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Abstract. We review the status of the QED calculations for the muonium 25,/ —2P;,, energy interval and
provide the updated theoretical value of 9874.357(1) MHz. Additionally, we present a model for probing
Lorentz-violating coefficients within the Standard Model Extension framework using the fine structure
measurement in the presence and absence of a weak external magnetic field, enabling novel tests of CPT
and Lorentz symmetry. Using Monte Carlo simulations, we estimate that a precision of ~ 10kHz on the
isolated 251 /2, F' = 1—2P5/5, F' = 1 transition could be achievable employing Ramsey’s separate oscillatory
fields (SOF) technique. Collecting the required statistics will become feasible with the upcoming High-
Intensity Muon Beam (HiMB) at the Paul Scherrer Institute (PSI) in Switzerland. These advancements
will enable precise tests of radiative QED corrections and nuclear self-energy contributions, while also
providing tests of new physics and sensitivity to unconstrained coefficients for Lorentz violation within the

Standard Model Extension framework.
1 Introduction

Muonium (M), an exotic hydrogen-like atom formed
by a positive muon (") and an electron (e~ ), serves
as a precision probe for bound-state quantum electro-
dynamics (QED) because its elementary constituents
lack internal structure. This eliminates finite-size effects
that often limit the sensitivity with which QED may be
tested [1].

Since its discovery in 1960 by V. Hughes, who
observed its Larmor frequency in a magnetic field [2],
M has been subject to various studies using spectro-
scopic methods [3-6] from which one can extract muon
properties, test bound-state QED, and probe potential
new physics [7-12]. Current experimental efforts aim
to improve measurements of the 157/, — 25/, energy
splitting [13], the ground-state hyperfine structure [14],
muonium-to-antimuonium conversion [15], or directly
observe the gravitational interaction with elementary
particles [16,17].

The Standard Model Extension (SME) offers a sys-
tematic framework for probing Lorentz and CPT sym-
metry [18,19]. This approach builds on the possibil-
ity that tiny deviations from Lorentz symmetry might
be a low-energy signal for physics beyond the Stan-
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dard Model and General Relativity [20-22]. The SME
allows Lorentz-violating operators corresponding to dif-
ferent particle types to couple with distinct coefficients
for Lorentz violation. Therefore, a systematic test of
Lorentz and CPT symmetry requires considering exper-
iments involving different systems, including second-
generation particles such as muons bound in M atoms.
M measurements have already been employed to con-
strain SME coefficients in the muonic sector through
transitions such as the Zeeman-hyperfine transitions
within the ground state [23-25], the 1.5/ — 2.5, /5 tran-
sition [25], and the classical Lamb shift 25,5, — 2Py /5
[5,25].

An area of particular interest is the M fine struc-
ture interval, known as the 2.5,/ — 2P; /5 energy tran-
sition. This transition allows for testing both QED
and Lorentz and CPT symmetry, providing an oppor-
tunity to probe previously undetermined SME coeffi-
cients. Despite its relevance in hydrogen-like atoms, it
has been experimentally investigated only once, in 1990
[26]. This work revisits this transition by reviewing the
latest theoretical higher-order QED calculations and
updating the predicted values of the transition frequen-
cies for the 255 — 2P3/; and 2P, /5 — 2P5 /5 intervals.
Additionally, the potential to explore new SME coef-
ficients is examined in two scenarios: one with a weak
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Fig. 1 Diagram of the M energy levels including hyper-
fine structure for the 25 and 2P states. The atomic angu-
lar momentum F' projection along a specified axis is defined
with the quantum number m . The arrows mark the allowed
electric dipole transitions for the fine structure (colored dot-
ted lines) and Lamb shift transitions (black dashed lines)

external magnetic field and another in the absence of
such a field.

The experimental feasibility of measuring the fine
structure transition is evaluated using a single inter-
action region and separated oscillatory fields (SOF)
techniques. With detailed Monte Carlo simulations val-
idated with the measurements of the M Lamb shift by
Mu-MASS [5,27], we estimate the achievable precision
using the existing low-energy Muon (LEM) beamline at
the Paul Scherrer Institute (PSI). Furthermore, poten-
tial advancements in precision with the upcoming High-
Intensity Muon Beam [28] and muCool [29] are consid-
ered.

2 Calculation of the muonium fine
structure

The energy value of the M 257 /5 — 2P5/5 transition is
based on well-established calculations for the hydro-
gen (H) atom, which are summarized in Ref. [30,31].
Higher-order QED corrections that are negligible in H
but are relevant for the M n = 2 manifold are described
in Ref. [32]. We further include recently calculated con-
tributions from Ref. [33,34]. The energy levels are char-
acterized with nL;(F) using the principal quantum
number n, the orbital angular moment L, and the total
angular momentum J = L + S, where S is the electron
spin. The hyperfine structure due to the interaction
between the electron and nuclear spin (I) is considered
in the quantum number of the atomic angular momen-
tum F' = J + I. The energy state of interest E,,, is
the centroid of all hyperfine energy levels E, 1., r, from
which a radiative transition is allowed:

E _ ZF(2F+ 1)E7LLJF
S r(2F +1)

(1)

The energy eigenstates and transitions of the M n = 2
manifold are visualized in Fig. 1.
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For a two-body atom such as M, its energy levels can
be expressed as a series expansion in powers of the fine
structure constant a:

E(a) = EO® 4+ @ 4 p@ L g6G) L g©)
+ET + 0(a®) (2)

where each term E() is of order of. Historically, indi-
vidual contributions, such as the electron self-energy or
vacuum polarization of the exchange photon between
the electron and the nucleus, were calculated separately.
Following this approach, we tabulate contributions that
were not described in Ref. [32] or have been updated
since then and are relevant to the fine structure value,
ordering them by increasing powers of (Za), where Z
is the atomic number. A summary of the contribu-
tions considered is given in Table 1, along with the
corresponding equation number from Ref. [30] and the
order of magnitude expressed in terms of o and the
mass ratio me/my,. Contributions smaller than 1kHz
for the 25,5 — 2P5; transition and 100Hz for the
2P ;5 — 2P/ transition are considered negligible in
this work. Consequently, we omit higher-order mass
contributions to the radiative recoil [35,36] and spin-
independent three-loop radiative corrections [37].

The largest contribution to the fine structure inter-
val comes from the Dirac eigenvalue Ey; for an electron
of mass m, bound by a nucleus of finite mass m,,. We
denote the total mass M = m, +m,,, the reduced mass
m, = memy,/(me +my,), and the speed of light in vac-
uum c. For consistency with the previous work [32], and
in contrast to Eq. 30 of CODATA 2022 [30], we sepa-
rate the Barker—Glover recoil correction Fpg from Eyp
and write:

2 m%‘/z
2M
(3)

By = M2+ (f(n, k) — Dmgc® — (f(n, k) — 1)

2
where f(na ﬁ) = (1+((nz_a(5))2)71/2a d= |H|_ Vv K2 — (ZO&)Q,
and k = (L —J)(2J+1). The Barker-Glover correction
is of historical importance as it incorporated for the
first time relativistic corrections into QED calculations
[38].

Pure recoil contributions have been expanded in mass
terms up to the order (Z«a)® in Ref. [35] and completed
in Ref. [33] for the S states. The updated calculations
contain the previously established hard contributions
and now include the newly added soft contributions in
EreC,R2:

Bt = 222 (22)’ (22’

n3 Me Mn

4 My, 8, Mnp 12¢3 3 8
| _ 9 _ 2488, 9 9
><LrZHme 3nme 72 +772Jr3
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Corrections for the nP levels are derived in Ref. [39]. We
verified that they are negligible at our aimed precision.

Radiative recoil contributions to the nP states are
addressed in Ref. [40] and are of the order of 100 Hz for
M and 10Hz for H. They are not directly utilized here
because of the different derivation compared to Ref. [30,
31], and we take the order of magnitude contribution
as its uncertainty.

Finally, and as mentioned in Ref. [41], we include the
next order in the (Z«) expansion of the nuclear self-
energy contribution Ensg:

Z2a(Za)* (m, \° [ me\ 2
ENSE:(3)< )( e)x

™ Me My

5 ran[mm)m o

- gln(ko) + (Za)Ag,o] Mmec?

where Asg = (% —2In2)7d0.

Individual contributions are evaluated for the 2.5, /5 —
2P3/5 and the 2P ;5 —2P5 5 transitions of H and M and
summarized in Table 1. The constants from CODATA
2022 [30] are used for the calculations, in particular,

this means for the fine structure constant a:
a =1/137.035999177(21). (6)

The propagation of uncertainty is performed as described
in Ref. [30], where each contribution is assigned a cor-
related (ug) or an uncorrelated theoretical uncertainty
(uy). Table 1 presents individual contributions for the
281/2 — 2P3/5 transition with uncertainties rounded
to 1kHz and for the 2P/, — 2P3/5 transitions with
uncertainties rounded to 0.1 kHz. All contributions are
included in the total sum and the uncertainty calcula-
tions.

In the case of M, the 251/, — 2P3/5 transition fre-
quency is 9874.357(1) MHz. Compared to hydrogen, rel-
evant QED radiative corrections such as Eiec R, FRR,
or nuclear self-energy Ensg can already be probed with
precision measurements at the 10kHz level. The M
hyperfine contribution for the 2P, j — 2P5 /5 interval is
Fyurs = 28.5kHz. To experimentally extract this value,
the fine structure measurement must be combined with
the M Lamb shift measurement 25, /o — 2P /5 [5].

3 Prospects for testing Lorentz and CPT
symmetry

Within the Standard Model Extension (SME), each

Lorentz-violating operator couples to a coefficient referred
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to as a coefficient for Lorentz violation or SME coeffi-
cient. If Lorentz symmetry is exact, all such coefficients
must be zero, and any nonzero coefficient would indi-
cate a breaking of Lorentz symmetry. We examine the
prospects for testing Lorentz and CPT symmetry by
measuring the fine structure transition in the presence
of a weak external magnetic field and subsequently dis-
cuss the scenario where such a field is absent.

3.1 Lorentz-violating frequency shift in the presence
of a weak magnetic field

The structural similarity between M and H, both being
two-fermion atoms with one fermion significantly heav-
ier than the other, allows the results derived for H to
be adapted to M. Specifically, the expressions for the
Lorentz-violating energy shift of any atomic level in H,
presented in subsections II.C and II.D of Ref. [42], can
be used to determine the Lorentz-violating frequency
shift for the 25,5 — 2P3/5 transition in M.

The results in Ref. [42] are expressed in terms of
nonrelativistic (NR) coefficients, which are linear com-
binations of the standard SME coefficients commonly
appearing in the expressions for observables in nonrel-
ativistic experiments and defined in detail in Ref. [43].
The key difference between the results in these subsec-
tions of Ref. [42] and those for M is the substitution of
the proton NR coefficients in Eq. (19) of that reference
with the muon NR coefficients,

NR(0B) NR(0B)
%kjm Zik,jm ’
NR(1B) NR(1B)
%k]’m Zikjm ’
Vpgjl}n - Vﬂ gfj’n (7)

These effective coeflicients can be expressed in terms of
SME muon NR coefficients with a definite CPT sign as
follows:

7 NR(OB) _ NR(0B) _ gy NR(0B)
Pkjm - T Iukjm T M HEjm )
NR(1B) _ NR(1B) NR(1B)
Zikjm — T Ikkjm - Hukjm )
NR _ . NR NR
Vﬁkjm = Cugjm T Wgjm: (8)

The index fi on the left side of the equation indicates
that these effective coefficients are associated with the
antimuon, while the index g on the right side denotes
the muon SME coeflicients. The SME coefficients on the
right-hand side are related to Lorentz-violating opera-
tors with a definite CPT sign: the g-type and a-type
coefficients are associated with CPT-odd operators,
while the H-type and c-type coefficients correspond to
CPT-even operators. The distinction between the V-
type and 7 -type coefficients for the muon and antimuon
lies in the sign in front of the coefficients associated with
CPT-odd operators, specifically the a-type and g-type
coefficients.

With these considerations, we can use the general
results presented in Ref. [42] to obtain the Lorentz-
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Table 1 Summary of the calculated contributions to the 251,5 — 2P3/2 and 2P; /2 — 2P3/5 transition in H and M

281/2 i 2P3/2

2P1/2 — 2P3/2

CODATA 2022 [30] Hydrogen Muonium Hydrogen Muonium
Largest order Eq. [MHz] [MHz] [MHz| [MHz|
Fum (Za)? (30) 10943.688 10896.947 10943.6881 10896.9473
Esg oY (Za)* (35) —1058.733 —1045.761 25.3949 25.1784
Evp oY (Za)* (37) 26.853 26.510 0.0003 0.0003
Evp,u+had « (Za)* (e )2 (42,43)  0.001 0.001
FEapn o? (Za)* (44) —0.104 —0.103 —0.0388 —0.0385
Espn o® (Za)* (47) —0.000 —0.000 0.0003 0.0003
Egc (Za)* (m=)? (30) —0.001 —0.084 —0.0032 —0.2524
FErec,s (Za)® (=) (32) —0.358 —3.138
Ereer (Za)® (=) (34) 0.001 0.012 —0.0000 —0.0001
Frec.R2 (Za)®  (2=)2 (%) 0.000 0.001 0.0000 0.0000
Frr aY (Za)® (=) (63) 0.002 0.014(1) 0.0000 0.0001(1)
Exse ZPa (Za)t (Z=)2 (%) —0.001 —0.041
ENuc (Za)* 2 (49) —0.138 —0.0000
FExurs o? (Za)? (me)? () 0.001 0.010 0.0028 0.0285
This work without Eurs 9911.209 9874.357(1)  10969.0415 10921.8354(1)
Theory Ref. [31] 9911.2093(3) 10969.0415
Theory Ref. [26] 9874.3(3) 10921.833(2)

Uncertainties smaller than 1kHz and 0.1 kHz for the two transitions are not listed, but are taken into account for the
total uncertainty. Theoretical results from Ref. [26,31] are included for comparison. ¥*Eq. 4 in the text. **Eq. 5 in the text.

***Eq. (24) in Ref. [32]

violating energy shift for the energy states 25/, and
2P3/5 in the presence of a weak magnetic field, mean-
ing a field that produces a Zeeman shift smaller than
the dominant contribution to the hyperfine structure of
M. Finally, the Lorentz-violating frequency shift is the
difference between these energy shifts.

We use the same definition for the relevant quantum
numbers as in Sect. 2 and specify the quantum number
m for the projection of F along the direction of the
applied magnetic field.

Using the general expressions for the energy shift pre-
sented in Ref. [42], we find that the Lorentz-violating

energy shift 56572m ) for the 25%72"1 ) level in the presence
of a weak magnetic field is given by:

Fm NR(0B
55/2): Z P20< #klO )
k 0,2,4 (9)
NR(1B) NR
%klo > - \/EVM400<|p4|>20

Here, we consider only the contributions from the muon
coefficients and ignore all contributions from the elec-
tron coefficients, as ordinary-matter experiments are
more sensitive to them [24,25]. Additionally, we dis-
regard contributions from coefficients that affect the
Lorentz-violating energy shift for both 25, /5 and 2P3 5
in the same way, as these contributions will cancel out
when calculating the Lorentz-violating frequency shift.

@ Springer

The momentum expectation values that contribute
to the frequency shift are given by:

(10)

The Lorentz—violating energy shift del5™ for the

(F
2P3/2

netic field is given by:

3/2

energy state in the presence of a weak mag-

Fm NR(0B

dely == 3" > B (I N Ty
j=1,3 k=0,2,4

. NR(1B

-3 el Pt DT Y

j=1,3k=0,2,4
_(2F = 5)(F(F +1) — 3m?)
1257

NR
<|pk|>2lvﬂk20

k=24
1

_\/j u400<|p |>
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Here, the angular expectation values ﬁ((fw) ) are given
by:
,3(1) __m
(tm) " 4/37
/8(1) 3m
(2m) " 20/3n
3 _
ﬂ(17m) 07
3 m(17 - 5m2)
ﬁ((2)m) = ’ (12)

N —

ﬁ
(3 3)

At last, the Lorentz-violating frequency shift for the

transition 285 — opFm) g

1/2 3/2
Fm F'm/
2mov = 562/2 ) _ Ge 5/2 ). (14)

The a-type and c-type muon coefficients with j = 2
remain unconstrained [44]. The primary advantage of
studying the 25, , — 2P5 /5 transition, compared to the
28512 — 2Py, transition in the context of the SME, is
that the former is sensitive to these unconstrained coef-
ficients as the V-type coefficients, also known as spin-
independent coefficients, with index j can only con-
tribute to the energy shift of states where (j+1)/2 < J,
as shown in Ref. [42]. Consequently, the coefficients
with j = 2 cannot contribute to the energy shift of
2Py /5 but contribute to the one for 2Ps /5.

If the transition involves states in the hyperfine sub-
level F' = 2 of the 2P5/, state, the transition frequency
will also be sensitive to the 7-type coefficients, also
known as spin-dependent coefficients, with 7 = 3. Note
that for F' = 1, the corresponding angular expectation
values 6(3) ) and aﬁ’?m)
spin- dependent coefficients with index j can only con-
tribute to the energy shift of states with (5 +1)/2 < F
[42]. Therefore, the j = 3 coefficients can only con-
tribute to states with 2 g F.

The frequency shift (14) was obtained in the lab-
oratory frame. Since the SME coefficients are frame-
dependent, every bound on the coefficients must be
reported in the same reference frame to allow for mean-
ingful comparisons. The frame commonly used for this
is the Sun-centered frame [45]. The details of how to
transform the coefficients from a laboratory on the sur-
face of the Earth to the Sun-centered frame have been
thoroughly discussed in Ref. [42]. Following the proce-
dure described in that reference, we obtained that the
form of the Lorentz-violating frequency shift takes the

vanish. They vanish because
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form

ov = Ap+ Z < sin (mwgT1)

+A) cos (mw@TL)), (15)

where wg, = 27/(23h 56m) is the sidereal frequency, and
T}, is a convenient offset of the time coordinate T in the
Sun-centered frame [42].

The most prominent signal of Lorentz violation
from (15) is a sidereal variation of the resonance fre-
quency. This variation occurs because, in the presence
of Lorentz violation, the spectrum of M may depend on
its overall orientation. Therefore, a sidereal variation of
the resonance frequency may be observed as the sys-
tem, M with the applied magnetic field, rotates with
the Earth relative to the Sun-centered frame.

In this discussion, however, we focus on the con-
stant frequency shift Ag as it allows for discrepancies
between experimental results and Standard Model pre-
dictions, as shown in previous works [25,42]. To isolate
this effect, we ignore all time-dependent contributions
and concentrate solely on the constant shift. Accord-
ingly, we take the Lorentz-violating frequency shift as
ovg = A, where vy is obtained using the following
replacements in (14)

Vines = Vinos- ™
Vinzg = 7(1+3c0s20) V™",
%1:1%(03) s cos 19%1:113(»)(03) Sun’
TNROB) _, o597, NROB)Sun.
T,NROB) 8 (3 cos ) + 5 cos 30) Tpgg ",
77111:3%(13) ) (3 cos ¥ + 5 cos 319) MSS% res,
(16)

where the superscript Sun identifies the coefficients as
those in the Sun-centered frame. The angle ¥ repre-
sents the angle between the applied magnetic field and
Earth’s rotation axis.

As previously demonstrated in Ref. [25,42], we can
constrain the coefficients contributing to Ag by assum-
ing that any discrepancy between the Standard Model
prediction vgy and the experimental value vey, is due
to the presence of the constant shift Ag. Explicitly, we
can constraint the coefficients by using the expression

Vexp — VsSM = AO- (17)
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3.2 Lorentz-violating frequency shift in a zero
magnetic field

The paradigm of testing Lorentz and CPT symmetry
in spectroscopy experiments without the presence of
external magnetic fields is discussed in subsection I1.C
of Ref. [25] and IIL.A of Ref. [42]. In the absence of a
magnetic field and under the assumption of rotational
symmetry, the energy levels exhibit a (2F + 1)-fold
degeneracy associated with the orientation of the atom
in space, where F is the total angular momentum of the
atom. This degeneracy indicates that the atomic spec-
trum is independent of its overall orientation, which
is consistent with rotational symmetry. However, in
the case of rotational symmetry breaking, the energy
becomes orientation-dependent and the (2F + 1)-fold
degeneracy is lifted.

We will focus on the 257, — 2P3(f2=1) transition,
allowing us to disregard contributions from coefficients
with j = 3 as they only contribute to the F = 2
case. Furthermore, we will exclude contributions from
the j = 1 coeflicients as measurements of the Zeeman-
hyperfine transition within the ground state of M are
more sensitive to these coefficients [25]. This narrower
scope, disregarding coefficients, is for convenience, as
the expressions for the energy shift are significantly
more intricate in the absence of an external magnetic
field than when one is present.

Following the procedures described in subsection I1.C
of Ref. [25] and IIL.A of Ref. [42], we can obtain the
energy shift for the relevant energy states. The correc-
tion for the 2552 is the same as for F'=0 and F =1,

since the only V-type coefficients with j = 0, called
isotropic coefficients, can contribute. We get that

1 un
\/T—anfo%’s {[p*))20. (18)

As before, we only consider contributions from the
muon coefficients and disregard contributions from
coeflicients that affect the Lorentz-violating energy shift
for both 25, /5 and 2P3/5 in the same way.

The 3-fold degeneracy of the state QP;;? is lifted due
to a breaking of rotational symmetry. We can use the
label &, which takes values —1, 0, and 1, to denote the
three new energy states that result from the splitting

of the energy level 2P§§1 in the presence of rotational

symmetry breaking. The Lorentz-violating energy shift,
using the notation introduced in Ref. [25], is given by:

561/2 = -

1 A
1,€ ,Sun VAV
562/2) = _\/T?Vﬁi)% (Ip*))21 +ueD + w
(19)
where
1+iv3¢
= S a2 2
YT 30— ae2) (20)
and
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1/3
A+ vATZaAT
D= = . (21)

The parameters Ay and Aq represent rotational scalars
formed from the coefficients of Lorentz violation. The
explicit expressions are given by:

2
2%5 (2m2(=m)|00) Ay A_pn.
T

m=—2

2 2 2
189
Ay = 16014752 Z Z Z (2m2q2(m + q))

s=—2m=—2qg=—2

Ay =

x(2s2(g + m)|00)A,, Az As, (22)

where (j1mqjama|jsms) are the Clebsch-Gordan coef-
ficients. The amplitudes A,, are defined as:

NR,Sun
A == > P a1V ™, (23)
k=2,4

and they play the same role as the ¢, coefficients
defined in Ref. [25], with the difference being that the
combination of coefficients contributing to A,, are those
for antimuons, rather than muons, which is the case for
q2m -

The energy shift (19) is expressed in the Sun-centered
frame at the zeroth-boost order. By the zeroth-boost-
order approximation, we mean to approximate the
transformation from the Earth-based laboratory frame
to the Sun-centered frame as a pure rotation [42]. The
terms contributing to (19) are combinations of coeffi-
cients for Lorentz violation that form rotational scalars,
as discussed in detail in Ref. [25] and Ref. [42]. In par-
ticular, the parameters Ay and A; have the same value
in any two frames rotated relative to each other. Their
invariance under rotations allows us to express A,
in (23) in terms of the coefficients in the Sun-centered
frame at zeroth-boost order, as it will have the same
form in this frame as in the laboratory frame. There-
fore, the energy shift (19) is constant in contrast to the
situation where an external magnetic field is present,
causing the energy shift to change with Earth’s rota-
tion.

The sidereal variation seen in the presence of an
external magnetic field arises because the energy shift
depends on the relative orientation between the Lorentz-
violating background fields and the magnetic field.
The dominant contribution owing to Lorentz violation
in this case is due to the projection of the Lorentz-
violating fields along the direction of the magnetic field.
As the magnetic field rotates with Earth, the compo-
nents of the Lorentz-violating background field in a
fixed inertial reference frame, such as the Sun-centered
frame, that dominate the Lorentz-violating energy shift
will change, giving rise to the sidereal variation.

The signal for Lorentz violation in the case of no
external magnetic field is different. We can begin the
discussion by defining the Lorentz-violating frequency
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shift for the transition 25F oPF=18) g

1/2 7 7 3/2
2y = (56&1/’25) —deya. (24)

From this frequency shift, we can deduce that instead
of observing only one resonance peak corresponding to
the hyperfine level F' = 1 in the state 2P3/5, we should
observe two or three resonance peaks very close to each
other. The reason there can be two or three is that if

AT —4A3 =0, (25)
then the energy levels corresponding to & = —1 and
¢ = 1 are degenerate, and we will observe only two

peaks. Otherwise, we will have three distinct peaks.

The strategy for imposing a bound on Lorentz viola-
tion should rely on the presence or absence of multiple
unexpected peaks in the data. If the analysis concludes,
within the uncertainty level, that there is no evidence
of multiple peaks, any contribution of the terms in (19)
that depend on & should be within the uncertainty of
the analysis. The remaining contribution to the transi-
tion frequency is:

1
Vir

which can be constrained by comparing theoretical and
experimental values for the Lamb shift, as previously
done [5,25].

Another possibility, as discussed in Ref. [25], is
to assume that the presence of multiple resonances
might broaden the lineshape for the transition 2552 —

281 = ———=V NS ([p* a1 — (1p*)20),  (26)

2P3(f2:1). For example, if we assume that all energy sub-
levels, £ = —1,0,1, were excited during the experiment

with equal probability, this would contribute an amount
2
o2 = §A0 (27)

to the square of the statistical uncertainty o, of the
resonance frequency. A more rigorous analysis in this
direction could, in principle, be used to impose bounds
on the coefficients for Lorentz violation.

4 Microwave spectroscopy of the M
2S51/2 — 2P3/5 energy transition

So far, the M experimental measurements agree well
with the theoretical QED calculations [4-6,23-25].
However, they are all currently limited by statis-
tics. Leveraging advances of the High-Intensity Muon
Beam (HiMB) at PSI in Switzerland [28] together with
muCool [29] will allow reaching the sub-MHz precision
level for the ]-Sl/2 - 251/2 [41] and 251/2 — 2P1/2 [32]
measurements conducted by the Mu-MASS collabora-
tion. In the following, we explore a precision measure-
ment of the 25,5 — 2Pz fine structure transition.
The short lifetime of M (v = 2.2ps) requires a
compact experimental setup with the drawback that
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Fig. 2 The dotted (yellow), dash-dotted (blue) and dashed
(magenta) lines are an example of the numerical solutions of
the frequency transitions with the initial states 25, F' =
0, 251/2,F = 1,mF = 0 and QSl/Q,F = 1,mF = il,
respectively. The solid (black) lineshape corresponds to the
measured fine structure lineshape, assuming that the initial
2S states are populated evenly

T
9000

contamination from long-lived excited states can dis-
tort the lineshape. The Lamb shift measurement with
individual hyperfine transitions ranging from 558 MHz
to 1326 MHz [5,6] is affected by the 3S;/,, — 3P/,
or 4513 — 4P/, intervals with frequencies around
312MHz and 1233 MHz, respectively. The advantage of
the 2.8} /5 —2 P35 interval compared to the 25 5 —2P; /2
is that it is isolated from such contamination.

We consider the simplest experimental setup with-
out the presence of an external magnetic field, where
the atoms pass through a microwave field with elec-
tric field amplitude Ey, frequency w, and interaction
time T, allowing the atoms initially in the 2S5 state to
transition to the 2P state. The transition probability is
calculated by numerically solving the according Bloch
equations [46]. Once the atom is in the 2P state, it
relaxes to the ground state with a radiative lifetime of
Top = 1.6ns. The remaining 2.5 atom population is mea-
sured, resulting in the depopulation signal as a function
of the frequency. An example of the resonance lineshape
for the fine structure measurement is shown in Fig. 2,
with 10keV M, an electric field Fy = 25V /cm and an
exposure time 7' = 7ns to the microwave field.

To accurately determine the center of the resonance
line, addressing the broadening mechanisms that dis-
tort this position is essential. The natural linewidth of
the individual transitions is given by Av = 1/(2nmep) =
99.7 MHz . However, it is broadened in practice because
of different experimental configurations such as the
atom’s kinetic energy distribution or microwave field
inhomogeneities. As shown in Fig. 2, overlapping transi-
tion lines further distort the resonance center. To over-
come these limitations, Ramsey’s separate oscillatory
fields (SOF) spectroscopy [47] can significantly reduce
the effective resonance width. We focus on the isolated
2519, F = 0—2P5 )5, ' = 1 transition (yellow in Figs. 1
and 2) and exploit the interference effects between two
spatially separated microwave fields.
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Fig. 3 Numerical solution of the 2-level Bloch equations for single-field and SOF spectroscopy considering M with 10 keV
kinetic energy traversing microwave cavities and field-free region of 2 cm length and electric field amplitude of 60 V/cm

In the SOF method, the atoms pass through two
microwave interaction regions separated by a field-free
region, where the atomic states evolve freely during the
time interval 7. The two microwave fields are applied
either in-phase (PFOF) or with a relative phase shift 7
(PSCF). Subtracting the measured remaining 2.5 popu-
lation for these two configurations, PSOF — PSOF pro-
duces an interference pattern with a significantly nar-
rower central fringe compared to the single-field line-
shape.

Figure 3 shows the numerical solutions for both SOF
and single-field M spectroscopy at kinetic energy Fyi, =
10keV . The simulation considers atoms traversing the
microwave and field-free regions of length 20mm under
an electric field amplitude Ey = 60V /em. The reso-
nance center is determined by fitting a Voigt function
(red) to the resonances, representing the convolution of
Lorentzian and Gaussian distributions. Based on these
numerical solutions, the precision of the resonance cen-
ter can be determined under varying statistical condi-
tions. The total amount of M atoms, N = >, n;, in the
28512, F' = 0 state is evenly distributed for each mea-
sured frequency point . Each n; is then randomized
according to a Gaussian distribution around its mean
value, n; & \/n;, and scaled according to the calculated
transition probability. For SOF spectroscopy, the total
number of atoms NV is divided equally between the two
configurations (P§OF, PSOF). Fitting the randomized
resonance lineshape of the single-field and SOF central
fringe with a Voigt function determines the resonance
center and its precision dv. The mean precision and its
standard deviation from 1000 fits of randomized dis-
tributions per statistical configuration N are shown for
single-field interaction (dots) and SOF spectroscopy (x)
in Fig. 4. The fitted lines show the inverse square-root
relation between precision dv and statistics V.

The HiMB project aims to increase the surface muon
rate at PSI to 10'° Hz by improving the proton target
and muon beamline [28]. Together with muCool [29], a
keV muon beam could be produced with a sufficiently
small phase space that would allow the use of a gas cell
as a M converter, similar to what has been done in the
most precise H Lamb shift measurement that reached a
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Fig. 4 The precision of the resonance center dv for single-
field (dot) and SOF (x) spectroscopy is shown depending
on the number of initial 25, F' = 0 states. Fitting an inverse
square-root function yields the relation between the preci-
sion dv and the statistics N

precision of 3kHz [48]. The combination of HIMB and
muCool is expected to produce a M rate of 5 x 10° Hz
[29].

Considering a detection efficiency of 16% [49] and
that about 10(3) % of the M atoms are produced in the
initial 25 state [27] of which 1/4 populate the 25, F =
0 state, we find that a statistical precision of the fine
structure of M at the ~ 10kHz level is feasible within
10 days of beamtime.

5 Conclusions

The transition frequency of the M fine structure 25, /5 —
2P5 5 has been calculated as 9874.357(1) MHz . Because
of the smaller nuclear mass of M, radiative QED and
nuclear self-energy corrections can already be probed
with a precision measurement at the ~ 10kHz level,
compared to H, which is sensitive only in the ~ 1kHz
regime. Additionally, we developed models to test
Lorentz and CPT symmetry using fine structure mea-
surements, both with and without an external magnetic
field. These models show that there are coefficients to
which a fine structure measurement in M is uniquely
sensitive.
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Due to the isolated energy eigenstates compared to
the Lamb shift measurement, contamination from long-
lived excited states is negligible [5,6], a key advantage
for precision studies. Using a Monte Carlo simulation,
the expected precisions of a single interaction zone and
SOF-type measurements are studied for the isolated
2812, F = 0 = 2P3)5, F' = 1 frequency transition in
the absence of an external magnetic field. Combining
the upcoming HiMB beamline [28] together with the
muCool apparatus [29] will allow to reach a precision
of ~ 10kHz.
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