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Abstract 

We present a method (termed SIMPOT) for a simultaneous reconstruction of the large-scale 
density, velocity and potential fields and the parameter (3 = o0·6 /b (where f! is the cosmological 
density parameter and b is the linear biasing parameter) from the observed radial peculiar velocities 
and the distribution of galaxies in redshift space. SIMPOT models the velocity potential field by 
means of an expansion in spherical harmonics and radial Bessel functions, and, assu1ning a value 
for (3, relates it to the distribution of galaxies in redshift space using linear theory of gravitational 
instability. The method is tested using realistic mock catalogs of Mark III peculiar velocities and 
IRAS 1.2Jy redshifts. The mock data are extracted from an f! = 1 N-body simulation which mimics 
the nearby universe. If linear biasing prevails in the universe, SIMPOT provides an unbiased 
estimate for (3 with an error of ±0.06. SIMPOT can be applied with different weights to the 
velocity and redshift data. With high weight assigned to velocities, the recovered fields are mainly 
determined by the velocities, but properly regulated by the distribution of galaxies in regions of 
poor velocity data. SIM POT can be viewed as a general method for recovering large scale dynamical 
fields from a multitude of heterogenous data. 

1 Introduction 

Three related objectives of current cosmological research are (a) determination of the universal density 
parameter !1, (b) recovery the underlying large scale fields of peculiar velocity and mass density in the 
local universe, and ( c) establishing the relationship between the distribution of galaxies and mass. 

Two complementary kinds of data are available: (i) complete redshift surveys of galaxies, which 
serve as (perhaps biased) tracers of the mass distribution, and (ii) samples of galaxies with redshifts 
and inferred distances, which serve as tracers of the peculiar velocity field. These data are commonly 
analyzed separately and compared in retrospect [4]. On one hand, redshift surveys yield the mass 
distribution and the corresponding velocity field under a given biasing relation and !1. The apparent 
anisotropy of clustering in redshift surveys can be used to estimate !1 assuming a biasing relation [10] 
[8] [2]. Peculiar velocity samples, on the other hand, yield the velocity field based on the potential 
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nature of  gravitating flows, and then the corresponding density field using gravitational instability and 
an assumed !1. The recovered velocity field is used to estimate !1 independently of the distribution of 
galaxies and the biasing relation [17] [7] [1] . At a later stage, the recovered fields from the two inputs 
are tested for mutual consistency according to gravitational instability and linear biasing, and then 
compared to yield a value of f3 [6] [11] [15] [3] [19] . 

Here we make a first attempt at combining the data from redshift surveys and peculiar velocity 
samples in recovering the dynamical fields and simultaneously determining /]. The simultaneity is 
advantageous because the data are complementary: the gravitational velocities from the redshift 
surveys help filling in regions which are poorly sampled by peculiar-velocity data, while the observed 
velocities help constraining the biasing for the redshift-data analysis, and the bulk velocity which 
arises from outside the volume covered by the survey. A simultaneous fit is more likely to converge 
to the true solution than a successive fit. The fact that a simultaneous fit allows applying exactly the 
same variable effective smoothing to both data sets is important especially because the biasing could 
be scale dependent. 

In §2 we outline the method. In §3 we test the method using mock data. In §4 we discuss the 
method and its application. 

2 The method 

The data consist of two independent samples of galaxies: a whole-sky collection of radial peculiar 
velocities inferred by Tully-Fisher-like distance indicators, and a complete redshift survey with a 
known selection function. Our goal is to find the velocity potential field <I>( r), and the parameter 
/], which simultaneously fit the two data sets. We formulate a parametric model <l> for the velocity 
potential field by means of a finite expansion in a set of spherical harmonic and radial Bessel functions 
[18] [9], 

1 lmax l nniax 
<J>(r) = --1ir2 - B · r + L L L <l>tmn Jt(knr) Ytm(r) .  

2 l=l m=-l n=l 
( 1 )  

We incorporate in  the model a monopole term corresponding to  a Hubble-like peculiar flow H r  (or a 
constant offset in density), and a bulk flow term corresponding to a constant velocity B .  The model 
free parameters are <I>1mn , Bi , and Ji. The corresponding model for the radial peculiar velocity field is 

(2) 

Away of triple-value zones in redshift space, the density fluctuation field is related to the velocity 
potential by linear gravitational instability theory [15] ,  

1 2 1 8 ( 2 fJ<I>) 
o, (s) 

= f(l!) v <I> + � as s a; , (3) 

where f(l!) "" n°·6 .  The second term on the r.h.s represents the apparent density enhancement in 
redshift space as a result of the mapping from distance to redshift. Note that this second term breaks 
the linear scaling of the potential with f. 

The "observed" mass density o,(s) has to be inferred from the galaxy redshift survey. The relation 
between galaxies and mass is modeled by "linear biasing" , where the local density fluctuations galaxies 
and mass are related via a constant biasing factor b. In linear theory, the parameters b and !1 in all the 
dynamical relations combine into f3 = f / b. Since the redshift survey is flux limited, the true number 
density of galaxies is estimated by weighting the observed number density, no ( s ), by the inverse of the 
selection function of the survey, ¢( r) . The selection function ¢ must be evaluated at the real space 
position corresponding to s, which is unknown a priori. Approximating ¢(r) by the measurable cp(s) 
leads to systematic biases [12] . Instead, we approximate: cp(r) "" cp(s) - (8¢/fJs)u(s). The field we 
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choose to express in terms of the model parameters is the fluctuation in n0(s)/<f>(s), which can be 
determined from the observations .  We obtain using (1 ) ,  (3 ) ,  and (4) 

where, 

8a(s) = -2 B8• s + L <P1mn [-/3-1 k� j1(kns) + b1n(s)] Yim(s) ,  
lmn 

b = k2 l  (i dln<f>) i1(kns) - k2 dln<f> i1+1(kns) - k2 . (k ) ln n + l + dins (kns)2 n dins kns nJl nS ' 

(5) 

(6) 

and we have omitted the term involving 1i so that any uncertainty in the form of a constant offset in 
the density is absorbed into the Hubble-like flow in the velocity model. 

The expansion of an arbitrary radial function into a set of Bessel functions requires a choice of 
boundary conditions appropriate for the problem in question. These boundary conditions determine 
the wavenumbers kn in the expansion. In any realistic application, it is necessary to set a maximum 
radius, Rmax, within which the data are sufficiently reliable to constrain the potential field. It is at 
Rmax where the outer boundary conditions should be specified. We are guided by the asymptotic 
behavior of a peculiar velocity field generated by fluctuations in the mass-density distribution. If we 
assume that the density of matter beyond Rmax is constant, then potential theory dictates that the 
radial dependence of the radial velocity u [eq. (2)] at r > Rmax is u ex r-(l+2l at r > Rmax [9] . This 
leads to the condition i1-1 (knRmax) = 0. 

2. 1 Simultaneous Estimation of (3 and it>1mn 

In the usual sense of the theory of data modeling, the parameters of the model are found by achieving 
a maximum in the probability that the model produces the observations within their measurement 
errors .  

There is no ambiguity in formulating the probability for observing the peculiar velocities given 
the model. If the errors, CTui , in the measurements of the peculiar velocities, u0;, are uncorrelated and 
Gaussian, then the probability of the occurrence of the observations given the model <I> is, 

Pr[uol<i>J ex exp [-�� ] = exp { -� � CJ;;/ [uo; - u(r; )]2 } , (8) 

where the sum is over all galaxies in the sample of peculiar velocities .  The errors, Clui, are mainly a 
result of the intrinsic scatter of the distance indicator used to derive the peculiar velocities and partly 
of observational uncertainties, e .g. ,  inclination effects in measuring rotational velocities in the case of 
the Tully-Fisher distance indicator. 

Less obvious is how an "observed" density field. Here we define a density-contrast field in redshift 
space by [9], 

1 Ng 1 Dos(s) = � L .1.
( · ) 8v (s - s; )  - 1 , N i=l '+' Si (10) 

where N is  the true mean number density of galaxies and the sum is over all galaxies in the survey. 
Since the contribution of each galaxy is weighted by the selection function at its redshift rather than 
its distance, the definition ( 10) is a biased estimate of the true density. However, this bias is properly 
mitigated by the model (5) .  In order to estimate the shot-noise errors in ( 10 ) ,  we divide space into 
cubic cells of volume 6 V centered at positions Sa of a uniform grid. We approximate the Dirac delta 
function by 8v (s - s;) "" 1/6V if s and s; fall in the same cell and zero otherwise. Then ( 10 )  implies 
that the number density excess ,  8(sa)oL>v, inside a cell a is constant . In this scheme, the variance in 
the determination of ( 10)  due to shot-noise is the inverse of the number density expected in each cell, 
i .e . ,  CJl(sa) = L>VrJ,P(Sa) ' Clearly the shot-noise errors in different cells do not correlate. Therefore, if 
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we limit the analysis to modeling the the large scale density field, the probability that Oat>v is realized 
in a discrete sampling of ba is Gaussian which, in the limit bV ---> 0, becomes, - [ x� J { 1 - j 3 [ - ] 2} Pr[bat>v l<I> , /3] ex exp - 2  = exp -2N d s<f;(s) b08(s) - bG(s) . ( 1 1 )  

Now we can write the probability for reproducing the observed peculiar velocities and density field 
as, 

Pr[uo , bo l<f> , /3] = Pr[uol<f>]Pr[bo l<f> , /3] = A  exp [-� (x; + x}) ] , (14) 

where A is a normalization factor which is independent of /) and the model parameters. 
The problem of rendering the probability (14) stationary reduces to minimizing the function x2 = 

xi + x� subject to variations in /3 and P/mn· At the minimum the derivatives Bx2 /8/3 and Bx2 /8<I>1mn 
vanish, yielding a set of equations involving nonlinear coupling between /3 and <I>1mn- Howev<ff, for a 
given /3, the equations Bx2 /8<I>1mn = 0 are linear in Ptmn· Therefore we choose to determine •P1mn(/3) 
using standard techniques for solving linear equations. Then we adjust the best estimate for /) simply 
by examining the curve of x2 [<I>1mn(/3) ,  /3] . 

SIMPOT circumvents a major drawback of direct comparisons, say, between the 1 .2JyIRAS density 
and the velocity divergence as derived from POTENT. Were /) to be estimated in such comparisons 
from the regression of the velocity divergence on the density or vice versa, it would be biased due to the 
presence of errors in the density or the velocity divergence. The reason for the bias in regression lines, 
is that the dynamical relation between velocity and density is forced to hold between the measured 
fields which are contaminated by errors. Direct methods usually allude to extensive Monte Carlo 
simulations in order to take account of the biases in the estimates of /3 [ 6 ] .  SIMPOT, however, imposes 
the dynamical relations in the model. It then seeks best estimates for /) and the model param<�ters by 
maximizing the probability ( 14).  The dynamical fields which are contrived by SIMPOT are modulated 
by the observed peculiar velocities and the density field of galaxies. In regions where the velocity data 
are poor the fields are mainly constructed out of the density field. In regions where the errors in the 
observed density field are large due to shot-noise while the velocity data are reliable, the fields are 
affected more by the observed velocities than by the density field. 

The constraint on (3 in SIMPOT is two-faced. On the one hand, the modulation of the potential 
model by the velocities given /) affects the value of xi . To see that, consider an unrealistic case of 
accurate measurements of peculiar velocities and very dilute redshift survey so that the model is solely 
determined by the velocities independently of /). But then the value of xi strongly depends on /3. 
For /) lower the actual value, the density fluctuations as given in terms of potential model by (5) are 
unrealistically large, causing a large xi · For a higher /), larger the actual value, the density fluctuations 
are underestimated leading to a large X� · Note however that according to (5), the density fluctuations 
do not vanish in the limit /3 ---> oo because the redshift distortion correction terms are independent of 
/). On the other hand, the value of x� is affected by the observed density field in redshift space which 
introduces an implicit dependence of x� on /). 

An important question which arises when analyzing two different kinds of data is how well are 
they consistent given the hypothesis that they describe the same underlying fields? In the rigorous 
statistical sense, the value of x2 per d.o.f is a good indication of a goodness of fit and hence of the 
agreement between the two kinds of data. However, in the methodology presented here the actual 
value of the x2 is not a good discriminator for the following reasons. First, the x� contains a constant 
term which is an integration of squares of Dirac delta functions arising from our description of the 
observed density. This term is infinite but it does not affect the solution for the fit parameters. Clearly, 
the xg contains a divergent term because the number of d.o.f in the description of the observed density 
field is infinite. Second, our model does not incorporate small scale velocity scatter present in the 
peculiar velocities. Third, SIMPOT neglects nonlinear effects in relating the density to the potential 
model. To some extent these effects might be important in the real universe in some regions such as 
the Great Attractor. 
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SIMPOT provides an answer t o  this question by reconstructing the potential field with different 
weights assigned to the different data. By inspection of the differences in the reconstructions with 
different weights one may assess the consistency between the data sets. Thus let us define a function 
::::2 by, 

( 15)  

where .\ is a free parameter between 0 and 1 .  A reconstruction of the potential field with .\ --> 0 heavily 
relies on the observed density field. If .\ --> 1 the reconstruction makes little use of the density field 
and the recovered potential is dictated by the peculiar velocities. In the reconstruction with .\ cJ 0 .5 
the value of f3 derived from minimizing x2, i .e. 32 with .\  = 0.5 ,  must be used. The reason is simply 
that an estimate f3 obtained by, 832 /8(3 = 0 with .\ cJ 0.5 ,  is biased. For instance if ,\ = --> 1 then 
the model is determined by the peculiar velocities and x� depends very weakly on bfta. Therefore, 
the dependence of :=::2 on f3 is due to xg which is mearly a measure of error weighted scatter of the 
difference between the density as inferred by the velocities given f3 and the observed density. Therefore 
estimating f3 by 832 / 8(3 = 0 is similar, for .\ --> 1, to computing the regression line of the inferred on 
observed densities. This estimate is clearly biased. Note however that once f3 is fixed by minimizing 
x2 the potential model is linear in the remaining parameters which can be determined without any 
bias by minimizing 32 with .\ cJ 0.5. 

3 Testing with with a mock-universe simulation 

The systematic biases in the data depend on the morphology of the universe. Therefore it is essential 
to test the method using a numerical simulation which mimics the large scale structure of the local 
universe [13] .  Such a simulation is generated by integrating forward in time the initial density 
fluctuations obtained from the 1 .2Jy IRAS survey using the Zeldovich-Bernoulli time machine [16]. 
The simulation was halted at O's = 0.7 .  Mock 1 .2Jy IRAS and Mark III catalogs were then generated 
from the simulation. To further improve the realism of the application of SIMPOT and discern the 
effects of various sources of systematic biases on the estimation of (3, 1 .2Jy IRAS catalogs with and 
without attenuation of galaxies in clusters have been generated; the Malmquist bias in the mock Mark 
III catalog has been corrected for according to the density field from the mock 1 .2Jy IRAS using the 
recipe of Dekel et al. ( 1993) .  For comparison a mock Mark III free of Malmquist bias has been used 
as well. 

Figure 1 shows maps of the density fluctuations in real space from the mock unbiased l .2Jy IRAS 
a.ncl Malmquist bias corrected Mark III. The maps are smoothed with a Gaussian window of width 
lOOOkm/s. Linear theory was used to derive the density from the potential field. The lower right-hand 
panel shows a reconstruction which is ma.inly based on the velocity data. The velocity data, being 
very noisy and sparse, are not sufficient to constrain the density field in space. Hence SIMPOT was 
applied with .\ = 0.99,  giving some weight to mock IRAS data in order to regularize the minimization 
procedure. Here the reconstruction overestimates the density fluctuations as expected in linear theory 
[14]. The lower left panel is a reconstruction from the mock IRAS data with .\ = 0. This is basically 
a test of the recovery of the density field in real space from the redshift distribution of gala.xies. The 
recovered density field greatly resembles the true field. The reconstruction by SIMPOT with .\ = 0 .5 
is shown in the upper left panel. The density field in this case correlates very well with the density 
recovered with .\ = 0 and is consistent, within the errors, with the reconstruction with .\ = 0.99. 
Given the sparse sampling and the large errors in peculiar velocity surveys the recovery with .\ = 0.5 
is in general more sensitive to the density data. 

Figure 2 shows curves of x2(f3) from SIMPOT with .\ = 0.5 for the various variants of the mock 
Mark III and l .2Jy IRAS as explained in the figure caption. We see that SIMPOT is successful at 
recovering the true value of f3 with random errors of ±0.06. A key point here is that the systematic 
uncertainties in the determination of f3 clue to Malmquist bias corrections and the bias of IRAS galaxies 
around clusters do not amount to a serious discrepancy. 
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Figure 1: Maps of - V' · v in the "supergalactic" plane in the universe simulation. Upper left panel is 
the true -V' · v. The three remaining panels are the reconstruction by SIM POT with .\ = 0.5 (upper 
right) , .\ = 0 (lower left ) and .\ = 0.99 (lower right) . Contour spacing is 0 .2 .  Heavy, solid and dashed 
contours denote average, positive and negative fluctuations. 
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Figure 2: Curves of x2(/3) - x;,,in for .\ = 0.5. Short-dashed and dotted lines respectively correspond 
to unbiased and biased 1 .2Jy IRAS mock catalogs with only random errors in the peculiar velocities 
of mock Mark III . Solid and dotted lines correspond to unbiased and biased mock l .2Jy IRAS but 
with random errors and Malmquist bias in Mark III. The Malmquist bias has been corrected for by 
the density of mock 1 .2Jy IRAS. 



1 33 

4 Discussion 

In general SIMPOT can be viewed as a method for recovering the underlying large scale fields in the 
universe given an ensemble of heterogeneous data samples. We have demonstrated that the method, 
when applied to mock Mark III and l .2Jy IRAS catalogs, successfully recovers the underlying fields and 
provides an unbiased estimate for the parameter (3. The recovered fields are smoothed independently 
of the details of individual data sets. This is greatly desirable when assessing the general consistency 
of different kinds of data on different scales. SIMPOT recovers fields which are locally regulated in 
space according to the quality of the various data. For example, in the regions where the distribution 
of galaxies is very dilute but measurements of peculiar velocities are ample, the recovered fields are 
mainly determined by the velocities. For the purpose of recovering the underlying fields , SIMPOT 
can in practice be applied with varying weights to the different data. When high weight is given 
to the velocity data, SIMPOT is essentially a method for recovering the large scale peculiar velocity 
fields.  The interpolation from regions where the velocity data are of good quality to empty regions is 
modulated self-consistently by the peculiar velocity field as predicted from the distribution of galaxies 
in redshift space. 
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