients.

We model the two Dayem bridges as short superconducting nanowires. Oscillations of the

device critical current with magnetic field result from phase quantization around a contour

that encircles the inner square of the annulus, as opposed to magnetic flux quantization

through the hole in a conventional SQUID described previously. We model the free energy

in the KTO annulus due to the screening supercurrents, as shown in Sec. 1.1.2, as

F =

∫
1

2m∗ |Ψ|2|h̄∇φ− e∗

c
A|2dx2, (51)

where A is the magnetic vector potential, φ is the phase of the superconducting order param-

eter, e∗ = 2e,m∗ = 2m, and |Ψ|2 = ns, the superconducting electron density. We supplement

this equation by Neumann boundary conditions which prevent supercurrents from leaving

the annuli, except at the points where the leads and Dayem bridges are attached, where

the boundary conditions specify the currents. An example of the resulting superconducting

phase and supercurrents from this calculation are given in Fig. 16. We relate the current

across the Dayem bridges to the phase differences that appear across the half-annuli us-

ing the current-phase relationship for short superconducting nanowires [63, 62, 89]. This

current-phase relationship depends on the length of the Dayem bridge, exhibiting Josephson
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junction-like behavior for short lengths and linear behavior for longer bridges, as observed

in [48] and specified in Sec. 3.3.

Figure 16: Map of supercurrents and phase differences across the half-annular regions.

We start by finding the magnetic field period by minimizing the free energy given by (51)

and applying phase quantization around the annulus. Specifically, we run a successive over-

relaxation algorithm (details in Appx. 3.5.1) on a grid representing the half-annuli with fixed

critical currents for the Dayem bridges between them. Then, by computing the supercurrents

and phase differences in the half-annuli for various input currents at the leads, we can

determine the critical current of the device by when the critical current of either bridge is

exceeded. We do this for a range of magnetic field values to determine the oscillation period

of the critical currents. We also do this for different choices of fixed critical currents of the
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bridges in order to match the phase offset between the positive and negative critical currents.

Table 1 compares the experimentally determined periodicity of critical current oscillations

versus magnetic field to the estimated periodicity from our model of the superconducting

half-annuli, as well as the näıve estimate from the area of the hole in the annulus. The

näıve estimate exceeds the observed periodicity by a factor of roughly 4. Our model, which

accounts for the penetration of the SQUID by external magnetic field and resulting phase

variation across the annular regions of the device, determines this periodicity to within

approximately 30% for SQUID A and 50% for SQUID B. We ascribe these discrepancies to

the nonuniform superconductivity and imperfect knowledge of the device geometry resulting

from the method in which the devices were fabricated. For example, some regions within the

annulus of the SQUID are sketched twice, while other regions are sketched and then erased,

which may result in spatial variations of the device’s superconducting properties.

Periodicity of Ic,in vs B SQUID A SQUID B

Experiment 2.74 mT 3.26 dBm

Flux through hole 12.9 mT 17.9 mT

Our theory 3.59 mT 4.88 mT

Table 1: The period of Ic,in vs B oscillation of SQUIDs A and B (experiment), along with

the näıve prediction from flux through hole, and the prediction from our theory.

In this paragraph, we describe how we fit out model parameters to the critical current

oscillations in each SQUID, as in Fig. 17 and Fig. 18(i)-(l). For each device, we use our

model of the half-annuli coupled to our model of the Dayem bridges to fit Ic,in(B) by setting

the critical currents and lengths of the bridges as well as the superfluid density of the half-

annuli. As we do not know how much magnetic flux is trapped in the external magnet that

is used to apply magnetic field to the device, we also fit an overall magnetic field offset.

This model replicates the size of Ic+ and Ic− oscillations with magnetic field, as well as their

mutual phase offset. In particular, we are able to adjust the bridge critical current and

length in order to tune these characteristics. Additionally, we find that our model provides

a range of values of superfluid density ns which give physically similar results. That is, we
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are able to reduce the superfluid density while maintaining nearly identical results down to

a minimum density, at which point the model no longer finds agreement with the remaining

fitting parameters. We are also able to extract the critical phase and kinetic inductance

from the current-phase relationship which is fitted for each Dayem bridge. In Table 2, we

provide the length, critical current, critical phase, and kinetic inductance of each bridge as

determined by our model, as well as the minimum possible superfluid density for SQUID A

with different applied backgate voltages. For the case of Vbg = 0 V, we provide a plot of the

Ic,in fit versus magnetic field in Fig. 17. Similarly, in Table 3 we provide these parameters

for SQUID B with currents applied at different leads. We provide a fit in each case since

we find that the critical current of the device, and consequently of its Dayem bridges, varies

depending on the orientation of the leads with applied current. In Fig. 18, we provide the

fits for each lead orientation to demonstrate the differences in each case.

SQUID A Vbg = −80 V Vbg = 0 V Vbg = +70 V

ll/ξGL 6.0 6.0 6.0

lr/ξGL 8.7 8.9 8.9

Ic,l (nA) 18.2 26.4 26.6

Ic,r (nA) 25.5 34.0 34.1

φc,l (rad) 3.50 3.50 3.39

φc,r (rad) 4.68 4.81 4.83

Lk,l (nH) 44.6 30.7 30.6

Lk,r (nH) 43.7 33.6 33.5

Min. annulus ns (10
11 cm−2) 8.6 14 14

ns,l (10
11 cm−2) 3.18 4.61 4.82

ns,r (10
11 cm−2) 4.82 6.44 6.41

Table 2: Length ll(r), critical current Ic,l(r), critical phase φc,l(r), and kinetic inductance

Lk,l(r), of each bridge in SQUID A, determined by theoretical fit. Minimum ns in the annulus

given by theory model, and ns in the bridges calculated from Ic, are also listed. Different

columns represent different backgate voltages applied.
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Figure 17: Fit of Ic,in versus external magnetic field overlaid on data for SQUID A with

Vbg = 0 V. The figure is adopted from Ref. [120].

As our Dayem bridges are equivalent to superconducting nanowires with width w, we

can extract their superfluid density ns from their critical currents Ic. In this calculation of

ns, we assume w = 20 nm, which is the resolution of c-AFM writing [121]. This value of

ns is largely independent of the theory model described above, depending primarily on the

measured values of Ic, Bc2, and w. This derivation also relies on the value of l/φc which we

extract from the theory model, but this parameter does not vary significantly since the bridge

lengths are generally around 100 nm and the critical phases are largely between π and 2π.

We find that ns of the bridges tends to be slightly lower than the minimum ns of the annulus

given by the theory model, which is on the order of 1012 cm−2. This is consistent with weak

links being written by lower c-AFM tip voltage compared to the annulus. We also note that
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SQUID B I+ left,

I− left

I+ right,

I− right

I+ right,

I− left

I+ left,

I− right

ll/ξGL 10.2 5.1 12.0 10.6

lr/ξGL 10.5 8.8 8.7 4.9

Ic,l (nA) 40.8 19.3 22.0 25.3

Ic,r (nA) 46.5 24.3 27.8 35.1

φc,l (rad) 5.68 3.13 6.52 5.76

φc,r (rad) 5.83 4.73 4.72 3.04

Lk,l (nH) 32.3 36.3 49.5 54.1

Lk,r (nH) 29.1 46.5 40.2 19.4

Min. annulus ns (10
11 cm−2) 22 3.2 2.5 6.7

ns,l (10
11 cm−2) 7.49 3.18 4.14 4.56

ns,r (10
11 cm−2) 8.57 4.62 5.24 5.73

Table 3: Length ll(r), critical current Ic,l(r), critical phase φc,l(r), and kinetic inductance

Lk,l(r), of each bridge in SQUID B, determined by theoretical fit. Minimum ns in the annulus

given by theory model, and ns in the bridges calculated from Ic, are also listed. Different

columns represent different lead orientations, with fits shown in Fig. 18.
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Figure 18: Lead configurations and resistance of SQUID B, with fits for each case. (a)-

(d) Lead configurations (e)-(h) Resistance of the SQUID versus external magnetic field and

current through the device (i)(l) Fit of Ic,in versus external magnetic field overlaid on data

for each configuration. The figure is adopted from Ref. [120].
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ns 10
12 cm−2 is much lower than the total carrier density (n2D = 5.41013 cm−2) as obtained

from Hall measurement. To our knowledge there is no other report on the superfluid density

or kinetic inductance on the KTO (110) 2DEG. Ref. [72] reports a superfluid density of

ns = 1.81012 cm−2 (which corresponds to kinetic inductance per square area of 1.1 nH/sq)

and a total carrier density n2D = 7.51013 cm−2 in KTO (111) 2DEG. These values are on

the same order as what we observe in KTO (110), but we note these are two different KTO

systems with different Tc.

3.3 Coupling of current-phase relations of half-annuli and Dayem bridges

Solving for the current density in the annulus entails minimizing the energy and therefore

solving

h̄∇2φ =
e∗

c
∇ · A. (52)

We use the Landau gauge A = Byx̂ with magnetic field B = Bẑ which is perpendicular

to the plane of the device, and therefore ∇ · A = 0 . We supplement the Laplace equation

with the Neumann boundary condition that (h̄∇φ − e∗

c
A) · n̂ = j. The boundary normal

current j is selected to be 0 such that no current penetrates the boundaries of the device,

except at the Dayem bridges and the current source leads where we specify j. We discretize

the resulting Laplace equation and solve it by successive over-relaxation on one half-annulus

of the device. This is implemented in Python by defining a NumpPy array that represents

a 2-dimensional grid of cells of the phase across the half-annular regions. The details of

implementing the successive over-relaxation algorithm are given in Appendix 3.5.1. In order

to derive a current-phase relation for the device, we consider the phases at the two Dayem

bridges, φ1 and φ2, and the phase at the lead attachment point, θ. Solving the Laplace

equation relates these phases and the magnetic field to the currents j1 and j2 at the bridges.

In particular,

j1 =M11(θ − φ1) +M12(θ − φ2) +K1B (53)

j2 =M21(θ − φ1) +M22(θ − φ2) +K2B (54)
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where we fit the constants M11,M12,M21,M22, K1, K2 to solutions of the Laplace equation.

We do this fitting procedure with LinearModelFit[] in Mathematica, where we have imported

the current, phase, and external field data generated by our model in Python. We incorporate

the Dayem bridges using their current-phase relation Ji (∆φi), where ∆φi is the phase

difference across the i-th bridge. To obtain relation Ji (∆φi), we start with the Ginzburg-

Landau free energy

F =

∫ b/2

−b/2

α|Ψ|2 + β

2
|Ψ|4 + h̄2

2m
|∇Ψ|2dx (55)

subject to the following conditions:

|Ψ(x = ± b
2
)|2 = α

β
(56)

Ψ∗∇Ψ+Ψ∇Ψ∗ = J. (57)

Taking Ψ = fe−iφ and following the derivation in Ref. [89], we arrive at an expression for

the phase across a wire carrying a current J . In particular,

∆φ =

∫ b/2

−b/2

J

f 2(x)
dx. (58)

J(∆φ) calculated for bridges with different lengths l (sampled from ll and lr in Ta-

ble 2 and 3) are plotted in Fig. 20. When l is greater than the Ginzburg-Landau coherence

length ξGL, J(∆φ) deviates from the sinusoidal relation of typical Josephson junctions, and

its critical phase φc increases with l. For the modeling in this Chapter, we needed to be able

to obtain the current across the Dayem bridges given any phase difference across it, modulo

2π. We also needed to be able to get this current-phase relation for a range of bridge lengths,

from around 1 coherence length to around 20 coherence lengths. We accomplished this by

using Mathematica’s FindRoot[] to solve for the current at discrete values of the phase and

for discrete values of the length of the bridge. We then produced an interpolation function of

two variables (phase and length) which can closely approximate the current-phase relation

at any phase value for any bridge length in the range.

For each bridge in the SQUID, we set ji = Ji(∆φi) to find the current-phase relationship

of the SQUID. Using the derived relationships, we can relate the current into the device,
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j1 + j2, to the phase difference across the whole device, which we extract from the phase

across both the bridges and the half-annuli. See Fig. 19 to reference the origin of the phase

differences internal to the device and how they are derived. We then determine the critical

current at a particular magnetic field by finding the maximum current supported at any

phase difference across the entire SQUID.

From GL 
Free Energy

From GL 
Free Energy

From GL 
Free Energy

Short superconducting nanowires

From GL 
Free Energy

Figure 19: Schematic of a SQUID with current injection leads at the top and bottom left.

Arrows indicate relevant phase differences to the model. Phase differences internal to the

half-annuli are derived via our successive over-relaxation solution of the GL free energy

model of supercurrents and phase gradients. Phases across the Dayem bridges come from

the J(∆φ) relations for short superconducting nanowires specified in this chapter.

The critical current of the bridges can be used to extract their superfluid density ns, as

follows

Ic
w

=
e∗h̄

m∗ ns
φc

l
(59)
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Figure 20: Current-phase relations of bridges of varying length as a multiple of coherence

length. Shorter bridges behave sinusoidally, while longer bridges reach closer to a linear

current-phase relation.

where φc is the critical phase of the bridge while l and w are its length and width, respectively.

Our model provides a fit for l/ξGL, and so we can use this combined with the fact that ξGL =√
φ0

2πBc2
to find l, where the upper critical field Bc2 = 0.23 T . Combining the experimental

parameters Ic and Bc2 with the theory fit parameters l/ξGL and φc, we compute ns for each

bridge.
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3.4 Summary

In this Chapter, we derived important parameters for the LAO/KTO DC-SQUID by

fitting experimentally observed critical current oscillations with magnetic field to our model.

We showed that the significantly lower period of oscillation of critical current can be broadly

explained by the presence of supercurrents induced by external magnetic fields which pen-

etrate these devices. We then determined that an asymmetry between the left and right

bridges in our devices could cause the phase offsets seen between positive and negative crit-

ical currents in the device. In particular, for SQUID A, we found an approximate 22%

mismatch in critical current and 25% mismatch in critical phase between the left and right

bridges. In SQUID B, the mismatch was less pronounced, being about 13% in critical current

and about 2% in critical phase.

We determined the kinetic inductance of the bridges to be on the order of 100 nH/µm,

or about 2 orders of magnitude higher than in nanowires made of Niobium or other common

materials. By demonstrating the high kinetic inductance of these devices, we have estab-

lished further interest in the material since these material properties make it a candidate for

superconducting nanoinductor applications, or in various applications in superconducting

circuits. The material could possibly be explored in the context of topological superconduc-

tivity due to the combination of its properties, as the mechanism of superconductivity in

LAO/KTO remains unknown.

3.5 Appendix

3.5.1 Solving the Laplace equation using successive over-relaxation

In our model of supercurrents and superconducting phase in each half-annulus, we use

the method of successive over-relaxation (SOR) in order to minimize the free energy for a

grid of points which discretize the system. In particular, we are solving for ∇2φ = 0 in the

interior of the device, which equates to current conservation into and out of each unit cell. In
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order to discretize the system, we use a finite differences approach. The following is adapted

from the derivations in Refs. [46, 26].

Consider a particular cell with phase φc with four neighbors, having phases φu, φd, φr, φl

(for up, down, right, and left, respectively). Then, expanding to second order, we have

φr = φc + h
∂φ

∂x
+

1

2
h2
∂2φ

∂x2
(60)

φl = φc − h
∂φ

∂x
+

1

2
h2
∂2φ

∂x2
, (61)

where h is the grid spacing. Taken together, we have

φr + φl = 2φc + h2
∂2φ

∂x2
, (62)

and analogously in the y direction,

φu + φd = 2φc + h2
∂2φ

∂y2
. (63)

Combining, we have

∇2φ = (φr + φl + φu + φd − 4φc)/h
2, (64)

which we can use to solve for φc given the value of its neighbors. For interior points, ∇2φ = 0,

so φc is dependent on only its neighbors. In particular, it is the average of the neighboring

phases, and does not depend on h. On the boundaries, we use Neumann boundary conditions

as described in Sec. 3.3.

In order to converge on a solution for the phases at all points on the grid, we update

the phases at grid points iteratively. First, we assign a parity to each point in the grid in

a checkerboard pattern, so that half of the points can be updated based on the other half,

independently. At each step, a new value for the phase at each grid point is computed to

replace that value. In the interior of the grid, our finite differences analysis shows that the

new phase at a given grid point should be the average of the surrounding points (modulo the

grid spacing). Updating the grid points via this relaxation process will lead to convergence
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to a solution eventually, but is not the fastest approach. Instead, consider updating to φc,new

as follows:

φc,new = (1− f)φc + f ∗ φupdate, (65)

where φupdate is the phase computed via our finite differences method. Here, f is known

as a relaxation factor, and can be adjusted so that the new values of φ are updated more

slowly or quickly to their new values. For f = 1, the system is relaxed such that only the

new finite-differences value is considered. With f < 1, the system is under-relaxed, so that

the phases are updated more slowly. However, it has been shown that in 2D systems, there

is an optimal relaxation factor to improve convergence time. This factor is f = 2 − 2π/n,

where n is the size of the grid. This factor is generally greater than 1, representing over-

relaxation. We use this over-relaxation factor to converge more quickly to the equilibrium

phase distribution.

Updating with over-relaxation may be better understood when considering the residual,

which is the difference between the newly computed phase value and the original phase value

φc at the grid cell. Then, we have

φc,new = φc + f ∗ res, (66)

where res is the residual.

In our particular system, we model the SQUIDs with a 135 by 135 grid for both half-

annuli. That is, a half-annulus is 135 cells wide and 67 cells top to bottom (since there is one

cell reserved for the space between the two). The hole in the center is then a 45 by 45 cell

space. Here, we will list the residual which is computed for each kind of grid point before

considering the Neumann boundary conditions for currents at the boundary. These residuals

are computed similarly to the above for interior points, but since one of the neighbors does

not exist, we must take a first derivative with finite differences to see how to replace this

value. For example, for a point on the left boundary, we have that

φr − φl

2h
= A, (67)
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which enforces that the current normal to the boundary is zero. We have the factor of A

since we are actually solving for∇·(∇φ−A) = 0. Our choice of gauge dictates that A = Byx̂

and so has an effect in the x direction. Then, we can solve for φl = φr−2hBy. This replaces

the left phase as compared to the case for interior points. This extends to all boundaries, as

shown for the residuals listed in Eq. (68).

resinterior = (φr + φl + φu + φd)/4− φc

resleft = (2φr + φu + φd − 2hBy)/4− φc

resright = (2φl + φu + φd + 2hBy)/4− φc

restop = (2φd + φl + φr)/4− φc

resbottom = (2φu + φl + φr)/4− φc

restop left = (2φr + 2φd − 2hBy)/4− φc

restop right = (2φl + 2φd + 2hBy)/4− φc

resbottom left = (2φr + 2φu − 2hBy)/4− φc

resbottom right = (2φl + 2φu + 2hBy)/4− φc

(68)

Then, for boundary points where current perpendicular to the boundary is not zero,

we apply Neumann boundary conditions. These points are the top and bottom current

injection areas (where the leads of the device meet the half-annuli), and the point where the

Dayem bridges connect to each half-annulus. The additional contribution is computed by

considering that the current perpendicular to the boundary is no longer zero, but a fixed

value. For the case of the current at the top lead,

φu − φd

2h
= jin, (69)

where jin is the current injected at the lead. Since there is no cell above the top lead, we

solve for φu = 2hjin + φd. When adding this contribution to the residual in Eq. 68, the
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additional contribution is 1
2
hjin. So, for all points with Neumann conditions, we have the

corrections

restop lead +=
1

2
hjin

resbottom lead += −1

2
hjin

resleft bridge top +=
1

2
hj1

resleft bridge bottom += −1

2
hjin

resright bridge top +=
1

2
hj2

resright bridge bottom += −1

2
hj2

(70)

where += refers to adding this to the residual based on the specifications in Eq. (68) accord-

ing to the geometry of the grid cell. Here, j1, j2 are the currents through the bridges, and

we enforce that jin + j1 + j2 = 0 (the currents could also be current densities in the case of

the leads/bridges being wider than one cell, but we use a single cell here. Can multiply by

width to account for number of cells if necessary). We provide a depiction of the grid with

cells colored to indicate each type of boundary in Fig. 21.

Note that while here we have given the list of Neumann conditions for both half-annuli,

it is only necessary to simulate one of the half-annuli in order to obtain the relation between

phase differences across the annulus and the currents at the bridges/leads, as well as external

magnetic fields.
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Figure 21: Map of the two half-annuli as simulated by SOR with 33 grid cells in each

direction. Boundary points are color coded based on the type of boundary. Interior cells are

in gray and white areas represent regions which are not superconducting. Cells with a black

border are those where Neumann conditions are applied for nonzero currents into/out of the

cell, e.g. at the leads and Dayem bridges.
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4.0 Pump-efficient Josephson parametric amplifiers with high saturation

power

4.1 Introduction

The Josephson parametric amplifier (JPA), which has been extensively studied for its

low noise profile [36, 35, 123, 18], plays an important role in superconducting quantum

computing. It uses the Josephson junction to amplify weak microwave signals with nearly

quantum-limited added noise. Due to its ultralow-noise performance, the JPA is vital for

qubit state readout [110, 64, 47, 56] for applications such as quantum state tomography [71],

and, crucially, quantum error correction [74, 58, 29, 101].

JPAs rely on parametric amplification, which occurs when the amplifier circuit’s param-

eter (e.g., inductance) is varied periodically at a specific frequency. In a microwave-pumped

JPA, the periodic variation is achieved by using the nonlinearity of the Josephson junction

to couple in a strong pump wave. Specifically, the nonlinearity mixes different frequency

components of microwave signals. In particular, we consider the three-wave mixing case,

where the pump wave at frequency ωp and the signal wave at frequency ωs mix and generate

an idler wave at frequency ωi = ωp − ωs. The parametric process transfers energy from the

pump wave to the signal and idler waves and thus amplifies the incoming signals [9, 8, 95].

Based on signal and idler frequencies, parametric amplifiers are classified into phase-

sensitive and phase-preserving amplifiers [4]. The phase-sensitive amplifier is also called the

degenerate amplifier because its signal and idler frequencies coincide and are hosted in the

same physical mode. Since the pump frequency is exactly twice the mode center frequency in

this case, the power gain of the degenerate amplifier is sensitive to the relative phase between

the pump and signal waves near the center of the amplifier’s mode frequency. In contrast, the

phase-preserving amplifier, also known as the nondegenerate amplifier, has different signal

and idler frequencies. In this case, the amplitude and phase information of the signal wave

is maintained during the amplification process.

As JPAs are crucial for their low noise profile, it is necessary to quantify how much noise
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they add to an amplified signal. A linear amplifier with power gain G will amplify a signal

such that if the input consists of ns photons, the output has photon number Gns. The output

signal of this amplification process will have noise due to vacuum fluctuations of the input

and any noise added by the amplifier, which we can call nA. The noise of an amplifier is

usually referred to in terms of its quantum efficiency, which is defined as

QE =
1

1 + 2nA

. (71)

Since a nondegenerate amplifier will generate a tone at the idler frequency, this channel will

also introduce noise, which at a minimum is equal to zero-point quantum fluctuations of half

a photon. I.e. ni ≥ 1
2
, where ni is the noise of the idler channel. At the output, this will

result in ni(G− 1) photons of noise, and so referencing the input, we have

nA = ni
G− 1

G
(72)

of noise. Since ni is at least half a photon, we have a limit of (1 − 1/G)/2 added noise,

which in the limit of large gain, is half a photon. If we consider our definition of quantum

efficiency, we see that QE ≤ 1
2
in the large gain limit [21, 93, 30].

JPAs are able to add this minimum noise throughout the parametric amplification process

with a power gain of around 20 dB [122, 4]. In particular, they are operated such that kBT ≪
hf , i.e. the thermal noise of the system is less than the zero-point quantum fluctuations of

the environment. These noise and gain characteristics at low temperature make JPAs ideal

as the first stage of an amplifier chain in superconducting quantum computing applications

where the input signal is on the order of only a few photons. In this case, the JPA need only

provide sufficient gain to saturate the excess noise of commercial cryogenic high electron

mobility transistor (HEMT) amplifiers [4, 2].

Other amplifier technologies are also used in similar applications, but with a different set

of trade-offs. One example is the Josephson traveling-wave parametric amplifier (JTWPA),

which is composed of a transmission line containing Josephson junctions in series. Pumping

these Josephson junctions varies their inductance nonlinearly, amplifying the signal across

the JTWPA’s length. These devices vary from JPAs in that they are not simple resonators,

and so have characteristics such as gain and bandwidth which depend only on the nonlinear
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transmission line. These devices can be very broad bandwidth, and also have the advantage

of being directional amplifiers, since amplification only occurs in the direction of propagation

of the pump wave. These devices are not, however, able to achieve the same low noise of

the JPAs, usually imparting around four times the standard quantum limit. They also

require a larger number of Josephson junctions, which can make them more difficult to

manufacture [4, 114].

Besides added noise and gain, input saturation power and pump efficiency are also es-

sential characteristics of the performance of parametric amplifiers [19, 34, 40, 102, 56]. The

saturation power, Psat, is defined as the smallest signal power at which the gain varies from

the target gain Gt by more than ±1 dB. As quantum computing systems scale up with more

qubits, we need to process a greater number of signals simultaneously. Such multiplexed ap-

plications are possible for amplifiers with a large saturation power and low intermodulation

product, since it enables us to read more qubit states over a wider range of input powers

without distortion.

Older amplifier designs like Josephson parametric converters had relatively low satura-

tion power. Surprisingly, the saturation power of these amplifiers was not limited by pump

depletion. Instead, these amplifiers used a small number of Josephson junctions and, there-

fore, relatively small signal powers caused them to leave the desired nonlinear regime [68].

The newer generation of amplifiers splits the signal amplitude across many more Josephson

junctions, thus resulting in a much larger saturation power [40, 56].

Another class of amplifiers called kinetic inductance parametric amplifiers (KIPAs) ex-

ist which also address the issue of saturation power by forgoing amplification by Josephson

junctions, instead taking advantage of nonlinearities due to the kinetic inductance of a super-

conducting material [24, 85, 39]. In Ref. [68], it was shown that higher order nonlinearities

intrinsic to Josephson-based amplifiers are the dominant factor in limiting saturation power.

The KIPA, while addressing this problem, is still not broadly manufactured and is still being

actively researched. Additionally, it may be difficult to tune the KIPAs nonlinearities in

order to improve amplifier performance. The ability to engineer nonlinearities is key to the

work in this Chapter, and we will address how higher order nonlinearities affect amplifier

performance in JPAs in Section 4.3.
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The subject of this Chapter is pump efficiency, which characterizes the capacity of an

amplifier to convert input power from the pump to output signal power without distorting

the signal. Specifically, we use the power added efficiency (PAE) as given on page 597 in

Ref. [92], which is defined as

ηPAE(As) =
Pout − Pin

Ppump

=
(G(As)− 1)ω2

sA
2
s

ω2
pA

2
p

, (73)

where G(As) is the power gain as a function of the input signal amplitude As, Ap is the

amplitude of the pump, and ωs and ωp refer to the signal and pump frequencies, respectively.

Here, Pin is the power of the input signal and Ppump is the power of the pump wave. We note

that Pout consists only of the power being converted as output at the signal frequency, while

ignoring the power at the idler frequency. Therefore, for nondegenerate amplifiers, but not

degenerate amplifiers, approximately half of the output power, which comes out at the idler

frequency, is not accounted for in the PAE. We choose this definition because we expect that

only the signal frequency will be used downstream. We also note that in this Chapter, we

will focus on amplifiers with a target gain of Gt = 20 dB.

We define the PAE of an amplifier, ηPAE, to be the maximum value of ηPAE(As) in the

range of As below saturation amplitude, Asat. A higher PAE is desirable in JPAs used in

large scale quantum computing applications to minimize heat load on the fridge. However,

modern JPA designs tend to have pump efficiencies (Pout/Ppump) of less than ∼0.1% [102],

indicating a huge gap between desired and actual performance levels. The performance of

previous amplifiers can be seen in Fig. 22, which shows that most designs have low PAE.

In this Chapter, we will investigate the ultimate limit on the PAE of a class of para-

metric amplifiers illustrated in Fig. 23. We will show that amplifiers within this class can

have a PAE orders of magnitude higher than typical JPA designs. Specifically, this is the

class of amplifiers that consist of a capacitor (denoted by C) in parallel with a nonlinear

inductive block with energy E[ϕ]. This inductive block will be composed of inductors and

Josephson junctions, and generally will take advantage of the previously identified technique

of using repeating identical elements in order to improve saturation power. We will focus on

two specific circuits, which we call the RF-SQUID amplifier and the extended RF-SQUID

amplifier. The RF-SQUID amplifier, shown in Fig. 24, has an inductive block with a chain of
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Figure 22: Output saturation power versus cold pump power for various amplifier designs.

Each diagonal line indicates a constant pump efficiency. The green points represent previous

physical amplifiers, with PAEs mostly on the order of 0.1%. The blue points represent theo-

retical amplifiers with improved saturation power through repeating identical RF-SQUIDs.

The red point represents an attempt to experimentally realize this performance. The figure

is adapted from Ref. [102].

RF-SQUIDs. It is currently in use by our Hatlab collaborators, and so we aim to show how

its circuit parameters can be tuned to improve PAE. The extended RF-SQUID amplifier,

shown in Fig. 25, adds circuit complexity by shunting the RF-SQUIDs with three Josephson

junctions with current bias, with the benefit of a more tuneable energy E[ϕ] which could

allow for higher PAE. Note that we do not consider a coupling capacitor to the transmission

line, as is commonly used in experiment. This is because coupling capacitors reduce effec-

tive PAE and we are interested in the PAE of the amplifier after the plane of the coupling

capacitor.
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Figure 23: Generic amplifier circuit coupled to a transmission line with impedance Z. The

circuit is composed of a capacitor C and an inductive block with energy E[ϕ]. The amplifier

phase ϕ(t) is coupled to the transmission line via the input/output relation as indicated.

4.1.1 Amplifiers with arbitrary inductive blocks

We would like to begin by establishing a benchmark for our ability to improve PAE

by tuning an amplifier’s inductive block. My colleague, Zhuan Li, has established such a

benchmark and explored the ultimate limit on PAE by writing the energy of the inductive

block of the amplifier as a generic polynomial

E[ϕ] =
1

2Leff

ϕ2 + g3ϕ
3 + g4ϕ

4 + · · · , (74)

where Leff is the effective inductance of the inductive block. He optimized these amplifiers

by tuning the gi coefficients in this polynomial amplifier in order to maximize saturation

power and, consequently, PAE. Searching through the space of polynomial amplifiers sets

a bound on what level of efficiency is achievable given a certain order of nonlinearity, i.e.,
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Figure 24: Amplifier circuit with an inductive block composed of a chain of n-many RF-

SQUIDs.

we can increase the PAE by adding further terms to E[ϕ]. Li explored up to tenth order

polynomial amplifiers i.e., including terms up to g10ϕ
10, and found that the PAE tends to

saturate at around sixth order, where the maximum achievable PAE is at least 63% for

degenerate amplifiers with Gt = 20 dB. See Table 4 for the PAE of optimized degenerate

amplifiers to different polynomial orders.

4.2 Modeling and simulating amplifiers via cQED and direct time integration

of equations of motion

In this Section, we lay out the model for a class of parametric amplifiers composed of a

capacitor shunted by a nonlinear inductive block and coupled to a transmission line (shown

in Fig. 26), derive the classical input-output relation, and obtain the equation of motion
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Figure 25: Amplifier circuit design which gives highest PAE. The circuit is composed of

n-many RF-SQUIDs, each shunted by 3 current-biased Josephson junctions.

(EOM). Our derivations mainly follow Ref. [112].

Here, the amplifier is made of a capacitor and a nonlinear inductive block whose energy

is E[ϕ]. The Lagrangians of the amplifier, Ls, and the transmission line, Ltl, are

Ls =
Cϕ̇2

2
− E[ϕ], (75)

Ltl =
∑

i=1

(
Cl ∆x ϕ̇

2
i+1

2
− (ϕi+1 − ϕi)

2

2Ll ∆x

)
. (76)

To couple the transmission line with the amplifier, we set ϕ1 = ϕ.

4.2.1 Equations of motion and input-output relations

We first consider the transmission line except for the last node ϕ1. For i > 1, the equation

of motion for ϕi is given by

Cl ∆x ϕ̈i +
ϕi − ϕi−1

Ll ∆x
− ϕi+1 − ϕi

Ll ∆x
= 0, (77)

62



polynomial order dimensionless Asat PAE

4 0.0783 48.0%

6 0.0845 63.3%

8 0.0894 62.6%

10 0.0895 62.7%

Table 4: Saturation amplitude Asat and PAE of optimized 20 dB polynomial amplifiers with

different orders of nonlinearity.

Figure 26: Schematic of the parametric amplifier with an explicit model for the transmission

line, which we use to illustrate the origin of the input/output relations. Here, ϕ, ϕ1, ϕ2, · · ·
are node fluxes in the transmission line; Cl, Ll are capacitance and inductance per unit

length, respectively; ∆x is the cell length. The figure is adopted from Ref. [50].

which in the continuum limit, ∆x→ 0, becomes the wave equation,

ϕ̈+
ϕ′′

ClLl

= 0, (78)

where ′ denotes the spatial derivative. We define the incoming and outgoing waves ϕin and

ϕout such that

(
∂

∂t
+

1√
ClLl

∂

∂x

)
ϕin = 0, (79)

(
∂

∂t
− 1√

ClLl

∂

∂x

)
ϕout = 0. (80)
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Then we have

ϕ(x, t) = ϕin(x, t) + ϕout(x, t). (81)

Next, we consider the boundary node flux ϕ1 = ϕ, which gives the input-output relation

ϕ(t) = ϕ(0, t) = ϕout(0, t) + ϕin(0, t). (82)

We can also consider the relation of currents at the boundary node. In particular, if the

current at the node ϕ is I, then

I = Iin − Iout, (83)

where I = ϕ̇/Z, Iin = ϕ̇in/Z, Iout = ϕ̇out/Z where Z =
√
Ll/Cl is the characteristic impedance

of the transmission line. From Eq. (82), we can write that ϕ̇out = ϕ̇ − ϕ̇in. Then, plugging

into the above, we have that

I =
2ϕ̇in

Z
− ϕ̇

Z
. (84)

Coupling the transmission line to the amplifier, this current must be equal to the current

given by the EOM of the amplifier, which is given by Lagrangian mechanics for our Ls,

resulting in the relation

Cϕ̈+ J [ϕ] =
2ϕ̇in

Z
− ϕ̇

Z
, (85)

where J [ϕ] = dE/dϕ is the current through the inductive block as a function of the phase

across the block, ϕ. Finally, we can write the evolution of the nonlinear system as

ϕ̈+Kϕ̇+
J [ϕ]

C
= 2Kϕ̇in, (86)

where K = 1
CZ

is the damping rate of the amplifier from its coupling to the transmission

line.

For a polynomial amplifier with energy as in Eq. (74), the equation of motion is then

ϕ̈+Kϕ̇+ ω2
0ϕ+ 3g3ϕ

2 + · · ·+ ngnϕ
n−1 = 2Kϕ̇in, (87)

where ω0 = 1/
√
CLeff and we have rescaled the gi coefficients appropriately on division

through by C.
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4.2.2 Equations of motion of Josephson parametric amplifiers

In this Subsection, we will discuss how to construct the inductive block E[ϕ] from linear

inductors and Josephson junctions. We start from the Lagrangian description of inductors

and Josephson junctions. The contributions of these elements to the energy E[ϕ] are

EL =
ϕ2
0

2L
(φ1 − φ2)

2, (88)

EJ = −ϕ0ic cos(φ1 − φ2), (89)

where EL, EJ are the contributions of inductors and Josephson junctions, respectively. Here,

L is inductance, ic is Josephson critical current, and ϕ0 is the reduced magnetic flux quantum.

Here we use dimensionless fluxes φi = ϕi/ϕ0. In addition, we consider both current and flux

biases in these circuits.

We represent the inductive block E[φ] by a network of internal inductive components

which make up our circuit design. Specifically, the circuit is composed of a set of internal

nodes φi that are connected by the inductive components. In Ref. [96], it was shown that

stray capacitances could have important effects. We discuss the effect of capacitive terms

within the inductive block in Subsec. 4.4.2.

For each node φi, we write that
1
ϕ0

∂L
∂φi

= Ji = Jext,i where Jext,i is the current bias at node

φi. Typically, nodes are not current biased and thus have Ji = 0. From here we proceed as

in Ref. [68].

We also bias the circuit by applying external magnetic flux through closed loops in the

circuit. Without loss of generality, we model magnetic flux bias by describing it as a phase

offset across one of the Josephson junctions in the loop. In particular, a Josephson junction

in a loop with an applied external flux of Φext will have a contribution of
ϕ2
0

2L
(φ1−φ2+φext)

2

to the Lagrangian, where φext = Φext/ϕ0.

To make these considerations concrete, we examine the case of a JPA with an inductive

block composed of n-many radio frequency superconducting quantum interference devices

(RF-SQUIDs) [115, 56, 55] as shown in Fig. 24. In this case, we will for now describe only a

single RF-SQUID making the assumption that the flux φ across the inductive block is divided

equally among the n-many identical SQUIDs, and therefore each SQUID experiences a flux
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of φ
n
. In Subsec. 4.4.2, we investigate this assumption and show that it holds in the case that

the RF-SQUIDs have a monotonic current-phase relation. The resulting equation of motion

is

φ̈+Kφ̇+
φ

nLC
+

ic
ϕ0C

sin
(φ
n
+ φext

)
= 2Kφ̇in, (90)

where L, ic, and φext are the linear inductance, Josephson critical current, and dimensionless

external flux through each RF-SQUID, respectively. In general, we can construct the current-

phase relation J [φ] for the designed amplifier circuit and apply it to the EOM specified in

Eq. (86).

4.2.3 Numerical solutions of EOM and optimization algorithm for PAE

In this section, we provide the optimization algorithm that we use to maximize the PAE

of an amplifier with the equation of motion

φ̈+Kφ̇+
∂φE[φ]

Cϕ0

= 2Kφ̇in, (91)

where E[φ] is the energy of the inductive block in the JPA circuit. The amplifier’s equation

of motion will be solved with the incoming wave

φin = As sin(ωst) + Ap sin(ωpt+ δ), (92)

where ωs, ωp are the signal and pump frequencies, As, Ap are the signal and pump amplitudes,

and δ is the phase difference between the signal and pump wave. Because the differential

equation is in general nonlinear, inhomogeneous, and non-autonomous, obtaining analytical

solutions is (almost always) not possible. Thus, we make use of the the direct time integration

(DTI) numerical method to solve this differential equation.

The DTI method is based on numerical integration techniques that approximate the dif-

ferential equation by using finite differences. The DTI method uses function values and finite

differences at current and previous time intervals to find the value at the next interval. In

our calculation, we use the Python method scipy.integrate.odeint [111] to solve the nonlinear

differential equation. For a chosen integration time, we build an array of time values at
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which we will solve for φ(t), where we specify the number of sample points based on the

frequency of the signal wave. Since we want to obtain a steady-state solution, we choose

our integration time to be at least 2000 periods of the signal wave. Then, to remove the

initial transient, we only analyze the data from the last quarter of the integration time. For

systems with both differential and algebraic equations, i.e. those with intermediate nodes

φi, we solve the algebraic portion of the system before integrating by using fsolve, a method

provided in scipy.optimize. After obtaining the solution in the time domain, we apply the

discrete Fourier transform (DFT) as implemented in scipy.fft to isolate the outgoing wave

at the signal frequency from the rest of the solution. This requires that the last quarter of

the integration time is a multiple of Tmin = lcm(2π
ωs
, 2π
ωp
), where lcm is a function giving the

least common multiple of its inputs, which dictates our choice of ωp/ωs. Finally, the PAE is

determined by calculating both the saturation power gain and the amplitude of the signal

wave at that gain.

While we wish to maximize the PAE of the amplifier directly, this is difficult, and there-

fore we use a proxy. Specifically, we minimize the difference between the amplifier gain and

Gt over the largest possible range of As. To do this, we define a cost function f which

sums the square differences between the target gain and the amplifier gain from our circuit

parameters. We minimize this difference using scipy.optimize.minimize, which offers several

algorithms to find minima. Some of these methods, such as the conjugate gradient method,

rely on taking gradients to determine which direction the optimization should move so as

to reach a gradient of zero, indicating an extremum. Alternatively, the package offers direct

methods such as Nelder-Mead, which relies on only direct function evaluations rather than

computing derivatives, with a heuristic algorithm to search the space for minima.

After optimizing the amplifier’s gain, we define the highest PAE below the saturation

power of the amplifier as the amplifier’s PAE. This maximum PAE typically occurs at or near

the saturation power of the amplifier (see Fig. 27). The optimization variables we use are

the damping rate and other circuit parameters for the particular circuit we are optimizing.

In the RF-SQUID amplifier case, the parameters are K,L, ic,Φext. In the extended RF-

SQUID amplifier case, the parameters are K,L, L1, ic1, ic2,Φext, Jext. In the remainder of

this section, we will present the algorithm step by step with necessary explanations. A
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pictorial demonstration of the algorithm is also provided in Fig. 28.

Asat

PAE

Figure 27: Power gain and PAE versus dimensionless signal amplitude As of a 6-th order

20 dB degenerate amplifier. The saturation amplitude Asat is the signal amplitude where

the gain curve intersects the Gt ± 1 dB lines. The PAE of an amplifier is defined to be the

maximum PAE below the saturation power, which typically appears at or around Asat. The

figure is adopted from Ref. [50].

Step 1. Choose an initial range [0, R] for As, and a set of initial optimization parameters.

This set of parameters generates an initial gain curve as shown in Fig. 28(a).

Step 2. Divide the region [0, R] into N sub-intervals and define the cost function f as

the sum of the squared distance (illustrated in Fig. 28(b)) plus the penalty to enforce require-

ments on the current-phase relation of our inductive block (further discussed in Sec. 4.4.2).

f
(
K(0), L(0), · · ·

) def
=

N∑

m=1

(
G

(
As =

mR

N
,K(0), L(0), · · ·

)
−Gt

)2

+ penalty
(93)

For finer optimization, we use an alternative cost function,

f
(
K(0), L(0), · · ·

)
=

N∑

m=1

exp

{
−1500/

(
G

(
As =

mR

N
,K(0), L(0), · · ·

)
−Gt

)2
}

+ penalty

(94)
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where, if G = Gt for any value of m, then the contribution of that point to the cost is 0.

Step 3. Minimize the cost function f using the gradient descent algorithm. By doing

so, we will get a new collection of coefficients {K(1), L(1), · · · }.
Step 4. Calculate the saturation point for the new curve, which is shown in Fig. 28(d),

and reset the new range to be [0, Asat] if Asat exceeds the previous range R; otherwise, stop

the optimization.

Step 5. Redefine the cost function f within the new range as depicted in Fig. 28(e),

and repeat steps 3 to 5 until the optimization stops.

Step 6. Record the optimized values of the amplifier parameters K,L, · · · .
We provide further details of this procedure in Appendix 4.7.1.

As
R

G

Asat

G G G

Asat

(a) (b) (c)

(d) (e) (f)

Gt

GtGtGt

G

Gt

As
R

G

Gt

As

R
As As As

Figure 28: Schematic of optimization algorithm steps. (a) Start from an initial optimization

range [0, R] and a set of initial variables {K(0), L(0), · · · }. (b) Calculate the cost function

corresponding to the green arrows. (c) Minimize the cost function. (d)-(e) Update the

optimization range [0, R] and re-optimize the amplifier’s coefficients until the optimization

process stops. (f) Record the optimal values of the amplifier parameters {K,L, · · · }. The

figure is adopted from Ref. [50].
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4.3 Dynamically generated nonlinearities and intermodulation distortion with

multiple signals

In this section, we will consider the output of an amplifier with a generic output response

to an input signal, and then determine the products of such an amplifier in the case of a

two-tone input. We will follow the derivation on pages 511-518 in Ref. [92]. In general,the

amplifier’s output response can be written as

φout = a0 + a1φin + a2φ
2
in + a3φ

3
in + · · · , (95)

where the coefficients ai give the i-th order response of the amplifier to an input φin.

If we have φin = A(cosω1t+ cosω2t), then we have

φout = a0 + a1A(cosω1t+ cosω2t) + a2A
2(cosω1t+ cosω2t)

2 + a3A
3(cosω1t+ cosω2t)

3 + · · · .
(96)

which is equivalent to

a0 + a1A cosω1t+ a1A cosω2t

+
1

2
a2A

2(1 + cos 2ω1t) +
1

2
a2A

2(1 + cos 2ω2t) + a2A
2 cos (ω1 + ω2)t+ a2A

2 cos (ω1 − ω2)t

+ a3A
3

(
9

4
cosω1t+

1

4
cos 3ω1t

)
+ a3A

3

(
9

4
cosω2t+

1

4
cos 3ω2t

)

+ a3A
3

(
3

4
cos (2ω1 + ω2)t+

3

4
cos (2ω1 − ω2)t

)
+ a3A

3

(
3

4
cos (2ω2 + ω1)t+

3

4
cos (2ω2 − ω1)t

)

+ · · · ,
(97)

where we have used trigonometric identities to write terms which variously mix ω1 and ω2

to different orders.

Here, we see that the third order terms with response a3 are responsible for the non-

linearity of the amplifier at the signal frequencies as power increases. That is, amplifier

performance rolls off from the linear regime in general because a3 is negative, and so as A

increases, the A3 terms grow and distort the response at ω1 and ω2. For two signals nearby

in frequency, the third order terms 2ω1−ω2 and 2ω2−ω1 fall near the signals as well, and so
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they are third order intermodulation products which disrupt amplifier performance. Since

these terms grow cubically and the signal terms grow linearly with amplitude A, it is possible

to consider when these terms would be of equal magnitude when ignoring other, higher order

corrections. This point is the third order intercept point, or IP3, and we discuss IP3 for our

amplifiers in Sec. 4.5.3.

Our approach to improving amplifier performance, including PAE and IP3, relies tuning

the inductive block of an amplifier such that its higher order terms, such as a3 and beyond,

are reduced. In order to do so, we must understand the origin of these higher order terms.

In many amplifiers, these higher order terms are dynamically generated by intrinsic lower

order terms in the equations of motion of the amplifier.

Let us consider the amplifier gain perturbatively for small input signal amplitudes. Here,

we will solve the equations of motion of the device at multiples of the signal frequency

in the case of a degenerate amplifier with the signal frequency at the amplifier’s natural

frequency (ω0 = ωs). We will determine corrections to the amplifier’s output at the signal

frequency order by order in the input signal amplitude As. This analysis forms the basis for

the harmonic balance (HB) method of computing amplifier output at the signal frequency,

which can be used an alternative to the DTI method outlined in Subsec. 4.2.3.

We will consider the equation of motion φ̈ +Kφ̇ + ω2
sφ + 3g3φ

2 = 2Kφ̇in. The input is

φin = As sinωst+Ap sin (2ωst+ 3π/2). In the following analysis, we will consider corrections

to the total phase across the amplifier φ as identified by frequency and order. The frequency,

as a multiple of the signal frequency, will be indicated by a subscript, while the order of the

correction will be indicated as a superscript in parentheses. For example, the second order

correction to the −2ωs component will be indicated as φ
(2)
−2.

To zeroth order in the signal amplitude, the pump is present at twice the signal frequency,

and so we need only consider frequencies 2ωs, 0, 2ωs. So, we have φ(0) = φ
(0)
2 e2iωst + φ

(0)
0 +

φ
(0)
−2e

−2iωst. Then, the equations of motion are

− 4ω2
sφ

(0)
2 e2iωst + 2iωsKφ

(0)
2 e2iωst + ω2

sφ
(0)
2 e2iωst = −2iωsKApe

2iωst

ω2
sφ

(0)
0 + 3g3(2φ

(0)
2 φ

(0)
−2) = 0

− 4ω2
sφ

(0)
−2e

−2iωst − 2iωsKφ
(0)
−2e

−2iωst + ω2
sφ

(0)
−2e

−2iωst = 2iωsKApe
−2iωst,

(98)
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where the pump component of φin is broken up into exponential terms and the equations of

motion are split by component frequency since the 2ωs, 0,−2ωs equations are independent. In

each of these equations, the exponential terms can be canceled, and so they will be excluded

from further analysis in this section. The result of solving these equations gives the value of

the φ
(0)
2 , φ

(0)
0 , φ

(0)
−2 coefficients. In particular, we get

φ
(0)
2 =

−2ApK

2K − 3iωs

φ
(0)
0 =

−24A2
pg3K

2

ω2
s (4K

2 + 9ω2
s )

φ
(0)
2 =

−2ApK

2K + 3iωs

.

(99)

We can then continue the process to a first order, which determines the linear relationship

between the amplitude of the signal frequency internal to the amplifier and the input signal

amplitude. We will compute φ
(1)
1 , φ

(1)
−1, and now φ = φ(0) +φ(1). For the 3g3φ

2 term, we will

consider only terms which contribute to ωs,−ωs and which are linear in the φ(1) correction.

We solve

iωsKφ
(1)
1 + 3g3(2φ

(0)
2 φ

(1)
−1 + 2φ

(0)
0 φ

(1)
1 ) = −iωsKAp

− iωsKφ
(1)
−1 + 3g3(2φ

(0)
−2φ

(1)
1 + 2φ

(0)
0 φ

(1)
−1) = −iωsKAp,

(100)

where here the terms originating from φ̈ and ω2
sφ cancel. Solving this, we can find linear

relations between φ
(1)
1 , φ

(1)
−1 and As

We can then proceed in a similar manner with second order corrections, which will

provide corrections proportional to A2
s at 2ωs, 0,−2ωs. These are generated by the sum of two

components at the signal frequency adding to the pump frequency and from coupling of ωs

to −ωs. Finally, we can get third order corrections at ωs,−ωs from coupling between 2ωs and

−ωs and between −2ωs and ωs. We also get coupling between the second order φ
(2)
0 term and

the ωs,−ωs terms which also contribute to the third order signal frequency terms. These third

order signal frequency corrections will be of order A3
s , which represents dynamically generated

nonlinearity due to coupling between the signal and pump, as well as signal with itself. The

goal of this research is to extend the Hamiltonian (and thus the equation of motion) of

the amplifier by inserting g4, g5, and higher order intrinsic nonlinearities in order to cancel
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these dynamically generated nonlinearities. These intrinsic nonlinearities are engineered to

ensure the linearity of the amplifier output over the greatest possible range of input signal

amplitude.

4.4 JPA circuit design rules and limitations

Previous JPA designs have various circuits for their inductive blocks, including single

JJs, SNAILs, and other designs as discussed in Sec. 4.1. We start with RF-SQUID based

designs shown in Fig. 24, since these are in use by our experimental collaborators in the

Hatlab. Our motivation is to improve the PAE of JPA circuits by designing the inductive

block E[ϕ] so as to convert the greatest possible fraction of pump power to signal power. We

expect it is possible to engineer higher PAE by tuning higher order intrinsic nonlinearities

in the inductive block in order to cancel higher order, dynamically generated nonlinearities.

In particular, the analysis in Sec. 4.3 shows that the linear regime of the amplifier at signal

frequencies ends when third order (and higher order) nonlinearities grow sufficiently such

that gain deviates from the target by more than 1 dB, i.e. the 1 dB compression point.

The goal of this Chapter is to use the optimization algorithm described in Sec. 4.2.3 to

arrive at an amplifier whose nonlinearities maximize PAE. However, there are restrictions

on the circuits and parameters which result in stable amplification. In this Section, we will

explore design rules which limit the set of amplifiers we can consider in the class of JPAs we

have chosen to study.

4.4.1 Vorticies and phase slips in loops consisting of multiple Josephson junc-

tions

In order to add tunability to our RF-SQUID design, we have proposed circuits with the

design shown in Fig. 25, which includes an additional branch with three Josephson junctions.

These three junctions are biased via an injected current, rather than a flux bias through the

loop containing the junctions and the linear inductor. That is, one could consider circuits of
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the form in Fig. 29, which would be a natural extension of the simpler RF-SQUID design.
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Figure 29: JPA circuit consisting of a chain of repeating RF-SQUIDs shunted by three

Josephson junctions in series, with a second flux bias. This circuit is susceptible to phase

slips that result in undesirable amplifier performance.

We do not use this design due to the risk of phase slips, which can adversely affect

amplifier performance. In the case of this circuit, we anticipate that the phase across the

three identical junctions is split equally among them, such that the energy of each junction

in that branch is

−ϕ0ic2 cos
φ/n+ Φext2

3
, (101)

where ic2 is the critical current of the three junctions in the additional branch. This energy,

however, does not have a period of 2π in phase. Instead, it has a period of 6π, such that slips

by 2π or 4π (one or two vorticies crossing a junction) change the energy of the amplifier.

Therefore, the true performance of the amplifier will be determined by which of three possible

states has the lowest energy.

We have optimized a circuit of this design and plotted its energy-phase relation in the

case of a 2π and 4π phase slip in a junction in Fig. 30. We see that the lowest energy solution

in this case is not the desired zero phase slip state. The performance of the amplifier with the
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Figure 30: Energy of an optimized JPA circuit of the form in Fig. 29. The energy-phase

relation is shown for the case of no phase slip, a 2π phase slip, and a 4π phase slip. Here the

lowest energy solution is that of a 2π phase slip.

phase slip will not be equivalent to that of the designed amplifier with no phase slip, since

they have different energies. Therefore, we consider only circuits whose design precludes this

issue. Our extended RF-SQUID design accomplishes this with current bias in order to tune

the Josephson junctions in this branch. This method fixes the phase across the junctions,

avoiding phase slips.

4.4.2 Local energy minima and coupling of low- and high-frequency modes in

JPA circuits

We must also ensure that our amplifiers are not susceptible to unexpected performance

due to the nature of their energy-phase relations. In general, unstable amplification is pos-

sible if the energy E[ϕ] of the amplifier’s inductive block has more than one local minimum.

In this case, the amplifier may “jump” to a different minimum if the signal amplitude is suf-

ficiently large. That is, for small signals, the amplifier may oscillate in one local minimum,

but then as the signal becomes large enough, the oscillations reach another minimum, which

may then become the center of oscillation. In all cases, we would like to ensure that the

amplifier has only one minimum, which is a global minimum at ϕ = 0 (we can assign the

global minimum to be at ϕ = 0 without loss of generality).
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This restriction is true for all E[ϕ] including arbitrary polynomial amplifiers, not just

circuit amplifiers. However, this Chapter focuses on amplifier circuits which are generally

composed of n-many identical repeating elements. In this specific case, we will introduce

a new design rule with is more strict than the single energy minimum restriction described

above.

In this work, we assume that the phase across the amplifier is equally divided across

repeating inductive elements, as described in Eq. (90) for the case of the RF-SQUID amplifier.

However, this assumption does not hold in some cases. This framework for modeling the

behavior of these circuits does not consider the intermediate nodes between each pair of

RF-SQUIDs, and so ignores the effects of stray capacitances at these nodes which will be

present in physical circuits. The introduction of these stray capacitances allows for dynamic

instability of the phase at these intermediate nodes, which can excite high-frequency plasma-

like modes.

In particular, this problem arises when the current-phase relation of the repeating element

in the amplifier is nonmonotonic. In this case, there may be values of the total phase across

the amplifier for which multiple divisions of the phase across the n-many elements are allowed.

With the introduction of dynamic effects at the intermediate nodes between these blocks,

we are able to determine how this effect disrupts amplifier performance. To model this

behavior, we extend the framework for describing amplifier circuit dynamics in Subsec. 4.2.2

by considering intermediate phases φi between each of the n repeating elements, with φ1

representing the phase at the port and φn+1 representing the phase below the bottom element,

i.e. connected to ground. At the intermediate nodes, we apply a capacitor and resistor in

parallel to ground which provide dynamics and damping. This is shown in the inset in

panel (a) of Fig. 31, where we display the two RF-SQUID circuit with an intermediate node.

For the case of a circuit with n RF-SQUIDs, we can write the EOM for the intermediate
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Figure 31: Coupling of low- and high-frequency modes induced by nonmonotonic current-

phase relation of constituent RF-SQUIDs. (a) Intermediate phase (i.e. the phase difference

across the bottom RF-SQUID, see inset) as a function of the phase difference across both

RF-SQUIDs. At the points where the current-phase relation of the RF-SQUID becomes non-

monotonic (indicated by the thin red lines), the solution of the intermediate phase equation

trifurcates. Inset: circuit diagram of the amplifier with two RF-SQUIDs. Stray capacitance

and damping are indicated in orange. (b-d) Real time dynamics of the amplifier with two

RF-SQUIDs depicted in the inset of panel (a) for different pump strength. Panel (b) depicts

the weak pump case, where the total phase narrowly avoids the nonmonotonic regime and

hence the high-frequency mode of the intermediate phase is not excited. Panel (c) depicts

a slightly stronger pump, where the total phase narrowly hits the nonmonotonic regime,

which results in the ringing up of the high-frequency mode of the intermediate phase. As

the high-frequency mode rings up the dynamic solution with the stray capacitor starts to

diverges from the dynamic solution without the stray capacitor. Panel (d) depicts an even

stronger pump, where the total phase hits the nonmonotonic regime earlier.
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nodes as

0 =

(
φi − φi−1

LC
+

ic
ϕ0C

sin (φi − φi−1 + φext)

)

−
(
φi+1 − φi

LC
+

ic
ϕ0C

sin (φi+1 − φi + φext)

)

+
Cs

C
φ̈+Ksφ̇i,

(102)

and for the two boundary nodes as

φ̈1 +Kφ̇1 +
φ1 − φ2

LC
+

ic
ϕ0C

sin (φ1 − φ2 + φext)

= 2Kφ̇in

(103)

φn+1 = 0 (104)

where Cs is the stray capacitance to ground and Ks is the damping rate at the intermediate

nodes.

In Fig. 31, we demonstrate how the time-domain output from an amplifier composed of

two RF-SQUIDs is disrupted when the current-phase relation is nonmonotonic. As shown

in panel (a), multiple solutions for the phase across each RF-SQUID are allowed when a

certain value of the total phase is reached, at which point the solutions for the intermediate

phase trifurcate. We see that until the nonmonotonic regime of the RF-SQUIDs is reached,

the amplifier behaves as predicted by ignoring intermediate nodes. In order to consider

the intermediate nodes, we add a stray capacitance and damping with Cs = 0.001C and

Ks = 0.01K. In panel (b), we see the time-domain trace resulting from amplifying with

a weak pump such that the total phase never reaches the trifurcation point. Here, the

total phase as predicted without stray capacitances matches the phase when considering

stray capacitances, and the intermediate phase between the RF-SQUIDs is half the total

phase as expected. In panel (c), a stronger pump causes the total phase to pass into the

trifurcated regime, and at this point the high-frequency mode of the amplifier is excited.

Here, the trace predicted by neglecting stray capacitances drifts from the trace considering

stray capacitances. Finally, in panel (d), the pump is increased further and the trifurcation is

reached sooner, again causing the high-frequency mode to be excited as soon as the amplifier
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Figure 32: Long-time behavior of amplifiers with inductive blocks with differing current-

phase relations. A.U. indicates arbitrary units. (a) Dynamics for an amplifier composed of

10 RF-SQUIDs with monotonic current-phase relation (see inset). The time-domain trace

indicates that the phase below the first RF-SQUID and above the following 9 is nearly

exactly 9/10 the total phase. Or rather, the phase is divided equally among the RF-SQUIDs

and the amplifier is well modeled without stray capacitances. (b) Dynamics for an amplifier

composed of 10 RF-SQUIDs with nonmonotonic current-phase relation (see inset). The time-

domain trace indicates that the phase below the first RF-SQUID and above the following

9 is unstable, since the nonmonotonicity allows for several ways to divide the phase among

the RF-SQUIDs. The amplifier is not well modeled when neglecting stray capacitances since

the traces do not agree.

enters this regime. Beyond this point, the traces obtained by considering and by ignoring
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stray capacitances do not agree.

This behavior persists in the long-time regime for amplifiers with nonmonotonic current-

phase relations and many RF-SQUIDs, as shown in Fig. 32. We simulate the behavior with

an inductive block composed of 10 RF-SQUIDs with dynamics at each intermediate node as

specified by Eq. (102). We do this for RF-SQUIDs with both monotonic and nonmonotonic

current-phase relations, and we find that in the monotonic case the solution converges to the

solution with no stray capacitances. Conversely, in the nonmonotonic case, high-frequency

modes are always excited and the solution never converges to the no stray capacitance

case. We provide additional traces in short- and long-time regimes for varying degrees of

monotonicity in Appendix 4.7.1.

Evidence presented in this Section indicates that we should focus on amplifiers with

monotonic current-phase relations. This monotonicity implies that the energy-phase relation

has only one global minimum, since a monotonic function can only be equal to 0 at one point,

and so the energy can have only one extremum. We use monotonicity of the current-phase

relation as a design rule for amplifier circuits in the remainder of the Chapter. For RF-

SQUID amplifiers, we can impose this requirement analytically. Considering the EOM in

Eq. (90), the current-phase relation is monotonic when the oscillations of the sin term are

smaller than the slope of the linear term. That is, we enforce that icL/ϕ0 < 1. In this case,

the penalty is

penalty = λ
(
tanh( 20 (icL/ϕ0 − 1.15)) + 1

)
, (105)

where λ is a scaling factor determining the size of the penalty.

However, we also consider circuits which are more complex than the RF-SQUID circuit,

but still contain repeating elements. In this case, we check that the current increases between

any two successive points with increasing phase, guaranteeing monotonicity. Using the EOM

for our circuit, we compute a grid of current values at 100 points for phase values between

−6π and 6π. The penalty which enforces this is

penalty = λ
(
tanh(−∆Imin − 0.1) + 1

)
, (106)
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where ∆Imin is the minimum difference between sequential current values in the grid. This

penalty varies smoothly from 0 to the maximum penalty λ, and it enforces the penalty

when the minimum difference is negative, therefore favoring current-phase relations which

are strictly increasing.

4.5 Performance of optimized JPA circuits

In this Section, we will examine JPA circuits which are optimized to a target gain of

Gt = 20 dB, which is a common target in quantum computing applications. We will do so

in both the degenerate and nondegenerate cases. In both cases, we optimize with a pump

frequency ωp = 12 (2π) GHz, with ωs = 0.5ωp = 6 (2π) GHz in the degenerate case and

125/249ωp in the nondegenerate case. In optimizing our amplifiers, we treat pump power as

a hyperparameter which is fixed for each optimization, and we adjust it to achieve the highest

possible PAE. We will first investigate amplifiers whose inductive blocks are composed of

RF-SQUIDs, where all circuit parameters as well as the damping rate K are optimized.

Then, we investigate amplifier designs with higher PAE by shunting the RF-SQUIDs with

three Josephson junctions with an applied current bias. This extended RF-SQUID circuit

offers higher PAE at the expense of additional complexity, which may prove impractical to

build. In addition to amplifier gain, we provide bandwidth and third order intercept point

(IP3) characteristics for our nondegenerate amplifier designs.

4.5.1 RF-SQUID amplifiers

We find that by tuning the parameters of an amplifier composed of a chain of identical

RF-SQUIDs as in Fig. 24, we can achieve a PAE which is a substantial fraction of the PAE of

polynomial amplifiers. In Table 5, we list the circuit parameters for our optimized amplifiers.

In particular, we tune the Josephson critical current ic, the inductance L, the applied flux

bias Φext, and the damping rate K. In the degenerate case, we also tune the relative phase

offset δ between the signal and pump.
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parameter degenerate RF-

SQUID

nondegenerate

RF-SQUID

degenerate

extended RF-

SQUID

nondegenerate

extended RF-

SQUID

Ppump -72.3 dBm -72.4 dBm -72.2 dBm -72.1 dBm

n 10 10 10 10

K 2.42 (2π) GHz 2.36 (2π) GHz 2.50 (2π) GHz 2.57 (2π) GHz

C 0.5 pF 0.5 pF 0.5 pF 0.5 pF

Z 131 Ω 135 Ω 127 Ω 124 Ω

ic 18.8 µA 18.1 µA – –

ic1 – – 21.4 µA 20.3 µA

ic2 – – -0.921 µA* -3.32 µA*

L 17.5 pH 18.1 pH 15.3 pH 15.0 pH

L1 – – 399 pH 66.5 pH

Φext 3.09 ϕ0 3.09 ϕ0 3.03 ϕ0 3.09 ϕ0

Jext – – 4.65 µA 0.133 µA

δ 0.799π – 0.876π –

PAE 37.9% 8.9% 42.6% 14.2%

Table 5: Optimized amplifier circuit parameters. Degenerate RF-SQUID and nondegenerate

RF-SQUID columns refer to circuits as shown in Fig. 24 and described in Subsec. 4.5.1, while

degenerate extended RF-SQUID and nondegenerate extended RF-SQUID columns refer to

circuits as shown in Fig. 25 and described in Subsec. 4.5.2.

*Junctions with negative Josephson critical currents should be replaced with DC-SQUIDs

with appropriate flux bias which produce this equivalent negative ic.
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Figure 33: Gain versus input signal power of the degenerate RF-SQUID amplifier shown in

Fig. 24, with optimized circuit tuned to 20 dB gain. Parameters for this amplifier are listed

in Tab. 5.
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Figure 34: Gain versus input signal power of the nondegenerate RF-SQUID amplifier shown

in Fig. 24, tuned to 20 dB gain. Parameters for this amplifier are listed in Tab. 5. The signal

frequency is ωs = 125/249ωp.

In the degenerate case, we were able to optimize our amplifiers to a PAE of 37.9%. We

plot the gain of this amplifier as a function of signal power in Fig. 33. In the nondegenerate

case, we get a PAE of approximately 8.9%, with the gain curve shown in Fig. 34. These

circuits have parameters as listed in Tab. 5. We note that our optimization is independent

of the choice of capacitance C, and so our circuit elements, pump power, and characteristic

83



impedance Z can be rescaled by a different choice of C. In particular, inductances (e.g.,

L) are inversely proportional to C, while currents (e.g., ic) and pump power, Ppump, are

directly proportional to C. Here, we choose C = 0.5 pF and provide device parameters

based on this choice. Our amplifiers are optimized with a low relative pump power (such

that (Ppump)/(n
2CKϕ2

0ω
2
p) is small), as we find this improves PAE. Higher output saturation

power can be achieved without changing PAE by rescaling parameters as described above.

4.5.2 Extended RF-SQUID amplifiers

Here, we investigate amplifiers with inductive blocks composed of RF-SQUIDs shunted

by three Josephson junctions in series with an applied current bias, as well as a separate flux

bias through the RF-SQUID loop, as shown in Fig. 25. With these extended RF-SQUID

designs, we can achieve a PAE which is higher than that of the RF-SQUID amplifiers above by

more carefully tuning higher order terms in the current-phase relation of the inductive block

of the amplifier. This is possible due to the introduction of three new tuning parameters,

Jext, ic2, and L1 (where here the single Josephson junction’s critical current is renamed from

ic to ic1).
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Figure 35: Gain versus input signal power of the degenerate extended RF-SQUID amplifier

shown in Fig. 25, with optimized circuit tuned to 20 dB gain. Parameters for this amplifier

are listed in Tab. 5.

Parameter values that optimize this circuit for 20 dB gain can be found in Tab. 5. We

provide parameters for both the degenerate and nondegenerate cases, with their respective
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Figure 36: Gain versus input signal power of the nondegenerate extended RF-SQUID am-

plifier shown in Fig. 25, with optimized circuit tuned to 20 dB gain. Parameters for this

amplifier are listed in Tab. 5. The signal frequency is ωs = 125/249ωp.

gain curves plotted in Fig. 35 and Fig. 36. The PAE of the degenerate amplifier is approxi-

mately 42.6%, while that of the nondegenerate amplifier is 8.9%.

4.5.3 Bandwidth and third order intercept point

Bandwidth is an important measure of amplifier performance due to the need to amplify

signals over a range of frequencies. For the amplifiers in Subsec. 4.5.1, we find a bandwidth

of 327 MHz. The large bandwidth is a consequence of the high damping rate of about

2.5 (2π) GHz. We plot the gain of the nondegenerate amplifier over a range of frequencies

in Fig. 37(a), demonstrating this bandwidth. The gain versus signal frequency plot for the

nondegenerate amplifier described in Subsec. 4.5.2 is shown in Fig. 37(b), with a bandwidth

of 375 MHz.

Another measure of amplifier performance is IP3, which indicates the range of signal

power over which intermodulation products between two distinct signal frequencies remain

small. Here, we compute the output power of third order intermodulation products resulting

from the amplification of two similar but distinct signal frequencies within the amplifier

bandwidth. We note that in order to reduce computation run time, we slightly modify the

procedure in Subsec. 4.2.3 to use the last half of the DTI solution rather than the last quarter,
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(a)

(b)

Figure 37: Amplifier bandwidth: gain of the nondegenerate amplifier versus signal frequency.

(a) Amplifier in Subsec. 4.5.1. (b) Amplifier in Subsec. 4.5.2.

while ensuring the integration time remains at least 2000 periods of the signal frequencies.

This allows us to choose an integration time which is twice Tmin rather than 4 times Tmin.

This reduced integration time does not affect our solution since for the two similar signal

frequencies used in IP3 analysis, the integration time is very long and transient solutions die

out far before half the integration time.

We provide a diagram of the output power of our two signals as well as third order

products in Fig. 38(a), which demonstrates the IP3 performance of the amplifier in Sub-

sec. 4.5.1. As anticipated, the output signal power grows linearly with input signal power,

while the third order terms grow cubically until the saturation point. We find input third

order intercept point (IIP3) of −95.0 dBm and output third order intercept point (OIP3)

of −78.9 dBm. Similarly, in Fig. 38(b), we provide the IP3 performance of the amplifier in
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(a)

(b)

Figure 38: IP3: output power of signal frequencies as well as their third order intermodulation

products, plotted in dBm units. Input signal power refers to the total input power from both

signals. Here we have ω1 = 101/201ωp in blue and ω2 = 101/200ωp in orange. The third

order term 2ω1−ω2 is in green and 2ω2−ω1 is in red. We include fits for ω2 (dashed orange,

which is the lower of the linear components), and 2ω2 − ω1 (dashed red, panel (a), which

is the higher of the cubic components) and 2ω1 − ω2 (dashed green, panel (b), which is the

higher of the cubic components) which demonstrate the intercept points. These fits take into

account the 3rd through 10th points of each data set. The black lines represent the input

saturation power as determined by our requirement that the input signal be amplified by

20 dB ± 1 dB. (a) Amplifier in Subsec. 4.5.1. (b) Amplifier in Subsec. 4.5.2.

Subsec. 4.5.2, where we find IIP3 of −99.2 dBm and OIP3 of −82.2 dBm. In each diagram,

the black vertical line represents the input saturation power, demonstrating that the third

order intermodulation products remain substantially smaller than the output signals up to

this point. For further analysis of intermodulation products and a full power spectrum near
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the saturation point, see Appendix 4.7.2.

4.6 Summary

Due to the limited power added efficiency of modern JPAs and the need for low noise,

efficient amplifiers in quantum computing applications, we have explored optimizing JPA

designs by finely tuning the amplifier’s inductive block. We find that with the freedom

to more carefully define the inductive block, we can design amplifiers with a PAE orders

of magnitude higher than that of modern JPAs. In particular, modern JPAs currently

in use are tuned so as to optimize third order nonlinearity. These intrinsic third order

terms dynamically generate higher order nonlinearities, which shift signal and idler modes

off resonance [68]. For example, the g3 term in Eq. (87) generates a response at zero frequency

and twice the signal frequency which is quadratic in signal amplitude. This in turn generates

a cubic response at the signal frequency, which looks like the g4 term of Eq. (87). Here,

we counter this effect by tuning intrinsic higher order nonlinearities in order to cancel the

dynamically generated nonlinearities.

Considering inductive blocks composed of linear inductors and Josephson junctions, we

identify a rule for designing JPAs. In particular, we find that the inductive block should

have a monotonic current-phase relation to avoid issues with how phase divides among el-

ements in the block. Further, considering inductive blocks consisting of circuits extending

previous RF-SQUID designs with monotonic current-phase relations, we still realize a sig-

nificant improvement in PAE. We are able to design JPA circuits with high PAE, large

bandwidth, and limited intermodulation distortion. In particular, we provide designs for

amplifiers based on chains of RF-SQUIDs with high PAE, and provide designs with chains

of extended RF-SQUIDs with even higher PAE at the expense of manufacturing complex-

ity. In Appendix 4.7.3, we discuss the robustness of these designs to small manufacturing

imperfections.

These amplifiers could prove to be useful in quantum computing applications which re-

quire the amplifier to be located in proximity to qubits at millikelvin temperatures, where
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minimizing heat dissipation is a priority. Recent implementations of low PAE, high satura-

tion power amplifiers are problematic [85, 55] due to the extremely high pump powers utilized

in these experiments, which in turn generate excessive heat in the cryostat. Compared to

those previous JPA designs, the amplifiers in this Chapter are able to provide similar output

signal power while requiring a substantially weaker pump, thereby reducing heat load. These

high saturation power and high PAE amplifiers may be particularly advantageous in scenarios

where simultaneous multiplexed qubit readout is necessary, as the power requirement scales

with the number of qubits. Additionally, these amplifiers demonstrate low distortion at low

signal power, which provides a significant benefit in using high saturation power amplifiers

as compared to low saturation power amplifiers [13, 102]. We anticipate many, or at least

several, of these devices to be mounted in a single dilution refrigerator, which would help to

scale up superconducting quantum computing systems which may otherwise be limited to a

relatively small number of qubits. We have published the results in this Chapter, which can

be referred to in Ref. [50].

In the future, this work could serve as a basis on which to explore circuits which may

more easily be manufactured and used in superconducting quantum computing systems. In

particular, these optimizations can be performed on circuits which account for realities of

manufacturing such as parasitic inductances and variation of parameters associated with the

fabrication of physical circuits. We are currently working in conjunction with the Hatlab to

design circuits of this kind. Specifically, we are re-optimizing our RF-SQUID amplifiers with

the modification that the branch with the Josephson junction also has a linear inductance in

it which accounts for the parasitic inductance present in real circuits. This inductance would

not be an optimization parameter, but would affect the optimized values of the remaining

circuit elements which are again found via our optimization algorithm to maximize PAE.

We are also taking into account tolerance to fabrication variability right at the design stage.

We hope this effort will result in buildable circuits which can be used by the Hatlab.

Even beyond quantum computing, low-noise amplification has many applications in sci-

ence and engineering. Low-noise amplifiers are useful in radio astronomy as the signals being

detected are often very small [104]. Similar constraints on amplifier noise exist in applications

such as communication [73], sensing [31], and spectroscopy [57]. The work in this Chapter
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lays a foundation for designing efficient, low-noise amplifiers in the microwave domain which

could be useful for applications in these fields, or any field where there is a need to amplify

small signals while adding little noise.

Beyond small modifications to the circuits laid out in the Chapter, further improvements

to JPAs may be possible based on this work. We could consider adjusting the cost function

used to optimize these circuits in order to identify a broader local maximum of PAE in

the space of circuit parameters. I.e., we could design a circuit which has high PAE and

is more resilient to manufacturing offsets in the targeted circuit parameters. Alternative

amplifier designs are also possible, and could include amplifiers with power gain of 30 dB

or higher, which may obviate the need for later-stage amplification with a HEMT at higher

temperature. The platform for optimizing JPAs laid out in this Chapter open the possibility

for more careful design of amplifier circuits, with many viable design goals.

4.7 Appendix

4.7.1 Numerical solution and optimization of JPA circuits

In solving the EOMs for a circuit of the form described in Fig. 23, we use the DTI method

described in Section 4.2.3 to compute the output signal from the amplifier. We use a total

integration time that is commensurate with the period of the pump and signal frequencies.

That is, we enforce that the integration time must be a multiple of Tmin = lcm( 2π
ωp
, 2π
ωs
).

We choose an integration time of 4ncTmin since we wish to isolate the steady-state solution

to the equations of motion, while at time near t = 0 we see a transient solution to the

differential equations. We choose nc such that the integration time represents at least 2000

periods of both the signal and pump. We take only the last quarter of the DTI solution,

which we find is sufficient to remove transient effects from the output signal. To see that

the transient solution quickly dissipates, we provide examples of the time-domain output

signal computed via DTI for amplifiers with inductive blocks composed of a chain of 10 RF-

SQUIDs. These examples, shown in Fig. 39, demonstrates that the transient solution gives

90



way to the steady-state in the long-time regime for amplifiers with inductive blocks with

monotonic current-phase relations. For those with nonmonotonic current-phase relations,

the integrated solution does not become periodic. Since we only select the last quarter of

our DTI solution, and only propose amplifiers with inductive blocks monotonic current-phase

relations, we avoid including transient effects in analyzing the output of these amplifiers. In

order to extract the power of the amplified signal frequency, we use the DFT with 50 samples

of the DTI solution per signal period.

In order to begin the optimization procedure, we must choose initial parameters for the

JPA circuit elements and for ϕin. Initial amplifier designs were based on the RF-SQUID

design shown in Fig. 24, for which L and ic were chosen in order to design a ωs = 6 (2π) GHz

amplifier. Then, the pump amplitude Ap is chosen such that for small signal amplitude, the

gain of the amplifier is 20 dB. Our circuit designs all represent extensions of this RF-SQUID

design with additional shunting with Josephson junctions and with applied current bias.

We then apply the optimization procedure described in Section 4.2.3 with circuit pa-

rameters and damping rate K, as variables. With this procedure, we find optimal circuit

parameters which minimize deviations of the gain from 20 dB, and which consequently im-

prove the PAE.

4.7.2 Power Spectrum of Nondegenerate Amplifier Near Gain Compression

Point

Here we investigate the power spectrum of the nondegenerate RF-SQUID amplifier when

used to amplify two signals near the saturation point. This serves to identify the behavior of

other intermodulation products in addition to the third order terms which are relevant in IP3

analysis. We provide the output power spectrum of the band with focus on the frequencies

near the signal and pump tones, as well as ωp + ωs, in Fig. 40. That is, we can investigate

intermodulation products around 6 GHz, 12 GHz, and 18 GHz.

The highest peak in the spectrum is the pump tone at 12 GHz, while the two signals

and their idlers on either side of 6 GHz follow. The next largest components, the third order

products plotted in Fig. 38 and the second order terms at ωp + ωs, remain a factor of at
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least 21 below the two signal tones. We therefore believe intermodulation products remain

manageable up to saturation power, and we note that the saturation point is reached not

because of pump power being consumed by these intermodulation products, but because of

fundamental limits to the amplifier’s ability to amplify at the signal frequency.

4.7.3 Tolerance of amplifier performance to variations in circuit parameters

The JPA circuit designs provided in this Chapter and their predicted PAE are derived by

considering ideal circuits, where repeating blocks are able to be manufactured identically and

with no variation in parameters. We consider here how the performance of the degenerate

RF-SQUID amplifier specified in Table 5 is affected by variations in the fluxes through each

of the 10 loops in our circuit. To do this, we simulate the circuit with intermediate nodes

and stray capacitances as in Sec. 4.4.2. In particular, we simulated the RF-SQUID amplifier

circuit with 10 equations of motion, where each equation corresponds to a single RF-SQUID,

and the flux through each SQUID’s loop is varied. Since this is a computationally difficult

problem, we computed amplifier performance for a single set of fluxes which varied from the

optimized flux by a random amount selected via a normal distribution. We increased the

standard deviation of this distribution to test the effect of increasing variations on amplifier

performance.

We find that when adding variations to the flux through the loop, we must adjust the

pump power to maintain our 20 dB target gain in the low signal regime. In Fig. 41, we show

gain versus signal amplitude for varying standard deviation of the fluxes without adjusting

pump power. The gain at low signal amplitude quickly leaves the 20 dB ± 1dB region, as

indicated by the black horizontal lines.

We then consider decreasing the pump power for different amounts of flux variation to

return to our 20 dB ± 1dB regime and recompute PAE. We find that for a standard deviation

of 0.003ϕ0, we are able to retain a PAE of at least 34.3% (Fig. 42(a)), as compared to 37.9%

without the added flux variations. That is, with this level of variation in flux, we lose only a

marginal amount of efficiency. Increasing the standard deviation to 0.005ϕ0, we find a PAE

of at least 11.3% (Fig. 42(b)). For a standard deviation of 0.01ϕ0, the PAE is at least 8%
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(Fig. 42(c)). Therefore, for this JPA circuit design, it is ideal to keep variations in threaded

flux below 0.003ϕ0 to 0.005ϕ0.

Another possible manufacturing defect is a uniform offset of a device parameter from

the ideal value described in this Chapter. In practical use, the ideal operating point of an

amplifier is determined by adjusting both pump power and frequency so as to maximize PAE.

In order to demonstrate how this can mitigate uniform manufacturing defects, we consider

the case of our degenerate RF-SQUID circuit specified in Table 5 with a decrease of 1%, 3%

and 5% of the linear inductances from their ideal values. We adjust the pump power and

signal/pump frequency together in order to achieve the highest possible PAE under these

defects, as compared to 37.9% with no defects. With 1% offset, we find that the PAE can

be restored to at least 33.0%, with 3% offset, we can achieve at least 20.8% PAE, and with

5% offset, we can achieve at least 9.2% PAE. We provide the gain versus input signal power

in these three cases in Fig. 43. We therefore find that it is possible to recover amplifier

performance in practical amplifiers which are subject to the limitations of manufacturing

precision.

93



(a)

(b)

(c)

Total phase, no stray capacitance

Total phase, stray capacitance

10/9x First intermediate phase, stray capacitance

, no stray capacitanceφ1 − φ11
, stray capacitanceφ1 − φ11

, stray capacitance(10/9) (φ2 − φ11)

Figure 39: Example time-domain output signals computed by DTI for amplifiers with 10

RF-SQUIDs. In each panel, we plot the signal for short-time, demonstrating the transient

behavior, and for long-time, demonstrating the steady-state behavior. (a) Amplifier with

inductive block whose current-phase relation is very monotonic, i.e. its slope is never near

zero. In this case, we see the initial transient behavior, and then the steady state behavior,

with agreement among simulations with and without stray capacitances, and at intermediate

phases. (b) Amplifier with inductive block whose current-phase relation is nearly nonmono-

tonic, i.e. it is monotonic but its slope nears zero. Here, we see transient behavior, but

the steady state settles with agreement among simulations. (c) Amplifier with inductive

block whose current-phase relation is nonmonotonic. In this case, the amplifier never settles,

behavior is not periodic even in the long-time regime, and the simulations do not agree.
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Figure 40: Fourier analysis of the output of the nondegenerate RF-SQUID amplifier near

the saturation point. Here we have the two signal frequencies ω1 = 101/201ωp and ω2 =

101/200ωp, which are given the same input power (-105.9 dBm). The top portion of the

figure shows the spectrum of the full band, from 0 GHz to 25 GHz. We provide further

detail of the power spectrum around 6 GHz, 12 GHz, and 18 GHz, which shows the vicinity

of the signal frequencies and the pump frequency, as well as second order terms which mix

pump and signal. The two peaks just above 6 GHz represent the two signals which are

approximately 1 to 2 orders of magnitude higher than the next highest products (except

their idlers, which are approximately equal), and are lower than only the pump tone at

12 GHz.
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Figure 41: Gain versus signal amplitude for different amounts of variation in the external

flux through each RF-SQUID loop. In the low signal amplitude regime, increasing the

variation increases gain, leaving the desired ±1 dB region. For higher signal amplitudes, the

performance tends to be less sensitive to variations in flux.
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Figure 42: Gain versus signal amplitude for select amounts of variation in external flux. We

reduce signal power gradually to re-enter the ±1 dB region. (a) Variations with standard

deviation of 0.003ϕ0. (b) Variations with standard deviation of 0.005ϕ0. (c) Variations with

standard deviation of 0.01ϕ0.
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Figure 43: Gain versus input signal power for 1%, 3%, and 5% decreases in the linear

inductances in the degenerate RF-SQUID amplifier. The pump power and pump/signal

frequencies have been adjusted to recover PAE. As compared to the original design, in the

1% case the pump and signal frequencies are increased by 1.4% and the pump power is

-72.2 dBm. For the 3% offset, the frequencies are increased by 3.7% and the pump power is

-71.9 dBm. For the 5% offset, the frequencies are increased by 5% and the pump power is

-71.5 dBm.
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5.0 Micromaser theory

5.1 Introduction

The word maser is an acronym that stands for microwave amplification by stimulated

emission of radiation. The maser is the microwave equivalent of the laser. Just like a laser, a

maser takes incoherent pump light and converts it to coherent output light, where the output

light is at optical frequencies for lasers and microwave frequencies for masers. The theory of

the maser was developed in 1952 by Basov, Prokhorov, and Weber. The first maser light was

produced by Townes, Gordon, and Zeiger at Columbia University in 1953, seven years before

the first laser was made at Hughes Research Lab by Maiman based on the theory of Townes

and Schawlow. A micromaser is a maser which is composed of a single-atom coupled to a

masing cavity field. First proposed by Filipowicz, Javanainen, and Meystre [37], such devices

allow for a detailed study and probing of the atom-cavity interaction [99]. In particular, the

theory of micromasers raises the possibility of tuning the atom-cavity coupling so as to

achieve favorable masing properties such as lower linewidth.

Narrow linewidth is an important property of masers for applications in quantum infor-

mation and optics. Schawlow and Townes introduced the standard quantum limit (SQL) on

maser linewidth [97], which says that the linewidth minimum is proportional to the cavity

linewidth divided by the average photon population of the cavity. Previous work has shown

that by engineering the atom-cavity coupling (and cavity-output coupling), it is possible to

reduce maser linewidth below this limit [116, 65], possibly such that the maser linewidth is

proportional to ⟨n⟩−2, which is known as the Heisenberg limit [5].

The Hatlab has developed a micromaser system where the gain medium is an artificial

atom composed of superconducting quantum circuit components. The experimental setup

allows for an artificial atom which can be pumped into a population inverted state, and

the coupling between this artificial atom and the masing cavity can be tuned by designing

alternative, nonlinear atom-cavity coupling circuits.

In this section, we will begin by considering the experimental setup of the Hatlab mi-
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cromaser and discuss the transitions we believe play an important role in the output of the

maser. We will then model this micromaser by writing the Hamiltonians of each component

of the masing system and using this to write a master equation for the maser. We will use

this to determine the maser brightness as it varies with atom frequency and pump strength.

Finally, we will discuss the theory underlying a system composed of an atom coupled to a

cavity field and investigate how maser linewidth depends on the atom-cavity coupling.

5.2 Theory of operation of micromasers composed of nonlinear

superconducting components

The artificial atom in our micromaser (see Fig. 45) is composed of a SNAIL qubit (hence-

forth referred to as simply the SNAIL) coupled to a transmon qubit. The artificial atom is

coupled to the masing cavity which itself is coupled to the output channel. The artificial

atom is set up such that the SNAIL has a short lifetime while the transmon has a much

longer lifetime. For describing the artificial atom we use the |SNAIL, transmon⟩ basis while
for describing the whole maser we use the |SNAIL, transmon, cavity⟩ basis. To make state

labels easier to read we use g, e, f, ... to label the photon number states of the transmon and

0, 1, 2, ... to label the photon number states of the SNAIL and of the cavity. E.g. the state

|0e5⟩ has no photons in the SNAIL, one photon in the transmon, and five photons in the

cavity.

We will describe several schemes for achieving population inversion and running the

maser. In the simplest scheme, we pump from the ground state of the system to the |1e⟩
state of the artificial atom. This transition is made possible by the cubic nonlinearity of

the SNAIL, which converts one pump photon into one SNAIL and one transmon photon.

Because of the large loss in the SNAIL, the state quickly decays to the |0e⟩ state, resulting
in population inversion. In this scheme, due to the anharmonicity of the transmon, we do

not populate further excited states of the transmon. We then tune the transmon such that

its first excited state is on resonance with the masing cavity level spacing. We can pump the

cavity by continuously driving the artificial atom to the population inverted state and thus
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achieve masing.

By tuning the transmon and pump frequencies, it is also possible to achieve masing where

population inversion occurs in different states. The masing scheme described above involves

photon transfer to the cavity by the |0e⟩ → |0g⟩ transition of the artificial atom, as depicted

in Fig 44(a). The first alternative scheme involves masing via the |0f⟩ → |0e⟩ transition

that is activated by (a) modifying the pump to achieve population inversion in the |0f⟩ state
and (b) by making |0f⟩ → |0e⟩ transition resonant with the level spacing of the cavity, as in

Fig. 44(b). The second alternative masing scheme activates a two-photon process associated

with the |0f⟩ → |0g⟩ transition of the artificial atom. To activate this transition, the cavity

level spacing must be resonant with (E|0f⟩ − E|0g⟩)/2, shown in Fig. 44(c).
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Figure 44: Diagram of levels in the SNAIL-transmon subsystem. Blue arrows represent

couplings due to the parametric pump, black dashed arrows show relaxation of the SNAIL,

and red arrows indicate cavity-atom coupling. (a) Masing mediated by the transition between

the transmon’s first excited state and ground state. (b) Masing mediated by the transition

between the transmon’s second excited state and first excited state. (c) Masing mediated by

the transition between the transmon’s second excited state and ground state.

5.3 Simulating micromaser system with cQED

In this section, we present our description of the maser system, which relies on circuit

QED methods to obtain an approximate master equation for the three main components of
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the system (SNAIL, transmon, and cavity) followed by eigenanalysis of the resulting equation

to find the steady state solution as well as maser linewidth. We start by writing the Hamilto-

nian of each component separately in terms of dimensionless superconducting phase variables

φs, φt, and φc for the SNAIL, transmon, and cavity (see Fig. 45). Next, we discretize the

phase variables to obtain a Schrödinger equation, in matrix form, for each component. We

verify that the low-energy eigenspectrum of each of our Schrödinger equations is insensi-

tive to the discretization scheme and then we use the resulting low-energy spectrum as a

basis to describe each of the components. We construct the complete Hamiltonian for the

system using the resulting basis states by combining the diagonal Hamiltonians for each of

the components, the discrete representations of the SNAIL-transmon and transmon-cavity

coupling Hamiltonians, and the SNAIL pump Hamiltonian. Next, we hybridize the SNAIL

and transmon to obtain the Hamiltonian of the artificial atom that is coupled to the cavity.

The artificial atom-cavity basis allows us to construct an approximate master equation for

the maser by (a) introducing the Lindbladian loss terms for each component as prescribed

by Ref. [86] and (b) considering only the most relevant couplings induced by the pump.

Through eigenanalysis of the time evolution superoperator, we compute the population of

the maser states and the maser linewidth.

We note that the approach that we follow for constructing the basis states and Hamilto-

nians of the SNAIL and transmon is in contrast to the commonly used approach of expressing

the Hamiltonians in terms of quadratic, cubic, and quartic terms composed of creation and

annihilation operators. The reason we go to the trouble of constructing basis states of in-

dividual components is that this approach allows for the full, nonlinear description of the

quantum states of each component, and as a result we can obtain low-energy basis states

that are insensitive to the Hilbert space truncation scheme. On the other hand, quadratic,

cubic, and quartic approximations of the Hamiltonians are not very accurate and as a result

the eigenspectra obtained using them are strongly dependent on how the Hilbert space is

truncated. Indeed, as the quartic term is usually negative, the spectrum of the approximate

Hamiltonians becomes unbounded from below as we include more and more photon number

states in the Hilbert space. In the method that we outlined above, we begin from the circuit

QED description of the maser components and the truncation is done in the photon number
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basis after taking into account the full nonlinearity of the component. The combination of

the strong nonlinearity of the transmon and the fast decay of the SNAIL implies that neither

needs to be modeled with a basis of more than 5 photon states. We have confirmed this

notion by verifying that the maser populations in the steady state do not vary significantly

upon increasing the basis size of the SNAIL and transmon beyond 5 photons each. We also

confirm from our simulation that the higher states of these components have extremely low

occupation (below 10−9).
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Cs
<latexit sha1_base64="vB6E6lUTodjXB3iiDinrmdIMU6Q=">AAAB8XicdVBNSwMxEM36WetX1aOXYBE8lWyRtb0VevEkFewHtkvJpmkbms0uyaxYlv4LLx4U8eq/8ea/MdtWUNEHA4/3ZpiZF8RSGCDkw1lZXVvf2Mxt5bd3dvf2CweHLRMlmvEmi2SkOwE1XArFmyBA8k6sOQ0DydvBpJ757TuujYjUDUxj7od0pMRQMApWuq33e8DvIYVZv1AkJWLheTgjboW4llSrlXK5it25RUgRLdHoF957g4glIVfAJDWm65IY/JRqEEzyWb6XGB5TNqEj3rVU0ZAbP51fPMOnVhngYaRtKcBz9ftESkNjpmFgO0MKY/Pby8S/vG4Cw4qfChUnwBVbLBomEkOEs/fxQGjOQE4toUwLeytmY6opAxtS3obw9Sn+n7TKJdcredfnxdrVMo4cOkYn6Ay56ALV0CVqoCZiSKEH9ISeHeM8Oi/O66J1xVnOHKEfcN4+AUP6kWE=</latexit>

Ct

<latexit sha1_base64="T5+S4z96aoxBeuMk/2DpCVZ7LvM=">AAAB8XicdVBNSwMxEM36WetX1aOXYBE8lWyRtb0VevEkFewHtkvJpmkbms0uyaxYlv4LLx4U8eq/8ea/MdtWUNEHA4/3ZpiZF8RSGCDkw1lZXVvf2Mxt5bd3dvf2CweHLRMlmvEmi2SkOwE1XArFmyBA8k6sOQ0DydvBpJ757TuujYjUDUxj7od0pMRQMApWuq33e8DvIWWzfqFISsTC83BG3ApxLalWK+VyFbtzi5AiWqLRL7z3BhFLQq6ASWpM1yUx+CnVIJjks3wvMTymbEJHvGupoiE3fjq/eIZPrTLAw0jbUoDn6veJlIbGTMPAdoYUxua3l4l/ed0EhhU/FSpOgCu2WDRMJIYIZ+/jgdCcgZxaQpkW9lbMxlRTBjakvA3h61P8P2mVS65X8q7Pi7WrZRw5dIxO0Bly0QWqoUvUQE3EkEIP6Ak9O8Z5dF6c10XrirOcOUI/4Lx9AiolkVA=</latexit>

Cc

<latexit sha1_base64="YehDCHqpeB9k8G1ex4rpA7kPyWc=">AAAB83icdVDLSsNAFJ3UV62vqks3g0VwVZIisd0V3LgQqWAf0IQymU7aoZNJmLkRS+hvuHGhiFt/xp1/46StoKIHBg7n3MO9c4JEcA22/WEVVlbX1jeKm6Wt7Z3dvfL+QUfHqaKsTWMRq15ANBNcsjZwEKyXKEaiQLBuMLnI/e4dU5rH8hamCfMjMpI85JSAkbyrgQfsHjITnw3KFbtqG7guzolTtx1DGo16rdbAztyy7QpaojUov3vDmKYRk0AF0brv2An4GVHAqWCzkpdqlhA6ISPWN1SSiGk/m988wydGGeIwVuZJwHP1eyIjkdbTKDCTEYGx/u3l4l9eP4Ww7mdcJikwSReLwlRgiHFeAB5yxSiIqSGEKm5uxXRMFKFgaiqZEr5+iv8nnVrVcavuzVmleb2so4iO0DE6RQ46R010iVqojShK0AN6Qs9Waj1aL9brYrRgLTOH6Aest0/eRpJN</latexit>

Llin

<latexit sha1_base64="zT+c7ofcX/oSfP6YMIajCA8neuQ=">AAAB8nicdVBNSwMxEM3Wr1q/qh69BIvgqWSLrO2t4MWTVLC1sF1KNs22odnNksyKZenP8OJBEa/+Gm/+G9MPQUUfDDzem2FmXphKYYCQD6ewsrq2vlHcLG1t7+zulfcPOkZlmvE2U1LpbkgNlyLhbRAgeTfVnMah5Lfh+GLm395xbYRKbmCS8iCmw0REglGwki/6PeD3kBt32i9XSJVYeB6eEbdOXEsajXqt1sDu3CKkgpZo9cvvvYFiWcwTYJIa47skhSCnGgSTfFrqZYanlI3pkPuWJjTmJsjnJ0/xiVUGOFLaVgJ4rn6fyGlszCQObWdMYWR+ezPxL8/PIKoHuUjSDHjCFouiTGJQePY/HgjNGciJJZRpYW/FbEQ1ZWBTKtkQvj7F/5NOrep6Ve/6rNK8WsZRREfoGJ0iF52jJrpELdRGDCn0gJ7QswPOo/PivC5aC85y5hD9gPP2CfClkcE=</latexit>

is1
<latexit sha1_base64="t8MsFnLXweQsMJXI/pUjGBOKpv8=">AAAB8nicdVBNS8NAEN3Ur1q/qh69LBbBU0mCxPZW8OJJKthaSEPZbDft0k027E7EEvozvHhQxKu/xpv/xk1bQUUfDDzem2FmXpgKrsG2P6zSyura+kZ5s7K1vbO7V90/6GqZKco6VAqpeiHRTPCEdYCDYL1UMRKHgt2Gk4vCv71jSnOZ3MA0ZUFMRgmPOCVgJJ8P+sDuIdfubFCt2XXbwPNwQZyG7RjSbDZct4mduWXbNbREe1B97w8lzWKWABVEa9+xUwhyooBTwWaVfqZZSuiEjJhvaEJipoN8fvIMnxhliCOpTCWA5+r3iZzEWk/j0HTGBMb6t1eIf3l+BlEjyHmSZsASulgUZQKDxMX/eMgVoyCmhhCquLkV0zFRhIJJqWJC+PoU/0+6bt3x6t71Wa11tYyjjI7QMTpFDjpHLXSJ2qiDKJLoAT2hZwusR+vFel20lqzlzCH6AevtE/IqkcI=</latexit>

is2

<latexit sha1_base64="Go67ugTtkCVKjcRL771w7Oqq/Y4=">AAAB8nicdVBNS8NAEN3Ur1q/qh69LBbBU0mCxPZW8OJJKthaSEPZbDft0k027E7EEvozvHhQxKu/xpv/xk1bQUUfDDzem2FmXpgKrsG2P6zSyura+kZ5s7K1vbO7V90/6GqZKco6VAqpeiHRTPCEdYCDYL1UMRKHgt2Gk4vCv71jSnOZ3MA0ZUFMRgmPOCVgJJ8P+sDuIQd3NqjW7Lpt4Hm4IE7DdgxpNhuu28TO3LLtGlqiPai+94eSZjFLgAqite/YKQQ5UcCpYLNKP9MsJXRCRsw3NCEx00E+P3mGT4wyxJFUphLAc/X7RE5iradxaDpjAmP92yvEvzw/g6gR5DxJM2AJXSyKMoFB4uJ/POSKURBTQwhV3NyK6ZgoQsGkVDEhfH2K/yddt+54de/6rNa6WsZRRkfoGJ0iB52jFrpEbdRBFEn0gJ7QswXWo/VivS5aS9Zy5hD9gPX2CfOwkcM=</latexit>

it2
<latexit sha1_base64="JlRsaN68J3sgYOo8mi+HXaEFkrU=">AAAB8nicdVBNSwMxEM3Wr1q/qh69BIvgqWSLrO2t4MWTVLC1sF1KNs22odnNksyKZenP8OJBEa/+Gm/+G9MPQUUfDDzem2FmXphKYYCQD6ewsrq2vlHcLG1t7+zulfcPOkZlmvE2U1LpbkgNlyLhbRAgeTfVnMah5Lfh+GLm395xbYRKbmCS8iCmw0REglGwki/6PeD3kIM77ZcrpEosPA/PiFsnriWNRr1Wa2B3bhFSQUu0+uX33kCxLOYJMEmN8V2SQpBTDYJJPi31MsNTysZ0yH1LExpzE+Tzk6f4xCoDHCltKwE8V79P5DQ2ZhKHtjOmMDK/vZn4l+dnENWDXCRpBjxhi0VRJjEoPPsfD4TmDOTEEsq0sLdiNqKaMrAplWwIX5/i/0mnVnW9qnd9VmleLeMooiN0jE6Ri85RE12iFmojhhR6QE/o2QHn0XlxXhetBWc5c4h+wHn7BPIrkcI=</latexit>

it1

<latexit sha1_base64="wi8gXjucCIY1OUfMoMJIPxEcpPc=">AAAB8XicdVDLSgNBEJz1GeMr6tHLYBA8hdkga3ILePEgEsE8MFnC7GQ2GTI7u8z0imHJX3jxoIhX/8abf+PkIahoQUNR1U13V5BIYYCQD2dpeWV1bT23kd/c2t7ZLeztN02casYbLJaxbgfUcCkUb4AAyduJ5jQKJG8Fo/Op37rj2ohY3cA44X5EB0qEglGw0u1lrwv8HjI26RWKpEQsPA9PiVshriXVaqVcrmJ3ZhFSRAvUe4X3bj9macQVMEmN6bgkAT+jGgSTfJLvpoYnlI3ogHcsVTTixs9mF0/wsVX6OIy1LQV4pn6fyGhkzDgKbGdEYWh+e1PxL6+TQljxM6GSFLhi80VhKjHEePo+7gvNGcixJZRpYW/FbEg1ZWBDytsQvj7F/5NmueR6Je/6tFi7WsSRQ4foCJ0gF52hGrpAddRADCn0gJ7Qs2OcR+fFeZ23LjmLmQP0A87bJzgakVk=</latexit>

Lc
<latexit sha1_base64="I3CPwmxOVDCevL9RNYUbV8rt3QE=">AAAB/HicdVDLSgMxFM3UV62v0S7dBIvgQsp0Wtu6K7hxJRXsAzpDyaRpG5p5kNwRy1B/xY0LRdz6Ie78GzNtBRU9cC+Hc+4lN8eLBFdgWR9GZmV1bX0ju5nb2t7Z3TP3D9oqjCVlLRqKUHY9opjgAWsBB8G6kWTE9wTreJOL1O/cMql4GNzANGKuT0YBH3JKQEt9M+80x7yfOMDuIFGnus9mfbNgFc/rVfvMxlbRsmp2uZoSu1axy7iklRQFtESzb747g5DGPguACqJUr2RF4CZEAqeCzXJOrFhE6ISMWE/TgPhMucn8+Bk+1soAD0OpKwA8V79vJMRXaup7etInMFa/vVT8y+vFMKy7CQ+iGFhAFw8NY4EhxGkSeMAloyCmmhAqub4V0zGRhILOK6dD+Pop/p+07WKpWqxeVwqNq2UcWXSIjtAJKqEaaqBL1EQtRNEUPaAn9GzcG4/Gi/G6GM0Yy508+gHj7RPb8pWh</latexit>

!s,ext

<latexit sha1_base64="4wYZSBOHw2MM9lnSQGb4EqcfMbo=">AAAB/HicdVDLSgMxFM3UV62v0S7dBIvgQsp0Wtu6K7hxJRXsAzpDyaRpG5p5kNwRy1B/xY0LRdz6Ie78GzNtBRU9cC+Hc+4lN8eLBFdgWR9GZmV1bX0ju5nb2t7Z3TP3D9oqjCVlLRqKUHY9opjgAWsBB8G6kWTE9wTreJOL1O/cMql4GNzANGKuT0YBH3JKQEt9M+80x7yfOMDuIIFT3Wezvlmwiuf1qn1mY6toWTW7XE2JXavYZVzSSooCWqLZN9+dQUhjnwVABVGqV7IicBMigVPBZjknViwidEJGrKdpQHym3GR+/Awfa2WAh6HUFQCeq983EuIrNfU9PekTGKvfXir+5fViGNbdhAdRDCygi4eGscAQ4jQJPOCSURBTTQiVXN+K6ZhIQkHnldMhfP0U/0/adrFULVavK4XG1TKOLDpER+gElVANNdAlaqIWomiKHtATejbujUfjxXhdjGaM5U4e/YDx9gndfJWi</latexit>

!t,ext

<latexit sha1_base64="t8MsFnLXweQsMJXI/pUjGBOKpv8=">AAAB8nicdVBNS8NAEN3Ur1q/qh69LBbBU0mCxPZW8OJJKthaSEPZbDft0k027E7EEvozvHhQxKu/xpv/xk1bQUUfDDzem2FmXpgKrsG2P6zSyura+kZ5s7K1vbO7V90/6GqZKco6VAqpeiHRTPCEdYCDYL1UMRKHgt2Gk4vCv71jSnOZ3MA0ZUFMRgmPOCVgJJ8P+sDuIdfubFCt2XXbwPNwQZyG7RjSbDZct4mduWXbNbREe1B97w8lzWKWABVEa9+xUwhyooBTwWaVfqZZSuiEjJhvaEJipoN8fvIMnxhliCOpTCWA5+r3iZzEWk/j0HTGBMb6t1eIf3l+BlEjyHmSZsASulgUZQKDxMX/eMgVoyCmhhCquLkV0zFRhIJJqWJC+PoU/0+6bt3x6t71Wa11tYyjjI7QMTpFDjpHLXSJ2qiDKJLoAT2hZwusR+vFel20lqzlzCH6AevtE/IqkcI=</latexit>

is2

<latexit sha1_base64="5PM2VeMfwSGfqt0gZ0nAYJiK68w=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKRI8RLwoSIpoHZJcwO+kkQ2YfzPSKYclvePGgiFd/xpt/4yTZg0YLGoqqbrq7/FgKjbb9ZeWWlldW1/LrhY3Nre2d4u5eU0eJ4tDgkYxU22capAihgQIltGMFLPAltPzR5dRvPYDSIgrvcRyDF7BBKPqCMzSS6yI8YnpXu7i+mXSLJbtsz0D/EicjJZKh3i1+ur2IJwGEyCXTuuPYMXopUyi4hEnBTTTEjI/YADqGhiwA7aWzmyf0yCg92o+UqRDpTP05kbJA63Hgm86A4VAvelPxP6+TYP/cS0UYJwghny/qJ5JiRKcB0J5QwFGODWFcCXMr5UOmGEcTU8GE4Cy+/Jc0T8pOpVy5PS1Va1kceXJADskxccgZqZIrUicNwklMnsgLebUS69l6s97nrTkrm9knv2B9fAPSyJGZ</latexit>

SNAIL
<latexit sha1_base64="RlQTEDm+zINvMIE8b0KN7sAIL6A=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8lUSkeiz04kkq2A9oQ9lsJ+3SzSbuTooh9Hd48aCIV3+MN/+N2zYHbX0w8Hhvhpl5fiy4Rsf5ttbWNza3tgs7xd29/YPD0tFxS0eJYtBkkYhUx6caBJfQRI4COrECGvoC2v64PvPbE1CaR/IB0xi8kA4lDzijaCSvh/CEWZ1OOKbTfqnsVJw57FXi5qRMcjT6pa/eIGJJCBKZoFp3XSdGL6MKORMwLfYSDTFlYzqErqGShqC9bH701D43ysAOImVKoj1Xf09kNNQ6DX3TGVIc6WVvJv7ndRMMbryMyzhBkGyxKEiEjZE9S8AecAUMRWoIZYqbW202oooyNDkVTQju8surpHVZcauV6v1VuXaXx1Egp+SMXBCXXJMauSUN0iSMPJJn8krerIn1Yr1bH4vWNSufOSF/YH3+AHdTkpw=</latexit>

Cavity
<latexit sha1_base64="NgdpiJl0D8UG3Z1e0YvChkbocqk=">AAAB+HicbVBNSwMxEM36WetHVz16CRbBU9kVqR4LXjxJhX5Bu5Rsmm1Dk+ySzIp16S/x4kERr/4Ub/4b03YP2vpg4PHeDDPzwkRwA5737aytb2xubRd2irt7+wcl9/CoZeJUU9aksYh1JySGCa5YEzgI1kk0IzIUrB2Ob2Z++4Fpw2PVgEnCAkmGikecErBS3y31gD1C1tBEGRmrad8texVvDrxK/JyUUY563/3qDWKaSqaACmJM1/cSCDKigVPBpsVealhC6JgMWddSRSQzQTY/fIrPrDLAUaxtKcBz9fdERqQxExnaTklgZJa9mfif100hug4yrpIUmKKLRVEqMMR4lgIecM0oiIklhGpub8V0RDShYLMq2hD85ZdXSeui4lcr1fvLcu0uj6OATtApOkc+ukI1dIvqqIkoStEzekVvzpPz4rw7H4vWNSefOUZ/4Hz+AJt+k8M=</latexit>

Transmon<latexit sha1_base64="qNsdQBQsr8TLZ/yzOscjCOuXgFo=">AAAB9HicdVBNS8NAEN3Ur1q/qh69LBbBU0mKxPZW6MWTVLAf0Iay2W7apZtN3J0US+jv8OJBEa/+GG/+GzdtBRV9MPB4b4aZeX4suAbb/rBya+sbm1v57cLO7t7+QfHwqK2jRFHWopGIVNcnmgkuWQs4CNaNFSOhL1jHnzQyvzNlSvNI3sIsZl5IRpIHnBIwktcYpH1g95BqmM8HxZJdtg1cF2fEqdqOIbVatVKpYWdh2XYJrdAcFN/7w4gmIZNABdG659gxeClRwKlg80I/0SwmdEJGrGeoJCHTXro4eo7PjDLEQaRMScAL9ftESkKtZ6FvOkMCY/3by8S/vF4CQdVLuYwTYJIuFwWJwBDhLAE85IpREDNDCFXc3IrpmChCweRUMCF8fYr/J+1K2XHL7s1FqX69iiOPTtApOkcOukR1dIWaqIUoukMP6Ak9W1Pr0XqxXpetOWs1c4x+wHr7BOdikuo=</latexit>

Cst
<latexit sha1_base64="6nW3Vq+uX4/ySnEw1WM1RLCaAss=">AAAB9HicdVBNS8NAEN3Ur1q/qh69LBbBU0mKxPZW6MWTVLAf0Iay2W7apZtN3J0US+jv8OJBEa/+GG/+GzdtBRV9MPB4b4aZeX4suAbb/rBya+sbm1v57cLO7t7+QfHwqK2jRFHWopGIVNcnmgkuWQs4CNaNFSOhL1jHnzQyvzNlSvNI3sIsZl5IRpIHnBIwktcYpH1g95ACnc8HxZJdtg1cF2fEqdqOIbVatVKpYWdh2XYJrdAcFN/7w4gmIZNABdG659gxeClRwKlg80I/0SwmdEJGrGeoJCHTXro4eo7PjDLEQaRMScAL9ftESkKtZ6FvOkMCY/3by8S/vF4CQdVLuYwTYJIuFwWJwBDhLAE85IpREDNDCFXc3IrpmChCweRUMCF8fYr/J+1K2XHL7s1FqX69iiOPTtApOkcOukR1dIWaqIUoukMP6Ak9W1Pr0XqxXpetOWs1c4x+wHr7BM8Dkto=</latexit>

Ctc

<latexit sha1_base64="nIdZE7l7TFC94Zi62UbJLJAr2Uw=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRI8BL54kgnlAsoTZyWwyZB7LTK8YlnyGFw+KePVrvPk3TpI9aGJBQ1HVTXdXlAhuwfe/vcLa+sbmVnG7tLO7t39QPjxqWZ0ayppUC206EbFMcMWawEGwTmIYkZFg7Wh8M/Pbj8xYrtUDTBIWSjJUPOaUgJO6PWBPkDVSmUz75Ypf9efAqyTISQXlaPTLX72BpqlkCqgg1nYDP4EwIwY4FWxa6qWWJYSOyZB1HVVEMhtm85On+MwpAxxr40oBnqu/JzIirZ3IyHVKAiO77M3E/7xuCvF1mHGVpMAUXSyKU4FB49n/eMANoyAmjhBquLsV0xExhIJLqeRCCJZfXiWti2pQq9buLyv1uzyOIjpBp+gcBegK1dEtaqAmokijZ/SK3jzwXrx372PRWvDymWP0B97nD+vRkbo=</latexit>

Pump
<latexit sha1_base64="ohoDJNpnbTWs/8xOSGBIP2mJGco=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEqseCF09SwdZCE8Jmu22Xbj7YnRRL6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzwlQKjY7zbZXW1jc2t8rblZ3dvf0D+/CorZNMMd5iiUxUJ6SaSxHzFgqUvJMqTqNQ8sdwdDPzH8dcaZHEDzhJuR/RQSz6glE0UmDb3piqdCgCD/kT5noa2FWn5sxBVolbkCoUaAb2l9dLWBbxGJmkWnddJ0U/pwoFk3xa8TLNU8pGdMC7hsY04trP55dPyZlReqSfKFMxkrn6eyKnkdaTKDSdEcWhXvZm4n9eN8P+tZ+LOM2Qx2yxqJ9JggmZxUB6QnGGcmIIZUqYWwkbUkUZmrAqJgR3+eVV0r6oufVa/f6y2rgr4ijDCZzCObhwBQ24hSa0gMEYnuEV3qzcerHerY9Fa8kqZo7hD6zPH2CQlDM=</latexit>ωs

<latexit sha1_base64="2D2q/hJGE2wFbk4ZD+8lnFqbLVA=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEqseCF09SwdZCE8Jmu22Xbj7YnRRL6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzwlQKjY7zbZXW1jc2t8rblZ3dvf0D+/CorZNMMd5iiUxUJ6SaSxHzFgqUvJMqTqNQ8sdwdDPzH8dcaZHEDzhJuR/RQSz6glE0UmDb3piqdCgCD/kT5jgN7KpTc+Ygq8QtSBUKNAP7y+slLIt4jExSrbuuk6KfU4WCST6teJnmKWUjOuBdQ2Mace3n88un5MwoPdJPlKkYyVz9PZHTSOtJFJrOiOJQL3sz8T+vm2H/2s9FnGbIY7ZY1M8kwYTMYiA9oThDOTGEMiXMrYQNqaIMTVgVE4K7/PIqaV/U3Hqtfn9ZbdwVcZThBE7hHFy4ggbcQhNawGAMz/AKb1ZuvVjv1seitWQVM8fwB9bnD2IVlDQ=</latexit>ωt
<latexit sha1_base64="58jdZFljwca2L080FS9CPU33bCY=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEqseCF09SwdZCE8Jmu22Xbj7YnRRL6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzwlQKjY7zbZXW1jc2t8rblZ3dvf0D+/CorZNMMd5iiUxUJ6SaSxHzFgqUvJMqTqNQ8sdwdDPzH8dcaZHEDzhJuR/RQSz6glE0UmDb3piqdCgCD/kT5mwa2FWn5sxBVolbkCoUaAb2l9dLWBbxGJmkWnddJ0U/pwoFk3xa8TLNU8pGdMC7hsY04trP55dPyZlReqSfKFMxkrn6eyKnkdaTKDSdEcWhXvZm4n9eN8P+tZ+LOM2Qx2yxqJ9JggmZxUB6QnGGcmIIZUqYWwkbUkUZmrAqJgR3+eVV0r6oufVa/f6y2rgr4ijDCZzCObhwBQ24hSa0gMEYnuEV3qzcerHerY9Fa8kqZo7hD6zPH0hAlCM=</latexit>ωc
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Figure 45: Diagram of the maser circuit including the pump, SNAIL, transmon, cavity.

We start modeling this system, using circuit QED methods [44], by writing the (classical)

Hamiltonian of each of these three components (SNAIL, transmon, and cavity). The circuit

for this system is shown in Fig. 45, showing each of these components. We can write the

Hamiltonian for the components as follows:

Hs =
1

2
Csφ̇

2
s1 − ϕ0is1 cos(φs1 + Φs, ext)

− 2ϕ0is2 cos(φs1/2) +
1

2Llin

(φs − φs1)
2, (107)

Ht =
1

2
Ctφ̇

2
t − ϕ0it1 cos(φt + Φt, ext)− ϕ0it2 cos(φt), (108)

Hc =
1

2
Ctφ̇

2
c +

1

2Lc

φ2
c, (109)

where Cα represent capacitances, Lβ represent inductances, iγ represent Josephson critical

currents, Φδ,ext represent external magnetic fluxes, and φϵ represent dimensionless super-
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conducting order parameter phase at the nodes of the circuit shown in Fig. 45. We define

φϵ = ϕϵ/ϕ0, where ϕ0 =
h̄
2e

is reduced magnetic flux quantum and ϕϵ is the flux.

For the capacitive couplings between the components, we write the coupling Hamiltoni-

ans:

Hst =
1

2
Cst(φ̇s − φ̇t)

2 (110)

Htc =
1

2
Ctc(φ̇t − φ̇c)

2. (111)

Note that each of these coupling Hamiltonians includes terms which act on only a single com-

ponent of the system, i.e. φ̇2
s , φ̇

2
t , φ̇

2
c. We treat these terms as part of the single-component

Hamiltonians, leaving only the cross terms in the coupling Hamiltonians.

H̃s = Hs +
1

2
Cstφ̇

2
s (112)

H̃t = Ht +
1

2
(Cst + Ctc)φ̇

2
t (113)

H̃c = Hc +
1

2
Ctcφ̇

2
c (114)

H̃st = Cstφ̇sφ̇t (115)

H̃tc = Ctcφ̇tφ̇c. (116)

Finally, we introduce quantum momentum operators by inverting the capacitance matrix




Cs + Cst Cst 0

Cst Ct + Cst + Ctc Ctc

0 Ctc Cc + Ctc


 (117)

for the system. Using the inverse of the capacitance matrix, to first order in the couplings




1
Cs

− Cst

C2
s

− Cst

CsCt
0

− Cst

CsCt

1
Ct

− Cst+Ctc

C2
t

− Ctc

CtCc

0 − Ctc

CtCc

1
Cc

− Ctc

C2
c


 (118)
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we write down the kinetic energy terms of the quantum Hamiltonian for the system

Ts = −1

2

(
1

Cs

− Cst

C2
s

)
∂2s (119)

Tt = −1

2

(
1

Ct

− Cst + Ctc

C2
t

)
∂2t (120)

Tc = −1

2

(
1

Cc

− Ctc

C2
c

)
∂2c (121)

Tst =
Cst

CsCt

∂s∂t (122)

Ttc =
Ctc

CtCc

∂t∂c. (123)

For each of the SNAIL, transmon, and cavity, we solve the Schrödinger equation to de-

rive its eigenstates, and use these eigenstates as a basis to construct a Hamiltonian for the

complete system. To do so, we discretize the phase variable and solve the resulting dif-

ference equations numerically (see Appendix 5.6.1 for more details). This is accomplished

by constructing the matrices for the Hamiltonian of each component in Mathematica. The

appendix shows how we can write the matrices for derivative operators using partial differ-

ences, and the potential energy terms can be written in this matrix form by evaluating the

potential energies at the discretized values of phase we choose. Note that for the transmon

and cavity, the phase Hamiltonian of each is dependent directly on the phase variable φt

and φc directly. However, the SNAIL has the additional internal phase φs1 which determines

how the phase φs is divided between the SNAIL loop and a stray linear inductance Llin.

Handling of this internal phase and fitting the SNAIL to experimental data is discussed in

Appendix 5.6.2.

The energies of the eigenstates of each component can be used to produce a Hamiltonian

using photon number in each component as a basis. We get these energies and eigenstates

by using the Eigensystem[] solver in Mathematica. For building the Hamiltonian of these

components, we are not yet taxing the limits of our computational resources, and so the

method of solving the system is not of deep importance. At later steps in this process, we

will use a method of solving for eigenstates of the system which optimizes for our use case.

Then, the cross terms in the coupling Hamiltonians can also be constructed using these

eigenstates by computing matrix elements for the H̃st and H̃tc terms, which can be done
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independently for each component since the operators for each component commute. That

is, we can compute the matrix elements which go into the the coupling Hamiltonians in this

basis as

⟨Ψj,n| ∂φ,j |Ψj,m⟩ , (124)

where Ψj,n is the n-th eigenstate for the component j = s, t, c, and ∂φ,j is the finite differences

matrix for the first derivative of that component (as defined in Appendix 5.6.1). We can

then use this to write all necessary H̃ terms which will contribute to the system Hamiltonian

for the three micromaser components and their couplings.

These terms can again be written in matrix form in Mathematica by considering the

derivative operators as partial difference matrices. For the cross terms, we can evaluate the

matrix elements of the derivative operators for each component independently, which we

can do since the derivative operators of each component commute with each other. Then,

for each term in the Hamiltonian of the system, we write it in matrix form by taking a

Kronecker product of the matrices for each component in that term. For example, in the Tst

term, we take a Kronecker product of the identity matrix in the cavity’s basis, the matrix

of transmon first derivative terms evaluated via ⟨Ψt,n| ∂φ,t |Ψt,m⟩, and the matrix of SNAIL

first derivative terms evaluated via ⟨Ψs,n| ∂φ,s |Ψs,m⟩.
We write the contribution of the pump, which acts on the SNAIL directly, as

Hpump = iΩcos(ωpt)φ̇s, (125)

where Ω is the amplitude of the pump and ωp is the frequency of the pump.

As the snail-transmon coupling is much stronger than the transmon cavity coupling,

we proceed by diagonalizing the artificial atom Hamiltonian Haa = H̃s + H̃t + H̃st, once

again using Mathematica’s Eigensystem[] solver. In the eigenbasis of the artificial atom

Hamiltonian the basis states are nearly product states of the original basis with a fixed

photon number on each component – which allows us to label the new eigenstates by photon

numbers. We identify the labeling by finding the component of the new basis states in the

old basis which has the maximum amplitude, indicating the greatest overlap with that state

in the old basis. It is in this new basis that we apply Lindbladian loss which affects the
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SNAIL and transmon [86]. Specifically, SNAIL photon loss is applied between eigenstates of

the artificial atom which differ by one photon in the SNAIL (according to their most similar

states in the original basis). The same is true for transmon photon loss, which is applied

between eigenstates which differ by one photon in the transmon (according to their most

similar states in the original basis). This scheme for applying the Lindbladian terms reduces

the effect of Purcell loss, the origin of which is discussed in Ref. [86]. We apply these losses

in an uncorrelated way. I.e., we consider a Lindbladian associated with the loss between any

two states independently, rather than a single Lindbladian operator encompassing all SNAIL

or transmon loss processes. The reason for treating the different loss processes as incoherent

is that the photon frequencies associated with the different loss processes are different from

each other because of the nonlinearities of the artificial atom subsystem. On the other hand,

for the cavity loss, we consider a single Lindbladian with correlated losses, which are between

states differing by one cavity photon.

For the pump, we take Hpump and transform it into the eigenbasis of the artificial atom.

We keep only the terms that are relevant, that is the terms which differ by 1 photon in the

SNAIL and 1 photon in the transmon. This includes, for example, pumping from the ground

state of the artificial atom |0g⟩ to the |1e⟩ state, or from the |1e⟩ to |2f⟩ state, and so on.

It also includes pumping from |0e⟩ to |1f⟩, |1g⟩ to |2e⟩, and similar contributions. For each

state that we keep, we will find the maximum magnitude of the matrix element (when t = 0)

and incorporate the rotation as exp(iωpt). We refer to this new, reduced pump as H̃pump.

We then write the master equation of the system,

ρ̇ =− i[Haa + H̃c + H̃tc + H̃pump, ρ]

+χs

ns∑

i=1

(
ŝiρŝ

†
i −

1

2
ŝ†i ŝiρ−

1

2
ρŝ†i ŝi

)

+χt

nt∑

i=1

(
t̂iρt̂

†
i −

1

2
t̂
†
i t̂iρ−

1

2
ρt̂

†
i t̂i
)

+χc

(
ĉρĉ† − 1

2
ĉ†ĉρ− 1

2
ρĉ†ĉ

)
,

(126)

where ρ is the density matrix for the system and χj is the decay rate for the component

j (SNAIL, transmon, cavity). The operators ŝi and t̂i and their Hermitian conjugates are

the creation and annihilation operators which induce transitions between eigenstates in the

106



artificial atom basis where the SNAIL and transmon photon numbers change by one. We

have separate operators for each pair of states of the artificial atom in order to implement

uncorrelated losses. The number of states in our Hilbert space for each of these components

is ns for the SNAIL and nt for the transmon. For the cavity, we write the standard creation

and annihilation operators as ĉ†, ĉ since losses are correlated (nc, the number of states we

consider in the cavity, does not appear in the expression above for this reason). We have

ensured that our choices of ns, nt, nc are sufficient for the conditions we simulate by checking

that our results do not vary significantly as we increase these cutoffs.

This master equation can be considered as a superoperator L for ρ̇ acting on ρ, i.e.

ρ̇ = Lρ. This matrix L can be written in Mathematica by extracting the coefficients of

each term of the density operator from the master equation. However, this superoperator

contains rotating terms due to the pump, which makes analysis of the system more complex.

To simplify the problem, we transform to a rotating basis and drop the remaining rotating

terms, as described in Appendix 5.6.3. Then, the steady state of the maser can be determined

by computing the eigenstate of L which has eigenvalue 0. The next smallest eigenvalue by

real part gives the linewidth of the system. Therefore, constructing and analyzing L allows

us to determine maser behavior which we can sweep over experimental parameters such as

transmon and pump frequencies.

We use Mathematica’s Eigensystem[] solver to find the zero eigenvector as well as the

eigenvectors associated with the next few smallest eigenvalues. This, combined with the

fact that our superoperator is a sparse matrix, allows us to use methods which make this

computational problem tractable. In particular, here we use the Arnoldi method, which can

quickly evaluate the smallest eigenvectors and eigenvalues of large sparse matrices.

Using the zero eigenvector, which in this case represents the steady-state density matrix,

we compute the population of the masing cavity, indicating maser brightness, over a sweep

of transmon and pump frequencies and across a range of pump power. In Fig. 46, we plot

the brightness of the maser as it is related to these two system parameters, and plot this

for increasing pump power. Due to the computational intensity of the task, we model the

cavity with only 10 states, and therefore the maximum number of photons that can occupy

the cavity is 9. In our model, we consider the maser to be bright if this maximum number of
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photons is saturated. For small pump power, we see two bright spots indicating two masing

modes. The spot at lower transmon frequency represents the masing scheme in which the

transmon’s first excited state to ground transition is tuned to the cavity spacing, i.e. the

|0e⟩ → |0g⟩ masing mode. The spot at higher transmon frequency is due to masing when

the transmon’s second excited state to first excited state transition is equal to the cavity

spacing, i.e. the |0f⟩ → |0e⟩ masing mode. We see that as the pump power is increased,

these spots brighten and eventually merge, with masing possible at a wide range of transmon

frequencies.

However, the Hatlab is also able to measure a third bright spot at a transmon frequency

between the other two. We associate this third bright spot with the two-photon masing

mode described in Fig. 44(c), i.e. the |0f⟩ → |0g⟩ masing mode. We are able to see this

masing mode in our simulation if we increase the atom-cavity coupling sufficiently, as shown

in Fig. 47, where in addition to the two single-photon masing modes, we see a distinct

third bright spot at an intermediate transmon frequency. This demonstrates a qualitative

agreement between our theory and the experimental results, and we are working on a joint

paper with Hatlab on this maser.

5.4 Theory of masing via non Jaynes-Cummings atom-cavity coupling

In this Section, we will model a simpler masing system which is composed of a two-level

atom and a masing cavity. This system allows us to modify the atom-cavity coupling and

directly probe how this affects maser brightness and linewidth. We will start by writing

down a maser equation which describes an atom with drive from the ground state to the

excited state, a cavity with decay, and a coupling Hamiltonian which allows us to specify

a coupling operator. Then, we will consider a set of five coupling operators including the

Jaynes-Cummings operator, the Suskind-Glogower operator, and combinations of these. We

will then compute how laser linewidth decreases with cavity population in cases of different

coupling strengths and operators, and see how they compare to the standard quantum limit.

Finally, we will look closely at the cavity population distribution in two-photon masing cases,
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Figure 46: Occupation of the masing cavity according to our simulation for varying transmon

and pump frequencies. From panel (a) to (d), we show maser brightness for increasing pump

power. We associate the bright region at a lower transmon frequency with the ordinary

masing scheme, while the bright region at a higher transmon frequency represents the first

alternative masing scheme.

and see that it introduces a bistable masing mode.

We begin by modeling the maser as a single atom with two levels and a masing cavity.
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Figure 47: Occupation of the masing cavity according to our simulation for varying transmon

and pump frequencies with atom-cavity coupling strength increased. There is now a third

distinct bright spot, which we associate with a two-photon transition.

These are coupled by a Hamiltonian

H = g(σ+a+ a†σ−) (127)

where σ+, σ− are the raising and lowering operators for the atom and a†, a are generic op-

erators which act on the photon number in the cavity. This is the interaction Hamiltonian

in the Jaynes-Cummings model of a two-level atom coupled to a cavity field [52]. In an

ordinary maser, these operators would be c†, c which are the usual creation and annihila-

tion operators. When acting on a state |n⟩ of the cavity, we have c |n⟩ =
√
n |n− 1⟩ and

c† |n⟩ =
√
n+ 1 |n+ 1⟩.

We write this Hamiltonian in Mathematica by writing the creation and annihilation

operators for the cavity and the atom as matrices, and taking a Kronecker product between

them. Then, the Hamiltonian is constructed via simple matrix multiplication.

In order to write the master equation for this maser, we must consider the incoherent drive

of the atom to its excited state as well as cavity loss. We incorporate both via Lindbladian
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terms so that the master equation becomes

ρ̇ =− i[H, ρ]

+Ωd

(
σ−ρσ+

1

2
σ+σ−ρ−

1

2
ρσ+σ−

)

+χc

(
aρa† − 1

2
a†aρ− 1

2
ρa†a

)
,

(128)

where ρ is the density matrix for the system, Ωd is the drive strength on the atom, and χc is

the decay rate of the cavity. Again, we are able to write this as an equation for the entries of

ρ since we have all the necessary matrices to construct the master equation in Mathematica.

We consider alternative choices for the a†, a operators. First, the Susskind-Glogower

(SG) operators e†, e which act on the cavity states as e |n⟩ = |n− 1⟩ and e† |n⟩ = |n+ 1⟩.
This and the traditional maser both represent single-photon masing modes. However, we

consider three cases of two-photon masing via a = cc, a = ec, a = ee and complex conjugates

for a†. These three operators act on the cavity so as to shift the photon number by two, but

vary in how the rate corresponds to the photon number in the cavity. This rate is known

as the Bose enhancement factor, and in these three cases range from linear dependence on

n to no dependence on n. Previous analysis of these coupling operators has found that

the SG operator, where the coupling strength is independent of cavity population, provides

the lowest maser linewidth [65]. In Mathematica, implementing these different couplings

constitutes replacing the matrices for the usual operators with matrices which represent

the SG operators, or two-photon operators formed by multiplying the matrices of two such

operators together.

The master equation can be solved for the steady-state solution of the system by consid-

ering a superoperator L for ρ̇ which acts on ρ, i.e. ρ̇ = Lρ. By computing the eigenspectrum

of L and identifying the eigenstate associated with a zero eigenvalue, we find the steady

state of the maser which allows us to compute the population of the masing cavity. The

next smallest eigenvalue by real part gives the linewidth of the maser. This process is ac-

complished in the same manner as in Sec, 5.3, by using Mathematica’s Eigensystem[] solver

with sparse matrices.

For each of our five coupling operators (two one-photon and three two-photon operators),

we compute maser linewidth and cavity population over a range of drive strengths Ωd. Then,
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we can plot the linewidth against the population and compare it to the standard quantum

limit and the Heisenberg limit. In each case, we also have to choose the important ratio

g/χc, which sets the relative strength of the coupling to the decay of the cavity.

5.4.1 Results

For each of the five coupling operators, we compute maser linewidth versus cavity pop-

ulation to see how linewidth decreases relative to ⟨n⟩−1 and ⟨n⟩−2. First, it is important to

establish how the ratio g/χc affects these results. Specifically, we anticipate that a faster

decay of the cavity will lead to a lower population of the cavity before linewidth begins to

decrease, and vice versa. Equivalently, a stronger coupling will lead to a higher population

of the cavity before linewidth begins to decrease, and vice versa. Here, we will simulate the

system with a cavity linewidth of 1 MHz (i.e. χc/(2π) = 1 MHz), and we show in Fig. 48 that

our expectation holds. In the Figure, we see that with a traditional c†, c coupling, we see the

linewidth decrease more quickly than ⟨n⟩−1, and it approaches the standard quantum limit

without reaching it, regardless of g/χc. We plot the standard quantum limit, χc/(4⟨n⟩), and
the Heisenberg limit, χc/(4⟨n⟩), for reference. Note that the Heisenberg limit plotted here is

correct in slope, but the particular coefficient is not relevant since a maser with cavity loss

cannot achieve this limit.

At some point before reaching the standard quantum limit, the population begins to

decrease (and linewidth increase) as the drive strength is increased. We ascribe this to a

”quantum Zeno” effect, where more quickly resetting the two level atom to its excited state

makes an effective measurement, leaving no time for photon exchange with the cavity.

We find that the appropriate choice of g/χc depends on the choice of coupling operator. In

particular, the order of c†, c operators in the coupling significantly affects the range of g/χc for

which the inflection point occurs at a reasonable cavity population. In this case, ”reasonable”

means that the inflection point is sufficiently above 1 photon since our standard quantum

limit is only meaningful in the regime of a more populated cavity. The inflection point must

also occur at a low enough population that we can tractably compute the linewidth, since

it takes ever greater computational resources to do this calculation with a greater cavity
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Figure 48: Linewidth versus cavity population for a tradition c†, c operator with various

g/χc. The Heisenberg limit as shown here gives the correct slope, but cannot be achieved

with cavity loss.

population. We in general limit this calculation to 200 cavity photons as simulating more

becomes unreasonably slow. We find that reasonable g/χc for coupling operators with no

c†, c component (i.e. a = e or a = ee) is on the order of g/χc = 100. For a = c or a = ec,

reasonable g/χc is around 10. For a = cc, reasonable g/χc is approximately 1.

Next, we compare the behavior of the maser with each coupling operator with an appro-

priate choice of g/χc. In Fig. 49, we plot linewidth versus cavity population for a = cc with

g/χc = 1, a = c and a = ec with g/χc = 10, and a = e and a = ee with g/χc = 50. The

case with two c†, c operators, i.e. a = cc, has a linewidth which decreases as ⟨n⟩−1. This

is not as narrow as the standard case with the single c†, c operator (i.e. a = c), which has

linewidth that decreases as ⟨n⟩−2 until near the standard quantum limit. The same is also

true for the a = ec case, although the details of how the linewidth approaches the standard

quantum limit are different (Fig. 50). That is, the linewidth slightly passes the limit before

turning around due to the quantum Zeno effect. The two cases with a = e and a = ee have

linewidth which decreases below the standard quantum limit, and ultimately approaches half
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the limit.
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Figure 49: Linewidth versus cavity population for each of the 5 coupling operators; a = cc,

a = c, a = ec, a = e, and a = ee. The Heisenberg limit as shown here gives the correct

slope, but cannot be achieved with cavity loss.

In addition to the linewidth of the maser, we can compute the width of the cavity

photon number distribution in each case. In the typical case, where a = c, the width of this

distribution grows with the population n as
√
n. However, the a = cc case is wider, with a

distribution width which grows as
√
2n, as shown in Fig. 51. The a = cc case is particularly

interesting because, on closer inspection, the distribution of the cavity populations is bimodal

for certain choices of parameters. Shown in Fig. 52 for g/χc = 0.9, the distribution appears

to have a mode with low cavity population, a dark mode, in addition to a bright mode,

indicating a bistable maser.

It remains unclear why this choice of coupling operator should lead to this bistability,

but we can confirm that the second mode is stable by looking at the smallest eigenvalues by

real part. As usual, the first eigenvalue by real part should be 0, indicating a stable solution.

In the a = cc case, as the drive is increased, the second eigenvalue decreases and reaches

zero. Rather than representing the linewidth of the maser, this represents a second stable

solution. In this case, the linewidth can be extracted from the third eigenvalue. Fig. 53
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Figure 50: Linewidth versus cavity population for a = ec and a = ce. The order of the two

operators in the coupling operator a does not significantly affect the linewidth versus cavity

population.

shows these first three eigenvalues, with the second eigenvalue decreasing to zero, indicating

that a second stable solution arises.

5.5 Summary

We have modeled the Hatlab micromaser and as a result have determined the origin

of regions of peak maser brightness that result from sweeping maser operating parameters.

Our model captures the physics of the nonlinear superconducting components whose level

structure contributes to the maser output.

This masing system inspires us to consider ways to reduce maser linewidth by designing

a novel atom-cavity coupler which is composed of nonlinear superconducting elements. We

show that using coupling operators with different Bose enhancement factors can reduce the

maser linewidth. Realizing such a maser in a physical system would require engineering
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Figure 51: Width of cavity population distribution versus cavity population for a = c and

a = cc.

coupling circuits which implement these operators. Further research in this domain could

draw from the circuit modeling and optimization techniques laid out in Chapter 4, so that

these coupling circuits could be designed to minimize linewidth.

This masing system also represents a source of coherent light available at low tempera-

tures in a dilution refrigerator without the need for AC control lines. Coherent light sources

are essential in many scientific applications, including spectroscopy and interferometry. More

specialized applications range from cooling systems such as Doppler cooling and velocity-

selective coherent population trapping which are used in atomic clocks and trapped ion

systems, to optical tweezers which are used in molecular biology. Lasers, as a source of

coherent light, have led to a vast range of innovations, and the work in this Chapter provides

a new kind of coherent light source which may prove to have many analogous applications.

We also observe new phenomena with respect to the cavity photon number distribution
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Figure 52: Population distribution of cavity with a = cc and g/χc = 0.9 with the drive

strength set so as to demonstrate the bistability. There is a small peak at photon number

zero in the cavity, as well as a larger primary peak representing a bright maser.

of two-photon masers with Bose enhancement factor larger than that of traditional masers.

We find that such a maser may be bistable for certain ratios of the atom-cavity coupling

and the cavity decay rate. This raises the possibility of designing future devices which take

advantage of this bistability to operate as the maser a sensor.
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Figure 53: The first three eigenvalues of the a = cc maser with g/χc = 0.9. The eigenvalues

are sorted from smallest to largest by real part. The first is always zero, indicating a stable

solution. The second and third are initially similar, both being equal to the linewidth of the

stable mode. As drive increases, a second mode becomes stable, so the second eigenvalue

reaches zero.

5.6 Appendix

5.6.1 Derivative operators

Upon quantization, the momentum operator Cφ̇ becomes −ih̄∂φ (and we use the units

where h̄ = 1). In order to implement derivatives in the discrete Hamiltonian, we use the finite

differences method to define operators for first and second derivatives for each component.

Given the value of a function Ψ at a point φ0 and its nearest neighbors in a grid with spacing

hφ, we express the first and second derivatives at the point as

f ′(φ0) =
−f(φ0 − hφ) + f(φ0 + hφ)

2hφ
(129)

f ′′(φ0) =
f(φ0 − hφ)− 2f(φ0) + f(φ0 + hφ)

h2φ
. (130)
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Therefore, the discrete first derivative operator with respect to φ for each component j

(SNAIL, transmon, cavity) can be expressed as

∂φ,j =
1

2hφ,j




0 1 0 0 . . .

−1 0 1 0 . . .

0 −1 0 1 . . .

0 0 −1 0 . . .
...

...
...

...
. . .




(131)

where for each component we select an appropriate spacing hφ,j. For the cavity, we use

nc = 14000 and hφ,c = 0.0003. This small spacing is necessary to preserve the harmonic

nature of the cavity. We have confirmed that this nc is sufficient by verifying that the

spacings of the cavity states are the same to within 2 kHz, which is small compared to the

spacings themselves which are on the order of 7 GHz. For the transmon and the SNAIL,

the total range of phase possible is fixed (to 2π for the transmon and 4π for the SNAIL

due to the SNAIL design). We select nt = 1000 and ns = 1000, fixing the spacing of points

for each. Since the transmon and SNAIL are periodic, we set the top right and bottom left

elements in the first derivative matrix to -1 and 1, respectively, since the points at 0 and

2π are equivalent. We build the second derivative matrix for each component in a similar

manner. We confirm that ns and nt are sufficient since the energies of their first five levels

do not change significantly by increasing these parameters further, as show in Fig. 54.

5.6.2 Fitting and modeling the SNAIL

Modeling our SNAIL, like modeling the transmon and cavity, requires fitting its circuit

parameters such that the SNAIL behavior matches experimental data. However, the SNAIL

is more complicated than the other components because we include in our model a stray

linear inductance Llin which divides the phase φs. Therefore, the SNAIL is dependent not

only on φs, but also on φs1 which is itself dependent on φs, as it is the phase which minimizes

the energy of the SNAIL component for a given value of φs. In discretizing the phase variable

for the SNAIL, the phase φs1 must be determined for each desired value of φs.

119



50 100 500 1000
10-6

10-5

10-4

0.001

0.010

0.100

1

nt

Fr
ac
tio
na
ld
iff
er
en
ce

Ground to first excited

First excited to second excited

Second excited to third excited

Third excited to fourth excited

Figure 54: Convergence of spacing of the levels of the transmon. For various nt, we plot the

spacings between the 5 lowest levels to show how they converge as nt increases. Here, we plot

the fractional difference between these spacings and the spacings computed with nt = 3000.

By nt = 1000, the difference is smaller than one part per 10000, and so we consider this

sufficient.

With this intermediate phase considered in our model, we have 3 fitting parameters to

determine, is1, is2, and Llin. The capacitance Cs is determined directly by experiment to be

341 pF. To find the values of the fitting parameters, we fit the ground state to first excited

state transition to experimental data as shown in Fig. 55.

5.6.3 Applying a rotating frame and dropping rotating terms

The master equation as written in Eq. (126) contains rotating terms due to the pump.

We apply a rotation which takes us to a frame where these rotating terms are stationary

which allows for tractable analysis of the master equation without integrating in time to find

the steady state solution. In particular, we apply the unitary transformation which rotates

the system based on the number of photons in the SNAIL. That is, each state is rotated

by eisωpt, where s is the number of photons in the SNAIL (in the transformed basis where

SNAIL and transmon are hybridized). We apply the rotation in this way since the pump
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Figure 55: Plot of the ground to first excited state transition of the SNAIL. The green points

are extracted from the experimental data and lie along the transition over the flux sweep.

The black dotted line shows the frequency of the transition according to our theory after

fitting.

acts on the SNAIL, inducing a rotation at ωp. This counter-rotation applies to terms in the

pump which link two states with different SNAIL photon number, with the counter-rotation

always having a net effect of rotating by −ωp. The result is that the pump, when written

in the rotating frame, contains only stationary terms. However, any rotation will induce

new rotating terms in H̃tc, the transmon cavity coupling. The rotation we have chosen is

advantageous since the most important terms in this coupling do not couple states with

different SNAIL number, and thus will not be rotating when applying our transformation.

After applying our rotation, we drop all remaining rotating terms in H̃tc and arrive at a new

Hamiltonian with no rotating terms which closely approximates the original Hamiltonian.
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6.0 Conclusions

In this Dissertation, we have discussed the simulation and modeling of several supercon-

ducting quantum systems and their results. Here, we will summarize the important results

of each Chapter.

In Chapter 2, we used tight-binding and continuummodels to compute the band structure

of monolayer graphene under an arbitrary periodic electrostatic potential. We found that

certain potentials, particularly those with symmetries similar to that of the graphene lattice

itself, can result in flat bands near the chemical potential. This result inspires the idea of

using an electrostatic potential for band engineering which could reveal new properties in

graphene, akin to the discovery of superconductivity in magic angle twisted bilayer graphene.

In Chapter 3, we modeled the behavior of mesoscopic DC-SQUIDs written at the inter-

face of complex oxides. These devices differ from typical DC-SQUIDs since they have low

superfluid density and are small enough to be entirely penetrated by external fields. In this

work, we extracted important device parameters of the SQUIDs and formed a theoretical

explanation for unusual experimental results, namely the short period of oscillation of critical

current with magnetic field and the asymmetry between the positive and negative critical

currents in the device. Two-dimensional superconductors in this material which can be re-

programmed via c-AFM lithography could form the basis for manufacturing superconducting

devices with novel properties in the future.

In Chapter 4, we investigated improving the power added efficiency of Josephson para-

metric amplifiers by optimizing the inductive blocks in JPA circuits. We started by in-

troducing a semiclassical model for the dynamics of these circuits, and used this to model

RF-SQUID amplifiers and optimize their parameters for high PAE. We then investigated

additional circuit designs, and established a new circuit design rule. Namely, we found that

amplifier circuits composed of repeating chains of inductive elements should avoid elements

with nonmonotonic current-phase relations since these result in unstable amplification. We

then proposed circuits which extend the RF-SQUID amplifier design by adding new tuning

parameters to these circuits, allowing for higher PAE. Our optimized RF-SQUID amplifiers

122



and extended RF-SQUID amplifiers achieve PAE which is several orders of magnitude higher

than previous designs, being as high as 42.6% as compared to around 0.1%. This greatly

improved PAE makes JPAs more useful in superconducting quantum computing applica-

tions since less heat needs to be dissipated in millikelvin environments with limited cooling

power available. This may allow for multiplexing applications where more amplifiers must

be located in the same dilution refrigerator to amplify signals from many qubits, and so this

work represents an important step in scaling superconducting quantum computing systems.

In Chapter 5, we simulated a micromaser composed of superconducting quantum com-

puting components in order to explain phenomena observed in micromaser experiments. We

found that the multiple bright operating regions of the maser are due to the nonlinearities

of the maser’s components which provide a sophisticated band structure which allows for

multiple masing modes. We then explored the theoretical possibility of using nonstandard

atom-cavity coupling in these systems, and showed that this can introduce a bistable maser

with dark and bright states.

123



Bibliography

[1] The BCS theory of superconductivity. https://www.weizmann.ac.il/condmat/

oreg/sites/condmat.oreg/files/uploads/2016/tutorial_3.pdf, 2016.

[2] Low noise factory. https://lownoisefactory.com/, Oct 2023.

[3] Eva Y Andrei and Allan H MacDonald. Graphene bilayers with a twist. Nature
materials, 19(12):1265–1275, 2020.

[4] Jose Aumentado. Superconducting parametric amplifiers: The state of the art in
josephson parametric amplifiers. IEEE Microwave Magazine, 21(8):45–59, 2020.

[5] Travis J. Baker, Seyed N. Saadatmand, Dominic W. Berry, and Howard M. Wiseman.
The heisenberg limit for laser coherence. Nature Physics, 17(2):179–183, October
2020.

[6] M. Barbier, P. Vasilopoulos, and F. M. Peeters. Extra dirac points in the energy
spectrum for superlattices on single-layer graphene. Phys. Rev. B, 81:075438, Feb
2010.

[7] J. Bardeen, L. N. Cooper, and J. R. Schrieffer. Theory of superconductivity. Physical
Review, 108(5):1175–1204, December 1957.

[8] N. Bergeal, F. Schackert, M. Metcalfe, R. Vijay, V. E. Manucharyan, L. Frunzio,
D. E. Prober, R. J. Schoelkopf, S. M. Girvin, and M. H. Devoret. Phase-preserving
amplification near the quantum limit with a josephson ring modulator. Nature,
465(7294):64–68, May 2010.

[9] N. Bergeal, R. Vijay, V. E. Manucharyan, I. Siddiqi, R. J. Schoelkopf, S. M. Girvin,
and M. H. Devoret. Analog information processing at the quantum limit with a
josephson ring modulator. Nature Physics, 6(4):296–302, February 2010.

[10] Doron L. Bergman, Congjun Wu, and Leon Balents. Band touching from real-space
topology in frustrated hopping models. Phys. Rev. B, 78:125104, Sep 2008.

[11] R. Bistritzer and A. H. MacDonald. Moire bands in twisted double-layer graphene.
Proceedings of the National Academy of Sciences, 108(30):12233–12237, July 2011.

124

https://www.weizmann.ac.il/condmat/oreg/sites/condmat.oreg/files/uploads/2016/tutorial_3.pdf
https://www.weizmann.ac.il/condmat/oreg/sites/condmat.oreg/files/uploads/2016/tutorial_3.pdf
https://lownoisefactory.com/


[12] Alexandre Blais, Arne L. Grimsmo, S.M. Girvin, and Andreas Wallraff. Circuit quan-
tum electrodynamics. Reviews of Modern Physics, 93(2), May 2021.

[13] Samuel Boutin, David M. Toyli, Aditya V. Venkatramani, Andrew W. Eddins, Irfan
Siddiqi, and Alexandre Blais. Effect of higher-order nonlinearities on amplification
and squeezing in josephson parametric amplifiers. Phys. Rev. Appl., 8:054030, Nov
2017.

[14] L. Brey and H. A. Fertig. Emerging zero modes for graphene in a periodic potential.
Phys. Rev. Lett., 103:046809, Jul 2009.

[15] Yuan Cao, Valla Fatemi, Ahmet Demir, Shiang Fang, Spencer L. Tomarken, Jason Y.
Luo, Javier D. Sanchez-Yamagishi, Kenji Watanabe, Takashi Taniguchi, Efthimios
Kaxiras, Ray C. Ashoori, and Pablo Jarillo-Herrero. Correlated insulator behaviour
at half-filling in magic-angle graphene superlattices. Nature, 556(7699):80–84, March
2018.

[16] Yuan Cao, Valla Fatemi, Shiang Fang, Kenji Watanabe, Takashi Taniguchi, Efthimios
Kaxiras, and Pablo Jarillo-Herrero. Unconventional superconductivity in magic-angle
graphene superlattices. Nature, 556(7699):43–50, March 2018.

[17] Stephen Carr, Daniel Massatt, Shiang Fang, Paul Cazeaux, Mitchell Luskin, and
Efthimios Kaxiras. Twistronics: Manipulating the electronic properties of two-
dimensional layered structures through their twist angle. Phys. Rev. B, 95:075420,
Feb 2017.

[18] M. A. Castellanos-Beltran and K. W. Lehnert. Widely tunable parametric amplifier
based on a superconducting quantum interference device array resonator. Applied
Physics Letters, 91(8):083509, 08 2007.

[19] Manuel A. Castellanos-Beltran, Kent D. Irwin, Leila R. Vale, Gene C. Hilton, and
Konrad W. Lehnert. Bandwidth and dynamic range of a widely tunable josephson
parametric amplifier. IEEE Transactions on Applied Superconductivity, 19(3):944–
947, 2009.

[20] A. H. Castro Neto, F. Guinea, N. M. R. Peres, K. S. Novoselov, and A. K. Geim. The
electronic properties of graphene. Rev. Mod. Phys., 81:109–162, Jan 2009.

[21] Carlton M. Caves. Quantum limits on noise in linear amplifiers. Phys. Rev. D,
26:1817–1839, Oct 1982.

125



[22] C. Cen, S. Thiel, G. Hammerl, C. W. Schneider, K. E. Andersen, C. S. Hellberg,
J. Mannhart, and J. Levy. Nanoscale control of an interfacial metal–insulator transi-
tion at room temperature. Nature Materials, 7(4):298–302, March 2008.

[23] Cheng Cen, Stefan Thiel, Jochen Mannhart, and Jeremy Levy. Oxide nanoelectronics
on demand. Science, 323(5917):1026–1030, February 2009.

[24] S. Chaudhuri, D. Li, K. D. Irwin, C. Bockstiegel, J. Hubmayr, J. N. Ullom, M. R.
Vissers, and J. Gao. Broadband parametric amplifiers based on nonlinear kinetic
inductance artificial transmission lines. Applied Physics Letters, 110(15), April 2017.

[25] A. Chaves, J. G. Azadani, Hussain Alsalman, D. R. da Costa, R. Frisenda, A. J.
Chaves, Seung Hyun Song, Y. D. Kim, Daowei He, Jiadong Zhou, A. Castellanos-
Gomez, F. M. Peeters, Zheng Liu, C. L. Hinkle, Sang-Hyun Oh, Peide D. Ye, Steven J.
Koester, Young Hee Lee, Ph. Avouris, Xinran Wang, and Tony Low. Bandgap en-
gineering of two-dimensional semiconductor materials. npj 2d materials and applica-
tions, 4(1), August 2020.

[26] Long Chen. Finite difference methods for poisson equation.
https://www.math.uci.edu/ chenlong/226/FDM.pdf, 2008.

[27] Shunfeng Chen, Yuanjie Ning, Chi Sin Tang, Liang Dai, Shengwei Zeng, Kun Han,
Jun Zhou, Ming Yang, Yanqun Guo, Chuanbing Cai, Ariando Ariando, Andrew T. S.
Wee, and Xinmao Yin. Laalo3/srtio3 heterointerface: 20 years and beyond. Advanced
Electronic Materials, 10(3), January 2024.

[28] Zheng Chen, Zhongran Liu, Yanqiu Sun, Xiaoxin Chen, Yuan Liu, Hui Zhang,
Hekang Li, Meng Zhang, Siyuan Hong, Tianshuang Ren, Chao Zhang, He Tian,
Yi Zhou, Jirong Sun, and Yanwu Xie. Two-dimensional superconductivity at the
LaAlO3/KTaO3 heterointerface. Physical Review Letters, 126(2), January 2021.

[29] Kevin S. Chou, Tali Shemma, Heather McCarrick, Tzu-Chiao Chien, James D. Teoh,
Patrick Winkel, Amos Anderson, Jonathan Chen, Jacob Curtis, Stijn J. de Graaf,
John W. O. Garmon, Benjamin Gudlewski, William D. Kalfus, Trevor Keen, Nishaad
Khedkar, Chan U Lei, Gangqiang Liu, Pinlei Lu, Yao Lu, Aniket Maiti, Luke Mastalli-
Kelly, Nitish Mehta, Shantanu O. Mundhada, Anirudh Narla, Taewan Noh, Takahiro
Tsunoda, Sophia H. Xue, Joseph O. Yuan, Luigi Frunzio, Jose Aumentado, Shruti
Puri, Steven M. Girvin, Jr. au2 S. Harvey Moseley, and Robert J. Schoelkopf. Demon-
strating a superconducting dual-rail cavity qubit with erasure-detected logical mea-
surements, 2023.

126



[30] A. A. Clerk, M. H. Devoret, S. M. Girvin, Florian Marquardt, and R. J. Schoelkopf.
Introduction to quantum noise, measurement, and amplification. Reviews of Modern
Physics, 82(2):1155–1208, April 2010.

[31] N. Du, N. Force, R. Khatiwada, E. Lentz, R. Ottens, L.J Rosenberg, G. Ry-
bka, G. Carosi, N. Woollett, D. Bowring, A.S. Chou, A. Sonnenschein, W. Wester,
C. Boutan, N.S. Oblath, R. Bradley, E.J. Daw, A.V. Dixit, J. Clarke, S.R. O’Kelley,
N. Crisosto, J.R. Gleason, S. Jois, P. Sikivie, I. Stern, N.S. Sullivan, D.B Tanner,
and G.C. Hilton. Search for invisible axion dark matter with the axion dark matter
experiment. Physical Review Letters, 120(15), April 2018.

[32] Sudipta Dubey, Vibhor Singh, Ajay K Bhat, Pritesh Parikh, Sameer Grover, Rajdeep
Sensarma, Vikram Tripathi, K Sengupta, and Mandar M Deshmukh. Tunable super-
lattice in graphene to control the number of dirac points. Nano letters, 13(9):3990–
3995, 2013.

[33] Sudipta Dubey, Vibhor Singh, Ajay K. Bhat, Pritesh Parikh, Sameer Grover, Ra-
jdeep Sensarma, Vikram Tripathi, K. Sengupta, and Mandar M. Deshmukh. Tun-
able superlattice in graphene to control the number of dirac points. Nano Letters,
13(9):3990–3995, August 2013.

[34] Christopher Eichler and Andreas Wallraff. Controlling the dynamic range of a joseph-
son parametric amplifier. EPJ Quantum Technology, 1(1):2, Jan 2014.

[35] M. J. Feldman and M. T. Levinsen. Gain-dependent noise temperature of josephson
parametric amplifiers. Applied Physics Letters, 36(10):854–856, 05 1980.

[36] M. J. Feldman, P. T. Parrish, and R. Y. Chiao. Parametric amplification by unbiased
josephson junctions. Journal of Applied Physics, 46(9):4031–4042, 09 1975.

[37] P. Filipowicz, Juha Javanainen, and P. Meystre. The micromaser. In International
Quantum Electronics Conference, page TUOO1. Optica Publishing Group, 1986.

[38] Carlos Forsythe, Xiaodong Zhou, Kenji Watanabe, Takashi Taniguchi, Abhay Pa-
supathy, Pilkyung Moon, Mikito Koshino, Philip Kim, and Cory R. Dean. Band
structure engineering of 2d materials using patterned dielectric superlattices. Nature
Nanotechnology, 13(7):566–571, May 2018.

127



[39] S. Frasca, C. Roy, G. Beaulieu, and P. Scarlino. Three-wave-mixing quantum-limited
kinetic inductance parametric amplifier operating at 6 t near 1 k. Physical Review
Applied, 21(2), February 2024.

[40] N. E. Frattini, V. V. Sivak, A. Lingenfelter, S. Shankar, and M. H. Devoret. Optimiz-
ing the nonlinearity and dissipation of a snail parametric amplifier for dynamic range.
Phys. Rev. Appl., 10:054020, Nov 2018.

[41] Maria N. Gastiasoro, Jonathan Ruhman, and Rafael M. Fernandes. Superconductivity
in dilute SrTiO3: A review. Annals of Physics, 417:168107, June 2020.

[42] A. K. Geim and K. S. Novoselov. The rise of graphene. Nature Materials, 6(3):183–
191, March 2007.

[43] V. L. Ginzburg and L. D. Landau. On the theory of superconductivity. Zh. Eksperim.
i. Teor. Fiz., 20:1064, 1950.

[44] S. M. Girvin. Circuit QED: superconducting qubits coupled to microwave photons,
page 113–256. Oxford University PressOxford, June 2014.

[45] Srijit Goswami, Emre Mulazimoglu, Ana M. R. V. L. Monteiro, Roman Wölbing,
Dieter Koelle, Reinhold Kleiner, Ya. M. Blanter, Lieven M. K. Vandersypen, and
Andrea D. Caviglia. Quantum interference in an interfacial superconductor. Nature
Nanotechnology, 11(10):861–865, July 2016.

[46] Per Brinch Hansen. Numerical solution of laplace’s equation.
https://surface.syr.edu/eecs techreports/168/, Sep 1992.

[47] M. Hatridge, S. Shankar, M. Mirrahimi, F. Schackert, K. Geerlings, T. Brecht,
K. M. Sliwa, B. Abdo, L. Frunzio, S. M. Girvin, R. J. Schoelkopf, and M. H. De-
voret. Quantum back-action of an individual variable-strength measurement. Science,
339(6116):178–181, 2013.

[48] E. Hoskinson, Y. Sato, I. Hahn, and R. E. Packard. Transition from phase slips to the
josephson effect in a superfluid 4he weak link. Nature Physics, 2(1):23–26, December
2005.

[49] Nicholas Hougland, Ranjani Ramachandran, Jeremy Levy, and David Pekker. Theory
of engineering flat bands in graphene using doubly-periodic electrostatic gating, 2021.

128



[50] Nicholas M. Hougland, Zhuan Li, Ryan Kaufman, Boris Mesits, Roger S. K. Mong,
Michael Hatridge, and David Pekker. Pump-efficient josephson parametric amplifiers
with high saturation power. Physical Review A, 111(2), February 2025.

[51] Mengchen Huang, Giriraj Jnawali, Jen-Feng Hsu, Shonali Dhingra, Hyungwoo Lee,
Sangwoo Ryu, Feng Bi, Fereshte Ghahari, Jayakanth Ravichandran, Lu Chen, et al.
Electric field effects in graphene/laalo3/srtio3 heterostructures and nanostructures.
APL materials, 3(6):062502, 2015.

[52] E.T. Jaynes and F.W. Cummings. Comparison of quantum and semiclassical radiation
theories with application to the beam maser. Proceedings of the IEEE, 51(1):89–109,
1963.

[53] Giriraj Jnawali, Hyungwoo Lee, Jung-Woo Lee, Mengchen Huang, Jen-Feng Hsu, Feng
Bi, Rongpu Zhou, Guanglei Cheng, Brian D’Urso, Patrick Irvin, et al. Graphene-
complex-oxide nanoscale device concepts. ACS nano, 12(6):6128–6136, 2018.

[54] B.D. Josephson. Possible new effects in superconductive tunnelling. Physics Letters,
1(7):251–253, July 1962.

[55] Ryan Kaufman, Chenxu Liu, Katarina Cicak, Boris Mesits, Mingkang Xia, Chao
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[105] E. Suárez Morell, J. D. Correa, P. Vargas, M. Pacheco, and Z. Barticevic. Flat
bands in slightly twisted bilayer graphene: Tight-binding calculations. Phys. Rev. B,
82:121407(R), Sep 2010.

[106] Zhuxing Sun and Yun Hang Hu. How magical is magic-angle graphene? Matter,
2(5):1106–1114, May 2020.

[107] Grigory Tarnopolsky, Alex Jura Kruchkov, and Ashvin Vishwanath. Origin of magic
angles in twisted bilayer graphene. Phys. Rev. Lett., 122:106405, Mar 2019.

[108] J. R. Thompson, L. A. Boatner, and J. O. Thomson. Very low-temperature search
for superconductivity in semiconducting ktao3. Journal of Low Temperature Physics,
47(5–6):467–475, June 1982.

[109] Michael Tinkham. Introduction to Superconductivity, Second Edition. Dover Publica-
tions, Mineola, New York, 2004.

[110] R. Vijay, D. H. Slichter, and I. Siddiqi. Observation of quantum jumps in a supercon-
ducting artificial atom. Phys. Rev. Lett., 106:110502, Mar 2011.

[111] Pauli Virtanen, Ralf Gommers, Travis E. Oliphant, Matt Haberland, Tyler Reddy,
David Cournapeau, Evgeni Burovski, Pearu Peterson, Warren Weckesser, Jonathan
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