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I. ÂÑÒÓÏ

Óçàãàëüíåíi ñïiââiäíîøåííÿ íåâèçíà÷åíîñòåé Ãàé-
çåíáåð à é ìîäåëü ìiíiìàëüíî¨ äîâæèíè îñòàííiì ÷à-
ñîì âèêëèêàþòü âåëèêå çàöiêàâëåííÿ â íàóêîâîãî òî-
âàðèñòâà. Âîíè âèïëèâàþòü ç òåîði¨ ñòðóí i êâàíòîâî¨
 ðàâiòàöi¨ i â ïåðñïåêòèâi ñïðÿìîâàíi íà îá'¹äíàííÿ
êâàíòîâî¨ ìåõàíiêè é çàãàëüíî¨ òåîði¨ âiäíîñíîñòi ÷å-
ðåç êâàíòóâàííÿ ïðîñòîðó[1,2].
Äëÿ öüîãî ââîäÿòü ïåâíi ïàðàìåòðè â êëàñè÷íèõ

ñïiââiäíîøåííÿõ íåâèçíà÷åíîñòåé Ãàéçåíáåð à, äå-
ôîðìóâàâøè êàíîíi÷íi êîìóòàöiéíi ñïiââiäíîøåííÿ.
� áàãàòî ñïîñîáiâ äåôîðìàöi¨ êîìóòàöiéíèõ ñïiââiä-

íîøåíü, ÿêi ïðèâîäÿòü äî ìiíiìàëüíî¨ äîâæèíè. Ïðî
ðiçíi àë åáðè, ÿêi ïðè öüîìó ìîæóòü áóòè âèêîðèñòàíi
äåòàëüíiøå, ìîæíà ïî÷èòàòè ó [3,4].
Ç óðàõóâàííÿì ìîäåëi óçàãàëüíåíèõ ñïiââiäíîøåíü

íåâèçíà÷åíîñòåé îïóáëiêîâàíî áàãàòî ïðàöü ç ði-
çíèõ ðîçäiëiâ ôiçèêè. Îñêiëüêè ïîêàçàíî, ùî ñëàá-
êèé ïðèíöèï åêâiâàëåíòíîñòi ïîðóøó¹òüñÿ, çâàæàþ÷è
íà óçàãàëüíåíi ñïiââiäíîøåííÿ íåâèçíà÷åíîñòåé ó íåî-
äíîðiäíîìó  ðàâiòàöiéíîìó ïîëi, öþ ïðîáëåìó àêòèâ-
íî äîñëiäæóâàëè. Óíàñëiäîê öüîãî âäàëîñÿ ïðèìè-
ðèòè ñëàáêèé ïðèíöèï åêâiâàëåíòíîñòi é óçàãàëüíåíi
ñïiââiäíîøåííÿ íåâèçíà÷åíîñòåé [5�15].
Ó ìåæàõ óçàãàëüíåíèõ ñïiââiäíîøåíü íåâèçíà÷åíî-

ñòåé, ÿêi âêëþ÷àþòü äåôîðìàöiéíi ïàðàìåòðè ÿê iì-
ïóëüñó, òàê i êîîðäèíàòè, çíàéäåíî òî÷íi ðîçâ'ÿçêè
äëÿ îäíîâèìiðíîãî êâàíòîâîãî ãàðìîíi÷íîãî îñöè-
ëÿòîðà [16,17]. Ïðàöÿ [18] ïðèñâÿ÷åíà äîêëàäíî-
ìó âèâ÷åííþ äåôîðìîâàíèõ êîìóòàöiéíèõ ñïiââiäíî-
øåíü é óçàãàëüíåíîãî Ãiëüáåðòîâîãî ïðîñòîðó, ç íè-
ìè ïîâ'ÿçàíîãî. Ñåðåä óñüîãî iíøîãî çíàéäåíî ñïåêòð
ãàðìîíi÷íîãî îñöèëÿòîðà ç óðàõóâàííÿì ìiíiìàëüíî¨
äîâæèíè. Ñïåêòð ïåðåñòà¹ áóòè åêâiäèñòàíòíèì, ïðî-
òå çàëèøà¹òüñÿ íåîáìåæåíèì. Òàêîæ ìîæíà ïîáà÷è-
òè, ùî âïëèâ äåôîðìàöi¨ ïðîñòîðó ñóòò¹âî âiäîáðà-
æàòèìåòüñÿ íà åíåð åòè÷íèõ ðiâíÿõ îñöèëÿòîðà ëèøå

çà âåëèêèõ n. Îñêiëüêè ç ôiçè÷íîãî ïîãëÿäó äåôîð-
ìàöiéíèé ïàðàìåòð ìóñèòü áóòè ìàëîþ âåëè÷èíîþ,
âíåñîê ÿêî¨ íàðàçi íåìîæëèâî çàôiêñóâàòè åêñïåðè-
ìåíòàëüíî. Òàêîæ çà äîïîìîãîþ óçàãàëüíåíèõ ñïiâ-
âiäíîøåíü íåâèçíà÷åíîñòåé âèùîãî ïîðÿäêó, ÿêi çàäà-
þòüñÿ êîìóòàöiéíèì ñïiââiäíîøåííÿì, ùî ìiñòèòü ìà-
êñèìàëüíèé iìïóëüñ, çíàéäåíî òî÷íèé ðîçâ'ÿçîê äëÿ
ñïåêòðà åíåð i¨ ÷àñòèíêè â îäíîâèìiðíié ïîòåíöiàëü-
íié ÿìi ç íåñêií÷åííî âèñîêèìè ñòiíêàìè òà ÷èñåëüíi
êâàçiêëàñè÷íi ðîçâ'ÿçêè é ðîçâ'ÿçêè ç âèêîðèñòàííÿì
òåîði¨ çáóðåíü äëÿ êâàíòîâîãî ãàðìîíi÷íîãî îñöèëÿòî-
ðà [19]. Äîêëàäíiøå ïðî êâàçiêëàñè÷íèé ïiäõiä ó ðàçi
äåôîðìîâàíèõ êîìóòàöiéíèõ ñïiââiäíîøåíü [20,21].
Ïðîàíàëiçîâàíî, ÿê óçàãàëüíåíi ñïiââiäíîøåííÿ íå-

âèçíà÷åíîñòåé ìîäèôiêóþòü òåðìîäèíàìiêó ÷îðíèõ
äið, à ñàìå: ÿê âîíè âïëèâàþòü íà øâèäêiñòü âèïà-
ðîâóâàííÿ ÷îðíèõ äið. Ó êîíòåêñòi öèõ äîñëiäæåíü
óäàëîñü îöiíèòè äåôîðìàöiéíèé ïàðàìåòð ó êîìóòà-
öiéíèõ ñïiââiäíîøåííÿõ, ùî ïðèâîäèòü äî ïîÿâè ìiíi-
ìàëüíî¨ äîâæèíè. Òàêîæ áóëè íàâåäåíi ïåâíi ðîçäóìè
ùîäî çíàêà öüîãî ïàðàìåòðà [22].
Îïèñ áàãàòî÷àñòèíêîâî¨ ñèñòåìè, ùî ¹ â ïðîñòî-

ði, ÿêèé îïèñó¹òüñÿ îäíàêîâîþ äåôîðìîâàíîþ àë å-
áðîþ Ãàéçåíáåð à äëÿ êîæíî¨ ÷àñòèíêè, ïðîòå ç ðiçíè-
ìè çíà÷åííÿìè äåôîðìàöiéíèõ ïàðàìåòðiâ, äàâ çìî-
ãó çíàéòè çàãàëüíèé iìïóëüñ i êîîðäèíàòó öåíòðà ìàñ
ñèñòåìè ç òî÷íiñòþ äî ëiíiéíèõ çà äåôîðìàöiéíèìè
ïàðàìåòðàìè äîäàíêiâ. Ó ãðàíèöi N → ∞ çàäà÷i áà-
ãàòüîõ òië âiäïîâiäà¹ çàäà÷à ðóõó ìàêðîñêîïi÷íîãî òi-
ëà â äåôîðìîâàíîìó ïðîñòîði, äëÿ ÿêîãî çíàéäåíî
åôåêòèâíèé ãàìiëüòîíiàí [23]. Òàêîæ äîñëiäæåíî, ÿê
âïëèâà¹ âðàõóâàííÿ ìîäåëi ìiíiìàëüíî¨ äîâæèíè íà
ñïåêòð àòîìà ãiäðîãåíó [23�29].
ßê âiäîìî, êëàñè÷íi ñïiââiäíîøåííÿ íåâèçíà÷åíî-

ñòåé Ãàéçåíáåð à ìîæíà îäåðæàòè çà äîïîìîãîþ åí-
òðîïiéíèõ ñïiââiäíîøåíü íåâèçíà÷åíîñòåé, ÿêùî ðîç-
ãëÿäàòè  àóñiâ ðîçïîäië iìîâiðíîñòåé. Ç iíøîãî áî-
êó, îòðèìàíî äåôîðìîâàíi ñïiââiäíîøåííÿ íåâèçíà÷å-
íîñòåé Ãàéçåíáåð à äëÿ âðàõóâàííÿ åôåêòiâ êâàíòî-
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âî¨  ðàâiòàöi¨. Ó ïðàöi [30] ïîêàçàíî, ùî äåôîðìîâàíi
ñïiââiäíîøåííÿ íåâèçíà÷åíîñòåé ìîæóòü ìàòè ïîõî-
äæåííÿ ç ìîäèôiêîâàíî¨ åíòðîïi¨ ç ðîçïîäiëîì, ÿêèé
âiäðiçíÿ¹òüñÿ âiä ðîçïîäiëó �àóññà.
Ó ïðàöi [31] âèêîðèñòàíî äàíi ç ïîäi¨ GW150914  ðà-

âiòàöiéíî¨ õâèëi, ùîá ïîðàõóâàòè ìîäèôiêîâàíó øâèä-
êiñòü  ðàâiòîíiâ. Óíàñëiäîê óäàëîñü îäåðæàòè ïîêðà-
ùåíi âåðõíi ìåæi äëÿ äåôîðìàöiéíèõ ïàðàìåòðiâ, ÿêi
ñïðè÷èíÿþòü ïîÿâó ìiíiìàëüíî¨ äîâæèíè é ìiíiìàëü-
íîãî iìïóëüñó. Ó äîñëiäæåííi [32] îòðèìàíî ðåçóëü-
òàò ùîäî íåòðèâiàëüíèõ ïîïðàâîê, ÿêi ìîäèôiêóþòü
ìåæó Áåêåíøòàéíà, ÿêùî âðàõóâàòè â ìåæàõ òåîði¨
óçàãàëüíåíi ñïiââiäíîøåííÿ íåâèçíà÷åíîñòåé Ãàéçåí-
áåð à çàìiñòü êàíîíi÷íèõ. Ó ñòàòòi [33] äîñëiäæåíî îð-
áiòàëüíèé ìàãíiòíèé ìîìåíò åëåêòðîíà â àòîìi âîäíþ
ç óðàõóâàííÿì ìîäåëi ìiíiìàëüíî¨ äîâæèíè. Òàêîæ
îòðèìàíî ãóñòèíó ñòðóìó åëåêòðîíà â àòîìi ãiäðîãå-
íó é ïîïðàâêè äëÿ îðáiòàëüíîãî ìàãíiòíîãî ìîìåíòó.
Ó ïðàöi [34] òî÷íî çíàéäåíî âëàñíi ôóíêöi¨ òà ñïåêòð
åíåð i¨ â iìïóëüñíîìó çîáðàæåííi äëÿ îäíîâèìiðíîãî
êóëîíiâñüêîãî ïîòåíöiàëó ç óðàõóâàííÿì óçàãàëüíå-
íèõ ñïiââiäíîøåíü íåâèçíà÷åíîñòåé, ÿêi ïðèâîäÿòü äî
ìiíiìàëüíî¨ äîâæèíè.
Ó ðîçäiëi II ìè ðîçâ'ÿæåìî çàäà÷ó îöiíêè åíåð i¨

îñíîâíîãî ñòàíó ãàðìîíi÷íîãî îñöèëÿòîðà íà îñíîâi
óçàãàëüíåíèõ ñïiââiäíîøåíü íåâèçíà÷åíîñòåé.
Ó ðîçäiëi III ìè ðîçâ'ÿæåìî òàêó ñàìó çàäà÷ó

äëÿ çàãàëüíiøîãî âèïàäêó - àíãàðìîíi÷íîãî îñöè-
ëÿòîðà. Òàêîæ ïîðiâíÿ¹ìî, ÿê ñïiââiäíîñÿòüñÿ çíà-
éäåíi ðîçâ'ÿçêè â ðiçíèõ ãðàíèöÿõ ç óæå âiäîìèìè
ðîçâ'ÿçàíèìè çàäà÷àìè.

II. ÅÍÅÐ�Iß ÎÑÍÎÂÍÎÃÎ ÑÒÀÍÓ
ÃÀÐÌÎÍI×ÍÎÃÎ ÎÑÖÈËßÒÎÐÀ
Ó ÊÂÀÍÒÎÂÀÍÎÌÓ ÏÐÎÑÒÎÐI
Ç ÌIÍIÌÀËÜÍÎÞ ÄÎÂÆÈÍÎÞ

Ðîçãëÿíüìî çàäà÷ó îöiíêè åíåð i¨ îñíîâíîãî ñòàíó
ãàðìîíi÷íîãî îñöèëÿòîðà, ÿêèé îïèñó¹òüñÿ ãàìiëüòî-
íiàíîì

Ĥh.o. =
p̂2

2m
+

mω2

2
x̂2, (2.1)

ó êâàíòîâàíîìó ïðîñòîði, ùî îïèñó¹òüñÿ äåôîðìîâà-
íèì êîìóòàöiéíèì ñïiââiäíîøåííÿì

[x̂, p̂] = iℏ(1 + βp̂2). (2.2)

Ñïiââiäíîøåííÿ íåâèçíà÷åíîñòåé Ãàéçåíáåð à â öüîìó
âèïàäêó äàþòü

∆x∆p ≥ ℏ
2
(1 + β∆p2), (2.3)

äå ìè âèêîðèñòàëè ïîçíà÷åííÿ
√
⟨∆x2⟩ → ∆x,√

⟨∆p2⟩ → ∆p. Çàóâàæèìî òàêîæ, ùî iç ñèìåòðiéíèõ
ìiðêóâàíü ⟨x̂⟩ = 0 i ⟨p̂⟩ = 0.
Âèêîðèñòîâóþ÷è òàêi ïîçíà÷åííÿ, çàïèøåìî âèðàç

äëÿ åíåð i¨ ãàðìîíi÷íîãî îñöèëÿòîðà

Eh.o. = ⟨Ĥh.o.⟩ =
∆p2

2m
+

mω2

2
∆x2. (2.4)

Äëÿ çíàõîäæåííÿ åíåð i¨ îñíîâíîãî ñòàíó ãàðìî-
íi÷íîãî îñöèëÿòîðà ó êâàíòîâàíîìó ïðîñòîði ñêîðè-
ñòàéìîñÿ íåðiâíiñòþ (2.3), âèðàçèâøè çâiäòè ∆x, ïiä-
ñòàâèìî éîãî â (2.4) é îòðèìà¹ìî

Eh.o.(∆p) ≥ ∆p2

2m
+

mω2

2

[ℏ
2

( 1

∆p
+ β∆p

)]2
= E(∆p).

(2.5)
Äàëi çàïèøiìî óìîâó ìiíiìóìó

dE(∆p)

d∆p
=

∆p

m
+

mω2ℏ2

4∆p3

(
β2∆p4 − 1

)
= 0,

çâiäêè

∆pmin = 4

√
m2ω2ℏ2

4 +m2ω2ℏ2β2
. (2.6)

Ó âèðàç (2.5) ïiäñòàâëÿ¹ìî ∆pmin i òîäi îòðèìà¹-
ìî íèæíþ ìåæó åíåð i¨ îñíîâíîãî ñòàíó ãàðìîíi÷íîãî
îñöèëÿòîðà ç óðàõóâàííÿì ñïiââiäíîøåííÿ íåâèçíà÷å-
íîñòåé (2.3)

Emin =
ωℏ
2

(
1

2
mωℏβ +

√
1 +

1

4
m2ω2ℏ2β2

)
. (2.7)

Îäåðæàíèé ðåçóëüòàò ïîâíiñòþ çáiãà¹òüñÿ ç åíåð i¹þ
îñíîâíîãî ñòàíó, îòðèìàíîþ ðîçâ'ÿçàííÿì ðiâíÿííÿ
Øðåäèí åðà ç óðàõóâàííÿì êîìóòàöiéíîãî ñïiââiäíî-
øåííÿ [x̂, p̂] = iℏ(1 + αx̂2 + βp̂2) [16], ÿêùî ïðèéíÿòè
ïàðàìåòð α → 0.
Ëåãêî ïåðåêîíàòèñü ó òîìó, ùî â ãðàíèöi β → 0

âèðàç äëÿ åíåð i¨ îñíîâíîãî ñòàíó (2.7) äàñòü ðåçóëü-
òàò, ðiâíèé ωℏ

2 , ùî âiäïîâiäà¹ åíåð ¨ îñíîâíîãî ñòàíó
êâàíòîâîãî ãàðìîíi÷íîãî îñöèëÿòîðà áåç óðàõóâàííÿ
ïàðàìåòðà β ó êîìóòàöiéíîìó ñïiââiäíîøåííi.

III. ÅÍÅÐ�Iß ÎÑÍÎÂÍÎÃÎ ÑÒÀÍÓ
ÀÍÃÀÐÌÎÍI×ÍÎÃÎ ÎÑÖÈËßÒÎÐÀ
Ó ÊÂÀÍÒÎÂÀÍÎÌÓ ÏÐÎÑÒÎÐI
Ç ÌIÍIÌÀËÜÍÎÞ ÄÎÂÆÈÍÎÞ

Òåïåð ðîçãëÿíüìî çàãàëüíiøó çàäà÷ó. Îöiíiìî åíåð-
 iþ îñíîâíîãî ñòàíó àíãàðìîíi÷íîãî îñöèëÿòîðà ó
êâàíòîâàíîìó ïðîñòîði ç ìiíiìàëüíîþ äîâæèíîþ.
Ñèñòåìó îïèøiìî ãàìiëüòîíiàíîì

Ĥa.o. =
p̂2

2m
+

γ

a2n
x̂2n. (3.1)

Çàïèøiìî âèðàç äëÿ åíåð i¨ àíãàðìîíi÷íîãî îñöè-
ëÿòîðà â ïîçíà÷åííÿõ ∆x, ∆p

Ea.o. = ⟨Ĥa.o.⟩ =
⟨p̂2⟩
2m

+
γ

a2n
⟨x̂2n⟩ ≥ ⟨p̂2⟩

2m
+

γ

a2n
⟨x̂2⟩n

=
∆p2

2m
+

γ

a2n
∆x2n, (3.2)

äå ìè âèêîðèñòàëè íåðiâíiñòü äëÿ ñåðåäíiõ [35], ÿêà çà-
äà¹ ñïiââiäíîøåííÿ ìiæ äâîìà ñåðåäíiìè ñòåïåíåâèìè
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Mn(x, α) =
(∑N

i=1 αix
n
) 1

n

ç ðiçíèìè ïîêàçíèêàìè n.

Çãiäíî ç íåþ, ÿêùî n1 > n2, òî

Mn1
(x, α) ≥ Mn2

(x, α),

äå n1, n2 ∈ R \ {0}. Ó íàøîìó âèïàäêó ìà¹ìî

Mn(x̂
2, α) ≥ M1(x̂

2, α),

(
N∑
i=1

αix̂
2n

) 1
n

≥
N∑
i=1

αix̂
2.

Ïiäíåñiìî îáèäâi ÷àñòèíè öi¹¨ íåðiâíîñòi äî ñòåïå-
íÿ n ≥ 1. Óðàõóâàâøè, ùî

∑N
i=1 αix̂

2n = ⟨x̂2n⟩ i∑N
i=1 αix̂

2 = ⟨x̂2⟩, âðåøòi îòðèìà¹ìî

⟨x̂2n⟩ ≥ ⟨x̂2⟩n.

Çíàõîäæåííÿ Emin ïî÷íiìî ç òîãî, ùî, âèêîðèñòîâó-
þ÷è íåðiâíiñòü (2.3), âèðàçèâøè ç íå¨ ∆x, çàïèøåìî
(3.2) ÿê Ea.o.(∆p)

Ea.o.(∆p) ≥ ∆p2

2m
+ γ

ℏ2n

(2a)2n

(
1

∆p
+ β∆p

)2n

= E(∆p). (3.3)

Ìiíiìóìó äîñÿãíåìî, êîëè

dE(∆p)

d∆p
=

∆p

m
+ 2nγ

ℏ2n

(2a)2n

(
1

∆p
+ β∆p

)2n−1(
− 1

∆p2
+ β

)
= 0. (3.4)

Äëÿ çðó÷íîñòi ïîäàëüøèõ îá÷èñëåíü äåùî ïåðåòâîðiìî âèðàç (3.4) i çðîáiìî ïåðåïîçíà÷åííÿ

2nmγ
ℏ2n

(2a)2n
= γ̃2n+2

n . (3.5)

Òîäi ðiâíÿííÿ (3.4) íàáóâà¹ âèãëÿäó

1

m

[
∆p+ γ̃2n+2

n

( 1

∆p
+ β∆p

)2n−1(
− 1

∆p2
+ β

)]
= 0. (3.6)

Çíàõîäæåííÿ àíàëiòè÷íîãî ðîçâ'ÿçêó ðiâíÿííÿ (3.6)
� íåòðèâiàëüíà çàäà÷à, ïðîòå ìè ìîæåìî çíàéòè éîãî
äëÿ ìàëèõ β. Äëÿ öüîãî ëiâó ÷àñòèíó (3.6) çàïèøiìî
ÿê äåÿêó ôóíêöiþ f(∆p, β). Îòæå, ìà¹ìî

f(∆p, β) = 0. (3.7)

Äàëi øóêàòèìåìî ðîçâ'ÿçîê ∆p̃, ðiâíÿííÿ (3.7) ÿê

∆p̃ = ∆p0 +∆p1β, (3.8)

äå ∆p0 � öå ðîçâ'ÿçîê (3.7), çíàéäåíèé äëÿ f(∆p, 0) =
0.
Äëÿ çíàõîäæåííÿ ∆p1 ðîçêëàäiìî f(∆p, β) â ðÿä

ïî β, óðàõóâàâøè (3.8) i çàëèøèâøè ëèøå ëiíiéíi çà
β äîäàíêè. Òîäi îòðèìà¹ìî òàêå ðiâíÿííÿ:

f(∆p0, 0) + ∆p1βf
′(∆p0, 0) + βf ′

β(∆p0, 0) = 0,

äå f ′ = df
d∆p . Ïåðøèé äîäàíîê ó ëiâié ÷àñòèíi äîðiâíþ¹

íóëåâi, é òîäi, âèðàçèâøè ∆p1, óðåøòi ìà¹ìî

∆p1 = −
f ′
β(∆p0, 0)

f ′(∆p0, 0)
. (3.9)

Çíàéäiìî ∆p0

∆p0 − γ̃2n+2
n

(
1

∆p0

)2n−1

·
(

1

∆p0
2

)
= 0,

∆p0 = γ̃2n+2
n . (3.10)

Ïîðàõóâàâøè çíà÷åííÿ âiäïîâiäíèõ ïîõiäíèõ i ïiäñòà-
âèâøè ¨õ ó (3.9), îòðèìà¹ìî

∆p1 = γ̃3
n · n− 1

n+ 1
.

I îòæå,

∆p̃ = γ̃n + βγ̃3
n · n− 1

n+ 1
.

Òåïåð çíàéäiìî Emin(∆p̃), âiäêèíóâøè âñi äîäàíêè,
îêðiì ëiíiéíèõ.

Emin(∆p̃) =
n+ 1

n

γ̃2
n

2m
+

γ̃4
n

m
β, (3.11)

äå γ̃n îçíà÷åíî â ðiâíÿííi (3.5).
Âèðàç (3.11) ¹ íèæíüîþ ìåæåþ åíåð i¨ îñíîâíîãî

ñòàíó ñèñòåìè (3.1) ç óðàõóâàííÿì ñïiââiäíîøåííÿ íå-
âèçíà÷åíîñòåé (2.3) â ëiíiéíîìó íàáëèæåííi çà ìàëèõ
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β äëÿ áóäü-ÿêîãî çíà÷åííÿ ïàðàìåòðà n. Ãàìiëüòîíi-
àí (3.1) çáiãà¹òüñÿ ç (2.1), ÿêùî n=1. Ðåçóëüòàò (2.7)
äëÿ ãàìiëüòîíiàíà (2.1) äëÿ ìàëèõ β ç òî÷íiñòþ äî ëi-
íiéíîãî äîäàíêà çáiãà¹òüñÿ ç ðåçóëüòàòîì (3.11) äëÿ
ãàìiëüòîíiàíà (3.1) çà n = 1, ÿêùî ïîâåðíóòèñü ó íüî-
ìó äî ñòàðèõ ïàðàìåòðiâ çà äîïîìîãîþ (3.5) i ïðîâå-
ñòè çàìiíó γ = mω2a2

2 . Îáèäâà âèðàçè äàþòü òàêèé
ðåçóëüòàò:

Emin =
ωℏ
2

+
mω2ℏ2

4
β. (3.12)

Ìîæåìî ïåðåêîíàòèñÿ, ùî (3.11) çà β → 0 çáiãà¹-
òüñÿ ç îöiíêîþ åíåð i¨ îñíîâíîãî ñòàíó ñèñòåìè (3.1),
ïîðàõîâàíîþ çà äîïîìîãîþ íåäåôîðìîâàíèõ ñïiââiä-
íîøåíü íåâèçíà÷åíîñòåé Ãàéçåíáåð à. Â îáîõ âèïàä-
êàõ îòðèìà¹ìî îäíàêîâèé ðåçóëüòàò

Emin =
n+ 1

n

γ̃2
n

2m
. (3.13)

Ìàþ÷è çàãàëüíèé ðîçâ'ÿçîê äëÿ áóäü-ÿêîãî n, ìîæå-
ìî îá÷èñëèòè, ÿêîþ áóäå åíåð iÿ îñíîâíîãî ñòàíó â
ãðàíèöi n → ∞, ùî ôàêòè÷íî âiäïîâiäà¹ ðîçâ'ÿçêó
äëÿ ÷àñòèíêè â ïîòåíöiàëüíié ÿìi ç íåñêií÷åííî âèñî-
êèìè ñòiíêàìè ç øèðèíîþ 2a.

Emin(∆p̃)
n→∞
=

ℏ2

8ma2
+

ℏ4

16a4m
β. (3.14)

Òî÷íèé ðîçâ'ÿçîê äëÿ ÷àñòèíêè â ïîòåíöiàëüíié ÿìi
ç íåñêií÷åííî âèñîêèìè ñòiíêàìè â äåôîðìîâàíîìó
ïðîñòîði ç ìiíiìàëüíîþ äîâæèíîþ [36] òàêèé:

En =
1

2mβ
tg2
(√

βnπℏ
2a

)
.

ßê áà÷èìî, ðîçâ'ÿçîê (3.14) ñïðàâäi íå ïåðåâèùó¹ òî-
÷íî çíàéäåíîãî çíà÷åííÿ åíåð i¨ îñíîâíîãî ñòàíó òàêî¨
ñèñòåìè, óçÿòîãî ç òî÷íiñòþ äî äîäàíêà ëiíiéíîãî çà β

ℏ2

8ma2
+

βℏ4

16ma4
<

ℏ2π2

8ma2
+

βℏ4π4

48ma4
,

ÿê i ïîâèííî áóòè. Ðîçáiæíiñòü ìiæ íàøèìè ðåçóëüòà-
òàìè é òî÷íèì ðîçâ'ÿçêîì ïîâ'ÿçàíà ç òèì, ùî ìåòîä
îöiíî÷íèé.

Ïðîàíàëiçóâàâøè ðåçóëüòàò, ìè áà÷èìî, ùî âií
ñêëàäà¹òüñÿ ç äâîõ äîäàíêiâ: îäèí ç íèõ � öå ðåçóëü-
òàò, ÿêèé ìîæíà îòðèìàòè ç âèêîðèñòàííÿì íåäåôîð-
ìîâàíèõ ñïiââiäíîøåíü íåâèçíà÷åíîñòåé Ãàéçåíáåð à,
à äðóãèé � öå ëiíiéíèé çà ïàðàìåòðîì β äîäàíîê, ùî
ç'ÿâëÿ¹òüñÿ ïiä ÷àñ âèêîðèñòàííÿ óçàãàëüíåíèõ ñïiâ-
âiäíîøåíü íåâèçíà÷åíîñòåé. Öåé äîäàíîê ¹ ïîïðàâ-
êîþ, ùî âðàõîâó¹ êâàíòîâàíiñòü ïðîñòîðó.

IV. ÂÈÑÍÎÂÎÊ

Ó öié ñòàòòi ìè îöiíèëè åíåð i¨ îñíîâíîãî ñòàíó
êâàíòîâîãî àíãàðìîíi÷íîãî îñöèëÿòîðà òà éîãî ÷àñ-
òêîâèõ âèïàäêiâ (ãàðìîíi÷íîãî îñöèëÿòîðà é ÷àñòèí-
êè â ïîòåíöiàëüíié ÿìi ç íåñêií÷åííî âèñîêèìè ñòiíêà-
ìè) ó êâàíòîâàíîìó ïðîñòîði. Äîñëiäæåíî ìiíiìàëü-
íó åíåð iþ êâàíòîâîãî ãàðìîíi÷íîãî îñöèëÿòîðà â
äåôîðìîâàíîìó ïðîñòîði ç ìiíiìàëüíîþ äîâæèíîþ.
Îòðèìàíà îöiíêà åíåð i¨ (2.7) çáiãà¹òüñÿ ç òî÷íèì
ðîçâ'ÿçêîì, îá÷èñëåíèì ó [16] ó ãðàíèöi α → 0, i ÿêùî
ïðèéíÿòè β = 0, òî (2.7) ïåðåõîäèòü â åíåð iþ îñíîâ-
íîãî ñòàíó çâè÷àéíîãî êâàíòîâîãî ãàðìîíi÷íîãî îñöè-
ëÿòîðà.
Áóëè çíàéäåíi çàãàëüíi ðîçâ'ÿçêè äëÿ îöiíêè åíåð-

 i¨ îñíîâíîãî ñòàíó àíãàðìîíi÷íîãî îñöèëÿòîðà (3.1) ç
âèêîðèñòàííÿì óçàãàëüíåíèõ ñïiââiäíîøåíü íåâèçíà-
÷åíîñòåé (2.3) äëÿ äîâiëüíîãî n ç òî÷íiñòþ äî ëiíiéíèõ
äîäàíêiâ çà ìàëèõ β. Çà n = 1 ãàìiëüòîíiàí àíãàðìî-
íi÷íîãî îñöèëÿòîðà âiäïîâiäà¹ ãàìiëüòîíiàíó ãàðìîíi-
÷íîãî îñöèëÿòîðà. Ðåçóëüòàò àíãàðìîíi÷íîãî îñöèëÿ-
òîðà (3.11) çáiãà¹òüñÿ ç ðåçóëüòàòîì äëÿ ãàðìîíi÷íîãî
îñöèëÿòîðà (2.7), óçÿòèì ç òî÷íiñòþ äî ëiíiéíîãî çà β
äîäàíêà. Îáèäâà âèðàçè, îòæå, äàëè ðåçóëüòàò (3.12).
Òàêîæ çíàéäåíî îöiíêó åíåð i¨ îñíîâíîãî ñòàíó â

ãðàíèöi n → ∞ (3.14), ùî ôàêòè÷íî ¹ îöiíêîþ åíåð-
 i¨ äëÿ ÷àñòèíêè â ïîòåíöiàëüíié ÿìi ç íåñêií÷åííî
âèñîêèìè ñòiíêàìè â äåôîðìîâàíîìó ïðîñòîði ç ìiíi-
ìàëüíîþ äîâæèíîþ. Ó öüîìó âèïàäêó îòðèìàíà îöií-
êà íå ïåðåâèùó¹ òî÷íîãî ðåçóëüòàòó, îäåðæàíîãî ç
ðîçâ'ÿçêó ðiâíÿííÿ Øðåäèí åðà [36], ÿê i ïîâèííî
áóòè. Çàïðîïîíîâàíèé ìåòîä ìîæíà âèêîðèñòîâóâà-
òè äëÿ îöiíêè íèæíüî¨ ìåæi åíåð i¨ îñíîâíîãî ñòàíó
iíøèõ ñèñòåì. Òàêîæ ìåòîä ìîæå áóòè óçàãàëüíåíèé
íà òðèâèìiðíèé âèïàäîê.
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LOWER BOUNDARY ESTIMATION OF THE GROUND STATE ENERGY FOR AN ANHARMONIC
OSCILLATOR IN DEFORMED SPACE WITH MINIMAL LENGTH

A. O. Panas, V. M. Tkachuk
Ivan Franko National University of Lviv, Professor Ivan Vakarchuk Department for Theoretical Physics,

12, Drahomanov St., Lviv, UA�79005, Ukraine

In this paper, we explore the ground state energy of an anharmonic oscillator and its special cases,
such as the harmonic oscillator and particle in the box, applying generalized uncertainty relations in
quantized space with minimal length. Consequently, we introduce a novel approach for estimating the
ground state energy of quantum systems in deformed space. By using only the Hamiltonian of the system
and generalized uncertainty relations, we manage to calculate a conditional extremum which corresponds
to the minimal energy of the system, as allowed by the minimal length model.

For a harmonic oscillator in deformed space with minimal length, the lower boundary estimation for the
ground state energy corresponds to the exact value found by solving the Schrodinger equation. In the case
of an anharmonic oscillator with an arbitrary parameter n, we manage to �nd an exact solution through
a linear approximation with respect to the deformational parameter, considering it a small quantity. In
our case, n represents the degree of the coordinate in the anharmonic oscillator Hamiltonian.

When we set n = 1 in our solution for the anharmonic oscillator, it can be found that it corresponds
to the harmonic oscillator solution through a linear approximation based on the deformational parameter,
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as expected. When n → ∞, we derive an expression that corresponds to the lower boundary estimation of
the ground state energy of a particle in a box, which we compare with the exact solution. Our estimation
fell below the exact solution found by solving the Schrodinger equation, which is a common occurrence
in estimation methods.

Considering the advantages o�ered by our method for estimating ground state energies in deformed
spaces with minimal length, including its simplicity of application and the satisfactory accuracy of results,
this approach can e�ectively extend to determining the ground state energies of various other systems.

Key words: deformed algebras, minimal length, anharmonic oscillator, ground state energy.
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