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Abstract In the astrophysical universe, the falling matter
accretion around the black hole is becoming an engrossing
chapter. Our present manuscript reveals the matter accretion
onto the acoustic-charged black hole in the background of
Gross—Pitaevskii theory. This type of black hole is popu-
lar to several researchers. Following Hamiltonian dynamics,
we go through the accretion process to face the cosmologi-
cal mechanism. Depending on the tuning parameter £ of this
black hole, we formulate sonic points to have a physical anal-
ysis of the speed of sound at sonic points. Undergoing the
isothermal test fluids, we generate field equations at sonic
points for our proposed model. Then we observe the accre-
tion flow of the distinctive fluids around the acoustic-charged
black hole with the variation of the tuning parameter. The
most fascinating part of this work is to look for an analysis
of the rate of flow of mass accretion of the different kinds
of fluid onto our proposed black hole at sonic points with
a graphical analysis. By investigating the accretion rate of
these fluids, we seek stable and reliable results to check the
compactness with the observational data.

1 Introduction

The ever-evolving universe is currently in its accelerated
phase of expansion [1-8] leaving us spell-bound and curi-
ous. There are many logical explanations for this expansion,
and cosmologists are eager to discover its effects on different
entities. Black holes are, in general, one of the most myste-
rious things that ever existed in the universe. Several studies
were conducted on them, as they are a natural laboratory for
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verifying Einstein’s general theory of relativity and a perfect
candidate for observing how it interacts with the surround-
ing matter. Among them, charged black holes are one of the
most prominent types. Naturally, it attracted the attention of
researchers, leading to many remarkable works on them [9—
14].

Analogous black holes contributed in an exceptional man-
ner to establishing the theoretical results related to astrophys-
ical phenomena in an experimental way. As a result, first, the
concept of an acoustic black hole came into light [15]. Fol-
lowing this, several other types of research were conducted
to investigate other related astrophysical scenarios [16-25].
Impressed by its features, researchers started to observe other
aspects of acoustic black holes in detail [26-29]. Definition
of an acoustic black hole from the thermodynamic perspec-
tive [30], the geometry of higher-dimensional acoustic black
holes in curved spacetime [31], determination of Hawking
temperature and showing the departure from thermality for an
analogous acoustic black hole considering one-dimensional
Bose—Einstein condensate [32], detail analogy of an acoustic
black hole [33] etc. were explored. Researchers also started
investigating different theories that can present us with dif-
ferent versions of acoustic black holes [34-39].

Acoustic black holes in curved spacetime are more of a
reliable concept as the structure of the universe is much more
complex than our thinking, and black holes are an integral
part of the universe, so they possibly can be in the bath of cos-
mological superfluid or microwave, possessing a more com-
plex and richer near-horizon structure. This concept is very
significant from the perspective of astrophysical black holes,
as an acoustic horizon can clearly affect the nature of the near-
horizon area. Thus, acoustic black holes in curved spacetime
became a popular concept among researchers. Relativistic
Gross—Pitaevskii theory is one of the famous theories for
observing acoustic black holes in general curved spacetime
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[39]. Also, research on particle motion around Schwarzschild
acoustic black holes was conducted in [40]. Studies regard-
ing quasi-bound states, and analogous Hawking radiation for
Schwarzschild acoustic black hole spacetime were given in
[41]. Further, in [42], some important aspects like the shadow
and near-horizon properties of acoustic Schwarzschild black
holes were observed. Moreover, the near-horizon properties
and shadow of an acoustic-charged black hole were analyzed
in [43]. Recently, a detailed study of the thermodynamics of
acoustic-charged black holes as a heat engine was discussed
in [44].

Accretion is a very significant phenomenon in black hole
astrophysics, as it can constrain astronomical observations
and increase the mass of the target object together with the
increase in the angular momentum of the accreting object. In
fact, accretion is the basic concept behind the rise of celestial
objects like black holes, stars, plants, etc. The classic work
of accretion in Newtonian gravity was accomplished in [45].
The other researchers then follow the same path to observe
different relativistic accretion models [46—49]. A generaliza-
tion of Bondi’s accretion model [45] was proposed in [50].
Similarly, general relativistic and symmetric fluid accretion
on a black hole [51], describing the backreaction effects on
the black hole by spherically symmetric polytropic perfect
fluids [52] was achieved.

Several remarkable works on black hole mass accretion
phenomena, such as investigating the behavior of phantom
energy near stringy magnetically charged black holes [10],
effects of the phantom-like fluid onto the Schwarzschild
black hole [53], applying the relativistic hydrodynamics
phenomena to inspect the dark energy accretion onto the
Schwarzschild black hole [54], accretion of two special
types of Chaplygin gases called modified Chaplygin—Jacobi
gas and modified Chaplygin—Abel gas onto a 4-dimensional
Schwarzschild black hole [55], matter accretion process of
a charged black hole in metric affine gravity [56], investi-
gation on primordial black holes in brane cosmology in the
basis of matter accretion [57], mass accretion in Einstein—
Aether gravity with the help of parameter constraining [58]
and accretion through Hamiltonian approach due to some
well-known fluids [59], matter accretion via Hamiltonian
approach onto brane-world black hole [60], effects of var-
ious types of Chaplygin gas accretion onto the mass of a
Kehagias—Sfetsos black hole in Horava—Lifshitz gravity [61],
matter accretion scenarios in Einstein—power—Maxwell black
hole [62] and mass accretion process in conformal gravity
black hole [63], mass accretion on generalized Rastall grav-
ity theory [64], mass accretion of modified Hayward black
hole [65] and matter accretion onto a charged dilaton black
hole [66] were analyzed. Furthermore, some other famous
works on mass accretion given in [67-73] had contributed
some great results in the study of astrophysical black holes.
All of these are pieces of evidence for the importance of
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accretion phenomena in black hole-related studies as well as
in today’s cosmological research.

Impressed with all of these exceptional works, in our
present paper, we discuss the matter accretion process of
a charged acoustic black hole from the reference [43]. This
work is highly influenced by the Hamiltonian approach of
the accretion process [59,63,66,74]. Following the matter
accretion processes onto the charged dilaton black hole [66]
depending on the dilaton parameter and the conformal grav-
ity black hole [63], we investigate the matter accretion flow
around the acoustic charged black hole to obtain the analysis
of supersonic and subsonic accretion flow near the horizon
and far away horizon of the black hole depending on the tun-
ing parameter. We categorize the work as follows: in Sect.
2, we discuss the background concept and basic equations
for the charged acoustic black hole. In Sect. 3, we obtain the
sonic points and analyze the concept of isothermal test fluids.
Section 4 is devoted to the analysis of the charged acoustic
black hole for different fluids. Then, in Sect. 5, we discuss
the results one-by-one. In Sect. 6, the matter accretion pro-
cess of the black hole is investigated, and at last, in Sect. 7,
all the findings of our work are explained in detail, marking
the conclusion of this work.

2 Accretion onto charged acoustic black hole

In this section, let us explore the acoustic black hole in the
background of general curved spacetime, which has been
started by the action on account of the Gross—Pitaevskii (GP)
theory considering the fact that in the probe limit, the matter
field has no backreaction with the corresponding spacetime
[39,75-77] given as follows:

b
S = /d‘*x\/_—g (|8M¢|2 +m?|¢* — §|¢|“) , (1

where b is a constant, ¢ is the complex scalar field and m is
the GP theory parameter depending on temperature [39].

We are going to discuss the accretion process of an
acoustic-charged black hole. The main concept of an acoustic
black hole in the general curved spacetime originates from
the relativistic Gross—Pitaevskii theory [39]. Considering the
static spacetime background in the case of the Reissner—
Nordstrom black hole, we have the following form of the
metric as [43]:

2
ds® = /32 |:—3"(r)d12 + % +r2(do% + sin26d¢2)} . @

with
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where M and Q denotes the black hole mass and charge in a
respective manner satisfying the relation M > Q and equal-
ity holds for the extremal Reissner—Nordstrom black hole
case. Here, the radial component of velocity is given as

v = /(2—M - g—;)& , & being the tuning parameter that

m
needs to satisfy condition £ > 1 in order of the free move-
ment of the relativistic fluid outside the black hole back-
ground. This property follows from the consideration given
in [43]. Also, following [39], we can rescale the normal-
ized condition in such a way that when & — 0, the metric
Eq. (2) reduces to the Reissner—Nordstrom black hole and
as & — +o00, the escape velocity of the black hole becomes
infinity, implying that the event horizon of the black hole
will also become infinity. Again, when Q — 0, this metric
reduces to the Schwrazschild acoustic black hole [39,42]. For
our convenience, we have considered «/§cf = 1 [43]. The
horizon structures of our charged acoustic black hole have
been portrayed physically through Fig. 1. We observe the
physical behavior of the horizon structures with the values
of ¢ =0,0.5, 1, 1.5 for our BH solution.

Now, let us analyze the accretion process of the black
hole; here, we have a fluid rest frame; thus, we can define
the proper baryon number density as well as the particle flux
current density. Let n be the baryon number density in the
fluid rest frame, then we have the following equations,

dx™
=" 4
u PR )
J* = nut, (%)
The mass—energy conservation is given by [78]:
VIt =V, (nu") = 0. 6)

where V,, is the covariant derivative. The energy—momentum
tensor for perfect fluid is given as:

O = (e + pyu"u’ + pgh”, @)

where € is the energy density and p is the pressure. As the
fluid is spherically steady and satisfies the normalization con-
dition

utu, = —1, ®)

which gives,

. VI +u?
W= 9
(r)

and

u; = —/F@r) + u?. (10)

In the equatorial plane (¢ = m/2), Eq. (6) reduces to the
following form:

v, (nut) = JL__ga(«/_—gnuﬂ) = rizar(rznu) =0, (11)

By integration,
2, —
r‘nu = Cq, (12)

where C is constant. As the velocity of the fluid for the case
of accretion is negative, C| is also negative.

The thermodynamics of fluid are described by the follow-
ing equations,

dp =n(dh — Tds), and de = hdn +nTds. (13)

where T is the temperature, s is the specific entropy. Let us
define the enthalpy as follows:

(14)

Now, the conservation of energy-momentum tensor for per-
fect fluid can be written as:

nutV, (hu"”) + g""9,p = 0. (15)

We consider isentropic flow, where the entropy of a fluid
is constant along the streamline [79]. The above equation
transforms into the following form:

uhV, (hu") 4+ d,h = 0. (16)
The zeroth component of the above equation gives:

0y (hu;) = 0, a7
Thus, after integrating, we get

WF(r) + W)? = Gy, (18)

where C» is constant. So, both Egs. (12) and (18) are fun-
damental equations to describe the matter accretion process
across the charged acoustic black hole.
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2a; (use)” — Ercff (re) =0. 22)
10F ]
0sl ] Also, following the Eq. (22) with the help of Eq. (21), we
fo have
< osf 1T
& 05 R
ol N R A ! (23)
— 15
02p 1 Again, using Egs. (10), (22) and (23), we get
oof ]
T S red'(re) = 4aZ[F (re) + )], (24)

Fig. 1 Display of F(r) with r with values of £ = 0, 0.5, 1 and 1.5
from the expression of Eq. (3)

3 Dynamics in Hamiltonian approach

In this section, let us study the concept of sonic points and
isothermal test fluid.

e Sonic points: Sonic points are the points around which
any dark, compact object achieves its maximum accretion
value. At these points, the local speed of sound is always
equal to the velocity of infalling matter.

3.1 Speed of sound at sonic points

In the case of charged acoustic black hole metric, Eq. (3),
we need to find such sonic points. For that purpose, we take
the barotropic fluid at # = h(n) with constant enthalpy [80],
thus

dh  dn
— =a —_—,

h n (19)
Inh =a*Inn.

Here, a is the local sound speed.
Now, using Egs. (12), (18) and (19), we have

2
N _ 2 lanwn = — L [os2un? = Lra
[(u) a}(m“)”_r(utﬂ[za ) zrw)}'
20)

For the calculation of sonic points, both sides of the above
Eq. (20) must be equal to 0. So, it gives

r

@=(2), en

Utc

where a., r. and u]. are the local sound speed, distance of
fluid from the black hole, and velocity of the fluid at sonic
point, respectively. Now, the Eq. (20) gives
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which takes the final form as

2 reJ(re) (25)
e = re3'(re) +43:(rc).

Hence, from Eqs. (23) and (25) we can get the sonic
points, (r¢, £u!.) whenever we put the required value of local
sound speed.

3.2 Isothermal test fluids

In the case of isothermal fluids at a constant temperature,
during the accretion process, the sonic points of the fluid
flow always remain constant. So, this is a very significant
step in understanding the accretion process of the acoustic-
charged black hole. As matter does not transfer its heat to the
surrounding environment due to very high speed (adiabatic
situation) let us introduce the adiabatic equation of state p =
we, where e is the energy density and the state parameter
o follows the condition 0< @ < 1 [81]. Define a® = 42

= Z£,
a? = w. Now, from the first law of thermodynamics,

d +

Qe_°erP_y (26)
dn n

If we integrate the Eq. (26), taking the limit from the sonic
point to any random point inside the fluid and using p = ke,
we get

1

- n(i)* 27)

€c

So, with the help of the Eq. (14) and the above equation we
have the following relation

h— (a)+1)€c(£>w.

ne ne

(28)

Thus, by using Eq. (18) and the above equation we get the
result as follows

n*VFr) + )2 = Cs (29)
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Conl—@
where C3 = m

Again, combining Egs. (9) and (26) we have

VFF) + W2 = C3r*®whH)®. (30)

Let us consider [79,82] to take the Hamiltonian as follows

Sr'lfw
H = 1- vZ)l—vawr4a)’ G
where v = % is 3D speed of radial motion, whose expres-

sion is given as

2 2 2
v = (L) S (32)
fu' u>  f+u?
Finally to get our desired sonic points using Egs. (23) and
(24) we have the following expressions

(u:;)z = %rcff/(rc), (33)
Wh)?* = inff’(rc) — F(re). (34)
4w

This is the generalized equation of fluid flow, which can
be analyzed numerically for different values of the parameter
o within the constraining limits, i.e., for O< v < 1.

Now, let us consider four different types of fluids: ultra-
stiff fluid (w = 1), ultra-relativistic fluid (w = 1/2), radiation
fluid (w = 1/3), and sub-relativistic fluid (o = 1/4) respec-
tively to investigate the accretion process around the charged
acoustic black hole.

4 Analysis of charged acoustic black holes for different
types of fluids

The solution at the horizon of the black hole metric, Eq. (3)
is given by

Feh =M+~ M? — 02, (35)

reh = M — Mz_sz (36)
and
Ms lM"‘ ! X Y; 37)

h=—F-MEF = ,

h ) + ) ?32 £ F
where

E = &2 —4¢, (38)
Xe = 2M2&% — aM*s — 2602, (39)
and

_ 8MPES — 8MEMUM?E +507) + 32M5 0

Ye 4AME

(40)

Table 1 The sonic points for URF

& Te Ve H,

0 4.0846 0.135134 0.174527
0.5 2.07854 0.312002 0.1504

1 2.69985 0.385219 0.19167
1.5 2.72399 0.199057 0.29775

provided & > 4.
Next, we follow the four different cases of fluids for the
charged acoustic black hole.

4.1 Ultra-stiff fluid

For ultra-stiff fluids (o = 1), the pressure is the same as the
energy density, that is, p = e. We find F(r,) = 0, which
gives the critical points at horizons, i.e., r. = solution of the
horizon of BH. The Hamiltonian, given in Eq. (31) reduces
to the following form

H=——. (41)

4.2 Ultra-relativistic fluid

In the case of ultra-relativistic fluid, @ = 1/2 implies p =
e/2, i.e., the pressure becomes less than the energy density.
From Eqgs. (33) and (34), we have

e (re) — 43 (re) = 0, (42)
which gives the following sixth-order polynomial equation
in re as

4r8 —10Mr2(1 + &) + r* (485 M? + 56 0% + 60?)
—EMr2(480% 4+ 42M?) + £Q*r2(120% + 84M?)
—42M Q%*r, +760% = 0. (43)

After getting the value of r., we get the value of v.. Ulti-

mately, we have two critical points like (7., £v.). Now, the
Hamiltonian, given by Eq. (31) reduces to the following form

H=—Y" (44)

We have plotted the graph of v with respect to the sonic
points in Table 1. Thus, we have

2 H2r* + JH*r8 —4H2r*F(r)
- 2H '

(45)

@ Springer
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Table 2 The sonic points for RF

& Te Ve H,

0 3.99599 0.980634 0.557103
0.5 4.90282 0.984200 0.55996
1 5.47132 0.987826 0.567354
1.5 6.03312 0.991258 0.58534

Table 3 The sonic points for SRF

& I'e Ve H,

0 4.99666 0.954645 0.95713
0.5 5.80417 0.947816 0.76952
1 7.19507 0.9505 0.66359
1.5 9.40923 0.944731 0.47655

4.3 Radiation fluid

In the case of the radiation fluid, @ = 1/3 implies p = e/3.
From Egs. (33) and (34), we have the real solution in the
following form

reF (re) =25 (re) = 0, (46)
giving the final form of solution as follows

2rS —6Mr3(1 + €) 4+ r¥(326e M* + 3. 0> + 40%)
— EMr3(360° +40M?) + £ Q*r2(80° + 52M?)
—30MQ*r. +560% =0. (47)

The Hamiltonian, given by Eq. (31) reduces to the following
form

F(r)*/3

H = P32 — v2)2/3° (48)

We have plotted the graph of v with respect to sonic points
of Table 2 with the help of the given equation

H3r*S — 213 + B35 — F(r)? = 0. (49)
4.4 Sub-relativistic fluid

In the case of the radiation fluid, @ = 1/4 implies p = e/4.
From Eqgs. (33) and (34), we have the real solution as follows

4F(ryre —3F (re) = 0, (50)

giving the final form of the solution as below

4r8 — 14Mr2 (1 4 &) + r}(60E M? + 76 0% + 100

@ Springer

—EMr2(700% + 64M?) + £ Q*r2(210% + 116M?)
—68M Q*€r. +1350° = 0. (51)

The Hamiltonian in Eq. (31) reduces to

F(r)3/*
H = i oo (52)

We have plotted the graph of v with respect to sonic points
of Table 3 with the help of the given equation

HY " —3H 0 1 3H v — H 02 +F(r)? = 0. (53)

5 Result analysis of all different types of fluids

In this section, let us explain all the results for ultra-
stiff fluids, ultra-relativistic fluids, radiation fluids, and sub-
relativistic fluids for the acoustic-charged black hole, respec-
tively, in a detailed manner.

5.1 Ultra-stiff fluid with charged black hole

The sonic accretion for the ultra-stiff fluid is depicted in Fig. 2
with the help of Eq. (31). We have perceived the outward
motion from the horizon (supersonic accretion) in the region
v > 0 and the inward motion towards the horizon (subsonic
accretion) in the region v < 0 of this type of fluid in Fig. 2.
We have then noticed the scenario of the passing of curves
through the critical points (r., £v.). We also have the picto-
rial form of the streamlines of this fluid accretion.

5.2 Ultra-relativistic fluid with charged black hole

The sonic accretion for the ultra-relativistic fluid is depicted
in Fig.3 with the help of Eq. (44) with respect to Table 1.
Associated with the critical point (r., £v.), we have per-
ceived the supersonic fluid motion in the region v > v, on
the edge of the horizon and the subsonic fluid motion in the
region v < v, away from the horizon in Fig. 3. We have then
noticed the scenario of the passing of curves through the crit-
ical points (r., v.). We also have the pictorial form of the
streamlines of this fluid accretion.

5.3 Radiation fluid with charged black hole

The sonic accretion for the radiation fluid is depicted in Fig. 4
with the help of Eq. (48) with respect to Table 2. Associ-
ated with the critical point (r., +v.), we have perceived the
supersonic fluid motion in the region v > v, away from the
horizon and the subsonic fluid motion in the region v < v,
away from the horizon in Fig.4. We have then noticed the
scenario of the passing of curves through the critical points
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Fig. 2 Accretion display of ultra-stiff fluid with the variation of H, for & = 0, 0.5, 1, 1.5 corresponding to black, blue, red, and purple and the
representation of the streamlines accretion
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purple and the representation of the streamlines accretion

(re, 2v.). We also have the pictorial form of the streamlines
of this fluid accretion.

5.4 Sub-relativistic fluid with charged black hole

The sonic accretion for the sub-relativistic fluid is depicted in
Fig. 5 with the help of Eq. (52) with respect to Table 3. Asso-
ciated with the critical point (r., v, ), we have perceived the
supersonic fluid motion in the region v > v, away from the
horizon and the subsonic fluid motion in the region v < v,
away from the horizon in Fig.5. We have then noticed the
scenario of the passing of curves through the critical points
(r¢, £v.). We also have the pictorial form of the streamlines
of this fluid accretion.

6 Rate of accretion flow of black hole

This section is devoted to measuring the rate of accretion
flow of four fluids around the acoustic-charged black hole
with the effect of radius. We have the energy—momentum
tensor for the perfect fluid as 7} = (e + p)u;u” [9,65]. The
conservation of the dynamical system is given by V,, J#* =0
and V, TH*" = 0.

Next, we presume the general form of the rate of mass
accretion of black hole [83]
M\, = 4xrT]|,,. (54)
Using the above conservation laws with Egs. (12) and (18),
we have

r2u” (e + p)y/ F(r) + (u")? = Ao,

@ Springer

(55)

where Ag is an arbitrary constant.

The equation of continuity, or we can say the equation of
relativistic energy flux together with the equation of state,
gives the following relation

d du” 2
¢ Y Zar=o. (56)
e+p u” r
Upon integration, it transforms into
/
ru”exp |:/‘f d—ei| =—Ay, (57)
s e + p(e)

where A is a integrating constant and e, denotes the fluid
density at the infinity. The minus sign on the right-hand side
of the Eq. (57) denotes the inward flow of fluid to the black

hole as u” < 0.
With the account of Egs. (57) and (55), we get

Ay 2 _/‘?L
A=t ?(r>+<u>€xp[ e @ T PE)]

(58)

Az =

where A3 denotes the integration constant, and the boundary
value for the infinity is given as A3 = ex + p(exo) = _2_?
with Ag = (e + p)u'u'r?> = —Aj(exo + p(eso)). As per
spherical symmetric on the equatorial plane, the mass flux is

given by

2

reu'n = Aj, (59)

A» being the constant.
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Next, from Eqgs. (55) and (59), we have

etp r2_ﬂ_
" VIF@E) + @) —AZ—A4, (60)

where the constant A4 = %.
Next, putting Eq. (55) into Eq. (54), the mass accretion
rate of flow onto the black hole is given by

M = —4xr®u’ (e + p)yF(r) + W) = —4m Ay, (61)

simplifying to

M =47 A (0o + pless)) - (62)

which depicts the validity of various types of fluids. Now, the
mass accretion rate of the black hole becomes

M =47 Ai(e + p)ly,. (63)

With the account of p = we, Eq. (57) leads to the result

Al w+1
ez[—rzur} . (64)

e Mass accretion rate of ultra-stiff fluid: In this case, by
putting @ = 1, we have the corresponding equation in u”
using Eqgs. (55) and (64) as follows

(")’ (4AT — A2) 4+ 4A1F(r) =0, (65)
After solving we get

VI(r)

u =243 X (66)
[ A2 4
Ap —4A]
and using this with Eq. (64), we obtain
AZ — 44%)°
e:—( - ! : (67)
16A1r4f7'~(r)2

Finally, putting the value of this e in Eq. (63), we get the
accretion rate of the charged acoustic black hole as

2
. (A} —4A})
M=—72—1"". 68
2A3r4F (r)2 (©8)

From Fig.6a, we see the accretion rate with r. As r
increases, the rate of mass first remains fixed and then
rapidly increases for different values of w. For @ = 0,
the rate of mass increases gradually with respect to radius.
But as w increases, at first, the rate of mass remains fixed,

and after a certain radius, it rapidly increases as r tends
to a higher value.

e Mass accretion rate of ultra-relativistic fluid: In this
case, by putting w = 1/2, we have the corresponding
equation in " using Egs. (55) and (64) as below

943 (u")? — 4r2 AZu" +9A}F(r) =0, (69)

After solving we get

2242 + \/4r4Ag — 81A9F(r)

r 70
! 943 (70)
and using this with Eq. (64), we obtain

3/2
9A{
e=|—
72 <2r2A3 + \/4r4Ag — 81A?s—"(r)>
(71)

Finally, putting this value of e into the Eq. (63), we get
the accretion rate of our black hole as

32
4
941

r2 (2r2A(2) + \/4r4A3 _ 81A?§(r))

(72)

M=67TA1 —

From Fig.6b, we see the accretion rate with r. As r
increases, the rate of mass first remains fixed and then
rapidly increases for different values of w. As w increases,
at first, the rate of mass remains fixed, and after a certain
radius, it gets rapid increment as r tends to a higher value.

e Mass accretion rate of radiation fluid: In this case, by
putting w = 1/3, we have the corresponding equation in
u” using Egs. (55) and (64) as follows

4096 A% (u")® + 12288435 (r) (u”)*
+ (12288A?9(r)2 - 729A8r4) (u)?
+4096A%F(r)® = 0, (73)

After solving from Egs. (64) and (63) we can obtain e
and M.

From Fig.7a, we see the accretion rate with r. As r
increases, the rate of mass first rapidly decreases and then
remains fixed for different values of w. As w increases, at
first, the rate of mass rapidly decreases and then remains
fixed after a certain radius as r tends to a higher value.

@ Springer
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Fig. 6 Display of accretion rate of mass around the acoustic charged black hole for ultra-stiff fluid and ultra-relativistic fluid, respectively, with
respect to r for different values of @ and with the variation of Hy from Table 1 for £ =0, 0.5, 1, 1.5

e Mass accretion rate of sub-relativistic fluid: In this
case, by putting @ = 1/4, we have the corresponding
equation in " using Egs. (55) and (64) as below

62543 (") + 1250435 (r) (")
+256r2 Agu” + 625A3F (r)? = 0, (74)

After solving from Egs. (64) and (63) we can obtain e
and M.

From Fig.7b, we see the accretion rate with r. As r
increases, the rate of mass first rapidly decreases and then
remains fixed for different values of . When o = 0, the
rate of mass decreases gradually with r. As w increases, at
first, the rate of mass rapidly decreases and then remains
fixed after a certain radius as r tends to a higher value.

7 Inference

In this accelerating universe, black holes are still one of the
puzzling objects that attract researchers’ attention. Although
it has very few physical properties, mass, charge, and angular
momentum are the only three things that can help us iden-
tify a black hole at its basic level. This paper is dedicated
to examining the acoustic-charged black hole in the back-
ground of Gross—Pitaevskii theory [39,43,77], which starts
with a complex scalar field. Then, on account of the Klein—
Gordon equation, some relativistic equations of phase fluc-
tuation have been governed to have an effective metric with
four velocity components. This black hole metric has been
derived with an interesting tuning parameter &. For the higher
value of this parameter, this black hole acquires the infinite
value of the escape velocity. This also implies the infiniteness
of the event horizon of this black hole. After taking the anal-
ysis of its horizon structures, we got a total of six solutions

@ Springer

for the horizons of this black hole together with the extremal
case.

For our proposed acoustic-charged black hole, we have
gone through an analysis of matter accretion of the test par-
ticles with acceleration. To find some physical aspects, we
have considered different kinds of fluid. Using Hamiltonian
principles, our investigation of the accretion process around
the acoustic-charged black hole has been followed as below:

e As per discussion in Sect. 2, the horizon structures of our
proposed black hole have been prospected depending on
the different values of the tuning parameter &. Accord-
ing to Fig. 1, we have seen the physical behavior of the
horizon structures with the values of £ =0, 0.5, 1, 1.5
for our BH solution.

e Next, in Sect. 3, we have produced the accretion process
to explore the accretion fluid flow having some funda-
mental aspects around the acoustic charged black hole.
We have also gone through the Hamiltonian approach
to have sonic points. The isothermal test fluid method
has been deliberated about the formulation of the expres-
sions, given by Eqgs. (33) and (34) to look into the sonic
points for our proposed acoustic charged BH.

e Four different types of fluid, such as ultra-stiff fluid, ultra-
relativistic fluid, radiation fluid, and sub-relativistic fluid
with w =1, 1/2, 1/3 and 1/4 respectively, have been
contemplated to portray the scenario of the accretion flow
around the acoustic charged BH. For every case of these
four fluids, the critical points have been calculated using
the expressions given by Eqs. (33) and (34).

e The sonic accretion for the ultra-stiff fluid has been por-
trayed in Fig.2 with the help of Eq. (31). We have per-
ceived the outward motion from the horizon (supersonic
accretion) in the region v > 0 and the inward motion
towards the horizon (subsonic accretion) in the region
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Fig. 7 Display of accretion rate of mass around the acoustic charged black hole for radiation fluid and sub-relativistic fluid, respectively, with
respect to r for different values of @ and with the variation of Hy from Tables 2 and 3 for § =0, 0.5, 1, 1.5

v < 0 of this type of fluid in Fig. 2. We have then noticed
the scenario of the passing of curves through the critical
points (r¢, 2v.). We also have the pictorial form of the
streamlines of this fluid accretion.

e The sonic accretion for the ultra-relativistic fluid has been
portrayed in Fig. 3 with the help of Eq. (44) with respect
to Table 1. Associated to critical point (7., £v.), we have
perceived the supersonic fluid motion in the region v >
v on the verge of the horizon and the subsonic fluid
motion in the region v < v, away from the horizon in
Fig.3. We have then noticed the scenario of the passing
of curves through the critical points (r., £v.). We also
have the pictorial form of the streamlines of this fluid
accretion.

e The sonic accretion for the radiation fluid has been por-
trayed in Fig.4 with the help of Eq. (48) with respect
to Table 2. Associated to critical point (r., v.), we
have perceived the supersonic fluid motion in the region
v > v, away from the horizon and the subsonic fluid
motion in the region v < v, on the verge of the horizon
in Fig. 4. We have then noticed the scenario of the passing
of curves through the critical points (r., £v.). We also
have the pictorial form of the streamlines of this fluid
accretion.

e The sonic accretion for the radiation fluid has been por-
trayed in Fig.5 with the help of Eq. (52) with respect
to Table 3. Associated to critical point (r., v.), we
have perceived the supersonic fluid motion in the region
v > v, away from the horizon and the subsonic fluid
motion in the region v < v, on the verge of the horizon
in Fig. 5. We have then noticed the scenario of the passing
of curves through the critical points (7., 2v.). We also
have the pictorial form of the streamlines of this fluid
accretion.

e The pictures of mass accretion rates for ultra-stiff fluid,
ultra-relativistic fluid, radiation fluid, and sub-relativistic
fluid around the acoustic charged black hole have been
displayed in Figs.6 and 7 respectively. For ultra-stiff
fluid and ultra-relativistic fluid, we have seen that as w
increases, at first, the rate of mass remains fixed, and
after a certain radius, it rapidly increases as r tends to a
higher value. Next, in the case of radiation fluid and sub-
relativistic fluid, as w increases, at first, the rate of mass
rapidly decreases and then remains fixed after a certain
radius as r tends to a higher value.

Overall, in this study, we have gone through the accretion
investigation of different types of fluid like ultra-stiff fluid,
ultra-relativistic fluid, radiation fluid, and sub-relativistic
fluid around the acoustic charged black hole with the analy-
sis of the horizon structure by the influence of [59,63,66,74].
With the variation of the tuning parameter &, we have ana-
lyzed the physical properties as well as sonic points of these
multiple fluids around our proposed BH. By investigating the
accretion rate of these fluids, we have revealed some stable
and reliable results that are compatible with the observational
data.
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