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1 Introduction

Relativistic conformal field theory (CFT) is one of the most potent tools of modern theo-
retical physics, with applications ranging from statistical mechanics of phase transitions to
quantum gravity through holography and string theory. Especially powerful are methods
of two dimensional (2d) CFTs [1] where symmetries enhance to two copies of the infinite
dimensional Virasoro algebra. The ideas and methods of 2d CFTs are of particular impor-
tance to the success of string theory, where this arises as residual symmetry on the string
worldsheet after the fixing of conformal gauge [2].

Non-abelian current algebras arise on the string worldsheet when one considers strings
moving on arbitrary group manifolds [3], generalising the abelian versions which arise
for strings propagating on flat backgrounds. These Kač-Moody algebras give rise to the
worldsheet 2d CFT by the Sugawara construction. The construction of strings on arbitrary
backgrounds is thus intimately linked to these Kač-Moody algebras.

Kač-Moody (KM) algebras also arise when we think of 2d CFTs augmented by addi-
tional symmetries [4]. For example, a CFT with additional U(1) global symmetry arises
in a number of places, including the study of black holes in AdS3 with charged U(1) hair
that are solutions to Einstein-Chern Simons theory [5]. Virasoro with U(1) KM symmetry
forms the chiral algebra of a large number of theories including N = 2 superconformal field
theories and theories with W1+∞ symmetry.

In this paper, we will be interested in the construction of Non-Lorentzian (NL) versions
of Kač-Moody algebras. Specifically, we are concerned with Galilean and Carrollian CFTs
in 2d with additional symmetry. Galilean and Carrollian CFTs are obtained from their
relativistic counterparts by a process of contraction where the speed of light is taken to
infinity (Galilean theory) or zero (Carrollian theory). In two dimensions, the symmetry
algebras turn out to be isomorphic and it is in this 2d case we will focus our attention. We
will obtain the algebras of interest by a contraction and then construct various properties
of these algebras by methods that have no connections with the limiting procedure and can
be thought of as completely intrinsic analyses. We also show that suitable singular limits
also reproduce our intrinsic answers.

Possible applications. We have a variety of applications in mind for our algebraic
explorations in this work.

Holography of flat spacetimes. Following closely related observation in [6], it was shown
in [7] that d-dimensional Conformal Carrollian algebras are isomorphic to asymptotic sym-
metry algebras of (d+1) dimensional flat spacetimes discovered first by Bondi, van der Burg,
Metzner [8] and Sachs [9] and called BMS algebras. The Carroll CFTs can thus act as pu-
tative duals to asypmtotically flat spacetimes [6, 10, 11]. Some important evidence for this
duality has been provided in e.g. [12–18]. Of particular importance is the recent result [19]
that links 3d Carroll CFTs and scattering amplitudes in 4d asymptotically flat spacetimes.

Our explorations in this paper are of direct importance in the context of 3d flatspace.
Here, the U(1) version of NLKM symmetries are of interest for the study of Flat Space

– 2 –



J
H
E
P
0
3
(
2
0
2
3
)
0
4
1

Cosmological solutions [20] with U(1) hair, which are solutions of Einstein-Chern-Simons
theory, like the AdS case. This was addressed recently in [21, 22].

The above approach to holography in asymptotically flat spacetimes goes under the
name of Carrollian holography. There is an alternate formulation called Celestial hologra-
phy which posits that there is a 2d (relativistic) CFT that computes S-matrix elements in
4d asymptotically flat spacetimes. This has been instrumental in the uncovering of many
new results in asymptotic symmetries and scattering amplitudes in 4d. The interested
reader is pointed to the excellent reviews [23–25]. For connections between Celestial and
Carrollian holography, we point to [19, 26, 27].

Interestingly, of late there have been studies of tree-level massless scattering amplitudes
which suggest that the asymptotic symmetries are far richer than the extended BMS group.
In [28, 29], it was shown that there is an SL(2) current algebra at level zero underlying the
symmetries of tree-level graviton amplitudes. More recently, massless scattering amplitudes
have revealed an infinite dimensional w1+∞ algebra [30].

If we assume that the field theory duals with these additional symmetries would be
related to a co-dimension one holographic description of 4d flatspace, and that these theo-
ries should live on the whole of the null boundary and not only on the celestial sphere, the
structure emerging from the above discussions should only be a part of the whole symme-
tries, very much like the relation between the two copies of the Virasoro algebra that make
up the Celestial CFT and the whole (extended) BMS4 algebra. It is very likely that the
algebras of interest would then be the 3d versions of the Carrollian Kac-Moody algebras
that we discuss at length in this work.

Tensionless strings. The tensionless limit of strings, which is analogous to the massless
limit of point particles, is an important sector of string theory that remains relatively less
explored. In this limit, the string worldsheet becomes null [31, 32] and the 2d relativistic
conformal symmetry that arises on the tensile worldsheet is replaced by 2d Carrollian
Conformal symmetry in the tensionless theory [33–35]. The study of tensionless strings
on arbitrary group manifolds would naturally incorporate the NLKM algebras we study in
this paper. We would, in future, attempt a construction of a Wess-Zumino-Witten model
with the NLKM algebras we discuss in this work.

It is of interest to mention that in [36], it was argued that tensionless strings appeared
when the level of the affine algebra corresponding to the WZW model of the strings propa-
gating in a group manifold. We believe that the intrinsic formulation of such strings should
involve the NLKM algebras we are studying here. A direction of future work is the con-
nection of these two ideas and the aim would be to show that the NLKM algebras appear
when the level of the relativistic affine algebras are dialled to their critical value.

Other applications. There are, of course, other natural applications. The Galilean version
of our story is of relevance for understanding 2d Galilean CFTs with additional symmetry
which may appear in real life non-relativistic systems. These would be of interest also in
understanding non-relativistic strings in curved Newton-Cartan backgrounds [37].

Interesting enough, Carrollian structures also arise condensed matter systems, e.g. in
the physics of flat bands that is of relevance in the context of “magic” superconductivity in
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bi-layer graphene and also in fractional quantum Hall systems [38]. It is easy to envision
condensed matter systems with additional symmetry and hence our methods in this paper
which lay the foundation for systems with Carrollian (and Galilean) affine Lie algebras,
should have applicability in a wide number of condensed matter systems. Finally, a U(1)
affine algebra was also found to emerge in studies of the BMS scalar field theory in 2d [39].
It would be of interest to figure out if this is a feature of all free BMS field theories. Our
methods outlined in this paper should then be useful even for free BMS field theories.

Outline of the paper. In section 2, we will start with a brief review of Carrollian and
Galilean CFTs in general dimensions, subsequently specializing the discussion to two di-
mensions followed by a brief introduction to Non Lorentzian Kac Moody (NLKM) algebras
via contraction of relativistic Affine Lie Algebras. In section 3, we present an intrinsic
carrollian derivation to the NLKM Algebra. Then, we formulate the non-Lorentzian ver-
sion of the Sugawara construction for these algebras in section 4 and verify its validity by
showing its consistency with the OPEs we obtained in section 3. In section 5, we work
out the example of tensionless strings on a flat background geometry which exhibits the
U(1) NLKM algebra as the current algebra. Section 6 contains the derivation of the Non-
Lorentzian analog of Knizhnik Zamolodchikov(KZ) equations using the OPE definition of
the primaries in section 3. And finally in section 7, we derive NLKM Algebra, Sugawara
Construction and the Non Lorentzian KZ equations through contractions in detail. There
are six appendices which collect the details of various calculations that have been skipped
in the main text for the ease of readability.

2 Non-Lorentzian Kač-Moody algebra in 2d

In this section, we will begin our analysis by building the algebra we wish to study in the re-
mainder of the paper. The NLKM algebra will be defined as a limit from the relativistic Vi-
rasoro KM algebra. We will see later how the current part of the algebra can be used to gen-
erate the entire algebra by a NL version of the Suwagara construction. We begin by remind-
ing the reader of the Galilean (c→∞) and the Carrollian (c→ 0) contractions of relativis-
tic CFTs in generic dimensions and the fact that this leads to isomorphic algebras in d = 2

2.1 Carrollian and Galilean CFTs

The Galilean (c → ∞) and Carrollian (c → 0) limits of the Poincare algebra leads to two
different contractions of the parent relativistic algebra and two different algebras in the limit
in general dimensions. The Poincare algebra in D dimension ISO(D − 1, 1) is given by

[Pµ, Pν ] = 0, [Mµν , Pρ] = −2ηρ[µPν], [Mµν ,Mρσ] = 4η[µρMσ]ν], (2.1)

where µ = 0, 1, 2 . . . , D − 1, Pµ = −∂µ are translation generators and Mµν = xµ∂ν − xν∂µ
are Lorentz generators. Galilean limit is achieved by taking c→∞ limit, alternatively by
taking the contraction t → t, xi → εxi, ε → 0 limit where i ∈ {1, 2, . . . , D − 1} [40, 41].
Under this limit we see that

M0i = t∂i + xi∂t →
1
ε
t∂i + εxi∂t =⇒ Bi = lim

ε→0
εM0i = t∂i. (2.2)
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The spatial rotation generators Mij remains same under this contraction. Doing this con-
traction, we end up with the Galilei algebra, where all the non-zero commutators are given
by

[Mij ,Mkl] = 4δi[kMl]j], [Mij , Pk] = −2δk[iPj], [Mij , Bk] = 2δk[iBj], [Bi, H] = −Pi. (2.3)

Carrollian limit is achieved by taking c → 0 limit, alternatively by taking the contraction
t→ εt, xi → xi, ε→ 0. Under this limit, we have

M0i = εt∂i + xi∂t → εt∂i + 1
ε
xi∂t =⇒ Bi = lim

ε→0
εM0i = xi∂t, (2.4)

with Mij intact again. This gives us the Carroll algebra where the non-zero commutators
are given by

[Mij ,Mkl] = 4δi[kMl]j], [Mij , Pk] = −2δk[iPj], [Mij , Bk] = −2δk[iBj] [Pi, Bj ] = δijH, (2.5)

where H = −∂t is the Hamiltonian which has now become a central element.
The tale of the two contractions is also true for the relativistic conformal algebra. In

relativistic Conformal symmetry group there are two additional generators

D = −xµ∂µ Kµ = −(2xµxν∂ν − x2∂µ), (2.6)

giving us the following additional commutators along with (2.1)

[D,Pµ] = Pµ, [D,Kµ] = −Kµ, [Kµ, Pν ] = 2(ηµνD −Mµν), [Kρ, Lµν ] = 2ηρ[µKν]. (2.7)

Taking the non-relativistic limit this time, we will end up with the following additional
generators along with the generators of Galilei algebra

D = −(xi∂i + t∂t) K = K0 = −(2txi∂i + t2∂t) Ki = t2∂i. (2.8)

These generators, along with the generators of the Galilei algebra gives us the Galilean Con-
formal Algebra (GCA) in D dimensions [40] where non-zero commutators apart from (2.3)
are given by

[K,Bi] = Ki, [K,Pi] = 2Bi [Mij ,Kr] = −2K[iδj]r,

[H,Ki] = −2Bi [D,Ki] = −2Ki, [D,Pi] = Pi

[D,H ] = H, [H,K] = −2D, [D,K] = −K. (2.9)

When we take the Carrollian limit of the relativistic Conformal algebra, we get the following
new generators apart form the Carroll generators previously encountered:

D = −(xi∂i + t∂t) K = K0 = −xixi∂t Kj = −2xj(xi∂i + t∂t) + xixi∂j . (2.10)

These additional generators give us the following non-vanishing commutators along with
those given in (2.5)

[Mij ,Kk] = δk[jKi] [Bi,Kj ] = δijK, [D,K] = −K
[K,Pi] = −2Bi [Ki, Pj ] = −2Dδij − 2Mij , [H,Ki] = 2Bi
[D,H ] = −H, [D,Pi] = −Pi [D,Ki] = Ki. (2.11)
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(2.5) and (2.11) together form Carrollian Conformal Algebra (CCA). We see that in general
dimensions the two different contractions give us different algebras that are not isomorphic
to each other.

Let us now move to the interesting case of d = 2. In 2d, the relativistic conformal
algebra becomes infinite dimensional and is given by two copies of the Virasoro algebra:

[Lm,Ln] = (m− n)Lm+n + c

12(m3 −m)δm+n,0,

[L̄m, L̄n] = (m− n)L̄m+n + c̄

12(m3 −m)δm+n,0, (2.12)

[Lm, L̄n] = 0.

Here c, c̄ are central charges of the Virasoro algebra (not to be confused with the speed
of light which we also had called c earlier). The Galilean contraction [42] of the above is
given by

Ln = Ln + L̄n, Mn = ε(L̄n − Ln), (2.13)
This contraction of the Virasoro algebra leads to

[Lm, Ln] = (m− n)Lm+n + cL
12(m3 −m)δn+m,0, (2.14a)

[Lm,Mn] = (m− n)Mm+n + cM
12 (m3 −m)δn+m,0, (2.14b)

[Mm,Mn] = 0. (2.14c)

The way to see that this combination yields the non-relativistic limit, it is instructive to
write the generators of the Virasoro algebra in cylindrical cooridinates

Ln = einω∂ω, L̄n = einω̄∂ω̄, ω, ω̄ = τ ± σ, (2.15)

The limit (2.13) then translates to

σ → εσ, τ → τ, ε→ 0. (2.16)

which essentially means scaling velocities to be very small compared to 1 and since we are
doing all of this in units of speed of light c = 1, this is indeed the non-relativistic limit
c→∞.

On the other hand, the Carrollian contraction of the Virasoro algebra is given by

Ln = Ln − L̄−n, Mn = ε(Ln − L̄−n). (2.17)

Again if we go back to the cylindrical coordinates, this limit translates to

σ → σ, τ → ετ, ε→ 0. (2.18)

The velocities are very large compared to 1 now and this means v/c → ∞, which equiv-
alently translates to c → 0. This is thus the Carrollian limit. The surprising thing is
that even this contraction yields the same algebra (2.14). In order to avoid confusion with
Galilean or Carrollian notions, we will exclusively call this the BMS3 algebra. Galilei and
Carroll contractions in d = 2 yield isomorphic algebras and this is down to the fact that
there is only one contracted and one uncontracted direction in each case. The algebra does
not differentiate between a contracted spatial and a contracted temporal direction.
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2.2 NL affine Lie algebras

We start with the two copies of Virasoro Kac-Moody algebra whose holomorphic part is,

[Lm,Ln] = (m− n)Lm+n + c

12(m3 −m)δm+n,0, [Lm, jan] = −njam+n

[jam, jbn] = i

dim(g)∑
c=1

fabcjcm+n +mkδm+n,0δ
ab. (2.19)

There is an equivalent anti-holomorphic part with f̄abc, c̄ and k̄ in place of fabc, c and k

respectively which are not necessarily equal to their holomorphic counterparts. We are
take fabc 6= f̄abc for generality, but the dimensions of the two Lie groups are the same.

We will take a contraction of the algebra as follows. We will work with the following
linear combinations of the relativistic KM generators:

Ln = Ln + L̄n, Mn = ε(L̄n − Ln), Jam = jam + j̄am, Ka
m = ε(j̄am − jam). (2.20)

We will the consider the limit ε→ 0. The contracted algebra is given by:

[Lm, Ln] = (m− n)Lm+n + cL
12(m3 −m)δn+m,0, (2.21a)

[Lm,Mn] = (m− n)Mm+n + cM
12 (m3 −m)δn+m,0, (2.21b)

[Lm, Jan ] = −nJam+n , [Lm,Ka
n] = −nKa

m+n , [Mm, J
a
n ] = −nKa

m+n (2.21c)

[Jam, Jbn] = i

dim(g)∑
c=1

F abcJcm+n + i

dim(g)∑
c=1

GabcKc
m+n +mk1δ

abδm+n,0, (2.21d)

[Jam,Kb
n] = i

dim(g)∑
c=1

F abcKc
m+n +mk2δ

abδm+n,0, (2.21e)

with rest of the commutators vanishing. We recognise the first two lines as the familiar
BMS3 algebra, equivalently the 2d Galilean or 2d Carrollian Conformal Algebra. Through-
out the paper, we will call this sub-algebra the BMS algebra. In the above, the structure
constants are related to their relativistic counterparts by

F abc = 1
2
(
fabc + f̄abc

)
, Gabc = 1

2ε
(
f̄abc − fabc

)
. (2.22)

while the central terms are given by

cL = c+ c̄, cM = ε(c̄− c), k1 = k̄ + k, k2 = ε(k̄ − k). (2.23)

We will call the algebra (2.21) the 2d Non-Lorentzian Kač-Moody algebra. We can also carry
out the contraction ultrarelativistically for which we take the following linear combinations
of generators,

Ln = Ln − L̄−n, Mn = ε(Ln + L̄−n), Jan = (jan + j̄a−n), Ka
n = ε(jan − j̄a−n). (2.24)
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Contracted algebra will be same as (2.21) with relations analogous to (2.22) and (2.23)
taking the following form:

F abc = 1
2

(
fabc + f̄abc

)
, Gabc = 1

2ε

(
fabc − f̄abc

)
(2.25)

cL = c− c̄, cM = ε(c+ c̄), k1 = k − k̄, k2 = ε(k + k̄). (2.26)

This (2.21) will be the algebra of interest for the rest of our paper.
Note that if we start with 2 identical Kac-Moody algebras for the holomorphic and

antiholomorphic sections, then after contraction we get

fabc = f̄abc ⇒ F abc = fabc, Gabc = 0. (2.27)

For most of our analysis, we will use this simplified algebra, but the results can be easily
generalised for the general algebra.

We should also clarify something about the new Lie algebra structure and our notation.
We started with (the affine version of) two copies of a Lie algebra g of dimension

n = dim(g),

constructed from the generators {ja, a ∈ {1, 2, . . . , n}} and {j̄a, a ∈ {1, 2, . . . , n}}. Via
contraction we obtain a (non-semisimple) Lie algebra g̃ of dimension

ñ = dim(g̃) = 2 dim(g)

consisting of generators {Ja,Ka, a ∈ {1, 2, . . . , n}}. So in all our notation, the indices
a, b, c run from 1 to n = dim(g) (not ñ), and whenever we write dim(g) (like in expressions
of central charge cL later in the paper), we mean the dimension of the parent algebra g,
which is actually half of the dimension of the new algebra g̃. This is done for the tidiness
of expressions.

Before we conclude this section, we would like to comment on the choice of contraction
of the currents to get to the NLKM algebra. Note that the chosen linear combinations of
the Kac Moody generators are motivated by the Galilean/Carrollian contractions analogous
to (2.16) and (2.18). The generators in cylindrical coordinates look like,

jan = ja ⊗ einω, j̄an = j̄a ⊗ einω̄, ω, ω̄ = τ ± σ (2.28)

Galilean limit will correspond to (2.16) and Carrollian limit corresponds to (2.18). In
Galilean case, we have (upto linear order in ε),

jan + j̄an = (ja + j̄a)⊗ einτ + inσε(ja − j̄a)⊗ einτ , (2.29a)
jan − j̄an = (ja − j̄a)⊗ einτ + inσε(ja + j̄a)⊗ einτ . (2.29b)

We now have two choices, keeping the BMS contraction the same:

• Ja = ja + j̄a, Ka = ε(j̄a − ja)⇒ (2.20).

• Ja = j̄a − ja,Ka = ε(j̄a + ja)⇒ Jam = j̄am − jam, Ka
m = ε(j̄am + jam).
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Both of these choices lead to relations (2.23) but (2.22) need to be altered for the second
choice to:

F abc = 1
2(f̄abc − fabc), Gabc = 1

2ε(fabc + f̄abc). (2.30)

Similarly, in Carrollian case, we have two choices: (2.24) and

Jan = jan − ja−n, Ka
n = ε(jan + ja−n).

in which case (2.26) remains same but we have

F abc = 1
2(fabc − f̄abc), Gabc = 1

2ε(fabc + f̄abc) (2.31)

instead of (2.25). Since we will be considering the special case when fabc = f̄abc, we
will stick to the first choice in this paper. For the intrinsic analysis, which only uses the
algebra (2.21), of course these choices do not matter. But when we derive results from the
limit, in section 7, it is important to state everything works for the other contraction as
well. E.g. Sugawara construction through contraction (Sec 7.3) can be carried out for the
second choice if we specialize to the case f̄abc = −fabc in case of Galilean contraction.

3 An intrinsic Carrollian derivation

Having derived the non-Lorentzian current algebra through a contraction, we now go on to
present an intrinsically Carrollian derivation of the same, where we would not be alluding
to a limiting procedure at all. This section heavily borrows from the machinery detailed
in [43], some of the important features of which are described in appendix A. Although we
will try and be self consistent so that the section (with the help of the related appendix A)
stands on its own, for any details that we may have inadvertently skipped in what follows,
the reader is referred back to [43].

3.1 An infinity of conserved quantities

A 2D Carrollian CFT on the flat Carrollian background (t, x) is invariant under an infinite
number of 2D Carrollian conformal (CC) transformations whose infinitesimal versions are
given as:

x′ = x+ εxf(x) , t′ = t+ εxtf ′(x) + εtg(x) (3.1)

As a consequence, the EM tensor components classically satisfy the following condi-
tions [43]:

∂µT
µ
ν = 0 ; T xt = 0 ; Tµµ = 0

=⇒ ∂tT
t
t = 0 ; ∂tT

t
x = ∂xT

t
t. (3.2)

This allows for an infinite number of Noether currents. The two conserved currents corre-
sponding to the symmetry transformation (3.1) are noted below:

jµt =
(
jtt , j

x
t

)
=
(
g(x)T tt , 0

)
,

jµx =
(
jtx , j

x
x

)
=
(
f(x)T tx + tf ′(x)T tt , −f(x)T tt

)
. (3.3)

– 9 –
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Now, we suppose that there are some other pairs of fields {J ax ,J at } in the theory that
obey the following conditions analogous to (3.2):

∂tJ at (t, x) = 0 ; ∂tJ ax (t, x) = ∂xJ at (t, x) (3.4)

where a is to be thought of as a ‘flavor’ index (but t and x in subscript are not tensor
indices). Using these fields, we can construct an infinite number of conserved quantities:

kaµ =
(
kat , kax

)
= (g(x)J at , 0) , (3.5a)

jaµ =
(
jat , jax

)
=
(
f(x)J ax + tf ′(x)J at , −f(x)J at

)
. (3.5b)

We shall regard these conserved quantities as the Noether currents associated to some
‘internal’ symmetries of the action.

3.2 Current Ward identities

We now consider an infinitesimal internal transformation of a (possibly multi-component)
field Φ(t, x):

Φ(t, x)→ Φ̃(t, x) = Φ(t, x) + εa (Fa · Φ) (t, x) (3.6)

where Fa · Φ denotes the functional changes of the (multi-component) field Φ under in-
finitesimal transformations labeled by εa. So, the generator GaΦ of this transformation is
given by:

− iεaGaΦ(t, x) := Φ̃(t, x)− Φ(t, x) = εa (Fa · Φ) (t, x) (3.7)

We shall now find the Ward identity corresponding to this internal transformation
which is assumed to be a symmetry of the 2D Carrollian CFT. For this purpose, we
analytically continue the real space variable x ∈ R ∪ {∞} to the complex plane; thus, the
Ward identity reads [43]:

∂µ〈jµa(t, x)X〉 ∼ −i
n∑
i=1

δ(t− ti)

−(Fa)i · 〈X〉
x− xi

+
∑
k≥2

〈Y (k)
a 〉i(x1, . . .xn)

(x− xi)k

 (3.8)

where the yet unknown correlators 〈Y (k)
a 〉i depend on the transformation properties of the

fields in the string-of-fields X and the transformation itself and ∼ denotes ‘modulo terms
holomorphic in x inside [. . .]’. We also use the shorthand x1 = (t1, x1). All the correlators
are time-ordered.

Let us now assume that the symmetry transformation (3.6) is associated to the follow-
ing conserved current operator:

kaµ = (J at , 0) . (3.9)

The corresponding Ward identity then is:

∂t〈J at (t, x)X〉 ∼ −i
n∑
i=1

δ(t− ti)

−(Fa)i · 〈X〉
x− xi

+
∑
k≥2

〈Y (k)
a 〉i(x1, . . .xn)

(x− xi)k


⇒ 〈J at (t, x)X〉 = −i

n∑
i=1

θ(t− ti)

−(Fa)i · 〈X〉
x− xi

+
∑
k≥2

〈Y (k)
a 〉i(x1, . . .xn)

(x− xi)k

 (3.10)
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where, following [43], the initial condition has been taken to be:

lim
t→−∞

〈J at (t, x)X〉 = 0 (3.11)

and as in 2D relativistic CFT [4], 〈J at (t, x)X〉 is assumed to be finite whenever x 6= {xi};
this condition makes the holomorphic terms inside [. . .] vanish in this Ward identity.

Similarly, if the conserved current:

jaµ = (J ax , −J at ) (3.12)

is associated to another internal symmetry transformation:

Φ(t, x)→ Φ̃(t, x) = Φ(t, x) + εa (Ga · Φ) (t, x) (3.13)

the corresponding Ward identity is:

〈(∂tJ ax (t, x)− ∂xJ at (t, x))X〉 ∼ −i
n∑
i=1

δ(t− ti)

−(Ga)i · 〈X〉
x− xi

+
∑
k≥2

〈Y (k)
a 〉i(x1, . . .xn)

(x− xi)k


(3.14)

Assuming the initial condition:

lim
t→−∞

〈J ax (t, x)X〉 = 0 (3.15)

and the finite-ness property of 〈J ax (t, x)X〉 for x 6= {xi}, this Ward identity together
with (3.10) lead us to:

〈J ax (t, x)X〉 = −i
n∑
i=1

θ(t− ti)

−(Ga)i · 〈X〉
x− xi

+
∑
k≥2

〈Z(k)
a 〉i(x1, . . .xn)

(x− xi)k
(3.16)

−(t− ti)

−(Fa)i · 〈X〉
(x− xi)2 +

∑
k≥2

k
〈Y (k)
a 〉i(x1, . . .xn)
(x− xi)k+1


Again, the correlators 〈Z(k)

a 〉i can not be determined without knowing the explicit internal
transformation properties of the fields in X.

For future references, we note the iε-form [43] of the Ward identities (3.10) and (3.16)
below with ∆x̃p := x− xp − iε(t− tp):1

i〈J at (t, x)X〉 = lim
ε→0+

n∑
i=1

−(Fa)i · 〈X〉
∆x̃i

+
∑
k≥2

〈Y (k)
a 〉i

(∆x̃i)k

 (3.17)

i〈J ax (t, x)X〉 = lim
ε→0+

n∑
i=1

−(Ga)i · 〈X〉
∆x̃i

+
∑
k≥2

〈Z(k)
a 〉i

(∆x̃i)k

−(t− ti)

−(Fa)i · 〈X〉
(∆x̃i)2 +

∑
k≥2

k
〈Y (k)
a 〉i

(∆x̃i)k+1

 (3.18)

1We hope the reader does not confuse the delta appearing in ∆x̃p with the conformal weight ∆. The ∆
appearing in the difference of coordinates would always appear with a coordinate.
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Thus, a general (possibly multi-component) 2D Carrollian conformal field Φ(t, x) has
the following OPEs (in the iε-form) with the current-vector components (∆x̃′ := x′ − x−
iε(t′ − t)):

iJ at (t′, x′)Φ(t, x) ∼ lim
ε→0+

[
. . .+ −(Fa · Φ)(t, x)

∆x̃′
]

(3.19)

iJ ax (t′, x′)Φ(t, x) ∼ lim
ε→0+

[
. . .+ −(Ga · Φ)(t, x)

∆x̃′ − (t′ − t)
(
. . .+ −(Fa · Φ)(t, x)

(∆x̃′)2

)]
(3.20)

where . . . represents higher order poles at x′ = x and ∼ denotes ‘modulo terms holomorphic
in x′ that have vanishing VEVs’.

In this work, we shall only consider currents with scaling dimension ∆ = 1. Comparing
the behavior of both sides of the OPEs (3.19) and (3.20) under dilatation, we then infer
that the scaling dimensions of the local fields Fa ·Φ and Ga ·Φ must be same as that of Φ.
Since this is true for any arbitrary local field Φ, we conclude that Fa · Φ and Ga · Φ must
be linear combinations of the components of the multi-component field Φ that ‘internally’
transforms under a bi-matrix representation of the global current symmetry algebra; all of
these components must have an equal scaling dimension. Our goal is to find this global
algebra and its infinite extension.

We now express Fa · Φ and Ga · Φ as explicit linear combinations:

(Fa · Φ)ii
′

= (taK)ij Φji′ ; (Ga · Φ)ii
′

= Φij′ (taJ) i
′

j′ (3.21)

where taJ and taK are just two matrices as of now. Later, we shall relate them to the
generators of the internal symmetry algebra.

3.3 Current-primary fields

In the operator formalism of a QFT, the conserved charge QA is the generator of an
infinitesimal symmetry transformation on the space of the quantum fields:

Φ̃(x)− Φ(x) = −iεA[QA , Φ(x)] (3.22)

In 2D Carroll CFT, the above generator equation for any conserved charge operator QA is
related to the following contour integral prescription involving an OPE [43]:2

QA = 1
2πi

∮
Cu

dx jtA(t, x) generates [QA ,Φ(t, x)] = 1
2πi

∮
x

dx′ jtA(t+, x′)Φ(t, x)

(3.23)
where t+ > t and the counter-clockwise contour Cu encloses the upper half-plane along
with the real line. The contour around x must not enclose any possible singularities of the
vector field.

2Section 5 of this reference contains a derivation.
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The conserved quantum charges Qat [g] and Qax[f ] of the respective currents (3.5a)
and (3.5b) are thus given by:

Qat [g] = 1
2πi

∮
Cu

dx g(x)J at (t, x) (3.24)

Qax[f ] = 1
2πi

∮
Cu

dx
[
f(x)J ax (t, x) + tf ′(x)J at (t, x)

]
(3.25)

The conserved charges of all flavors collectively induce the following infinitesimal changes
to a generic quantum field, as deduced from the OPEs (3.19) and (3.20):

−i
∑
a

εa [Qat [ga] , Φ(x)] =− 1
2π
∑
a

εa
∮
x

dx′ ga(x′)J at (t+,x′)Φ(t,x)

=
∑
a

εa [ga(x)(taK ·Φ)(t,x)+(h.d.t.)] (3.26)

−i
∑
a

εa [Qax[fa] , Φ(x)] =− 1
2π
∑
a

εa
∮
x

dx′
[
fa(x′)J ax (t+,x′)+ t+fa′(x′)J at (t+,x′)

]
Φ(t,x)

=
∑
a

εa
[
fa(x)(Φ · taJ)(t,x)+ tfa′(x)(taK ·Φ)(t,x)+(h.d.t.)

]
(3.27)

where h.d.t. denotes terms necessarily containing derivatives (of order at least 1) of ga(x)
and fa(x).

For the currents (3.9) and (3.12), we simply have f(x) = 1 = g(x). For any arbitrary
field Φ(t, x) this immediately leads to:

−i
∑
a

εa [Qat [1] , Φ(x)] =
∑
a

εa (taK · Φ) (t, x) (3.28a)

−i
∑
a

εa [Qax[1] , Φ(x)] =
∑
a

εa (Φ · taJ) (t, x) (3.28b)

Thus, the finite internal transformation that is generated by the charges {Qak[1]} is:

Φ(t, x)→ Φ̃(t, x) = e−i
∑

a
εaQa

t [1]Φ(t, x)ei
∑

a
εaQa

t [1] = e
∑

a
εataK · Φ(t, x) (3.29)

which is obtained by using the BCH lemma. Similarly, the charges {Qax[1]} generate the
following finite transformation:

Φ(t, x)→ Φ̃(t, x) = Φ(t, x) · e
∑

a
εataJ (3.30)

On the other hand, as derived from (3.26), an arbitrary field finitely transforms under
the action of the charges {Qat [ga]} as:

Φ(t, x)→ Φ̃(t, x) = e
∑

a
εaga(x)taK · Φ(t, x) + extra terms (3.31)

while (3.27) leads to the following finite action of the charges {Qax[fa]}:

Φ(t, x)→ Φ̃(t, x) = e
∑

a
εatfa′(x)taK · Φ(t, x) · e

∑
a
εafa(x)taJ + extra terms (3.32)
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In view of the above discussion, we emphasize that while a generic field transforms
covariantly under the action of the charges associated to the conserved currents (3.9)
and (3.12), that is not the case for the generic conserved currents (3.5a) and (3.5b). A
field that transforms covariantly (i.e. for which the extra terms in (3.31) and (3.32) vanish)
even under the action of the charges of any currents of the form (3.5a) and (3.5b) is called
a current-primary field. Consequently, there is no h.d.t. in (3.26) and (3.27) appropriate
for a current-primary field. This enables us to completely specify the pole structures of the
current-primary OPEs for a primary field Φ(t, x):

J at (t′, x′)Φ(t, x) ∼ lim
ε→0+

i
taK · Φ(t, x)

∆x̃′ (3.33)

J ax (t′, x′)Φ(t, x) ∼ lim
ε→0+

i

[
Φ(t, x) · taJ

∆x̃′ − (t′ − t) t
a
K · Φ(t, x)

(∆x̃′)2

]
(3.34)

that immediately imply the following Ward identities for a string X of primary fields:

〈J at (t, x)X〉 = lim
ε→0+

i
n∑
i=1

(taK)i · 〈X〉
∆x̃i

(3.35)

〈J ax (t, x)X〉 = lim
ε→0+

i
n∑
i=1

[
〈X〉 · (taJ)i

∆x̃i
− (t− ti)

(taK)i · 〈X〉
(∆x̃i)2

]
(3.36)

where (taJ)i and (taK)i denotes transformation-matrices appropriate for the i-th primary
field in X.

3.4 Current-current OPEs

To derive the current-current OPEs using the machinery just developed, we shall assume
that no field in the theory has negative scaling dimension with the identity being the only
field with ∆ = 0.

Under these assumptions, the OPEs between the EM tensor components were derived
using only symmetry arguments in [43]; the results are:

T tt(t′, x′)T tt(t, x) ∼ 0

T tx(t′, x′)T tt(t, x) ∼ lim
ε→0+

−i
[
−i cM

2
(∆x̃′)4 + 2T tt(t, x)

(∆x̃′)2 + ∂xT
t
t(t, x)

∆x̃′

]

T tt(t′, x′)T tx(t, x) ∼ lim
ε→0+

−i
[
−i cM

2
(∆x̃′)4 + 2T tt(t, x)

(∆x̃′)2 + ∂tT
t
x(t, x)

∆x̃′

]
(3.37)

T tx(t′, x′)T tx(t, x) ∼ lim
ε→0+

−i
[
−i cL

2
(∆x̃′)4 + 2T tx(t, x)

(∆x̃′)2 + ∂xT
t
x(t, x)

∆x̃′

−(t′ − t)
(
−2icM
(∆x̃′)5 + 4T tt(t, x)

(∆x̃′)3 + ∂tT
t
x(t, x)

(∆x̃′)2

)]
.

The constants cL and cM are the central charges of the 2D Carrollian conformal QFT.
We shall use the same technique to find the current-current OPEs below. Keeping in

mind that here we are dealing with currents with scaling dimension ∆ = 1, below we note
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the most general allowed form of the Jt−Jt OPE compatible with the general OPE (3.19):

J at (t′, x′)J bt (t, x) ∼ lim
ε→0+

i

[
Aab

(∆x̃′)2 + (taK · Jt)
b (t, x)

∆x̃′

]
(3.38)

where Aab is a field proportional to identity so that it has vanishing scaling dimension.
Clearly, (taK · Jt)

b (t, x) must have scaling dimension ∆ = 1. So, in a generic 2D CCFT,
(taK · Jt)

b must be a linear combination of {J ax ,J at }.
Correspondingly to the classical conservation equation ∂tJ at (t, x) = 0 , in the QFT we

should have:
J at (t′, x′)∂tJ bt (t, x) ∼ 0 ⇒ ∂t (taK · Jt)b (t, x) = 0 (3.39)

which means that {J ax } can not contribute to the linear combination (taK · Jt)
b.

Since the currents have scaling dimension ∆ = 1, they must satisfy the bosonic3

exchange property. For the J at (t, x) field, it is:

J at (t′, x′)J bt (t, x) = J bt (t, x)J at (t′, x′) (3.40)

This condition implies the following restrictions:

Aab = Aba and (taK · Jt)b = −
(
tbK · Jt

)a
(3.41)

Looking at (3.20), we write the allowed form of a Jx − Jt OPE:

J ax (t′,x′)J bt (t,x)∼ lim
ε→0+

i

[
Bab

(∆x̃′)2 + (Jt · taJ)b (t,x)
∆x̃′ −(t′− t)

(
2Aab

(∆x̃′)3 + (taK ·Jt)
b (t,x)

(∆x̃′)2

)]
(3.42)

where Bab are some constants. Now, we have the following restrictions:

J ax (t′,x′)∂tJ bt (t,x)∼ 0 =⇒ Aab = 0 and (taK ·Jt)b = 0 and ∂t (Jt · taJ)b (t,x) = 0
(3.43)

Thus, again {J ax } do not contribute to the linear combination (Jt · taJ)b.
On the other hand, from (3.19), we get the following Jt − Jx OPE:

J bt (t′, x′)J ax (t, x) ∼ lim
ε→0+

i

 Cba

(∆x̃′)2 +

(
tbK · Jx

)a
(t, x)

∆x̃′

 (3.44)

with Cab being constants. Using the following bosonic exchange property:

J bt (t′, x′)J ax (t, x) = J ax (t, x)J bt (t′, x′)

to compare the OPE (3.42) with (3.44), we get the following conditions:

Bab = Cba and (Jt · taJ)b = −
(
tbK · Jx

)a
(3.45)

which implies that {J ax } do not appear also in the linear combination
(
tbK · Jx

)a
.

3Since, as will be shown later, the currents are 2D CC primary fields with integer scaling dimension,
this statement is justified [43].
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Finally, we write the Jx − Jx OPE in accordance with the general form (3.20):

J ax (t′,x′)J bx (t,x)∼ lim
ε→0+

i

[
Dab

(∆x̃′)2 + (Jx · taJ)b (t,x)
∆x̃′ −(t′− t)

(
2Cab

(∆x̃′)3 + (taK ·Jx)b (t,x)
(∆x̃′)2

)]
(3.46)

from which, the bosonic exchange property:

J bx (t′, x′)J ax (t, x) = J ax (t, x)J bx (t′, x′)

leads to the following conditions:

Dab =Dba ; Cab =Cba (3.47)

(Jx · taJ)b =−
(
Jx · tbJ

)a
; (taK ·Jx)b =−

(
tbK ·Jx

)a
; ∂t (Jx · taJ)b = ∂x (taK ·Jx)b (3.48)

It can be readily checked that these conditions are compatible with the quantum versions
(in the OPE language) of the classical conservation laws (3.4).

We now explicitly write the allowed forms of the linear combinations appearing in the
above OPEs:

(Jt · taJ)b = (taK · Jx)b = F abcJ ct with F abc = −F bac,
(Jx · taJ)b = F abcJ cx +GabcJ ct with Gabc = −Gbac. (3.49)

Thus, the final forms of the current-current OPEs are:

J at (t′,x′)J bt (t,x)∼0

J ax (t′,x′)J bt (t,x)∼ lim
ε→0+

i

[
Cab

(∆x̃′)2 +F abcJ ct (t,x)
∆x̃′

]

J at (t′,x′)J bx (t,x)∼ lim
ε→0+

i

[
Cab

(∆x̃′)2 +F abcJ ct (t,x)
∆x̃′

]
(3.50)

J ax (t′,x′)J bx (t,x)∼ lim
ε→0+

i

 Dab

(∆x̃′)2 +

(
F abcJ cx+GabcJ ct

)
(t,x)

∆x̃′ −(t′−t)
(

2Cab

(∆x̃′)3 +F abcJ ct (t,x)
(∆x̃′)2

)
These OPEs imply that the currents themselves are not current-primary fields in general.

3.5 Global internal symmetry

All the correlation functions in the theory must be invariant under the global internal
transformations associated to which are the conserved currents (3.9) and (3.12). This fact
will put constraints on Cab and Dab, as we will now see.

We begin by noting the following 2-point correlators between the currents, from the
above OPEs: 〈

J at (t′, x′)J bt (t, x)
〉

= 0〈
J at (t′, x′)J bx (t, x)

〉
=
〈
J ax (t′, x′)J bt (t, x)

〉
= lim

ε→0+
i
Cab

(∆x̃′)2 (3.51)

〈
J ax (t′, x′)J bx (t, x)

〉
= lim

ε→0+
i

[
Dab

(∆x̃′)2 − (t′ − t) 2Cab

(∆x̃′)3

]
since the currents, with ∆ = 1, must have vanishing VEVs.
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Next, due to the global internal symmetry, an arbitrary n-point correlator in the theory
must satisfy:

n∑
i=1
〈Φ1(t1, x1) . . . (Φi · taJ) (ti, xi) . . .Φn(tn, xn)〉 = 0

n∑
i=1
〈Φ1(t1, x1) . . . (taK · Φi) (ti, xi) . . .Φn(tn, xn)〉 = 0

Thus the 2-point current correlators explicitly satisfy:〈
(Jx ·taJ)b(t1,x1)J cx (t2,x2)

〉
+
〈
J bx (t1,x1)(Jx ·taJ)c(t2,x2)

〉
=0

=⇒ F abdDdc+F acdDdb+GabdCdc+GacdCdb=0 and F abdCdc+F acdCdb=0 (3.52)

The analogues relations obtained from the invariance of the 3-point current correlators
are:

F abeF ecfCfd + F caeF ebfCfd + F adeF bcfCfe = 0

F abeF ecfDfd + F caeF ebfDfd + F adeF bcfDfe +
(
F abeGecf +GabeF ecf

)
Cfd

+
(
F caeGebf +GcaeF ebf

)
Cfd +

(
F adeGbcf +GadeF bcf

)
Cfe = 0 (3.53)

In what follows, we shall see that {F abc} and {Gabc} must also obey the following
constraints arising as the Jacobi identity of the infinite-dimensional Lie algebra of the
current-modes, which we had previously described in our initial algebraic description from
the contraction in (2.21) and also will derive independently later in this section (3.80):

F abeF ecd + F caeF ebd + F bceF ead = 0
F abeGecd +GabeF ecd + F caeGebd +GcaeF ebd + F bceGead +GbceF ead = 0 (3.54)

No new constraint for {F abc} and {Gabc} arises from the global internal invariance of
n-point current correlators for n ≥ 4 .

Upon comparison, we notice that (3.53) reduces to (3.54) if we choose:

Dab = −ik1δ
ab and Cab = −ik2δ

ab with k2 6= 0 (3.55)

In that case, F abc and Gabc are anti-symmetric in all indices, as seen from (3.52).

3.6 EM tensor-current OPEs

We now show under the assumption that no field in the theory has negative scaling dimen-
sion with the identity field being the only one with ∆ = 0 , that the currents J ax (t, x) and
J at (t, x) must transform as a rank- 1

2 primary multiplet under 2D CC transformations.
From [43], we recall the OPEs of a general 2D CC (multi-component) field Φ(l)(t, x)

having scaling dimension ∆, Carrollian boost-charge ξ and boost rank l with the EM tensor
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components:

T tx(t′, x′)Φ(l)(t, x) ∼ lim
ε→0+

−i
[
. . .+

∆Φ(l)(t, x)
(∆x̃′)2 +

∂xΦ(l)(t, x)
∆x̃′

−(t′ − t)

. . .+ 2
(
ξ · Φ(l)

)
(t, x)

(∆x̃′)3 +
∂tΦ(l)(t, x)

(∆x̃′)2


T tt(t′, x′)Φ(l)(t, x) ∼ lim

ε→0+
−i

. . .+
(
ξ · Φ(l)

)
(t, x)

(∆x̃′)2 +
∂tΦ(l)(t, x)

∆x̃′

 (3.56)

The defining feature of 2D CC primary fields is the vanishing of the higher order poles in
the above OPEs that leads to:

T tx(t′, x′)Φ(l)(t, x) ∼ lim
ε→0+

−i
[

∆Φ(l)(t, x)
(∆x̃′)2 +

∂xΦ(l)(t, x)
∆x̃′

−(t′ − t)

2
(
ξ · Φ(l)

)
(t, x)

(∆x̃′)3 +
∂tΦ(l)(t, x)

(∆x̃′)2


T tt(t′, x′)Φ(l)(t, x) ∼ lim

ε→0+
−i


(
ξ · Φ(l)

)
(t, x)

(∆x̃′)2 +
∂tΦ(l)(t, x)

∆x̃′

 (3.57)

Now, along with the above assumption, the classical time-independence of the field J at
restricts the general OPE (3.56) to the following form:

T tt(t′, x′)J at (t, x) ∼ lim
ε→0+

−i
[

Aa1
(∆x̃′)3 + (ξ · J at ) (t, x)

(∆x̃′)2

]
(3.58)

where the field Aa1 is proportional to the identity field. Similarly, we write the most general
allowed form of the following OPE from (3.56):

T tx(t′,x′)J at (t,x)∼ lim
ε→0+

−i
[

Aa2
(∆x̃′)3 +J

a
t (t,x)

(∆x̃′)2 +∂xJ at (t,x)
∆x̃′ −(t′−t)

{
3Aa1

(∆x̃′)4 +2(ξ·J at )(t,x)
(∆x̃′)3

}]
(3.59)

with Aa2 being another constant. But, the quantum counterpart of the conservation
law (3.4) leads to:

T tt(t′, x′)∂tJ at (t, x) ∼ 0 =⇒ ∂t (ξ · J at ) (t, x) = 0,
T tx(t′, x′)∂tJ at (t, x) ∼ 0 =⇒ Aa1 = 0 and ξ · J at = 0. (3.60)

The OPEs for J ax (t, x) may have the most general form given below:

T tt(t′, x′)J ax (t, x) ∼ lim
ε→0+

−i
[

Aa3
(∆x̃′)3 + (ξ · J ax ) (t, x)

(∆x̃′)2 + ∂tJ ax (t, x)
∆x̃′

]
(3.61)

with the conservation law (3.4) forcing:

∂t (ξ · J ax ) (t, x) = 0. (3.62)
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The remaining one OPE is given below:

T tx(t′, x′)J ax (t, x) ∼ lim
ε→0+

−i
[

Aa4
(∆x̃′)3 + J

a
x (t, x)

(∆x̃′)2 + ∂xJ ax (t, x)
∆x̃′ (3.63)

−(t′ − t)
(

3Aa3
(∆x̃′)4 + 2 (ξ · J ax ) (t, x)

(∆x̃′)3 + ∂tJ ax (t, x)
(∆x̃′)2

)]

where Aa3 and Aa4 are constants. From the quantum version of (3.4), one then obtains:

T tx(t′, x′) [∂tJ ax (t, x)− ∂xJ at (t, x)] ∼ 0 =⇒ ξ · J ax = J at and Aa2 = Aa3 (3.64)

i.e. the currents J ax (t, x) and J at (t, x) transform under Carrollian boost as a rank- 1
2 mul-

tiplet with boost charge ξ = 1.
The OPEs for the currents then are:

T tt(t′, x′)J at (t, x) ∼ 0

T tx(t′, x′)J at (t, x) ∼ lim
ε→0+

−i
[

Aa3
(∆x̃′)3 + J

a
t (t, x)

(∆x̃′)2 + ∂xJ at (t, x)
∆x̃′

]

T tt(t′, x′)J ax (t, x) ∼ lim
ε→0+

−i
[

Aa3
(∆x̃′)3 + J

a
t (t, x)

(∆x̃′)2 + ∂tJ ax (t, x)
∆x̃′

]
(3.65)

T tx(t′, x′)J ax (t, x) ∼ lim
ε→0+

−i
[

Aa4
(∆x̃′)3 + J

a
x (t, x)

(∆x̃′)2 + ∂xJ ax (t, x)
∆x̃′

−(t′ − t)
(

3Aa3
(∆x̃′)4 + 2J at (t, x)

(∆x̃′)3 + ∂tJ ax (t, x)
(∆x̃′)2

)]

On the other hand, applying the bosonic exchange property between the currents and
the EM tensor components, we obtain:

J at (t′, x′)T tt(t, x) ∼ 0

J at (t′, x′)T tx(t, x) ∼ lim
ε→0+

−i
[
− Aa3

(∆x̃′)3 + J
a
t (t, x)

(∆x̃′)2

]

J ax (t′, x′)T tt(t, x) ∼ lim
ε→0+

−i
[
− Aa3

(∆x̃′)3 + J
a
t (t, x)

(∆x̃′)2

]
(3.66)

J ax (t′, x′)T tx(t, x) ∼ lim
ε→0+

−i
[
− Aa4

(∆x̃′)3 + J
a
x (t, x)

(∆x̃′)2 − (t′ − t)
(
− 3Aa3

(∆x̃′)4 + 2J at (t, x)
(∆x̃′)3

)]

Comparing these with (3.19) and (3.20), we immediately note the following:(
taK · T tt

)
(t, x) =

(
taK · T tx

)
(t, x) =

(
T tt · taJ

)
(t, x) =

(
T tx · taJ

)
(t, x) = 0 (3.67)

which implies that the EM tensor components actually transform under the singlet repre-
sentation of the global internal symmetry algebra.

Next we look at the consequences of the global internal symmetry on the 2-point
correlators between the currents and the EM tensor components to find possible constraints
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on Aa3 and Aa4. It suffices to consider the following:〈
(Jx · taJ)b (t1, x1)T tx(t2, x2)

〉
+
〈
J bx (t1, x1)

(
T tx · taJ

)
(t2, x2)

〉
= 0 =⇒ Aa3 = Aa4 = 0

(3.68)
Causing the vanishing of the poles of appropriate orders in the OPEs (3.65), we finally
conclude, comparing with (3.57), that:

the currents tranform as a 2D CC primary multiplet of rank-12 with ∆ = ξ = 1 .

Thus, the currents have the following infinitesimal 2D CC transformation property
under (3.1), as is obtained using the prescription (3.23) for the corresponding conserved
currents (3.3):

−iGxJ at (t, x) = −[f(x)∂x + f ′(x)]J at (t, x) ; −iGtJ at (t, x) = 0
−iGtJ ax (t, x) = −g(x)∂tJ ax (t, x)− g′(x)J at (t, x) (3.69)
−iGxJ ax (t, x) = −[f(x)∂x + tf ′(x)∂t + f ′(x)]J ax (t, x)− tf ′′(x)J at (t, x)

As an aside, from (3.66) we note down below the infinitesimal internal transforma-
tion properties of the EM tensor components, generated by the conserved charges of the
currents (3.5a) and (3.5b):

−iGJT tt(t, x) = −fa′(x)J at (t, x) ; −iGKT tt(t, x) = 0 (3.70)
−iGKT tx(t, x) = −ga′(x)J at (t, x) ; −iGJT tx(t, x) = −fa′(x)J ax (t, x)− tfa′′(x)J at (t, x)

3.7 The algebra of modes

The EM tensor components have the following mode-expansions:

T tt(t,x)=−i
∑
n∈Z

x−n−2Mn; T tx(t,x)=−i
∑
n∈Z

x−n−2 [Ln−(n+2) t
x
Mn] (3.71)

=⇒ Mn=i
∮
0

dx

2πi x
n+1 T tt(t,x); Ln=i

∮
0

dx

2πi
[
xn+1T tx(t,x)+(n+1)xnt T tt(t,x)

]
(3.72)

In [43], it was shown from the EM tensor OPEs (3.37) that the EM tensor modes indeed
generate the centrally extended BMS3 algebra:

[Mn , Mm] = 0

[Ln , Mm] = (n−m)Mn+m + cM
12 (n3 − n)δn+m,0 (3.73)

[Ln , Lm] = (n−m)Ln+m + cL
12(n3 − n)δn+m,0

The infinitesimal 2D CC transformation properties of the currents are expressed in the
operator language [43] using the prescription (3.23) for the charges in (3.72):

[Ln ,J ax (t, x)] = [xn+1∂x + t(n+ 1)xn∂t + (n+ 1)xn]J ax (t, x) + t(n+ 1)nxn−1J at (t, x)
[Mn ,J ax (t, x)] = xn+1∂tJ ax (t, x) + (n+ 1)xnJ at (t, x) (3.74)
[Ln ,J at (t, x)] = xn+1∂xJ at (t, x) + (n+ 1)xnJ at (t, x) ; [Mn ,J at (t, x)] = 0
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Next, the classical conservation laws (3.4) imply the following space-time dependence
of the fields {J at } and {J ax }:

∂tJ at (t, x) = 0 =⇒ J at (t, x) = J at (x)
∂tJ ax (t, x) = ∂xJ at (x) =⇒ J ax (t, x) = t∂xJ at (x) +Ra(x)

with Ra(x) being arbitrary functions.
Guided by the above functional dependence and using the fact that the pair of the

fields J ax and J at forms a 2D CC primary rank- 1
2 multiplet with scaling dimension ∆ = 1,

we write down the mode-expansions following [43]:

J at (x) =
∑
n∈Z

x−n−1Ka
n ; J ax (t, x) =

∑
n∈Z

x−n−1
[
Jan − (n+ 1) t

x
Ka
n

]
(3.75)

Ka
n =

∮
Cu

dx

2πi x
nJ at (x) ; Jan =

∮
Cu

dx

2πi
[
xnJ ax (t, x) + nxn−1tJ at (x)

]
(3.76)

where the counter-clockwise contour Cu encloses the upper half-plane and the real line.
Comparing (3.76) with (3.24) and (3.25), we immediately see that:

Jan is the conserved charge of the current jaµ =
(
xnJ ax + tnxn−1J at , −xnJ at

)
Ka
n is the conserved charge of the current kaµ = (xnJ at , 0)

Thus, using the prescription (3.23) on the OPEs (3.33) and (3.34) we reach the definition
of a current primary field Φ(t, x) in the operator formalism (for any n ∈ Z):

[Ka
n ,Φ(t, x)] = ixn (taK · Φ) (t, x), (3.77a)

[Jan ,Φ(t, x)] = i
[
xn (Φ · taJ) + tnxn−1 (taK · Φ)

]
(t, x) (3.77b)

For the EM tensor components, the analogues commutation relations are found directly
from (3.70):

[Ka
n , T

t
t(t, x)] = 0, [Jan , T tt(t, x)] = −inxn−1J at (t, x), [Ka

n , T
t
x(t, x)] = −inxn−1J at (t, x),

[Jan , T tx(t, x)] = −i
[
nxn−1J ax + tn(n− 1)xn−2J at

]
(t, x) (3.78)

Substituting the current mode-expansion (3.75) and EM tensor mode expansion (3.71) in
these operator relations, we obtain the cross-commutation relations between the modes of
the EM tensor and the currents:

[Ln , Jam] = −mJam+n ; [Mn , J
a
m] = −mKa

m+n = [Ln ,Ka
m] ; [Mn ,K

a
m] = 0 (3.79)

Similarly, from the current-current OPEs (3.50), using the condition (3.55) and the
current mode-expansion (3.75), we reach the Lie algebra of the current modes:

[Jan , Jbm] = iF abcJcn+m + iGabcKc
n+m + nk1δ

abδn+m,0

[Jan ,Kb
m] = iF abcKc

n+m + nk2δ
abδn+m,0 ; [Ka

n ,K
b
m] = 0 (3.80)

The global internal symmetry is governed by the subalgebra of the zero-modes:

[Ja0 , Jb0 ] = iF abcJc0 + iGabcKc
0 ; [Ja0 ,Kb

0] = iF abcKc
0 ; [Ka

0 ,K
b
0] = 0 (3.81)

This is precisely the algebra we have obtained for the NL currents in (2.21).
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4 Sugawara construction

As is well known, in 2d CFT, the Sugawara construction is employed to construct (the
modes of) the energy momentum tensor in terms of (the modes of) the currents. In this
section, here we will attempt to construct a NL version of the Sugawara construction and
express Lm and Mm in terms of Jm and Km. We shall see that the Lm’s and Mm’s
constructed in such manner indeed satisfy the BMS algebra. Similar constructions have
been studied earlier in [44, 45].

4.1 Intrinsic construction from algebra

We begin here by assuming we have only the algebra of the NL currents, i.e.

[Jam, Jbn] = ifabcJcm+n +mk1δ
abδm+n,0, (4.1a)

[Jam,Kb
n] = ifabcKc

m+n +mk2δ
abδm+n,0, [Ka

m,K
b
n] = 0. (4.1b)

In the above, the sum over the group indices e.g. fabcJcm+n = ∑dim(ḡ)
c=1 fabcJcm+n is implied.

Comparing with (2.21), as stressed before, we work with the case where F abc = fabc, Gabc =
0. Let us first consider the zero modes of J and K. Putting n = m = 0 in (4.1), the algebra
for the zero modes become

[Ja0 , Jb0 ] = ifabcJc0 ; [Ja0 ,Kb
0] = ifabcKc

0 ; [Ka
0 ,K

b
0] = 0 (4.2)

Now let us look for quadratic Casimir operators for the above algebra. The possible
combinations are ∑

a

Ja0J
a
0 ,

∑
a

Ja0K
a
0 ,

∑
a

Ka
0J

a
0 ,

∑
a

Ka
0K

a
0 . (4.3)

Keeping in mind that Casimir operators must commute with all the generators, we can
exclude ∑a J

a
0J

a
0 since it does not commute with Ka

0[∑
a

Ja0J
a
0 ,K

b
0

]
= i

∑
a,c

fabc(JaKc +KcJa) 6= 0 (4.4)

All other combinations in (4.3) commute with all Ja0 ’s and Ka
0 ’s. Hence a generic Casimir

operator constructed from the zero modes of J and K will be a linear combination of the
above three combinations of Ja0 ’s and Ka

0 ’s. We therefore want to construct the zero level
generator L0,M0 from these combinations.

Since L0 and M0 are expected to be quadratic in terms of Jan ’s and Ka
n’s, we can write

down the following generic expression for them (The term ∑
JJ is excluded since we have

already seen that the term ∑
a J

a
0 J

a
0 does not contribute to the zero mode part of L0 and

M0)

L0 = α
∑
a,l,n

Jal K
a
n + β

∑
a,l,n

Ka
l J

a
n + ρ

∑
a,l,n

Ka
l K

a
n (4.5a)

M0 = µ
∑
a,l,n

Jal K
a
n + ν

∑
a,l,n

Ka
l J

a
n + η

∑
a,l,n

Ka
l K

a
n (4.5b)
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Now putting the conditions that

[L0, J
a
n ] = −nJan , [M0, J

a
n ] = −nKa

n

and looking at just the level of current generators on the r.h.s. , we can see that only
(l = −n) terms should contribute, so we obtain

L0 = α
∑
a,n

JanK
a
−n + β

∑
a,n

Ka
nJ

a
−n + ρ

∑
a,n

Ka
nK

a
−n = αX0 + βY0 + ρZ0 (4.6a)

M0 = µ
∑
a,l

Jal K
a
−l + ν

∑
a,l

Ka
l J

a
−l + η

∑
a,l

Ka
l K

a
−l = µX0 + νY0 + ηZ0 (4.6b)

Now take
Y0 =

∑
a,l

Ka
l J

a
−l =

∑
a,l

Ja−lK
a
l + k2

dimg
2

∞∑
l=−∞

l = X0 + c, (4.7)

where c is a (possibly infinite) constant. Since we always have the independence of redefin-
ing BMS generators by constant shifts, we can define level 0 BMS generators as

L0 ≡ L′0 = α+ β

2 (X0 + Y0) + ρZ0, M0 ≡M ′0 = µ+ ν

2 (X0 + Y0) + ηZ0. (4.8)

The normal ordering of the operators L0,M0 is achieved by individual normal ordering
of X0, Y0, Z0. We generalise the definition to the other BMS generators as (with normal
ordering)

Lm =
dimg∑
a=1

α+β

2

∑
l≤−1

(Jal Ka
m−l+Ka

l J
a
m−l)+

∑
l>−1

(Jam−lKa
l +Ka

m−lJ
a
l )

+ρ
∑
l

Ka
l K

a
m−l


Mm =

dimg∑
a=1

µ+ν

2

∑
l≤−1

(Jal Ka
m−l+Ka

l J
a
m−l)+

∑
l>−1

(Jam−lKa
l +Ka

m−lJ
a
l )

+η
∑
l

Ka
l K

a
m−l


(4.9)

Using the form of the BMS generators in (4.9), and substituting in the BMS-current cross
commutators, i.e.

[Lm, Jan ] = −nJam+n ; [Lm,Ka
n] = −nKa

m+n ; [Mm, J
a
n ] = −nKa

m+n, (4.10)

we obtain the following values for the coefficients

α+ β = 1
k2

; ρ = −k1 + 2Cg
2k2

2
; µ+ ν = 0 ; η = 1

2k2
. (4.11)

So we obtain the final form for our NL Sugawara construction

Lm= 1
2k2

dim(g)∑
a=1

∑
l≤−1

(Jal Ka
m−l+Ka

l J
a
m−l)+

∑
l>−1

(Jam−lKa
l +Ka

m−lJ
a
l )−(k1+2Cg)

k2

∑
l

Ka
l K

a
m−l


Mm= 1

2k2

dim(g)∑
a=1

∑
l

Ka
l K

a
m−l (4.12)
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As a check of the validity of the analysis, we compute the algebra of the L andM generators.
These satisfy the following algebra (see appendix B for detailed calculations)

[Lm, Ln] = (m−n)Lm+n+ dim(g)
6 (m3−m)δm+n,0 ; [Lm,Mn] = (m−n)Mm+n (4.13)

Hence, we see that by doing the NL Sugawara construction of NL currents, we can find
BMS algebra with

cL = 2dim(g), cM = 0. (4.14)

Non-zero cM . We can obtain a non-zero cM with a slight modification to the Sugawara
construction presented above. In case of Virasoro algebra with additional symmetries, we
can define new Virasoro generators [46] as

L̃n = LSn + inθajan + 1
2kθ

2δn,0 (4.15)

where LSn is the Virasoro generators obtained from Sugawara construction and θ = θata

is a vector belonging to the Lie algebra with generators ta. It can be showed that (see
appendix C) if Ln satisfy Virasoro algebra with central charge c then L̃n will satisfy Virasoro
algebra with shifted central charge c̃ where

c̃ = c+ 12kθ2. (4.16)

In case of NL Kac-Moody algebra, inspired by this, we introduce the following redefinitions

L̃n = LSn + inθaJan + 1
2k1θ

2δn,0

M̃n = MS
n + inθaKa

n + 1
2k2θ

2δn,0 (4.17)

where LSn and MS
n are given by (4.9). This redefinition will give us the following algebra

(see appendix C)

[L̃m, L̃n] = (m− n)L̃m+n + cL
12(m3 −m)δn+m,0

[L̃m, M̃n] = (m− n)M̃m+n + cM
12 (m3 −m)δn+m,0 (4.18)

where the central charges are given by

cL = 2dim(g) + 12k1θ
2

cM = 12k2θ
2 (4.19)

Hence we can obtain the fully centrally extended BMS algebra.

4.2 Consistency with OPEs

We will recast the NL Sugawara construction in terms of the NL EM tensor that we
introduced in section 3 instead of the generators of the BMS: {Ln,Mn}. {Ln,Mn} are of
course modes of the NL EM tensor. Hence the calculations in this subsection provide a
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sanity check for our analysis making sure the various formulations are consistent with each
other.

The NL Sugawara construction gave us (4.12). We now normal order the products to
rewrite this as

Ln = 1
2k2

∑
l,a

(
: Jal Ka

n−l : + : Ka
l J

a
n−l : −k1 + 2Cg

k2
: Ka

l K
a
n−l :

)

Mn = 1
2k2

∑
l,a

: Ka
l K

a
n−l :

(4.20)

Here, : Al : is a shorthand for normal ordered products. Now substituting (4.20) in (3.71)
and rearranging the terms, we get uv to xt

Tu(u, v) = 1
2k2

∑
a

[[
(J auJ av )(u, v) + (J av J au )(u, v)

]
− k1 + 2Cg

k2
(J av J av )(v)

]
Tv(v) = 1

2k2

∑
a

(J av J av )(v)
(4.21)

Here (. . . ) means normal ordered products of fields, which can be expressed in terms of
contour integrals. Here we are using u, v coordinates instead of x, t of section 3 because
this construction applies to both Galilean and Carrollian CFTs, because of the similarity
between the 2 theories mentioned in the introduction. So by substituting u→ x, v → t or
u→ t, v → x, we can obtain the Galilean or Carrollian theory expressions, respectively.

So (4.21) gives the field expression for the NL Sugawara construction. For the modified
Sugawara construction as defined in (4.17), the EM tensor fields turn out to be (by doing
the mode expansion using the new generators)

T̃u(u, v) = Tu(u, v)− iθa∂vJ au (u, v)− iθaJ
a
u (u, v)
v

− iθauJ
a
v (v)
v2 + 1

2
k1θ

2

v2 + uk2θ
2

v3

T̃v(v) = Tv(v)− iθa∂vJ av (v)− iθaJ
a
v (v)
v

+ 1
2
k2θ

2

v2

(4.22)

where, Tu(u, v), Tv(u, v) refers to the quantities in (4.21), i.e. the normal NL Sugawara
construction expressions.

T − J OPE. Now, for a consistency check of our analysis so far, we will rederive the
OPEs from the above definitions of the NL Sugawara construction. We begin with the T-J
OPEs. Taking the definitions as in (4.21) and contracting with the currents, we get the
following expressions (See appendix D for detailed calculation):

Tv(u1, v1)J bv (u2, v2) ∼ regular

Tu(u1, v1)J bv (u2, v2) ∼ J
b
v (u2, v2)
v2

12
+ ∂vJ bv (u2, v2)

v12
+ . . .

Tv(u1, v1)J au (u2, v2) ∼ J
a
v (u2, v2)
v2

12
+ ∂vJ av (u2, v2)

v12
+ . . .

Tu(u1, v1)J au (u2, v2) ∼ J
a
u (u2, v2)
v2

12
+ ∂vJ au (u2, v2)

v12
+ u12
v2

12
∂uJ au (u2, v2)

+ 2u12
v12

(J av (u2, v2)
v2

12
+ ∂vJ av (u2, v2)

v12

)
+ . . .

(4.23)
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Which are equivalent to the [Lm, Jan ] type commutation relations given in (2.21). Clearly
these relation satisfy the OPE relations (3.66) that the currents and the EM tensors of a
theory are supposed to satisfy.

T − T OPE. Next we use the definition of the Sugawara construction to compute the
T-T type OPEs. Doing the calculations (see appendix D for detailed Calculations), we get,

Tu(u1, v1)Tu(u2, v2) ∼ 2Tu(u2, v2)
v2

12
+ ∂vTu(u2, v2)

v12
+ u12
v2

12
∂uTu(u2, v2)

+ 2u12
v12

(2Tv(u2, v2)
v2

12
+ ∂vTv(u2, v2)

v12

)
+ dim(g)

v4
12

+ . . .

Tu(u1, v1)Tv(u2, v2) ∼ 2Tv(u2, v2)
v2

12
+ ∂vTv(u2, v2)

v12
+ . . . (4.24)

Tv(u1, v1)Tv(u2, v2) ∼ regular

These results (4.24) match with the OPEs of the energy momentum tensors of a 2d
Carrollian or Galilean CFT, as given in (3.37). So, the NL Sugawara construction re-
ally gives the EM tensors of a 2d NL CFT (proved both at algebra level and now
at field level). Also from the OPE expressions, we can verify the earlier results of
cL = 2dim(g), cM = 0 obtained earlier. Again if we start with the modified Sugawara
construction (4.22), we can obtain same OPE relations as above, but with modified central
charges cL = 2dim(g) + 12k1θ

2, cM = 12k2θ
2. To see this, let’s look at, for example, the

T̃u(u1, v1)T̃v(v2) OPE and focus our attention to a specific term

T̃u(u1, v1)T̃v(v2) ∼ −θaθb∂vJ au (u1, v1)∂vJ av (v2) + · · · ∼ −θ2∂v1∂v2
k2
v2

12
+ · · · ∼ 6k2θ

2

v4
12

+ . . .

Matching the above expression with (3.37), we can see cM = 12k2θ
2. Similarly we can

obtain the other shifted central charge.

5 Tensionless string as NLKM

The tensionless limit of string theory is the limit that is diametrically opposite to the
usual point particle limit where known supergravity appears from strings. This limit that
explores the very strong gravity regime and, when quantized, the very highly quantum and
highly stringy regime of string theory. In this section, we explore how this is connected
to the NLKM structures we have discussed in this paper. We will see that the currents
satisfying the U(1) NLKM algebra come up intrinsically when we are looking at tensionless
strings propagating in flat spacetimes.

As is very well known, the action for a tensile relativistic string propagating in a flat
d-dimensional spacetime is given by the Polyakov action:

SP = T

∫
d2ξ
√
γγαβ∂αX

µ∂βX
νηµν . (5.1)

In order to take the tensionless limit, it is helpful to work with the phase space action of
string. One can then systematically take the limit [] and the resulting action can be cast
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in a Polyakov like form, which we will call the ILST action after the authors:

SILST =
∫
d2ξ V αV β∂αX

µ∂βX
νηµν . (5.2)

Here Xµ are the coordinates in the background flat space ηµν which are scalar fields on
the worldsheet parametrized by ξa = σ, τ . The worldsheet metric γαβ degenerates in the
limit and the following replacement is made:

T
√
γγαβ → V αV β , (5.3)

where V α is a vector density. The action is invariant under worldsheet diffeomorphisms and
hence one needs to fix a gauge. It is helpful to go to the equivalent of the conformal gauge

V α = (v, 0). (5.4)

There is some symmetry left over even after this gauge fixing. In the usual tensile string,
the residual symmetry gives two copies of the Virasoro algebra and the appearance of
a 2d CFT on the worldsheet is the central reason why we understand string theory as
well as we do. Now in the tensionless case, the residual gauge symmetry that appears on
the worldsheet is the BMS3 algebra. This now dictates the theory of tensionless strings.
The reason behind the appearance of the BMS algebra is that the tensionless string
in flat spacetimes is actually a null string. This is the string equivalent of a massless
point particle which is constrained to travel on a null geodesic of the ambient spacetime.
The string sweeps out a worldsheet which is null and since there are no mass terms, the
resulting action has to have conformal Carrollian symmetry in d = 2 or equivalently BMS3.

Now, let us connect to our discussion in this paper. In the favourable conformal
gauge (5.4), the equations of motion and constraints arising from (5.2) take the form

EOM: Ẍµ = 0 ; Constraints: Ẋ2 = 0 , Ẋ.X ′ = 0. (5.5)

A convenient form of the solution is given by

Xµ(σ, τ) = xµ +
√

2c′
(
Jµ0 σ +Kµ

0 τ + i
∑
n 6=0

1
n

(Jµn − inτKµ
n)e−inσ

)
(5.6)

Here σ, τ are the coordinates on the cylinder, which are related to the planar Non-
Lorentzian coordinates as

u = e−iσ ; v = −τe−iσ (5.7)

The periodic condition Xµ(σ+ 2π, τ) = Xµ(σ, τ) forces us to have Jµ0 = 0. From (5.6), we
obtain

Jµτ = ∂σX
µ =
√

2c′
∑
n

(Jµn − inτKµ
n)e−inσ, Jµσ = −∂τXµ = −

√
2c′
∑
n

Kµ
ne
−inσ (5.8)

Clearly the currents in (5.8) satisfy similar relations as (3.4), i.e.

∂τJ
µ
σ = 0 ; ∂τJ

µ
τ + ∂σJ

µ
σ = 0. (5.9)
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If we canonically quantise the system by demanding [Xµ(τ, σ),Πν(τ, σ′)] = iδ(σ − σ′)ηµν ,
we obtain the following relations for the current modes

[Jµm, Jνn ] = [Kµ
m,K

ν
n] = 0 ; [Jµm,Kν

n] = 2mδm+n,0η
µν (5.10)

Clearly, the current modes for the same spacetime index µ follow a special case of U(1) NL
Kac-Moody algebra (look at (2.21) for comparison), with k(µν)

1 = 0, k(µν)
2 = 2ηµν .

Next if we look into the (classical) energy momentum tensor of this theory, their mode
expansion coefficients are given by

Ln = 1
2
∑
m

JµmK
ν
n−mηµν ; Mn = 1

4
∑
m

Kµ
mK

ν
n−mηµν . (5.11)

This matches classically with the relation (4.12) for the NL Sugawara construction with

k1 = 0, k2 = 2. (5.12)

Note that Cg = 0 for U(1) algebra. The generators in (5.11) satisfy the (centreless) BMS3
algebra, which is expected as the action (5.2) has BMS symmetry as a residual gauge
symmetry.

Thus we can see that the Non-Lorentzian U(1) Kac-Moody algebra and the associated
NL Sugawara construction come up in the theory of tensionless or null strings propagating
on a flat background geometry. An outstanding question is what happens when we look
at the propagation of null strings on arbitrary curved manifolds. These can be viewed
as group manifolds and there will be the NL equivalent of a Wess-Zumino-Witten model
appearing for tensionless strings in this context. We expect that the non-abelian NLKM
algebras explored in this work would naturally appear on these NL WZW models. This is
work in progress and we hope to report on this in the near future.

6 Non-Lorentzian Knizhnik Zamolodchikov equations

In usual Lorentzian Kac-Moody algebras, the Knzhnik-Zamolodchikov equations are the
linear differential equations that are satisfied by the correlation functions of these CFTs
endowed with additional affine Lie symmetry. In this section, we write down the non-
Lorentzian analogues of these KZ equations based on our construction of the NLKM algebra
and its representations in this paper.

In what follows, we will outline the steps to get to the NL Knizhnik Zamolodchikov
equations. The details of the calculation are presented in a separate appendix E.

We begin with the OPE definition of BMS primary field (3.57) and obtain

∂uΦ(u′, v′) = −
∮
v′

dv

2πi

∮
u′

du

2πi(u− u
′)−1Tv(u, v)Φ(u′, v′) = −

∮
v′

dv

2πiTv(v)Φ(u′, v′)

∂vΦ(u′, v′) =
∮
v′

dv

2πi

∮
u′

du

2πi(u− u
′)−1Tu(u, v)Φ(u′, v′) =

∮
v′

dv

2πiTu(u′, v)Φ(u′, v′)
(6.1)
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Next, we take the correlation function of a string of primary fields as shown below

〈∂uΦ(u, v)Φ1(u1, v1) . . .Φn(un, vn)〉 = 〈∂uΦ(u, v)X({ui, vi})〉

=
∮
v

dv′

2πi〈Tv(u
′, v′)Φ(u, v)X({ui, vi})〉

=
∮
v

dv′

2πi〈
1

2k2

(
(J av J av )(u′, v′)

)
Φ(u, v)X({ui, vi})〉

and use relations (3.57), (6.1) to finally get the following expression (details in appendix E)

〈∂uΦ(u, v)X({ui, vi})〉 = − 1
k2

(∑
j

taR,K ⊗ taRj ,K

(v − vj)

)
〈Φ(u, v)X({ui, vi})〉 (6.2)

which can be written as(
∂ui + 1

k2

∑
j 6=i

taRi,K
⊗ taRj ,K

(vi − vj)

)
〈Φ1(u1, v1) . . .Φn(un, vn)〉 = 0. (6.3)

This is one of the Non-Lorentzian Knizhnik Zamolodchikov equations.
Similarly we can start with

〈∂vΦ(u,v)Φ1(u1,v1)...Φn(un,vn)〉=〈∂vΦ(u,v)X({ui,vi})〉

=
∮
v

dv′

2πi〈Tu(u′,v′)Φ(u,v)X({ui,vi})〉 (6.4)

=
∮
v

dv′

2πi〈
1

2k2

(
(J av J au )(u′,v′)+(J auJ av )(u′,v′)−k1+2Cg

k2
(J av J av )(u′,v′)

)
Φ(u,v)X({ui,vi})〉

From here, we can proceed in the same way as appendix E to obtain the other equation(
∂vi−

1
k2

∑
j 6=i

1
(vi−vj)

dimg∑
a=1

[(
taRi,J⊗t

a
Rj ,K+taRi,K⊗t

a
Rj ,J

)
+
(
ui−uj
vi−vj

−k1+2Cg
k2

)
taRi,K⊗t

a
Rj ,K

])
×〈ΦR1(u1,v1)ΦR2(u2,v2)...ΦRn(un,vn)〉=0 (6.5)

This above equation (6.5) is the second of the Non-Lorentzian Knizhnik Zamolodchikov
equations. The solutions to these two equations (6.3), (6.5) would give the correlation func-
tions of the underlying NLKM theory. For usual relativistic theories, the KZ equations are
difficult to solve in general, but one can do it for the four-point functions yielding a closed
solution in terms of hypergeometric functions. It would be instructive to check whether
something similar happens here. If one can find the solutions to the NLKM four point func-
tions, it would also be a nice exercise to check whether these can be arrived at as a limit of
the relativistic answers. This process of attempting to generate the non-Lorentzian answers
from the relativistic ones is something we outline in detail in the section that follows.

7 NLKM from contractions

In this section, we rederive various results we have obtained earlier in the paper through
a systematic limit on the algebraic structures obtained in the relativistic set-up. Before
moving to recovering the answers, we spend a bit of time understanding which limit is
appropriate for our purposes.
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7.1 A brief detour to representations of BMS

We said in the introduction that there were two distinct contractions that land us up on
the BMS3 algebra starting from two copies of the Virasoro algebra. One of them was
a Carrollian or ultra-relativistic limit (2.17), where there was a mixing of positive and
negative Virasoro modes creating the BMS generators, while the other was a Galilean or
non-relativistic (2.13), where no mixing took place. This mixing of modes is critical for the
understanding of the representations in the limit.

We begin with the Galilean contraction. In the parent relativistic CFT, the theory is
best described in terms of the highest weight representation. The states of the theory are
labelled by the zero modes:

L0|h, h̄〉 = h|h, h̄〉, L̄0|h, h̄〉 = h̄|h, h̄〉 (7.1)

There is a class of states called primary states which are annihilated by all positive modes:

Ln|h, h̄〉p = 0, L̄n|h, h̄〉p = 0, ∀n > 0. (7.2)

The Virasoro modules are built on these primary states by acting with raising operators
L−n. Now, looking back at the Galilean contraction (2.13), we see that

Ln = 1
2

(
Ln + 1

ε
Mn

)
, L̄n = 1

2

(
Ln −

1
ε
Mn

)
(7.3)

The 2d CFT primary conditions then boil down to:

L0|∆, ξ〉 = ∆|∆, ξ〉, M0|∆, ξ〉 = ξ|∆, ξ〉; Ln|∆, ξ〉p = 0, Mn|∆, ξ〉p = 0, ∀n > 0. (7.4)

In the above, the assumption is that the state |h, h̄〉 goes to the state |∆, ξ〉 in the limit. So
we see that highest weight states map to highest weight states in the Galilean contraction.
This analysis holds in a similar way when we consider the full NLKM algebra. We will be
using this for the analysis in the rest of the section.

But before we get there, let us point out why we are not using the Carroll limit (2.17)
for this purpose. In the Carroll contraction, we can read off

Ln = 1
2

(
Ln + 1

ε
Mn

)
, L̄n = 1

2

(
−L−n + 1

ε
M−n

)
(7.5)

The 2d CFT primary conditions in the Carroll limit become:

M0|M, s〉 = M |M, s〉, L0|M, s〉 = s|M, s〉, Mn|M, s〉 = 0, ∀n 6= 0. (7.6)

In the above, the state |h, h̄〉 in the Carroll limit becomes the state |M, s〉. This is clearly
not a highest weight state. The set of these states form what is called the induced repre-
sentation. The story is again similar for the full NLKM. In the analysis that follows, we
will not focus on the induced representations. It would be of interest to consider them in
future work.

We should stress however, that the answers we have obtained in the intrinsic Carrollian
form earlier are for highest weight representations. The Galilean limit would be an effective
way of reproducing these answers with a flip of space and time directions at the end of the
analysis.
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7.2 Contraction of the affine parameters

In this section we will establish the mode expansion of the NLKM currents (3.76) from
another approach, by doing a contraction of the original loop extended algebra. Starting
from the finite Lie algebra

[ja, jb] = ifabcjc ; [j̄a, j̄b] = ifabcj̄c (7.7)

we can define loop extended generators

jan = ja ⊗ zn ; j̄an = j̄a ⊗ z̄n, (7.8)

which satisfy
[jan, jbm] = ifabcjc ⊗ zn+m = ifabcjcn+m. (7.9)

Loop extended algebra obtained above admits a central extension to give us the current
algebra in (2.12). Now, we can do a contraction of the affine parameter as z = t+ εx and
z̄ = t− εx in the Galilean limit. We then obtain (keeping upto first order in ε),

jan = ja ⊗ (tn + nεxtn−1 + . . .) ; j̄an = j̄a ⊗ (tn − nεxtn−1 + . . .) (7.10)

Now we can define new contracted generators of the finite algebra as follows:

Ja = ja + j̄a ; Ka = ε(j̄a − ja) (7.11)

Above definition can be extended to general modes of J and K using (7.10),

Jan = lim
ε→0

(jan + j̄an) = Ja ⊗ tn − nKa ⊗ xtn−1 (7.12a)

Ka
n = lim

ε→0
ε(j̄an − jan) = Ka ⊗ tn (7.12b)

In this way, we get the structure of the power series expansion of J and K in terms of x
and t, which is the Galilean analog of (3.76), or identical upto the flip of temporal and
spatial directions.

If we define primary field φ(x, t) as a representation of the finite algebra, i.e. in terms
of the action of zero modes of the generators J and K,

[Ja0 , φ(x, t)] ≡ [Ja, φ(x, t)] = taJφ(x, t)
[Ka

0 , φ(x, t)] ≡ [Ka, φ(x, t)] = taKφ(x, t)
(7.13)

We can get the action of general modes using (7.12),

[Jan , φ(x, t)] = taJφ(x, t)⊗ tn − ntaKφ(x, t)⊗ xtn−1 ≡ tntaJφ(x, t)− nxtn−1taKφ(x, t)
[Ka

n, φ(x, t)] = taKφ(x, t)⊗ tn ≡ tntaKφ(x, t)
(7.14)

This definition of a primary field agrees with our earlier result (3.77).
This action of Jan and Ka

n on primary fields also appears when we draw motivation
from [41]. We can define the primary field as,

[Ja0 , φ(0, 0)] = taJφ(0, 0) ; [Ka
0 , φ(0, 0)] = takφ(0, 0) ,

[Jan , φ(0, 0)] = 0 ; [Ka
n, φ(0, 0)] = 0 ∀ n > 0.

(7.15)
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For n ≥ 0 and U = etL−1−xM−1 ,

[Jan , φ(x, t)] = [Jan , Uφ(0)U−1] = U [U−1JanU, φ(0)]U−1 (7.16)

Consider,

U−1JanU = e−tL−1+xM−1Jane
tL−1−xM−1

=
n∑
k=0

tk

k!
n!

(n− k)!J
a
n−k − nx

n−1∑
k=0

tk

k!
(n− 1)!

(n− k − 1)!K
a
n−k−1 (7.17)

where we have used the Baker-Campbell-Hausdorff(BCH) formula twice. Putting this back
in (7.16), we finally get,

[Jan , φ(x, t)] = U

(
n∑
k=0

tk

k!
n!

(n− k)! [J
a
n−k, φ(0)]− nx

n−1∑
k=0

tk

k!
(n− 1)!

(n− k − 1)! [K
a
n−k−1, φ(0)]

)
U−1

= (tntaJ − nxtn−1taK)φ(x, t) (7.18)

where only the terms corresponding to k = n and k = n − 1 survived respectively in the
first and the second sum because of (7.15). Similarly for Ka

n, we get,

[Ka
n, φ(x, t)] = U

(
n∑
k=0

tk

k!
n!

(n− k)! [K
a
n−k, φ(0)]

)
U−1 = tntaKφ(x, t) (7.19)

These results verify (7.14) again from a different perspective.

7.3 Contracting the Sugawara construction

In section 4.1, we constructed the BMS generators by taking quadratic products of the
NL currents and ended up with (4.12). In this subsection, we shall reproduce the same
from the Galilean limit of Sugawara construction for CFT. We start from the following
expression for virasoro modes Lm and L̄m in relativistic sugawara construction.

Lm = γ

dim(g)∑
a=1

∑
l≤−1

jal j
a
m−l +

∑
l>−1

jam−lj
a
l

 (7.20a)

L̄m = γ̄

dim(g)∑
a=1

∑
l≤−1

j̄al j̄
a
m−l +

∑
l>−1

j̄am−lj̄
a
l

 (7.20b)

where γ = 1
2(k + Cg)

, γ̄ = 1
2(k̄ + Cg)

and Cg = − 1
2dim(g)

∑
b,c

f bacf bcd (7.20c)

We can now take the Galilean limit by using the inverted version of relations (2.20) and
get the following form of Virasoro Generators by collecting the terms with same order in ε,

Lm = γ

4

(
Am −

Bm
ε

+ Cm
ε2

)
; L̄m = γ̄

4

(
Am + Bm

ε
+ Cm

ε2

)
(7.21)
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where,

Am =
dim(g)∑
a=1

∑
l≤−1

Jal J
a
m−l +

∑
l>−1

Jam−lJ
a
l (7.22a)

Bm =
dim(g)∑
a=1

{ ∑
l≤−1

(Jal Ka
m−l +Ka

l J
a
m−l) +

∑
l>−1

(Jam−lKa
l +Ka

m−lJ
a
l )
}

(7.22b)

Cm =
dim(g)∑
a=1

∑
l

Ka
l K

a
m−l (7.22c)

where we have employed the commutativity of K’s in order to write 1
ε2 term(Cm) as a sum

from l = −∞ to ∞. We can use (2.13) and the above relations to obtain:

Lm = 1
4

(
(γ + γ̄)Am −

(γ − γ̄)
ε

Bm + (γ + γ̄)
ε2

Cm

)
(7.23a)

Mm = −1
4

(
ε(γ − γ̄)Am − (γ + γ̄)Bm + (γ − γ̄)

ε
Cm

)
(7.23b)

Inverting the relations (2.20), we can write k and k̄ in terms of k1 and k2,

k = 1
2

(
k1 −

k2
ε

)
; k̄ = 1

2

(
k1 + k2

ε

)
(7.24)

Using the definitions of γ and γ̄ in (7.20) and using (7.24), we can write,

lim
ε→0

γ + γ̄

ε2
= −2(k1 + 2Cg)

k2
2

and lim
ε→0

γ − γ̄
ε

= − 2
k2

(7.25)

Hence, in limit ε→ 0 (7.23) can be written as,

Lm = 1
2k2

(
Bm −

(k1 + 2Cg)
k2

Cm

)
and Mm = 1

2k2
Cm (7.26)

which agrees with (4.12).
As we have already seen in the previous section that (4.12) satisfies BMS algebra with

central charges cL = 2dim(g) and cM = 0. This fact can also be verified using the following
definitions of central charges in the relativistic Sugawara construction,

c = kdim(g)
k + Cg

; c̄ = k̄dim(g)
k̄ + Cg

(7.27)

Using (7.27) and following similar steps as before using the (7.24), we can get the following,

cL = lim
ε→0

(c+ c̄) = lim
ε→0

{
dim(g)

( 1
2(k1 − k2

ε )
1
2(k1 − k2

ε ) + Cg
+

1
2(k1 + k2

ε )
1
2(k1 + k2

ε ) + Cg

)}
⇒ cL = 2dim(g) (7.28)

Similarly, we can get,
cM = lim

ε→0
ε(c̄− c) = 0 (7.29)
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These are the same values of central charges appeared in the L, M commutation relations
as we got in (4.13).

The modification we have done in order to get non-zero cM too can be retrieved from
contraction. For this, we can start from (4.15) and its conjugate. Now if we take the limit
in (2.20), we shall again retrieve the redefined Lns and Mns as we have seen in (4.17), and
the commutators will be same as (4.18) with central charges (4.19).

7.4 NLKZ equations from contraction

Finally, we show how to obtain the non-Lorentzian Knizhnik Zamolodchikov equations
from a limit of the ones for a 2d CFT with additional symmetry. Some of the details of the
analysis are contained in appendix F. We start with the original Knizhnik Zamolodchikov
equations:∂wi − 2γ

∑
j 6=i

∑
a(taRi

)ri
si

(taRj
)rj
sj

wi − wj

 〈. . . φsi
Ri

(wj) . . . φ
sj

Rj
(wj) . . .〉 = 0 (7.30a)

∂w̄i − 2γ̄
∑
j 6=i

∑
a(t̄aR̄i

)r̄i
s̄i

(t̄a
R̄j

)r̄j

s̄j

w̄i − w̄j

 〈. . . φ̄s̄i

R̄i
(w̄j) . . . φ̄

s̄j

R̄j
(w̄j) . . .〉 = 0 (7.30b)

where

(taRi
)ri
si

(taRj
)rj
sj 〈. . . φ

si
Ri

(wj) . . . φ
sj

Rj
(wj) . . .〉 = ((taRi

⊗ taRj
)〈. . . φRi(wj) . . . φRj (wj) . . .〉)ri,rj

(7.31)
Using the separability of the primary fields, Φr,r̄

R,R̄
(w, w̄) = φrR(w)⊗′ φ̄r̄

R̄
(w̄), we can write,

〈Φr1,r̄1
R1,R̄1

(w1, w̄1) . . .ΦrN ,r̄N

RN ,R̄N
(wN , w̄N )〉 = 〈φr1

R1
(w1) . . . φrN

RN
(wN )〉〈φ̄r̄1

R̄1
(w̄1) . . . φ̄r̄N

R̄N
(w̄N )〉

(7.32)
where the primed tensor product(⊗′) ensures independent action of operators on chiral and
anti-chiral sectors whereas the unprimed tensor product(⊗) ensures independent action on
ith and jth insertion in the n-point function.

Using the following linear combinations in limit ε→ 0,

(7.30a)× 〈φ̄r̄1
R̄1

(w̄1) . . . φ̄r̄N

R̄N
(w̄N )〉+ (7.30b)× 〈φr1

R1
(w1) . . . φrN

RN
(wN )〉 = 0

ε{(7.30a)× 〈φ̄r̄1
R̄1

(w̄1) . . . φ̄r̄N

R̄N
(w̄N )〉 − (7.30b)× 〈φr1

R1
(w1) . . . φrN

RN
(wN )〉} = 0 (7.33)

We get (shown in details in appendix F),[
∂ti−

1
k2

∑
j 6=i

{∑
a(taRi,J

⊗taRj ,K
+taRi,K

⊗taRj ,J
)

tij
+
(
xij
t2ij
− (k1+2Cg)

k2tij

)∑
a

(taRi,K⊗t
a
Rj ,K)

}]
×〈...ΦRi,R̄i

(xi,ti)...ΦRj ,R̄j
(xj ,tj)...〉=0[

∂xi + 1
k2

∑
j 6=i

∑
a(taRi,K

⊗taRj ,K
)

tij

]
〈...ΦRi,R̄i

(xi,ti)...ΦRj ,R̄j
(xj ,tj)...〉=0 (7.34)

where, taRi,J
= taRi

⊗′ Ī+ I⊗′ t̄a
R̄i

and taRi,J
= ε(I⊗′ t̄a

R̄i
− taRi

⊗′ Ī) in limit ε→ 0. The above
equations are same as what we got form intrinsic analysis i.e. (6.3) and (6.5), with t → v

and x→ u as its supposed to for a Galilean contracted result.
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8 Conclusions

8.1 Summary

In this paper we have explored aspects of Non-Lorentzian CFTs with additional Lie Alge-
braic symmetries. First we have reproduced the Non-Lorentzian Kač-Moody algebra by
taking singular limit from the Virasoro Kač-moody algebra.

After this we attempt to construct the same from intrinsic viewpoint without any
knowledge of the parent algebra. We see that 2d Carrollian Conformal symmetry allows
an infinite number of Noether currents. We then take a few pairs of conserved currents
(introducing flavour indices to distinguish them) satisfying the conditions for EM tensor
components in 2d Carrollian Conformal symmetry. After this we derive the Ward identities
associated with those conserved currents. We also derive OPEs of a general 2d Carrollian
Conformal field with the current. After this we find the conserved charge operators associ-
ated with these currents. The transformation generated by these charges on a generic field
is also derived. Here we first encounter the transformation matrices which we encounter
in relativistic CFT with Kac-Moody algebra. We introduce current primary fields which
turn out to be analogous to the Virasoro Kač-Moody primary fields. After this the current
OPEs are derived. While doing so, the structure constants emerge from the action of the
transformation matrices on the currents. After this, global internal symmetry is applied
on two point and three point correlation and it turns out that the structure constants we
have encountered while calculating the current OPEs satisfy Jacobi identity. After this
we derive the OPE between the Energy Momentum Tensor components and the current
components. Using all these OPEs we derive the algebra of the current modes and the
Energy Momentum tensor modes. The algebra transpire to be identical to the algebra
obtained from limits of Virasoro Kač-Moody algebra.

Later in the paper, we attempt to construct the EM tensor modes (which forms the
BMS algebra) from the current modes through Sugawara construction. Here we see that
the Sugawara construction only takes us to the BMS algebra with one of the central charges
to be zero. We needed another modification to the Sugawara construction in order to get
a fully centrally extended BMS algebra. Using the expression of the EM tensor modes in
terms of the current modes, we calculate the OPEs of EM tensor fields with themselves and
with currents and see that the OPEs thus derived matches with the OPEs in the earlier
section.

After this we have a brief look at the tensionless string. When we look at the mode
expansion of the coordinates (treating them as scalar fields), we see that the modes satisfy
a special case of Non Lorentzian U(1) Kac-Moody algebra. We also look at the expression
of modes of the classical energy momentum tensor in terms of these U(1) modes and see
that classically this matches with the expression we have earlier derived for Non-Lorentzian
Sugawara construction. Hence we see that U(1) NLKM currents are intrinsically present
in the tensionless string.

In section 6, we take a correlation function of a string of BMS current primary fields.
Using the OPE definition of the BMS primary field, we arrive at the Non-Lorentzian version
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of the Knizhnik Zamolodchikov equations. Finally, in section 7, we derive all the earlier
results by taking limits from the parent algebra.

8.2 Discussions and future directions

We mentioned in the introduction that our results in this paper lay the groundwork for a
large number of applications, most importantly to the construction of a holographic dictio-
nary for asymptotic flat spacetimes and also the understanding of tensionless strings. We
have built the underlying algebraic structures in this paper which would be of importance
to the quantum field theories that are at the heart of these problems.

One of the most important and immediate next steps is to construct a Non-Lorentzian
Wess-Zumino-Witten model that realises these symmetries. This would be central to the
understanding of tensionless null strings moving on arbitrarily curved manifolds. The work
on this is currently underway.

The tensionless limit of string theory on arbitrary backgrounds is intimately related to
this and as mentioned in the introduction, we wish to revisit the construction of [36] in the
light of our findings in this paper. We believe that this limit would lead to null tensionless
strings in AdS. This is to be contrasted with tensionless strings in AdS considered in
e.g. [47] and subsequent work in this direction, which are tensionless but not null. A better
understanding of the differences and perhaps similarities between the two approaches would
be important.

A generalisation of the methods outlined in this paper would be carried out for 3d
Carrollian and 3d Galilean theories. The structures are expected to remain similar for
the 3d Galilean theories, as the infinite dimensional structure of the algebra without the
extra currents remains intact when generalised to higher dimensions. But for Carrollian
theories, owing to the fundamental difference between BMS3 and BMS4, where one copy
of the Virasoro in the 3d case gets enhanced to two Virasoros in the 4d case and super-
translations develop two legs instead of one, the construction of the quantum field theories
with additional non-abelian currents would be more involved.
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A Carroll multiplets

In this appendix, we review the construction of Carrollian boost multiplets in two dimen-
sions.

In two space-time dimensions, the Carrollian boost (CB) transformation is defined as:
x→ x′ = x , t→ t′ = t+ vx ; or equivalently, as:(

x

t

)
−→

(
x′

t′

)
=
[
exp

(
0 0
v 0

)](
x

t

)
⇐⇒ xµ → x′

µ =
[
evB(2)

]µ
ν
xν (A.1)

with
B(2) :=

(
0 0
1 0

)
(A.2)

being the 2D representation of the CB generator B that is clearly not diagonalizable.
Taking a cue from the Lorentz covariance of Lorentz tensors, it was postulated in []

that a rank-n Carrollian Cartesian tensor field Φ with ‘boost-charge’ ξ transforms under
the Carrollian boost as:

Φµ1...µn(t, x) −→ Φ̃µ1...µn(t′, x′) =
[
e−ξvB(2)

]µ1

ν1
. . .
[
e−ξvB(2)

]µn

νn

Φν1...νn(t, x)

⇐⇒ Φ(t, x) −→ Φ̃(t′, x′) =
[
n⊗
i=1

e−ξvB(2)

]
Φ(t, x) = e

−ξv
n⊕

i=1
B(2)

Φ(t, x) (A.3)

where µi, νi are Carrollian space-time indices and for matrices, the left index denotes row
while the right one denotes column; repeated indices are summed over and, in (A.3), indices
are suppressed. It is to be noted that the up/down appearance of a tensor-index does not
matter; only the left/right ordering is important.

Clearly, the Carrollian Cartesian tensors defined above are decomposible. So, we now
construct indecomposible Carrollian multiplets from these tensors. We begin by recognizing
that:

B(2) = J−(l= 1
2 ) (A.4)

which is the lowering ladder operator in the SU(2) spin-1
2 representation. Thus,

n⊕
i=1

B(2)

in (A.3) can be decomposed into indecomposable representations of J− using the technique
of ‘addition of n spin-1

2 angular momenta’ in quantum mechanics, such that:

B(d) ≡ J−(l= d−1
2 ) (A.5)

It is evident that the representations B(d) of the classical CB generator are indecomposable
since their only generalized eigenvalue is 0 and it has geometric multiplicity 1. But, these
representations are reducible for d ≥ 2.

A multi-component field transforming under the d-dimensional representation of CB,
B(d), will be called a Carrollian multiplet of rank d−1

2 with d components, denoted by

Φm
(l= d−1

2 ) with m = 1− d
2 ,

3− d
2 , . . . ,

d− 1
2
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By treating the µ = t index as spin-1
2 up-state and the µ = x index as spin-1

2 down-state,
components Φm

(l) of a Carrollian multiplet arise precisely as such linear combinations (with
proper Clebsch-Gordon coefficients) of the components of a Cartesian tensor of an allowed
rank n that would appear while expanding the |l,m〉 states in an allowed |s1, s2, . . . , sn〉
basis (where |si〉 are Jz

( 1
2 ) eigenstates). So, as a linear combination of the components of a

rank-n Cartesian tensor, one can obtain multipltes of ranks: 0, 1, 2, . . . , n2 for even n and
1
2 ,

3
2 ,

5
2 , . . . ,

n
2 for odd n. As an example, we see how Carrollian multiplets of ranks 1

2 and
3
2 are constructed from a rank-3 Cartesian tensor:

Φ
3
2
( 3

2 )(t, x) := Φttt(t, x) Φ
1
2
( 3

2 )(t, x) := 1√
3

[
Φttx + Φtxt + Φxtt

]
(t, x)

Φ−
1
2

( 3
2 )(t, x) := 1√

3

[
Φtxx + Φxtx + Φxxt

]
(t, x) Φ−

3
2

( 3
2 )(t, x) := Φxxx(t, x)

Φ
1
2
( 1

2 )(t, x) := 1√
a2 + b2 + c2

[
aΦttx + bΦtxt + cΦxtt

]
(t, x) with a+ b+ c = 0

Φ−
1
2

( 1
2 )(t, x) := 1√

a2 + b2 + c2

[
aΦxxt + bΦxtx + cΦtxx

]
(t, x)

(As the tuple (a, b, c) in R3 lies on the plane a + b + c = 0 which is spanned by two basis
vectors, two linearly independent rank- 1

2 multiplets arise.)
A rank-l Carrollian multiplet with boost-charge ξ thus transforms under the 2l + 1

dimensional representation of the CB as:

Φm
(l)(t, x) −→ Φ̃m

(l)(t′, x′) =
[
e
−ξvJ−(l)

]m
m′

Φm′

(l) (t, x) (A.6)

After constructing the Carrollian multiplets from the Cartesian tensors as demon-
strated above, the components of the multiplets can always be redefined such that:

in (A.6), J−(l) is replaced by M(l) := sub-diag (1, 1, . . . , 1)2l+1 .

Hence, instead of the actual J−(l) matrix, only the indecomposable Jordan-block structure
is important for defining the CB transformation property of the Carrollian multiplets.

We conclude this appendix with the following observation. Since the finite dimensional
indecomposable representations of B are not symmetric (or Hermitian), one can start with:(

t

x

)
−→

(
t′

x′

)
=
[
exp

(
0 v
0 0

)](
t

x

)
⇐⇒ xµ → x′

µ =
[
e
vB′(2)

]µ
ν
xν

where

B′(2) :=
(

0 1
0 0

)
and follow the preceding argument to construct

B′(d) ≡ J+
(l= d−1

2 )
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which is the SU(2) raising ladder operator. But, as J+
(l) = (J−(l))

T, the raising and lowering
operators’ representation matrices are related to each other by the similarity transforma-
tion:

S = anti-diag (1, 1, . . . , 1)2l+1

and consequently, B and B′ furnish two equivalent representations of the CB generator.

B Calculation of Sugawara construction commutators

In this appendix, we provide the details of the calculation of commutators of the NLKM
algebra from the Sugawara construction.

Calculating [Mm, J
b
n].

[Mm, J
b
n] = 1

2k2

∑
a

∑
l

[Ka
l K

a
m−l, J

b
n] (Using (4.12))

= 1
2k2

∑
a

∑
l

(
[Ka

l , J
b
n]Ka

m−l +Ka
l [Ka

m−l, J
b
n]
)

= 1
2k2

∑
a

∑
l

{
(−i

∑
c

f bacKc
n+l − nk2δn+l,0δ

ab)Ka
m−l

+Ka
l (−i

∑
c

f bacKc
m+n−l − nk2δm+n−l,0δ

ab)
}

(Using (2.21))

= i

2k2

∑
a,c

∑
l

fabc
(
Kc
n+lK

a
m−l +Ka

l K
c
m+n−l

)
− nKb

m+n (∵ −f bac = fabc)

where we have omitted the limits in summation over a and c and it is understood that
it runs over 1 to dim(g). Now, ∑lK

c
n+lK

a
m−l = ∑

lK
c
m+n−lK

a
l simply by translating l.

Hence,
[Mm, J

b
n] = i

k2

∑
a,c

∑
l

fabcKa
l K

c
m+n−l − nKb

m+n (B.1)

Now, again using antisymmetry property of fabc∑
a,c

∑
l

fabcKa
l K

c
m+n−l =

∑
a,c

∑
l

fabcKa
m+n−lK

c
l

=
∑
a,c

∑
l

f cbaKc
m+n−lK

a
l

= −
∑
a,c

∑
l

fabcKa
l K

c
m+n−l

⇒
∑
a,c

∑
l

fabcKa
l K

c
m+n−l = 0 (B.2)

Hence, (B.1) can be written as,

[Mm, J
b
n] = −nKb

m+n (B.3)
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Calculating [Lm,Kb
n]. Again, using (4.12) and (2.21), we can get the following,

[Lm,Kb
n] = 1

2k2

∑
a

[ ∑
l≤−1

([Jal ,Kb
n]Ka

m−l +Ka
l [Jam−l,Kb

n])

+
∑
l>−1

([Jam−l,Kb
n]Ka

l +Ka
m−l[Jal ,Kb

n])
]

= 1
2k2

∑
a

[ ∑
l≤−1

{
i
∑
c

fabc(Kc
l+nK

a
m−l +Ka

l K
c
m+n−l) + k2lK

a
m−lδl+n,0δ

ab

+ k2(m− l)Ka
l δm+n−l,0δ

ab
}

+
∑
l>−1

{
i
∑
c

fabc(Kc
m+n−lK

a
l +Ka

m−lK
c
l+n)

+ k2(m− l)Ka
l δm+n−l,0δ

ab + k2lK
a
m−lδl+n,0δ

ab
}]

= i

k2

∑
a,c

∑
l

fabc(Kc
m+n−lK

a
l +Ka

m−lK
c
l+n)

+ 1
2k2

∑
a

∑
l

{
k2(m− l)Ka

l δm+n−l,0δ
ab + k2lK

a
m−lδl+n,0δ

ab
}

(B.4)

First term vanishes again because of the antisymmetry of f and commutativity of K’s.
Therefore,

[Lm,Kb
n] = −nKb

m+n (B.5)

Calculating [Lm, Jbn]. Following similar steps as before, we get,

[Lm, Jbn] = 1
2k2

∑
a

{ ∑
l≤−1

([Jal Ka
m−l, J

b
n] + [Ka

l J
a
m−l, J

b
n]) +

∑
l>−1

([Jam−lKa
l , J

b
n]

+ [Ka
m−lJ

a
l , J

b
n])
}
− (k1 + 2Cg)

k2
[Mm, J

b
n] (B.6)

First term can be simplified as,∑
a

∑
l≤−1

([Jal Ka
m−l, J

b
n] + [Ka

l J
a
m−l, J

b
n])

=
∑
a

∑
l≤−1

{
Jal [Ka

m−l, J
b
n] + [Jal , Jbn]Ka

m−l +Ka
l [Jam−l, Jbn] + [Ka

l , J
b
n]Jam−l

}

=
∑
a

∑
l≤−1

{
i
∑
c

fabcJal K
c
m+n−l + i

∑
c

fabcJcl+nK
a
m−l + i

∑
c

fabcKa
l J

c
m+n−l

+ i
∑
c

fabcKc
l+nJ

a
m−l − k2nJ

a
l δm+n−l,0δ

ab + k1lK
a
m−lδl+n,0δ

ab

+ k1(m− l)Ka
l δm+n−l,0δ

ab − k2nJ
a
m−lδl+n,0δ

ab
}

=
∑
l≤−1

{
i
∑
a,c

fabcJal K
c
m+n−l + i

∑
a,c

fabcJcl+nK
a
m−l + i

∑
a,c

fabcKa
l J

c
m+n−l

+ i
∑
a,c

fabcKc
l+nJ

a
m−l

}
− n

∑
l≤−1

(k2J
b
m+n + k1K

b
m+n)(δm+n−l,0 + δl+n,0) (B.7)
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Similarly, the second term looks like,∑
a

∑
l>−1

([Ka
m−lJ

a
l , J

b
n] + [Jam−lKa

l , J
b
n])

=
∑
l>−1

{
i
∑
a,c

fabcKa
m−lJ

c
l+n + i

∑
a,c

fabcKc
m+n−lJ

a
l + i

∑
a,c

fabcJam−lK
c
l+n

+ i
∑
a,c

fabcJcm+n−lK
a
l

}
− n

∑
l>−1

(k2J
b
m+n + k1K

b
m+n)(δm+n−l,0 + δl+n,0) (B.8)

Hence, we have,

[Lm, Jbn] = 1
2k2

[
i
∑
a,c

fabc
{ ∑

0≤l≤n−1
JclK

a
m+n−l −

∑
0≤l≤n−1

Ka
l J

c
m+n−l −

∑
0≤l≤n−1

Ka
m+n−lJ

c
l

+
∑

0≤l≤n−1
Jcm+n−lK

a
l

}]
− nJbm+n + 2Cg

k2
nKb

m+n

= 1
2k2

[
i
∑
a,c

fabc
{ ∑

0≤l≤n−1
[Jcl ,Ka

m+n−l] +
∑

0≤l≤n−1
[Jcm+n−l,K

a
l ]
}]

− nJbm+n + 2Cg
k2

nKb
m+n

= 1
2k2

[
− 2n

∑
a,c,d

fabcf cadKd
m+n + 2ik2

∑
a,c

∑
0≤l≤n−1

fabcδm+n,0δ
ab
]

− nJbm+n + 2Cg
k2

nKb
m+n

= −nJbm+n + n

k2
(2CgKb

m+n −
∑
a,c,d

fabcf cadKd
m+n)

= −nJbm+n

Hence, we have,
[Lm, Jbn] = −nJbm+n (B.9)

Calculating [Lm,Mn].

[Lm,Mn] = 1
2k2

∑
a

∑
l

(
[Lm,Ka

l ]Ka
n−l +Ka

l [Lm,Ka
n−l]

)

= 1
2k2

∑
a

∑
l

{
− lKa

m+lK
a
n−l − (n− l)Ka

l K
a
m+n−l

}
(Using (B.5))

= 1
2k2

∑
a

∑
l

{−(l −m)Ka
l K

a
n+m−l − (n− l)Ka

l K
a
m+n−l}

= (m− n) 1
2k2

∑
a

∑
l

Ka
l K

a
n+m−l

where , we have done the re-labelling l→ l −m in the second step. Hence, we get,

[Lm,Mn] = (m− n)Mm+n (B.10)
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Calculating [Lm, Ln]. It can be carried out in similar fashion by writing one of the L’s
in terms of J ’s and K’s using (4.12) and then using (B.5), (B.9) and (B.10), we can do the
following,

[Lm,Ln] = 1
2k2

∑
a

{ ∑
l≤−1

([Lm,Jal ]Ka
n−l+Jal [Lm,Ka

n−l]+[Lm,Ka
l ]Jan−l+Ka

l [Lm,Jan−l])

+
∑
l>−1

([Lm,Jan−l]Ka
l +Jan−l[Lm,Ka

l ]+[Lm,Ka
n−l]Jal +Ka

n−l[Lm,Jal ])
}

− (k1 +2Cg)
k2

[
Lm,

1
2k2

∑
l

Ka
l K

a
n−l

]

= 1
2k2

∑
a

{ ∑
l≤−1

(−lJam+lK
a
n−l+ lJal K

a
m+n−l− lKa

m+lJ
a
n−l+ lKa

l J
a
m+n−l)

+
∑
l>−1

(lJam+n−lK
a
l − lJan−lKa

m+l+ lKa
m+n−lJ

a
l − lKa

n−lJ
a
m+l)

}

−m(k1 +2Cg)
k2

1
2k2

∑
a

∑
l

Ka
l K

a
m+n−l−nLm+n (B.11)

Changing the index l → (l − m) in the negative terms in the curly brackets and then
simplifying, we can get,

[Lm,Ln] = 1
2k2

∑
a

{ ∑
l≤−1

m(Jal Ka
n+m−l+Ka

l J
a
m+n−l)+

∑
l>−1

m(Jan+m−lK
a
l +Ka

n+m−lJ
a
l )

+
m−1∑
l=0

(m− l)([Jal ,Ka
n+m−l]− [Jan+m−l,K

a
l ])
}

−m(k1 +2Cg)
k2

1
2k2

∑
a

∑
l

Ka
l K

a
m+n−l−nLm+n

= 1
2k2

∑
a

{m−1∑
l=0

(m− l)(k2lδm+n,0−k2(n+m− l)δm+n,0)
}

+(m−n)Lm+n (B.12)

which upon further simplification gives,

[Lm, Ln] = (m− n)Lm+n + dim(g)
6 m(m2 − 1)δm+n,0 (B.13)

Other commutation relations of type [Mm,K
b
n] and [Mm,Mn] vanish trivially because of

the vanishing [Ka
m,K

b
n] commutator.

C Modified Sugawara construction

In this appendix, we give details of the modified Sugawara construction. First we start
with the modified construction in the relativistic case and then explain the construction in
the non-Lorentzian case.
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We begin by calculating [L̃m, L̃n] with L̃m given in (4.15)

[L̃m, L̃n] =
[
LSm + imθajam + 1

2kθ
2δm,0,LSn + inθbjbn + 1

2kθ
2δn,0

]
= [LSm,LSn ] + inθb[LSm, jbn] + imθa[jam,LSn ]−mnθaθb[jam, jbn]

= (m− n)LSm+n − in2θbjbm+n + im2θajam+n −mnθaθb
(
ifabcjcm+n +mkδm+nδab

)
= (m− n)L̃m+n − i(m2 − n2)θajam+n −

1
2kθ

2(m− n)δm+n,0 + i(m2 − n2)θajam+n

− imnθaθbfabcjcm+n +m3kθ2δm+n,0 + c

12(m3 −m)δm+n,0

= (m− n)L̃m+n +
(
c

12 + kθ2
)

(m3 −m)δm+n,0

= (m− n)L̃m+n + c̃

12(m3 −m)δm+n,0 (C.1)

Here c̃ = c + 12kθ2. In the fifth line we have used the fact that θaθbfabc vanishes due to
antisymmetry of fabc over indices a and b, also the fact that nδm+n,0 = −mδm+n,0.

Now defining L̃ and M̃ as in (4.17) we would like to calculate [L̃m, L̃n] and [L̃m, M̃n].
The calculation of [L̃m, L̃n] will be exactly similar to that of [L̃m, L̃n], while that of [L̃m, M̃n]
will be as following

[L̃m,M̃n]=[LSm+imθaJam+ 1
2k2θ

2δn,0,M
S
n +inθbKb

n+ 1
2k2θ

2δn,0]

=[LSm,MS
n ]+imθa[LSm,Ka

n]+inθb[Jam,MS
n ]−mnθaθb[Jbm,Ka

n]

=(m−n)MS
m+n−in2θbKb

m+n+im2θaKa
m+n−mnθaθb

(
ifabcKc

m+n+mk2δm+nδab
)

=(m−n)MS
m+n−i(m2−n2)θaKa

m+n−
1
2k2θ

2(m−n)δm+n,0+i(m2−n2)θaKa
m+n

−imnθaθbfabcKc
m+n+m3k2θ

2δm+n,0

=(m−n)Mm+n+k2θ
2(m3−m)δm+n,0 (C.2)

Hence, just by doing a slight modification to the Sugawara construction we end up with
fully centrally extended BMS algebra with central charges given in (4.19).

D Details of OPE calculations

Calculation of T-J OPE. First consider

J av (u1,v1)
∑
b

(
(J buJ bv )(u2,v2)

)
=
∮
v2

dv′

v′−v2

∮
u2

du′

u′−u2

∑
b

[
J av (u1,v1)J bu(u′,v′)J bv (u2,v2)+J bu(u′,v′)J av (u1,v1)J bv (u2,v2)

]

=
∮
v2

dv′

v′−v2

∮
u2

du′

u′−u2

∑
b

[
ifabc

J cv (u′,v′)J bv (u2,v2)
(v1−v′)

+k2δ
abJ bv (u2,v2)

(v1−v′)2 +J bu(u′,v′)×0
]

=
∮
v2

dv′

v′−v2

∮
u2

du′

u′−u2

[∑
b

ifabc
(J cvJ bv )(u2,v2)

(v1−v′)
+k2
J av (u2,v2)
(v1−v′)2

]

=
∑
b

ifabc
(J cvJ bv )(u2,v2)

v12
+k2
J av (u2,v2)

v2
12

(D.1)
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Similarly we get

J av (u1, v1)
∑
b

(
(J bvJ bu)(u2, v2)

)
=
∮
v2

dv′

v′ − v2

∮
u2

du′

u′ − u2

[∑
b

ifabc
(J bvJ cv )(u2, v2)

v12
+ k2

J av (u′, v′)
v2

12

]

=
∑
b

iF abc
(J bvJ cv )(u2, v2)

v12
+ k2

J av (u2, v2)
v2

12

(D.2)

Summing up (3.66) and (D.2), we see that the first terms in the expressions cancel each
other due to the antisymmetry of the structure constant, so we get

J av (u1, v1)
∑
b

(
(J buJ bv )(u2, v2) + (J bvJ bu)(u2, v2)

)
= 2k2

J av (u2, v2)
v2

12

= 2k2

(J av (u1, v1)
v2

21
+ ∂vJ av (u1, v1)

v21

) (D.3)

Also it can be trivially shown that

J av (u1, v1)
∑
b

(
(J av J av )(u2, v2)

)
= 0 (D.4)

From (D.3) and (D.4), we can determine

Tv(u1, v1)J bv (u2, v2) ∼ regular

Tu(u1, v1)J bv (u2, v2) ∼ J
b
v (u2, v2)
v2

12
+ ∂vJ bv (u2, v2)

v12
+ . . .

(D.5)

Similarly we get

Tv(u1, v1)J au (u2, v2) ∼ J
a
v (u2, v2)
v2

12
+ ∂vJ av (u2, v2)

v12
+ . . .

Tu(u1, v1)J au (u2, v2) ∼ J
a
u (u2, v2)
v2

12
+ ∂vJ au (u2, v2)

v12
+ u12
v2

12
∂uJ au (u2, v2)

+ 2u12
v12

(J av (u1, v1)
v2

12
+ ∂vJ av (u2, v2)

v2
12

)
+ . . .

(D.6)

– 44 –



J
H
E
P
0
3
(
2
0
2
3
)
0
4
1

Calculation of T-T OPE. First consider

Tu(u1,v1)(J av J av )(u2,v2)

=
∮
v2

dv′

v′−v2

∮
u2

du′

u′−u2

(
Tu(u1,v1)J av (u,v)J av (u2,v2)+J av (u,v)Tu(u1,v1)v2,u2

)
=
∮
v2

dv′

v′−v2

∮
u2

du′

u′−u2

(J av (u,v)J av (u2,v2)
(v1−v′)2 + ∂v′J av (u,v)J av (u2,v2)

(v1−v′)

+ J
a
v (u,v)J av (u2,v2)

v2
12

+ J
a
v (u,v)∂v2J av (u2,v2)

v12

)
= 2(J av J av )(u2,v2)

v2
12

+
∮
v2

dv′

v′−v2

∮
u2

du′

u′−u2

(
∂v′ [(J av J av )(u2,v2)+(∂vJ av J av )(u2,v2)+ . . . ]

(v1−v′)

+ ∂v2 [(J av J av )(u2,v2)+(∂vJ av J av )(u2,v2)+ . . . ]
v12

)
= 2(J av J av )(u2,v2)

v2
12

+ ∂v(J av J av )(u2,v2)
v12

(D.7)

So we obtain

Tu(u1, v1)Tv(u2, v2) ∼ 2(J av J av )(u2, v2)
v2

12
+ ∂v(J av J av )(u2, v2)

v12
+ . . . (D.8)

Similarly, we can check
Tv(u1, v1)Tv(u2, v2) ∼ regular, (D.9)

and

Tu(u1, v1)Tu(u2, v2) ∼ 2Tu(u2, v2)
v2

12
+ ∂vTu(u2, v2)

v12
+ u12
v2

12
∂uTu(u2, v2)

+ 2u12
v12

(
2Tv(u2, v2)

v2
12

+ ∂vTv(u2, v2)
v12

)
+ dim(g)

v4
12

+ . . .

(D.10)

E K-Z equation in field theory approach

We start with

〈∂uΦ(u,v)Φ1(u1,v1)...Φn(un,vn)〉=〈∂uΦ(u,v)X〉

=−
∮
v

dv′

2πi〈Tv(u
′,v′)Φ(u,v)X〉

=−
∮
v

dv′

2πi
1

2k2
〈(J av J av )(u′,v′)Φ(u,v)X〉

=−
∮
v

dv′

2πi
1

2k2

∮
v′

dv′′

2πi
1

(v′′−v′)〈
(
J av (u′′,v′′)Φ(u,v)J av (u′,v′)+J av (u′′,v′′)J av (u′,v′)Φ(u,v)

)
X〉

−
∮
v

dv′

2πi
1

2k2
〈(J av J av Φ)(u,v)X〉+...

=−
∮
v

dv′

2πi
1

2k2

∮
v′

dv′′

2πi
1

(v′′−v′)〈
( tak

(v′′−v)Φ(u,v)J av (u′,v′)+ taK
(v′−v)J

a
v (u′′,v′′)Φ(u,v)

)
X〉+0

=I1+I2 (E.1)
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(Where, second line is (6.1), third line is the Non-Lorentzian Sugawara construction, fourth
line uses definition of normal ordering and the fact that OPE = contractions + normal
ordered product + . . . )

Now,

I1 = − tak
2k2

∮
v

dv′

2πi

∮
v′

dv′′

2πi
1

(v′′ − v′)(v′′ − v)〈Φ(u, v)J av (u′, v′)X〉

= − tak
2k2

∮
v

dv′

2πi
1

(v′ − v)〈Φ(u, v)J av (u′, v′)X〉

= tak
2k2

∑
j

∮
vj

dv′

2πi
1

(v′ − v)〈Φ(u, v)Φ1(u1, v1) . . .
(
J av (u′, v′)Φj(uj , vj)

)
. . .Φn(un, vn)〉

= 1
2k2

∑
j

∮
vj

dv′

2πi
taK ⊗ taK,j

(v′ − v)(v′ − vj)
〈Φ(u, v)Φ1(u1, v1) . . .Φj(uj , vj) . . .Φn(un, vn)〉

= 1
2k2

∑
j

taK ⊗ taK,j
(vj − v) 〈Φ(u, v)Φ1(u1, v1) . . .Φj(uj , vj) . . .Φn(un, vn)〉 (E.2)

(third line involves a change in contour) and similarly,

I2 = − tak
2k2

∮
v

dv′

2πi

∮
v′

dv′′

2πi
1

(v′′ − v′)(v′ − v)〈J
a
v (v′′, x′′)Φ(u, v)X〉

= 1
2k2

∑
j

taK ⊗ taK,j
(vj − v) 〈Φ(u, v)Φ1(u1, v1) . . .Φj(uj , vj) . . .Φn(un, vn)〉

= I1

(E.3)

Using the above two results,we get one of the Carrollian K-Z equations
(
∂ui + 1

k2

∑
j 6=i

taRi,K
⊗ taRj ,K

vij

)
〈Φ1(u1, v1) . . .Φn(un, vn)〉 = 0 (E.4)

The other equation can be obtained similarly.

F NL KZ equation as a limit

Taking the following linear combination of the equations (7.30a) and (7.30b),

(7.30a)× 〈φ̄r̄1
R̄1

(w̄1) . . . φ̄r̄N

R̄N
(w̄N )〉+ ((7.30b))× 〈φr1

R1
(w1) . . . φrN

RN
(wN )〉 = 0 (F.1)

gives us,∂wi+∂w̄i−2γ
∑
j 6=i

∑
a(taRi

⊗′Ī)ri,r̄i
si,s̄i

(taRj
⊗′Ī)rj ,r̄j

sj ,s̄j

wi−wj
−2γ̄

∑
j 6=i

∑
a(I⊗′t̄aR̄i

)ri,r̄i
si,s̄i

(I⊗′t̄a
R̄j

)rj ,r̄j

sj ,s̄j

w̄i−w̄j


×〈...Φsi,s̄i

Ri,R̄i
(wi,w̄i)...Φ

sj ,s̄j

Rj ,R̄j
(wj ,w̄j)...〉=0 (F.2)
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We have (wi, w̄i) = t± εx⇒ ∂wi = 1
2(∂ti + ∂xi

ε ); ∂w̄i = 1
2(∂ti −

∂xi
ε ) such that the Carrollian

limit is achieved by taking ε→ 0. Using these we get,

⇒

∂ti − 2
∑
j 6=i

X

 〈. . .Φsi,s̄i

Ri,R̄i
(xi, ti) . . .Φ

sj ,s̄j

Rj ,R̄j
(xj , tj) . . .〉 = 0 (F.3)

where(with tij = ti − tj and xij = xi − xj), we have,

X =
{

γ

tij + εxij

∑
a

(taRi
⊗′ Ī)ri,r̄i

si,s̄i
(taRj
⊗′ Ī)rj ,r̄j

sj ,s̄j
+ γ̄

tij − εxij

∑
a

(I ⊗′ t̄a
R̄i

)ri,r̄i
si,s̄i

(I ⊗′ t̄a
R̄j

)rj ,r̄j

sj ,s̄j

}
(F.4)

Inverting relations (1.11), we have,

taRi
⊗′ Ī = 1

2(taRi,J −
taRi,K

ε
) ; I ⊗′ t̄a

R̄i
= 1

2(taRi,J +
taRi,K

ε
) (F.5)

Hence,

X = 1
4
∑
a

{
γ

tij +εxij

(
taRi,J−

taRi,K

ε

)ri,r̄i

si,s̄i

(
taRj ,J−

taRj ,K

ε

)rj ,r̄j

sj ,s̄j

+ γ̄

tij−εxij

(
taRi,J +

taRi,K

ε

)ri,r̄i

si,s̄i

(
taRj ,J +

taRj ,K

ε

)rj ,r̄j

sj ,s̄j

}

= 1
4
∑
a

{
γ

tij +εxij

(
taRi,J⊗ t

a
Rj ,J−

1
ε

(taRi,J⊗ t
a
Rj ,K + taRi,K⊗ t

a
Rj ,J)

+ 1
ε2
taRi,K⊗ t

a
Rj ,K

)ri,r̄i;rj ,r̄j

si,s̄i;sj ,s̄j

+ γ̄

tij−εxij

(
taRi,J⊗ t

a
Rj ,J + 1

ε
(taRi,J⊗ t

a
Rj ,K + taRi,K⊗ t

a
Rj ,J)

+ 1
ε2
taRi,K⊗ t

a
Rj ,K

)ri,r̄i;rj ,r̄j

si,s̄i;sj ,s̄j

}
(F.6)

We introduce notation for convenience,∑
a

(taRi,A ⊗ t
a
Rj ,B)ri,r̄i;rj ,r̄j

si,s̄i;sj ,s̄j
= tijAB (where A,B = J,K) (F.7)

Therefore,

X = 1
4

{
γ

tij

(
1− εxij

tij
+ ε2

x2
ij

t2ij
+ . . .

)(
tijJJ −

1
ε

(tijJK + tijKJ) + 1
ε2
tijKK

)

+ γ̄

tij

(
1 + ε

xij
tij

+ ε2
x2
ij

t2ij
+ . . .

)(
tijJJ + 1

ε
(tijJK + tijKJ) + 1

ε2
tijKK

)}
⇒ X = 1

4tij

{
− (γ − γ̄)

ε
(tijJK + tijKJ) + γ + γ̄

ε2
tijKK)− xij

4t2ij
(γ − γ̄)

ε
tijKK

}
(F.8)

In limit ε→ 0 and using (7.25), we get,

⇒ X = 1
4tij

{ 2
k2

(tijJK + tijKJ)− 2(k1 + 2Cg)
k2

2
tijKK) + xij

4t2ij
2
k2
tijKK

}

⇒ X = 1
2k2

{(tijJK + tijKJ)
tij

+
(
xij
t2ij
− (k1 + 2Cg)

k2tij

)
tijKK

}
(F.9)
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Therefore, (F.1) can be finally written as( in limit ε→ 0),

⇒
[
∂ti−

∑
j 6=i

1
k2

{(tijJK+tijKJ)
tij

+
(
xij
t2ij
−(k1+2Cg)

k2tij

)
tijKK

}]
〈...Φsi,s̄i

xi,ti(xi,ti)...Φ
sj ,s̄j

Rj ,R̄j
(xj ,tj)...〉=0

⇒
[
∂ti−

1
k2

∑
j 6=i

{∑
a(taRi,J

⊗taRj ,K
+taRi,K

⊗taRj ,J
)ri,r̄i;rj ,r̄j

si,s̄i;sj ,s̄j

tij

+
(
xij
t2ij
−(k1+2Cg)

k2tij

)∑
a

(taRi,K⊗t
a
Rj ,K)ri,r̄i;rj ,r̄j

si,s̄i;sj ,s̄j

}]
〈...Φsi,s̄i

Ri,R̄i
(xi,ti)...Φ

sj ,s̄j

Rj ,R̄j
(xj ,tj)...〉=0

⇒
[
∂ti−

1
k2

∑
j 6=i

{∑
a(taRi,J

⊗taRj ,K
+taRi,K

⊗taRj ,J
)

tij
(F.10)

+
(
xij
t2ij
−(k1+2Cg)

k2tij

)∑
a

(taRi,K⊗t
a
Rj ,K)

}]
〈...ΦRi,R̄i

(xi,ti)...ΦRj ,R̄j
(xj ,tj)...〉=0

which is in agreement with (6.3).
Now,we consider another linear combination,

ε{(7.30a)× 〈φ̄r̄1
R̄1

(w̄1) . . . φ̄r̄N

R̄N
(w̄N )〉 − (7.30b)× 〈φr1

R1
(w1) . . . φrN

RN
(wN )〉} = 0 (F.11)

Again following similar steps as before,

⇒
(
∂xi − 2

∑
j 6=i

Y

)
〈. . .Φsi,s̄i

Ri,R̄i
(xi, ti) . . .Φ

sj ,s̄j

Rj ,R̄j
(xj , tj) . . .〉 = 0 (F.12)

where,

Y = ε

{
γ

tij +εxij

∑
a

(taRi
⊗′ Ī)ri,r̄i

si,s̄i
(taRj
⊗′ Ī)rj ,r̄j

sj ,s̄j
− γ̄

tij−εxij

∑
a

(I⊗′ t̄a
R̄i

)ri,r̄i
si,s̄i

(I⊗′ t̄a
R̄j

)rj ,r̄j

sj ,s̄j

}
(F.13)

Similar to what we did for X, we get an equation analogous to (F.8) using (F.5) and (F.7),

Y = ε

4

{
γ

tij

(
1− εxij

tij
+ ε2

x2
ij

t2ij
+ . . .

)(
tijJJ −

1
ε

(tijJK + tijKJ) + 1
ε2
tijKK

)

− γ̄

tij

(
1 + ε

xij
tij

+ ε2
x2
ij

t2ij
+ . . .

)(
tijJJ + 1

ε
(tijJK + tijKJ) + 1

ε2
tijKK

)}
(F.14)

Again using (7.25) and collecting the finite terms in the limit ε→ 0, we get,

Y = − 1
2k2

tijKK
tij

(F.15)

Putting back in (F.12),∂xi + 1
k2

∑
j 6=i

∑
a(taRi,K

⊗ taRj ,K
)

tij

 〈. . .ΦRi,R̄i
(xi, ti) . . .ΦRj ,R̄j

(xj , tj) . . .〉 = 0 (F.16)

which is in agreement with (6.5).
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