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1 Introduction

Feynman integrals are the universal building blocks of perturbative quantum field theory
(QFT) and of central importance to many areas of modern theoretical physics. Despite a lot
of progress over the last decades (see [1] for a recent review), the computation of Feynman
integrals still poses a bottleneck for precision computations in particle and gravitational
wave physics. Hence, the development of new methods for their computation will advance
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the precision physics program, while at the same time allowing to uncover new structures
underlying perturbative QFT.

Feynman integrals are generally divergent and need to be regularized, which is typically
done by introducing a dimensional regularization parameter ε [2]. The integrals are then
computed as a Laurent series around ε = 0. While this is a difficult task in general, many
different methods have been developed to tackle this problem (see, e.g., [1, 3]). Among the
most powerful techniques is the method of differential equations [4–6], which trades the
integration for the task of solving a system of first order differential equations. If one is
able to find a rotation into a distinguished basis, the so-called “canonical basis”, then the
solution of the differential equation is obtained in terms of iterated integrals [7]. The problem
of solving a Feynman integral then basically boils down to finding the rotation into the
canonical basis (and also an appropriate initial condition).

In the simplest cases the solutions to the canonical differential equation can be expressed
in terms of iterated integrals of dlog forms, which themselves often evaluate to multiple
polylogarithms (MPLs) [8–10].1 These cases are by now under good control, and there are
very general methods allowing one to tackle many such cases [12–15]. The general idea is
to normalize the integrals such that they have unit leading singularities [16], an important
property expected from the elements of the canonical basis [7, 17]. This requires computing
the maximal cuts of the integrals, which evaluate to algebraic functions in that case.

However, it has been known for a long time (cf., e.g., [18]) that there are Feynman
integrals which do not admit algebraic maximal cuts, and consequently are not expected to
admit a canonical differential equation in terms of dlog forms. While the maximal cuts of
such Feynman integrals cannot be evaluated in terms of algebraic functions, they can be
interpreted as periods of an algebraic variety [19]. It has indeed been very fruitful to leverage
geometric information to solve the associated Feynman integrals. Since the periods of the
underlying variety show up in the maximal cut, they are expected to play an important
role in the rotation to the canonical basis. However, in these cases much less is known
about how to find the canonical basis.

By now various geometries have been uncovered in the context of Feynman integrals,
see, e.g., [19] for a review. Feynman integrals with algebraic maximal cuts are associated with
the geometry of the Riemann sphere, and the simplest non-trivial geometry appearing is the
elliptic curve. Elliptic Feynman integrals have received a lot of attention over the last decade,
and many of the developed methods and uncovered structures of polylogarithmic Feynman
integrals have by now found a suitable generalization for elliptic Feynman integrals [20–24].
Also, function spaces generalizing the space of MPLs have been identified, including elliptic
multiple polylogarithms (eMPLs) [25–29] and iterated integrals of modular forms [30–33].
A canonical basis has been constructed in a variety of examples [34–50]. Whilst there are
no complete algorithms as for polylogarithmic integrals, methods have been developed and
applied to multiple non-trivial examples in a somewhat systematic fashion [42, 43, 51]. In the
many known examples of elliptic canonical differential equations, interesting structures and
patterns have been observed. For example, the entries of the canonical differential equation
matrix can often be identified as (quasi-) modular forms [32, 33, 36, 47, 48, 52], which is not

1There are some caveats here, see [11].
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only mathematically very appealing, but also of practical interest, because modular forms
are very well studied and can be evaluated numerically very efficiently. Over the last few
years, also the study of Feynman integrals associated with geometries beyond elliptic curves
have received a considerable amount of attention. These studies have mostly focused on
higher-dimensional generalizations in the form of Calabi-Yau varieties [33, 43, 47, 48, 51, 53–
75]. More recently, also one-dimensional geometries, in particular Riemann surfaces of higher
genus, have received an increasing amount of attention both from the QFT and string theory
perspectives [69, 76–83].

The construction of a canonical basis for a Feynman integral associated with a higher-
genus Riemann surface has not been achieved so far. The goal of this paper is to take a
first step in this direction. To this end, we will study three- and four-variable Lauricella
hypergeometric functions, which resemble the maximal cuts of Feynman integrals associated
with Riemann surfaces of genus two, such as the non-planar crossed box integral [76–78]. In
this case, the Riemann surfaces are always defined by hyperelliptic curves, and thus very
direct generalizations of the more familiar elliptic curves. We might therefore expect many of
the methods and structures observed for elliptic Feynman integrals to find a generalization
to hyperelliptic geometries. As the Lauricella functions resemble maximal cuts of Feynman
integrals, their differential equations resemble the diagonal block of the top sector in the
differential equation of a full Feynman integral, which is precisely the block directly associated
to the geometry. Understanding how to find the canonical rotation for this block is hence
one of the key steps in finding the rotation for the full family of Feynman integrals. The
goal of this paper is to explicitly construct such a rotation for the Lauricella functions in
question, generalizing the method of [43] to hyperelliptic curves. As already observed there,
this method may require the introduction of some new functions, which are not expressible
in terms of the periods of the geometry, but are rather integrals over the (quasi-)periods.
While it is in general a difficult task to determine which of these functions are independent
or might be expressible directly in terms of the periods, we show how recent results on the
structure of the twisted cohomology intersection matrix2 in the canonical basis can help
us to understand these functions.

While the differential equation matrices we construct are certainly ε-factorized, it is a
priori not clear that they are also canonical. We therefore provide further evidence for the
three-variable case by studying the modularity properties of the differential equation. We
show that the entries of the differential equation matrix can be identified as Siegel modular
forms, a higher-genus generalization of the more familiar (elliptic) modular forms, as well
as certain new functions defined as integrals over Siegel (quasi-)modular forms. This nicely
generalizes similar observations made for elliptic canonical differential equations.

The rest of this paper is structured as follows: in section 2 we will review the necessary
background on Feynman integrals, in particular the method of differential equations and
the notion of maximal cuts. We will showcase the method of [43] by applying it to Gauß’
hypergeometric 2F1 function with a certain choice of parameters, a prototype for the maximal
cut of an elliptic Feynman integral. In section 3, we will generalize Gauß’ hypergeometric

2Twisted cohomology is a mathematical framework for multivalued differential forms. See appendix A for a
brief introduction or [84] for more details.
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function to general Lauricella functions, and we will then review the necessary mathematical
basics on the geometry of hyperelliptic curves needed in the remainder of the paper. In
section 4 we construct the ε-factorized differential equations for the three- and four-variable
Lauricella functions associated with a hyperelliptic curve of genus two, generalizing the
method of [43]. In doing this we will in particular show how the recent results of [85] on
the structure of the intersection matrix in the canonical basis can be used in this process.
In section 5, we review the necessary basics of Siegel modular forms and then show how
these objects can be identified in the differential equation matrix. We will end the paper
by drawing our conclusions and discussing open questions and future directions in section 6.
Some additional information and technical details, including a brief review of intersection
theory as well as some more details on differentials on the hyperelliptic curve and their
expressions in Θ functions, are deferred to various appendices. We have also attached an
ancillary file with the arXiv submission of this paper, where various matrices, that are too
big to be displayed, are explicitly given.

2 Review: Feynman integrals, maximal cuts and differential equations

Since the main motivation for this paper is the computation of Feynman integrals with the
method of (canonical) differential equations, we briefly review these concepts in section 2.1
and then introduce maximal cuts in section 2.2, on which we will focus in the rest of the
paper. We will end the section in 2.3 with a review of the method of [43] for finding the
canonical differential equation by applying it to the example of a Gauß’ hypergeometric 2F1
function with a certain choice of parameters, that is a prototype for the maximal cut of an
elliptic Feynman integral. This example will furthermore serve as a stepping stone to the
hyperelliptic cases which we will study in section 4.

2.1 Feynman integrals and their differential equations

We consider families of Feynman integrals of the form

ID
ν ({pi · pj}, {m2

i }) = eLγEε
∫  L∏

j=1

dDℓj
iπD/2

 1∏m
j=1(q2

j −m2
j )νj

, (2.1)

where ν = (ν1, . . . , νm) is a vector of integers, L is the number of loops, γE = −Γ′(1) is the
Euler-Mascheroni constant and D is the spacetime dimension. The qj entering the propagators
are integer linear combinations of the loop momenta ℓk and the external momenta pk, and we
denote the internal (squared) masses by m2

j . These integrals are typically divergent and need
to be regularized. To this end, we use dimensional regularization [2], i.e., we will analytically
continue the space-time dimension D = d − 2ε away from some integer value d, and we
consider the Feynman integrals as Laurent expansions around ε = 0.

The Feynman integrals in a family can be organized in different sectors, defined by the
set of positive νi, i.e., the set of “active” propagators. This yields a partial ordering on the
Feynman integrals labeled by the vector of integers ν by considering ν ≥ ν ′, if νi ≥ ν ′i for all
i = 1, . . . ,m. The sector with all νi > 0, is referred to as the top sector.
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A given family of Feynman integrals possesses the structure of a finite-dimensional vector
space [86, 87]. A basis of this vector space is called a set of master integrals,

I(x, ε) = (I1(x, ε), . . . , IN (x, ε))T . (2.2)

Every member of the family can be expressed as a linear combination of master integrals.
We assume that the master integrals have been rescaled in such a way that they only
depend on dimensionless ratios of Lorentz invariants x = (x1, . . . , xr). There are various
methods to achieve the decomposition into master integrals, based on integration-by-part
(IBP) reduction [88–90] or methods from twisted cohomology [91–93].

An important consequence of the vector space structure of Feynman integrals is that
they satisfy first-order differential equations [4–6]. Explicitly, we can take the total derivative
of the vector of master integrals I(x, ε) with respect to the kinematical variables x and
re-express the result in the basis. We obtain in this way a differential equation of the form

dI(x, ε) = B(x, ε)I(x, ε) , (2.3)

where B(x, ε) is a matrix of one-forms with rational dependence on x and ε. If we organize
the master integrals according to the partial order on the sectors, the differential equation
matrix is block-triangular.

There is significant freedom in the choice of master integrals, and we can rotate the
basis into a new basis I ′(x, ε) via

I ′(x, ε) = R(x, ε)I(x, ε) . (2.4)

The new master integrals then satisfy the differential equation

dI ′(x, ε) = B′(x, ε)I ′(x, ε) , (2.5)

where the new differential equation matrix is related to the old one through a gauge trans-
formation,

B′(x, ε) = R(x, ε)B(x, ε)R−1(x, ε) + dR(x, ε)R−1(x, ε) . (2.6)

It is conjectured [7] that there always exists a rotation into a basis J(x, ε), such that the
master integrals satisfy an ε-factorized differential equation

dJ(x, ε) = εA(x)J(x, ε) . (2.7)

While there are examples of families of Feynman integrals that admit different bases satisfying
ε-factorized differential equations (see e.g., [94]), it is believed that there is a distinguished
one, the so-called canonical basis, which satisfies additional properties. For example, the
one-forms appearing in the differential equation matrix of the canonical basis are expected
to have at most logarithmic singularities [7]. In the simplest cases the canonical differential
equation matrix only contains dlog forms. These cases are under relatively good control.
There are well-understood methods and public codes to find the rotation to the canonical
form in many such cases [12–15]. Roughly speaking, the idea to find the canonical form is
to find a set of master integrals with unit leading singularities [16], as these integrals are
expected to evaluate to pure functions [17].

– 5 –
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Leading singularities are closely connected to maximal cuts. They can typically be
computed using residues and often evaluate to rational or algebraic functions. However,
there are also many cases where the maximal cuts cannot all be evaluated in terms of
algebraic functions. The concepts of leading singularity and pure functions are then less
clear (see, however, [20–22]). The maximal cuts (in the ε → 0 limit) are then typically
identified with the periods of an algebraic variety, which allows one to leverage geometric
approaches to study those integrals. Feynman integrals which admit purely algebraic maximal
cuts/leading singularities are associated with the geometry of the Riemann sphere, otherwise
they are associated to a non-trivial geometry admitting transcendental periods. The simplest
non-trivial geometry appearing in the maximal cut of a Feynman integral is the elliptic
curve, but also higher-dimensional generalizations in the form of Calabi-Yau varieties [33,
43, 47, 48, 51, 53–74], and other Riemann surfaces of higher genus [69, 76–78] have been
uncovered, see [19] for a recent review.

In the case of non-trivial geometries, our understanding of ε-factorized or canonical
differential equations is still very incomplete. Nonetheless, by now many examples are known
where an ε-factorized basis has been found even for Feynman integrals associated with non-
trivial geometries [34–51, 67, 75], and first methods have been developed that allow one to find
this basis in a somewhat algorithmic way [42, 43, 51]. In particular, the method of [43], builds
on earlier observations of [20] and is very similar in spirit to the leading singularity methods
for Feynman integrals associated with the Riemann sphere. The appropriate generalization of
the concept of leading singularity is the so-called semi-simple part of the period matrix of the
associated geometry. We will review this method in more detail in section 2.3. Note that this
method seems to always provide the particular ε-factorized form considered to be canonical
(e.g., it is seen to always have simple poles). For all examples that we have considered, this
criterion is fulfilled for the bases obtained with the method of [43].

The goal of this paper is to understand how to extend the method of [43], developed
to find the canonical basis for Feynman integrals associated with elliptic curves (and also
applied for Calabi-Yau geometries [43, 48–50, 75]), to certain algebraic curves of higher
genus, in particular hyperelliptic curves. For simplicity we will focus on the diagonal block of
the differential equation matrix corresponding to the top sector, which is associated to the
maximal cuts of the Feynman integral, that we will review in the next section.

2.2 Maximal cuts of feynman integrals

It can be shown that the homogeneous solution in a give sector of the differential equation (2.3)
is given by the maximal cuts of the master integrals in that sector [56, 95–97]. The maximal
cuts can in turn be obtained by putting all propagators on shell. This amounts to taking
residues or, said differently, to choosing a contour that encircles all poles coming from the
propagators. Such a contour is not necessarily unique, and there may be N independent
such contours.

A useful tool to compute maximal cuts is the so-called Baikov representation of a
Feynman integral,

Iν({pi·pj},{m2
i })=eLεγE

[detG(p1,...,pE)]
E+1−D

2

π
1
2 (nisp−L) [detC]∏L

j=1Γ
(

D−E+1−j
2

) ∫
C
dnispz [B(z)]

D−L−E−1
2

nisp∏
s=1

z−νs
s .

(2.8)
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The integration variables z = (z1, . . . , znisp) are given by propagators zi = q2
i −m2

i , and nisp
is the number of linearly independent scalar products involving the loop momenta. The
number of propagators may not be sufficient to express all irreducible scalar products. In
that case, one adds propagators and sets the powers νi = 0 for them. The Gram determinant
and the Baikov polynomial are defined as

detG(q1, . . . , qn) = det(−qi · qj) , and B(z) = detG (ℓ1, . . . , ℓL, p1, . . . , pE) . (2.9)

The determinant detC is independent of the integration variables zi and encodes the Jacobian
of the change of variables. The explicit form of the integration contour C will be irrelevant
in the following. For higher loop orders, it is often beneficial to compute the maximal cut
in the so-called loop-by-loop approach [96], i.e., to reparametrize one loop momentum at
a time. The integrand then contains a product of several Baikov polynomials raised to
some non-integer powers µi,

Iν({pi · pj}, {m2
i }) ∼

∫
C
dnisp−δz B1(z)µ1 . . .Bm(z)µm

m∏
s=1

z−νs
s ,

but with fewer integration variables than in the standard Baikov approach.
The maximal cuts can now be easily computed from the Baikov representation, by taking

the residues at all the poles zi = 0. This leads to an expression for maximal cuts of the form

MC
[
I1({pi · pj}, {m2

i })
]
∼
∫

γ
dm′

z B1(z)µ1 . . .Bm(z)µm

∣∣∣
z1,...,zm→0

with m′ = nisp − δ −m.

(2.10)

In dimensional regularization, the exponents µi are generally non-integer, resulting in a
multivalued integrand. Maximal cut integrals as in (2.10) then allow for an immediate
interpretation in the context of twisted cohomology, and we can apply results from twisted
cohomology to study maximal cuts. In [85, 98] it was discussed how the matrix of maximal cuts
can be interpreted as a twisted period matrix, allowing one to find bilinear relations between its
entries. Finally, twisted cohomology defines a scalar product on the integrands, the so-called
intersection pairing, and there are explicit methods for its computation [91, 92, 99–102] (see
also appendix A). In [85], it was shown that, as a consequence of self-duality and the bilinear
relations, in canonical bases the intersection matrix C, i.e., the matrix of all intersection
pairings between master integrands is expected to be a constant in all external variables, and
the ε-dependence factorizes into a scalar function. It is worth noting that this observation
aligns with results of [41, 103–106]. The fact that the intersection matrix should be constant
provides an easy-to-check criterion for being in canonical form. One of the goals of this paper
is to show that the constancy of the intersection matrix can also be used constructively.

2.3 Warm-up: elliptic hypergeometric 2F1-function

In this section we show how to find the canonical differential equation for certain classes of
Gauß’ hypergeometric functions. A canonical differential equation for this family was first
obtained in [36]. While the result of this section is thus not new, we discuss it in detail for two
reasons. First, it allows us to review the algorithm of [43], which will serve as a starting point

– 7 –
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to understand the canonical differential equations for the hyperelliptic cases in the subsequent
sections. Second, we will illustrate how we can constructively use the fact that the intersection
matrix is expected to be constant in a canonical basis to simplify some of the steps of this
algorithm. Gauß’ hypergeometric is the simplest example to illustrate this novel method.

Gauß’ hypergeometric function can be defined by the integral3

Lν(λ, ε) =
∫ ∞

λ
dxx−

1
2 +ν1+a1ε(x− 1)−

1
2 +ν2+a2ε(x− λ)−

1
2 +ν3+a3ε . (2.11)

Here ν = (ν1, ν2, ν3) is a vector of integers, a1, a2, a3 are some rational numbers, λ > 1 is a
parameter and ε is a generic parameter resembling the dimensional regulator. The exponents
are chosen in such a way that the integrand for ε = 0 is given by a rational function on
an elliptic curve E defined by

y2 = x(x− 1)(x− λ) . (2.12)

Gauß’ hypergeometric function resembles the maximal cut of an elliptic Feynman integral
in dimensional regularization. In the following we will assume some familiarity with elliptic
curves, and we refer to [1, 20, 28] for introductions in the physics literature.

To study the differential equations we need some initial choice of master integrals. It is easy
to check that the set of Lν forms a two-dimensional vector space, and we choose as its basis4

I0(λ, ε) = (L0,0,0(λ, ε),L1,0,0(λ, ε))T , (2.13)

Note that, since we are considering differential equations obtained by differentiating the
integrand and performing integration by parts, the integration contour chosen for the master
integrals plays no role (as long as all boundary term vanish). Hence, in the following we
will typically talk about master integrands and when we refer to the master integrals I, it is
understood that the integrands are integrated over some appropriate cycle γ.

Our choice of master integrands is motivated by the geometry of elliptic curves, since
for ε = 0 the two integrands reduce to the two differentials

ϖ1 = dx
y

and ϖ2 = xdx
y

. (2.14)

These differentials are a canonical choice for a basis of the first cohomology H1(E) of the
elliptic curve E , and they are typically classified into first and second kind, with the first kind
differential ϖ1 being holomorphic and the second kind differential ϖ2 being meromorphic
without residues. The master integrals satisfy the first-order differential equation,

dI0(λ, ε) = B(λ, ε)I0(λ, ε) = dλ
[
B(0)(λ) + εB(1)(λ)

]
I0(λ, ε) , (2.15)

with

B(0)(λ) =
(
− 1

2(λ−1)
1

2λ(λ−1)
− 1

2(λ−1)
1

2(λ−1)

)
, B(1)(λ) =

(
−a1−(λ−1)a3

λ(λ−1)
a1+a2+a3

λ(λ−1)
− a1

λ−1
a1+a2+a3

λ−1

)
. (2.16)

3Note that this differs from the usual integral representation of the hypergeometric function by a prefactor.
4This corresponds to choosing {1, x} as the basis of the twisted cohomology group H1

dR(X,∇Φ) with
X = C − {0, 1} and twist Φ(x) = x− 1

2 +a1ε(x − 1)− 1
2 +a2ε(x − λ)− 1

2 +a3ε.

– 8 –
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The boundary condition is easily obtained by noting that for λ = 1, the integral can be
evaluated in terms of Gamma functions,

Lν(1, ε) =
Γ(ν2 + ν3 + (a2 + a3)ϵ)Γ

(
1
2 − ν1 − ν2 − ν3 − (a1 + a2 + a3)ϵ

)
Γ
(

1
2 − ν1 − a1ϵ

) . (2.17)

We now show how to apply the algorithm of [43] to construct a basis J(λ, ε) =
R(λ, ε)I0(λ, ε) such that its differential equation is in canonical form.5 Central to this
method is the period matrix of the elliptic curve, defined as the 2 × 2 matrix formed by
integrating the two basis differentials ϖ1, ϖ2 over the two canonical cycles (γ1, γ2) = (a, b)
of the elliptic curve

P =
(∫

γj

ϖi

)
≡
(
ω1 ω2
η1 η2

)
. (2.18)

Here the second equality defines the periods ω1, ω2 and the quasi-periods η1, η2 as the integrals
of the first and second kind differentials, respectively, over the two cycles a, b. These are
(transcendental) functions of the parameter λ, but we will suppress this dependence in the
following for brevity. The two vectors (ω1, η1) and (ω2, η2) by definition satisfy the differential
equation (2.15) at ε = 0, i.e., the period matrix P is the corresponding Wronskian.

The periods and quasi-periods satisfy a quadratic relation, known as the Legendre relation,

ω1η2 − ω2η1 = −8πi . (2.19)

Following [20, 43], we split the period matrix into a semi-simple and a unipotent part,

P = S U =
(
ω1 0
η1

−8πi
ω1

)(
1 τ
0 1

)
, (2.20)

where we define the modular parameter τ = ω2/ω1. While the semi-simple part is only
required to be diagonalizable, the defining property of the unipotent part is that it satisfies a
first-order differential equation with nilpotent differential equation matrix. Note that the
semi-simple part only depends on the periods and quasi-periods defined on the a-cycle, with
all dependence on the b-cycle either removed by the Legendre relation or deferred to the
unipotent part in the form of the modular parameter.

The rotation to the canonical form can now be constructed in four simple steps [43].

Step 1: derivative basis. We will start by rotating from the geometrically motivated
basis I0(λ, ε) (which led to the simple Legendre relation (2.19)) to a derivative basis defined
by Id(λ, ε) = (L0,0,0(λ, ε), ∂λL0,0,0(λ, ε)). The derivative basis is related to the initial one
by a rotation

Id(λ, ε) = Rd(λ, ε)I0(λ, ε) , (2.21)

and the rotation matrix can easily be read off from the differential equation matrix in (2.16),

Rd(λ, ε) =
(

1 0
−λ+2ε(a1−(λ−1)a3)

2λ(λ−1)
1+2ε(a1+a2+a3)

2λ(λ−1)

)
. (2.22)

5We are only following the steps relevant for the maximal cut, the method of [43] also applies beyond this
case.
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Step 2: semi-simple rotation. The second step is the most crucial one. It consists of
rotating with the semi-simple part Sd of the period matrix, now however in the derivative basis,

Pd =
(
ω1 ω2
∂λω1 ∂λω2

)
. (2.23)

This can easily be related to the period matrix P defined above and yields for the semi-
simple part

Sd(λ) = Rd(λ, 0)S(λ) . (2.24)

We can now use this to change the basis

Iss(λ, ε) = Rss(λ)Id(λ, ε) , (2.25)

with Rss(λ) = Sd(λ)−1. After this rotation the diagonal elements are already ε-factorized,
while the upper right entry only has an ε0 part and the lower left entry has an ε2 part. The
new differential equation matrix then takes the form

Bss(λ, ε) = (dRss)R−1
ss + Rss Bd(λ, ε)R−1

ss (2.26)

=
(

0 •
0 0

)
+
(

0 0
• •

)
ε+

(
0 0
• 0

)
ε2 ,

where Bd(λ, ε) is the differential equation matrix obtained after Step 1 and the shaded
entries • indicate non-zero entries that are too large to display explicitly and/or whose
precise form is irrelevant for the discussion.

Step 3: rescaling with ε. The form of the differential equation matrix Bss(λ, ε) motivates
the third rotation, which is an ε-rescaling,

Iε(λ, ε) = Rε(ε)Iss(λ, ε) , (2.27)

with
Rε(ε) =

(
ε 0
0 1

)
. (2.28)

Now the full differential equation is ε-factorized, except for the lower left entry which has
an ε0 term. We find

Bε(λ, ε) = (dRε)R−1
ε + Rε Bss(λ, ε)R−1

ε

= B(0)
ε (λ) dλ + B(1)

ε (λ) ε dλ (2.29)

=
(

0 0
• 0

)
+
(

0 •
• •

)
ε ,

with the matrices explicitly given by

B(0)
ε (λ) =

(
0 0

p(λ) 0

)
, (2.30)

B(1)
ε (λ) =

 0 −4πi
λ(λ−1)ω2

1
a3(a1+a2+a3)ω2

1
4πi

(λ−1)a1+λa2+(2λ−1)a3
λ(λ−1)

 , (2.31)
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where p(λ) is a function quadratic in the (quasi-)periods

p(λ) = 1
8πi

[
a2 + a3
λ− 1 ω2

1 − (λ− 1)a1 + λa2 + (2λ− 1)a3
λ(λ− 1) ω1η1

]
. (2.32)

Step 4: integrating out. We can now achieve full ε-factorization by performing a final
rotation

J(λ, ε) = Rt(λ)Iε(λ, ε) , (2.33)

where we make an ansatz for the rotation matrix of the form

Rt(λ) =
(

1 0
t(λ) 1

)
, (2.34)

for some function t(λ) to be determined. Indeed, if t(λ) satisfies the differential equation

dt(λ) + p(λ)dλ = 0 , (2.35)

then the final basis J(λ, ε) satisfies an ε-factorized differential equation

dJ(λ, ε) = εA(λ)J(λ, ε) , (2.36)

with the differential equation matrix

A(λ) = dλ

 4πit(λ)
λ(λ−1)ω2

1

−4πi
λ(λ−1)ω2

1
2(1−2λ)t(λ)

λ(λ−1) + 3ω2
1

4πi +
4πit(λ)2

λ(λ−1)ω2
1

(4λ−2)ω2
1−4πit(λ)

λ(λ−1)ω2
1

 . (2.37)

In the previous equation we have let ai = 1 for brevity. We are then left with the task of
solving the differential equation for t(λ). This is achieved by integrating along some path,

tλ0(λ) = −
∫ λ

λ0
dλ′ p(λ′) , (2.38)

with the freedom in the choice of the base-point λ0 corresponding to the choice of integration
constant of the differential equation. This begs the question if there is a simple closed form for
tλ0(λ) in terms of periods and quasi-periods. In this particular case one can indeed explicitly
solve the integral, showing that tλ0(λ) can be expressed as a rational function in λ multiplied
by ω2

1 [33]. We will now show how tλ0(λ) can actually be found by solving only algebraic
equations, which will be very helpful when we study multivariable examples.

Our key tool is the fact that the intersection matrix should be constant when evaluated
in the canonical basis [85]. For maximal cuts (or hypergeometric functions), on which we are
focusing, we even know that in the canonical basis, the intersection matrix takes the form,

CJ = f(ε)∆ , (2.39)

for some rational function f(ε) and a matrix of rational numbers ∆. In practice, we compute
the intersection matrix C0 in the original basis I0. In our case, this is a simple algebraic task,
(see appendix A). The intersection matrix in the canonical basis J , related to the original
basis through the rotation J(λ, ε) = R(λ, ε)I0(λ, ε), is then given by

CJ (λ, ε) = R(λ, ε)C0RT (λ,−ε) . (2.40)
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If we now explicitly insert the rotation matrix constructed above

R(λ, ε) = Rt(λ)Rε(ε)Rss(λ)Rd(λ, ε) , (2.41)

we indeed find that the intersection matrix CJ , which depends on tλ0(λ), takes the simple form

CJ = ε

8π2

(
0 1
1 2tλ0(λ)−

((λ−1)a1+λa2+(2λ−1)a3)ω2
1

4πi

)
. (2.42)

This allows us to read off the function f(ε) from the entries not depending on the function
tλ0(λ), yielding

f(ε) = ε

π2 . (2.43)

Requiring that the intersection matrix CJ takes the form in (2.39) for some constant matrix
∆ imposes an algebraic equation for tλ0(λ), which can be easily solved by

tλ0(λ) =
1
8πi [(λ− 1)a1 + λa2 + (2λ− 1)a3]ω2

1 + q . (2.44)

Here q is an undetermined rational number. Since it appears as an additive constant, it can
be interpreted as the integration constant of the differential equation (2.35) or, equivalently,
as the choice of base-point λ0 in the formal solution (2.38). Hence, we have the freedom
to set this number to a convenient value, which we choose to be q = 0. It is easy to check
that the function (2.44) indeed solves the differential equation (2.35), and we have found
the ε-factorized differential equation

dJ(λ, ε) = εA(λ)J(λ, ε) , (2.45)

with

A(λ) = dλ

 (λ−1)a1+λa2+(2λ−1)a3
2λ(λ−1) − 4πi

λ(λ−1)ω2
1

− ((λ−1)2a2
1+2(λ−1)(λa2−a3)a1+(λa2+a3)2)ω2

1
16πiλ(λ−1)

(λ−1)a1+λa2+(2λ−1)a3
2λ(λ−1)

 . (2.46)

After solving the algebraic equation for tλ0(λ) we can in particular find the constant matrix
∆, which takes the simple form

∆ = 1
8K2 , (2.47)

where

KN =


0 0 ... 0 1
0 0 1 0
... ..

..
. ...

0 1 ... 0 0
1 0 0 0

 , (2.48)

is the so-called exchange matrix.
Note that the differential equation matrix (2.46) only contains the period ω1, i.e., the

quasi-period η1 has fully dropped out. This has an important consequence, which is revealed
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by changing variables from λ to the modular parameter τ = ω2/ω1. First, it is easy to show,
using the differential equation for ω1, ω2, that

dτ = − 4πidλ
λ(1− λ)ω2

1
. (2.49)

This is precisely the upper right entry of the differential equation matrix. Furthermore,
this gives the Jacobian of the change of variables, and so we can use τ as the variable in
equation (2.46), interpreting λ as a function λ(τ), known as the modular lambda function,
which can be expressed in terms of (even) Jacobi theta functions [107]

λ(τ) = θ3(τ)4

θ2(τ)4 . (2.50)

Also the period ω1 can be written as a function of the modular parameter in terms of a
Jacobi theta function (cf., e.g., [107, 108])

ω1 = 2πθ2(τ)2 . (2.51)

Understanding the above differential equation in terms of τ reveals that the entries are
actually modular forms for the congruence subgroup Γ(2), with

Γ(N) =
{
γ ∈ SL2(Z) : γ = 1 mod N

}
. (2.52)

Schematically the differential equation matrix takes the form

A(τ) = dτ
(
f2(τ) 1
f4(τ) f2(τ)

)
, (2.53)

where f2(τ) and f4(τ) are modular forms of weights 2 and 4 for Γ(2) respectively. This
structure can be seen directly from equation (2.46), by realizing that the (squared) period
ω2

1 is a modular form of weight 2 for Γ(2).6

Discussion. In this section we have derived the canonical form for the differential equation
of Gauß’ hypergeometric function. While this result is not new, it has allowed us to review the
algorithm of [43]. This algorithm is not only our starting point to understand the higher-genus
cases, but it has also allowed us to show how we can use the expected constancy of the
intersection matrix in a canonical basis [85] in a constructive way.

At this point, however, we need to address an important issue. Currently, there is no
general consensus for a definition of a canonical form for differential equations associated
with geometries beyond the Riemann sphere. Indeed, the factorization of the dimensional
regulator ε alone does not appear to provide a good criterion, cf., e.g., the discussion in [94].
Since one of the goals of this paper is to show that the algorithm of [43] can be extended
beyond genus one, it is important to identify the properties one expects from any purported
canonical form. In the following we collect some empirical properties that all commonly
accepted canonical differential equations satisfy (in the case where the geometry is a Riemann

6The period itself is also a modular form (of weight one), however not for the congruence subgroup Γ(2)
but for Γ(4) [36].
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sphere, these properties are trivially satisfied). We focus on properties that arise in the
example of Gauß’ hypergeometric function, because it is the natural framework to discuss
the generalization to higher genus.

• It is ε-factorized.

• The intersection matrix is constant.

• After changing variables from λ to τ , the matrix A(τ) only involves modular forms. In
particular, all contributions from quasi-periods and/or the b-period have dropped out.
It is known that more complicated examples, for example the three-loop equal-mass
banana integral [47], involve new functions that are integrals over modular forms. The
latter do not transform like modular forms.

• There is a grading by the weight of the modular forms. In particular, the entry in the
upper right corner of A(τ) is simply dτ , which has modular weight −2, and if we move
along the diagonals, the modular weight increases by 2 (cf. (2.53)). In cases where new
functions appear, the modular weight is given by the modular weights of the functions
in the integrands, cf. [47].

• The matrix A(λ) only has simple poles in λ.

Currently, it is not known if these properties will hold more generally. In the remainder
of this paper, we will show that we can find a basis for hyperelliptic extensions of Gauß’
hypergeometric function which still has all the aforementioned properties.

3 Background on hyperelliptic curves

After introducing the maximal cut of the non-planar crossed box integral as motivation,
we will define in subsection 3.1 a specific set of hypergeometric functions that serve as a
prototype for the maximal cuts of hyperelliptic Feynman integrals such as the non-planar
crossed box. We then review some basic facts about the geometry of hyperelliptic curves
in subsection 3.2, which will lay the groundwork for the next sections.

3.1 (Hyperelliptic) Lauricella functions

In the previous section we studied Gauß’ hypergeometric function, which is a prototype
for the maximal cut of an elliptic Feynman integral. Since the main motivation for this
paper are hyperelliptic Feynman integrals, we start this section by introducing the maximal
cut of the non-planar crossed box as an example of a Feynman integral associated with
a hyperelliptic curve.

Example 1 (The non-planar crossed box). The prime example of a hyperelliptic Feynman
integral is the equal-mass non-planar crossed box, whose graph is depicted in figure 1. It is
given by the integral

Inpcb
ν (s, t,m2) = e2γEε

∫ dDℓ1

iπ
D
2

∫ dDℓ2

iπ
D
2

7∏
i=1

1
Dνi

i

, (3.1)
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Figure 1. The non-planar crossed box.

with propagators

D1 = ℓ21 −m2, D2 = (ℓ1 − p1)2 −m2, D3 = (ℓ1 − p1 − p2)2 −m2 ,

D4 = ℓ22 −m2, D5 = (ℓ2 − p3)2 −m2, D6 = (ℓ1 + ℓ2)2 −m2 , (3.2)
D7 = (ℓ1 + ℓ2 − p1 − p2 − p3)2 −m2 .

We consider all external particles to be massless, i.e., p2
i = 0. The integral only depends on

two dimensionless variables s = (p1 + p2)2, t = (p1 + p3)2, where we set m2 = 1 without loss
of generality. Computed in the loop-by-loop approach, the maximal cuts of the non-planar
crossed box take the form

P npcb
ij ∼

∫
γi

[(x− λ1)(x− λ2)]−
1
2 [(x− λ3)(x− λ4)(x− λ5)(x− λ6)]−

1
2−ε φj , (3.3)

where φj is a single-valued form with poles at most at the λi. The six branch points λi are

λ1 = −1
4

(
s+

√
s(s− 4)

)
, λ2 = −1

4

(
s−

√
s(s− 4)

)
,

λ3 = −1
4

(
s+

√
s(s+ 12)

)
, λ4 = −1

4

(
s−

√
s(s+ 12)

)
, (3.4)

λ5 = −s(s+ t) + 2
√
s2t+ st2

2s , λ6 = −s(s+ t)− 2
√
s2t+ st2

2s .

In the limit ε→ 0, the integrand of (3.3) defines a hyperelliptic curve of genus two

y2 = (x− λ1)(x− λ2)(x− λ3)(x− λ4)(x− λ5)(x− λ6) , (3.5)

as discussed in [76, 78]. A discussion of this maximal cut in the context of intersection theory
and in particular the bilinear relations it fulfills, can be found in [98].

The maximal cuts of the non-planar crossed box are special instances of Lauricella FD

functions. This motivates the study of these hypergeometric functions as prototypes for
the maximal cuts of general hyperelliptic Feynman integrals. More generally, Lauricella FD

functions have the integral representation

F
(r)
D (α,β, γ,λ) = Γ(γ)

Γ(α)Γ(γ − α)

∫ 1

0
xα(1− x)γ−α

r∏
j=1

(1− λjx)−βj
dx

x(1− x) . (3.6)
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We consider a particular normalization and parameter choice of these integrals

Lν(λ) =
∫ ∞

λn

dxx−
1
2 +ν1+a1ε(x− 1)−

1
2 +ν2+a2ε(x− λ1)−

1
2 +ν3+a3ε . . . (x− λn)−

1
2 +νn+2+an+2ε

(3.7)

=
Γ
(

1
2 + ν1 + α1ε

)
Γ (ν2 − ν1 + (α2 − α1) ε)

Γ
(

1
2 + ν2 + α2ε

)
× F

(n)
D

(1
2 + ν1 + α1ε,

1
2 − ν3 − α3ε, . . . ,

1
2 − νn+2 − αn+2ε,

1
2 + ν2 + α2ε,λ

)
,

such that taking νi = 0 and also setting ε → 0, we obtain the polynomial equation

y2 = x(x− 1)(x− λ1) . . . (x− λn) . (3.8)

Interpreting the Lauricella functions as periods of a twisted cohomology group, we can
read off the twist

Φ = x−
1
2 +a1ε(x− 1)−

1
2 +a2ε(x− λ1)−

1
2 +a3ε . . . (x− λn)−

1
2 +an+2ε. (3.9)

Then one can consider the space

X = CP − {0, 1, λ1, . . . , λn,∞} , (3.10)

and define the cohomology group H1
dR(X,∇Φ), the homology group H1(X, ĽΦ) and their

duals. After choosing bases for these spaces we can also associate a twisted period matrix
and a cohomology intersection matrix to the respective family of Lauricella functions, as
explained in appendix A.

3.2 Geometry of hyperelliptic curves

Motivated by the example of the non-planar crossed box and the Lauricella function appearing
in its maximal cut, let us review some basic facts about the geometry of hyperelliptic curves.
We will focus on the aspects relevant to the rest of the paper and refer to the literature [109–
112] for further details (see also [79, 83] for recent reviews in the physics literature).

A hyperelliptic curve Σλ with branch points λ = (λ1, . . . , λn+2) can be defined as the
set of points (x, y) that satisfy an equation of the form

y2 = Pn+2(x) =
n+2∏
i=1

(x− λi) , (3.11)

where

g =


n
2 if n even ,
n+1

2 if n odd ,
(3.12)

is the genus of the curve. We refer to a hyperelliptic curve as even or odd according to
whether n is even or odd. Note that a hyperelliptic curve of genus one is just an elliptic curve.
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Figure 2. A canonical basis of cycles for an even hyperelliptic curve of genus g.

As in (3.8) we set λ1 = 0 and λ2 = 1 without loss of generality. Note that the integrals (3.7)
indeed define hyperelliptic curves via the polynomial equation (3.8). Hyperelliptic curves
define special instances of Riemann surfaces. We stress that any Riemann surface of genus
two is hyperelliptic, and so focussing on hyperelliptic curves is only a restriction for g ≥ 3.
We will consider both even and odd hyperelliptic curves of genus two in the subsequent
sections. Therefore, we introduce both the even and the odd cases side-by-side. Most of
the discussion equally applies to both cases.

3.2.1 Canonical cycles for a hyperelliptic curve

The equation defining a hyperelliptic curve describes two Riemann sheets which are glued
together along g + 1 branch cuts, which we choose to be

[λ1, λ2], [λ3, λ4], . . . , [λ2g−1, λ2g] and

[λ2g+1, λ2g+2] , for n even ,
[λ2g+1,∞] , for n odd .

(3.13)

The resulting surface is topologically a torus with g handles. The presence of the branch cuts
implies the existence of non-trivial cycles on the hyperelliptic curve, and hence a non-trivial
first homology group H1(Σλ,Z). A canonical basis for this homology group of a hyperelliptic
curve of genus g can be split into g a-cycles, denoted by ai, and g b-cycles, denoted by bi.
Here, canonical means that the topological intersection numbers of the cycles, captured by
the intersection pairing [•|•], take the following simple (symplectic) form,

[ai|aj ] = 0, [bi|bj ] = 0, [ai|bj ] = −[bi|aj ] = δij . (3.14)

Such a basis of cycles for an even hyperelliptic curve of genus g is shown in figure 2. The figure
looks the same for an odd hyperelliptic curve of genus g, with λ2g+2 replaced by ∞. Note that
for a punctured Riemann surface, one needs to add cycles encircling each of the punctures. Let
us next consider the Abelian differentials, i.e., the cohomology group of the hyperelliptic curve.
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3.2.2 Abelian differentials on the hyperelliptic curve

We can classify all rational differentials (in the coordinates x, y) on the hyperelliptic curve
into three kinds of so-called Abelian differentials:

• Abelian differentials of the first kind are holomorphic differentials.

• Abelian differentials of the second kind are meromorphic differentials with vanishing
residues at the poles.

• Abelian differentials of the third kind are meromorphic differentials with non-vanishing
residues.

Since the pole order and the residues of an Abelian differential depend on whether we consider
an even or an odd hyperelliptic curve, we need to distinguish these cases for the construction
of the Abelian differentials of second and third kinds. We will first explain the conceptual
points on general grounds and then explicitly show the differences in a genus two example.
Details on the expansions of basic differentials can be found in appendix C.

Abelian differentials of the first kind. The g one-forms

ϖi =
xi−1dx
y

, 1 ≤ i ≤ g , (3.15)

are holomorphic and form a basis for the (cohomology classes of) Abelian differentials of the
first kind on the hyperelliptic curve. This is independent of whether the curve is even or odd.

Abelian differentials of the second kind. For both even and the odd hyperelliptic
curves, the basis of (cohomology classes of) Abelian differentials of the second kind is also
g-dimensional. These differentials generally take the form

Ψi(x)
y

dx , with Ψi(x) =
2g∑

j=1
cjx

j , (3.16)

for some coefficients cj chosen such that the residue at infinity vanishes. We need to make g
linearly independent choices to form a basis, and we will call these differentials ϖg+1, . . . ϖ2g.
The explicit linear combinations depend on whether the hyperelliptic curve is even or odd, due
to the different pole structure of the respective forms (see appendix C). There is considerable
freedom in choosing a basis of second kind differentials. Note that for an even hyperelliptic
curve the differentials xidx

y for i ≥ g have a residue at infinity which we need to make sure
to cancel, while this is automatic for an odd curve. Additionally, we can add any linear
combination of first kind differentials to any choice of a second kind differential basis element.
We generally choose them in such a way that the generalized Legendre relations take a
particularly simple form, see, e.g., (3.34).
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Abelian differentials of the third kind. For hyperelliptic curves with punctures, we need
to add differentials with non-vanishing residues at these punctures to our basis of Abelian
differentials. Note that an even hyperelliptic curve always has a puncture at ∞, and so we need
to add at least one third kind differential to the basis. We will choose this differential to be

ϖ2g+1 = xgdx
y

, (3.17)

which indeed has simple poles (with residues of opposite sign) at the infinities on the two
Riemann sheets. If there are additional punctures (for both even and the odd hyperelliptic
curves), we need to add differentials of the form

ϖc = dx
y(x− c) , (3.18)

to the basis. These have simple poles at (x, y) = (c,±yc) with yc =
√
Pg(c) for a fixed

choice of branch.

Summary. The basis of Abelian differentials for a hyperelliptic curve of genus g with
punctures at the points {c1, c2, . . . } has the following elements:

first kind
ϖ1, . . . , ϖg,

second kind
ϖg+1, . . . , ϖ2g

odd curve

,
third kind
ϖ2g+1

even curve

,

third kind

ϖc1 , ϖc2 , . . .
punctures ci

. (3.19)

Let us illustrate this in some simple examples

Example 2 (Abelian Differentials at Genus One). At genus one, for an odd curve, we
can choose a basis of Abelian differentials made up of one first kind and one second kind
differential

dx
y
,

xdx
y

. (3.20)

Example 3 (Abelian Differentials for Odd Hyperelliptic Curves of Genus Two). For a genus
two hyperelliptic curve we need two first and two second kind differentials. A suitable choice
for an odd curve is given by

dx
y
,

xdx
y

,
Ψ2,o

1 (x)dx
y

,
Ψ2,o

2 (x)dx
y

, (3.21)

with the polynomials

Ψ2,o
1 (x) =

(
3x3 − 2s̃1x

2 + s̃2x
)

and Ψ2,o
2 (x) = x2 . (3.22)

Here we denote by s̃k the kth elementary symmetric polynomial in the branch points λi

(including λ1 = 0, λ2 = 1), i.e., s̃1 =∑n+2
i=1 λi, s̃2 =∑n+2

i,j=1,i<j λiλj , etc.
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Example 4 (Abelian Differentials for Even Hyperelliptic Curves of Genus Two ). For an
even hyperelliptic curve of genus two, we need an additional third kind differential due to the
additional puncture at infinity. We hence have a five-dimensional basis of Abelian differentials

dx
y
,

xdx
y

,
Ψ2,e

1 (x)dx
y

,
Ψ2,e

2 (x)dx
y

,
x2dx
y

, (3.23)

with a suitable choice for the polynomials given by

Ψ2,e
1 (x) = 4

(
x4 − 3

4 s̃1x
3 + 1

2 s̃2x
2 − 1

4 s̃3x

)
and Ψ2,e

2 (x) = 2
(
x3 − 1

2 s̃1x
2
)
. (3.24)

The choices (3.22) and (3.24) for the second kind differentials will lead to particularly
simple quadratic relations between the periods and quasi-periods, see, e.g., (3.34).

3.2.3 Period matrix and bilinear relations

After introducing the canonical a and b cycles as a basis for the homology group and the
Abelian differentials as a basis for the first cohomology group, we can pair the two to form
the period matrix of the hyperelliptic curve. Integrating the basis elements over the basis
cycles, we obtain a period matrix of the form

P =
(∫

γj

ϖi

)
=

A B ⋆

Ã B̃ ⋆

⋆ ⋆ ⋆

 . (3.25)

The integrals of the first kind differentials over the a or b-cycles are captured by the a-
and b-period matrices,

Aij =
∫

aj

xi−1dx
y

, Bij =
∫

bj

xi−1dx
y

, i, j = 1, . . . , g . (3.26)

The integrals of the second kind differentials are captured by the a- and b-quasi-period matrices,

Ãij =
∫

aj

dxΨi(x)
y

, B̃ij =
∫

bj

dxΨi(x)
y

, i, j = 1, . . . , g . (3.27)

The entries of the (quasi-)period matrices can be expressed in terms of Lauricella D functions.
The entries represented by ⋆ in (3.25) arise from integrals over the additional integration
cycles due to punctures. This includes the puncture at ∞, that is always present for an
even hyperelliptic curve. In the remainder of this section we focus on the upper left blocks
consisting of the a- and b-(quasi)-period matrices. For an odd hyperelliptic curve with no
punctures, these blocks make up the full period matrix.

Note that the only substantial difference between the familiar elliptic case and hyperelliptic
curves of higher genus is that the (quasi)-periods are matrices for g > 1. The same is true
for another important quantity, the (normalized) period matrix, obtained as a “quotient”
of the a- and b-period matrices

Ω = A−1B . (3.28)
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The normalized period matrix is a symmetric g × g matrix with positive definite imaginary
part, generalizing the modular parameter τ of an elliptic curve to higher genus.

The (quasi-)period matrices defined above fulfill quadratic relations. These follow from
the classical Riemann bilinear relations

2∑
i=1

[∫
ai

ω

∫
bi

η −
∫

bi

ω

∫
ai

η

]
=
∫

∂C
fη , (3.29)

where ω, η are one-forms and f is a primitive of ω, i.e., df = ω, see, e.g., [113] for details. The
integral on the right-hand side is over the boundary of the fundamental domain C (obtained
by cutting the hyperelliptic curve along all homology cycles) and can be interpreted as a sum
of residues on the hyperelliptic curve. Alternatively, one can also derive these relations by
taking the ε → 0 limit of the twisted Riemann bilinear relations [98] (see appendix A).

Example 5 (Period Matrix and Bilinear Relations for Hyperelliptic Curves of Genus One).
For an elliptic curve, the a- and b-periods are often denoted by

ω1 =
∫

a

dx
y
, ω2 =

∫
b

dx
y
, (3.30)

which is also the convention we used in (2.18). The normalized period matrix is just a scalar,
which is usually referred to as modular parameter

τ = ω2
ω1

. (3.31)

The quasi-periods can be defined as

η1 =
∫

a

x dx
y

, η2 =
∫

b

x dx
y

. (3.32)

Note that we could add any multiple of the holomorphic differential to the second kind
differential and still obtain a valid basis choice. The choice made here however leads to
the Legendre relation from (2.19).

Example 6 (Period Matrix and Bilinear Relations for Hyperelliptic Curves of Genus Two).
At genus two the a- and b-periods are 2× 2 matrices

A =
( ∫

a1
dx
y

∫
a2

dx
y∫

a1
xdx

y

∫
a2

x dx
y

)
, B =

( ∫
b1

dx
y

∫
b2

dx
y∫

b1
xdx

y

∫
b2

x dx
y

)
, (3.33)

and similarly for the quasi-period matrices Ã and B̃. Choosing the bases of Abelian
differentials as in the examples above, one can obtain the following simple relations, referred
to as generalized Legendre relations, from the Riemann bilinear relations [114] (see also [113])(

A B
Ã B̃

)(
0 1

−1 0

)(
A B
Ã B̃

)T

= 8πi
(

0 1

−1 0

)
. (3.34)

More explicitly, these provide three independent quadratic relations between 2× 2 matrices,

BAT − ABT = 0 , (3.35)

B̃ÃT − ÃB̃T = 0 , (3.36)
B̃AT − ÃBT = 8πi1 . (3.37)
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By taking the inverse of the above matrix equation (3.34) we find two additional relations

AT Ã − ÃT A = 0 , (3.38)

BT B̃ − B̃T B = 0 .

4 Canonical forms for hyperelliptic maximal cuts

In this section, we show that the algorithm originally developed in [43] for finding a canonical
form can also be applied for hyperelliptic integral families. We do this by considering
Lauricella functions with three and four parameters, which are related to an even and odd
hyperelliptic curve of genus two, respectively. The initial differential equations and rotation
matrices for both of these examples can be found in the ancillary file.

4.1 Three parameter Lauricella function

Our starting point is the family of Lauricella functions Lν(λ) in (3.7) depending on three
parameters λ = (λ1, λ2, λ3). For convenience, we will choose the parameters λ to be real and
ordered as λ3 > λ2 > λ1 > 1. As our initial basis of master integrals we choose

I0 =
(∫

γ

dx
y
χ(x),

∫
γ

xdx
y
χ(x),

∫
γ

Ψ2,o
1 (x)dx
y

χ(x),
∫

γ

x2dx
y

χ(x)
)T

, (4.1)

with γ some cycle which plays no role in the following (see the discussion in section 2.3).
Here, we introduced the abbreviations

χ(x) = xa1ε(x− 1)a2ε(x− λ1)a3ε(x− λ2)a4ε(x− λ3)a5ε , (4.2)

and the function Ψ2,o
1 (x) was defined in (3.22). The differentials in (4.1) also define a basis7

of the twisted cohomology group defined by the twist Φ = χ(x)/y. We denote the initial
intersection matrix obtained from this basis by C0 (see appendix A for details).

The integrand at ε = 0 defines a hyperelliptic curve of genus two,

y2 = x(x− 1)(x− λ1)(x− λ2)(x− λ3) . (4.3)

This form of the hyperelliptic curve is sometimes referred to as Rosenhain normal form. The
integrands of the master integrals are chosen in such a way that they reduce for ε = 0 to a
conveniently normalized set of first and second kind Abelian differentials. In particular, when
integrated over the two a and b cycles, the 2× 2 matrices of (quasi-)periods satisfy the simple
generalized Legendre relations from section 3. We can now derive the differential equation
for the chosen master integrals by applying the total differential and using integration by
parts, and we obtain

dI0(λ, ε) = B0(λ, ε)I0(λ, ε) , (4.4)

where the differential equation matrix can be decomposed as

B0(λ, ε) = B
(1)
0 (λ, ε)dλ1 + B

(2)
0 (λ, ε)dλ2 + B

(3)
0 (λ, ε)dλ3 . (4.5)

7Explicitly, this basis is given by ϖ1 = dx, ϖ2 = x dx , ϖ3 = Ψ2,o
1 (x)dx , ϖ4 = x2dx.
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The matrices B
(i)
0 (λ, ε) are rational functions of the parameters λ and the dimensional

regulator ε. They are too large to be displayed here, but they are given in the ancillary file.
We now construct a rotation that brings the above differential equation into canonical

form, generalizing the construction of [43] to the hyperelliptic case. A key step in constructing
the basis is the decomposition of the period matrix, i.e., the Wronskian of the differential
equation at ε = 0, into a semi-simple and a unipotent part. In the elliptic case, this
was achieved through the Legendre relation. Here we can perform the decomposition in a
completely analogous fashion using the generalized Legendre relation from (3.37), which is
now a relation between 2× 2 matrices. We can then perform essentially the same splitting
as in the elliptic case

P =
(

A B
Ã B̃

)
=
(

A 0
Ã 8πiA−1T

)(
1 Ω
0 1

)
≡ S U . (4.6)

We will now use this splitting to construct the rotation to the canonical basis following
precisely the same steps as reviewed in section 2.3.

Step 1: first, we change from our initial basis, where the second kind differentials are defined
to ensure nice generalized Legendre relations, to a derivative basis, where the second kind
differentials are certain first-order derivatives of the first kind differentials. We will choose
the derivative basis as follows:

Id =
( ∫

γ

dx
y
χ(x) ,

∫
γ

xdx
y
χ(x) ,

3∑
i=1

∂λi

[∫
γ

dx
y
χ(x)

]
,

3∑
i=1

∂λi

[∫
γ

xdx
y
χ(x)

] )
. (4.7)

This choice is natural, because it preserves the “block structure” of the differential equation
and is fully symmetric in the three parameters λ.8 From the original differential equation it
is then easy to obtain the concrete rotation matrix Rd(λ, ε) such that

Id(λ, ε) = Rd(λ, ε)I0(λ, ε) . (4.8)

Step 2: in the next step, we rotate with the (inverse of the) semi-simple part of the period
matrix. We need to take the semi-simple part of the period matrix in the derivative basis,
Pd, which, exactly like in the elliptic case, can be obtained as

Sd(λ) = Rd(λ, 0)S(λ) . (4.9)

We define a new basis by

Iss(λ, ε) = Rss(λ)Id(λ, ε) , (4.10)

with Rss(λ) = S−1
d (λ). Just like in the elliptic case, the differential equation is now already

very close to being ε-factorized. Only the upper right block has an order ε0 term, and
8We have significant freedom in this choice. The subsequent steps are for example also valid for the choice

∂λi

χ(x)dx
y

and ∂λj

χ(x)dx
y

with i ̸= j as the new differentials of the third and fourth master integrals.
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only the lower left block has an ε2 term. In other words, the new differential equation
matrix takes the form,

Bss(λ, ε) = (dRss)R−1
ss + Rss Bd(λ, ε)R−1

ss (4.11)

=


0 0 • •
0 0 • •
0 0 0 0
0 0 0 0

+


• • 0 0
• • 0 0
• • • •
• • • •

 ε+


0 0 0 0
0 0 0 0
• • 0 0
• • 0 0

 ε2 , (4.12)

where the shaded entries • indicate non-zero entries of the respective ε-order of the differential
equation. Note that we need to use the quadratic relation from eq. (3.38) to see this ε-
structure analytically.

Step 3: just like in the elliptic case, The structure of the differential equation after the
last rotation motivates a simple ε-rescaling,

Iε(λ, ε) = Rε(ε)Iss(λ, ε) , Rε(ε) = diag(ε, ε, 1, 1) . (4.13)

The differential equation is now in ε-triangular form. More precisely, it is fully ε-factorized
up to the lower left block:

Bε(λ, ε) = (dRε)R−1
ε + Rε Bss(λ, ε)R−1

ε = B(0)
ε (λ) + B(1)

ε (λ) ε (4.14)

=


0 0 0 0
0 0 0 0
• • 0 0
• • 0 0

+


• • • •
• • • •
• • • •
• • • •

 ε . (4.15)

The entries of the differential equation matrices are:

B(0)
ε (λ) =

(
0 0

P (λ) 0

)
, (4.16)

B(1)
ε (λ) =

(
A−1β1(λ)A A−1β2(λ)A−1T

AT β3(λ)A AT β4(λ)A−1T

)
, (4.17)

where P (λ) is a 2× 2 matrix of differential one-forms, which can schematically be written as

P (λ) = AT P 1(λ)A + AT P 2(λ)Ã + ÃT
P 3(λ)A , (4.18)

with each P i(λ) a matrix of rational one-forms in the parameter λ. Their explicit form
can be found in the ancillary file. The matrices βi are also 2 × 2 matrices of rational
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one-forms and read

β1 =
dλ1

(λ1−λ2)(λ1−λ3)

(
3λ1−2s1−1 5
−s2−λ1 5λ1

)
+(cyclic) ,

β2 =
4πidλ1
d1

(
1 λ1
λ1 λ

2
1

)
+(cyclic) , (4.19)

β3 =
dλ1

4πi(λ1−λ2)(λ1−λ3)

(
λ2λ3(2(s1−s2)−5λ1+1) 5λ2λ3(2λ1−1)

(s1−λ1−1)(2(s2−s1)−1+5λ1) −5(λ2+λ3−1)(2λ1−1)

)
+(cyclic) ,

β4 =
dλ1
d1

(
3s3−2s2+λ1(s1(3−λ1)+2λ1(λ1−2)) s3(2λ1−1)

s1+s2−4λ1s1+5λ2
1+λ1−1 λ1(s1+s2−4λ1s1+5λ2

1+λ1−1)

)
+(cyclic) ,

where si are the elementary symmetric polynomials in the three parameters λ1, λ2, λ3. We
defined the abbreviation

d1 = λ1(λ1 − 1)(λ1 − λ2)(λ1 − λ3) , (4.20)

and (cyclic) refers to the two cyclic images of (λ1, λ2, λ3). For brevity, we only show the case
ai = 1. The full matrices can be found in the ancillary file.

Step 4: we can ε-factorize the differential equation by performing a final rotation of the form

J(λ, ε) = Rt(λ)Iε(λ, ε) , (4.21)

with

Rt(λ) =
(

1 0
T (λ) 1

)
, (4.22)

where T (λ) is a 2 × 2 matrix satisfying the first order differential equation

dT (λ) + P (λ) = 0 . (4.23)

This differential equations is now significantly more involved than its counterpart in the elliptic
case, and it seems to be a difficult task to solve it in terms of periods and quasi-periods (if
possible at all). However, we can make use of the method described in section 2.3 and require
the constancy of intersection matrix in the canonical basis. This imposes constraints on the
entries of T (λ). It will be useful to decompose T (λ) into a symmetric and antisymmetric part,

T (λ) =
(
σ1(λ) σ2(λ)
σ2(λ) σ3(λ)

)
+
(

0 a(λ)
−a(λ) 0

)
, (4.24)

in terms of some functions a(λ), σi(λ) to be determined. We denote by

R(λ, ε) = Rt(λ)Rε(ε)Rss(λ)Rd(λ, ε) , (4.25)
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the full transformation and compute the intersection matrix of the transformed bases

CJ (λ, ε) = R(λ, ε)C0RT (λ,−ε) = − ε

8π2


0 0 1 0
0 0 0 1
1 0 v1 v2
0 1 v2 v3

 , (4.26)

where v1, v2, v3 are some rational combinations of the parameters λ, the periods and the
unknown functions si(λ). Note that the dependence on the quasi-periods and the function
a(λ) has dropped out. Since the basis J(λ, ε) is supposed to be canonical, the intersection
matrix should take the form (2.39) for some rational function f(ε) and matrix of rational
numbers ∆. We can now easily read off the rational function, which is again given by

f(ε) = ε

π2 , (4.27)

and then obtain three algebraic constraints for the functions σi(λ), which fully determine
them in terms of the periods. We find(

σ1(λ) σ2(λ)
σ2(λ) σ3(λ)

)
= AT S(λ)A , (4.28)

where S(λ) is a symmetric 2× 2 matrix of rational functions, which takes the simple form
(again given for ai = 1)

S(λ) = 1
8πi

(
2(s2 − s3) 1− s1 − s2
1− s1 − s2 4s1 − 6

)
. (4.29)

After solving the above constraints, the constant intersection matrix ∆ takes the simple form

∆ = −1
8


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

 , (4.30)

which is proportional to the exchange matrix K4 after swapping the third and fourth basis
elements.

We obtain a(λ) by integrating its differential equation along some suitable path

T A ≡
(

0 a(λ)
−a(λ) 0

)
= −

∫ λ

λ0
P A , (4.31)

for some base point λ0, where we defined the anti-symmetric part of P

P A(λ) = 1
2(P (λ)− P T (λ))

= 1
2
[
AT (P 1(λ)− P T

1 (λ))A + AT (P 2(λ)− P T
3 (λ))Ã + ÃT (P 3(λ)− P T

2 (λ))A
]

≡ AT P A
1 (λ)A + AT P A

2 (λ)Ã + ÃT
P A

3 (λ)A , (4.32)
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where P A
i (λ) are 2× 2 matrices of rational one-forms given in the ancillary file. By taking

the determinant we find the explicit form of the new function

a(λ) =
√
det

∫ λ

λ0
P A . (4.33)

So far everything has worked analogously to the elliptic case, with suitable generalizations
to higher genus, i.e., with the periods and quasi-periods now being matrices. However,
there is a new aspect which was absent at genus 1, namely the fact that the matrix T (λ)
has an antisymmetric part. This antisymmetric part is not determined by the requirement
that the intersection matrix becomes constant, and we have not been able to find a closed
form solution for its differential equation. Indeed we believe that the function a(λ) is not
expressible solely in terms of periods and quasi-periods. While we have no proof of this,
we provide some evidence in appendix D, by excluding some general forms that one might
have expected the function to take. The existence of such “new functions” has already been
noted in more involved elliptic examples as well as in cases of higher-dimensional Calabi-Yau
varieties [43, 44, 49, 50, 75]. A more solid understanding of this function would be desirable,
this is however beyond the scope of this paper.

Finally, the canonical differential equation can now be written as

dJ(λ, ε) = εA(λ)dJ(λ, ε) , (4.34)

with

A(λ) =
(

A−1(β1 − β2S)A A−1β2A−1T

AT (β3 + Sβ1 − Sβ2S − β4S)A AT (β4 + Sβ2)A−1T

)

+
(

−A−1β2A−1T T A 0
T AA−1(β1 − β2S)A − AT (Sβ2 + β4)A−1T T A T AA−1β2A−1T

)
(4.35)

+
(

0 0
−T AA−1β2A−1T T A 0

)
,

where we decomposed the matrix according to the degree in the new function T A. We will
investigate the properties of the functions that enter A(λ) in more detail in section 5.

4.2 Four parameter Lauricella function

We will now construct an ε-factorized differential equation for the Lauricella function with
four variables, following the same steps as before. While this still involves a hyperelliptic
curve of genus two, the curve is even this time, and hence has an additional puncture at
infinity, leading to some new conceptual points which we will highlight. Additionally, note
that the maximal cut of the non-planar crossed box of example 1 falls into this class this.
Our starting point is the family of Lauricella functions Lν(λ) as introduced in (3.7), now
specialized to n = 4 parameters λ = (λ1, . . . , λ4), which we take to be real and ordered for
definiteness. The integrand defines the multivalued function Φ = χ(x)/y with

χ(x) = xa1ε(x− 1)a2ε(x− λ1)a3ε(x− λ2)a4ε(x− λ3)a5ε(x− λ4)a6ε ,

y2 = x(x− 1)(x− λ1)(x− λ2)(x− λ3)(x− λ4) . (4.36)
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The last equation defines an even hyperelliptic curve of genus two. As an initial basis for
the integral family we choose

I0 =
(∫

γ
χ(x)dx

y
,

∫
γ
χ(x)xdx

y
,

∫
γ
χ(x)Ψ

2,e
1 (x)dx
y

,

∫
γ
χ(x)Ψ

2,e
2 (x)dx
y

,

∫
γ
χ(x)x

2dx
y

)T

.

(4.37)
with Ψ2,e

i (x) defined in (3.24). As before, the explicit form of the cycle γ ∈ H1(X, Ľ) is
irrelevant for our considerations. We have again chosen the master integrands in (4.37) such
that they reduce to suitably chosen Abelian differentials in the limit ε→ 0. The intersection
matrix for the initial basis is denoted by C0 (see appendix A).

In the ε → 0 limit the period matrix and its decomposition into semi-simple and
unipotent parts takes the form9

P(λ) =

A B ⋆

Ã B̃ ⋆

0 0 1

 =

A 0 0
Ã 8πiA−1T 0
0 0 1


1 Ω ⋆

0 1 ⋆

0 0 1

 ≡ S U , (4.38)

with the entries ⋆ signifying integrals over the additional cycle around ∞ that was not present
in the odd case. The differential equation for the initial vector of master integrals is

dI0(λ, ε) = B0(λ, ε)I0(λ, ε) , (4.39)

with

B0(λ, ε) = B
(1)
0 (λ, ε)dλ1 + B

(2)
0 (λ, ε)dλ2 + B

(3)
0 (λ, ε)dλ3 + B

(4)
0 (λ, ε)dλ4 , (4.40)

and each B
(i)
0 (λ, ε) is linear in ε. We will now outline the construction of the rotation into

the canonical form, following the same steps as reviewed in section 2.3 and used in the
three-parameter case in section 4.1.

Step 1: first we change to the derivative basis, which in this case takes the form,

Id =
( ∫

γ

dx
y
χ(x) ,

∫
γ

xdx
y
χ(x) ,

4∑
i=1

∂λi

[∫
γ

dx
y
χ(x)

]
,

4∑
i=1

∂λi

[∫
γ

xdx
y
χ(x)

]
,

∫
γ

x2dx
y

χ(x)
)
.

(4.41)

We read off the transformation matrix Rd(λ, ε) from the initial differential equation. If we let

Id(λ, ε) = Rd(λ, ε)I0(λ, ε) , (4.42)

we see that this vector satisfies a differential equation with the matrix

Bd(λ, ε) = (dRd(λ, ε))Rd(λ, ε)−1 + Rd(λ, ε)B0(λ, ε)Rd(λ, ε)−1 . (4.43)
9The absence of B and B̃ in the semi-simple part is again due to the application of the bilinear relations (3.34).
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Step 2: we rotate with the inverse of the semi-simple part of the new period matrix at ε→ 0,

Iss(λ, ε) = Rss(λ)Id(λ, ε) with Rss(λ) = S−1
d (λ) = (Rd(λ, 0)S(λ))−1 , (4.44)

and this change of basis leads to the new differential equation matrix

Bss(λ, ε) = (dRss(λ))R−1
ss (λ) + Rss(λ)Bd(λ, ε)Rss(λ)−1 , (4.45)

which takes the form

Bss(λ, ε) =


0 0 • • 0
0 0 • • 0
0 0 0 0 0
0 0 0 0 0
• • • • 0

+


• • 0 0 •
• • 0 0 •
• • • • •
• • • • •
• • 0 0 •

 ε+


0 0 0 0 0
0 0 0 0 0
• • 0 0 •
• • 0 0 •
0 0 0 0 0

 ε2 . (4.46)

As expected, the upper left 4× 4 block is structurally equivalent to the differential equation
matrix of the three-parameter case, but we obtain additional ε0- and ε2- terms in the fifth
row and column, which are related to the additional puncture at ∞ that is present in the
even hyperelliptic case.

Step 3: in order to get rid of the ε2 terms and bring all ε0 terms under the diagonal, we
perform the simple rotation

Iε(λ, ε) = Rε(ε)Iss(λ, ε) , with Rε(ε) =


1 0 0 0 0
0 1 0 0 0
0 0 0 0 1
0 0 0 1

ε 0
0 0 1

ε 0 0

 . (4.47)

After this rotation, the new differential equation matrix

Bε(λ, ε) = (dRε(ε))R−1
ε (ε) + Rε(ε)Bss(λ, ε)Rε(ε)−1 , (4.48)

takes the form

Bε(λ, ε) =


0 0 0 0 0
0 0 0 0 0
• • 0 0 0
• • • 0 0
• • • 0 0

+


• • • • •
• • • • •
• • • • •
• • • • •
• • • • •

 ε . (4.49)

Step 4: we obtain the final rotation by making an ansatz

Rt(λ) =


1 0 0 0 0
0 1 0 0 0
u3,1 u3,2 1 0 0
u4,1 u4,2 u4,3 1 0
u5,1 u5,2 u5,3 0 1

 , (4.50)
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with the unknown entries ui,j chosen such that the new differential equation matrix

εA(λ) = (dRt(λ))Rt(λ)−1 + Rt(λ)Bε(λ, ε)Rt(λ)−1 , (4.51)

ε-factorizes. Note that finding the ui,j from this condition requires solving eight coupled
differential equations for the eight undetermined entries. Additionally, we cannot immediately
see which solutions of these eight coupled differential equations will be expressible as rational
functions of the branch points λi and the (quasi-)periods A and Ã and which ones will
be integrals over these objects that are in fact new functions. This is, however, greatly
simplified using the criterion that the intersection matrix is constant in the λi, as already
discussed in the previous sections.

More specifically, we rotate the initial intersection matrix C0 with the full transformation
matrix10 to obtain

CJ = R(λ, ε)C0R(λ,−ε)T =



0 0 0 0 − i
4πε

0 0 0 − i
4πε 0

0 0 − 1
ε
∑6

i=1 ai
v3,4 v3,5

0 − i
4πε v4,3 v4,4 v4,5

− i
4πε 0 v5,3 v5,4 v5,5


, (4.52)

where the entries vi,j are rational functions of the branch points λi, the (quasi-)periods A
and Ã and the entries ui,j of (4.50). We again require that CJ should take the form (2.39)
for some rational function f(ε) and matrix of numbers ∆. From this requirement we find
eight algebraic equations that one can solve for the ui,j . However, due to the symmetry of
the intersection matrix only five of them are independent. We choose to solve for the entries
{u3,4, u3,5, u4,2, u5,1, u5,2} in terms of the branch points, periods and the three remaining new
functions {u4,1, u4,3, u5,3}.11 The intersection matrix then takes the particularly simple form

CJ = −1
ε



0 0 0 0 i
4π

0 0 0 i
4π 0

0 0 1∑6
i=1 ai

0 0

0 i
4π 0 0 0

i
4π 0 0 0 0


. (4.53)

We cannot exclude that (some of) the remaining entries u4,1, u4,3, u5,3 are expressible in terms
of just the periods and branch points.

4.3 Summary

Let us summarize the results of this section. We have analyzed classes of Lauricella functions
that for ε = 0 compute the periods and quasi-periods of some family of hyperelliptic curves

10As in the three parameter case, the full transformation matrix is R(λ, ε) = Rt(λ)Rε(ε)Rss(λ)Rd(λ, ε).
11Note that there is a lot of freedom in which functions to solve for. More specifically, we found 24

combinations for which we can solve. At this point, we could not find any symmetry or preferred choice as in
the three-parameter case.
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of genus two. We have considered two cases separately, namely the cases of odd and even
curves. The latter corresponds to the case where there is an additional puncture at ∞.12

For both the odd and even cases, we find that we can use the algorithm of [43] to
transform the differential equation into an ε-factorized form. Strikingly, we can follow exactly
the same steps as in the elliptic case reviewed in section 2.3, where in the hyperelliptic case
we can interpret the a and b periods as matrices. In particular, the Legendre relations, which
played an important role in section 2.3 to decompose the period matrix into a semi-simple and
unipotent part, generalize to matrix relations. While we have focused on the genus-two case,
we do not expect any surprises when going to higher genera (at least as long as we consider
hyperelliptic curves), because all matrix-valued quantities encountered in the genus-two case
have a straightforward extension to higher genera. Moreover, just like in the elliptic case,
we find that imposing the constancy of the intersection matrix allows us to considerably
simplify the last step of the algorithm from [43].

While we observe that all the steps in the algorithm from [43] generalize in a straight-
forward manner to higher genera, there are also some differences. In particular, while
imposing the constancy of the intersection matrix allows us to identify most new functions as
combinations of periods, we still need to introduce new functions that involve integrals of
(quasi-)periods. For the case of even hyperelliptic curves, this does not come as a surprise,
because the same feature already arises in the elliptic case. The antisymmetric matrix T A,
however, appears to be a new function already in the odd case, which did not arise for an
elliptic curve. Since T A is antisymmetric, it is clear that it must vanish in the elliptic case,
but there is no reason why it cannot arise for higher genera.

Finally, we need to address an important question. We have shown so far that the
algorithm of [43] allows us to obtain an ε-factorized differential equation. It is, however,
not immediately clear that this is also a good canonical differential equation. In section 2.3
we have stated a set of properties which the canonical differential equation in the elliptic
case satisfies. Remarkably, we find that our ε-factorized differential equation satisfies these
same properties (appropriately extended to higher genera), so that it can be qualified as
“canonical”. Indeed, by construction the intersection matrix is constant, and by inspection we
can see that all poles in λ are simple. The remaining key properties in the elliptic case were
related to the modularity properties of the functions that enter the differential equations
matrix. In the next section we discuss the modularity properties in the genus two case.

5 Modularity of the canonical differential equation

As reviewed in section 2.3, the entries of the canonical differential equation matrix of Gauß’
hypergeometric function can be interpreted as modular forms. We hence expect the canonical
form of the hyperelliptic Lauricella function to involve appropriate higher-genus generalizations.
These are the so-called Siegel modular forms. After providing a brief review of Siegel modular
forms in section 5.1, we will show in section 5.2 that this is indeed the case. This provides
further strong evidence that the algorithm of [43] has indeed not only produced an ε-factorized
differential equation, but it can be considered canonical, also in the hyperelliptic case.

12Note that there is nothing special about the puncture being at infinity, because we could always send
infinity to a point at finite distance using a Möbius transformation.
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5.1 Review: Siegel modular forms

We will start by reviewing some basic background on Siegel modular forms that is important
in the following. For further details, we refer to the classical textbook [115] (in German)
or the more recent reviews [116–118].

Basic definitions. Modular forms are holomorphic functions on the upper-half plane H
with a specific transformation behavior under the modular group SL(2,Z). Siegel modular
forms are a generalization to functions on the Siegel upper half space

Hg = {Ω ∈ Cg×g : Ω = ΩT , ImΩ > 0} , (5.1)

consisting of complex symmetric g × g matrices with positive definite imaginary part, which
transform in a particular way — stated precisely in (5.4) — under the Siegel modular group
Γg, which is the symplectic group

Γg = Sp(2g,Z) =


(

A B

C D

)
∈ Z2g×2g :

(
A B

C D

)T ( 0 1

−1 0

)(
A B

C D

)
=
(

0 1

−1 0

) . (5.2)

Here g is some positive integer, but since the normalized period matrix of a hyperelliptic
curve (or more general Riemann surface) of genus g naturally lives in Hg, this integer g
will later be identified with the genus.

The Siegel modular group acts on the Siegel upper half space by a generalized version of

the Möbius transformation. Explicitly, for γ =
(

A B

C D

)
∈ Γg, Ω ∈ Hg,

γ · Ω = (AΩ + B)(CΩ + D)−1 . (5.3)

Let ρ : GL(g,C) → GL(V ) be a finite-dimensional complex representation with representation
space V . Then a Siegel modular form of weight ρ is a holomorphic map f : Hg → V , such that

f(γ · Ω) = ρ(CΩ + D)f(Ω) , (5.4)

for all Ω ∈ Hg and γ =
(

A B

C D

)
∈ Γg.13

Again, concepts known from elliptic curves and modular forms have a natural generaliza-
tion to hyperelliptic curves/Siegel modular forms with various scalar quantities being lifted
to g × g matrices. There is a notable novelty for g > 1 however: due to the fact that the
“automorphy factor” CΩ + D appearing in the transformation law above is now a matrix in
GL(g,C), there is some additional freedom of how to choose a representation ρ, leading to
vector-valued Siegel modular forms. For g > 1 there is the possibility of the representation
ρ being reducible. In this case we can write the representation ρ as the direct sum of two
lower-dimensional representations ρ = ρ1 ⊕ ρ2. Then also the vector space of Siegel modular
forms can be decomposed into a direct sum

Mρ(Γg) =Mρ1(Γg)⊕Mρ2(Γg) . (5.5)
13For g = 1 there is also an extra holomorphy requirement at ∞ ∈ H1 = H, which is unimportant in the

following due to Koecher’s principle.
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In particular, we can always decompose a Siegel modular form into a sum of Siegel modular
forms of irreducible weights.

We will often be interested in functions which do not transform covariantly under the full
Siegel modular group, but only under some subgroup. The relevant subgroups are the so-called
congruence subgroups. The principle congruence subgroup of level N ∈ Z>0 is defined as

Γg(N) = {M ∈ Γg : M ≡ 1 mod N} ⊂ Γg . (5.6)

A general congruence subgroup of Γg of level N is then any subgroup that contains the
principle congruence subgroup Γg(N), see the lecture notes [119] for some examples. One
can define Siegel modular forms with respect to these congruence subgroups in the same way
as above, simply restricting the Siegel modular group to the respective congruence subgroup.

Irreducible representations of GL(g, C). Let us consider some important examples
of irreducible representations ρ that will play a role in the following. Besides the trivial
representation, GL(g,C) possesses other representations of dimension one, given by the
determinant to some power k,

detk : GL(g,C) → GL(1,C), M 7→ (detM)k , (5.7)

where the power of the determinant (detM)k is viewed as a linear map on the complex
numbers acting by multiplication

(detM)k : C → C, z 7→ (detM)kz . (5.8)

Siegel modular forms with weight ρ = detk are referred to as classical Siegel modular forms
of weight k and degree g.

There are two further irreducible representations of GL(g,C) that will play an important
role in the next section, namely the fundamental representation ρF and the dual representation
ρD with representation space V = Cg. For M ∈ GL(g,C), we have,

ρF(M) : V → V, v 7→ Mv , (5.9)
ρD(M) : V → V, v 7→ M−1T v . (5.10)

Importantly, these are actually related for g = 2, since for M ∈ GL(2,C), we have

ϵM−1T ϵ−1 = det(M)−1M with ϵ =
(

0 1
−1 0

)
, (5.11)

which for g = 2 implies that

ρD ≃ ρF ⊗ det−1 . (5.12)

Finally, there is a class of irreducible representations of GL(g,C) given by the symmetric
tensor representation

Symk : GL(g,C) → GL(SymkV ), M 7→ Symk(M) , (5.13)
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acting on symmetric tensors of rank k. Explicitly the representation space can be defined as

SymkV = V ⊗k/Sk , (5.14)

with the symmetric group Sk permuting the k copies of the space V , which is here given
by the representation space of the fundamental representation V = Cg. The representation
acts on tensor of rank k as

Symk(M) : SymkV → SymkV, Ti1,...,ik
7→Mi1,j1 . . .Mik,jk

Tj1,...,jk
. (5.15)

Riemann Θ functions. Many examples of Siegel modular forms can be constructed using
(Riemann) Θ functions. Here we will just introduce the basic concepts needed for this paper
and refer to the textbooks [112, 120–122] and the lecture notes [123] for more details.

The basic definition of a (Riemann) Θ function is given by the series representation

Θ(z,Ω) =
∑

n∈Zg

exp
[
iπnT Ωn + 2πinT z

]
, (5.16)

where z = (z1, . . . , zg) ∈ Cg, Ω ∈ Hg and g is a positive integer. We will also need a
more general notion of Θ function, namely the Θ functions with (half) characteristics.
Characteristics are pairs of integer vectors ϵ1, ϵ2 ∈ Zg, typically written in a matrix as
ϵ =

[
ϵ1
ϵ2

]
. They are referred to as odd or even if their scalar product ϵT

1 ϵ2 is odd or even. The
Θ functions associated with such a pair of characteristics is then defined by the series

Θ [ϵ] (z,Ω) =
∑

n∈Zg

exp
[
iπ

(
ϵ1
2 + n

)T

Ω
(

ϵ1
2 + n

)
+ 2πi

(
n + ϵ1

2

)T (
z + ϵ2

2

)]
. (5.17)

In general, Θ functions are quasi-periodic functions of the variable z

Θ [ϵ] (z + Ωλ1 + λ2,Ω) = exp
[
2πi

(1
2(ϵ

T
1 λ2 − λT

1 ϵ2)− λT
1 z − 1

2λT
1 Ωλ1

)]
Θ [ϵ] (z,Ω) .

(5.18)
Hence, by taking appropriate quotients, one can build well-defined functions on the Jacobian14

Cg/(Zg ⊕ ΩZg) of a Riemann surface of genus g, with normalized period matrix Ω, out of Θ
functions, which explains their pivotal role in the study of Riemann surfaces. Additionally,
Θ functions are quasi-periodic with respect to their characteristics,

Θ
[

ϵ1+2ν1
ϵ2+2ν2

]
(z,Ω) = exp

(
iπϵT

1 ν2
)
Θ
[

ϵ1
ϵ2

]
(z,Ω) , (5.19)

with ν1,ν2 ∈ Zg, which allows one to restrict to ϵ1, ϵ2 ∈ {0, 1}g. Thus, there are only 22g

independent choices of (half) characteristics. In the following we will only need Θ functions
(and their derivatives with respect to zi) evaluated at z = 0. These functions on Hg are
referred to as (Riemann) Θ constants Θ [ϵ] (Ω) ≡ Θ [ϵ] (0,Ω) and derivative (Riemann)
Θ constants ∂iΘ [ϵ] (Ω) ≡ ∂ziΘ [ϵ] (z,Ω)|z=0. At genus two, there are 16 characteristics,
leading to 10 Θ constants and 6 derivative Θ constants, which we list for convenience in

14This is the natural generalization of the torus description of the elliptic curve to higher genus. However,
for g > 1 the hyperelliptic curve (or general Riemann surface) is only a subvariety of the Jacobian and not
equivalent to it as for g = 1.
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appendix B, where we also define a brief notation denoting the 10 independent Θ constants
for g = 2 by θ1, . . . , θ10.

Θ constants are (classical) Siegel modular forms with weight det1/2 for a congruence
subgroup of Γg of level 2, at least up to a multiplicative complex phase [124, 125].15 This
makes them very useful in constructing (genuine) Siegel modular forms for some congruence
subgroup or the full Siegel modular group.

(Quasi-)periods as Siegel (quasi-)modular forms. Another example of Siegel modular
forms is provided by the a-cycle period matrix A of a hyperelliptic curve. To see this, consider
a family of hyperelliptic curves dependent on some parameters λ. If we now perform a closed
loop in parameter space, the branch points will also change, but at the end of the loop we
should have ended up with the same hyperelliptic curve we started with. This procedure
will however in general have changed the integration cycles, i.e., the homology basis, leading
to the a and b-periods undergoing a linear transformation16(

BT

AT

)
→ M

(
BT

AT

)
, (5.20)

with M an integer-valued 2g × 2g matrix, the so-called monodromy matrix. Since the
monodromy should preserve the symplectic structure of the homology basis, M should be
an element of Sp(2g,Z). By performing all possible independent closed loops in parameter
space we generate some subgroup Γ of the Siegel modular group Γg = Sp(2g,Z), and this
subgroup is known to always be a congruence subgroup [126]. The exact congruence subgroup
depends on the concrete problem.

The transformation behavior of the periods can now be translated into an action of

the congruence subgroup. Explicitly we find, with γ =
(

A B

C D

)
∈ Γ, for the normalized

period matrix

γ · Ω = (AΩ + B)(CΩ + D)−1 , (5.21)

which is the natural action on the Siegel upper half space Hg. Similarly we find the action
on the a-period matrix

γ · A = A(CΩ + D)T , (5.22)

which shows that A is a Siegel modular form with respect to Γ with weight 1⊗ ρF, where
1 refers to the trivial representation.

From the above we can also derive the modular transformation behavior of the quasi-
period matrix Ã. Namely, as seen in the previous section, the (quasi-)periods satisfy first-order
differential equations. If we choose some first-order differential operator ∂, we can express
the quasi-period matrix Ã in terms of A and its derivative ∂A

Ã = R1A + R2∂A , (5.23)
15They are referred to as Siegel modular forms with character.
16The transposes are due to our convention to label the columns and not the rows of the A, B matrices by

the cycles.

– 35 –



J
H
E
P
0
2
(
2
0
2
5
)
0
1
4

for some g × g matrices Ri, which depend on the choice of ∂. From this we can now deduce
the transformation behavior, with γ ∈ Γ as above

γ · Ã = Ã(CΩ + D)T + R2A∂ΩCT . (5.24)

Note that while both R2 and ∂Ω depend on the choice of ∂, it is easy to show that the
combination R2A∂Ω is independent of this choice and can be computed to be

R2A∂Ω = 8πiA−1T . (5.25)

See appendix E for further details. Hence we find that the quasi-period matrix transforms as

γ · Ã = Ã(CΩ + D)T + 8πiA−1T CT . (5.26)

Since Ã transforms not like a Siegel modular form but like the derivative of one, we refer
to it as a Siegel quasi modular form, see [127] for a rigorous definition.

5.2 Modular properties of the canonical differential equation

As argued in the previous subsection, the matrix of a-periods A should transform as a
Siegel modular form for an appropriate congruence subgroup Γ ⊂ Γ2 = Sp(4,Z). Since
our hyperelliptic curves are in Rosenhain normal form, the relevant congruence subgroup
is known to lie in the principal congruence subgroup of level two Γ2(2), see e.g., [128].
Numerically we find that A is not a Siegel modular form for Γ2(2), but transforms as a
Siegel modular form up to a sign

A 7→ −A(CΩ + D)T , for
(

A B

C D

)
∈ Γ2(2) , (5.27)

which is however sufficient as it will appear quadratically. This is exactly analogous to the
elliptic case reviewed in section 2, where the period of the elliptic curve is not a modular
form for Γ(2), but its square is.

Consider only the first matrix contributing to A(λ) in equation (4.35), i.e., the one that
contains no factor of the antisymmetric matrix T A containing the new function a(λ). From
the transformation behaviour of the periods it directly follows that the four 2 × 2 blocks
all constitute Siegel modular forms of some weights

ρij : GL(2,C) → GL(Vij), M 7→ ρij(M) , (5.28)

which are representations of GL(2,C) acting on some representation spaces. All of them are
given by rank-two tensor representations, explicitly given by (for g,M ∈ GL(2,C))

ρ11 = ρD ⊗ ρF : GL(2,C) → GL(V ⊗ V ), ρ11(M) · T = M−1T T MT ,

ρ12 = ρD ⊗ ρD : GL(2,C) → GL(V ⊗ V ), ρ12(M) · T = M−1T T M−1 , (5.29)
ρ21 = ρF ⊗ ρF : GL(2,C) → GL(V ⊗ V ), ρ21(M) · T = MT MT ,

ρ22 = ρF ⊗ ρD : GL(2,C) → GL(V ⊗ V ), ρ22(M) · T = MT M−1 ,
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where V = C2 is the representation space of the fundamental and dual representations ρF
and ρD, as reviewed in the previous subsection.

These representations are reducible, which leads to a decomposition of the Siegel modular
forms into Siegel modular forms with irreducible weights. To see this, first recall that the
dual representation is related to the fundamental representation by the isomorphism in (5.12).
Furthermore, we can reduce the rank-two tensor representation ρF ⊗ ρF into its symmetric
and antisymmetric part

ρF ⊗ ρF = Sym2 ⊕ ∧2 . (5.30)

The symmetric product representation was defined in section 5.1, while it is easy to see
that the antisymmetric part here is simply the determinant representation ∧2 ≃ det. We
thus find the decompositions

ρ11 = ρD ⊗ ρF ≃
(
Sym2 ⊗ det−1

)
⊕ 1 ,

ρ12 = ρD ⊗ ρD ≃
(
Sym2 ⊗ det−2

)
⊕ det−1 , (5.31)

ρ21 = ρF ⊗ ρF ≃ Sym2 ⊕ det ,

ρ22 = ρF ⊗ ρD ≃
(
Sym2 ⊗ det−1

)
⊕ 1 .

On the level of the Siegel modular forms these decompositions can be implemented as
follows. First one can insert a one in the form ϵ−1ϵ, where the factor of ϵ implements the
isomorphism (5.12), see eq. (5.11). Furthermore one can decompose matrices transforming
under the product ρF ⊗ ρF into their symmetric and antisymmetric parts, implementing the
decomposition (5.30). For example, we can decompose

A−1M11A = ϵ−1ϵA−1M11A (5.32)

= ϵ−1
[1
2
(
ϵA−1M11A + AT MT

11A−1T ϵT
)
+ 1

2
(
ϵA−1M11A − AT MT

11A−1T ϵT
)]

,

abbreviating M11 = β1 − β2S. The first term in the square brackets transforms in the
symmetric representation up to an inverse factor of the determinant, while the second term
transforms in the trivial representation, i.e., is modular invariant. Hence, we have decomposed
the 2 × 2 block appearing in the canonical differential equation matrix in terms of Siegel
modular forms with irreducible weights (up to a constant factor of ϵ−1). Similarly, we can
decompose the other blocks according to the decomposition of the representations given
above. In doing this we find not only vector-valued Siegel modular forms but also classical
Siegel modular forms of weights −1, 0 or 1 (and degree 2).

The above observations show that the modular properties of the genus one canonical
differential equation indeed generalize to Siegel modularity at higher genus. We can even
observe a generalization of the weight grading in the above representations by considering the
total degree of M in the ρij . Explicitly, we find total degree (−2, 0, 2) along the anti-diagonal
starting in the upper right, in agreement with the weights of the modular forms in the elliptic
case (remembering that dτ has weight −2). Furthermore, we observe that the upper right
block is precisely the differential of the normalized period matrix,

A−1β2A−1T = dΩ , (5.33)
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nicely generalizing the analogous statement at genus one. We can then also consider the
three independent entries of Ω as the variables in the differential equation matrix A(λ).
The parameters λ then become functions λ(Ω), which can explicitly be given in terms of
Riemann Θ functions [107, 108], using Thomae’s formula [129],

λ1(Ω) =
(
θ6θ7
θ8θ9

)2
, λ2(Ω) =

(
θ5θ7
θ8θ10

)2
, λ3(Ω) =

(
θ5θ6
θ9θ10

)2
, (5.34)

using the brief notation for the Θ constants introduced in appendix B. Note that these
are Siegel modular invariant functions for Γ2(2). Also the period matrix A can be written
explicitly as a function of the normalized period matrix [107, 108, 130] using the Rosenhain
formula [131]

A(Ω) = 2θ8θ9θ10
θ1θ2θ3θ4θ5θ6θ7

(
θ8θ9θ10∂1θ16 θ8θ9θ10∂2θ16
θ5θ6θ7∂1θ11 θ5θ6θ7∂2θ11

)
. (5.35)

So far we have focused only on the first matrix in (4.35), which does not contain the
matrix T A, i.e., the new function a(λ). Indeed, we can show that the terms containing a(λ)
will spoil the modular properties, irrespective of the function a(λ) having an expression solely
in terms of periods or not. For details see appendix D. Thus, in contrast to the elliptic case,
we cannot interpret the entries of the full differential equation matrix as Siegel modular
forms but only parts of the entries. The terms that spoil the modular properties contain
the new function a(λ). It is hence clear why this did not occur at genus one. We thus
see that our canonical differential equation extends the modular properties encountered for
genus one in a very direct and natural way.

6 Outlook and conclusion

In this paper we have taken first steps in studying the existence and structure of the
canonical basis for Feynman integrals associated with higher-genus Riemann surfaces, in
particular hyperelliptic curves. To this end we have studied three- and four-variable Lauricella
hypergeometric functions which serve as prototypes for the maximal cuts of Feynman integrals
associated to genus two hyperelliptic curves. In particular, this class of functions covers
the maximal cut of the non-planar double box integral reviewed in section 3.1. We have
explicitly constructed a rotation into an ε-factorized basis for these functions, generalizing
the method of [43], which was developed for elliptic curves and has also been applied to
Calabi-Yau geometries [43, 48–50, 75]. It is known that when performing this rotation one
generically needs to introduce new functions defined as integrals over combinations of the
(quasi-)periods of the geometry. In general, it is not an easy task to understand precisely
how many such objects one needs. In the examples studied in this paper, we have shown how
recent results on the structure of the intersection matrix in the canonical basis can be used to
derive algebraic constraints on these functions allowing one to reduce the maximum number
needed in an algorithmic way. Explicitly we were able to reduce the number of new functions
from a naive counting leading to four and eight functions for the three- and four-variable
Lauricella function, to only one and three functions, respectively.
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While the differential equations constructed in this way are certainly ε-factorized, it is not
a priori clear that one has also found the canonical basis. While the fact that the intersection
matrix is constant is already a strong hint that this is the case, we have provided further
evidence by studying the modular properties of the ε-factorized differential equation matrix,
focusing on the three-variable Lauricella function. We were able to identify (parts of) the
differential equation matrix as Siegel modular forms, nicely generalizing similar observations
made in elliptic canonical forms [32, 33, 36, 47, 48, 52]. The modular properties are, however,
more intricate as in the elliptic case, due to the appearance of the new function a(λ), similar
to what happens, e.g., in the case of the three-loop equal-mass banana integral [47].

We only showcased genus two examples, but we expect the same method to work for
higher genera with no new conceptual difficulties. Hence, our work provides strong evidence
for the existence of the canonical basis for Feynman integrals associated with hyperelliptic
curves, at least on the maximal cut, and points at some first structural properties. In
particular, it shows that the algorithm of [43] generalizes in a straightforward way and
continues to successfully construct the canonical form.

There are however still some open questions which we leave for future investigation. For
example, we believe that the new function we found in the canonical basis of the three-variable
Lauricella function is a genuine new function, in the sense that it can not simply be expressed
in terms of the periods of the hyperelliptic curve. While the existence of such functions can
be predicted in some cases [43], these arguments do not seem to apply here. Rather, since we
are working in a minimal setup there could be some purely geometric interpretation of this
function, which would be very interesting to understand better in the future.
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A Some background on intersection theory

In this appendix we introduce some concepts related to twisted cohomology. We will keep
it short and conceptual, whilst referring to [84, 132, 133] for more in depth reviews and
precise definitions.

The central objects of study in the context of twisted cohomology are the twisted
(co-)homology groups, whose periods are of the form∫

γ
Φφ , (A.1)
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with Φ a multivalued function and φ a single-valued differential forms whose only singularities
are at branch points of Φ. The twisted cohomology group Hn

dR(X,∇Φ) is a cohomology group
with the connection ∇Φ = dint + dint log Φ∧ being sensitive to the multi-valued twist Φ, i.e.,
the group of closed modulo exact differential forms with respect to ∇Φ. Here dint refers to
the total differential with respect to the integration variables. Similarly, the corresponding
twisted homology group Hn(X, ĽΦ) with the local system ĽΦ contains contours that have a
local branch of the twist assigned to them. We can choose bases {φj} and {γi} for each of
these and then define the period matrix to be the matrix of period pairings

P (x, ε)ij =
∫

γj

Φφi . (A.2)

Additionally, we define dual twisted cohomology and homology groups, Hn
dR(X, ∇̌Φ) and

Hn(X,LΦ) with bases {φ̌} and {γ̌j} respectively. These have the twist Φ−1 and the dual
twisted cohomology group is therefore defined with the connection ∇̌Φ = dint − dint log Φ∧.
Their period pairing is defined by

P̌ (x, ε)ij =
∫

γ̌j

Φ−1φ̌i . (A.3)

Information about the basis of differentials and the dual basis of differentials is captured
by the intersection matrix, which is defined by

C(x, ε)ij = 1
(2πi)n

(∫
X
φi ∧ φ̌j

)
ij
. (A.4)

The period matrix and its dual fulfill bilinear relations of the form
1

(2πi)n
P
(
H−1

)T
P̌

T = C . (A.5)

where C = C(x, ε) is the cohomology intersection matrix defined in (A.4) and H = H(ε)
is the intersection matrix for the homology group and its dual, defined by the topological
intersections with the local branch choice of the twist taken into account (for more detail on
the computation of homology intersection numbers, see also [133–135]).

As discussed in [85, 98], the basis and the dual basis can always be chosen such that
the period matrices are related by

P̌ (x, ε) =
(∫

γ̌j

Φ−1φi

)
ij

= P (x,−ε) , (A.6)

and this is in particular always true for the period matrices of maximal cuts. We interpret
this relation as a notion of self-duality for the maximal cut [85, 136]. It is reflected in the
differential equation by the relation

B̌(x, ε) = B(x,−ε) . (A.7)

Since in this paper the twist always takes the form

Φ =
n+2∏
i=1

(x− λi)−
1
2 +aiε , (A.8)
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(A.6) is always fulfilled for some choice of basis {φi} and the dual basis chosen as

φ̌i =
φi∏n+2

k=1(x− λk)
. (A.9)

Whenever we compute an intersection matrix in the main text, this is how we choose the
dual basis. For the purpose of this paper, the cohomology intersection matrix (A.4) is the
most relevant object we get from twisted cohomology.

Intersection numbers for one-forms. We want to briefly review how to compute this
object practically. The Lauricella functions we consider here only have one integration
variable, so we also restrict the review to the case of one-forms. For the calculation of
intersection matrices of n-forms, see, e.g., [92, 93, 99–102, 137].

We consider a twisted cohomology group with twist Φ and connection

∇Φ = dint + dint log Φ = dint +
dintΦ
Φ . (A.10)

We denote by PΦ the set of poles of dint log Φ. Let φL ∈ H1
dR(X,∇Φ) and φ̌R ∈ H1

dR(X, ∇̌Φ).
We can compute the intersection number between these two differentials as a sum of residues

⟨φL|φ̌R⟩ :=
1
2πi

∫
X
φL ∧ φ̌R =

∑
p∈PΦ

Resz=p [ψpφ̌R] , (A.11)

where ψp is the local solution around z = p of

∇Φψp = φL . (A.12)

The computation of the intersection numbers is purely algebraic since we only need a small
set of Laurent coefficients of Ψ for extracting the residue, which can be achieved by making a
power series ansatz and solving the resulting linear system. Note, that only a limited amount
of terms need to be considered in this ansatz, more specifically, one makes an ansatz of the form

ψp =
max∑

k=min
cp,kx

k
p , (A.13)

with xp a local coordinate at p and

min = ordp(φL) + 1 and max = −ordp(φ̌R)− 1 , (A.14)

where ordp denotes the lowest non-vanishing order of the expansion in p. If max < min, there
is no local solution for ψp that contributes to (A.11). We illustrate this with a pedagogical
example for the reader not familiar with intersection theory. All other cases in this paper are
also single-variable cases very similar to this example and can be obtained in the same way.
Additional instructive examples, also in the multi-variate case, can be found in [137].

Example 7 (Hypergeometric 2F1-function). We consider as an example the hypergeometric
2F1 function discussed in section 2.3, i.e., we define the twisted cohomology H1

dR(X,∇Φ) with

Φ = x−
1
2 +a1ε(x− 1)−

1
2 +a2ε(x− λ)−

1
2 +a3ε , (A.15)
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Form ord0 ord1 ordλ ord∞

ϖ1 0 0 0 -2
ϖ2 1 0 0 -3
ϖ̌1 -1 -1 -1 1
ϖ̌2 0 -1 -1 0

p 0 1 λ ∞
min1 1 1 1 -1
min2 2 1 1 -2
max1 0 0 0 -2
max2 -1 0 0 -1

Table 1. Lowest orders in the local expansion of the bases (A.17) and the corresponding values for
min and max.

and X = CP − PΦ, where

PΦ = {0, 1, λ,∞} , (A.16)

is the set of poles of d logΦ. For the basis and the dual basis we choose:

ϖ1 = dx , ϖ̌1 = 1
x(x− 1)(x− λ)dx , (A.17)

ϖ2 = x dx , ϖ̌2 = x

x(x− 1)(x− λ)dx . (A.18)

By expanding in local coordinates, we obtain the following lowest orders and corresponding
minimal and maximal orders we need to compute of the ψp:
⟨ϖ1|ϖ̌1⟩: reading off from table 1, we find that for all poles min1 > max1 and thus all residues
in (A.11) vanish and

⟨ϖ1|ϖ̌1⟩ = 0 . (A.19)

⟨ϖ1|ϖ̌2⟩: again, we find from 1, that we do not get contributions from the poles 0, 1, λ
in (A.11), but we do get a contribution from the pole at ∞. We make the ansatz

ψ12
∞ =

max2=−1∑
k=min1=−1

c12
∞,k x

k
∞ , (A.20)

and solve (A.12) for c∞,−1, finding

ψ12
∞ = 2

−1 + 2ε(a1 + a2 + a3)
1
x∞

+O
(
x0
∞

)
. (A.21)

Consequently, we obtain:

⟨ϖ1|ϖ̌2⟩ = Resz=∞
[
ψ12
∞ ·

(
−1− (λ+ 1)x∞ +O(x2

∞)
)]

= − 2
−1 + 2ε(a1 + a2 + a3)

. (A.22)

⟨ϖ2|ϖ̌1⟩ and ⟨ϖ1|ϖ̌2⟩: similarly, we find

ψ21
∞ = 2

1 + 2ε(a1 + a2 + a3)
1
x2
∞

+O(x−1
∞ ), (A.23)

ψ22
∞ = 2

1 + 2ε(a1 + a2 + a3)
1
x2
∞

+ 2− 4εa2 + (2− 4a3ε)λ
(2ε(a1 + a2 + a3)− 1)(2ε(a1 + a2 + a3) + 1)

1
x∞

+O(x0
∞),

(A.24)
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and consequently

⟨ϖ2|ϖ̌1⟩ = − 2
1 + 2ε(a1 + a2 + a3)

, (A.25)

⟨ϖ2|ϖ̌2⟩ = − 4ε(a1 + a3 + λ(a1 + a2))
(2ε(a1 + a2 + a3)− 1)(2ε(a1 + a2 + a3) + 1) . (A.26)

B Genus two Θ constants

There is a finite number of (half) characteristics for theta functions of given genus. In this
appendix we record all theta constants (corresponding to even characteristics) and derivative
theta constants (corresponding to odd characteristics) for genus two.

At genus two there are 10 even characteristics leading to non-trivial theta constants
that we label as follows

θ1 = Θ
[

1 1
1 1 ;Ω

]
, θ2 = Θ

[
0 0
1 1 ;Ω

]
, θ3 = Θ

[
0 0
1 0 ;Ω

]
, θ4 = Θ

[
0 1
1 0 ;Ω

]
,

θ5 = Θ
[

0 0
0 1 ;Ω

]
, θ6 = Θ

[
0 0
0 0 ;Ω

]
, θ7 = Θ

[
0 1
0 0 ;Ω

]
, θ8 = Θ

[
1 1
0 0 ;Ω

]
, (B.1)

θ9 = Θ
[

1 0
0 0 ;Ω

]
, θ10 = Θ

[
1 0
0 1 ;Ω

]
,

where we suppress the Ω dependence for brevity. Furthermore there are 6 odd characteristics
at genus two, which lead to non-trivial derivative theta constants,

∂iθ11 = ∂iΘ
[

0 1
0 1 ;Ω

]
, ∂iθ12 = ∂iΘ

[
0 1
1 1 ;Ω

]
, ∂iθ13 = ∂iΘ

[
1 0
1 1 ;Ω

]
,

∂iθ14 = ∂iΘ
[

1 0
1 0 ;Ω

]
, ∂iθ15 = ∂iΘ

[
1 1
1 0 ;Ω

]
, ∂iθ16 = ∂iΘ

[
1 1
0 1 ;Ω

]
.

(B.2)

C Differentials on the hyperelliptic curve

In this appendix, we give further technical details regarding the Abelian differentials. In
section C.1 we give explicit expressions for the expansion of differentials of the form

xjdx
y

(C.1)

around ∞ for even and odd hyperelliptic curves. These expansions allow us to construct
combinations of these with a particular pole structure and in particular construct combinations
with vanishing residue at infinity, i.e., second kind differentials. Using the expressions given
here, it is easy to check that the differentials given in examples 3 and 4 are indeed of the
kind claimed. Furthermore, in section C.2 we show how Abelian differentials can be written
in terms of Riemann Θ functions using a global coordinate.

C.1 Expansion around ∞

Odd hyperelliptic curve. Let us consider first the case of an odd hyperelliptic curve.
In order to expand around ∞, we need to change coordinates via u = 1

x2 . The square in
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the change of variables is necessary because ∞ is a branch-point of the square root in the
differential. The expansion around u = 0 of the differentials in question is then given by

xk−1dx√
(x− λ1) . . . (x− λ2g+1)

= −2
∞∑

N=g−k

SN+k−gu
2Ndu , (C.2)

where
SN = (−1)N

∑
σ⊂Σ(N)

(−1)|σ| (2|σ|)!
(2|σ||σ|!)2 s(σ) , (C.3)

and we define S0 = 1. Here the sum is taken over all ordered integer partitions of N , e.g.

Σ(3) = {{3}, {2, 1}, {1, 2}, {1, 1, 1}} . (C.4)

We defined |σ| to be the cardinality of the ordered set σ and

s(σ) =
|σ|∏
i=1

sσi(λ⃗) (C.5)

is a product of symmetric polynomials in the λi.17

Even hyperelliptic curve. Let us now consider the case of an even hyperelliptic curve.
Note that in this case, the differentials

xkdx
y

, k ≥ g , (C.6)

have non-vanishing residues at ∞. To expand around ∞ we change variables with x = 1/u.
We find

xk−1dx√
(x− λ1) . . . (x− λ2g+2)

= −
∞∑

N=g−k

SN+k−gu
Ndu , (C.7)

This allows us to explicitly give a linear combinations of differentials with only a pole of
order k + 1. To this end, we define the functions Ψ̃k by

Ψ̃k =
k∑

i=0

∑
σ⊂Σ(i)

(−1)|σ|S(σ)xg+k−i with S(σ) =
|σ|∏
i=1

Sσi . (C.8)

Then the differential

Ψ̃kdx
y

= − 1
uk+1du+O(1). (C.9)

only has a pole of order k + 1. Note, that of course we can add any linear combination
of holomorphic differentials to this without changing this pole structure and we will do so
in a manner that brings the bilinear relations between (quasi)-periods into a simple form,
see examples 5 and 6.

17The undefined symmetric polynomials are considered to be zero.
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C.2 Expressions in terms of Riemann Θ-functions

In this section we will show how the Abelian differentials on the hyperelliptic curve that
we discussed in section 3 can be written in a global coordinate in terms of first kind
differentials and Θ functions. Such a coordinate could for example be provided by a Schottky
parametrization [138], see [110] for more details or [83] for a recent review in the physics
literature. Numerically this coordinate change can e.g., be performed using the Myrberg
algorithm [139], see for example [140–143].

Abelian differentials of first kind. The Abelian differentials of the first kind are considered
as elementary building blocks of the construction. We will choose a particularly normalized
basis {ω1, . . . , ωg} defined by the requirement∫

γi

ωj = δij . (C.10)

That means, the basis ϖi of holomorphic differentials on the hyperelliptic curve defined
in (3.15) can be decomposed as

ϖi =
g∑

j=1
Aijωj . (C.11)

Prime form and bidifferential. The construction of the second and third kind differentials
relies on the prime form and the bidifferential. The prime form is defined as (see e.g., [111,
112, 144, 145])

E(x, y|Ω) = Θ[ϵ](u(x, y),Ω)
ηϵ(x)ηϵ(y)

, (C.12)

where ϵ = (ϵ1, ϵ2) is an odd (half-)characteristic and ηϵ(x) is the holomorphic function
defined by

ηϵ(x)2 =
g∑

i=1
ωi(x)∂iΘ[ϵ](0,Ω) , (C.13)

and
u(x, y) =

(∫ x

y
ω1, . . . ,

∫ x

y
ωg

)
(C.14)

is referred to as Abel’s map. While not obvious, it turns out that the prime form is independent
of the chosen characteristic. The fundamental bi-differential is defined by, see, e.g., [123],

B(z, z′) = dzdz′ logE(z, z′) = dzdz′ logΘ[ϵ](u(z, z′),Ω) . (C.15)

We can explicitly write this as

B(z, z′) = (2π)2
[Θ⟨z, z′⟩(u(z, z′) + cϵ)

Θ(u(z, z′) + cϵ)
− Θ⟨z⟩(u(z, z′) + cϵ)Θ⟨z′⟩(u(z, z′) + cϵ)

Θ(u(z, z′) + cϵ)2

]
dz ∧ dz′ ,

(C.16)
where we introduced the following notation for derivatives of Θ functions

Θ⟨z1, . . . , zk⟩(x) =
∑

n∈Zg

nTω1(z1) . . . nTω1(zk) exp
[
iπnTΩn+ 2πinTx

]
, (C.17)

and
cϵ = 1

2 (Ωϵ1 + ϵ2) . (C.18)
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Abelian differentials of third kind. Using the prime form we can give an explicit
expression for the normalized Abelian differential of the third kind with poles at w1, w2 [111]:

ω3|w1,w2 = dz log
E(z, w1)
E(z, w2)

= dz
[
∂zE(z, w1)
E(z, w1)

− ∂zE(z, w2)
E(z, w2)

]
. (C.19)

The normalization here means that∫
ai

ω3|w1,w2 = 0 , resz=w1ω3|w1,w2 = 1 , resz=w2ω3|w1,w2 = −1 . (C.20)

We can also write the differential directly in terms of Θ functions:

ω3|w1,w2 =
[
ωi(z)∂iΘ(u(z, w1),Ω)

Θ(u(z, w1),Ω) − ωi(z)∂iΘ(u(z, w2),Ω)
Θ(u(z, w2),Ω)

]
dz . (C.21)

We can now relate any third kind differential to the normalized differential defined above,
by simply matching the pole structure and normalization. For the third kind differential
with pole at ∞, which is part of the basis of Abelian differentials for any even hyperelliptic
curve, this leads to

xgdx
y

= −ω3|z+
∞,z−∞

+
g∑

i=1

(∮
ai

xgdx
y

)
ωi . (C.22)

Here z+
∞ and z−∞ are the values of the global variable related to ∞ on the two sheets. It is

easy to check that indeed both sides have the same pole structure which means that they can
only differ by a linear combination of holomorphic differentials. This combination however
has to be trivial which can be seen by integrating both sides over the a-cycles.

Abelian differentials of second kind. The normalized differential of the second kind
with pole at z = w of order k + 1 is given by an appropriate residue of the fundamental
bi-differential [123],

ω
(k)
2|w = −1

k
Resz′=w

[ 1
(z′ − w)k

B(z, z′)
]
, (C.23)

which satisfies ∮
ai

ω
(k)
2|w = 0 , resz=w

[
ω

(k)
2|w

]
= 0 . (C.24)

We can explicitly perform this residue and give a concrete formula for the differential, but we
have to differentiate between the pole w being finite or at ∞. If w is finite, we find18

ω
(k)
2|w = (2π)2

k!
∂k−1

∂z′k−1

[Θ⟨z, z′⟩(u(z, z′)+cϵ)
Θ(u(z, z′)+cϵ)

−Θ⟨z⟩(u(z, z′)+cϵ)Θ⟨z′⟩(u(z, z′)+cϵ)
Θ(u(z, z′)+cϵ)2

]∣∣∣∣∣
z′=w

dz.

(C.25)
18Note that we drop the explicit dependence of the Θ functions on Ω to keep the expressions shorter.
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If the pole is at ∞ we need to take the residue in a chart containing ∞. Generally one can
write (focussing on an even hyperelliptic curve for definiteness)

ω
(k)
2|∞ = (2π)2

k!
∂k−1

∂u′k−1
1
u′2

[Θ⟨z⟩(u(z, 1/u′) + cϵ)Θ⟨1/u′⟩(u(z, 1/u′) + cϵ)
Θ(u(z, 1/u′) + cϵ)2

−Θ⟨z, 1/u′⟩(u(z, 1/u′) + cϵ)
Θ(u(z, 1/u′) + cϵ)

]∣∣∣∣
u′=0

dz . (C.26)

We can now relate any second kind differential to a normalized one in the same way as
detailed above for the third kind differentials. We match the pole structure on the two sides
so that their difference is a linear combination of the holomorphic differentials which can be
fixed using the normalization conditions of the various normalized differentials. Of course,
this analysis depends on whether one considers an even or an odd hyperelliptic curve. Note
also that the pole structure generally changes when changing coordinates and only the residue
of a differential form is coordinate invariant.

D Constraints on the form of a(λ)

In the main text we have seen that we need to introduce a new function a(λ), naturally living
in an antisymmetric matrix T A, to find the canonical form of the three-variable Lauricella
function. In this appendix we will provide some evidence that a(λ) cannot be expressed
solely in terms of (quasi-)periods and hence constitutes a genuine new function. As a side
product this will allow us to show that the existence of this function will necessarily spoil the
Siegel modularity of the canonical differential equation matrix. The main tool we will use
is a generalization of the “modular bootstrap” idea of [41, 45]. To this end let us consider
the differential equation

dT A + P A = 0 , (D.1)

which defines the matrix T A.
First, let us assume that T A transforms in the same way as the symmetric part of T ,

given in (4.28), i.e., as a Siegel modular form of weight ρ21, see (5.31). This is necessary
for the Siegel modularity of the full differential equation matrix. Now apply a modular
transformation to equation (D.1) (

A B

C D

)
∈ Γ2(2) , (D.2)

using the known transformation behavior of the (quasi-)period matrices, see eqs. (5.22)
and (5.26), and using the original differential equation (D.1) to find

(dg)T AgT + gT AdgT + 8πi
[
gAT P A

2 A−1T CT + CA−1P A
3 AgT

]
= 0 , (D.3)

where we abbreviated g = CΩ + D. Using dg = CdΩ and dΩ = A−1β2A−1T we find
the two constraints

T AA−1β2 + AT P A
2 = 0 , (D.4)

β2A−1T T A + P A
3 A = 0 . (D.5)
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These are equalities between matrix-valued differential forms. Considering different compo-
nents of these equations (ensuring that the respective component of β2 is invertible), we
can derive various expressions for T A of the form

T A = AT M(λ)A , (D.6)

for some matrices M(λ). These equations, however, are not compatible with each other,
leading to a contradiction. Hence, while we cannot prove that the antisymmetric matrix T A
has no expression in terms of (quasi-)periods, we can see that in any case it has to break the
Siegel modularity of the canonical differential equation. Since these terms all stem from the
antisymmetric part of T it is also clear why this did not happen at genus one.

We can use a similar approach to exclude a more general ansatz of the form

T A = AT M1(λ)A + AT M2(λ)Ã − ÃT
MT

2 (λ)A + ÃT
M3(λ)Ã , (D.7)

for some 2× 2 matrices M i(λ) where M1(λ),M3(λ) are antisymmetric. Following the same
strategy as above and using the bilinear relation (3.38), we find the two constraints

r1M2 − r1M3 = 0 , (D.8)
M1rT

2 − M2rT
1 + P A

2 = 0 , (D.9)

where r1, r2 are 2×2 matrices of rational one-forms which can be read off from the differential
equation

dA = r1A + r2Ã . (D.10)
Note that one needs to use the simple relation β2 = 8πir2, which is not difficult to show.
By considering different components of the above constraint equations we can try to solve
for entries of the M i and observe that there is no solution, allowing us to exclude that T A

takes the form above. While this does not fully establish that the function a(λ) can not be
written be written as a rational combination of (quasi-)periods, this argument gives further
evidence that a(λ) is indeed a new function.

E Details on the modular behaviour of the quasi-period matrix

In this appendix we give some details on how to derive equation (5.25) necessary to find
the modular transformation behavior of the a quasi-period matrix Ã, given in the main
text, see equation (5.26).

Recall that we introduced the matrices R1,R2 to express Ã in terms of the a period
matrix A and its derivative ∂A in (5.23), or equivalently

∂A = −R−1
2 R1A + R−1

2 Ã , (E.1)

with the same equation holding for the b (quasi)-periods. Recall that ∂ is some first-order
differential operator with respect to some parameters of the hyperelliptic curve and the
matrices R1,R2 depend on this choice. Using Ω = A−1B, we can now compute

∂Ω = −A−1∂AA−1B + A−1∂B
= −A−1R−1

2 ÃA−1B + A−1R−1
2 B̃ (E.2)

= 8πiA−1R−1
2 A−1T ,
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where in the last equality we used

ÃA−1B = ÃBT A−1T = B̃ − 8πiA−1T , (E.3)

which follows from the quadratic relations (3.35) and (3.37). It immediately follows that

R2A∂Ω = 8πiA−1T , (E.4)

as claimed.
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