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Abstract

Our universe is expanding. Even more dramatically, the rate of expansion is
increasing. The simplest example of a universe with an accelerating expansion
is a de Sitter spacetime. Our universe seems to be asymptotically evolving to de
Sitter space. This process is associated with the largest cosmological scales. The
reader may associate quantum mechanics with small scales and be surprised to
hear that quantum effects play an important role in this cosmological evolution.
In part I, we will begin by arguing for the importance of quantum gravity in a
cosmological context. We will then overview some properties of de Sitter space
and some of the quantum gravity that will play a role in our work.

The title of this thesis is Aspects of Quantum Gravity in de Sitter Space. We
will look at three such aspects.

In part IT we will use holography. This is a technique to study quantum
gravity by using quantum field theory in one less spacetime dimension. We will
holographically construct a theory with a supersymmetric de Sitter vacuum
and compute its no-boundary wavefunction. The no-boundary wavefunction is
a proposal for the ground state of a theory of quantum gravity. By interpreting
this wavefunction, one can gauge some properties of the quantum gravity theory
such as the stability of the would-be ground state and expectation values of
quantum fields.

In part III, we will study string compactifications. Superstring theory is
the leading candidate for a complete theory of quantum gravity. However,
superstring theory is most naturally formulated in ten spacetime dimensions.
We will investigate how to construct vacua where the extra dimensions are
sufficiently small such that a large observer (for instance a human) will only
experience four large spacetime dimensions. We then further look at the
possibility of making these four large dimensions a de Sitter space. As we will
see, this is no easy task and no consensus has yet been reached on whether it is
possible to realize a four-dimension de Sitter vacuum in superstring theory.
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Part IV is concerned with the swampland program. This program is concerned
with constraining low energy effective field theories by using quantum gravity.
After an overview of the swampland programme, we will study the decay of
charged black holes in de Sitter space and from the consistency of this decay
argue for a bound on the spectrum of allowed charged particles in de Sitter
space. After this we take a different approach and look at an alternative
cosmological model known as quintessence, where the cosmological evolution is
driven by a rolling scalar field. We argue that if for some reason de Sitter space
is fundamentally inconsistent in a theory of quantum gravity, this bounds the
allowed couplings in quintessence models. In particular, it bounds the allowed
time-variation of the fine-structure constant.

We do not want to leave the reader with the impression that this thesis consists
of three disparate pieces. In part V, we will conclude. We will argue that these
three aspects are part of a whole and each aspect might be informative of the
others. We will speculate on possible conclusions to draw from these aspects
and give an outlook on possible future work.



Beknopte samenvatting

Ons universum breidt zich uit. Het tempo waaraan ons universum zich uitbreidt
versnelt steeds. Het eenvoudigste voorbeeld van een ruimtetijd die zich aan
een versnellend tempo uitbreid is de Sitter-ruimtetijd. Ons universum lijkt
asymptotisch naar een de Sitter-ruimtetijd toe te evolueren. Dit proces is
geassocieerd met de grootste kosmologische afstanden in ons universum. De
lezer associeert kwantummechanica misschien met dingen op kleine afstanden
en is misschien verbaasd dat kwantumeffecten een belangrijke rol spelen in deze
kosmologische evolutie. We zullen in deel I het belang van kwantumgravitationele
effecten in een kosmologische context beargumenteren. Daarna zullen we
een overzicht geven van enkele eigenschappen van de Sitter-ruimtetijd en
kwantumgravitatie die een rol zullen spelen in ons werk.

De titel van dit thesis is Kwantumgravitationele aspecten van de Sitter ruimte.
We zullen drie zulke aspecten bestuderen.

In deel IT zullen we holografie gebruiken. Dit is een techniek om kwantumgravita-
tie te bestuderen gebruikmakende van kwantumveldentheorie met een ruimtetijd-
dimensie minder. We zullen holografisch een supersymmetrische theorie in de
Sitter-ruimtetijd construeren en de Hartle-Hawking golffunctie van deze theorie
berekenen. De Hartle-Hawking golffunctie is een voorstel voor de grondtoestand
in een theorie van kwantumgravitatie. Door deze golffunctie te interpreteren
kan men enkele eigenschappen van de kwantumgravitatietheorie inschatten zoals
de stabiliteit van de voorgestelde grondtoestand een de verwachtingswaarden
van velden in de theorie.

In deel III zullen we compactificaties van snaartheorie bestuderen. Supers-
naartheorie is de voornaamste kandidaat voor een complete theorie van
kwantumgravitatie. Supersnaartheorie is echter het meest natuurlijk te
formuleren in tien ruimtetijdsdimensies. Wij zullen onderzoeken hoe men
vacua kan construeren waarbij de extra dimensies voldoende klein zijn zodat
deze op voor de mens relevante schalen niet te zien zijn. We bekijken in hoe
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verre het mogelijk is om een de Sitter-ruimtetijd te verwezenlijken in de vier
macroscopische ruimtetijdsdimensies. We zullen zien dat dit geen eenvoudig
taak is en dat er nog geen consensus bestaat over of het mogelijk is een de
Sitter-ruimtetijd te verwezenlijken in supersnaartheorie.

Deel 1V gaat over het swampland program. Het doel van dit programma is
gebruik maken van kwantumgravitatie om de eigenschappen van effectieve
theorieen op lage energie te bepalen. Na een overzicht te geven van het
swampland program zullen we de verdamping van geladen zwarte gaten in
een de Sitter-ruimtetijd bestuderen. Wij zullen beargumenteren dat eisen dat
deze verdamping op een consistente manier gebeurt het toegelaten spectrum
van geladen deeltjes in de theorie beperkt. Hierna zullen we een andere aanpak
volgen en een alternatieve theorie van kosmologie, kwintessens, bekijken. Hier
wordt de kosmologische evolutie gedreven door een rollend scalair veld. We
zullen beargumenteren dat als de Sitter-ruimtetijd om een bepaalde reden
inconsistent zou zijn in een theorie van kwantumgravitatie, dit de toegelaten
koppelingen in kwintessens-modellen beperkt. In het bijzonder zullen we zien
dat dit de toegelaten tijdsvariatie van de fijnstructuurconstante beperkt.

We willen de lezer niet achterlaten met de indruk dat deze drie aspecten van
kwantumgravitatie in de Sitter-ruimtetijd totaal gedissocieerd van elkaar zijn.
In deel V geven we ons besluit en zullen we de drie aspecten aaneenrijgen. We
geven ook een zicht op mogelijk toekomstig werk dat het werk in dit thesis kan
uitbreiden.
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Chapter 1

Introduction

At the largest cosmological scales, our universe in its current stage of evolution
approximately resembles a spacetime known as de Sitter space. As time goes on,
the universe is expected to resemble de Sitter space more and more. The goal of
this thesis is to understand some aspects of quantum gravity in de Sitter space.
The universe is very large and on average very cold. One expects quantum
corrections to gravity to become relevant at high energy and short length scales.
Why then should we care about quantum gravity in de Sitter space? Let us
start by giving some motivation.

1.1 Our universe

Let us start by overviewing some cosmology, see for instance [7] for a more
detailed review. We will take for granted that the reader has a general
understanding of quantum field theory and general relativity and set set
h=c=1.

If one assumes that for the purposes of dynamics at large enough scales
the universe is spatially isotropic and homogeneous, its metric is the
Friedmann-Lemaitre-Robertson-Walker (FLRW) metric

ds® = gpdatda” = —dT? + g;jda’da’ = —dT? + a(T)*d%3, (1.1.1)
with d¥% the metric on the spatial slices

1
1 — kr2

d¥; = dr® 4+ r2dQ3 (1.1.2)
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with dQ3 the metric on a unit size two-sphere. Here, k = 0 for flat spatial slices,
k =1 for hyperspherical spatial slices, and £ = —1 for hyperbolic spatial slices.

The rate of expansion (or contraction) per a(7") volume is then given by the
hubble parameter

(1.1.3)

In general relativity, the dynamics of spacetime is determined by the energy-
momentum T},
R/,Ll/ - gMVR = 87TGNT;J,V 5 (114)

with Gn Newton’s constant, R, and R the Ricci tensor and scalar. Applying
this to the FLRW metric, the dynamics of the spacetime are then determined

by
2

k p
2 —
H” + a2 = 87'('6;’1\757 (115)

and
p=—3H(p+p), (L.1.6)

with p(T') = Tpo the energy density and p(T') : T;; = gi;p the pressure of the
contents of the spacetime. Equation 1.1.6 follows from energy conservation and
tell us how the matter in the spacetime dilutes as space expands. For dust
p = 0 and for radiation p = p/3. Equation 1.1.5 then tells us how the spacetime
expands in response to the matter present.

The universe presently appears to be very flat [8]. Either k = 0 or k/a? is very
small and we will neglect it for now. Radiation then evolves as pr o< a~% and
dust as pp o< a~3. The universe had an early radiation dominated era. As the
universe expanded and pr diluted the expansion became dominated by dust.
But pp too dilutes as the universe expands. It seems the current expansion of
the universe is driven by a very different contribution, dark energy, which obeys
ppE = —ppE [9,10]. This contribution does not dilute as the universe expands
ppe =0, it provides a constant energy per unit volume and its observed value!
is pp ~ 10747GeV* > 0. From eq. (1.1.5) one sees that H > 0 is constant when
pa > 0 dominates. The spacetime with only pp > 0 contributing to energy
density and constant H is known as de Sitter space?.

What is the source of this dark energy? We know that in quantum mechanics
or quantum field theory (QFT) the ground state can have a zero-point energy

IRecent observation see e.g. [11-14] have cast some doubt on this, and are suggestive of
ppE < —ppE. We will not get involved in this controversy as it is a matter for observational
astronomers to resolve. It would anyway be good to understand quantum gravity in pure de
Sitter space first as the ppr < —ppE is even more confusing.

2Named after Willem de Sitter who constructed this spacetime in [15] and tried to fit ppg
with the expansion of distant galactic objects.
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associated to it. This provides a constant energy density as desired. In QFT
this statement is unphysical as only differences in energy are measurable. But
gravity couples directly to the energy through eq. (1.1.4), making the energy
itself physically meaningful. The QFT zero point energy one obtains from the
standard model is many orders of magnitude too large for pp g, at best 10-6GeV*
if one takes the QCD scale as the QFT cut-off scale and even 107*GeV* if one
takes the Planck scale M, as cut-off [16]. As a QFT calculation this zero point
energy is perhaps rather meaningless as we can simply add a constant term to
the standard model Lagrangian to shift the energy as desired. After coupling
to gravity, the action is then

S/d‘*a:ﬁ{ L

167T'GN

(R - 2A) + ‘Cmatter 5 (117)

with Latter the matter content of the theory. One then sets A, the cosmological
constant term?, such that part of it cancels the QFT vacuum energy and the
remained provides the observed dark energy. From a pure low energy effective
field theory (EFT) perspective this is just one more tunable parameter in
the theory that we set to the observed value. But is this explanation really
satisfactory?

We cannot strictly claim that this low energy EFT purist picture is wrong,
but it requires more magic than appears at first sight. The reader may have
thought it odd that the QFT vacuum energy changes so drastically depending
on whether one takes the cut-off scale the QCD scale or the Planck scale. In
fact the vacuum energy, like the Higgs mass, is a relevant operator and heavily
dependent on the UV details of the theory. For a theory with UV cut-off Ayy
with a single free scalar of mass m;r < Ayy one can show [16]

Auv g k2dk /K2 + m2 A2
(ppE) =/ IR UV (1.1.8)
0

(2m)° 2 T 16m2

This leads to a rather disconcerting situation. Imagine on has a theory with two
free* scalars of mass myr, myyv, with mr < myv, coupled only to gravity.
There is a low-energy EFT with just the IR scalar and this predicts the scalar
contributes

(ppE) ~ My (1.1.9)

to the dark energy. Suppose one adds an intermediate free scalar with mass
Myellow SUCh that mrr K Myeriow <K myy. Now the low-energy EFT should
predict

(PDE) ~ Miyetion » (1.1.10)

3In a dynamical theory of gravity this is no longer a constant term in the action because

of the \/—g prefactor.
4Everything we say here only becomes much worse for interacting fields.
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but of course the low-energy theory shouldn’t know that a new scalar has been
introduces and that the high-energy cut-off needs to be changed. The low-energy
EFT seems useless for predicting (ppg).

If we have a QFT that we trust up to the Planck scale we would get

(ppE) ~ M, (CO + ZQ) ) (1.1.11)
i=0

with ¢y such that one gets the (ppg) predicted at lowest order in perturbation
theory and ¢; higher corrections. For a low-energy approximation to be valid,
one needs Y .o ¢; < c¢g. We will come back to this point (much) later in
chapter 13.

So far, we have been working in a semiclassical picture where we mix classical
general relativity and QFT for the standard model fields. Ideally, we would
want to quantize gravity. General relativity is famously nonrenormalizable and
we would need to develop a quantum theory of gravity. This is a noble goal,
but does it matter for understanding ppr and de Sitter space? It is the late
universe where ppp is dominant and quantum corrections hardly seem relevant
for describing late universe cosmology, which happens at low energies.

There is commonly believed to be an era of quasi-de Sitter evolution preceding
the radiation-dominated era. This is the inflationary period and it has been
proposed as the mechanism which drove the universe to be very homogeneous,
isotropic, and spatially flat. The dilution of matter in the inflationary period
has also been used as an explanation for why magnetic monopoles which appear
in extensions of the standard model have not been observed. But while ppg
during inflation is believed to be much larger than the current value of the dark
energy, it is still nowhere near large enough for quantum gravity to become
relevant.

In fact, this picture of higher order quantum corrections becoming relevant
at certain energy scales can be deceptive in quantum gravity. Famously, the
quantum behavior of black hole event horizons has been puzzling people for
decades despite the fact that for large enough black holes the curvature near
the event horizon becomes negligible. In quantum gravity, de Sitter space will
present its own set of puzzles and we will encounter some throughout the thesis.
One is that de Sitter space possesses cosmic horizons akin to black hole event
horizons. Another is that when one evolves time forwards the contents of de
Sitter space are diluted due to the expansion. Evolving time backwards things
are then focused together and the typical energy scales increases. In a pure de
Sitter space a low energy state at some point in time is then deeply sensitive to
the high UV physics of the theory in the far past. One cannot cleanly separate
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energy scales and deal with a low energy EFT once long enough time scales are
involved.

More generally than just de Sitter space, quantum gravity seems to have a
certain unreasonable effectiveness in constraining effective field theories. It
might seem that any effective field theory that is well-behaved below its UV
cut-off scale should be able to couple to quantum gravity. However, it has
been argued that coupling EFTs to quantum gravity can lead to paradoxes
and inconsistencies. Avoiding these inconsistencies leads to much stronger
constraints on the EFTs than one may expect and it leads on constraints far
below the energy scale where one expects quantum gravity to become relevant.
The program of constraining EFTs in this manner is known as the swampland
program and we will have much more to say on it in part IV.

1.2 Quantum gravity

There are two parts to describing a physical system, dynamics and the boundary
conditions.

The most successful proposal for the dynamics of a UV-complete theory of
quantum gravity is string theory, which we will describe in chapter 3. The
dynamics of string theory at low energy are captured by Einstein gravity, which
makes it very appealing as a theory of quantum gravity for our world. But
as we will see, making contact with the real word is not so easy. It is not
straightforward to get four spacetime dimensions in string theory and obtaining
a positive cosmological constant is an especially difficult, parhaps impossible,
task.

Most days, we do not violently explode in rays of high-energy physics. It is then
reasonable to assume that the universe nowadays either is in a local equilibrium
ground state or at least not too drastically dissimilar from such a state. That
is, any nonequilibrium fluctuations are on energy scales well below the quantum
gravity scale. As part of the boundary conditions for our theory of quantum
gravity, we need to set a state at one spatial slice of the theory, from which
to evolve. String theory does not provide us with a unique vacuum. We will
see in part IIT that it is possible to construct many metastable vacua for string
theory. One proposal to select a quantum gravity ground state in a cosmological
context is the Hartle-Hawking state, which we will discuss in section 2.3.
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1.3 Overview

In the remainder of part I we will give a general introduction to some concepts
that will be relevant later. In chapter 2 we discuss some properties of de Sitter
space and quantum cosmology. We then outline the basic principles of string
theory and holography in chapter 3.

The next three parts make up the bulk of the thesis. Each of these make up one
aspect, one way of studying quantum gravity in de Sitter space and cosmological
spacetimes generally. Each part starts with an introductory chapter containing
background material, followed by the chapters containing original research.

In part II, we use holographic techniques to study quantum gravity in de Sitter
space. The focus here is on a theory known as higher-spin gravity. While this is
a different theory from Einstein gravity, we will argue that the lessons learned
here can to an extend be applied to Einstein gravity.

Then, in part III, we study string compactifications. String theory appears
most naturally in more than four dimensions. If one wishes to work towards
the real world, one must then compactify these extra dimensions to get
a theory where only four dimensions are large enough that a human-sized
observer can experience them. We will not get so far as to be able to actually
construct compactifications where one has a positive cosmological constant
in four dimensions, but we will have some things to say about attempting to
construct four-dimensional de Sitter vacua.

In part IV, we study consistency conditions for low energy effective field theories
(EFTS) coming from quantum gravity in de Sitter space and cosmological
spacetimes generally. In chapter 11, we study the decay of charged black
holes in de Sitter space and argue that there are bounds on the spectrum of
charged particles allowed in the theory for this decay to happen consistently.
In chapter 12, we look at quintessence models, where one does not have a
cosmological constant. Instead, the cosmological parameter slowly changes over
time.

These three parts provide three different roads towards studying quantum
gravity. Since these are three ways of studying the same things, these parts
are not entirely disconnected and interconnections will show up throughout. In
the conclusion, part V, we will draw these parts together more explicitly into a
coherent whole.



Chapter 2

de Sitter space

This chapter overviews some properties of de Sitter space.Some valuable general
discussion of this topic can be found in [17-19]

2.1 Classical

In this section we will describe some basic properties of de Sitter space as
a classical solution to Einstein gravity. A de Sitter space is the maximally
symmetric solution to Einstein gravity with a positive cosmological constant A
eq. (1.1.7).

A natural geometric picture of d—dimensional de Sitter space is as an hyperbola
of characteristic length [ embedded in d 4 1—dimensional Minkowski space given
by

d

— X5+ X7 =17, (2.1.1)

i=1
with X the cartesian Minkowski coordinates. Because of this, the isometries of
de Sitter space are SO(d, 1). Here, [ is the de Sitter radius, with

(d—2)(d—-1)

A= 202

(2.1.2)
de Sitter space has a constant positive internal curvature. Its Ricci scalar is
given by

d(d—1)

R = B

, (2.1.3)
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A manifold can be parametrized with many different coordinate systems. We
will go over some of the most instructive ones for de Sitter space.

Global coordinates are given by
ds? = —dr? + I%cosh?(/1)dQ3_, . (2.1.4)

In these coordinates, the spatial slices are S~ ! —spheres. They have minimal
radius [ at 7 = 0 and grow unbounded towards the past and future from 7 = 0.
One can show that there are conformal boundaries in the asymptotic past I~
and future /. From this, the conformal diagram of de Sitter space is given by
section 2.1

Global coordinates inform us of the global geometry of de Sitter space. The
coordinates most physically relevant to an observer are the static patch
coordinates. These cover the region of de Sitter space that a single geodesic
observer can see. Static patch coordinates are given by

—1
ds® = — 1—ﬁ dt* + 1—ﬁ dr? + r2dQ3 (2.1.5)
—_ l2 l2 d72' 4.

The observer to which these static coordinates “belong” sits at » = 0. There
is a coordinate singularity at r = [. Indeed, the structure of this metric seems
very similar to the Schwarzschild metric for a black hole. In fact, » = is a null
hypersurface that surrounds the observer. Objects that pass beyond r = [ can
never return to the observer. There is a cosmological horizon, analogous to a
black hole horizon, at » = [. This can also be seen from the Penrose diagram
section 2.1. Finally, there are coordinates that describe only a part of de Sitter
space known as the planar patch. These are given by

12 d—1 . .
ds® = e <dn2 + E dr'dz’ | | (2.1.6)
=1

with 7 = —e~T/! the conformal time coordinate. This is equivalently given by

d—1
ds? = —dT? + 2T/ (Z dxidxi> . (2.1.7)

i=1

Here, the spatial slices are infinite flat d — 1 dimensional planes. One recognizes
this as the FLRW metric with flat spatial slicings and a = /! from section 1.1
. This parametrization is thus of great interest in cosmological and inflationary
contexts.

Yet different parametrizations of de Sitter space exist, see for instance, [19].
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T

Figure 2.1: The conformal diagram of de Sitter space. Time is the vertical
direction, 45 degree diagonals are lightlike. Horizontal slices are S! circles with
the south pole (SP) on the left and the north pole (NP) on the right side. There
is an S?2-sphere at each point of the diagram. The static patch for an observer
standing still at the south pole is shown in red. The combination of the red
and green areas makes up a planer patch.

The metric of a neutral, nonrotating black hole in de Sitter space is given by
2 2Mm 2 oM\t
ds* = — (1 A —> dt* + (1 S —> dr® +r2dQ%_,. (2.1.8)
r r

There is now both a cosmological horizon and a black hole horizon. As the mass
M of the black hole increases, not only does the size of the black hole horizon
increase, but the cosmological horizon also shrinks. Since the black hole must
fit inside the cosmic horizon, there is a largest possible black hole in de Sitter
space, the Nariai black hole. We will have a great deal more to say on black
holes and de Sitter space in chapter 11.
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2.2 Quantum

We will now consider de Sitter space on a quantum level, without access to
a full quantum gravity, but from the perspective of QFT around a de Sitter
background. For the rest of the chapter, we focus on the four-dimensional case.

As we saw in section 2.1, each observer experience a cosmic horizon beyond
which the universe is inaccessible. This is a situation familiar from black hole
physics. In the case of a flat space black hole, one associates to this black hole
an entropy

A
4Gy’
with A the black hole area. There is a temperature associated to the black hole,
for a Schwarzschild black hole

Spy = (2.2.1)

1

Tpu
This temperature appears as the blackbody spectrum of the Hawking radiation
of particles emitted by the black hole when one does quantum field theory
(QFT) in a classical black hole background.

It is then tempting to suggest that a similar thermodynamic interpretation can
be associated to a de Sitter horizon. This was proposed in [20], where it was
argued that when one does QFT in a de Sitter background, a particle detector
observes isotropic thermal radiation of particles at a temperature

1

Tis = — . 2.2.
5= 5 (223)

To the de Sitter horizon, [20] associate an entropy

A 72
e 224
Sas Gy~ G ( )

Since the entropy inside a static patch is finite, physics inside the static patch
should be described by a finite-dimensional Hilbert space. This should come
as a shock from a pure QFT perspective. One can expand a field in the QFT
in modes and there are an infinite number of such modes, even in a compact
geometry. However, this story radically changes in a theory with dynamical
gravity. In this case, too large an energy in one place will produce a black hole,
providing a cut-off for the QFT description [21]. There is then a contribution
to the number of states coming from the IR modes of QFT fields and coming
from black holes. Since there is a maximum black hole size, the total number of
modes is bounded.
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There are some notable differences between a black hole horizon and a
cosmological horizon.

A black hole horizon has objective meaning in the sense that each observer
outside the black hole agrees on its location. Meanwhile, each observer in de
Sitter space has their own subjective horizon. Since each observer is in the
center of their horizon, it is impossible to go near the horizon and probe it.

While the size of a black hole increases as mass is added to it, from eq. (2.1.8)
and below, a cosmological horizon shrinks as mass is added inside it.

Most striking perhaps is the difference in how the produced radiation backreacts.
For black holes, it is generally agreed that emitting Hawking radiation causes
the black hole to evaporate. For de Sitter space, the situation is less clear, as
the produced radiation remains inside the de Sitter space. There have been for
instance claims that the cosmic horizon recedes and one evolves towards flat
space as a result of this evaporation, e.g. [22-24]; claims that de Sitter space
is stable aginst the backreaction of this particle productions, e.g. [25-28]; and
claims the the cosmological horizon shrinks and one evolves towards a singular
geometry where the semiclassical description breaks down, e.g. [29]. One of
the major issues in this discussion is that in QFT on a curved background
there is no clear unique choice for how to define the vacuum state. The most
common vacuum choice is known as the Bunch-Davies vacuum, which was
recently argued to be stable in [30]. This is clearly an important point, but we
will not say more about it directly here.

Much of what we discussed in this section will be crucial for part IV.

2.3 Quantum cosmology

In the previous section, we ‘went quantum’ But we restricted ourselves to
discussing QFT on a classical gravitational background and approximately
discussing how this background would classically backreact to QFT effects.
From a field theory perspective, gravity is just another field in the Lagrangian
and one expects that it should be quantized.

In quantum mechanics or QFT, the dynamics can be described by the
Schrédinger equation

H|U) = ¢%|\p> , (2.3.1)

with |[¥) any state in the theory and H the canonically quantized Hamiltonian.
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As discussed in chapter 1, there are issues with quantizing Einstein gravity.
Still, one can formally go through the procedure of canonically quantizing
Einstein gravity with Hamiltonian . When one does this for spacetimes whose
spatial slices are closed and without boundary, one finds the Wheeler-deWitt
equation [31]

H|T) =0, (2.3.2)
instead of the Schrédinger equation. The difference is that the right hand side
is zero as a result of the time parametrization invariance of general relativity.
This equation is a constraint on the states in the quantum theory.

Now one could attempt to solve Wheeler-deWitt equation directly. This is
clearly a difficult task, but one also expects this equation to generally have many
solutions. Clearly, it would be desirable to have some mechanism to select some
preferred state. A state of great interest is the Hartle-Hawking state [32,33].
This is an attempt to define a ground state in quantum gravity despite notions
of energy being ambiguous there.

To start, let us consider quantum mechanics for a single particle with position
x(t), with dynamics described by an action S[x(¢)]. Starting in an initial state
|’,t') at time ¢', the wavefunction W of this particle at a time ¢ can be computed
in the path integral formalism as

W) = (a,tla ¥) = N / [Da]eiS=®] (2.3.3)
C

Where N is a normalizing factor and one integrates over paths with the right
initial and final conditions. Now consider t = 0, 2’ = 0 and insert a complete
set of energy eigenstates F,, with wavefunction ¢, (x),

(@,0[' ') = > (2, 0| B ) (B, [0, 1) ngn on(0)eiBnt" (2.3.4)
n
One then wick rotates into euclidean time, ¢ — —i7’. Taking the limit 7/ — —oo0,
the state of lowest energy dominates over all others, which disappear. One
then prepares the ground state at time zero in this way. Translating this Wick
rotation back in path integral language eq. (2.3.3), one prepares the ground
state ¥g(x) as

Uy =N / [Dz)e~ =] (2.3.5)
C

where I is the euclidean action, obtained from S by sending ¢ — —i7 and taking
out an overall factor of <. One integrates over paths which have a vanishing
action in the far past.

This same procedure works to define the ground state for QFT in flat space’.

IWhen one follows this procedure for QFT on a fixed de Sitter background, one obtains
the Bunch-Davies vacuum mentioned in section 2.2.
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It is then reasonable to hope that, by analogy, it also defines the ground state
in quantum gravity. This defines the Hartle-Hawking state ¥ g. For Einstein
gravity with a cosmological constant A, and optionally also matter fields, which
we generically denote as ¢, one then has

Wit (b o) = / [Dg)[Dgle"109), (2.3.6)

where h;; is the three-metric and ¢¢ the field configuration on the final spatial
surface where ¥y is defined. The euclidean action on a manifold M is given
by

/ dha {16 o (R = 2A) + Linatter (¢)

+/ d3
oM

Here, Liatter(¢) is the matter field lagrangian. The final term in this action
is the Gibbons-Hawking-York (GHY) boundary term, with g, the metric and
K the extrinsic curvature on the boundary of the manifold M. We should
include such a term for each boundary to ensure the Einstein equations of
motion are reproduced correctly from varying this action. In the future, we
may ofter suppress the GHY term.

(2.3.7)

1
K
ngﬂ'GN

One can show that this wavefunction indeed satisfies the Wheeler-deWitt
equation, HV g = 0.

We have not yet specified over what geometries, and with what boundary
conditions, we should integrate eq. (2.3.6). It was argued in [32,33] that one
should integrate over all four-geometries that (i) are compact and (ii) have no
boundary, except for the surface on which Wy g is defined. Since there are no
boundaries, there is also no need to make a choice of boundary conditions for g
and ¢. Because of this, Uy is also called the no-boundary wavefunction.

The space of all possible configurations of h;; and ¢g is known as superspace?.

In practice, it is not possible to compute eq. (2.3.6) for all field configurations.
Indeed, if we knew how to do this consistently, Einstein gravity + matter
would provide a consistent theory of quantum gravity. Instead, one restricts
to computing Vg for a subset of particularly symmetric field configurations
where computations become more manageable. One refers to this subset as a
minisuperspace. Further, one usually performs a saddle-point approximation of
eq. (2.3.6) to compute ¥y p. In this thesis, we will not be directly computing

2In a cruel twist of fate, the term superspace is also used for an unrelated concept related
to supersymmetry and we will have need of superspace in both meaning in part II.
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Uy through eq. (2.3.6). Instead, we will use holography, a procedure we
outline in chapter 4.



Chapter 3

String theory

In this chapter, we will give a brief introduction to string theory. The goal
is to provide a top-down view of the general properties of string theory, not
to immediately make contact with the world we inhabit. Once we have these
general properties in hand, we will spend the next three parts, the bulk of the
thesis, applying these properties and working towards saying something about
our world. It is not realistic to give a complete picture of string theory in the
space available here. We will only give a quick overview of what will be needed
for later, mainly in words and with equations that are meant to be suggestive
rather than part of any kind of derivation. We also dare not give a complete
bibliography here of what is a synthesis of many decades of research. Many
excellent texts on string theory are available, amongst them [34-38], to which
we refer the interested reader for further information and a more complete
bibliography. Further, [39,40] were very useful in writing this chapter.

3.1 A theory of strings

3.1.1 The basics

In nonrelativistic quantum mechanics with a fixed number of particles, one
usually takes the (generalized) positions and momenta of these particles as
the variables to be quantized. However, when one quantizes a relativistic
theory where particles can be created or destroyed, the standard approach is to
introduce fields that fill space-time. One then quantizes these fields and their
conjugate momenta. It is not strictly necessary to do this. One can continue to

17
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work with a theory of particles. To start, the worldline action of a single free
particle of mass m without spin degrees of freedom in D-dimensional space is

given by
OXM XN
S = m/d’r\/G’MN 87' 87’ 5 (311)

with Gjsn the metric in D-dimensional space and 7 the proper time of the
particle. The equations of motion from this action then produce the geodesic
motion of a free particle. Very coarsely speaking, one can now quantize by
defining a partition function by path-integrating this action. Actions can be
introduced into the theory by choosing to integrate the action not just over line
segments, but over graphs. The types of graphs one includes in the path-integral
now determine the type of theory one obtains. For instance, if one only allows
graphs whose nodes have four edges, one would end up with a ¢*-type theory
in QFT language. We have given only the roughest sketch of this procedure
here. The interested reader can find more details in e.g. [41].

For particles, QFT is generally the preferred procedure when quantizing.
However, when we applying the procedure outlined above to a theory of strings,
one discovers some very nice things. The worldsheet action for a Bosonic string
is
T
S = —75 /deU\/—’y’yabGMNBaXMabXM (3.1.2)

Here, 74 is the worldsheet metric, the metric on the two-dimensional surface
that a string sweeps out in spacetime. The string tension Tg is the higher-
dimensional analogon of the mass m in the particle action. The Regge slope o’
is defined by
1
-

Tg = ——
o 2T

(3.1.3)
The string length I, is the typical length scale set by these scales!, I, = Va/.
One can vary this action to find that its equations of motion lead to the geodesic
motion of a free string.

When path-integral quantizing this action, there is much less freedom than in
the particle case. There, we could choose different classes of graphs. Here, we
can only choose different classes of smooth two-dimensional surfaces. We can
distinguish surfaces without a boundary, giving closed strings?, and surfaces
with a boundary, giving an open string® with the end-points of the string
corresponding to the boundary. Further, we can also distinguish between
orientable and non-orientable surfaces. We will not go deeply into this here,

IDifferent definitions of the string length are in use, varying by an O(1) factor. Luckily
Ts and o’ tend to be used consistently throughout the literature.

2Picture a rubber band.

3Picture a piece of twine.
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except to say that one can have a theory with only closed strings, but a theory
with open strings must necessarily also include closed strings.

When quantizing the string, one finds states of different spin in the theory. In
the critical spacetime dimension*, D = 26, closed strings have massless states of
spin two in their spectrum. This means that by quantizing the closed string, we
automatically obtain a quantum theory of gravity as part of the string theory!
Promisingly, in the classical and point-particle limit, this theory of gravity is
effectively Einstein gravity.

The full massless spectrum of the closed Bosonic string consists of the graviton
Gun, a totally antisymmetric tensor field Bysn and a scalar field, the dilaton ®.
The field Bysn is the potential for a gauge field with three-form field strength
H; = dB5. In addition, there is an infinite tower of massive fields with their
mass scale set by /Tg. That is, there are states of mass /T, of mass /27,
et cetera. More disconcertingly, there is a tachyonic scalar with m? o —T%,
pointing to an instability of the vacuum around which one usually quantizes
Bosonic string theory.

The open string has a gauge field in the massless sector, a tower of massless
fields, and again a tachyon.

So far, string theory has some disconcerting tachyonic instabilities and it lacks
fermions in its spectrum. Both these problems are resolved by going to the
superstring.

3.1.2 Superstring theory

Supersymmetry is an enhancement of the Poincaré symmetry group. This
enhancement turns the Poincaré group into a supergroup. That is, it adds
transformations which mix fermionic and bosonic degrees of freedom, whose
generators have anticommutation rather than commutation relations. One
can can have different amounts of supersymmetry, different extensions of the
Poincaré group. The amount of supersymmetry is indicated by N. We will not
give further details here.

There are five main superstring theories that can be constructed. There are
three N/ = 1 superstring theories: type I, heterotic SO(32), and heterotic
Es x Eg. There are two N/ = 2 superstring theories, type IIA and type IIB.
These are all free of tachyons. Their critical dimension is D = 10.

4String theory is most straightforwardly treated in this critical dimension. Different
dimensions are an interesting subject, but more subtle. Throughout this thesis, we work in
critical-dimension string theory.
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The two superstring theories that will mainly be used in this thesis are the
ITA and IIB theories. We will use these in their low-energy supergravity limit.
That is, we restrict to the fields in the massless sector and assume the physical
processes we will look at are at energies below v/Ts and the geometries we look
at have typical length scales larger than . In this case, we can write down an
effective field theory action for the lightest sector. We will describe the Bosonic
part of this action.

The ITA and IIB actions have a common sector called the NS-NS sector, with
action

1 1
Sns =55 /dl% —Ge 2® (R +40,P0"P — 2|H3|2) (3.1.4)
0

Where 2x3 = (2m)7a’. In addition, there is the R-R sector, which differs for
the IIA and IIB theory. This consists of p-form gauge fields F}, with potentials
Cp—1. For IIA there are gauge fields for all even p, for IIB for all odd p. Finally,
there is a topological Chern-Simons term formed from a combination of the
NS-NS and R-R gauge fields.

Note that apart from Tg, there are no tunable couplings in the theory. Instead,
the background values of the fields themselves set the values of the couplings.
One calls g5 = e?® the string coupling.

Looking around, we notice that there are four spacetime dimensions rather
than the ten predicted by semiclassical superstring theory. One could respond
to this in several ways. One is to relegate string theory to the dustbin of
history. This is not the approach we will take here. Alternatively, one can
try to somehow get four large spacetime dimensions in string theory. One
could look at noncritical string theory in four dimensions or look for critical
string theory solutions with four large spacetime dimensions and six very small
highly nonclassical dimensions. Such approach certainly are interesting, but
the approach we will take here is to start from the semiclassical low-energy
ten-dimensional actions and look for solutions with four large dimensions and
the remaining dimensions small enough that a macroscopic observer cannot
see them, but still in a regime where there is as much semiclassical control as
one can hope to get. One then also hopes that one can find a four-dimensional
solution with a positive cosmological constant. We will turn to this matter in
part III.
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3.2 A theory of strings?

We have so far seen string theory as a few different theories describing dynamical
strings. There is much more than this, however.

Firstly, there are dualities. These relate different theories in different regimes.
One such duality is T-duality. As an example of T-duality, one can make
one of the spacetime directions periodic, a circle with radius R, by imposing
X ~ X + 27R. T-duality then is the statement that ITA string theory with
circle radius R is equivalent to I1B string theory with radius o/ /R. There are
several such dualities, relating the different superstring theories.

Second, string theory permits additional objects. These are generalized
membranes called p-branes. We will see what types of branes can arise and
how they arise in the following paragraphs. Here, p stands for the number of
extended spatial dimensions of the object. In addition to spatial extension, the
objects are also extended in time. A particle is a 0-brane and a string is a
1-brane. In fact, string theory does not merely permit these objects, they are
necessarily part of the theory and can be spontaneously produced for instance
through dualities. A p-brane can be electrically charged under a gauge field
with a p + 1-form potential and magnetically charged under a field with a
d — p — 3-form potetnial, with d the spacetime dimensions.

The type II string theories hypothetically without branes would consist only
of closed strings. However, there can be strings with their end points stuck to
the surface of branes known as D-branes®, which can be charged under the RR
gauge fields. These open string degrees of freedom then provide the dynamics
of the D-brane. D-branes can be stacked on top of each other. A stack of V
D-branes will result in the open string degreees of freedom including a rank
N gauge group, U(N) for the type II theories. A Dp-brane has unit charge
under under the RR~gauge field with p + 1 form potential. Negatively charged
D-branes are called anti D-branes.

Let us give a few more specifics. Consider a stack of N Dp-branes® in type II
string theory. This can be described in two ways at low energies.

On the one hand, it can be described from a string dynamics perspective. There
is the dynamics of the open strings on the branes, giving a p + 1-dimensional
gauge theory coupled to fermions and scalars, Sprane- There are the closed
strings away from the branes captured by a ten-dimensional gravitational theory,

5The D stands for Dirichlet, referring to the change in boundary conditions they impose
on the strings.

6We take p < 7 in the following to ensure field strengths generated by the brane fall off
rapidly away from the brane.
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Sclosed- Finally, the endpoints of an open string on the branes can come together
to form a closed string, and analogously closed string can land on the branes to
become open strings. This leads to an interaction term Sipteraction Petween the
open and closed string sectors. In total, one then has an effective description
given by

S = Sbrane + Sinteraction + Sclosed (321)

Branes have a tension, capturing how heavy they are, analogously to strings.
For the branes in this stack, one can show that it is given by
1

Tp= (3.2.2)

(QWQ/)Qggauge

with the coupling strength of gauge theory on the brane given by

3

oauge = (2m)P g0/ 7 (3.2.3)

Note that in the regime of small string coupling gs, where string perturbration
theory is reliable, D-branes become very heavy.

On the other hand, one can start in the supergravity description of type II
string theory and construct a solution with the right RR charge, tension, and
symmetries to match a Dp-brane stack. Such a solution exists and it has metric

d82 _ f(’l“)_l/2(—dt2 + dmi) + f(T)l/le'g,pa (324)

with dx, the p spatital directions along the brane, dxg_, the spatial direction
transverse to the brane to the brane, r the radial direction perpendicular to the

brane and T
fr) =1+ (f) : (3.2.5)

with
i—p

7_
p) gsNa' 22 . (3.2.6)

2

This brane is charged under the RR fields with p 4+ 2-form field strength,
producing the field profile

Fpro=d(f 1 (r) xps1 1) . (3.2.7)

RT-P = 95-P 38T <

Finally, there is a profile for the dilaton”,

p

e = f(r) . (3.2.8)

7One defines ¢ = ® — &g, the fluctuation of the dilaton.
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One can compute the RR charge by integrating R,12 over a hypersphere around
the brane and the tension or mass by computing the ADM mass asymptotically
and show that these match those computed from string perturbation theory.

A different type of brane is the NS5 or F5 brane. The strings that make up
the dynamical degrees of freedom of string theory are called F1 strings, F for
fundamental. The F1 strings are electrically charged under the Hs field. There
is then a solotonic object magnetically charged under the Hj field, a higher-
dimensional analogue of how Maxwell theory in four spacetime dimensions has
pointlike magnetic monopole solitons. This object is the NS5 brane, called so
because it is charged under the gauge field in the NS sector of string theory.

Further, there are corners of the theory where there is no description in terms
of strings at all. For instance, there is a duality known as S-duality which
exchanges strong and weak couplings. When S-duality is applied to ITA string
theory, one discovers M-theory, an eleven-dimensional theory whose dynamical
objects are 2-branes and 5-branes called M-branes®. Semiclassically, this theory
is described by the unique eleven dimensional supergravity, with bosonic action

1 1 1
S —/d”a:\/fG (R |F4|2> - —
12k7

B 2/@%1 48

/A3 ANFyAF;.  (3.2.9)

Note that dimensionally reducing this action produces the ITA action. A fuller
view of this web of dualities can be seen in fig. 3.1. Not pictured is F-theory,
which can to an extend be though of as a twelve-dimensional interpretation of
how S-duality acts on IIB string theory.

In conclusion, if one thing is clear about string theory, it’s that it’s not (just) a
theory of strings.

3.3 Holography

Holography is the statement that a theory of quantum gravity can be understood
in terms of a QFT in a different number of dimensions. This general statement
was very concretely understood in string theory in terms of the AdS/CFT
correspondence. This relates quantum gravity in an anti-de Sitter background
to a conformal field theory in one dimension less®.

8The unification of all these theories through dualities as whole is sometimes also referred
to as M-theory. When we speak of M-theory, we will be thinking of the eleven-dimensional
limit specifically.

9This statement is strictly a lie. The quantum gravity is often really on AdSp x X, with
X a manifold such that the total spacetime dimension is that of either critical superstring
theory or M-theory.



24 STRING THEORY

/l/(D /\A"A”\Eo r{y
5 S
oo\

N=2 LA<«—Tp

10D 5 T

N=1 Tt 60/32)@E;E8

Figure 3.1: The web of string dualities. We only show sufficient dualities to
demonstrate that all superstring theories are connected by duality. The Eg x Fg
heterotic string can be obtained by carefully compactifying M-theory on a line
segment.

To see this more concretely realized, let us return to the stack of branes and
focus more concretely on a stack of N D3-branes.

Let us think again about this theory first from the string perspective. The
whole theory is captured by eq. (3.2.1). The gauge theory living on the brane
is in this case N' = 4 Super Yang-Mills (SYM) in four spacetime dimensions.
Let us take the limit o/ — 0 while keeping ggauge fixed!?. The strength of the
interaction term in the action is set by'! gsa’? and so vanishes in this limit.
The gravitational theory of closed strings away from the brane becomes free in
this limit.

We are then left with two theories, decoupled from each other, in this limit.
There is N/ = 4 SYM in four dimensions on the brane and a free ten-dimensional
gravitational theory.

Now let us look at this same limit from the supergravity perspective. Looking at
eq. (3.2.4), we can on the one hand look at the r — oo limit and get supergravity
in ten dimensional flat space. On the other hand, we can look at the near-brane

10Note that in the D3 brane case, this also implies g5 fixed via eq. (3.2.3).

11 As a heuristic argument for why this is the interaction strength: branes are higher-
dimensional analogues of black holes, certainly when viewed as supergravity solutions. Open
strings being emitted from the brane as closed strings can then be thought of as Hawking
radiation and its interaction strength is set by the gravitational coupling which can be seen
in eq. (3.1.4).
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limit » — 0. In this limit, the metric becomes

r2

d82: ﬁ(*

2

dt* + dx3) + %er + +R2d0? (3.3.1)
which is'? AdSs x S®. For the supergravity approximation to be valid, the
AdS radius must be much larger than the string length, R > [,. This implies
gsIN > 1. This describes an infinitely long, smooth, throat as one approaches
the stack of D3 branes. Carefully taking the o’ — 0 limit, the low energy modes
inside the throat decouple from the low-energy modes in the flat geometry away
from the brane. We then again have two decoupled systems. Clearly one would
then like to identify these two systems with the two decoupled systems in the
stringy perspective. The supergravity in AdSs x S° is then identified with the
N =4 SYM theory on the brane. The procedure we have outlined descriptively
was first performed in depth in [42].

It seems that both of these theories describe the same physical system, they are
dual to each other. We have only argued this in the o’ — 0, N — oo limit where
gravity is weakly coupled. However, the the hope and belief is that this duality
between the two theories is true generally. In this case, quantum gravity in
anti-de Sitter space!?, in this specific theory can, be understood purely in terms
of N =4 SYM, a conformal quantum field theory. As further evidence that
these two theories describe the same physics, they posses the same symmetries.
For instance, the isometries of AdSs are SO(3,2), which is the same group as
the four-dimensional conformal group.

The concept of AdS/CFT has been extended to many different cases beyond
this initial example. This framework has undergone many tests and seems very
robust. In general, a supersymmetric gravity theory in AdSp is believed to
be dual to a CFT in D — 1 dimensions with the same symmetries. Note that
SO(D — 2,2) is both the D — 1 dimensional conformal group and the isometry
group of AdSp. The general statement that these theories are dual is that their
partition functions are the same,

ZCFT = ZGra'uity . (332)

One often works in the limit where the gravity theory is semiclassical and its
partition function can be approximated by a saddle-point approximation.

AdSp has a D — 1 dimensional conformal boundary at spatial infinity. The
CFTp_1 is then often thought of as if it lives on this boundary. The gravity
theory is then called the bulk theory. Fields in the bulk are dual to operators

12To see this, change coordinates as /R = R/z to get AdSs in the Poincaré patch.
130ne often unspokenly restricts to studying only the part of the theory that comprises the
zero modes on the S°.
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in the CFT with the same representations under the symmetries of the theory.
Fields ¢ in the gravity theory have an asymptotic behavior as one approaches
the conformal boundary, ¢ ~ z5¢o. Such a field is then dual on the CFT
side to an operator O with conformal scaling dimension A. Giving a value
to ¢g in the gravity theory corresponds to sourcing Oa in the CFT. If a
Lagrangian desciption of the CFT exists, this means adding a term +¢oOa to
the Lagrangian. The AdS/CFT dictionary is then.

Zcrr|do] = Zaravity|do) - (3.3.3)

One can vary such expressions to obtain correlation functions in the CFT
< O1(21)..0On(x,) > and correlation functions of bulk fields on the boundary
surface . The AdS/CFT dictionary can be tested by computing such correlation
functions both directly in the CFT and through the AdS/CFT dictionary and
seeing whether they agree.

As a concrete example, for free scalar fields in AdSp of mass m, there are two
different asymptotic fall-offs, Ay with value

D—-1 D —1)2

One can then source two different operators in the CFT, Oa, and Oa_,
corresponding to two different boundary asymptotics for the bulk scalar.

Clearly, it would be very useful to have a formalism analogous to AdS/CFT for
quantum gravity in de Sitter space. In this case, there is no direct argument
for holography from string theory completely understood. We will turn to this
matter in part IIL.

Th example of AdS/CFT we have discussed has N/ = 4 supersymmetry. Because
of supersymmetry, precise QFT computations are possible. We will see in part ITI
that supersymmetry is also of great value for finding vacua in gravitational
theories. But supersymmetry buys us even more: stability. In fact, [43] has
claimed that any nonsupersymmetric AdS vacuum is unstable against brane
nucleation. This instability is not necessarily a great concern for a local observer
in AdS so long as the nucleation rate per unit volume is low. It is however
catastrophic for AdS/CFT. As one goes towards the boundary, the volume of a
radial slice of AdS space increases unboundedly. The vacuum-destroying brane
nucleation then happens immediately with certainty near the boundary. The
claim of [43] is an example of a swampland conjecture, of which we will see more
of the swampland program in chapter 10. If this conjecture is true, AdS/CFT
only makes sense in a supersymmetric context.
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Chapter 4

Intoduction to dS/CFT

In 3.3 we provided an introduction to holography in the context of string theory.
The form of holography we discussed there was AdS/CFT. To understand
quantum gravity both in our current cosmological era and in a possible
inflationary period, it would be interesting to understand if such a form of
holography exists for de Sitter space.

4.1 Holography and de Sitter space

Like AdS, de Sitter space has a conformal boundary. It seems natural to hope
that some holographic structure analogous to AdS/CFT exists for de Sitter
space [44]. In fact, this analogy can be made quite strong, as one can analytically
continue from AdS to de Sitter. One can for instance starts from AdSp in the
Poincaré patch'

2 =~ i
ds?® = % (—dt2 +d2% + Z dr'dz’ | . (4.1.1)
i=1
One wick rotates the time direction ¢t = izP~1 to obtain the metric
12 D—1 ) )
ds? = % (dz2 + Y dxldaﬂ) . (4.1.2)
i=1

This is a metric on Euclidean AdS (EAdS) (the hyperbola).

1Which we encountered for AdS5 in section 3.3.

29



30 INTODUCTION TO DS/CFT

One now sets z = in and l44qs5 = —ilgs to obtain the planar patch of de Sitter
space eq. (2.1.6),

D—-1
ds? = a3 —dn® + ) da'da’ 41.3
=2 n xtdz' | . (4.1.3)

i=1

This same procedure of analytic continuation works globally.

The “naive” way to obtain a form of dS/CFT is then to start with the prescription
for AdS/CFT described in eq. (3.3.3) and define dS/CFT through the analytic
continuation of this. One then obtains Zcpr[hij, #°] = Zae sitter[Pij, ¢°], with
hi; the metric and ¢° the field values on this boundary surface. But what
exactly are these analytic continuations of partition functions? One still has
a path integral of some sort on each side of the equation. A de Sitter space
has a conformal boundary, as we saw in section 2.1. Globally, this boundary is
an SP~1-sphere, on which one could define a partition function. In de Sitter,
we are path-integrating our theory up to this final surface. We encountered
precisely such a path-integral in section 2.3. It prepares our theory in a state,
the Hartle-Hawking state. One then has [45,46]

Zerrlhij, 8°] = Yimlhij, ¢°]. (4.1.4)

Possible issues with this procedure become apparent when one analytically
continues some of the AdS/CFT dictionary entries into dS/CFT. Consider for
instance massive scalar bulk fields, eq. (3.3.4). For dS/CFT, this would become

_ _ 2
Ai:DQ 11\/@41) _mPR?. (4.1.5)

This formula is worrying. For large conformal dimension operators in the CFT,
the m? of the corresponding bulk field becomes negative and one gets tachyonic
fields that one would expect to destabilize the bulk theory.

If the bulk theory has heavy fields with m? > 0, the conformal scaling dimension
of the boundary operator becomes complex-valued, which is not permitted for
a unitary CFT. Heavy bulk fields will generically be present in string theory,
both from the tower of higher string excitations® and the tower of Kaluza-Klein
modes?>.

But is this second point truly a concern? In AdS/CFT, unitary time evolution
in the boundary theory is dual to unitary time evolution in the bulk theory and
one needs a well-behaved CFT for a well-behaved gravity theory. However, in
the de Sitter case, the boundary theory ‘lives on’ the future boundary and is

2See section 3.1.
3See section 7.1.
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Euclidean. Time evolution in the bulk does not dualize to time evolution on
the boundary.

Perhaps it is wrong to speak of a boundary CFT in this case, and one should
instead speak merely of a conformal structure on the boundary. What one
wants is functions of the boundary coordinates x, h;;(x) and ¢¢(z). One then
constructs a functional Z[h;;, ¢o], which depends on this functions in such a
way that all the same symmetries and representations as the bulk theory, in
particular conformal symmetry on SP~!, are respected. This Z does not need
to make sense directly in terms of a dynamical system on SP~!, it only needs
to do the job for the holographic dictionary eq. (4.1.4). We will continue to
refer to this boundary object as a CFT.

In de Sitter space, there are two conformal boundaries, one in the far past 1~
and one in the far future I1, see section 2.1 for reference. Do we not then expect
two boundary theories? Throughout this thesis, we will avoid this issue, initially
by focusing on the planar patch which only has access to one boundary, later
by using eq. (4.1.4) which defines one state at one moment in time. To say just
a few words now, let us note that there is “too much” de Sitter space. There is
a great deal of de Sitter space which an observer cannot access. To the observer
at the south pole, the right quadrant in section 2.1 is entirely inaccessibly,
information can only be sent into the top quadrant, information can only be
received from the bottom quadrant, and the left quadrant is fully interactive.
If one only takes what the observer can use to to be physically relevant, only
half of de Sitter space is relevant. Willem de Sitter was already aware of this
point [15] and proposed quotienting de Sitter space. Unfortunately, his proposed
quotient breaks the de Sitter isometries. More recently, a dSs/Zs quotient space
which does preserve the de Sitter isometries have been considered [47-49]. This
quotient identifies X ~ —X in eq. (2.1.1). As a result, I'" is identified with I,
“mirrored” and there is only a single conformal boundary. There is no longer
a global arrow of time in this spacetime. This is perhaps no great concern as
there are no closed timelike curves of finite length.

4.2 Higher spin theory and holography

As we saw, analytically continuing from AdS/CFT to dS/CFT seems to produce
some oddities for massive bulk fields. The procedure might go more smoothly
in case the bulk theory only has light fields. An example of such a theory is
higher spin theory, also known as Vasiliev theory [50]. We will focus on the
case where the bulk is four-dimensional. We will not focus on these bulk higher
spin theories, which require a deal of formal machinery to properly describe, see
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e.g. [51,52] for reviews. We also gave a more detailed overview of the higher-spin
theory relevant for this part in [53]. We give only the basic facts and focus on
the dual CFT description.

First, we will consider the free field case in flat space. An Abelian spin-1 gauge
field A* has equation of motion

0 0MA” —0,0"A* =0. (4.2.1)
This is invariant under a gauge transformation

A, = 0. (4.2.2)

The equation of motion for a spin s- gauge field is the Fronsdal equation [54].
The spin-s field ¢, ,,, should be totally symmetric, doubly traceless

gl g e =0, (4.2.3)

and should obey the equation of motion*
8pap¢(ll«1~l1«s) - apa(ﬂl d)pp.g..p,s) + a(l’«laﬂ2¢,ﬁg..ps) p 0. (424)
This has a gauge symmetry

6¢(M1~-u5) = 8(;“/8“2..“5) ) (4.2.5)

with gauge parameter §,,.,, , traceless

B ey = 0. (4.2.6)

How do we go from a free theory of a spin-s field with s > 2 to an interacting
theory? There are a number of restrictions that need to be overcome, reviewed
in [52]. For instance, the higher spin gauge symmetries would constitute an
extension of the spacetime symmetries. The Coleman-Mandula theorem [55]
guarantees that all extensions of the spacetime symmetries in flat space, other
than supersymmetry, lead to a trivial scattering matrix. One can then only add
free higher spin gauge fields in flat space.

Such no-go restrictions are evaded by Vasiliev theory. Vasiliev theory, the higher
spin theory that we focus on, does not exist on a flat space background but
on an (Anti) de Sitter background. We focus for now on the AdS case. There
are a variety of different Vasiliev-type theories. In the simplest case, one has a

4The brackets denote symmetrization with unit weight, dividing each term by the number
of permutations.
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conformally massive scalar, m? = —2/I% ,, and an interacting gauge field for
every even spin. Since there is a dynamical spin-two field this is a gravitational
theory, though very distinct from Einstein gravity. Even in this simplest case,
there is a parameter space of different theories distinguished by their parity. Of
note are type A Vasiliev theory theory, where the scalar is parity even, and type
B Vasiliev theory, where the scalar is parity odd. Both theories have fields of
every even spin. The gauge symmetires of all the fields, including the graviton,
combine into one group. Its algebra is denoted ho(3,2) in the AdS case and
ho(4,1) in the dS case. These contain the isometries of the spacetime, so(3,2)
for AdS and so(4, 1) for dS respectively, as a subalgebra.

Since AdS has a conformal spatial boundary, one still needs to set boundary
conditions for the fields to fully determine the theory. Most boundary conditions
will break the higher spin gauge symmetry. we focus on the scalar field ¢. Recall
from section 3.3 that in the Poincaré patch eq. (4.1.1), there are leading and
subleading terms to the scalar field’s behavior towards the conformal boundary
z — 0 namely ¢ ~ 22¢y with A given by eq. (3.3.4) [56]. In this case, A =1
or A = 2. In the type A Vasiliev theory, turning a source ¢ on for only the
A =1 fall-off preserves the higher spin symmetry. In the type B Vasiliev theory,
turning a source ¢g on for only the A = 2 fall-off preserves the higher spin
symmetry. All other choices of boundary condition and all choices of parity
other than type A or B break the higher spin symmetry.

We focus now on AdS/CFT for type A Vasiliev theory with A =1 boundary
conditions. Higher spin AdS/CFT is reviewed in [57]. Due to the additional
higher spin symmetries, one expects that the boundary theory should have the
full ho(3,2) higher spin symmetry in top of the so(3,2) conformal symmetry.
This is indeed the case. The CFT dual is the singlet sector of the free O(N)
model of N real scalar fields ¢?, i = 1,.., N, [58,59]

S = / BaVhii0,0' 0ty . (4.2.7)

Having ho(3,2) symmetry in the lower-dimensional field theory is equivalent
to being a free theory [60,61]. There are conserved currents associated to the
symmetries, schematically given by

S

Jis) = Jpnope = Z ¢(s) k0ij Ogus Oy ¢iauk+1--aus}¢j : (4.2.8)
k=0

The curly brackets denote traceless symmetrization. The coefficients c(4)
are such that the currents are conserved, primary, and in an irreducible spin-s
representation. A generating function is known that determines these coefficients
for any spin [62,63]. These currents are zero for all odd spins, in agreement
with there only being even spin bulk fields.
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Sourcing such a conserved current in the boundary theory corresponds to turning
on the field of the corresponding spin in the bulk theory. In particular, the
spin-zero current® is given by

Joy = 5ij¢i¢j . (4.2.9)
Since ¢ has A = 1/2 as it is a free scalar in three dimensions, this operator

has A = 1 as desired for the dual operator to the bulk scalar field with our
boundary conditions.

The factor of N in the O(N) model is related to the bulk Newton’s constant
and cosmological constant as )

Gy = A (4.2.10)
Holding Newton’s constant in the bulk fixed, Going from AdS to dS, A — —A
then corresponds in the boundary theory to N — —N. We thus get the O(—N)
model. What are we to make of this? This will be the subject of the next
section.

We comment briefly on AdS/CFT for different Vasiliev theories. Type B Vailiev
theory with A = 2 boundary conditions has unbroken higher spin symmetry,
so the CFT dual should be free. The CFT dual is the O(/N) model of N free
Fermionic spinors. Type A with A = 2 breaks higher spin symmetry. Its
proposed CFT dual is the O(N) model of N real critically coupled scalars with
action

S = /d3$\/ﬁ |:5ij6u¢18#¢] + N ((51']'(#(15])2 . (4.2.11)

The coupling A is at the Wilson-Fisher CFT fixed point value. Since this theory
is no longer free, it breaks higher spin symmetry as desired. Type B with A =1
has as proposed CFT dual the critically interacting Gross-Neveu O(NN) model
of N Fermionic spinors [64].

We have only looked at Vasiliev theory with even spin fields. Vasiliev theory
can be extended to include fields of odd spin. One can for instance extend the
type A theory with A = 1 boundary conditions such that there are now gauge
fields for every integer spin. The CFT dual to this is the free U(N) model,
obtained by replacing the real scalars of the O(N) model by complex scalars,

S = /d%x/ﬁéijaﬁa%j. (4.2.12)
The conserved currents,
J(S) = JNIHMS = Z d(s)kéija{m..aukalaukﬂ..8%}(#' , (4.2.13)
k=0

5Which alone in this family of currents is not conserved.
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are nonzero for odd spin. The other Vasiliev theories discussed can be extended
to include odd spins in the same manner.

Vasiliev theories with a generic parity-breaking angle other than type A or B
also have CFT duals. In this case, the CFT dual picks up a Chern-Simons
term [65].

One can also extend Vasiliev theories to include half-integer fermionic fields. In
this case, the higher spin gauge algebra is extended to a superalgebra.

4.3 The Sp(N) model and higher spin dS/CFT

We see that the simplest higher spin theory in de Sitter space, with a conformally
massive scalar field and massless fields of spin s = 2,4, 6, .. is expected to be dual
to the O(—N) model. Crucially, all bulk quantities are related to the singlet
sector. While O(—N) might in general seem ill-defined, one can show [66] that if
one takes a quantity in the singlet sector of the O(N) group and sends N — —N,
one gets the corresponding quantity in Sp(N). Thus, O(—n) = Sp(N), at least
for the singlet sector®. We thus need a boundary theory with N scalars ¢ that
are contracted with the totally antisymmetric matrix

Qi = [ I 0 HN/QSN/Q ) (4.3.1)
—lIny2xN/2

This is only (nontrivially) possible if the scalars are anticommuting. Such a

theory was constructed in [68] and its correlators were shown to match the

correlators of the corresponding bulk higher spin theory. The action of the

boundary theory is then

S = / BavVhQ;0,0 0" . (4.3.2)

Conserved currents are defined analogously to the O(N) model, only now all
contractions happen with €;;.

The bulk higher spin theory in de Sitter space is essentially the analytical
continuation of the type A higher spin theory in AdS. In particular, the bulk
scalar now has mass m? = 2/1%.

The reader may experience some discomfort at this point. If she is aware of
the spin-statistics theorem [69], she will know that quantum field theories with
anticommuting scalars are no good, they are non-unitary. However, as discussed
in section 4.1, this is besides the point.

6A detailed examination of such continuations from a purely group-theoretic perspective
can be found in [67].
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4.4 Holographic quantum cosmology

So far, we have dealt with higher spin dS/CFT in terms of correlators of
operators and fields. As we saw, Z¢pr is identified with ¥ g, eq. (4.1.4). This
is the duality we will focus on in the remainder of this part of the thesis.

Our approach will be to compute Z[h;;,¢o] for a boundary theory whose
symmetries match those of a bulk theory we wish to study. We then essentially
take this to define Wy of the bulk theory.

It is not viable to compute Z for arbitrary boundary metrics h;; and field
configurations ¢g. We will be forced to restricts ourselves to a subset of possible
configurations. Thus, we will be computing Vg in a minisuperspace, see
section 2.3 .

We can then plot the dependence of |V x|? on h;j and ¢9. More generally,
for an observable O we can plot U}, OV . This situation is not ideal. One
would like to compute

(Yuu|OVhn) Z/[Dh] [Dgo] Vg OV - (4.4.1)

However, firstly, one can only evaluate h;; and ¢ on a minisuperspace. Secondly,
even in this minisuperspace, the correct integration measure is not known.

Not all is lost and it seems reasonable to expect that meaningful information can
be gleamed from plotting |V g g|?. Consider for instance the quantum harmonic
oscillator with Hamiltonian

0? w? 4

H = _W + ?JJ . (442)

It is then well-known that the ground state depends on x as
U(z) ~ewr /2, (4.4.3)

The wave function is peaked at the classical ground state z = 0, with Gaussian
damping around it. The same behavior appears for the ground state of a free
QFT. The wave function is peaked at the classical ground state of the fields,
with Gaussian damping around it.

Since Wy is supposed to be the ground state of quantum gravity, we expect
the same behavior if a stable vacuum indeed exists. ¥ gy should be peaked
around classical ground state values of h;; and ¢¢. If this ground state is a
global de Sitter vacuum, h;; should be peaked at the metric of an undeformed
S3. We will indeed see this happen in chapter 5 and chapter 6. For the fields ¢q,
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the situation is more subtle but we will see indications that there is a ground
state that is at least stable against small perturbations. [70]

In the form of dS/CFT we use, all one gets for computing the boundary partition
function is a single bulk state. This is very different from AdS/CFT, where
different CFT states correspond to different bulk states and there is a duality
between the Hilbert spaces. One may well wonder what happened to the rest of
the de Sitter quantum gravity Hilbert space. Work towards capturing a whole
bulk Hilbert space holographically can be found in [70,71].

This type of analysis of the wavefunction for higher spin dS/CFT was first
performed in [72]. They studied the free Sp(IN) model of section 4.3 in this
manner.

In particular, looking at the bulk scalar field corresponds to sourcing J(g) =
Qi;0"¢? on the CFT side,

S= [ davVhQi; |0.,0°0"¢ + | —— +ola) ) o'’ . (4.4.4)
53 43¢

The source o(x) then corresponds to the bulk scalar in the wave function
W[k, o]. Note that we have also added a term 43— to the action. This is

das
because we have moved from the planar patch to global coordinates. Globally
the boundary of de Sitter space is an S® and h;; is now the metric on the
three-sphere. The term —— needs to be added to ensure the theory is conformal

azg
on S5.

If one takes o constant on the S2, the partition function of this CFT can be
computed exactly as a Gaussian integral since the theory is free. One finds

3 N/2
Z[o] « det (—V2 + =+ 0) . (4.4.5)
45

This can be computed in Mathematica and one can obtain an exact analytic
expression. Using the holographic dictionary eq. (4.1.4), one can plot the
resulting dependence of the bulk wavefunction, which can be seen in fig. 4.1 .
One sees that for small o the wavefunction is peaked around o = 0, suggesting
a stable ground state. For large fluctuations, there appear growing oscillations
in the wavefunction. It was argued in [1,70,73] that with the correct integration
measure for the wavefunction this regime of large fluctuations should not be
included in the integration domain of (Vg |V gy).

This type of analysis has been extended in various ways for instance by looking
at metric deformations, different boundary topologies, and models other than
free Sp(IN) model in [72] and follow-ups such as [74-82].
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In section 3.3 we discussed how supersymmetry is important for AdS/CFT. The
claim of [43] that AdS must be supersymmetric to be stable explicitly excluded
higher spin theories. Still, higher spin AdS/CFT can be supersymmetric
and the examples of higher spin AdS/CFT that are believed to be related to
string theory [83] are supersymmetric. Studying dS/CFT in a theory with a
metastable de Sitter vacuum would lead to similar concerns to those raised for
nonsupersymmetric AdS/CFT by [43]. For instance, one thinks of the ¥ gy
one computes as the state in the far future at the conformal boundary. But
what is the meaning of this boundary when the de Sitter space can decay?

Clearly, it would be interesting to have an example of supersymmetric dS/CFT.
In part III we will work towards de Sitter compactifications of string theory,
but as we will see such de Sitter vacua must break supersymmetry. It has
been shown [84,85] that N' = 2 supergravity with unbroken supersymmetry
in de Sitter space always has fields with the wrong sign in the action for the
kinetic term, known as ghost fields, resulting in an instability and rendering
such theories non-unitary.

In the following chapters, we will work out a supersymmetric extension of the free
Sp(N) model. We will argue that this is the dS/CFT dual to a supersymmetric
N = 2 de Sitter higher spin theory constructed by [86]. We holographically
compute the ground state wavefunction and argue that the theory has a stable
ground state. We will suggest that there may be an interpretation of such
supersymmetric dS/CFT in terms a type of exotic string theory.

Higher spin theory is quite distinct from Einstein gravity. With the infinite
tower of higher spin fields, unobserved in reality, it may seem that studying
higher spin theory will not tell us much about the real world. We will argue
that if one restricts to sourcing fields with spin s < 2 the results one get from
higher spin theory might not be entirely dissimilar from the results obtained
from Einstein gravity + matter.
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Figure 4.1: The probability distribution |¥%,|[o] computed from eq. (4.4.5)
for both a short and a long range of o at N = 2.






Chapter 5

Supersymmetric dS/CFT

This chapter is a reprint of [1] where we constructed a supersymmetric extension
of the Sp(N) model. The formalism of superfields provides a natural geometric
formulation of supersymmetry. We extend this formalism to describe superfields
with flipped spin-statistics. We then use this formalism to construct the action
for the free and critically interacting A/ = 2 supersymmetric extensions of the
Sp(N) model. We argue that this extension of the Sp(NN) model should be the
CFT dual of an A/ = 2 supersymmetric higher spin theory with higher spin
symmetry preserving boundary conditions. We compute Vg for a configuration
space of supersymmetry preserving configurations of bosonic fields. We claim
that the resulting Vg is indicative of the bulk higher spin theory having a
perturbatively stable de Sitter ground state. We speculate that this model may
point towards a route for embedding dS/CFT in string theory.

5.1 Introduction

As discussed in part II, gauge-gravity duality with de Sitter (dS) boundary
conditions [44,87,88] has proved to be a fruitful route to put cosmology on
firm theoretical ground. Recasting the dS/CFT duality eq. (4.1.4) in a notation
more useful for this chapter,

\IJHH[hij, Aé] = ZQFT[];'ij7 Jé] eXp(iSst[hij, Ab]/ﬁ) . (5.1.1)

Here A, stands for the matter configurations of spin s and h;; is the three-
geometry of the spacelike surface ¥ on which W is evaluated. In this paper
we take the latter to be topologically a three-sphere. The sources (h;j, Js) in

41
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(5.1.1) are conformally related to the argument (h;;, As) of the wave function,
and S,; are the usual surface terms.

It is a central question in holographic cosmology what class of deformed CFTs in
(5.1.1) specifies a well-defined, normalizable wave function. Euclidean AdS/CFT
provides a starting point to study this since its generalization to complex
relevant deformations of CFTs implies a realisation of dS/CFT that is valid
in the semiclassical approximation in Einstein gravity [45,89-91] and possibly
exact in Vasiliev gravity in dS [68]. It has been suggested indeed that Euclidean
AdS and Lorentzian dS, and their duals, can be viewed as two real domains of
a single complexified theory [45,87,92-95].

In these examples of dS/CFT the partition functions featuring in (5.1.1) are
the inverse of those of the original AdS/CFT duals [91]. The case of higher-
spin gravity is particularly illuminating because the duals are vector models
for which the partition function can be evaluated explicitly for a range of
deformations! [72,74,81,82]. The Vasiliev higher-spin (HS) theory has massive
scalars and an infinite tower of massless gauge fields of increasing spin [50]. The
duals have conserved currents for the same symmetries [58,96]. Deforming the
boundary theory action with a conserved current J; corresponds to turning on
the spin-s field A, in the bulk.? Explicit calculations of the partition function as
a function of homogeneous scalar and spin-2 deformations in the Sp(N) vector
model, which is dual to the minimal Vasiliev theory in dS [68], have provided
some evidence that dS/CFT yields a well-defined wave function and in particular
one which is better behaved than the usual semiclassical Hartle-Hawking wave
function in Einstein gravity [73].

So far attention has focussed on the duality between the minimal Vasiliev theory
in de Sitter and the dual Sp(N) models consisting of anti-commuting scalars. In
this case the dS duality follows relatively directly from the higher-spin duality
in AdS [96]. However the connection between the AdS and the dS domain of the
theories appears more general and profound [87,92,94,95], which suggests there
may well be a broader set of realizations of dS/CFT in the same spirit. Here we
show that the supersymmetric extension of the higher-spin duality in AdS [83]
also carries over to dS. This is particularly interesting because a supersymmetric
realisation of dS/CFT has a better chance of specifying a well-defined wave
function that predicts stable asymptotic de Sitter space. In fact Ooguri and
Vafa [43] have recently advocated that supersymmetry is essential even for AdS

1This amounts to a minisuperspace approximation in cosmology. Note that we will be using
the term superspace in two different contexts: on the one hand there is the minisuperspace of
quantum cosmology, on the other hand we have the superspace used for supersymmetry.

2The spin-0 field carries no indices and is not really a current. Still, it is usually referred
to as such.
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holography,® although they note higher-spin gravity may evade their arguments.

It is usually argued that unbroken supersymmetry and dS space do not go
together (see e.g. [18]).% This is because in dS space there is no positive
conserved quantity, whereas supersymmetry would allow one to construct one.
Indeed if there were a nonzero supercharge @ then either (Q + Q) or i(Q — Q)
would be Hermitian. Redefining @) to be the Hermitian supercharge would then
imply that Q2 were a positive conserved quantity, which does not exist in dS.

The fact that the known dS vacua in supergravity have ghosts [84,85], indicating
they are perturbatively unstable, is a manifestation of this general argument.
Supersymmetric HS gravity theories in de Sitter may however circumvent this
problem. This is because in the higher-spin theories in dS constructed in [86]
the Hermitian conjugate is an anti-involution, defined as (Q")" = —Q. With
this definition one cannot construct a Hermitian quantity from a supercharge Q.
In fact, the N’ = 2 dS, supersymmetry algebra is realized in terms of oscillators
of Vasiliev theory, comprising the bosonic fields vy, and %4 = (y«), such that
the momentum operator P, = i/4(0,)*" Yoy is anti-Hermitian. Hence, from
the irrepresentations of the higher-spin superalgebra there does not seem to
exist an operator associated to a globally defined Hamiltonian in the first place.

In this paper we provide evidence, using holography, that supersymmetric de
Sitter space is stable and has no ghosts in higher-spin gravity. We first propose
a supersymmetric generalization of the higher-spin dualities in de Sitter. The
bulk theories involved are the supersymmetric extensions of Vasiliev theory
described in [86]. On the boundary side we construct, in Section 6.3, new
N = 2 supersymmetric extensions of the three-dimensional Sp(/N) models. We
then relate these to the theories of Sezgin and Sundel in Section 5.2.3, thereby
establishing a supersymmetric gauge-gravity duality with de Sitter boundary
conditions. We also briefly discuss the fermions in the theory. In Section 5.3 we
evaluate the partition function of the supersymmetric extension of the free Sp(NV)
model as a function of homogeneous scalar, vector and spin-2 deformations that
preserve supersymmetry. The duality put forward in Section 6.3 conjectures
that the partition function specifies the Hartle-Hawking wave function in a
supersymmetric minisuperspace consisting of anisotropic deformations of de
Sitter space with scalar and vector matter. We find the wave function is globally
peaked at the undeformed de Sitter space, with a low amplitude for strong
deformations. This indicates that supersymmetric de Sitter space is stable in
higher-spin gravity.

3Related to this, Danielsson et al. [97] have conjectured that all non-supersymmetric AdS
vacua are even perturbatively unstable, and in [98] it was argued that all non-supersymmetric
vacua — be it AdS, Minkowski or dS — must eventually decay.

4Note that superconformal theories on a fixed de Sitter background do exist [99]. They
avoid the argument of [18] by the existence of an everywhere timelike conformal killing vector.
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It is tempting to speculate that our findings are connected to the supersymmetric
dS constructions in exotic string theories [87]. The latter have vector ghosts in
their supergravity limits related to the existence of non-compact R-symmetry
groups in their representation of the algebra.® However Hull has argued that the
massive string states in exotic string theories may well render the de Sitter vacua
ghost-free and unitary. In Section 5.4 we conjecture that the supersymmetric
higher-spin theories in dS that we construct are related indeed to the tensionless
limit of these exotic string theories.

5.2 Supersymmetric Vector Models and Duality

5.2.1 Free chiral superfields and higher-spin deformations

To construct Euclidian supersymmetric vector models we must consider complex
fields and U(N) global symmetry instead of O(N) or Sp(N). The free U(N)
vector model is a theory of N commuting complex scalar fields ¢ and ¢;,
with ¢ = 1,..., N, transforming in the fundamental and anti-fundamental
representations of U(N) with Lagrangian £ = 8"@31'8“(&. The Sp(N) model or
more precisely the anti-commuting U(N) model, also referred to as the U(—N)
model, is defined by changing the statistics of the fields. This yields a set of
complex anti-commuting scalar fields ¢* and @; governed by the Lagrangian
L= 0"p;0,¢".

Here we are interested in the three-dimensional, Euclidean N = 2 supersymmet-
ric extension of these vector models.® Three dimensional N' = 2 supersymmetry
has four real supercharges. The supersymmetric extension of a 3D scalar field
can be described off-shell by using chiral and anti-chiral superfields ®* and
®;, which we assume to be commuting for now. These satisfy the constraints
D,®" =0 and D,®; = 0 where the N = 2 superspace coordinates and spinor
covariant derivatives are denoted zM = (z#,0%,6%) and (D, D,).” Note that
in Euclidian signature ®; is not necessarily the complex conjugate of ®¢. The off-
shell components of the chiral superfield ®° are (¢?, v, F*) with ¢'(x) = ®%|g—g
the physical complex scalar fields, 1!, (z) = 1/v/2D,®|y—¢ Dirac spinors and
Fi(x) = —1/4D?®%|y—¢ complex auxiliary fields (and analogously for the anti-
chiral multiplet). Below we give the supersymmetry transformations for the

5This differs from the A/ = 2 Vasiliev case in [86] where the dS R-symmetry group is
SO(2)r ~ U(1)gr. The N' = 2 case is actually the only dS supergroup possessing compact
R-symmetry [84,85].

6See e.g. [83,100-102] for an analysis of the analogous extension in the context of the
AdS-Vasiliev/CFT duality.

"We adopt the notation of [103,104] except for their supersymmetry parameters (¢, ¢)
which we will name (¢, €).
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fields in a chiral multiplet. The /' = 2 supersymmetric U(NN) model is then
S = /d%d‘*@ ;0" = /d%[auisiaw — it — By FY (5.2.1)

where the first term is the free bosonic U(IN) model, the second term describes
the free massless Gross-Neveu model and the last term is non-dynamical. If
the U(1)g charge and the conformal dimension of ®' are chosen to be 1/2, this
action is invariant under the 3D Euclidian superconformal group OSp(2/2,2).8
Moreover, the action possesses an infinite set of singlet higher-spin supercurrents
J() [106]. The scalar supercurrent of the free theory is given by J(©) := &;®?
and satisfies on-shell the conservation equation D2.J(©) = D20 = (.

The superspace approach straightforwardly allows us to define an N = 2
extension of the U(—N) model: It suffices to replace the commuting chiral and
anti-chiral superfields ®* and ®;, with a set of anti-commuting fields ¢ and
T,. The change of statistics is such that? T!Y7 = —TIT! T, 7; = -1,
T!T; = —T; Y% The anti-commuting chiral superfields have components given
by the physical anti-commuting complex scalars ¢*(x), commuting fermions
X%, (z) and anti-commuting auxiliary scalar fields G*(x). The supersymmetry
transformations of T¢ and T; are the same as those of ® and ®;. The only
difference is that the component fields in the off-shell multiplet now have reversed
statistics. The full superspace Lagrangian for the U(—N) model is then simply
given by T; Y7, as in (5.2.1). For dimension half anti-commuting chiral multiplets
this has the same OSp(2]2,2) symmetry and higher-spin currents as the N' = 2
U(N) theory.

One can extend the free U(—N) model to include interactions by considering
an arbitrary full superspace Lagrangian'® K (Y%, T;), and chiral and anti-chiral
superpotentials W (%) and W(Y;). For instance an extension we will consider
is the free N' = 4 hypermultiplet U(—N) model. This is defined by a full
superspace Lagrangian (THTQ + TZT,Z») involving two sets of free anti-
commuting chiral superfields Y% and YT_; and the antichiral cousins. By
using the chiral composite C' = Y', T_; one can construct U(XN) invariant
superpotentials W(C). The quartic superpotential (Y. Y_;)? provides an
example and represents a classically marginal deformation of the U(—N) model

8We use the OSp(2|2,2) supergroup notation employed in [105] which differs from the
unitary quaternionic one used in [84,85]. In the latter case the minimal 3D Euclidian
superconformal group, equivalent to the minimal 4D dS supergroup, is denoted as
UU(1,1;1; H).

9Note also that the commutation rules with the spinor derivatives are somewhat subtle,
e.g. DaTiT]' = (DaTZ)T] - TiDaT]‘.

10This is the analogue of the Kahler potential for a standard supersymmetric sigma-model.
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preserving the full /' = 2 superconformal group, but not the higher-spin (HS)
symmetry.

We do not elaborate further on interacting theories but concentrate first on
the free N' = 2 U(—N) model defined on the three sphere and deformed by
background boundary sources for higher-spin supercurrents. This can be used
to realize the simplest example of a supersymmetric extension of dS/CFT. In
this context, the boundary sources are related to the argument of the bulk wave
function in the large volume limit (cf. (5.1.1)).

Consider background A’ = 2 conformal higher-spin superfields [107] H(®) :=
Hoyon-as. (2, 0), together with the primary supercurrents of the free chiral
multiplets [106], J) := Jo, ay...an. (2, 0). These are both completely symmetric
tensors in the 2s spinor indices. Then consider a linearly deformed full superspace
Lagrangian of the form

—+oo
LIHO] =T+ HM % Ty, - (5.2.2)
s=0

The deformed model is also off-shell OSp(2|2,2) invariant as can be proven by
using the results of [107] (see also the recent 4D analysis of [108]). The partition
function of the Lagrangian (5.2.2) leads to a natural superfield description
of the Hartle-Hawking wave function (5.1.1). The spin zero supercurrent is
JO .= T,T For s > 1 the supercurrents satisfy on-shell the conservation
equations

D Jy ayecrg, =0, (5.2.3)
D Joagan, =0, (5.2.4)
= (Y20, 0, anasan, =0 - (5.2.5)

Note that the spin-1 supercurrent [109,110]
Jag = —2(D0Yi)Dgy X" + 21T (v")apdu X' — 20T (v")0p0, Yi  (5.2.6)

contains the stress-energy tensor, the supersymmetry current and the current
for the U(1)p symmetry. Similarly, the currents Jg,...,, comprise several
component HS currents including two series of integer and half-integer ones [106].
From here onwards we concentrate on deformations involving only the spin zero,
J© and spin one, J, 3, supercurrents.

The scalar superfield V = H(® describes an A = 2 vector multiplet associated
with the gauging of the diagonal U(1) symmetry within the flavour U(N) group.
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In the context of dS/CFT the scalar components in this multiplet will be dual
to the scalar and pseudo-scalar currents of the bulk Vasiliev theory. On the
other hand the background superfield H,g describes the gravitational superfield
for 3D N = 2 supergravity [111]. This is the supersymmetric extension of a
background metric and it contains as components the dual of the spin-two and
spin-one currents in the bulk. The following action

S = / d®zd*0 EY; eV T, (5.2.7)

describes the nonlinear s = 0,1 deformations of the U(—N) model in a simple
manner as a system of anti-commuting scalar superfields in an arbitrary off-
shell vector multiplet and conformal supergravity background [112,113]. Here
Ey? is the supervielbein of the 3D A = 2 background supergeometry and
E = SdetEj* is its superdeterminant. The linearization of (5.2.7) leads to the
Lagrangian in (5.2.2) with s =0, 1.

5.2.2 Spin 0 < s < 2 deformations in components

The above superspace description is potentially abstract for many readers.
We therefore give here the action in components as well as the details of the
supersymmetric backgrounds used in the rest of the paper.

We consider the free chiral multiplets associated to the anti-commuting (anti-
)chiral superfields T and Y. In order to study spin 0, 1 and 2 deformations
that preserve supersymmetry, it suffices to consider the coupling to a general
background of 3D new minimal supergravity [113] in the presence of a
background vector field (see also [103]). The explicit ingredients of the action
(5.2.7) in terms of component fields are presented using the notations of [103,104].

The field content of off-shell new minimal supergravity in three dimensions
comprises as component fields the metric g,,, the gravitini v, and 1;”7 the
U(1)r symmetry gauge field A,&R), a 2-form gauge field B, together with
its field strength H = %e“”pauBl,p, a vector auxiliary field C,, and its dual
V# = —ie#?9,C,. The background Abelian vector multiplet comprise a gauge
field A, together with its field strength Fy,, = J;,A,), a scalar field o, the
gaugini A and A, and a second scalar field D. Note that in Euclidian signature
the fields do not need to be real.

With the background fields that we consider, the off-shell supersymmetry
transformations of the component fields of a chiral multiplet T of R-charge ¢
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are:
S = V2ex, (5.2.8a)
oX = V2eG —V2iy'ED,p +V2ioép + qV2iHéEyp (5.2.8b)
0G = —V2D,(Ey"x) — V2ioéx + 2iENp — V2i(q — 2)HEx , (5.2.8¢)

where the € and & are the supersymmetry parameters with U (1) charge 1 and
—1, respectively. The covariant derivative D,, are gauge and U(1)g covariant
besides including the spin connection.

We consider the case where the U(1)g charge for the chiral supermultiplet is
g = 1/2. This leads to the superconformal theory with Lagrangian

1 ~
L = D,.pD o+ @(gR ol D)gp i D,y + ioxy — GG (5.2.9)

where R is the scalar curvature of the background manifold. This is the
component version of the superspace action (5.2.7). It is worth mentioning that
the quadratic terms in the bosonic spinors x and x acquire an overall minus
sign compared to the case of commuting chiral multiplets due to the unusual
statistics (compare e.g. with (5.2.1)). Including in addition the chiral integral
of a superpotential W (Y!) (where we now consider multiple chiral multiplets
labelled by the index I), its component Lagrangian is

_OW() g FPW(e) 1 g

together with its conjugate. For the interesting case with T4 multiplets
mentioned earlier, the classically marginal deformation Wiarginal(Y+) =
(Y4 Y_;)? leads to the component action

Lo = 20050 1) (04 Gi — 0 iGYY)
F2((Px—i +oixt )’ =204 i x—y) - (5.2.11)

Integrating out the auxiliary field G+ from the sum of (5.2.9) and (5.2.11) we
obtain the classically marginal deformation Viyarginal

Vinarginal = 8(9%0—i)(@+;0-7) (5 @sk + o p_")

+2((¢' x—i + o—ix+)? — 20h oo x—j) (5.2.12)



SUPERSYMMETRIC VECTOR MODELS AND DUALITY 49

where all the interaction terms are double and triple trace operators.

So far we have neglected the gaugini and gravitini which would couple to spin
1/2 and 3/2 currents in the actions. By truncating these modes, the invariance
of the action require the supersymmetry variation of the background fermions to
be zero. By imposing the variation of the gravitini to be zero, dy,, = 61% =0,
one finds the Killing spinor equations:

1 1

(Vi — iAELR))E = —§H'yﬂa —iV,e — iepr”v”a , (5.2.13a)
1 1

(V. +idhe = — S HYE + 1V + S, Ve (5.2.13b)

Requiring the variation of the gaugini to be zero, A = 6\ = 0, one finds the
following additional constraints on the background fields

0 — (i(D 4 oH) - %EWP%FW — iy (D0 + iVHa))s , (5.2.14a)
0 = ( —i(D+oH) - %eﬂ”ﬂ%F,W +in" (D0 — iV,p))é . (5.2.14b)

We refer to [104] and references therein for details about the geometrical con-
straints imposed on a 3-manifold admitting some residual rigid supersymmetry.
The sphere S? of radius [ is a maximally supersymmetric background. In this
case, besides the metric the only nontrivial field turned on is a constant H-flux
of the form H =1i/l.

5.2.3 Duality

We conjecture that the N/ = 2 supersymmetric extensions of the Euclidean
Sp(N) model that we constructed above are dual to the N' = 2 supersymmetric
higher-spin gravity theories in de Sitter space found in [86].1!

There is a continuous family of Vasiliev theories in de Sitter that depend on the
parity-breaking angle 6. In the CFT dual, 6 corresponds to a Chern-Simons
coupling constant k, i.e. § = T [83]. We first consider Vasiliev theories with
6 = 0. This corresponds to the k — oo limit such that N/k — 0. In this limit
we can neglect the Chern-Simons terms since our boundary is simply connected.
The dual field theory is then free and determined by the symmetry group,

1We refer in particular to Section 4.4 of [86] for a detailed discussion of these HS theories.
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i.e. the amount of supersymmetry and the choice of internal gauge symmetry.
Its Lagrangian is given in full generality in (5.2.2), and in (5.2.9) when restricted
to low spin deformations. The symmetry groups of the bulk and boundary
theories are the same: both theories have OSp(2|2,2) invariance possessing 8
real supercharges. They also have the same higher-spin symmetry,'? which
brings the full symmetry generated by spacetime, supersymmetry and HS of
both theories to ho(1,1|4,1).13

Sezgin and Sundell [86] note that the counting of dynamical fields of A" = 2 dSy
higher spin theory matches that of A/ = 2 AdS, higher spin theory. Since the
counting of N' =2 U(N) currents matches the N' = 2 AdS, bulk fields, mutatis
mutandis the counting of N’ =2 U(—N) currents matches the A/ = 2 dS, bulk
fields.

The bulk theory contains in particular a scalar and a pseudo-scalar with mass
m? = 2/R?%. This mass allows for two different boundary conditions which in
the boundary theory correspond to either a free or an interacting CFT [68,83].
Here we consider the free boundary theory in which the U(—N) singlet scalar
operators @;p’ have dimension A = 1 and ¥;x* have A = 2. They correspond
respectively to the bulk scalar and the pseudo-scalar. This means the former
must obey alternative boundary conditions for which the modes asymptotically
behave as ~ z whereas the latter obeys standard boundary (or quantization)
conditions, with modes behaving as ~ 22 asymptotically.'4

There are also two towers of integer spin bulk fields or equivalently two towers of
boundary integer spin conserved currents. One tower is constructed by applying
derivatives to ¢;¢ to make traceless spin-s currents. The other tower is made
analogously from ;1%

Finally there is one tower of strictly half-integer spin fields built by taking
combinations of derivatives of ¥ and ¢; and the conjugate. Fermionic half-
integer higher-spin fields in the bulk enter as Grassmann valued arguments
in the wave function'® (5.1.1). The general framework of supersymmetric

12The higher spin symmetry of free vector models follows from the properties of the Dirac
and Laplace operators and hence does not depend on the spin-statistics of the field on which
these act, see e.g. [114] and [115] for the super-Laplacian case.

3By extending the analysis of [116,117] (see also [118,119]) to the supersymmetric case
it may be possible to prove directly that the partition function of (5.2.2) has ho(1,1|4,1)
symmetry. Along this direction, regarding the use of Noether method in superspace see the
recent paper [120] for the 4D N =1 case.

14The dimension A4 of operators in the boundary theory is related to the mass m? of dual

bulk scalars as Ay = % + 4/ % — m2R? where R is the dS radius.

15To avoid confusion we note that, unlike in ordinary first quantised mechanics, the wave
function in quantum cosmology does not explicitly depend on position, or momenta. Rather,
the arguments of wave functions in quantum cosmology are configurations of matter fields

and three-geometries which themselves are in general of course functions of position.
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quantum cosmology was developed long ago, see e.g. [121-123]. One might
be concerned about the physical interpretation of wave functions that include
Grassmann valued arguments. However, the wave function is not directly a
physical observable. Probabilities for physical observables O are computed as

<V, 00 >= /DhDASGNDAseNH/ﬁ(h, A)O(h, As)¥(h, A)E(R, As) . (5.2.15)

Here we have denoted separately and abstractly the integer and half-integer
matter field configurations in the functional integral and we have inserted a
density measure =. This shows that for bosonic operators O, since one integrates
over the Grassmann valued Agcny1/2 fields, physically meaningful expectation
values are ordinary numbers.

We conclude with a remark on interacting theories. We have constructed
interacting supersymmetric vector models, with a potential of the form (5.2.12).
It is natural to conjecture these play a role in a duality with supersymmetric
higher-spin gravity theories in dS with the parity-breaking 6 angle turned
on. The analogous AdS/CFT discussion [83] shows that marginal double and
triple trace interactions correspond to generalized ‘designer gravity’ boundary
conditions [124] in the bulk. Interaction terms involving both ¢ and y will imply
a relation between the asymptotic profiles of the bulk scalar and pseudo-scalar.
In the context of dS/CFT this means the partition function computes the
wave function in an unusual basis [72]. With 6 turned on, however, also the
Chern-Simons terms are important [83,102]. In this regard we expect extended
N > 2 supersymmetric models to play an important and interesting role, in
which the interplay between Chern-Simons and matter dynamics can render the
marginal deformations exactly marginal. We leave a more precise and complete
formulation of dS/CFT for interacting duals to future work and turn now to a
first exploration of the physics of the duality relating the free theories.

5.3 Supersymmetric Minisuperspace

We now evaluate the partition function of the free U(—N) model (5.2.9) for a
range of supersymmetry preserving bosonic deformations of the theory. We first
consider homogeneous mass deformations of the theory. These correspond to
turning on a supersymmetric vector multiplet background. Next we compute the
theory on squashed three-sphere boundaries where we will see supersymmetry
requires an additional spin-1 deformation be turned on.

Eq. (5.1.1) shows that dS/CFT relates the sources of the deformations in
the partition function to the argument of the bulk wave function in the large
three-volume limit. The dependence of the partition function on the values of
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the above sources therefore yields a cosmological measure on a minisuperspace of
asymptotically dS configurations. From this measure predictions for semi-local
observables in cosmology can be derived through further coarse-graining. The
deformations we consider here specify a minisuperspace that comprises a class
of anisotropic deformations of de Sitter space (which have squashed sphere
future boundaries) and asymptotic dS universes with an early phase of scalar
field inflation.

We consider free dual theories only in this section. Their partition functions are
inversely related to the partition functions of the corresponding U(N) theories
with ordinary spin-statistics. By Gaussian integration the latter take the form

det(half-integer spin field eigenvalues)

5.3.1
det(integer spin field eigenvalues) ( )

whereas for the theories with opposite spin statistics we have,
det(integer spin field eigenvalues) (5.3.2)

det(half-integer spin field eigenvalues)

This relation is an exact example of the more general close connection between
(Euclidean) AdS/CFT and dS/CFT evoked in the Introduction. It means
that for the purpose of this section we can either work with the original free
chiral multiplets (see e.g. [104]) and use (5.3.1) or evaluate directly (5.3.2). We
illustrate both methods below.

Before we proceed with our analysis we should comment on two subtleties.
First, in the presence of background fields contact terms can appear that render
the value of the partition function unphysical [125]. A meaningful dS/CFT
duality of the form (5.1.1) requires at least the norm of the partition function
be physical, which is guaranteed if the duals are reflection positive. However
we lack a proof of this in the present context'®. A second subtlety concerns the
regularisation of the determinants. On the U(N) side the regularisation is fixed
by N = 2 localisation [103]. We assume the same regularisation holds in the
U(—N) case. Localisation for the U(—N) theory should parallel the result of
the U(N) theory because the off-shell supersymmetry on the three manifolds is
the same in the two cases.

16With more supersymmetry fewer contact terms are possible. For instance the Chern-
Simons term A A dA is absent whenever N > 2.
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5.3.1 Scalar deformations

The action of the undeformed supersymmetric U(—N) model (5.2.9) on a round
S2 boundary is

3 i A
EPY HILYX - GG (5.3.3)

sz/ﬁm%hmww+
We consider mass deformations of this theory which break conformal symmetry,
but preserve supersymmetry'” by a coupling to the vector multiplet V. First
we set the gauge multiplet to a BPS configuration in which only the scalar fields
o and D are nonzero and constant. The constraints (5.2.14) then imply that a
supersymmetric vector multiplet background has D = —io/l. Substituting this
condition in (5.3.3) yields the following mass deformation,

mezgﬁ—ﬁ)@w+w%v. (5.3.4)

where [ is the radius of the sphere.

We see that the deformation gives masses to both the scalars and the spinors
in the boundary theory. As discussed above the component scalar current
j_(f) = @;p" is dual to a bulk scalar whereas the current j(_o) = ¥;x* constructed
out of the spinor fields is dual to the bulk pseudoscalar. Supersymmetry implies

both fields are coupled.

The independent complex scalar field o plays the role of an external, constant
mass parameter in the deformed theory [104]. It therefore enters as a source
in the partition function. In the bulk o corresponds to the coefficient of the
subleading term ~ 22 in the asymptotic profile of the scalar. The phase of ¢
is determined from the requirement that the theory must have a well-defined,
asymptotically classical, real de Sitter structure [95]'8. For m? = 2/R? scalars
this implies in particular we must take o imaginary [126,127]. Hence the
asymptotic profile of the bulk scalar has a real leading term and an imaginary
subleading term, precisely what one expects for scalar fields in the Euclidean
Hartle-Hawking vacuum. For the susy deformations we consider, the boundary
conditions on the pseudo-scalar are completely fixed by those on the scalar. We
are thus led to consider the following mass deformation o = im, with m real,

m . .
»cmass = |:7m2 + T:| 857.801 - mfaxl . (535)
170One can also consider supersymmetry breaking mass deformations by leaving o and D
in (5.2.9) independent. Taking o = 0 for instance yields the setup of [72] multiplied by an
overall factor coming from the spinors.
18 A different but equivalent way to see this is that any other ‘reality’ condition on ¢ would
imply the bulk scalar to behave as a ghost, and the resulting wave function to be ill-defined.




54 SUPERSYMMETRIC DS/CFT

To evaluate the partition function as a function of m we must first find the
eigenvalues of the Laplace and Dirac operators on S®. These are well-known
and can for instance be found in [104] (see [128] for a derivation in superspace).
Setting [ = 1 the scalar eigenvalues are given by

A =n(n+2) +3/4 —m? +m, (5.3.6)

with n = 0,1,2,.. and degeneracy (n + 1)2. Note that the first eigenvalue is
negative when m < —1/2. The eigenvalues for the spinor are

1
AE = i(n + 5) —m, (5.3.7)
with n = 1,2,3,.. and degeneracy n(n + 1). There are negative eigenvalues
for all values of m. However, each eigenvalue has an even degeneracy. Since
eigenvalues are raised to the power of their degeneracy in the partition function
this means the spinor contribution need not necessarily lead to divergences.

With the eigenvalues at our disposal it is straightforward to evaluate the
Gaussian integrals defining the partition function Z[m]. See [104] and references
therein for a pedagogical description of the case with standard statistic. For a
single multiplet in the theory with reversed spin-statistics we get

5[5 +m1/277t
Z[m]_g[mw] : (5.3.8)

To numerically perform the product in (5.3.8) we found it convenient to first
calculate the second derivative of the free energy. Fig 5.1(a) shows the resulting
distribution ZZ* as a function of the mass parameter m. One sees it has a
local maximum at zero deformation, corresponding to the amplitude of pure
dS space in higher-spin gravity. This is in accordance with general field theory
results such as the F-theorem.'® For negative masses the distribution closely
resembles that found in [72]. In particular it goes to zero as m — —1/2. For
more negative masses the holographic wave function is zero. This is because the
path integral defining the partition function diverges in deformed (free) theories
for which the scalar operator in the action has a negative eigenvalue. Hence the
form (5.3.8) no longer holds. Therefore we show the behavior following from
(5.3.8) with dotted curves in Fig 5.1(a).

For positive masses the distribution diverges as m — 3/2. Whether or not this
renders the wave function non-normalizable and ill-defined may depend on the

19Had we instead taken o real we would have found a pathological wave function even for
small deformations. In particular the distribution would have had a cosh(m) behavior. Hence
pure dS would have been a local minimum of the distribution, leading to two-point functions
characteristic of an unstable ghostlike theory.
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Figure 5.1: The response of ZZ* to various mass deformations for two chiral
multiplets with reversed spin-statistics. We conjecture this corresponds to
the Hartle-Hawking wave function in a homogeneous isotropic minisuperspace
model in HS gravity. Left: Both multiplets are in the same representation of
the gauge multiplets inducing the mass deformation eq. (5.3.5) with parameter
m. Right: the two multiplets are in opposite representations; one has mass
parameter m and the other —m under eq. (5.3.5).

integration measure. However this behavior can be improved by adding a flavor
symmetry. This can be done by placing N chiral multiplets in the fundamental
and N in the anti-fundamental of the gauge multiplet, as for the case with
Ti_ and Y _; described in section 6.3. In the BPS configuration of the gauge
multiplet, this means half of the fields have opposite mass m. Fig 5.1(b) shows
the resulting distribution ZZ*[m] which is of the form of a cosine squared. The
wave function now has support on the interval |m| < 1/2 only. For larger values
it is zero. The distribution is well-behaved over the entire configuration space
and has a global maximum at m = 0.

The addition of a flavor symmetry may appear ad hoc, but it is not. In [83],
it is precisely the addition of such flavor symmetry that relates the model to
string theory. Imposing this constraint from string theory in our setup appears
to enhance the stability of de Sitter space.

The distribution ZZ*[m] specifies the no-boundary wave function \IJ[ASE), A(P)]
in a supersymmetric minisuperspace model consisting of homogeneous,
asymptotically de Sitter universes in HS gravity with a scalar AS?) and a
pseudo-scalar A turned on. The histories therefore exhibit an interior region
with scalar field driven inflation. The upper bound on the deformation m might

mean the bulk potential is such that there is a maximum number of efolds of
scalar field inflation.
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5.3.2 Squashings and Vector Fields

Next we consider deformations of the background metric which preserve four
real supercharges. In particular we consider the partition function of the free
U(—N) model (5.2.9) on homogeneous squashings of the three-sphere that are
characterized by a squashing parameter v > 0. The metric can be written as

1
ds® = db” + sin® 0d¢® + — (dip + cos 0d¢)* (5.3.9)
v

where 6, ¢, 1 are the Euler angles on S® such that 6 € [0, 7], ¢ € [0,27] and
¥ € [0,47]. Supersymmetry requires that we turn on a background U(1)g
symmetry gauge field on squashed backgrounds. In the U(N) model with
standard spin-statistics, this is given by the one-form [129,130]

AR = —%\/1 — v2(dip + cos 0dg). (5.3.10)

In this section we evaluate the wave function with asymptotic dS boundary
conditions using the inverse of the partition function of deformations of the U(N)
theory. As before the phases of the sources are specified by the condition that
the wave function is defined on a real configuration space that is asymptotically
dS [91]. The gauge field AU is the boundary value of a bulk gauge field A
in the dual AdS theory. To evaluate the wave function in the dS domain A
must be asymptotically imaginary, because the original AdS scale factor a is
also imaginary in the dS domain. Taken together this yields asymptotically real
frame fields /f/ a on the dS side [75]. Hence we ought to compute the partition
function for purely imaginary values of the source A%, This selects the range
v > 11in (5.3.10). Note that the round three-sphere corresponds to v = 1. On
this background, the gauge field is appropriately turned off.

The free energy of AdS dual U(N) theories on squashed boundaries was
computed in [104,129-131]. From the relations (5.3.1) and (5.3.2) it follows that
it suffices to change its overall sign to find the free energy of the dS dual theories
with reversed spin-statistics. In the v > 1 domain this yields the following
partition function (for a single multiplet),

2z

Z = Exp [— /Ooo dw”f/} : (5.3.11)

sinh(z/v) 1
sinh(z(v=! £ vv=2 —1))sinh(z/(v-1 £ Vo2 —-1)) vz’

¥ = (5.3.12)
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Figure 5.2: The holographic Hartle-Hawking wave function in higher-spin
gravity in the one-dimensional minisuperspace of anisotropic but homogeneous
deformations of de Sitter coupled to a gauge field, parameterized by v, for a
single multiplet.

This specifies the large three-volume limit of the no-boundary wave function
in higher-spin gravity in the one-dimensional minisuperspace of anisotropic
deformations of dS coupled to a gauge field. Fig. 5.2 shows the resulting
distribution is well-behaved and normalizable with a global maximum at pure
dS space. In particular the constraints implied by supersymmetry — together
with a careful analysis of the asymptotic structure — appear to eliminate the
usual problem that gauge fields in supergravity theories on de Sitter backgrounds
are ghosts.

To conclude we comment on deformations that are non-supersymmetric
squashings of chiral multiplets where one does not turn on a background
gauge field. The free energy of such deformed theories was computed in [80]
in the context of AdS duals. For free chiral multiplets this can be interpreted
in the context of dS/CFT by inverting the partition function as we discussed.
This yields a well-behaved distribution in which undeformed dS space seems
stable, at least against small deformations. This indicates that for v > 1 the
contributions to Z due to the chiral multiplet and the background gauge field
are separately stable under squashings. On the other hand, for v < 1 there
is a clear difference. The translation to dS of the results of [80] shows that
v =1 is a local maximum for non-supersymmetric squashings even when one
includes the v < 1 regime. By contrast this would not be the case if one were to
extend our result for supersymmetric squashings to v < 1, which would yield a
distribution that diverges as v — 0. This is precisely what one expects because
under the boundary conditions corresponding to v < 1, which we did not take,
the vector field is ghost-like [75]. It is interesting that the v < 1 regime covers
the entire region of configuration space where the Yamabe invariant of the
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conformal boundary is negative. The fact that the holographic wave function
has no support in this region once gauge fields are taken in account lends further
support to the conjecture [73] that the holographic measure strongly suppresses
conformal boundaries far from the round conformal structure.

5.4 Speculations on a triality with exotic string
theories

In the context of ordinary AdS/CFT it has been argued [83] that that a triality
relates type ITA string theory on AdS, x CP3 (possibly with some B-field flux)
to specific Vasiliev theories in AdS, and Chern-Simons vector models. These
type IIA backgrounds lift to 11-dimensional supergravity on AdS; x S7/Z
(possibly with torsional flux added).

Our results suggest this triality can be ‘Wick rotated” and thus generalized to
a dS context where the third party would be the exotic M-theory Mg, in a
dS4 x AdS;/Zy background constructed by Hull [87].2° This exotic M-theory
has two time directions and the M2 brane has a Euclidean world volume. In
flat space its near-horizon geometry is dSy x AdS7. The Vasiliev theories in dS
would then be the tensionless limit of this theory.

A triality of this kind would resonate with the intuition recalled in the
Introduction that exotic string theories in dS can be well-behaved despite
having ghosts in the supergravity limit. Hull has argued that the massive
string states render the starred string theories ghost-free [87]. The Vasiliev
limit which features in the triality precisely corresponds to the limit where the
massive string tower becomes massless. It is therefore plausible that Hull’s
‘ghost-exorcism’ shows up at the classical higher-spin level. The fact that the
minisuperspace wave function computed in Section 5.3 is well behaved provides
some holographic support for this.

We conclude with an illustration of how this triality might be realized more
explicitly. For this purpose let us regard the above setup from a type IIB
viewpoint. It is well known that ordinary ABJ(M)-theory emerges in the
IR from specific brane configurations (cf. Table 5.1(a)). In Table 5.1(b) we
configure branes in an analogous manner in the exotic HB(_Qj_l) theory. The
D3-branes have become Euclidean while the D5-branes are Lorentzian. If one

208ee [92] for this notation, where the possible existence of exotic string theories was also
connected to supergroup-gaugings and negative branes. Negative branes naturally lead to
signature changes between different regions of spacetime and thereby connect AdS and dS.
Hence they may play a role in a microscopic description of the no-boundary wave function.
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Table 5.1: Top table: ABJ(M) setup in IIB string theory. The Lorentzian
3D CFT is in the 012 direction. Bottom table: Analogous setup to ABJ(M)
in HB@B with Euclidean D3 branes. The Euclidean 3D CFT is in the 123
direction.

can argue that strings between the Euclidean D3 and the ordinary D5 branes
have reversed spin-statistics, then the resulting 3D field theories have limits in
which they turn into the Euclidean U(—N) field theories we have constructed.
For example, separating the Euclidean D3 and ordinary D5 branes would then
correspond exactly to the mass deformation in Section 5.3.1 with an additional
flavor symmetry that gives half the fields opposite masses.2!

5.5 Discussion

We have constructed supersymmetric Euclidean vector models in three
dimensions with reversed spin-statistics. We conjecture these are holographically
dual to specific supersymmetric Vasiliev theories in four-dimensional de Sitter
space.

We have begun to explore this duality by computing the partition function for
a range of scalar, vector and tensor deformations that preserve supersymmetry.
The duality asserts this specifies the Hartle-Hawking wave function in a
supersymmetric minisuperspace consisting of anisotropic bosonic deformations of
dS with scalar and vector matter. We found the wave function is globally peaked
at de Sitter, with a low amplitude for strong deformations. This suggests that

21As an aside we note that it was argued [48] that the near-horizon geometry of the
Fuclidean branes in exotic string theories does not involve de Sitter space but rather elliptic
de Sitter space (where the antipodal points are identified). This in turn appears to resonate
with [132] where it was shown that the physical arrow of time in asymptotic dS histories
predicted by the Hartle-Hawking wave function reverses near the dS throat.
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supersymmetric de Sitter space is stable in higher-spin gravity and in particular
free from the usual ghosts.

An important generalization of our analysis concerns the calculation of the
CFT partition function for deformations sourcing half-integer spin fields. Free
spin-1/2 and spin-3/2 fields in de Sitter space have been studied in [133], which
also derives a number of general properties of dual CFTs. In particular, [133]
identifies the general form of the boundary-boundary two-point function of
a bulk spinor, for an arbitrary spacetime dimension and mass, and up to a
constant factor. At the time, however, no CFT dual was known to compare
this with. Our model provides a concrete setup in which this can be done.
The supersymmetric HS bulk theory we consider includes a specific nonlinear,
interacting extension of the free spinors considered in [133]. Specializing the
general result for the two-point function in [133] to the massless case in four
bulk dimensions yields the following structure for the 3D boundary-boundary
two-point function,

7 (z—2a')
(x —a')*

This can be compared with our CFT result. On the CFT side we have, Oy /5
@y and analogously for O, /2. The form of the O/, two-point function is
determined up to a constant factor by conformal symmetry. Since O; /5 has
conformal dimension A = 3/2, one exactly obtains (5.5.1).22 Therefore our
CFT result matches the general structure of the fermionic two-point functions
derived from a bulk analysis in [133]. This provided evidence that our proposed
dS/CFT duality holds in the half-integer spin sector.

< (’)1/2(3:)@1/2(36’) >= const (551)

Deformations of the boundary theory that correspond to turning on spinors
in the bulk are couplings of O/, and 0, /2 to the background gaugini A and
X as described in section 5.2.2, although we chose to set these terms to zero.
Note that the reality properties we have imposed on the background scalars
o and D imply specific reality properties on the background gaugini A and A
through the supersymmetry variation equations. Supersymmetry thus relates
the two-point function (5.5.1) to other two-point functions containing integer
spin currents. We leave a more detailed analysis of the complete partition
function in supersymmetric minisuperspace beyond the level of the two-point
function, which one would expect also determines the sign of the latter, to
future work.

Our results open up new ways to develop dS/CFT further. First, it would
be very interesting to demonstrate the absence of ghosts directly in Vasiliev
gravity in de Sitter. We have mainly focused on the duality for free theories,

22The analogous bulk and boundary computations in the AdS/CFT case are given in [134].
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but it would also be interesting to formulate the duality for supersymmetric
interacting theories and to clarify in particular how the Chern-Simons terms
and extended A > 2 supersymmetry enter. Supersymmetry will also enable
one to introduce in dS/CFT new and powerful calculational techniques, such as
localisation, that have led to important advances in the context of AdS/CFT in
recent years.

Finally, it would be especially interesting to understand whether the
supersymmetric higher-spin theories featuring in our duality are indeed the
tensionless limit of Hull’s exotic string theories in their de Sitter vacua. This
would establish a triality similar to the one put forward in [83], which in turn
may lend support to the conjecture [87] that the massive string states render
the starred string theories ghost-free. This would constitute a first step toward
the generalization of the HS realisations of dS/CFT to other, more realistic
theories in dS.






Chapter 6

Spinors in Supersymmetric
dS/CFT

This chapter is a reprint of [2]. We continue the analysis of the model constructed
in chapter 5. As we already have the model in hand, the focus in this chapter is
much more on computing Vg for a variety of field configurations. In particular,
we compute ¥y for supersymmetry breaking field configurations and with
the inclusion of fermionic bulk fields. The state ¥y continues to look like
a perturbatively stable de Sitter ground state with these new configurations
included. The inclusion of the fermionic bulk degrees of freedom causes an
interesting transition in the behaviour of gy between large and small N.

Although the bulk higher spin theory intrinsically only contains massless fields
and scalars with mass m? = 2/1%, we argue that one can mimic a fermionic field
with a tunable mass. The behaviour of the mimic we construct qualitatively
matches a massive fermion coupled to Einstein gravity. This suggests that
higher spin dS/CFT with sources whose spin is limited to s < 2 and with such
mimics can indeed be informative of quantum gravity theories in de Sitter space
that are Einstein gravity + matter at low energy.

6.1 Introduction

In chapter 5 we put forward a supersymmetric generalization of higher spin
dS/CFT. In this paper we initiate the study of fermions in dS/CFT. In particular
we compute the contribution from bulk fermions to the Hartle-Hawking ground

63



64 SPINORS IN SUPERSYMMETRIC DS/CFT

state wave function Uy g in these supersymmetric HS theories. The properties
of superpartner fermions are especially interesting since in higher spin theory,
fermionic fields can essentially only arise as superpartners to bosonic fields.
We find that, within the analysis performed so far, the existence of a stable
supersymmetric de Sitter vacuum - our fundamental conclusion in [1] - remains
unchanged with the inclusion of these fermionic fields. As before we perform all
calculations in the conjectured dual and use the duality (5.1.1) to obtain the
Hartle-Hawking wave function. Purely computationally, the dS/CFT dictionary
(5.1.1) applies directly to fermionic fields. However, the interpretation of U g
in the presence of fermionic fields requires a certain care as detailed long ago
in [121,135].

The paper is organised as follows. In section 6.2 we begin with a general
discussion of fermionic bulk fields in the wave function of the universe and in
the context of dS/CFT. This discussion is independent of the specifics of our
model and the presence of supersymmetry. In section 6.3, we summarise the
model of supersymmetric higher spin dS/CFT we constructed in [1], focussing
especially on how the fermionic bulk fields enter. In section 6.4, we deform
the boundary theory to turn on a spin-1/2 fermion in the bulk, while keeping
all other bulk fields turned off. We study how the bulk wave function and
observables respond to this fermionic field. In section 6.5, we repeat this process,
now simultaneously turning on both a fermionic and a bosonic bulk field. We
consider scalar, pseudoscalar and metric bulk fields. This allows us to study the
interplay between fermionic and bosonic bulk fields. We see no sign of instability
of the bulk vacuum coming from this interplay. In section 6.6, we first discuss
the behaviour of ¥y g in the presence of bulk fermions in our model and we
then conclude with a more general discussion of dS/CFT in string theory.

6.2 Bulk fermions and the wave function

As we have described in [1], half-integer spin CFT sources enter into the Hartle-
Hawking wave function and the duality eq. (5.1.1) in a way that is formally
completely analogous to the bulk bosons. However, on a conceptual level, the
interpretation of these fields in the wave function deserves some extra attention.
Here we discuss in general terms how spinorial bulk de Sitter fields enter into
the dS/CFT correspondence, not limiting ourselves to our particular model.

In the action of a QFT, fermionic fields are often described using Grassmann
variables. But, it is important to remember that, just as quantised bosons
are not simply commuting variables, quantised fermions are not Grassmann
variables. The Grassmann variables simply provide a convenient way to describe
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the fermions pre-quantisation. Let us briefly review the canonical quantisation
of fermions. Our treatment here will be rather brief and qualitative. A more
detailed discussion of the quantization of a free fermion in de Sitter space and
the properties of the 15’4/ conjugate spinors can be found in appendix A. To
keep our presentation concise, we will sometimes suppress constant factors and
indices when not relevant. A more complete discussion can be found in [121,135].
Consider the bulk spinor ¥ (z) in four-dimensional de Sitter space at some time-
slice. The spatial geometry on this time-slice is an S% and the spinors can
be expanded in spherical harmonic (commuting) spinors.! The three-sphere
harmonics are p'}’, o'}/ with positive frequencies and their conjugates p’y/, T4
with negative frequencies. Here, A is the bulk spinor index, n = 0,1, 2, .. tracks
the eigenvalue under the harmonic equation and p = 1,2, .., (n+1)(n+2) tracks
the degeneracy for given n. Ignoring the degeneracy (which will be broken
anyway when we deform the geometry), one can expand as

ba~ > (snph +E.5%) (6.2.1a)

n

bar~ Y (5aPhs + tnoh) - (6.2.1b)

n

If one is describing a classical and commuting spinor function; s, ¢ and their
breves should be constant coefficients.? However, we wish to quantise 1 as a
fermion. Then as usual, we want these coefficients to essentially play the role
of creation and annihilation operators. This means that we should impose the
anticommutation relations

{Spytm} = {Snrtm}y = {Zn,tm} = {8nstm}t =0, (6.2.2a)

As pointed out in [121,135,136], one should take the wave function on the
future boundary surface to depend only on the positive frequency modes. This
is convenient as the fermionic dependence of the wave function is then only a
dependence on anticommuting Grassmann variables s and t. If the negative
frequency modes had entered as well, we would have got variables with nontrivial
anticommutation relations.

It is then clear how, for example, we should interpret the .J;/, source of the
boundary CFT related to a spin-1/2 bulk field, which enters into the wave

1On a deformed geometry the same line of reasoning goes through, with the harmonics of
the deformed geometry.

2If one wants to describe how 1) evolves in time rather than restricting to one time-slice,
these coefficients would become time-dependent.
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function as Grassmann valued spinors, rather than fully quantised fermionic
fields. In the boundary CFT, we can turn on a separate source term

J1/2 2012 (6.2.3)

for each three-sphere harmonic. In our specific model, J;/; is related to a
background gaugino field A in the CFT and Oy /5 to a combination of dynamical
CFT scalar and spinor, ¢ and we will adopt this notation from here on for
future convenience.

We then have a separate source term

An ()X + XAn(2)P (6.2.4)

for each three-sphere harmonic. We associate A, in the boundary theory with
spp" (no Einstein summation) in the bulk wave function and we associate A,
with t,07,.3

The purpose of the CFT in dS/CFT is to compute the bulk wave function .
So, our sources are just Grassmann variables and from the path integral CFT
perspective, we need not concern ourselves with the nontrivial commutation
relations 6.2.2b. Of course, once we have our bulk wave function, to be able
to interpret it and study its properties, we need a notion of conjugate wave
function and a definition of inner product between two wave functions with
fermionic fields. Here, 3, ¢ and the nontrivial commutation relations 6.2.2b
will come into play. The correct description of a second quantised fermionic
field in a wave function formalism has long been known. The classic references
are [137,138] and a discussion in the context of quantum cosmology can be found
in [121,135]. The point is that the inner product should be defined such that
wave functions with different fermion states occupied should be orthonormal.
This is what one naturally expects and how things also work in the, for QFT
more conventional, description in terms of state vectors in a Hilbert space. One
can then expand the wave function in terms of the Grassmann variables, where
due to their Grassmann nature, each A, A\, can appear only twice at most in
one term, but one can of course have many different A,, with different n in one

term®.

~ 1 ~ ~
U =Wgosonic + Po(Aodo) + 5\1’00()\0)\0)2 + Wi (M)
(6.2.5)
- - 1 - -
+ Uo1 (A1 A1) (Aoo) + 5‘1’0010\1)\1) (AoXo)? + ..

30r the association is the other way, that is arbitrary.

4The wave function could in principle also include terms for instance of the type (AN).
The dynamics of our specific theory will ensure we only have (A\) terms appearing. The
physical picture here is that \ is associated to particle creation and A to antiparticle creation.
If the dynamics of the theory produces particles and antiparticles in pairs, one then expects
only terms of the form (A\).
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The ¥,,...;, only depend on the bosonic fields and the inner product between
two bulk wave functions is given by

(\Ilv (I)) :(\IJBosonim q)Bosonic)B + (\I/07 q)O)B + (\Ij007 @OO)B + (\1’17 ‘I)I)B ( )
6.2.6
+ (Y01, P01) B + (Yoo1, Poo1)B + .-,

where (, )p refers to the inner product over the bosonic bulk fields. For
simplicity, we will only study the constant spinor \g harmonic in this paper
and will refer to it simply as A in the future, but all other harmonics enter in
an analogous way.

An interesting quantity to compute is the number operator for the fermion zero
mode, Np. When this operator acts on a state, it gives the number of A\ in
that state. So, it acts as

NpU = NF(\IJB + Wy + \1100) =0Up + 1V, 4+ 2Wq (627)

on a state W. Its expectation value is given by

< Np >= (W, Np¥) (Wo, Wo)B + 2(Vo0, Yoo) B .
(\I/a \I/) (‘I’bosonim \I/bosonic)B + (\IIO; \I’O)B + (\11007 \IIOO)B

(6.2.8)
This takes a value between zero and two. The denominator in this expression
serves to normalize the state. When its value is low, empty de Sitter space is
preferred, for a high value, a state with bulk fermions present is preferred. For
a massless free fermion in de Sitter space in the Hartle-Hawking state, a bulk
computation by [121,135] has shown that < Ny >= 0. In principle, this is a
perfectly valid observable to consider. But, when we consider a minisuperspace
that involves both bosonic and fermionic deformations, we run into a practical
issue. It is in general unclear what the precise definition of the bosonic inner
product (, )p should be, preventing us from actually evaluating < Ng >. To
deal with this, we can instead compute the local value of < Np > at a given
boundary value B of the bosonic bulk fields

UG [B]Vo[B] + 2W50[B]Woo[B]
[B]\Ijbosonic [B] + \PS[B]\IJO[B] =+ \1180 [B]\I'OO [Bg ’ )
6.2.9

<NF>[B]:\I’*

bosonic

where for the wave functions that depend only on the bosonic fields, the
conjugate wave function is simply the complex conjugate. Note that we have
done something unusual in the denominator of this expression. The denominator
serves to normalise our expression and normally we should normalise against the
full value of the wave function (¥, ). However, here we are normalising against
the value of the wave function at the given bosonic deformation B. This means
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that we effectively consider the wavefunction of a state where we have already
fixed bosonic fields to a certain value. This ensures we have values between zero
and two, which we will see leads to a clearer and more interesting analysis. We
should keep in mind that we are no longer truly computing something which
when we integrate it over B with the correct measure will give us < Np >
for the holographic no-boundary state. Instead, we are saying: suppose we
have already imposed that the bosonic bulk fields take value B on the future
boundary. After making this imposition on our state, how do the fermionic
spinor bulk fields respond to the bosonic bulk fields as an imposed background?
Because of this, we need to normalise the wave function at given B. As we will
see, this will lead to an interesting analysis in our model.

Another interesting observable to consider is < A\ >. Clearly, its value is given
by

< 5‘)\ >:(\I}bosonica \IJO)B + (\If(), \I/bosonic)B
(6.2.10)
+ (o, ¥oo)B + (Yoo, Yo)5 -

Again, it would be problematic to evaluate (, )p in a minisuperspace where
we also consider the bosonic bulk fields. Instead, we can again consider it at a
given value of the bosonic bulk fields B,

< 5‘)‘ > [B] :\I/‘:;osonic[B]\IIO[B} + \Ijs[B}\Ijbosonic[B} ( )
6.2.11
+ Wo[B]Woo[B] + Yoo B]¥o[B] .

Note that in this case we are not imposing normalisation against the wave
function at B. This is because we want to keep the expression in a form where
we could in principle integrate over B with the correct measure to obtain < A\ >
for the holographic no-boundary state. We will see that in our model, despite not
knowing the exact measure to use, we will still be able to draw some interesting
conclusions for < A\ > of the no-boundary state from the results we obtain. As
the wavefunction is not normalized, we can interpret how < A\ > changes with
B, but the actual numerical value of < A\ > cannot be trusted as there might
be a rescaling by a constant factor. In particular, wavefunctions computed at
different NV in the CFT might have different normalization rescalings, resulting
in different rescalings of < A\ >.

One can construct other observables related to fermionic bulk fields analogously
to the ones we have discussed. It is clear from the form of eq. (6.2.5) that e.g.
<A>=0.
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6.3 Supersymmetric Vector Models and Duality

First, let us review the work done in [1], focussing especially on the specific
results we need here. The simplest bulk de Sitter higher spin theory consists
of a conformally massive scalar of mass m? = 2/[? and an infinite tower of
massless fields of every even spin starting at two. The CFT dual to the simplest
de Sitter higher spin theory is the free Sp(IN) vector model, consisting of
anticommuting scalars [68]. In [1], an N/ = 2 supersymmetric extension of
the Sp(IN) model, which we called the N' =2 U(—N) model, was constructed
and argued to be dual to the A/ = 2 supersymmetric de Sitter higher spin
theory constructed in [86]. The A/ = 2 supersymmetry extends the spectrum
of the bulk higher spin theory such that there are no longer just even spins
present, instead fields of every possible spin arise. That is, there are a scalar and
pseudoscalar, conformally massive m? = 2/12, followed by massless fields of every
spin s =1/2,1,3/2,2,5/2,..,00. This entire tower belong to a representation
of the ho(1,1]4,1) higher spin symmetry. Restricted to the sector of spin up
to and including two, which we will be especially interested in, this yields
an 0OSp(2|2,2) supersymmetry subgroup with eight real supercharges. The
exact full bulk spectrum is in one-to-one correspondence with boundary single
trace conserved supercurrents and can in this way be elegantly captured in the
language of 3D N = 2 superfields as described in [1].

The action of the undeformed supersymmetric U(—N) model on a round S3
boundary sphere of radius [ is

3 , L
Sy = /d%\/ﬁ [amaw o Bidt H YK - GG | (6.3.1)

Here, all fields have had their spin-statistics flipped. That is, ¢’ and G are
anticommuting scalars, x* is a commuting spinor, analogously for the “tilde”
fields and ¢ = 1,...,N. We follow the same notation as [1], convenient for
Euclidean 3D N = 2 supersymmetric theories. Importantly, this means that
the “tilde” fields are the “would-be” conjugate fields. These are fields that
are allowed to be taken independent from the fields without tilde while still
preserving supersymmetry. However, were we working in Lorentzian signature
instead, they would be required to be hermitian conjugates to the fields without
tilde. For the dynamical fields appearing in eq. (6.3.1), we will indeed take the
fields with and without tilde to be independent. On the background field which
we will introduce in the following and that couple to the higher-spin currents
constructed out of the dynamical fields in (6.3.1), on the other hand, we will
impose additional reality conditions stemming from the reality conditions of
their bulk dual fields. We will comment more on this point at the end of the
section.
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The action (6.3.1) is invariant under the supersymmetry transformations of the
matter chiral multiplet

St = V2ex', (6.3.2a)
syt = \@eGi—\wi#eaW’éﬁgw, (6.3.2b)
6GT = —V2ie'V X, (6.3.2¢)

and similarly for the “tilde” fields, where (e, €) and 0, are respectively Killing
spinors and covariant derivatives on the three-sphere S, see e.g. [104] for more
detail.?

In [1] we considered a class of scalar deformations of the previous action that
arise from the supersymmetric coupling of the U(—N) model to source spin-
zero currents. In practice, these couplings, that amount to particular mass
deformations once one restricts to constant deformations, arise as a subsector
of the U(—N) model coupled to a background Abelian supersymmetric vector
multiplet. The main scope of this paper is to analyse deformations induced
by fermionic sources that typically manifestly break supersymmetry and the
isometries of S3. The simplest of these deformations arise from the coupling
of the spin-1/2 current of the supersymmetric U(—N) model to a background
gaugino. Let us show explicitly how this term arises.

First of all, we remind the reader that an Abelian vector multiplet on the sphere
is described by the following fields: the gauge connection A, with field strength
Fu, = 0, A,); two gaugini fermionic fields A and \; a scalar and pseudoscalar
fields ¢ and D. Their supersymmetry transformations on the sphere are given

5As in [1] we use the notation and conventions of [104] up to name redefinition of the
fields of the matter sector and of the Killing spinors. Note also that, compared to the result
of [104], there are some different signs due to the reversed statistic of the fields in the chiral
multiplet of the U(—N) model.
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by
6A, = —i(ev A+, (6.3.3a)
56 = —edté\, (6.3.3b)
i 1
SN = (iD - %e‘“’p'prW —iyH*0us — 7()6 ) (6.3.3¢)
- i 1
5 = (=D S By + 9By + 56 )¢ (6.3.3d)
- 1 -
0D = ey"OuA— Mo A+ g(VME'y“)\ — V') . (6.3.3¢)

Before continuing it is important to underline that these fields have the standard
spin-statistics.

The coupling of the U(—N) model to a background gauge supermultiplet
amounts to adding to the action (6.3.1) the following interaction terms

Sgauge—int = / Vb @ils? + D)¢' — isxix' + VE(@A — GAGH)

The action Sy + Sgquge—int is invariant under supersymmetry transformations
provided that the transformation for the matter multiplet is modified to

5ot = V2!, (6.3.5a)
. ] . ] 1 ]

o' = V2eG' = V2iy1ED ot + V2icEp’ — ﬁggﬂ : (6.3.5b)

5G' = —V2ieyh D, — V2icex! + 2iEngt (6.3.5¢)

where the D, derivatives are gauge covariant.

In [1] we noticed that an interesting deformation that amount to giving a
supersymmetric mass to the chiral multiplets is based on choosing a constant
BPS configuration for the scalar fields ¢ and D in the vector multiplet where
D = —ig/l = const. Substituting this condition in (6.3.4) yields the following
mass deformation,
O U |

[/mass - (gQ - 12) 301302 - 1§Xin ) (636)
where [ is the radius of the sphere. Further, we also studied a BPS combination
of a spin-1 and spin-2 deformation in our earlier work. Here, results from
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supersymmetric localisation allowed us to compute the partition function exactly.
Since we constructed a supersymmetric dS/CFT correspondence in our earlier
work, it seemed natural to study BPS configurations there; both to show the
simplifying power of supersymmetry to our wave function computations and
because we believed that if supersymmetry would introduce an instability in
our theory, supersymmetric deformations would be the most probable culprit.
We found in [1] that our vacuum is stable under BPS deformations.

If we aim at turning on a spin-1/2 source on the boundary we should turn on
the gauginos in the last two terms of (6.3.4). This will be the main class of
deformation we will study in this paper. Note that such a deformation will
generically break all supersymmetries. We will compute the partition function
and interpret it as the Hartle-Hawking wave function both for the spin-1/2
source by itself and for the combination of the spin-1/2 with a number of integer
spin sources. Since the spin-1/2 source breaks supersymmetry, there is no longer
a reason to consider the integer spin sources in would-be BPS configurations.
It is also no longer possible to use results from localisation techniques to e.g.
compute the spin-1 + spin-2 ‘BPS’ deformation partition function exactly.

We want to make an important remark about what we (do not) mean by a
source breaking supersymmetry. We mean that the CFT action with that
source turned on is no longer supersymmetric. We do not mean that the
bulk Hartle-Hawking state loses its supersymmetry. In fact, one should expect
the full wave function, assuming one hypothetically fully computes it over all
possible bulk field configuration, to be a supersymmetric ground state of the
supersymmetric bulk theory. When one evaluates the inner product of the bulk
wave function, one integrates over all bulk field configurations. From the CFT
perspective, one then integrates over all configurations of the sources. These
sources are described by background fields, which enter as supermultiplets. The
integration over all source configurations then becomes a path integral over the
‘background fields’, which have now become dynamical® by this procedure. The
background fields for all spins enter in supermultiplets, which can be described
in superspace using techniques of [110,113] as has been done in [1], making it
manifest that supersymmetry is preserved. So, the full bulk wave function is
manifestly supersymmetric. In practice, it is only possible to compute the wave
function for a subset of all field configurations. The wave function evaluated over
this subset might fail to be supersymmetric but this is merely an unfortunate
side effect of restricting to the calculations one can in practice do. When one
goes to the full configuration space, supersymmetry is always restored. This
is entirely analogous to how a particular configuration that enters into the

SIn the sense that they enter into the path integral, there are no kinetic terms for these
fields in the action.
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Hartle-Hawking wave function by itself does not preserve diffeomorphisms, but
the wave function as a whole has a diffeomorphism-invariant inner product.

We still need to address the scaling of our sources with N. We can redefine our
sources such that different factors of N appear in front of them. This results
in the corresponding bulk quantities having different scaling with N in their
n-point functions. When one discusses the bulk wave function for bosonic fields,
this only results in a different overall factor of N in the wave function and the
issue need not be explicitly addressed. We shall see that with half-integer bulk
fields, there is a qualitatively different behaviour for different values of NV and
we need to make a physically sensible choice of scaling with IV for our sources.
We demand that the bulk two-point functions produced by our rescaled sources
have unit strength with regard to (do not scale with) N. In higher spin theories,
this is achieved by scaling them such that there is a factor 1/ \/(N ) in the
boundary action in front of the source terms [58,59,64,100]. This is the scaling
we will choose in the rest of the paper.

Loosely speaking, half-integer spin fields enter into higher spin theories ‘as
superpartners’ of the integer spin fields. While it is permissible to have more
integer spin fields than half-integer spin fields, the reverse is not permitted [86].
From the CFT perspective, this is intuitively clear by combinatorics. Conserved
currents whose terms have either two boundary scalars or two boundary spinors
yield integer spin fields in the bulk; whereas conserved currents whose terms have
one boundary scalar and one boundary spinor produce half-integer spin bulk
fields. Then, when there are as many boundary scalars as spinors, there are as
many half-integer conserved currents as integer conserved currents, while in all
other cases there are less half-integer conserved currents. So, our investigation
here should be suggestive for spinors in generic, non necessarily supersymmetric,
higher spin theories. If issues arise in our restricted case, one expects half-integer
spin fields in de Sitter higher spin theories to be generically pathological.

In the following sections, we will consider turning on sources that can be written
in new variables as

. m 2 -5
S = / d*w/haet [ X | ¢ ] Wik ‘ VA {X] , (63.7)
JEN [+ By g | LY

where m and o must be real, as discussed in [1]. Here, o sources a scalar bulk
field, m a pseudoscalar bulk field, and we will also consider a squashing hqer of
the boundary metric. Imposing that m and ¢ must be real imposes in terms
of the variables used in (6.3.4) that D must be real and ¢ must be imaginary.
This in turn imposes reality conditions on the other background fields through
the supersymmetry variations eq. (6.3.3). In particular, one can see that A\
must be real. When we compute < A\ > later, we shall see that it is indeed
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real, consistent with the reality conditions coming from supersymmetry. This is
nontrivial as eq. (6.2.11) is not by definition real for an arbitrary theory.

6.4 Spin-1/2 deformation

As discussed in section 6.3, the spin-1/2 current deformation is given by adding

,/%i(@-/\xi — Xirgh) (6.4.1)

to the Lagrangian. Constant spinors’ exist on S% and in what follows, we will

take A and \ to be constant as discussed in section 6.2.

For the spin-1/2 deformation, the path-integral of the partition function is
Gaussian, so an exact calculation of the partition function is in principle
possible if we know the spectrum of the operators whose determinants we need.
The action can be schematically written in the form

Sz/d%\/ﬁ[ AR Y| —y/E {X] (6.4.2)

J2in ‘ o234 | LY

where one has supervectors and a supermatrix. Note that we have set | = 1
in our action, which we will continue to do throughout the rest of the paper.
Performing the Gaussian integral yields the partition function

R -N
iy ‘ —J2ix
Z o« | Sdet N . (6.4.3)

NED ‘ —9% +3/4

A convenient property of superdeterminants is that

Sdet [%‘%} = det(A — BD'C)det(D) . (6.4.4)

Using this, the det(—9? + 3/4) provides an uninteresting overall factor and we
are left with computing

7 det(iW - —612342/4)] o (6.4.5)

7Constant in the basis naturally constructed by recalling that S3 is the SU(2) group
manifold, as e.g. in [104].
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Let us calculate the eigenvalues of
5 <
N

iy — 2134 (6.4.6)

We are looking for eigenspinors y, with eigenvalues [,, such that

23\
iy N _
<1y7 52 3/4> Xn = lnXn - (6.4.7)

We could write x,, in a basis of eigenspinors of the Dirac operator. Instead, let
us assume that y, is simply an eigenspinor of the Dirac operator with eigenvalue
A,, and we will see that this is the correct solution. Note that eigenspinors of
the Dirac operator are also eigenspinors of —9? + 3/4 with eigenvalue (A,)?.
One then has

3.« 2 Yo «
(M) X — N)\ )\Bsz =1, (An)*x2. (6.4.8)
Acting with A"\, and then dividing out )\gxg yields

~ 2 - ~
(Ap)3NY — N)\v/\a/\a =1, (AN, (6.4.9)
which is solved by

(An)® — ZAa ™ _ () - 23\
(An)? (An)?

(6.4.10)

I, =

Sensibly, this gives A,, when the deformation is turned off.

One can compute an explicit expression for Z by first treating M) as a scalar
and computing the free energy as a sum using zeta function regularization and
then exponentiating. This yields an impressive-looking expression which when
taking into account the supernumber nature of A\ reduces to

(7* (72 = 10) (W) = 15N ) "5
Z=- (6.4.11)
15N
Using dS/CFT, this is interpreted as the bulk wave function.
The value of Np, which is calculated from (6.2.9), is given by
87® (72 - 10)°
r (r* ~ 10) (6.4.12)

P 295N2 4 dnS (22 —10)

We see that for very low values of N, fermionic states are highly occupied in
the bulk wave function. With increased N, Ng quickly goes to zero. Since,
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N = (GyA)~, with Gy Newton’s constant and A the cosmological constant in
the bulk, and we are at constant A, the large N limit corresponds to the free
limit. Thus, we find that for a free massless spinor field in de Sitter space, there
is no pair production in the Hartle-Hawking ground state. The same result was
obtained from a bulk computation of the Hartle-Hawking wave function for a free
massless fermion in [121,135]. This result provides a nontrivial confirmation of
the agreement between bulk and boundary computations of the Hartle-Hawking
state. Further, < A\ >= 0 as there is no first order term in A\ in the wave
function.

6.5 Interplay between bulk gauginos and bosons

So far, we have looked at the bulk spin-1/2 field as the only source turned on
and we have seen that it behaves sensibly. Now we will look at the impact that
the spin-1/2 field has on a few bosonic bulk deformations. Exact expressions
for the eigenvalues of the Laplace and Dirac operators can still be obtained in
this case. The complexity of the expressions for these grows and in some cases
we were unable to analytically compute the partition function and relied on
numerics instead. A subtlety here is that since we need to isolate each order
in A\ of our result, we cannot rely on numerics so long as there still is A\
dependence present in our expressions.

Consider first the case N = 1. Generically, we will have eigenvalues a,, (A\) and
Z =1, an[M\]. First, we rewrite the eigenvalues as oy, [A\] = 8, [\, where
B.[0] = 1. We obtain Z = [], Bu[M]T1,, Ym- We define S[A\] = [1,, Bul M
and v = [[,,, Ym such that Z = j3 [5\/\]7. We now expand 8, in powers of A\ as
Bn =14 anA\ + b, (AN)2. Now note that

B=]]s=1+ (Z an) M+ <bn + an Zam> (AN)2. (6.5.1)

Within the approximations made, the properties of Grassmann numbers have
turned an infinite product into an infinite sum, which is easier to evaluate. These
sums and the J], v, can now be evaluated numerically for a given configuration
of the bosonic bulk fields. In what follows we will do this concretely for a few
examples

Now, let us use the previous result to obtain a result for arbitrary IV in such a
way that we will clearly see the N dependence. Firsly, we should remember to
divide all the sources by factors of v/N as discussed in section 6.3. Crucially, this
means that all factors of A\ will be divided by N. Suppose we followed the N = 1
analysis to compute the partition function Z[sources] for the U(—1) model. The



INTERPLAY BETWEEN BULK GAUGINOS AND BOSONS 7

partition function of the U(—N) model is then given by Z[sources/v/N|V. The
overall factor [],, v, in front of every order of A\ simply becomes (], Ym )" -
However, when considering the (,, sector, we should keep the properties of the
Grassmann variables in mind. We see that we get®

n—1
q8" =1+ (Z ) M+ <le ) (z)n tan Zam>

(6.5.2)

+ NZ 2

2 2
OV 0l o,
We see that there is an interesting transition in the behaviour of the (AX)? term
between small and large N. Note that if °  a, =0, the gaugino contribution
to the wave function is supressed at large N. This is precisely what happened
when we considered turning on only the gaugino deformation without any other
deformations.

6.5.1 Bulk pseudoscalar

The simplest deformation to combine with turning on the gauginos consists of
giving a mass to the x spinors. This corresponds to turning on the pseudoscalar
field in the bulk. The action for N =1 is then of the form

S = /d?’:c\/ﬁ[ | @] [ 1%;” _(;2\15?/4 } D}} : (6.5.3)

Proceeding in the same way as the computation with only the gauginos, we see
that the partition function is of the form

-1

, A\
which means we need to know the eigenvalues of
A
i - . 6.5.5
1Y +m 0% +3/4 ( )

By the same procedure as used for just the gauginos in section 6.4, we find for

these eigenvalues

(A2 +m(Ap)? — 22\
(An)?

(6.5.6)

lp =

8 Although we have supressed this dependence, remember that a,, b, and 7y, still depend
on the bosonic sources, as well as that this dependence will pick up factors of 1/v/N.
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Figure 6.1: For a deformation corresponding to turning on a bulk pseudoscalar
field, [¥2(m)| over a short and a long range at N = 1. The point m = 0 has
been excluded from the short range plot due to problems with the numerical
evaluation of very small numbers.

Then, 7 is given by

Z o [[a,' =87, (6.5.7)
o (An)3 + m(An)2
p= 1;[ (An)3 +m(Ay)2 —2X\ (6.58)

A)?
il VErwrvw (659

We evaluated § numerically and obtained the following analytic expression for
v

(6.5.10)
1 )
+ giwm3 —m?log (14 €*™™) ) .

The behaviour of |¥|? can be seen in figs. 6.1 and 6.2. We see that undeformed
de Sitter space is a local maximum of |¥|?, indicating the perturbative stability
of the supersymmetric de Sitter vacuum. For very large deformations, we see
divergences in |¥|2. These divergences do not come as a surprise. They are
not a result of the inclusion of the gauginos, they are already present when one
considers the bulk pseudoscalar field by itself, as we already discussed in [1]. In



INTERPLAY BETWEEN BULK GAUGINOS AND BOSONS 79

w2

— N=1
— N=2
— N=3
— N=10
— N=25

-1.5 -1.0 -0.5

= mWN
15

Figure 6.2: For a deformation corresponding to turning on a bulk pseudoscalar
field, |¥2(m)|.
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Figure 6.3: For a deformation corresponding to turning on a bulk pseudoscalar
field, Ng(m).
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Figure 6.4: For a deformation corresponding to turning on a bulk pseudoscalar
field, < A\ > [m].
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fact, we should restrict the outermost edge of the configuration space at which
our results can be hoped to be trusted to |m/v/N| < 3/2 and we restrict our
analysis of observables to this range. We defer the discussion of the reason for
this restriction to section 6.5.4

In fig. 6.3 the value of < Np > [m] can be seen. We shall interpret its behaviour
and compare it to earlier bulk results in section 6.5.4.

In fig. 6.4, < A\ > [m] can be seen. We see that it increases as we increase |m).
We also see that for m/v/N between —3/2 and 3/2, it is antisymmetric, while
|¥|? is symmetric in m. While we do not know the exact measure against which
we should integrate the bosonic fields in the wave function, it seems reasonable
that it should respect such symmetries. If this is the case, < A\ >= 0 for the
holographic no-boundary wave function after integration over m.

6.5.2 Bulk scalar

For a deformation based on turning on a bulk scalar, the action at N = 1 takes
the form

S:/dgxﬁ[ié][\/iz/\_QQ;@i+a} [z] (6.5.11)

To compute the partition function

Zo [Jan' =87, (6.5.12)

34+ oA,
6.5.13
b= H + O'An —22\ ( )

7y :=det(—0? +3/4 + o) H

n

1
— 6.5.14
) (6514
we proceed in the same way as the previous cases. Note that in this case, the

det(D)~! term in eq. (6.4.4) is not constant, but depends on o, so we must take
it into account. We find for N =1

f=1- ”Seii,};agf Z (s 0% 4 47/ — (4o + 3) sinh (27/0)
(6.5.15)

+ 2m\/o cosh (271/0) )(25\)\)2 )
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and

1 .
v o exp { -5 [w2 <i7r (40\/1 — 4o —+/1—4do + 1) +6(40 — 1) log (1 — e—lw\/1—4;)>
T

— 12inv/1 — doLiy (e—imﬂ) — 12Lis (f”m”) ] } .
(6.5.16)

We again expand ( via the methods described previously. In this case, it was
possible to find 3 analytically. It is worth noting that > a, = 0. Looking at
eq. (6.5.2), this ensures that in the large N limit, the parts of the wave function
with bulk fermions excited are supressed and the local fermion excitation number
tends to zero. Of course, any actual divergences introduced by the gauginos
remain at any finite N.

Without the gauginos but with only the scalar mass deformation, our
deformation would be essentially equivalent to the scalar deformation considered
at the start of [72]. As such, it makes sense to compare this wave function to
the one discussed there. For N = 1, |¥|? can be seen in fig. 6.5. We see that
for small deformation, there is a local maximum for |¥|? at undeformed de
Sitter space. For positive deformations, this maximum is global. For negative
deformations, we see large fluctuations, as were also found in [72]. Here the
problem seems to be exacerbated. Rather than large finite fluctuations, |¥|?
now only diverges for sufficiently large negative deformations, with the first
divergency at o/ VN = —9/4. As we shall discuss in section 6.5.4, we should
restrict the configuration space to o/v/N > —3/4.

The fermion number can be seen in fig. 6.6, we postpone its analysis to
section 6.5.4. We see that < A\ >= 0 as there is no first order term in
A\ in the wave function.

6.5.3 Squashing

Finally, we combine the spin-1/2 deformation with a squashing of the three-
sphere. The action takes the form

3 iy ‘ Y %15‘ X
S = /d v/ haet [ X | & ] [} . (6.5.17)
A/ ZiA ‘ —0*+ & v
N 8
Turning on the squashing changes the eigenvalues of the Dirac operator and
Laplacian. We consider a squashing preserving SU(2) x U (1) symmetry described
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Figure 6.5: For a deformation corresponding to turning on a bulk scalar field,
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by the metric

1 ~
dsgg = d#* + sin® 0de?® + m(d¢ + cos 0dg)? (6.5.18)

where 6 € [0, 7], ¢ € [0, 27], e [0,47], and the real deformation parameter «
is such that oo > —1.

The eigenvalues of the Dirac operator are of the form [80,139-141]

1 n?(1+ «)
Apo s = + 2\/ - —9q), 6.5.19
.9, £ 2\/m 4 O[q(n q) ( )

with degeneracy n. Here the eigenvalues run over two branches. For the positive
branch, n = 1,..,00 and ¢ = 0, .., n while for the negative branch, n = 2, .., 00
and ¢ = 1,..,n — 1. To compute the partition function, the same logic as in
the previous sections applies, except that we use the eigenvalues of the Dirac
operator on the squashed three-sphere. We find for NV =1

AS
= — e 6.5.20
& H Af;’q — 22\ ( )

The gaugino independent part of the partition function, , is the partition
function for a free spinor and complex scalar on a squashed three sphere. This
was computed numerically in [80] where a good agreement was found between
the numerical result and the following analytic expression which we will use for

v

3¢@)
v = —(—1)23/213/9¢ 4x? T To(a+D)? | (6.5.21)

We compute § numerically, analogously to the previous sections, in this way
obtain Z = B~ and identify it with the wave function under dS/CFT.

The behaviour of |¥|? under squashing can be seen in fig. 6.7. We find an
interesting dependence on N. At small N, |¥|? is peaked for a squashed
three-sphere. As N increases, we see that the peak of |[¥|? quickly moves back
to te undeformed three-sphere. At large? N, |¥|? has a global maximum at
undeformed de Sitter space, indicating the stability of the de Sitter vacuum.
At small N, the stable vacuum around which one should consider perturbation
theory seems to be squashed away from the three-sphere. For reasons discussed
in section 6.5.4, we should restrict the configuration space to a > —3/4

The fermion occupation number, whose properties we will discuss further in
section 6.5.4, can be seen in fig. 6.8. In fig. 6.9, < A\ > [B] can be seen. We
see that it is negative and reaches an extremum at finite squashing.

9We see that at, for instance, N = 10, large N effects are totally dominant. The traditional
wisdom that “three is a large number” when it comes to large N expansion seems to apply
here too.
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6.5.4 Interpretation and Comparison

We have computed the Hartle - Hawking wave function for an asymptotically
nearly de Sitter universe in a ‘minisuperspace’ model consisting of the zero
mode of a spin-1/2 field, a pseudoscalar, a scalar and a metric deformation
as excitations around dS space. A summary of the deformations studied
in this paper and the earlier literature can be seen in table 6.1. The wave
function predicts probabilities for different asymptotic configurations (or more
precisely, different spacetime histories). The figs. 6.1, 6.2, 6.5 and 6.7 show
that the probability distributions exhibit a local maximum for reasonably small
deformations in all directions of the minisuperspace. At small N, this maximum
can be shifted somewhat away from the undeformed dS configuration. At
large N, however, it always lies perfectly at the empty, undeformed de Sitter
space. In this semiclassical limit the wave function becomes increasingly sharply
concentrated around this configuration. The presence of a local maximum at
empty dS also indicates that dS is perturbatively stable. The behaviour of the
wave function for small fluctuations around dS describes correlators of fields in
dS, and a maximum ensures these behave correctly.

For integer-spin sources, the fact that the probabilities are peaked at empty
undeformed de Sitter space follows basically from an analytic continuation of
the F-theorem [142-145]. This states that for unitary QFTs on S3, the free
energy is maximized by a UV CFT and any deformation - including complex
deformations - decreases it. This theorem has been proven and extended to a
variety of CFT deformations, e.g. the extension in [80] is especially relevant
for us. With the spin-1/2 source deformation included, it is at small N no
longer true that the wave function squared is peaked at empty undeformed de
Sitter space. It is also not clear whether the wave function has a meaningful
interpretation in terms of probabilities in this limit. In fact, with a spin-1/2
source, the partition function is supernumber-valued and there is no longer an
unambiguous notion of maximum for Z. First, Z must be mapped to the real
numbers to speak of maximization. The inner product eq. (6.2.6) provides such
a map, but there is no reason why an F-theorem should imply maximization at
the undeformed CFT with respect to this specific inner product. Still, there is
a notion of Z being extremized with respect to the spin-1/2 deformation at the
undeformed CFT. Clearly the first derivative of eq. (6.4.11) with respect to A,
A, or both, is zero at A = 0 or A = 0. This implies that < A\ >= 0.

For large scalar or pseudoscalar deformations our results may give the impression
that the probabilities exhibit divergences. However, as we already mentioned in
section 6.5, dS/CFT comes with a significant restriction on the configuration
space of deformations which in particular excludes the regime where we find
the wave function diverges. These restrictions are indicated with a transition to
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Deformation

Effect on wavefunction

Studied in

Scalar

Perturbatively stable around empty de Sitter

[72]

BPS scalar 4 pseudoscalar

Perturbatively stable around empty de Sitter

section 5.3.1

BPS vector + metric squashing

Perturbatively stable around empty de Sitter

section 5.3.2

Spinor

Fermion states occupied at small N, unoccupied at large N

section 6.4

Spinor + pseudoscalar

Perturbatively stable around empty de Sitter

section 6.5.1

Spinor + scalar

Perturbatively stable, peak shifted from empty dS at small N

section 6.5.2

Spinor + metric squashing

Perturbatively stable, peak shifted from empty dS at small N

section 6.5.3

Table 6.1: Summary of for which bulk fields the wavefunction of the N' = 2 supersymmetric higher spin theory has
been computed using dS/CFT. The pseudoscalar field or squashing by itself in the SUSY model have not been given a

detailed discussion, but its behaviour can easily be seen by setting S = 1 in the relevant section.
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dotted lines in the figures above.

For the scalar deformation, we can identify the boundaries of the configuration
space with a good degree of confidence. Here, the completion of dS/CFT of [70]
which provides not just a wave function but also a Hilbert space and an inner
product, directly applies to our model. It implies a measure that restricts the
configuration space of the wave function to deformations with o/v/N > —3/4.
In [1] we gave an independent argument for the same bound based on the
origin of dS/CFT as a continuation of Euclidean AdS/CFT. At o/v/N = —3/4
one of the eigenvalues of the dynamical CFT scalar becomes zero, and below
this it becomes negative. As a result, the (super)gaussian formula for the
partition function path integral no longer applies. Instead the EAdS dual
partition function is manifestly divergent for o/ VN < —3/4 and thus predicts
a vanishing wave function in this domain [82,91]. Similar arguments apply to
the metric deformations we considered; the dynamical CFT scalar has zero
or negative eigenvalues for squashings a < —3/4 leading to a vanishing wave
function in this regime [82].

Finally, for the pseudoscalar deformation, the situation is less clear. The
pseudoscalar deformation only affects the eigenvalues of the dynamical CFT
spinor, not those of the scalar. Spinors always have negative eigenvalues and
these do not pose a problem for the path integral. However, trouble does appear
when there are spinor zero eigenmodes resulting in a divergent wave function.
The first of these appear when |m/v/N| = 3/2 and thus our results should at
most be trusted for |m/v/N| < 3/2. It would be very interesting to obtain a
better understanding of the measure against which the wave function should
be evaluated for pseudoscalar bulk fields. To give a spark of hope that the
zero-eigenmode divergencies can in due time be dealt with, we point out that an
analogous problem appears in the RNS quantization of the superstring. Here,
commuting spinor ghosts 8 and v are introduced [37]. These have a number of
zero eigenmodes depending on the genus of the worldsheet one consider which
produce formal divergencies in the computations, but it is understood how the
theory must be modified to resolve these.

For a pseudoscalar bulk deformation, the value of < Ng > [m] can be seen in
fig. 6.3. We stress again that, as discussed in section 6.2, this object has been
constructed to compute the fermion occupation number at a given value of the
bulk scalar, with the latter treated as an external condensate. At large IV, we
see that Np is zero at m = 0, that it increases with increasing |m|, saturating
at complete occupation at [m/v/N| = 3/2. This agrees beautifully with the
earlier bulk computations of [121,135] as follows: We do not know the bulk
action when one integrates out all degrees of freedom, retaining only the bulk
pseudoscalar and spin-1/2 field. Still, generically, the leading coupling between
a scalar and a spinor is of the Yukawa-type. In the presence of a non-dynamical
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external scalar field, the Yukawa coupling effectively acts as a mass term for
the spinor. We expect the large N limit in the CFT to correspond to the free
limit since N = (GyA)~! and we work at constant A. One then expects that
for a boundary source m/ V/N and at large N, the bulk fermion will effectively
behave as a free massive spin-1/2 fermion of mass mp = m/v/N. In [121,135]
the Hartle-Hawking wave function, together with < Nz > [mp|, was computed
for a free fermion in Einstein gravity in de Sitter space. For a massless bulk
fermion, they found that Nz should be zero. Next, Nr should increase with
increasing |mp|. For modes with n+ 3/2 < |mp| at [ = 1, they found that Np
should saturate at maximum occupation. We are looking at constant spinors
with n = 0, so this completely agrees with our boundary result, within the
range of |mp| where our analysis is to be trusted.

The interplay of the spin-1/2 field with the bulk scalar differs from that with
the pseudoscalar, especially in the large N limit. Since ), a, = 0, in the
scalar case the part of the wave function with spin-1/2 states excited totally
disappears here!?; it appears the scalar and spin-1/2 field do not interact in
the large N limit. This may be a consequence of the boundary conditions we
employ. The deformations of the boundary CFT correspond to the standard
quantisation for the bulk pseudoscalar and to the alternate quantization for
the bulk scalar [1]. It would be interesting to explore whether the interplay
between the bulk bosons and the spin-1/2 field changes for different boundary
conditions.

6.6 OQutlook

We have initiated the study of fermionic bulk fields in dS/CFT, working with the
dualities relating AN/ = 2 supersymmetric Euclidean vector models with reversed
spin-statistics in three dimensions to supersymmetric Vasiliev theories in four-
dimensional de Sitter space. Specifically we have holographically evaluated
the Hartle - Hawking wave function in the bulk in a number of homogeneous
minisuperspace models consisting of a half-integer spin field coupled to a scalar,
a pseudoscalar or a metric squashing. With a well-motivated measure we
have found the wave function to be normalizable and globally peaked at or
near the supersymmetric de Sitter vacuum, with a low amplitude for large
deformations. A detailed discussion of its behavior and a comparison with
earlier bulk computations in the semiclassical limit is given in Section 6.5.4
above.

10Except at points where there is a competing divergence in |¥|2, such as at /v N = —9/4.
However we argued these should be at or beyond the edge of the configuration space.



OUTLOOK 89

We have considered the lowest, homogeneous mode of a spin-1/2 bulk field only.
It would be natural to look at higher modes, and to study bulk fermions of
higher spin. Gravitinos have been studied in a supergravity context in AdS/CFT
and in supersymmetric quantum cosmology [122,123,146-148]. Beyond this,
higher spin theories have an infinite tower of fermionic higher spin fields. The
expressions for the conserved CFT currents related to these fields are known
exactly [106]*!. Since it is relatively straightforward to compute the wave
function for fermionic bulk fields (compared to bosonic fields) one might hope
to compute the wave function for the lowest modes of these fermionic higher
spin fields exactly.

We have seen that the fermionic contributions introduce an interesting N-
dependence in the theory. dS/CFT at finite N is largely unexplored territory,
but recently the Q-model [70,152] has been put forward as a possible completion
of higher-spin dS/CFT. We made use of the measure implied by the Q-model to
identify the domain of the wave function in some of the models we considered
in this paper. An interesting avenue for future research would be to examine
whether fermionic bulk fields can be implemented in the Q-model and to explore
how various small N effects play out against each other.

Other possible generalizations in the HS context include the study of fermions
in the causal patch version of dS/CFT, currently formulated in terms of a
boundary particle mechanics [153], and in FLRW-like cosmologies in higher spin
theory [154] for which currently a dual description has yet to be found.

Undoubtedly the most challenging open question concerns the formulation of
a precise dS/CFT duality in string theory. One important difference with HS
theory, when it comes to dS/CFT, is that string theory has towers of fields of
arbitrarily high mass whereas HS theory contains only massless and very light
fields. It is well known that light scalar fields in dS with masses below the dS
analogue m%, = 9/4H? of the Breitenlohner - Freedman (BF) bound behave
very differently from more massive fields [44,155-158]. It is worth noting in
this context that the semiclassical Hartle - Hawking wave function vanishes in
dynamical models of de Sitter gravity coupled to massive scalars with masses
m? > m% ., at least for reasonably small deformations of de Sitter [159]. This
suggests that if it computes the Hartle - Hawking wave function, dS/CFT
duality should incorporate a final condition on such massive scalars that sets
these to zero'2. This is effectively what we have seen in the minisuperspace
models we have analysed, as discussed in Section 6.5.4 above, and this would

11We refer to [149-151] for a recent analysis in N = 2 supersymmetric AdS3 which might
be Wick-rotated to supersymmetric S3.

12We note, however, that light scalar fields in de Sitter coupled to gravity give rise to the
stochastic dynamics associated with eternal inflation and thus come with their own set of
challenges [73].
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resolve the tension between dS/CFT and the swampland arguments [160-165],
some of which suggesting dS with m? > m% . scalars is unstable!.

Finally, it is tempting to speculate that our findings are connected to the
supersymmetric dS constructions in exotic string theories [87]. The latter
have vector ghosts in their supergravity limits related to the existence of non-
compact R-symmetry groups in their representation of the algebra. However
Hull has argued that the massive string states in exotic string theories may well
render the de Sitter vacua ghost-free and unitary. In [1] we conjectured that
the supersymmetric higher-spin theories in dS that we construct are related
indeed to the tensionless limit of these exotic string theories. It would be very
interesting to explore the extension to dS/CFT of the ABJ triality [83] linking
higher spin theory and string theory in AdS/CFT from a complementary angle
and in different regimes.

13Whilst the discussion of instabilities has mostly focussed on scalar fields we note that our
study of massive spin-1/2 fields implies a similar limit |mp| < 3/2, which seems in line with
the reasoning above.



Part 111

String Compactifications

91






Chapter 7

Introduction to string
compactifications

As we discussed in chapter 3, critical string theory is ten-dimensional. If we wish
to start from a semiclassical description of ten-dimensional string theory and
say something about four-dimensional physics, we must be able to hide away
six dimensions. To do this, we will attempt to compactify these extra, internal
dimensions so they are too small to be directly experienced by a macroscopic
observer in the four-dimensional space. At the same time, we must compactify
in such that our ten-dimensional semiclassical description does not break down
in an uncontrolled way.

These internal dimensions are more than merely a burden. The goal is not
just to kill them and then hide the evidence. The structure of the internal
dimensions will determine the particles and coupling that exist in an effictive
four-dimensional description after compactification.The many possible choices
for the internal geometry allow a theory with a limited number of dynamical
objects like string theory to produce a wide variety of four-dimensional theories
with different interactions and particle spectra.

Before we start the daunting task of studying string compactifications, we will
first study some simpler and highly instructive toy models in section 7.1. We
will present the story of compactifying extra dimensions as a series of failures,
with each example adding a new ingedient to resolve some issue of the previous
example, while still remaining imperfect in some way. In addition to the
references appearing in the text, we found [40,166,167] very useful throughout
this chapter.

93
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7.1 Extra dimensions

7.1.1 Kaluza-Klein

One of the simplest examples of compactifying extra dimensions is the five-
dimensional theory of Kaluza and Klein. This will illustrate some basic features,
as well as issues, of compactifying extra dimensions. Kaluza-Klein theory is
reviewed in detail in [168], on which we will rely.

First, let us consider a fixed five-dimensional flat geometry with coordinates
XM with M =0,..,4 . We periodically identify the fifth dimension as

X*~ XL, (7.1.1)

The fifth dimension is then a circle with radius l4/27. Consider a massless
scalar field ¢ in this background. Its equation of motion is then given by

OMayo=0. (7.1.2)

Denoting the four external coordinatis with the index p =0, ..,3 , this is given
by
O"0ud + (0a)*¢ =0. (7.1.3)

Since the fifth dimension is periodic, one can fourier expand

27r71.X4

p(XH, X4 = Zqﬁl (XH)e (7.1.4)

Filling this into the equation of motion yields

2 2mn Xy
3 (auauqsn - (22”)) e =0 (7.1.5)
4

n

One can now re-interpret this from an effective four-dimensional perspective as
an infinite number of scalar fields ¢(X*),. Of these ¢ is massless, while ¢,
has mass 22—: One calls this infinite series of massive fields the Kaluza-Klein
(KK) tower of the scalar field. Note that once a four-dimensional observer starts
probing energies of the scale 1/R, she becomes sensitive to the presense of the
fifth dimension and the effective four-dimensional description begins to break

down.

We have considered a dynamical field on a fixed background geometry. Now
let us consider how to describe a dynamical five-dimensional metric when
compactifying to four dimensions.
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We denote to five-dimensional metric as Gy and use indices u, v for the four
external dimensions. One can then suggestively write

2 12 2
o Ay o

Guaw = [ 5 9

The five-dimensional diffeomorphism invariance of Gp;ny will ensure four-
dimensional diffeomorphism invariance for g,, and four-dimensional gauge
invariance for A*. Consider now the five-dimensional Einstein-Hilbert action

S =M / G / dX*V~GRs, (7.1.7)

with M5 the five-dimensional Planck mass and Rs the five-dimensional Ricci
scalar. One can then fill in eq. (7.1.6) and perform the integral over X*, taking
it compact to obtain an action in four-dimensional terms. We work at first order
in X*, that is, ignoring the massive KK modes. We identify X* ~ X% 4 L,.
The physical length of the fifth dimension is then ¢4 because of the prefactor

appearing in eq. (7.1.6) . This yields after setting k = m
p5
2
2
S = /d4x,/—g¢ [M§5L4R - %FWFW + 37528”58% . (7.1.8)

And so we obtain a four-dimensional theory of gravity, a gauge field A, with
field strength F,,, and a scalar ¢. We identify the four-dimensional Planck
mass as Mps = M35L4. We see that the strength of the lower dimensional
gravitation coupling depends on the size of the internal dimensions. The reason
for this is that gravity interacts with all dimensions equally. The larger L,
is, the more gravity will leak into the internal dimension and the weaker the

four-dimensional gravitational interaction will be.

The action we obtain does not give is the familiar Einstein-Hilbert action for the
gravity sector. Let us reparametrize the action so this does happen in the case

A,, = 0. We rescale the metric as § = ¢*g and redefine the scalar as ® = %
to obtain .
S = /d4X\/—§] [M§47i4 + 5@@5“@ : (7.1.9)

There is something unpleasant happening here, however. The size of the internal
space is determined by the dynamical parameter ®. Such a parameter that sets
the properties of the internal manifold is called a modulus'. Note that ® is a

In a narrow sense, only parameters without a potential are called moduli. Sometimes, in
a broader sense, even parameters with a potential will be called moduli.
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massless scalar and has no preferred ground state value. As a result, R will
stochastically wander over time and will eventually become small enough that
a semiclassical geometric picture breaks down or become so large that the fifth
dimension decompactifies. So, we have not truly achieved a compactification.
We must give ® a potential so that it can stabilize at some local minimum of
that potential. This process is referred to as stabilizing a modulus. We will
turn to this issue in the next section.

When ® is massless, it will act as a new long-range interaction, a “fifth force”.
As ® comes from the five-dimensional graviton, it couples universally and will
modify the long-range interaction for all particles.

7.1.2 Freund-Rubin

Moduli can be stabilized by performing a Freund-Rubin type compactification
[169,170]. We follow along the lines of the review [171]. We will consider
Einstein gravity with a background manifold Mp = X4 X Yp_4 with M the
entire D—dimensional manifold, X4 the d external dimensions, and Yp_4 the
D — d internal dimensions we wish to compactify. In addition, we assume there
is a (D — d)—form gauge strength F' present in the theory. The idea now is
to take Yp_g4 to be a manifold with internal curvature. This curvature will
generate a potential in terms of the scalars in the compactified theory. However,
this potential will generically be runaway, sending the extra dimensions to zero
size (and a breakdown of the theory) for positive curvature internal manifolds,
and to infinite size for negative curvature manifolds. One then turns on the
gauge field on the internal manifold. This too provides a contribution to the
scalar potential. The intent is to have this provide a contribution in the opposite
direction to the curvature. Then, the scalar potential can possibly have a stable
minimum at a finite value, thereby stabilizing this modulus.

We will look at this in more detail in the case Mg = X4 x Ys. The gauge field
now is a two-form Fyn. Topologically, the internal manifold can be either S2,
T2, or a higher genus manifold which will have negative curvature.

The full action is given by
S = /d%\/ (MpsRg — M| F|?) . (7.1.10)

Here, Mp¢ is the six-dimensional planck scale and R¢ the six-dimensional Ricci
scalar. We now follow an analogous procedure as for the Kaluza-Klein reduction
earlier. We consider a metric of the form

ds® = gudatdz” + R2vndy™dy™ (7.1.11)
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with g, the metric on the four external dimensions, vy, a unit volume metric
on the two internal dimensions, and R setting the length scale of the internal
dimensions.

We now consider how this effectively looks to the four external dimensions,
focussing first on solely the gravitational dynamics. One writes Rg in terms
of the external and internal components. To leading order in derivatives, this
produces a term in the action of the form

Sr = M;}GR?/d‘*x\/fg (R2R4 + UcﬂyﬁRQD : (7.1.12)

The curvature of the unit volume term of the two internal dimensions is given
by

/de\/ER2 =2 — 2genus. (7.1.13)

We must reparametrize the action to obtain the four-dimensional Einstein frame.
To this end, we define the four-dimensional planck mass as My, = MR and
rescale the metric as hy, = RQgW. We then obtain an action of the form

S = M§4/d4x\/fh[n4h ~V(R)] . (7.1.14)

Crucially, the internal curvature effectively provides a potential from the four-
dimensional perspective,

V(R) 2 genus — 2). (7.1.15)

1
= ﬁ(
The physics is then set by the genus of the internal manifold. One can then
think of finding a stable vacuum as finding a minimum of this potential. In
case one has a torus, the potential is flat and R has no preferred value. This
is the higher-dimensional analogue of the Kaluza-Klein circle reduction. In
case of a sphere, rolling down the potential means going to R — 0 and the
internal dimensions shrink until we reach a point where our approximations are
no longer valid. For surfaces of genus higher than the torus, the potential is
runaway towards R — and the extra dimensions spontaneously decompactify.

So far, we have have seen that adding curvature to the internal dimensions
makes the internal moduli no longer flat directions. However, we have failed to
stabilize them at a finite value. To achieve this, we will need the gauge field.

We take there to be some background magnetic gauge field wrapping the internal
manifold and no background gauge field on the external directions. A gauge
field in the external directions would generically spoil the isometries of the
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external space. That is, we have

F=n. (7.1.16)

Y2

In principle, in classical Einstein-Maxwell theory, n can be a real number. After
charge quantization, it will be become integer. Filling this in for the gauge field
in eq. (7.1.12) and reducing to four dimensions analogously to the gravity sector
produces a term in the action of the form

Sp :/d%m (M|F|?) :/d‘lx\/fh (—ZZ) : (7.1.17)

We can incorporate this term in the potential V(R), yielding

n2

1
= i 7
We see that the magnetic field by itself causes a runaway of R towards
decompactification. If we now take the internal space to be spherical, the
potential has a minimum at finite R, the R modulus can be stabilized at that
finite value. This magnetic field is one example of what we will generically refer
to as a flux in the future.

V(R) 2genus — 2) + (7.1.18)

This provides the simplest example of 'moduli being stabilized by flux’ In this
simple example with two internal dimensions, there is a clearly physical picture.
The sphere wishes to shrink down to a point to minimize its action, but this
squeezes the magnetic field lines together, at some point these two effects cancel
out. Later set-ups may be more convoluted, but this is a nice picture to keep in
mind for flux compactifications.

It now seems that we have compactified down from six to four dimensions
at some finite size of the internal dimensions, and with a correct choice of
parameters, this finite size could be set to a scale where our approximations
are valid. However, there is still something unsatisfactory about what we have
done. The minimum value of V(R) will set the cosmological constant for the
four external dimensions. This is given by

5

3R’
So, one gets an AdS,; vacuum whose cosmological scale is set by an order one
factor times the scale of the internal manifold. There is no separation of scales
between the internal and external space. Choosing a cosmological constant of
the magnitude (but not sign) that we observe today, earth-scale physics would
still be a very six-dimensional experience. As such, this is arguably not a true
compactification.

Vinin = (7.1.19)
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7.2 Special manifolds

When compactifying superstring theory to four dimensions, we need to
compactify not one or two, but six extra dimensions.

We assume the reader is familiar with the notions of homology and cohomology.
The p-th cohomology of a manifold M is given by

closed p-forms on M

HP(M) = (7.2.1)

exact p-forms on M

The dimension of HP(M) is the p-th Betti number b,, which depends only on
the topology of the space.

There exists a second order differential operator A which reduces to the Laplacian
in flat space
A=xdxd+d*dx. (7.2.2)

A form H which obeys AH = 0 is said to be harmonic. The harmonic forms are
in one-to-one correspondence with the cohomology classes. Recall how in the KK
reduction of a scalar field in section 7.1.1 the massless four-dimensional scalar
emerged from the five-dimensional scalar field mode which obeys (9;)%¢ = 0.
The harmonic forms are the higher-dimensional analogues to this. How many
and what type of lightest four-dimensional fields will appear from compactifying
the fields in the ten- or eleven-dimensional supergravity action will then be
determined by HP of the internal manifold?.

Compactifying a generic six-dimensional manifold (or seven-dimensional for M-
theory) would be a very difficult task. Certain manifolds have special properties
that make them easier to deal with. See [37,172-175] for reviews of the material
that follows.

7.2.1 Special structure manifolds

For what follows we will need the formalism of fibre bundles. We will not be too
rigorous and assume the geometries we discuss to be well-behaved. Consider
a d-dimensional manifold M. A bundle £ is a manifold which consists of M
plus some additional structure at each point p of M. This additional structure
is called the fibre F of the bundle. Locally near a point p of M or on a patch
U, of M the bundle looks like a direct product manifold £ = M x F called

2We are talking here of a purely geometric compactification. Additional elements such as
fluxes or higher-order correction can render these four-dimensional fields massive. In addition,
string theory also has other sources of massless four-dimensional fields such as those from
open string degrees of freedom on branes.
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the local trivialisation of the bundle. The bundle need not look like a direct
product globally.

Let 2%, i =1, ..,d, be the coordinates on a patch U, of M. At a point p € U,
the d-dimensional space of tangent vectors is called 7,,M and is spanned by
the % vectors. The tangent bundle T M is formed by taking the fibre at each
point p to be T, M. By selecting an element of the fibre of T M for each point
p, called taking a section of T'M, one obtains a vector field on M. The dual
bundle to T'M is the cotangent bundle 7"« M whose sections are one-forms.
Let e, = eg%, a =1,..,d, be a basis for T, M of the points in a patch U,.
Their dual one-forms are e* = e¢dx’. The frame bundle F'M has as fibre the
set of ordered bases of T),/M at each point p. Suppose a point p € M is in the
intersection of a patch U, with coordinates % and local trivialisation (p, e,) of
FM and a patch Ug with coordinates 2’* and local trivialisation (p, e},) of FM.
The bases are then related as

7
i 9 (7.2.3)

e, = - .
a 8$]a

This can be writen as the action of a group element tg,
el = el (tga)", - (7.2.4)
For consistency this should obey
tagtsa =1 (7.2.5)
and on the triple overlap between Uy, Ug and U,

taptpy = tay - (7.2.6)

One calls these top(p) the transition functions and their group the structure
group. In general, the structure group is GL(d, R).

For some manifolds it is possible that through a judicious choice of local frame
in the patches the structure group is restricted to a subgroup ¢ C GL(d,R). In
this case, the manifold is said to have G-structure.

In the most extreme case the structure group is the identity. Such a manifold
is said to be parallelizable. One set of e, suffices for an entire parallelizable
manifold. Alternatively, there are d globally well-defined one-forms e®. For
instance R? is parallelizable. Other parallelizable manifolds that we will
encounter in chapter 9 are group manifolds. For these, the basis one-forms obey
a group structure

1
de® = if?meb Nec, (7.2.7)
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with f¢. the structure constant of the group. If the group is nilpotent the
manifold is a nilmanifold, if the group is solvable the manifold is a solvmanifold.
An overview of these in a physics context can be found in [176].

As an example, consider the three-dimensional nilmanifold with
de! =0, de* =0, de®* = Ne! Ae?. (7.2.8)
This can be implemented in coordinates as
el =dxt, e? =dz?, e3 =dxd + Nzte?. (7.2.9)

So far we have not worried about compactness. Clearly we can identify x? ~
22 4+ Ry and 2% ~ 2% + R3 analogously to section 7.1.1. If one tries to identify
z' ~ 2! + Ry, then €3 is no longer single-valued. Instead one can identify
(xt, 2%, 23) ~ (2 + Ry, 22,23 — Ry2?). Because of this modification needed in
the identification such compact group manifolds are called twisted tori. There

is no guarantee that an arbitrary group manifold can be compactified.

We saw that a manifold being parallelizable is equivalent to the presence of
d nondegenerate globally defined one-forms e®. More generally, a manifold
having G-structure will be equivalent to the existence of some globally defined
nondegenerate objects on the manifolds.

If there is a globally defined symmetric tensor g;;, the metric, the manifold has
O(d)-structure3. If there is a globally defined volume element and the manifold
is orientable it has SO(d) structure.

Let us focus for the moment on even-dimensional manifold. A manifold of d
real dimensional can locally always be thought of as a complex manifold of
dimension d/2 by the introduction of holomorphic coordinates z* = z* + ixd/2t
and antiholomorphic coordinates z* = z* — iz%/?**, A form with p holomorphic
dz pieces and ¢ antiholomorphic dz pieces is said to be a (p, ¢) form. A two-form
for instance generically contains a (2,0), (1,1), and (0, 2) piece.

If a manifold has a globally defined real (1,1) form J and complex decomposable?
(d,0) form © which is everywhere nondegenerate

QAQ#£0, (7.2.10)

it is an SU(d/2) structure manifold®.

3Since we are concerned with the internal dimensions we restrict to Riemannian geometry.

4A decomposable form is a form that can be written as a product of one-forms. In
particular, Q = f(2%,2%)dz" A dz? A d25.

5For our choice of normailzation of these forms and other conventions, see appendix E.
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For string compactifications to four dimensions we are especially interested in
six-dimensional manifolds with SU(3) structure. In this case

dQ=W1J2 + WaAJ + W5 AQ (7.2.11)

dJ = gIm (WiQ) + Wi AJ + W (7.2.12)

where the W; are the torsion classes. This is a decomposition of dJJ and df2 in
different SU(3) representations, we refer to [172] for a detailed discussion.

Another case of a G-structure manifold is a G2-structure manifold. The
authoritative text on G2-manifolds is [177], a physics review is [178]. These
only appear in seven dimension and have a globally defined positive® three-form
®. We refer to [178] for the properties of the torsion classes appearing the
expansion of d®. The three-form & defines a globally defined four-form x® and
a unique metric.

7.2.2 Special holonomy manifolds
We now consider some of the classes of manifolds we encountered in the previous
section in a different light.

Let V be a vector or tensor or spinor on the manifold. Parallel transport V'
around a closed loop . Then V transforms as

VUMWV, (7.2.13)

with U(7) a group element. The group made up of U(vy) for all possible closed
paths on the manifold is the holonomy group of the manifold.

This certainly sounds related to the structure group. In fact, a manifold
with G-holonomy can be thought of as an enhancement of a manifold with
G-structure.

An SU(d/2)-structure manifold for which all torsion classes vanish such that
dJ=0, dQ=0, (7.2.14)

is an SU(d/2)-holonomy manifold. In this case,  is known as the holomorphic
d/2-form, Q as the antiholomorphic d/2-form, and J as the kihler form. A
d-dimensional manifold with SU(d/2)-holonomy is known as a Calabi-Yau
d/2-fold (CYy/s).

6A form @ is positive if locally there is always a frame such that ® = e123 4 145 4 167 1

€246 _ 257 _ 347 _ 356 \where €% is shorthand for e A eJ et cetera.
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Yau’s theorem [179,180] guarantess the existence of a unique metric g5 defined
by the kahler form as

J = gzdz'dz | (7.2.15)
for any Calabi-Yau manifold.

Such manifolds are Ricci flat R;; = 0. They then automatically solve the
Einstein equation eq. (1.1.4) on the compact dimensions without matter. The
resulting spacetime in string theory is then flat space on the external dimensions
times the Calabi-Yau”.

One can introduce d = dz%0; and 0 = d?g&l Then
d=0+0, (7.2.16)

and one can construct cohomologies of (p, q) with respect to & and 9 analogously
toeq. (7.2.1). For a Calabi-Yau H}? = Hg’q = HP%. One denotes the dimension
of these cohomology classes as hP94.

For CYs, h?! = b2 and hY! = h%2. Further, h®0 = p33 = p03 = p3.0 = 1
and all other cohomology classes are zero.

A seven-dimensional manifold has G2-holonomy when it has G2-structure and
dd=dxd=0. (7.2.17)

Manifolds with G2-holonomy are Ricci-flat. The only independent Betti numbers
on a G2-holonomy manifold are b2 and b3 [177].

7.2.3 Physical implications

So far, we have treated these special geometries purely geometrically. The goal
is to use them as the internal dimensions for string compactifications.

Superstring theory is supersymmetric, but a generic internal manifold and
background field configuration will break supersymmetry.The special manifolds
we discussed may result in the four-dimensional theory preserving some
supersymmetry.

Maintaining supersymmetry when compactifying is useful. Under assumptions
which hold throughout this part of the thesis, maintaining supersymmetry and
solving the Bianchi identities guarantees that one solves the equations of motion.

7 Assuming one only solves the Einstein equation and there is no matter contribution or
cosmological constant in the higher dimension.
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We then simplify from solving second-order differential equations to solving
first-order differential equations.

Further, supersymmetry ensures stability® allowing us to avoid doing a difficult
stability analysis to ensure we really have a vacuum.

Compactifying all the degrees of freedom of superstring theory on a generic
six-dimensional manifold will result in a very complex and compuationally
intractable spectrum of four-dimensional fields and interactions. Maintaining
supersymmetry at least ensures that the fields must appear in supermultiplets
and that they must couple in a way that preserves supersymmetry, greatly
constraining the allowed structure.

The simplifications and cancellations that supersymmetry provides will further
aid when doing computations in the four-dimensional effective theory. For
example, we will later have need of gaugino condenstaion. Supersymmetry will
be of use for computing such a strongly coupled gauge theory effect.

To preserve supersymmetry, the supersymmetry variations of the fields must
vanish. In the absence of any background fields (other than the graviton), this
is equivalent to the existence of a globablly defined nonvanishing spinor 7 on
the internal manifold that is covariantly constant

Vin=0. (7.2.18)

The existence of such a covariantly constant is equivalent to the internal manifold
having certain special holonomy.

Compactifying type II string theory on a C'Y3 will result in the four-dimensional
theory having N' = 2 SUSY. Recall that the cohomology determines the light
field content of the four-dimensional theory. In ITA string theory the four
diimensional theory will have h'*! Abelian N = 2 vector multiplets and h>' + 1
hypermultiplets. Compactifying IIB yields h?! Abelian N’ = 2 vector multiplets
and hY! 4 1 hypermultiplets. The extra hypermultiplet in both cases is the
universal multiplet containing the dilaton. Finally, the four-dimensional theory
contains an N = 2 gravity multiplet.

The massless scalars appearing in these multiplets form a moduli space. The
moduli associated to h''' are known as the kihler moduli, those associated to
h?! are known as the complex structure moduli.

These light fields capture only the low energy closed string degrees of freedom on
a smooth manifold. In addition, there can be light degrees of freedom associated
to open strings on D-branes and to singularities on the manifold.

8In the sense that scalar potential has no unstable tachyonic directions. Flat moduli
directions are still possible and common.
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When compactifying eleven-dimensional supergravity on a manifold with G2-
holonomy, one preserves N/ = 1 SUSY. The four-dimensional theory has bs
Abelian N/ = 1 vector multiplets, b3 chiral multiplets, and N' = 1 gravity
multiplet [181].

7.2.4 Pure spinors

When one turn on background field fluxes on the CY3, which will backreact on
the geometry, it is not at all guaranteed that supersymmetry will be preserved.
A necessary condition to preserve N/ = 1 SUSY is that the internal manifold
has SU(3) structure as this guarantees the existence of a globally defined
nonvanishing spinor n. With background fields present, 7 no longer needs
to be covariantly constant to preserve SUSY. Instead, it must satisfy certain
differential equations.

The reader may be familiar with the fact that in four Lorentzian dimensions
a vector V# can be written as a bispinor V%, with a and & two-component
spinor indices, and vice versa through the gamma matrices

1 .
Vaa =(0") o Vs V= 5 (Eu)aa Vaa - (7.2.19)

Analogously, the SUSY conditions on the internal spinor 7 can be recast as a
conditions on polyforms ®, with

1 .
o, = gef”, (7.2.20)

o = —%Q. (7.2.21)

The correct formalism to develop this polyform construction is known as
generalized complex geometry, for which we refer to [172,174].

Consider a ten-dimensional metric of the form
ds?® = ezw(y)g#,,d:c“dx” + gijdyidyj , (7.2.22)

with g, the metric on the four external dimensionsions, which is Minkowski or
(A)dS and g;; the metric on the six internal dimensions.

The ten-dimensional spinors € appearing in the SUSY variation are split in a
four-dimensional part £ and a six-dimensional part 7 as

era =& ® (ang) + & @ (an-), €14 =& @ (bn-) + & ® (bny) (7.2.23)

errp =&+ @ (any) +E- @ (@)-),  eirp =& @ (bny) +&- @ (bn-) (7.2.24)
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where £ denotes chirality. There are two spinors for SUSY variations and hence
N =2 SUSY. Here a(y) and b(y) are complex functions. When a and b are
related, only one independent spinor remains and the background is broken to
N =1 SUSY.

One can show that in vacua with N’ =1 SUSY they are related as
dlal?> = [b*dW , d|b]* = |a|*dWV . (7.2.25)

The pure spinor equations to preserve N' = 1 SUSY are then for ITA string
theory?

e WO (d+ HA) (W 2D, ) =0, (7.2.26)

~ = 1
e 2WHS(d 4+ HA) (WD) =dW A D_ — T66¢ [(Jaf> = [b*) Frra—

(7.2.27)
—i(la® + [b*) * Frray],
and for IIB string theory
~ = 1
e ?WEd+ HA) (e 2D, ) =dW Ay — —e?[(la]® — |b]*) Frip+
16 (7.2.28)
- Z(|CL‘2 + ‘b|2) *FIIB—] s
e 2WH(d + HN) (W 2P _) =0. (7.2.29)
Here,
Frjae =Fgxt o+ Fy,+Fs, Fripyr =F +F3+ F5s, (7230)
and : B 3
Oy =abdy, O_=abd_. (7.2.31)

7.3 Extended objects

In string theory we have extended objects at our disposal, such as the branes
that we enountered in section 3.2. We wish to compactify such that the four
external spacetime dimensions are homogeneous and isotropic, either Minkowski
space or (A)dS. If we place extended objects in our spacetime, they must then
fill the four external dimensions entirely as otherwise their position break the
isometry.

9The type II string theory fields appearing here were introduced in section 3.1.
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Figure 7.1: In Maxwell theory, the total charge on a compact spatial manifold
must be zero.

D-branes will contribute gravitationally via their tension 7}, and to the flux via
their charge ). Imagine placing a particle with electrical charge g on a compact
spatial manifold, say a circle. Clearly, the electrical field vectors must meet up
again at the antipode to g, see fig. 7.1. This implies that there must be a charge
—q at the antipode. In general, in Maxwell theory the total charge on a compact
manifold without boundary must be zero as a consequence of Stokes’ theorem.
As the branes we will consider fill the four external spacetime directions, their
transverse directions are compact and they must obey an analogous but slightly
modified condition known as tadpole cancellation, which we will encounter in
section 7.5.

There are open string degrees of freedom living on the D-branes. As the branes
fill the external spacetime directions, so do the open string degrees of freedom.
After compactification, the open string degrees of freedom then contribute fields
and interactions to the low-energy EFT. A stack of N D-branes will for instance
include U(N) gauge theory in its contribution to the four-dimensional theory.

One can orbifold the internal manifold: define a discrete group I' that acts on
the internal manifold. Then identify points that can be mapped onto each other
by the action of I with each other. The resulting quotient space M /T" is said
to be an orbifold of M. For example, imagine two-dimensional flat space with
cartesian coordinates = and y. Identify x ~ —x. This identification has a fixed
line at x = 0 where the space becomes singular. One may imagine this as a
giant mirror floating in space at x = 0. This is a Zy orbifold. Depending on
how I' acts, orbifold may either produce fixed surfaces or they may leave the
quotient geometry smooth. For example, identifying = ~ x + 1 is also a Z,
orbifold, but the resulting geometry is smooth.
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In string theory, one can consider a Z, which acts as * ~ —zx for some
spatial directions while at the same time changing the orientation of the string
worldsheet. Quotienting by this Zy acts as an orbifold on the spacetime, but
it clearly does something more. Such a Zy quotient is known as an orientifold.
The action of the orientifold on the string worldsheet will project out some
string states. As a result, the N’ = 2 supersymmetry of our compactification
will be broken to at most A/ = 1. Fixed planes of the orientifold action are
known as orientifold planes or Op-planes for a fixed plane extended in time and
p spatial directions. Orientifold planes have negative tension and are charged.

7.4 Warping and hierarchy

In eq. (7.2.22) there was a dependence W (y) of the external dimensions of the
metric on the internal dimensions y. Such a dependence is known as a warping.
What warping gives us is that it allows a large hierarchy of energy scales to
appear in the compactified theory. We will exemplify this by sketching a model
due to Randall and Sundrum (RS) [182]. Consider the five-dimensional metric

ds? = e 2krelfly | datdz” + r2de* (7.4.1)

The fifth dimension 8 is an interval running from 0 to 7 after orbifolding a circle
with 6 € (—m, 7] as 6 ~ —6 and we intend to compactify to four dimensions.
The constant r. is the compactification scale and k an energy scale whose value
we will set soon.

Now insert three-branes filling the four external spacetime directions and
pointlike in the internal dimension. Place a brane corresponding to a visible
matter sector at # = w and a brane corresponding to a hidden matter sector
at @ = 0 (the names of these sectors will make sense at the end). Associate
potential energies V,,;s and Vj;4 to these branes in their ground state. Let the
five-dimensional theory have a cosmological constant As and Planck mass Ms.
One may then show that the Einstein equations are solved when

Viia = —Vuis = 24M5k . A5 = —24M3 K (7.4.2)
which fixes k in terms of the other parameters in the theory.

The degrees of freedom on the three-branes will provide the matter fields
in the four-dimensional theory after compactification. Suppose these matter
fields obtain a mass through the Higgs mechanism. Let mg be the mass scale
associated to the Higgsing absent any warping. The four-dimensional action
coming from the branes after compactification is

S = /d4.’IJ [\/ _ghidﬂhid + v _gvis‘cvis] . (743)
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As there is no warping at 6 = 0, for the hidden sector \/—gpiq = v/—g, with
+/—g denoting the four-dimensional metric without any warping prefactor. The
mass scale is then unchanged,

Mhid = Mo - (7.4.4)

For the visible sector at § = 7 there is warping and so \/—gyis = e~ 27", /—¢.
One may show that as a result of this factor appearing in the action, the mass
scale is shifted as

Myis = e_k”ﬂ—

mo. (7.4.5)

The visible sector fields are then exponentially in term of kr. lighter than the
hidden sector fields. For large enough kr. at low energy in the four-dimensional
theory one can the integrate out the hidden sector and consider a dynamical
theory with only the visible sector (hence the names). As kr. decrease the
visble sector mass exponentially its value does not need to be very big at all for
this to happen.

Because if this exponential dependence, once one has warping, one can achieve
very large hierarchies between the energy scales of different sectors in the theory
while needing only small values of the parameters in the compactification to
accomplish this. Phenomenologically, one can imagine this leading to a very
light standard model of particle physics sector while all the other ingredients
necessary for the compactification remain very heavy.

Finally, one can show that the four-dimensional Planck mass is given by

3

M,
M2, = k”5 (1— e 2krem) (7.4.6)

7.5 Flux vacua

We now turn to compactifications with flux in superstring theory. We will see
that such vacua can support warping and that the flux can be used to stabilize
moduli [183]. The IIB string theory action in the supergravity limit has for its
Bosonic terms

dr*_|Gs]® _ |F5)

R —
2 [ImT] 2 2ImT 4

1
S[[B :ﬂ/dlox\/ -G

(7.5.1)
B L Cy NG3 A 63
8k2 Imrt '
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The fields in this action are convenient combinations of the fields that appeared
in chapter 3

1 1
T:CO+i€_¢, G3 = F3—T1Hj3, 5:F5—§CQAH3+§BQ/\F3. (752)

In addition, Gy = e~ ®/2Gyrn compared to eq. (3.1.4) and one must impose
by hand the equation of motion

F5 = *10F5 . (753)
The field 7 is known as the axio-dilaton.

we will go over some results due to Giddings, Kachru, and Polchinski (GKP) [184]
in IIB string theory. Consider the metric

ds® = eQA(y)anx“dx” + 6_2A(y)gijdyidyj . (7.5.4)

The external spacetime is flat Minkowski space. The internal manifold is
a Calabi-Yau with metric g;;. The facter A(y) dependent on the internal
coordinates is the warp factor.

We consider turning on G and F5 flux. In order to preserve Lorentz invariance in
the four external dimensions we must impose that only the internal components
of G5 are nonzero. Since Fj is self-dual, we cannot only turn on its internal
components, it then preserves four-dimensional Lorentz invariance when

Fs = (1 +%10) da(y) Ada® A da A da® A da®. (7.5.5)

By tracing the ten-dimensional Einstein equations over the four external
dimensions one obtains

8A
V2e4A) — € Gal? —4A (19012 4 |92 756
) = |Gyl e (00 + [0 MP), (756)
where the indices are with respect to g;;. One can integrate this over the
compact internal manifold. By Stokes’ theorem, the left hand side is zero. The
right hand side must then also be zero. We see that all terms on the RHS are
nonnegative. The only possible solution is then G3 = 0 and constant A and «.

It is then not possible to produced a warped internal manifold with just flux. We
saw in section 3.2 that in string theory we have localized objects such as D-branes
at our disposal. These produce a local contribution to the energy-momentum
tensor (Tarn)'°¢. Adding these modifies eq. (7.5.6) into

8A 2
V2€4A _ 2§mT‘G3|2 + 674A (|8Ox‘2 + ‘3€4A|2) + K?eQAleoc7 (757)
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with N .
T = (¢YTyj — 0" Tow) ™ (7.5.8)

When this extra contribution is positive, warping is still impossible. This is
a specialized version of the Maldacena Nunez no-go theorem against warped
compactifications [185] in type II string theory with only fluxes and local sources
that contribute positively. This no-go further forbids de Sitter vacua when one
only considers these contributions.

When this extra contribution is negative, warping is possible. D-branes that
fully cover the external dimensions will not provide a negative contribution, but
O-planes will.

Our solution must satisfy the Bianchi identity

dFs = H A F3 + 262T3p5° (7.5.9)

loc

with p3>¢ the locaclized sources of Fs-flux. Clearly D3-branes and O3-planes
filling the four external dimensions and pointlike on the internal manifold serve as
sources, but also for instance D7-branes filling the four external dimensions and
wrapping an internal four-cycle ¥4 can serve as sources at higher o’ corrections.
Integrating eq. (7.5.9) over Mg and applying Stokes’ theorem yields

1

loc
3 + 2,‘@2T3

/ Hy A Fy =0, (7.5.10)
Me

with ngc the total three-brane charge. This is known as the tadpole condition.

One can combine egs. (7.5.5), (7.5.7) and (7.5.9) to derive

2 ( 4A _€8A N 12 —4A 4A 2
\Y4 (e a) = 2 iime iG3 — %6Gs|” + ¢ }8(6 a)|

(7.5.11)
+ 2/€262A (Tloc o goc) )

This can be integrated over the internal manifold. The LHS must vanish by
Stokes’ theorem. For the RHS to vanish, each term is again nonnegative and
must vanish seperately.

The G3 flux must be imaginary self-dual (ISD)*°
G3 Zi*G3, (7512)

for the solution to preserve N' =1 SUSY, one can show that G3 has to be (2, 1)
and primitive!.

10We will denote the ISD flux as G; and the imaginary anti-self-dual (IASD) flux, G3 =
—*xG3as Gy .
1A form is primitive when its contraction with J vanishes.
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The sources of three-brane flux must obey

Thoe = Q. (7.5.13)

The warping must obey
M =a. (7.5.14)

A solution to eq. (7.5.11) with D3- and D7-branes, O3- and O7-planes will solve
the equations of motion. In fact, it is a solution to the classical supergravity
equations of motion even when supersymmetry is broken. We refer to [184] for
further details and will now look at the effective four-dimensional theory that
emerges from such a compactification.

Computing the four-dimensional theory is greatly complicated by the warping
e~*4W) appearing in front of the four-dimensional metric in eq. (7.5.4).
Computing the four-dimensional effective theory with warping present is the
subject of warped effective field theory. We will not do this and instead assume
the warping is constant so the metric is of the form

ds? = g da’de? + W g dy'dy? (7.5.15)

with gijdyidyj unit volume. But wasn’t the point of our construction to achieve
nontrivial warping? The idea here is to have most of the Calabi-Yau essentially
unwarped and then insert in one place in the Calabi-Yau a region of very high
warping, known as a warped throat!?. As long as the circumference of the
throat where it is glued into the Calabi Yau is small enough and the throat is far
removed from D-branes and O-planes in the Calabi-Yau, it is then hoped that
one can treat the geometry as essentially unwarped as far as the Calabi-Yau
moduli and brane dynamics are concerned.

Still, it seems unsatisfying to go to the trouble of constructing a warped
compactification only to give up on an EFT description of warping at the end.
Clearly giving a proper description of how the warping appears in the EFT
would be desirable. In chapter 9 we will study warped ITA compactifications.
We will develop a method to uplift a class of warped compactifications with
SU (3)-structure to M-theory compactifications with Ga-holonomy. We will see
that after the uplift to eleven dimensions the warping vanishes. Such warped
compactifications can then be understood from an unwarped eleven-dimensional
perspective without simplifying assumptions on the warping.

Returning to our IIB compactification, we will focus on the case with a single
Kahler modulus p. The real part of p is an axion while the imaginary part

12The traditional example of a warped throat is the Klebanov-Strassler (KS) throat [186].
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depends on the volume of the internal manifold p oc ie**. We denote this
volume-dependent part as
oc=1Imp, (7.5.16)

and denote the volume of the internal dimensions as V.

The resulting four-dimensional effective theory after compactification is an
N =1 supergravity theory. The sector of this theory that we are interested in
are the scalar moduli fields. We collectively denote the scalar moduli as z™.
Their action is given by [184]

S = /d“x\/—T (Km0, zm0Mz" = V], (7.5.17)
with 3 o
V = efo (K™ D,,WoDrWq — 3|Wo|?) . (7.5.18)
The metric and covariant derivative on the moduli space are
0K,
Kmﬁ = L = DmW - 87n + amK Wq . 7.5.19
oo 0= O + (O o) W (7.5.19)

The kahler potential is

Ky = -3log[—i(p—p)] —ilog[—i (r —T)] — log {—i QA Q} . (7.5.20)

Mg

The superpotential is the Gukov-Vafa-Witten superpotential [187]

W() = C/ QA G3 5 (7521)
Mg

with ¢ = g&/%/\/4xi% [188)].

In order for a solution to preserve A/ = 1 supersymmetry, one must have
Dy,Wo =0, (7.5.22)
for the value of the moduli at the solution. One can show that
KPP D,WoD;Wq = 3|[W,|*. (7.5.23)

Using this, the scalar potential can be rewritten with a and 3 indices running
over all moduli except p

V = Ko (K“BDQWODEWO> . (7.5.24)
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This potential has a minimum at V = 0 when D,W; = 0. This condition is
independent of p and so there is no preferred value where Vg is stabilized. The
potential is said to be of no-scale type. We see that this potential stabilizes all
moduli except p when G5 # 0.

Clearly this minimum satisfies the SUSY conditions eq. (7.5.22) for all moduli
except p. The SUSY condition for p gives

3V
DW= -2 =0. (7.5.25)
pP—=p
This condition is only satisfied when W, = 0. Generic minima will have

Wy # 0 and break supersymmetry. Higher-order corrections will modify the
nonsupersymmetric theory and one expects that points with Wy % 0 will no
generically longer be minima after these corrections.

7.6 KKLT

7.6.1 A stabilized AdS vacuum

In the GKP solution the complex structure moduli have been stabilized.
However, the kdhler moduli are still massless. Kachru, Kallosh, Linde and
Trivedi (KKLT) [189] proposed a method to stabilize the kéhler moduli.

The idea is to stabilize the kahler moduli by non-perturbative corrections. Both
instantonic Euclidean D3-branes and gaugino condensates have been considered
for this. We will focus on gaugino condensates and again restrict to internal
geometries with a single kdhler modulus p.

Place a stack of N D7-branes such that they fill the four external spacetime

dimensions M, and wrap a four-cycle ¥4 on the internal manifold. The open

string degrees of freedom on the D7 branes then contain a U(N) gauge group.

After compactification these give rise to an /' = 1 super-Yang-Mills (SYM)

theory in the four-dimensional low-energy effective description. The SYM theory

contains gauginos A which can potentially form a condensate (A)). This will
contribute to the superpotential as [190]'3
N

Wiy = —32?@\)\) . (7.6.1)

The value of (A\) will depend on the properties of the four-dimensional gauge

theory. The coupling constant g,,, of the four-dimensional theory depends on

130ne approximates the four-dimensional gauge theory as N' = 1 SQCD on Minkowski
space.
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the coupling of the seven-brane g7, eq. (3.2.3), and the volume of the internal
cycle Vs, as [191]
1 Vs,

Gim 97
On a manifold with a single K&hler modulus, the volume of ¥, is directly
determined by the total volume of the internal manifold. The gaugino
contribution to the superpotential then depends on o. One may show that the
contribution is given by

(7.6.2)

W<)\)\> = A6_27TU/N 5 (763)

where A is a parameter dependent on the dynamical scale of the four-dimensional
gauge theory.

Assuming one can just sum the contributions eq. (7.6.3) to the superpotential
without any mixing or corrections, the total superpotential is

W =W + Ae~27/N (7.6.4)
The resulting scalar potential is

V(o) = “A;% Wt (14 57) eee] (7.6.5)

with a = 27/N. This has a supersymmetric minimum at o = o,,
—ao 2
DWlo=o, =0 — Wy=—-Ae %~ (14 300% | - (7.6.6)

The scalar potential at this minimum is

aQ.AQe_Q“”*

Vio.) = — (7.6.7)
this is negative and so we obtain a supersymmetric AdS, vacuum with all
moduli stabilized. Because of the appearance of an exponential damping, the
cosmological constant of the AdS; can be much smaller than the scale set
by the size of the internal geometry o,. We have conquered the issue with
Freund-Rubin compactifications in section 7.1.2 that the cosmological scale is
the same as the scale of the internal geometry. Still, the AdS; cosmological
constant cannot be made arbitrarily small and we still do not have a de Sitter
vacuum.

Before we continue, let us make a few comments on the parameter range where
we can reasonable expect our computations to be valid. We work in units
where the ten-dimensional Planck mass is set to one. We need o, > 1, the
volume of our internal geometry to be large, to ensure stringy corrections do
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not become important and our supergravity approximations remain valid. We
require |Wy| < 1 to be confident in the results of the gauge theory calculation.
In particular, from eq. (7.6.6) this ensures that 4e~%+ is small, allowing us to
keep only the leading nonperturbative correction.

7.6.2 Towards de Sitter vacua in string theory

We now have a vacuum with all moduli stabilized in IIB string theory. This
is already a great achievement. However, the cosmological constant is still
negative. KKLT went further and also proposed a method to obtain AdS vacua
with an arbitrarily small A and even de Sitter vacua.

Since our own work is focused on the preceding step of gaugino condensation,
we will be brief here.

The idea is to add supersymmetry-breakining anti-D3 branes (D3-branes) that
fill the external dimensions and are pointlike in the internal dimensions. The
antibrane contributions to the potential is [192]

e4A(p)

with D a positive constant dependent on the number of antibranes. If the
antibranes are placed at a generic point p in the internal manifold they will
provide a large supersymmetry-breaking contribution to the potential.

If the antibrane contribution is the dominant term in the potential, the potential
goes as V oc 0~ 2. There is then no (meta)stable potential minimum, instead
the potential is runaway towards decompactification ¢ — co. A second issue
with a large supersymmetry breaking is that we required supersymmetry to be
certain that we solve the equations of motion. When supersymmetry-breaking
is small, it seems reasonable that we will be “slightly off” from a solution and by
making small modifications to the geometry and fluxes we can obtain a genuine
solution to the equations of motion. For large supersymmetry breaking no such
logic exists and we may not have a solution at all.

These issues are avoided if one embeds in the internal geometry a highly warped
down region, the warped throat. Antibranes are dynamically drawn to the tip of
this throat [193] where their contribution to the potential will be exponentially
supressed by eq. (7.6.8). A cartoon of the internal geometry in KKLT after
these steps can be seen in fig. 7.2.

The full KKLT potential is now given by

aAe=*
202

e4A(p)
2

Vicrrr(o) = [WO + (1 + %") Ae*“"} 4D (7.6.9)

g
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Figure 7.2: A two-dimensional cartoon of the internal dimension of the KKLT
set-up.

It is now possible by a careful choice of the parameters in this potential to
increase the value of the potential at the minimum without greatly affecting
the value oy where the minimum occurs. This raising of the minimum is known
as the uplift of the KKLT vacuum. This and the whole process of the KKLT
construction are captured in fig. 7.3.

It is already remarkable that we can now obtain AdS vacua with an arbitrarily
small cosmological constant independent of the four-cycle volume o. Think back
to how in the Freund-Rubin compactifications in section 7.1.2 the cosmological
constant was always of the order of the scale of the internal manifold.

Even better is that it is now possible to realize de Sitter vacua. These are
metastable and can quantum tunnel to ¢ — oo. This is only one channel of
metastability. Not pictured by plotting V(o) is the fact that the antibranes
can nonperturbatively annihilate with flux, providing an alternate channel for
metastability that already renders the nonsupersymmetric AdS vacua metastable.
This process was first discovered in [193].

In the preceding we acted as if the parameters in eq. (7.6.9) are ours to freely
choose. This is not the case, these values are fixed by geometric properties
of the C'Y3 one chooses as a starting point and the details of the physical
processes involving the objects in the spacetime such as gaugino condensation
and antibrane backreaction. It could be that for a specific implementation of
the KKLT scenario the parameters play out such that the minimum at g is lost
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and one has a potential that is runaway to ¢ — oo instead of a compactification.

7.6.3 Possible concerns

So far, we went through the steps of the KKLT construction without questioning
their validity. In fact, the consistency of the KKLT vacua is hotly debated. See
e.g. [161] for an overview of concerns about two years ago. We will go over some
concerns that we feel are most pertinent, including some that are new since
then.

The supersymmetric KKLT vacuum has Wy # 0. It then starts nonsupersym-
metric and requires the nonperturbative effects of (A\) to restore supersymmetry.
In [194] it was argued that a point with Wy # 0 is not suitable as a background
to compute nonperturbative effects as after corrections it will generically result
in a rolling solution.

It is worth stressing again that the parameters in eq. (7.6.9) are not ours
to choose. The parameters depend on the details of the physics of the
compactification. Unless explicit examples are worked out, there is no guarantee
that any de Sitter vacua or AdS vacua with a parametrically small cosmological
constant exist. The compactification one considers should further be in a reliable
regime. If for instance the scale of a cycle in the internal manifold is Planckian,
one cannot be confident in an effective supergravity description.

The D3 branes break SUSY. One could worry about their backreaction. This
issue seems to have been resolved with the conclusion that the D3 branes
polarize the flux near them without producing an instability [195-202].

One needs to show that a throat geometry which generates sufficient warping
can be embedded into the Calabi-Yau. This throat needs to be stable against
backreaction from (A\) and the D3 branes. See for instance [203-209] for recent
work on this topic.

The issue we will focus on in our own work in chapter 8 is the description of the
gaugino condensate. In section 7.6.1 we relied entirely on a four-dimensional
description. Ideally, one would have an entriely ten-dimensional description and
show that the gaugino condensate behaves sensibly from the ten-dimensional
perspective.

e One should compute the value of (AA) in ten dimensions. At leading
order, (A)) should be localized entirely on (A)dSy x ¥4 but one expects
higher-order quantum corrections to cause some smearing over the entire
ten-dimensional spacetime.
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Figure 7.3: An outline of the V(o) potential in the KKLT construction. One
starts with the complex strucure moduli stabilized, but not the Kahler modulus
o. The introduction of a D7 brane stack (yellow) and the quantum effects of the
gaugino condensate stabilize o at an AdS vacuum. Uplifting with D3 branes
(red) uplifts the potential minimum but possibly causes a runaway (dotted).
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e One should compute how (A)\) backreacts on the ten-dimensional geometry.

The first point is unfortunately not within our grasp, but we will be able to make
progress on the second point, taking (A\) to be an undetermined parameter.
This program of providing a ten-dimensional description of SUSY KKLT vacuum
was initiated in [203,210]. Unfortunately, they ran into a problem. The total
action S contains a contribution from the ten-dimensional degrees of freedom
S10p and a part from the degrees of freedom on the D7-brane stack Spr7. This
can be described as one ten-dimensional action by introducing a Dirac-delta
function ¢, (y) on the directions perpendicular to the D7 branes. The total
action is then

S = /dmx [L10p + 01 (y)LD7] - (7.6.10)

The gaugino condensate couples to the G flux [211]. Ignoring for the moment
all other fields in the action, this and the G3 kinetic term lead to an action
schematically of the form

1
S = /dl% {2|G3|2 + 5L(y)G3>\)\] . (7.6.11)

Solving the G3 equation of motion then leads to a contribution to G35 that
diverges as ¢ (y). This is not yet necessarily concerning. However, computing
the curvature of the four external dimensions, one finds [210]

R —fi/* e Blatp (7.6.12)
TV Imr 3 273 ’ o

Filling in the solution to the G3 equation of motion to obtain the on-shell value
for R4, there appears a nonvanishing 42 (y) contribution. As a result, there is
a singular contribution to R4. This singularity was believed to be unphysical
and [212] proposed a method to remove it. In supersymmetric theories, the
action tends to decompose into a sum of squares. Then, [212] argued that the
higher-order terms in Sp; should contain quartic in the gauginos so that the
total action is

1 1
S = / ' [2|c:3|2 + 6L (1)GaM + 5 (5L ()M (7.6.13)

1
— /dl%§ |G+ 61 (1), (7.6.14)

where [212] claimed the quartic term should resolve spurious singularities. In
chapter 8 we will give a more detailed discussion and investigate how this quartic
term affects the ten-dimensional description of the KKLT vacuum.



Chapter 8

A 10d view on the KKLT AdS
vacuum and uplifting

This chapter is a reprint of [3]. We analyse the ten-dimensional Einstein
equations in the KKLT setting. We verify that the quartic gaugino term is
needed to remove singularities in the on-shell action as suggested by Hamada
et. al. We contrast two approaches that have been taken in the literature when
employing the effect of gaugino condensation in the ten-dimensional equations
of motion. Here we follow the proposal to insert explicit non-zero fermion bilinar
vev into the localised energy-momentum tensor of the 7-branes obtained from
varying the 10d off-shell action with respect to the 10d metric. Our procedure
is common in semi-classical physics and is manifestly local in 10d. However, it
does not lead to the KKLT effective field theory. The alternative procedure of
deriving the energy momentum tensor after replacing fermion bilinears by the
gaugino vev, might be less well motivated in 10d, but reproduces the results of
the KKLT effective field theory.

8.1 Introduction

As we reviewed in sections 7.5 and 7.6, moduli stabilisation in string theory
has a long history and its understanding is crucial for the study of top-down
phenomenology. One of the main breakthroughs came in 2003 with the KKLT
model [189] and in 2005 with the Large Volume Scenario [213]. Both methods to
stabilise moduli rely on computing leading-order corrections to ten-dimensional

121
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supergravity solutions with orientifold sources and three-form fluxes in type
IIB supergravity [183,184,214]. Despite the long history of this field there
has never been any genuine top-down understanding of these mechanisms to
stabilise moduli. The arguments always involved a mixture between top-down
and bottom-up viewpoints. This is not a problem per se, but it can lead to a
false sense of freedom to tune parameters in the bottom-up effective field theory.
It is therefore desirable to find at least one concrete top-down description of
moduli-stabilisation.

Recently the field of moduli stabilisation has regained attention due to a growing
suspicion that string theory may fail to accommodate any de Sitter (dS) vacuum,
see section 7.6.3.

This revival of interest has provided a healthy spark of ideas to construct new
possible dS vacua (or more general accelerating cosmologies) [215-220] or revisit
existing ones [203,206,210,221]. In this paper we direct our attention to the
consistency of the KKLT model; both the construction of the AdS vacuum and
its potential uplift to a meta-stable dS vacuum. In particular the uplift procedure
has been heavily criticised on two fronts. First the stability of the anti-branes
themselves came under intense scrutiny in [222-224]. Tt is our opinion that the
arguments pointing towards the instability of anti-branes have been to a large
extent addressed and refuted in [196,197,225,226] (see however [227,228]). The
second concern, raised in [203] (see also [229]), has to do with the interaction
between the open string degrees of freedom of the anti-brane and closed string
degrees of freedom of the background. This interaction is only possible in a
compact model where the two effects cannot be separated indefinitely.

The authors of [203] suggested that it should be possible to study the interaction
using classical ten-dimensional supergravity including the energy-momentum of
a gaugino condensate on D7-branes that live in the UV.! However, there is some
confusion regarding the gravitational backreaction of the gaugino condensate
in ten-dimensional supergravity. This was discussed in [203,210] and we refer
the reader to those references for further elucidations. The main observation
of [203] was that the ten-dimensional energy-momentum tensor behaves such
that a dS vacuum is not attainable with a single gaugino condensate. From a
four-dimensional viewpoint this effect can be understood as a flattening of the
potential caused by a backreaction of the supersymmetry-breaking ingredients
on the volume modulus.

Later, it was shown in [210] that there is a loophole in the argument of [203]
due to a subtlety in the computation. Unfortunately the issue could not be
settled in [210] since some of the terms in the energy-momentum tensor were

LOther somewhat orthogonal worries about the consistency of uplifting were expressed
in [194,206].
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divergent and a regularisation is needed that could influence the fate of the
flattening effects. Recently Hamada et al [212] (see also [230]) proposed how
to perform this regularisation by adding a quartic fermion term to the action.
In this note we redo the computations in [203,210] including this new term. We
find that indeed the four-dimensional curvature is expressed entirely in terms
of regular background fluxes and the gaugino condensate, but we fail to find the
KKLT effective theory and explain why.

Simultaneously with this work two other works appeared [231,232] about the
same problem and one of these works [232] comes to a very different conclusion
then us. We discuss in section 8.6 on the relation between our work and these
two other papers. The difference relates to manner the energy-momentum
tensor is computed and the alternative method of [232] and [231] does reproduce
qualitatively the KKLT effective field theory and finds no dangerous flattening
effects when anti-branes are added.

8.2 The framework

The KKLT proposal [189] to stabilize moduli in a supersymmetric AdS vacuum
rests on reasonable assumptions about quantum corrections to the classical flux
compactifications of [183,184]. These corrections have been argued for using
four-dimensional effective field theories described within N/ = 1 supergravity
as reviewed in section 7.6. The quantum correction used by KKLT is the
leading non-perturbative quantum effect to the superpotential . Perturbative
corrections to W are absent because of non-renormalisation theorems whereas
it is argued that (non-)perturbative corrections in the Kéahler potential K
can sometimes be self-consistently ignored.? The non-perturbative quantum
correction arises as a result of gauginos living on a stack of D7-branes condensing
in a confining vacuum of the four-dimensional gauge theory. In what follows
we assume, like KKLT, that the underlying Calabi-Yau manifold only admits a
single Kéahler deformation. It then follows that there is only one (holomorphic)
4-cycle wrapped by the D7-branes.

At first sight the gaugino condensation obscures a dimensional oxidation of the
KKLT model. However, it has been suggested in [203] that it should nonetheless
be possible using ten-dimensional supergravity with D7 probe actions included.
The way the gaugino condensate couples to gravity and other closed strings
could then be understood simply by keeping explicit non-zero gaugino bilinears

2The Large Volume Scenario [213] uses perturbative corrections to the Kéhler potential to
stabilize the volume modulus at exponentially large value in a non-supersymmetric vacuum.
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of the fermionic part of the D7 action and compute its contribution to the
ten-dimensional energy-momentum tensor [233-237].

Like [203] we compute the trace over the four-dimensional part of the (trace-
reversed) Einstein equation. We will perform this computation in detail in next
section but here we will discuss the form of the resulting expression,

Ry = /\/gze[F%A?], (8.2.1)
6

where Ry is the curvature scalar of the four large dimensions, f \/96 integration
over the compact dimensions and E[F?, A\?] represents some function of the
background fluxes (F?) and the gaugino bilinear (A\?). We find that our approach
is consistent with an AdS spacetime but further relations between the fields
are required to make a quantitative comparison with the KKLT result. Strictly
speaking the method of the trace-reversed Einstein equation allows to compute
only the curvature of a vacuum solution which is related to the on-shell potential.
The relation between fields required to make a comparison to KKLT is only
obtained from the off-shell potential which we do not derive here.

Adding anti-branes to this computation is straightforward as explained in
[203,210]. One can show it simply adds the following term to the right hand
side of equation (8.2.1):

Ry = /\/gz(e[FQ,AQ] — 2nT¥) (8.2.2)
6

where T is the warped tension of a stack of anti-D3 branes and n the number
of anti-D3’s. This seems a contradiction since this term contributes negatively
compared to the rest, so how can it uplift? In fact [203] realised that, in the
right approximation scheme, the anti-brane term is completely subdominant
compared to the bulk piece £ and should be ignored.

This naive “paradox” arises because (8.2.2) computes an on-shell four-
dimensional potential instead of a full off-shell expression®. The way uplifting
should work from this viewpoint is rather different. Uplifting works by a shift
of the volume modulus p induced by the supersymmetry-breaking, altering the
value of £ and potentially flipping its sign. To make that point very explicit let
us for simplicity assume that the term £ has two pieces

E[F?, N5 pl = E4[F?, X% p] + E_[F?, X% pl, (8.2.3)

where £_ is negative definite and £; positive definite and we introduced the
symbolic dependence on p. In the supersymmetric vacuum we obviously have

3See [203,210] for a more elaborate explanation.
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Eilp] < —€_[p]. But when p shifts to p + dp due to supersymmetry breaking
we expect that the value of Ry and therefore E[p + dp] is less negative. A dS is
reached by making sure that £y [p + dp] > —E_[p + dp].

Apart from the p-dependence the only quantities appearing in £ are the
background fluxes and gaugino vev. We can assume that their values have
not altered when breaking supersymmetry. This is a crucial assumption that
is at the core of the KKLT model. In other words the fluxes F? are the
ones of the GKP solution in the background. One could worry about this
assumption since there are two sources for deviations from the GKP solution: 1)
near the anti-D3 branes non-ISD fluxes are sourced whereas the original GKP
construction only allowed for ISD fluxes [184]. But as we emphasised earlier this
is a local backreaction effect, and any extra terms in the Einstein equation that
are otherwise missed in the approximation will only contribute negatively. 2)
Near the 7-branes also non-ISD fluxes are sourced. Even worse, these fluxes are
divergent, similar to what was believed to be the case for anti-D3 branes [222,224]
but later shown not too happen because of brane polarisation [196,197]. In fact
the discussion of anti-D3 flux singularities parallels that of D7 gaugino-induced
flux singularities. Whereas brane polarisation cures the singularities for anti-D3
branes, it was shown in [212] that quartic gaugino-terms, previously ignored,
do the same for D7-branes.

The essence of this paper is the computation of the right hand side of equation
(8.2.2) incorporating the quartic gaugino term of [212] and is outlined in the
next section.

8.3 A subtlety in the semi-classical Einstein equa-
tions

At this point a note of caution is required. While this paper was finalised we
learned of two other papers [231,232] that appeared about the same problem.
Their results differ from ours and the reason is rather straightforward. The
difference relies in how one computes the semi-classical Einstein equation in
10-dimensions:

G = (T). (8.3.1)

Our method relies upon the following procedure. We first compute the form
of the tensor 7}, in 10 dimensions by varying the action with respect to the
10d metric keeping all other fields fived and keep the fermion bilinears arbitrary.
Subsequently we use the 4d gauge theory results for the vevs of the fermion
bilinears to fix the expression of 7},,. Notice that since the 4d vevs of the
fermion bilinears have an explicit dependence on the volume of the compact
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space, there is an implicit dependence on the 10d metric. Hence this procedure
will lead to different result than if one instead first replaces the fermion bilinears
in the 10d action with the 4d vevs and then compute the variation of the action
with respect to the volume. In Section 8.6.2, we demonstrate that this difference
in the order of variations leads to the results of Hamada et al [232]. Note that
our method gives a manifest local description in 10d whereas there seems to
be no ten-dimensional, manifestly local, covariant description in the approach
of [231,232].

The main advantage of the approach followed by [232] is that it seems to directly
reproduces the 4d computation done by KKLT. In this work we prefer to remain
agnostic about the correctness of the 4d result for multiple reasons which we now
explain. First of all the motivation of our paper is to establish (or refute) the
KKLT model from a 10d perspective, before and after uplift. Hence we cannot
assume the 4d EFT as a prior. Alternatively one can regard the spirit of this
work to be a test for the proposal that a 10d derivation of KKLT can be found
using fermion bilinear vevs in 10D as the only relevant extra contribution to
the “GKP" background. Whether semi-classical 10d supergravity with localised
7-brane sources is the appropriate description of the four-dimensional gauge
theory in its confining phase is an open question. In this paper we report our
results assuming that for the sake of determining the vacuum, it is adequate.
Secondly, the precise way in which gaugino condensates couple to gravity is not
understood, even in four dimensions. KKLT makes a proposal to simply sum
the background GVW superpotential with the field theory superpotential. This
is reasonable, but we are not aware of a derivation of this and caveats can be
around the corner. For instance, since gaugino condensation is a consequence
of long-wavelength fluctuations of fields, one expects it to be sensitive to the
background it is supposed to live on. Hence gaugino condensation can look
different in AdS or some other curved space. In other words: how exactly
gaugino condensation couples to gravity can be more complicated than simply
adding it into the supergravity F-term. Furthermore, the classical gravity
background breaks supersymmetry via its fluxes. This means that there is an
explicit SUSY breaking occuring in theory once we incorporate the gravitational
degrees of freedom and hence the assumptions of having SUSY of the off-shell
Lagrangian, required for computing gaugino condensation, is not obvious. In
what follows we lay out the details of the computation of the 4d piece in the
10d Einstein equation (8.3.1). As we will show, our results are not incompatible
with an AdS solution but we are unable to determine a quantitative value for
the vacuum energy that can be compared with the KKLT results. This will be
discussed further in Section 8.6.
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8.4 The four-dimensional cosmological constant

In this section we utilise the approach of [184] to compute the four-dimensional
curvature when compactifying ten-dimensional type IIB supergravity with
fluxes and D7-brane sources with non-vanishing gaugino bilinear. In doing
S0, we assume a maximally symmetric four-dimensional spacetime. The ten-
dimensional metric reads

ds?, = e*4ds? 4+ e 24ds? | (8.4.1)

where ds? is a maximally symmetric on a four-dimensional spacetime, with a
constant curvature scalar Ry. The warp factor A only depends on the coordinates
of the transverse manifold Mg equipped with the metric e 24ds2. Maximal
symmetry demands that the ten-dimensional axion-dilaton 7 and 3-form field
strength G3 only have legs and dependence along Mg. The type IIB 5-form Fj
is self-dual and given by

F5 = (1 —|—*10)d04 s Cy = avoly s (842)

where « is a function on Mg. The inclusion of three-form fluxes induces three-
brane charge that contributes to the tadpole which must be cancelled by the
inclusion of local sources such as O3/07 planes. Taking these ingredients into
account, [184] found a consistency condition demanded by the trace-reversed
Einstein equation that takes the form®

2A
Ng®™ = Ry + ——|G5 |2 + e 54dd~ |2, (8.4.3)
Im T
where
= ta, Gf=o¢12(x+i)G3 . (8.4.4)

This equation can also be derived directly from the type IIB action (together
with O3/07 source terms) upon varying with respect to the warp factor A (see
appendix C). The power of this equation becomes apparent when one integrates
(8.4.3) over Mg. The left-hand-side integrates to zero which implies that the
four-dimensional curvature scalar R, is non-positive. The GKP vacua are the
ones with By = G5 =®~ =0.

4 Note that the four-dimensional metric ds?1 is not in four-dimensional Einstein frame
because the volume modulus has not been properly factored out. This does not cause any
issue with our computation in this section since we assume that all moduli are stabilised by
the gaugino condensate. We will return to this issue when we make an explicit comparison to
KKLT in section 8.5.

5Here Ag®~ = — xg 6 x6 @~ and all inner products of forms are ten-dimensional, i.e.
they include warp factors.
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We now derive the equation corresponding to (8.4.3) when N > 1 D7-branes
are included with non-vanishing fermion bilinear. At this stage we will be
agnostic about the value of the fermion-bilinear, and assume that it will take
some non-vanishing value at low energies where the gauge group condenses. In
the procedure outlined we combine the ten-dimensional type IIB action with
the effective action of D7-branes. The bosonic D7-brane action

Sp7 = 27N z(Im7)"*/|Plg]| + 2N | P[Cq], (8.4.5)
28

does not contribute to (8.4.3) since “it is BPS” with respect to the background.®
One can verify this claim by using the ansatz (F.0.7) and noticing that the warp
factor drops out. Even though the bosonic action does not play an important
role in our discussion, the fermion terms do. Indeed the gauge theory living
on the D7-brane world volume descends to an A/ = 1 gauge theory in four
dimensions with various matter couplings. In particular the eight-dimensional
world-volume fermions give rise to the /' = 1 gaugini in four dimensions.” The
fermionic D7-brane action contains an interaction term beween the gaugino
bilinear AX = tr(A*\s;) and the three-form Gs [211] (see [238] for an early

discussion)
Sferm — Gy 1+Gs-1 =M s 8.4.6
/*10( s I1+Gs-1) , = T o2 (3s).  (8.4.6)

The contribution of the fermionic terms to (8.4.3) turns out to be singular due
to the backreaction of the fermion bilinears on the three-form fluxes [203,210]

G3 ~ (Im7)I , (8.4.7)

where I is the source appearing in (8.4.6) and carries an explicit delta function.
In fact, even the on-shell action is UV divergent due to this singular backreaction.
In [212] it was suggested that the singular backreaction is ultimately a result of
omitting a four-fermion term in the D7-brane action. Currently the four-fermion
terms are not known for the D-brane action and so [212] suggested to fix their
form such that the singularities would be cancelled. The suggestion of [212]
was inspired by a similar problem appearing in Hofava-Witten theory [239-241]
which was resolved by a four-fermion term that appears together with the
M-theory 4-form in a perfect square. This was in direct analogy with a similar
square structure that appears in heterotic supergravity [230,242]. It is therefore
reasonable to assume that the fermionic D7-brane coupling (8.4.6) together with

SBPS is used in a loose form since fluxes can already break supersymmetry of the GKP
background.

"We refer to [203,210] for an explicit map beween the eight-dimensional fermions and the
gaugino.
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the kinetic terms for GG3 should be combined with the four-fermion terms to
form a perfect square [212,230]. Indeed this goes a long way to prevent singular
on-shell action as a result of backreaction the fermion bilinear.

The perfect square replaces the original action for G3 and the fermionic coupling
by

2

S, — —77/*10 |G3 - (IrnT)P(I)|

) , (8.4.8)

The projector P is defined to eliminate the coexact piece of the form it acts on.
It does not affect the G5 equation of motion but is the final piece of the puzzle
to ensure that the on-shell action is regular [212]. Upon expanding the square
the action consists of three terms:

2
S, = —7r/*10 (&*L)ﬂ/*m (Gs-P(I) +Cs .P(I))—w/*10(1m7)|73([)|2 .
(8.4.9)

The first term is the standard bulk term for G3, the second term is the fermionic

action of the D7-brane considered before in [203,210,235], with the exception

that the three-form I is now projected to the set of closed forms. The last term

is the new quartic fermion term. We are now ready to re-derive the equation

(8.4.3) with the D7-brane fermion contribution. The explicit computation is

carried out in appendix C and the result is

22 Im

G317 g6y P + Tp)
(8.4.10)

This expression is exact and despite its appearance is completely regular.® In

order to demonstrate this and further analyse equation (8.4.10) we must now

make simplifying approximations.

NP~ = Ry + e 54|dd~|? + 24 (

First we rewrite the delta function appearing in the source term I in terms of a
Green’s function. Schematically we write

0?G 1

= = 5(s) — — 8.4.11

gz05 O~ g 8.4.11)
where z and z are complex coordinates on the transverse two-cyle and Vs, a
volume factor of that two-cycle, is introduced to make this equation consistent.
We see that the 3-form I ~ §(Xg)2 is not closed and so the role of the projector

8Equation (8.4.10) does have delta-function sources on the right-hand-side but is regular
upon integration. This should be compared to the situation without quartic fermion terms
where even the integrated expression was singular due to 62 terms appearing.
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P in this case is to add terms of the form (9,0,G)Q2 such that the resulting
expression is closed. Explicitly we have [212]

e 44 AN (’9G
VIm 7 1672

where ()5 is the holomorphic two-form on the holomorphic four-cycle. Notice
that we have made a crucial assumption here which we will continue making in
the following. Namely we have assumed that close to the seven-branes where
most of our analysis takes place, we can treat the warp factor as constant.
Furthermore we assume the so-called Sen limit [243] where the stack of 7-branes
consists of an O7 with 4 parallel D7-branes on top, in this case the 7-brane
stack does not source a gradient for 7 and so it can be taken to be a constant.’
These assumptions allow us to determine the backreacted three-forms in the
same spirit as [235]. For notational simplicity we write

P(I) = I8 4 1'%, (8.4.13)

P(I) = 5 Qo+ Q> (8.4.12)

v

where I8 is the exact part of P(I) in (8.4.12) which is also singular, and
I™°& is the harmonic part which is regular. Finally in order to solve for G3 we
assume that the background close to the seven-branes is only slightly perturbed
from the standard GKP background for which ®~ = e*4 — a = 0. By our
previous assumption that ¢*4 is constant, this implies that the Chern-Simons
terms in the action does not enter in the equations of motion for G3. With
these approximations, the solution to the equation of motion for G5 derived
from action eq. (8.4.8) takes a simple form®!°

Gz = (Im7)Isne + GY | (8.4.14)

where GY is harmonic and quantised. We can now evaluate the expression
(8.4.10) which constrains the four-dimensional cosmological constant. Substitut-
ing the solution of the G3 equation of motion (8.4.14), and after some algebra
outlined in appendix C we find

O R C:O - 2 E R GO [reg I [reg 2

90ne could wonder whether in this case the orientifold projection does not eliminate the
backreaction of the gaugino bilinears on the three-forms. We do not address this question
here, but argue that our setup is sufficiently close to the Sen limit such that the gradients of
7 do not enter without eliminating the three-form backreaction altogether.

10Under these assumptions, the Chern-Simons action does not contribute to the G'3 equations
of motion. The details of the fate of the Chern-Simons action in our set-up are discussed
in appendix D. Note that since I°® is harmonic with these assumptions, it can always be
combined with an arbitrary harmonic contribution that can be added to a solution to the
equations of motion to produce another solution to the equations of motion and we denote
the entire harmonic contribution as G’g.
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The equation only contains the background flux GY and the fermion condensate
through the regular part I™&. We notice that all singular terms have been
eliminated from the expression as a result of our approximations. We expect
that more generally the expression (8.4.10) will be regular also when the
approximations are relaxed.

Equation (8.4.15) is the main result of our paper. From it we can extract the
four-dimensional curvature R4. However we notice that as it stands the curvature
is not restricted to be negative for all possible configurations of the fields. In
the next section we discuss a schematic comparison to the four-dimensional
KKLT vacuum before any anti-D3 branes are included.

8.5 Comparing to KKLT

We now compare our results with the four-dimensional effective theory considered
by KKLT [189]. This theory is specified in terms of a Kédhler potential K and
superpotential W, given by

K = —3log(2Im p) — log(2Im ) , W =Wy + A exp(2mip/N) , (8.5.1)

where p is the complex volume modulus, related to the volume of the
internal manifold by Im p ~ V62 /3 and Wy is the constant Gukov-Vafa-Witten
superpotential (after integrating out the complex-structure moduli). In order
to compare our ten-dimensional result (8.4.15) with the effective theory (8.5.1)
we translate two results from the four-dimensional effective field theory back to
ten dimensions. In particular we view the fluxes GY as the ISD ones, before the
inclusion of the non-perturbative effects. Therefore Gy~ vanishes and G - Q
can be related to Wyt

/*G(Gg Q) =W . (8.5.2)
In KKLT the gaugino condensate A\ is related to the non-perturbative effects
appearing in the four-dimensional superpotential (8.5.1). We use the standard
gauge theory expression for the fermion bilinear in the confining vacuum (here
in string units) [244]

272 2mip/N
32m° AT r)h (8.5.3)
N (2Imp)2

(A\) = 16mi 572 9, W = —

where, like KKLT [189] we used that the complex volume modulus p equals
the complex gauge coupling of the four-dimensional gauge theory. We also

1'We would like to thank Pablo Soler for correcting a phase factor convention.
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rescaled with the string coupling as in [232]. We note that A is determined by
the dynamically generated scale of the IR theory and is left unspecified.

We emphasise here that the exponential dependence of the volume modulus
is crucial in the 4d EFT and its off-shell scalar potential. When balanced
with the small flux contribution Wj, this exponential stabilises the Kéhler
modulus at a somewhat large volume and exponentially small values of the
4d scalar potential. The 10d supergravity analysis performed here, where we
opted for a local description of the gaugino condensate, does not reproduce this
exponential behaviour. This is reminiscent from the fact that this procedure
requires to plug in the vev after varying the action with the metric (which only
renders polynomial dependences). Nevertheless we proceed in further rewriting
eq. (8.4.15).12 Using the map between the four-dimensional theory and the
ten-dimensional quantities we find the following result

N — e *Re (WOS\S\(Im p)%) -
*sRe . = , 5.
/ oRe (G5 1) 1672V, /Im 7 (8:5-4)

where we made use of eq. (8.5.2).

More explicitly, we can insert the expression for I**® in (8.4.12) and make use
of the rescalings of R4 and A\ as above to find

3 1 — A\
4+ —-—F—Re (Wp—= | . 8.5.5
4 Vg\/ Im < 016772) ( )

We will also extract the volume dependence out of Vo = Vy(Im p)% so that we
can rewrite eq. (8.5.5) with the explicit volume dependence

9 2

Ry = _722(Im )’

AN
1672

9 2

Rz

A
1672

+ 3 S ! Re <WO>\A2> . (85.6)
4Vy/(Im p)(Im 7) 167

Without further information we are unable to relate the two terms in (8.5.6).
Based on the four-dimensional effective theory, we expect the two terms to be
related to each other on shell but without solving the equations of motion we
are unable to verify this. In particular, this equation does not directly reveal
the sign of the curvature. A negatively curved AdS solution is however certainly

Ry = (Im p)?

12 Tt is important to note the A appearing in equation (8.5.3) is a canonically normalised
gaugino in Einstein frame. As mentioned in footnote 4, the 4d metric must be rescaled
in order to go to proper 4d Einstein frame. This amounts to a rescaling of the metric
g4 — (Im p)~3/2g, which leads to the rescaling of the curvature Ry — (Im p)3/2Ry4. In this
new frame the fermion gaugino term is not canonical and so we must also rescale the gaugino
X — (Im p)?/8X such that AX — (Im p)%/4A\. It also amounts to rescaling Q2 — (Imp)%ﬂ

and A- B — (Im p)_%A - B where A, B are three-forms.
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not ruled out. One way to progress would be to perform the supersymmetry
analysis directly in ten dimensions but this is beyond the scope of our work.
For comparison we give here the EFT value of the curvature obtained from the
four-dimensional KKLT model before anti-D3 branes are included (in Planck
units):

AP

1672
1672

R?KLT = 4VKKLT = —126K|VV|2 = — 3

(Im p)? (8.5.7)

Finally, let us recall that the anti-D3 brane tension contributes only negatively
to R4. An uplifting to dS is supposed to occur through the mediation of gaugino
terms that contribute positively to Ry. Such positive terms can only arise from
the term Re (Gg -1 reg) being non-zero in a supersymmetry breaking vacuum.

8.6 Discussion

8.6.1 Summary and discussion of results

In this paper, we have revised the computations of [210] taking into account
the flux renormalisation mechanism provided by the quartic gaugino term on
D7-branes, as proposed in [245]. We must rely on a number of assumptions
necessary to directly use the techniques of [245], namely constant axion-dilaton,
warping, and Cy-potential, and most importantly we used that the harmonic
3-form flux is the GKP flux. Consistent with the result of [210] we are unable
to establish the sign of the four-dimensional curvature from ten-dimensional
analysis alone. We explicitly showed that within our assumptions the quartic
gaugino terms proposed by [212] are sufficient to regularize the singularities
encountered in [203,210].

A worthwile direction for future research would be to see if one can still obtain
a definite result after when it comes to de Sitter solution using anti-D3 brane
uplift terms. It is tempting to speculate what happens. For that we go back
to equation (8.4.10). Note that this equation was derived without any of the
simplifying approximations and is hence valid in general circumstances. We
have argued that the renormalisation due to the four-fermion term is such that
the only 3-form fluxes appearing in (8.4.10) are the background fluxes, ie those
of the classical GKP solution. This means we can put |G5'~ |2 = 0 since the flux
appearing will be ISD. This is expected to be broken by the gaugino condensate
but the deviations from the ISD background are mostly “self-energy" that has
been removed by the renormalisation procedure. Once anti-branes are added
they will also create some local non-ISD fluxes down the throat. But we will
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neglect these since they anyway come with a negative contribution to R4 and
so will not help in getting de Sitter. The main question then is whether the
only positive contribution to the vacuum energy

/*6 Re(Gs - P(I)) , (8.6.1)

can dominate over the rest. This question seems to be very difficult to answer,
and most likely requires a full solution the entire system of the ten-dimensional
equations of motion which surely is out of reach.

One way to approach this problem is make a precise analysis of the term (8.6.1)
for a supersymmetric configuration. This could be done by analysing the ten-
dimensional supersymmetry variations in presence of the gaugino bilinear. This
is a very interesting exercise which we plan to carry out in the future.

Finally we wish to iterate the statements in [203,210]: to have certainty that
uplifting AdS vacua with small supersymmetry-breaking ingredients does not
lead to runaways instead of meta-stable dS vacua, one should achieve the
following parametric scaling:

m2L? > 1. (8.6.2)

In this equation m? is the mass squared of the lightest modulus in the AdS
vacuum and L the AdS length. Interestingly not a single clear top-down AdS
vacuum in string theory achieves this. The only cases known to us are “stringy-
inspired" like racetrack fine-tuning [246] or non-geometric fluxes [247,248]. It was
conjectured in [221] that racetrack fine-tuning is in the Swampland!'® whereas
reference [210] conjectured this to be true for all vacua obeying (8.6.2). Since the
conjecture of [210] forbidding (8.6.2) is a statement about AdS vacua and not dS
vacua we believe it should be easier to verify than the actual no-dS conjecture
of [160,161,163], and it would count as non-trivial evidence in support of the
no-dS conjecture.

8.6.2 Comparison with recent papers

Simultaneous with the appearance of this work, two other papers appeared
discussing the same problem [231,232]. Reference [232] set out to do similar
computations as done here but came to a different conclusion. We differ from
[232] in the way the energy-momentum tensor in ten dimensions is computed.
This is also discussed in reference [231].

We demonstrate the difference in the language of [232]. There the trace reversed
Einstein equations are computed with variations w.r.t. the volume instead of

13See [249,250] for some criticism on this.
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the warp factor. Below we mention why this choice is important to reach the
results presented in [232]. Concretely, the 4d curvature can be computed by
using the following equation [232]'4:

We only look at the terms in the action involving the gaugino condensate where
we integrated over 6D space:

2

A
5 Wo + c.c.)

1 1
Syy = 27r/*4§ [—S(Imp)z b o

+ ) (!

(8.6.4)
Here we have written the volume dependence coming from the 6D metric
explicitly and ignored the warping dependence.

As we have mentioned, our approach is as follows: we vary the D7 brane action
to obtain its energy-momentum tensor. Subsequently we fill in the vev of the
gaugino condensate (A\), whose value is set by non-perturbative physics. This
is how the semi-classical limit is usually defined: one inserts the quantum vevs
of operators into the classical EM tensor. Following this approach, one finds by
evaluating (8.6.3) and (8.6.3) that the 4d curvature satisfies:

23 \ DY)
+ —(Im7)"2 Re <(Imp)4 =

VsRy = —2(Im p)? :

o3 WO> (8.6.5)

This result agrees with (8.4.15).

However a subtlety arises which relates to the dependence of the gaugino vev
on the gauge coupling (8.5.3). Since the coupling equals the inverse volume
of the 4-cycle wrapped by the D7 branes, a dependence of the vev (A)) on
the ten-dimensional metric is induced. This dependence cannot be understood
classically in four or ten dimensions. One could imagine reversing the order and
plug the metric dependence of the gaugino condensate into the ten-dimensional
action before computing the energy-momentum tensor. This introduces extra
terms due to derivatives on the condensate, i.e. this approach would result in a
4d curvature of the form.

2

1 AN 3 _1 1 5\5\
s 9 | . s (9 A\
A(Imp)% —— | 22| — (Im7)" 2 Imp)i [ ——— 22
+4{Imp) OIm p ‘ 1672 (Im)™* Re (( mp) (8Imp 167r2) W())

(8.6.6)

4We use a different convention for the Einstein-Hilbert action than [232]. This amounts
for a difference of a factor 2 in the RHS of (8.6.3).
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Working with this equation, reference [232] finds a qualitative match with the
four-dimensional KKLT potential and further concludes there is no obstruction
to uplifting to meta-stable dS vacua.

We want to emphasize that that it is not clear how the semi-classical method
really works in this case. In particular, since replacing (A\) with the gaugino
vev effectively eliminates 10d covariance, the method of [232] is sensitive how
exactly the variation of the action is performed so that the result is (8.6.6). A
straightforward method that manifestly respects ten-dimensional covariance is
to have no metric dependence in (A)) at the level of the 10d action.

In a rather different wording reference [231] warned for this sublety and concludes
that perhaps the ten-dimensional approach is not attainable after all. We remain
agnostic about that point but emphasize the following; if a ten-dimensional
viewpoint is to make sense then we want to emphasize the following three
things: 1) Inserting the four-dimensional information about the gauge coupling
dependence into the ten-dimensional action implies one is not following a genuine
ten-dimensional approachafter all. 2) A semi-classical limit should be something
universal. In other words when one couples classical gravity to quantum matter
then the approach is that the quantum vevs are inserted into the classical EM
tensor. The latter tensor is a universal object in the theory and how to compute
the tensor does not depend on the background neither on the quantum effects
of the matter sector. 3) It is not clear to us how ten-dimensional covariance is
preserved in the approach of [232].

This does not imply we disagree with the outcome of the results in [232], but
we want to emphasize our motivations for following the other path and what
the consequences are.

Finally note that, if the second part of reference [231] turns out to be correct,
then dS uplifts are questionable already for a simpler reason related to having
controlled uplifts and throat volumes that fit into the compact CY space.



Chapter 9

Compact G2 holonomy
spaces from SU(3) structures

This chapter is a reprint of [4]. We construct novel classes of compact G2 spaces
from lifting type IIA flux backgrounds with O6 planes. There exists an extension
of ITA Calabi-Yau orientifolds for which some of the D6 branes (required to
solve the RR tadpole) are dissolved in F, fluxes. The backreaction of these
fluxes deforms the Calabi-Yau manifold into a specific class of SU(3)-structure
manifolds. The lift to M-theory again defines compact G2 manifolds, which in
case of toroidal orbifolds are a twisted generalisation of the Joyce construction.
This observation also allows a clear identification of the moduli space of a
warped compactification with fluxes. We provide a few explicit examples, of
which some can be constructed from T-dualising known IIB orientifolds with
fluxes. Finally we discuss supersymmetry breaking in this context and suggest
that the purely geometric picture in M-theory could provide a simpler setting
to address some of the consistency issues of moduli stabilisation and de Sitter
uplifting.

0.1 Introduction

Manifolds with compact G2 holonomy have been discussed before in several
works, most notably the original work of Joyce [177,251] and more recently
many more examples were found by using twisted connected sums [252]. The
reader can consult [178] for a fairly-recent review and [253-255] for some most

137
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recent state-of-the art work on constructing these manifolds and their relation
with various 10-dimensional string theories using dualities. The construction
method presented in this paper is however different.

Before we discuss the actual details of our construction, we present the main
idea underlying our construction. For that we first use the observation of Kachru
and McGreevy [256] that compact G2 spaces obtained from desingularising
certain orbifolds of T7 have a simple IIA dual description in terms of ITA Calabi-
Yau (CY) orientifolds. Compact G2 spaces also admit Type IIA Calabi-Yau
orientifold descriptions where the Calabi-Yau manifold is smooth but the branes
are intersecting [257-259]. In fact, these constructions [257,258] are prototypes
of the intersecting brane constructions of realistic particle physics models, whose
M-theory lift to G2 spaces was discussed in [259]. More generally, one can
discuss Calabi-Yau 3-folds X that allow discrete involution symmetries that
leave special Lagrangian 3-cycles invariant such that they can be promoted to
Calabi-Yau orientifold solutions of ITA string theory. The compactness of the
CY orientifold enforces a RR tadpole condition which implies the addition of
D6 branes wrapping cycles in the same homology class as the O6 planes such
that the total 6-brane charges vanishes. Such manifolds should lift to compact
7-dimensional manifolds Y with G2 holonomy of the form

X x St
Zy
where the involution acts both on the M-theory circle and the Calabi-Yau

X, and the singularities of Y are resolved after the Z, orbifolding. Explicit
realisations of this are discussed in [256].

Y =

(9.1.1)

The main point of our construction is the observation that the IIA background
X can be deformed with fluxes while preserving supersymmetry and the flatness
of the 4D vacuum (Minkowski), in such a way that the lift to 11 dimensions
provides again a compact G2 space. For that to be possible the only allowed
fluxes are the RR two-form flux F5 since any other flux would switch on the
M-theory 4-form destroying the flatness of the 7d compact space. More loosely
speaking one could say that the D6 branes in the Calabi-Yau constructions get
dissolved in F5 fluxes, which then backreact the CY geometry X into a specific
(non-Ricci flat) SU(3)-structure X in such a way that the lift to 11d provides a
Ricci flat compact G2 space Y. Hence the 7d space Y can be seen as a twisted
product (non-trivial fibre product) of a SU(3)-structure X with a circle, where
the twist is such that the 7d geometry Y remains Ricci flat:

- X xSt

V=== (9.1.2)
To our knowledge the first examples of these “generalised Calabi-Yau”
compactifications of ITA on X were found in [260] by T-dualising type IIB
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orientifolds with 3-form fluxes and a general discussion of such solutions appeared
in [176]. An important difference between (9.1.2) and (9.1.1) is that in (9.1.2)
the Zy involution may by construction have less fixed points or even acts freely,
depending on the number of D6-branes. Each singularity introduces degrees of
freedom that can be associated with their resolution. The non-trivial information
about RR two-form flux and (some of the) O6-planes is completely encoded
in the non-trivial fibration of S* over X. This fibration is not unique and in
one-to-one correspondence with the possible set of consistent, supersymmetry-
preserving Fy fluxes one can put over X. In principle this method works for
any BPS combination of sources. For simplicity however we restrict to parallel
D6/06 sources.

In the course of this work we learned that this research direction is not entirely
uncharted, as some initial forays in the case of non-compact G2 spaces can be
found in the references [261-264]. However, to our knowledge, we are the first
to point out how this method allows the construction of new compact spaces
of G2 holonomy, provide an investigation of the resulting moduli spaces, and
suggest how to break supersymmetry.

The phenomenologically interesting properties of our new examples is that the
G2 spaces Y have smaller moduli spaces than their counterparts Y, since in the
IIA picture we obviously stabilise some moduli using the F5 flux on X. However,
concerning interesting matter-couplings, we have co-dimension 4 singularities
that can accommodate non-Abelian gauge groups, but not chiral matter. This
is because in this paper, we consider M-theory lift of ITA backgrounds with
parallel O6/D6 sources. It would be interesting to extend our analysis include
backgrounds with both fluxes and non-parallel sources, like the ones in [265,266]
as in this case the corresponding G2 lifts would have desirable phenomenological
features. However, we will not attempt to do so here because of technical
complications with the supergravity solutions. What we find especially appealing
in our constructions is that our G2 moduli spaces should be identical to the
ITA(IIB) moduli spaces of warped compactifications with flux, after using the
M-ITA duality (and IIB T-duality in cases it is known). The latter is notoriously
complicated [267-269] due to fluxes and the loss of a purely geometric picture.
What we show here is that for a certain set of type II flux vacua a pure geometric
picture in terms of G2 holonomy spaces exists.! This might lead to a deeper
understanding of warped effective field theories.

1See [270] for similar lines of reasoning.
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9.2 SU(3) structures from IIA strings

9.2.1 General discussion

We start from the general metric Ansatz in 10D string frame
ds?y = Wi, datde” + ds? . (9.2.1)

Aside from the metric, the possible non-zero supergravity fields are the 2-
form fieldstrength F5 and the dilaton ® that is allowed to depend on the 6D
coordinates. Supersymmetry of flux backgrounds is best understood using the
pure spinor formulation which we discussed in section 7.2.4. In this context the
pure spinor equations boil down to the following two poly-form equations

d(€2W_¢¢+) = 0,

A 0o_) =2V PaW A D_ — ée:’)w *6 Fo . (9:2.2)

To obtain compactifications to 4d Minkowski space orientifolds are unavoidable.
From here onwards we assume as only sources parallel O6 planes and possibly
D6 branes. Our conventions for SU(3)-structures are spelled out in Appendix
E.

The polyform equations (9.2.2) are solved when:

e?3W = ¢%0 — constant = g, , (9.2.3)
dJ =0, (9.2.4)
de"Qg) =0, (9.2.5)
d(e" Q) = —get™ % Fy. (9.2.6)

The last equation should be interpreted as the one that defines F5 in terms of
the SU(3) structure and the warping. To promote this to a solution of the 10D
EOM, it is sufficient to enforce the Bianchi identity [271]

dF =) Qid; , (9.2.7)

where the right hand side symbolises all localised sources carrying 6-brane
charges. Using the pure spinor equations the Bianchi identity amounts to

d(e*‘*W X6 d(eWQ,)) = 0,3 Qidi. (9.2.8)
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The F; field strength is obtained from (9.2.6) as
gsF2 = —6_4W *6 d(eWQI) . (929)

We can split Fy into the sum of a “background part” and a “sourced part”
Fy = FP + FJ, where the background part is defined as the value of I in the
constant warp factor limit (or smeared limit), that is

FB ~ sgdQgmeared (9.2.10)

The remaining part of F, is accounted by F .

The only non-zero torsion classes for these orientifold solutions with just Fy
flux are Wy and Wj

Wy =ie?FbL . AW = Wy 4+ Ws. (9.2.11)

The computation of the torsion can be found in Appendix G.

From (9.2.11) one can deduce that Ff has to be (1,1) and primitive. This
is indeed the supersymmetry condition on the fluxes in case the orientifold is
smeared and this can be explicitly verified using 4d supergravity.? On the other
hand F5 can have in general (1,1), (2,0) and (0, 2) pieces, but the (1,1) part
has to be primitive.

9.2.2 An example from its type IIB mirror

An explicit ITA flux backgrounds of the above kind was found in [176,260] by
T-dualising three times a simple IIB orientifold with 3-form fluxes. The triple
T-duality is such that the H3 flux is gone and replaced by “‘metric flux" whereas
F3 is T-dualised to F» and the O3/D3 sources are mapped to parallel O6/D6
sources.

Let us follow the example in [176] (see also [260] ) and strip off all details,
such as moduli dependence and flux/charge quantisation, and warping since we
simply want to illustrate the essence. The internal space is T%/Zo with Zy the
orientifold involution. The pure spinors are

e =1 +ie® Ael) A (1 —ie® Ae?) A (L —2ie AeP), (9.2.12)

Q= (e —ie") A (e’ +ie?) A (et 4 2ie) = dzy Adzp Adzs, (9.2.13)

2Note that the standard equations for the 4d supergravity ignore the warping.
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where e! are the Cartesian one-forms dz®. The fluxes are given by

9sGs = gsF3 —iHsz = % [dgl ANdzo Ndzg + dzy NdzZas Ndzs — 2dz1 A dzg A ng] R
(9.2.14)

such that Gz € HZ(T%). Therefore the solution preserves at least N' = 1
supersymmetry. It is possible to show that this solution preserves not more
supersymmetry, but in absence of further orbifolding this vacuum can be
described as an A/ = 1 state in an A/ = 4 gauged supergravity.

A triple T-duality along x4, x5, x¢ gives the nilmanifold defined by the following
Maurer-Cartan equations:

de* = e'?, de® = e'? deb =23, (9.2.15)

whereas e!, % and e are closed (and simply given by da?). The flux and pure

spinors become

Q= (e! +ie®) A (e? —ie®) A (2 — 2ie?), (9.2.16)
J=e'Nel —e?2 Ned -2 net, (9.2.17)
gsFp = —4e3* + e — !0, (9.2.18)

This solution solves the equations of motion with smeared O6 sources. The
solution with localised sources is derived in the Appendix F.

This example of T-dualising O3 backgrounds to O6 backgrounds with just Fy
flux can be generalised, and we give more examples in section 9.4. But the
general picture is rather straightforward: the mirror of the D3/03 sources leads
to D6/06 sources (possibly non-aligned), wrapping torsional cycles (see below).
The mirror of H-flux leads to an SU(3)-structure with torsion. Whereas the
mirror of the F3-flux is the background (non-sourced part of the) Fy flux. The
mirror of the F5 flux is the sourced part of the Fy flux. The mirror of the ISD
condition is then the Hodge duality between the torsion d2; and F>.

9.2.3 Comments on RR tadpoles

Tadpole cancellation conditions are crucial for achieving compactness of the
flux solutions. RR tadpoles are simply the statement that compact spaces allow
no net charges. From a mathematical viewpoint these conditions ensure that
the PDE’s describing the G2 space (after lift to 11D, see next section), allow
solutions describing compact spaces. In practice tadpole cancellation conditions
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may be understood as necessary conditions to have a well-defined solution to the
Bianchi identities of the NSNS and RR fields. In the more familiar case of type
IIB compactifications with O3/D3 sources the tadpole cancellation condition
comes from the Bianchi identity of the RR five-form of type IIB which has the
form?

dﬁ‘g) = H3 AN F3+ 2!1%0 T5 pps (9219)

where pps contains the contributions to the D3-brane charge coming from
various sources in the compactification (that is O3/D3 and/or D7-branes with
magnetic fluxes or wrapping curved 4-cycles).* Given that the internal space
has a non-trivial topology it is necessary to impose some conditions to ensure
that a solution to (9.2.19) exists with a well defined profile for F5. For the case
at hand this is equivalent to asking that the right hand side of the Bianchi
identity (9.2.19) is zero in cohomology, a condition which translates into the
familiar equation

1

10

where Qps is the integral of the D3-brane charge density.

We can now follow this discussion and translate it to type IIA compactifications
with O6/D6 sources, where sources couple magnetically to the RR two form
F, so there is only one Bianchi identity that we need to check. Moreover it is
important to note that in a twisted torus differential forms can be non-closed
even when they have constant coefficients. Let us review that: using the
Maurer-Cartan forms e’ we can express any differential p-form Y with constant
coefficients as

U N (9.2.21)

= p! i1...0p . g

However given that the Maurer-Cartan forms are not closed the differential
form written above is not automatically closed even if the coefficients of the
tensor are. In fact taking the exterior derivative we have®

1
AT = — —— [ Yy,

AP AT A Nt 9.2.22
2(p—1)! ( )

sipo1

3We define Fj, = dCp—1 — H A Cp—3 + me®B where m is the Romans mass.

4We choose the convention of measuring the charge of the orientifold plane in the space
quotientied by the orientifold involution, which leads to the relation Q(Op) = —2P~5Q(Dp).

5The covering space of a twisted torus is a group manifold and in our conventions the
Maurer—Cartan forms on group manifolds obey de® = —% f;kej ek
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In the following we employ a shorthand notation writing the right hand side of
the previous equation as f - T, giving therefore that dY = f - T. Using this we
can easily obtain the Bianchi identity for Fy

dF§ = —f - Ff + 263, Ts ppe , (9.2.23)

where we have split F, in its background FQB and sourced part F‘QS as discussed
below equation (9.2.9). To make a comparison with (9.2.19) we have that under
T-duality F5 maps to F5, F3 maps to F¥ and pps maps to ppg. Again we can
pass this equation and convert it into a tadpole cancellation condition by asking
that the right hand side is a trivial class in cohomology. However it is not
sufficient to ask that the right hand side vanishes in de Rham cohomology (that
is in H3,(X) ~ H3(X,R)) but it is necessary to impose this condition in integer
cohomology (that is in H*(X,Z)). The difference between the two is relevant
for us in the following because in our examples all sources are parallel and wrap
torsional cycles and therefore their contribution to the Bianchi identity would
be invisible in de Rham cohomology. The Poincaré dual II of this homology
class will therefore be a torsion element of H3(X,Z) and we take it to be of
order N, that is [NII] = 0.° Moreover to obtain the tadpole we need to consider
what happens to the term f - 5. However given the way we constructed it,
f -7 is always an exact form, and therefore it disappears when taking (9.2.23)
in cohomology. Putting all of this together we find that the tadpole condition
is [273]

Npg +rN = 2Nog , dreZ. (9.2.24)

The meaning of this equation is that the total charge carried by the sources,
that is the D6-branes and the O6-planes need to be a multiple of N to ensure
that it is trivial in cohomology. This implies that the total charge D6-brane
charge is a well defined object only modulo N, meaning that there can be
different solutions satisfying the RR tadpole condition with different number
of D6-branes. In particular it is possible to have transitions between different
solutions via some domain-wall where N D6-branes dissolve into flux [274,275],”
a phenomenon observed also in GKP solutions for the D3-brane charge. This
seems to give a large freedom in building the solutions, specially given the fact
that the number r is not fixed in (9.2.24). However there is still one piece
missing: while imposing the cancellation of the RR tadpole in the compact
space ensures vanishing of the RR charge, it is necessary to check that the

6Here we used standard Poincaré duality, i.e. HP(M,Z) ~ Hq_,(M,Z) for dim(M) = d.
In addition to this it is sometimes useful to recall that by using the universal coefficient theorem
it is possible to prove that Tor Hp(M,Z) ~ Tor HPT1(M,Z). For the precise statements and
proofs one may look at Chapter 3 of [272].

"Even if these domain-walls are present it may be impossible to nucleate them, for instance
in supersymmetric cases, thus effectively making the number of D6-branes stable.
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tension carried by the fluxes and the sources cancels to find a supersymmetric
solution. This additional constraint fixes the integer r to be the amount of F;
flux present in the compact space [273].

9.3 Lift to G2 compactifications

9.3.1 General discussion

Since the ITA flux vacua of concern feature O6/D6 sources, a non-constant
dilaton, and F5 flux they lift to pure geometry in 11d. The preservation of
minimal supersymmetry further restricts the 7d compactification manifold to
be of G2 holonomy. We now flesh out the details of that, similar to the analysis
done in [261-263].

The 11-dimensional reduction Ansatz to ITA supergravity, in string frame, is
given by

2 4
ds?, = e_gd’dsfo + e§¢(dz + A)?, (9.3.1)

where z runs over the compact M-theory circle: z = (0, 1) and locally F» = dA.
Using equations (9.2.1) and (9.2.3) the 11-dimensional metric (9.3.1) becomes
unwarped:

ds?; = g5 2/3n,, detde” + ds?. (9.3.2)

with ds2 the G2-holonomy metric

ds2 = e72#/3ds2 4 e2/3(dz + A)2. (9.3.3)

The lift of the SU(3)-structure to a G2 structure can be found in various
papers [261,263,264,270] and is completely specified by the G2-invariant 3-form
P8

d=eQr — JA(dz + A), (9.3.4)

We demonstrate the equivalence of the pure spinor equations (9.2.2) with ®’s
closure (d® = 0) and co-closure (d x7 ® = 0) in Appendix H.

Now let us discuss sources. In the case of vanishing two-form flux, each OG6-
plane comes with two D6-branes that cancel its charge. The uplift of this
setup to the seven-dimensional manifold in M-theory naturally corresponds to a
(R3 x S1)/Zs singularity, whose appearance suggests non-Abelian gauge theories.

8The normalisation here is chosen to ensure the usual normalisation ® A x7® = Tdvoly.
This can be easily checked noting that (9.3.3) implies that dvoly = e’4¢/3dvol)~( together
with the usual normalisations éﬂ AQ = %J:; = dvol ;.
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Such singularities can be resolved by introducing new cycles, which correspond
to the degrees of freedom coming from the D6-branes. The resulting M-theory
geometry is known to be a composition of KK-monopoles and Atiyah-Hitchin
spaces [276-280]. In case we have Fy flux the M-theory uplift is not supposed
to introduce such degrees of freedom or any singularities. Moreover, F5 flux
corresponds to a non-trivial fibration before applying the Zs involution on the
M-theory side. For this we have to replace the position of the O6-plane by
a double cover of Atiyah-Hitchin space. Indeed Atiyah-Hitchin space admits
double covers, and we can glue such double covers into the O6-positions. Since
the Zs involution acts freely on that double cover of Atiyah-Hitchin space, no
new singularities and degrees of freedom are introduced. For this construction
to be consistent, we have to ensure that gluing in such a double cover of
Atiyah-Hitchin space is consistent with the non-trivial SU(3) structure obeying
(9.2.6).

Note that this construction of G2 spaces is closely related to the construction
obtained by lifting Calabi-Yau orientifolds in which the 7-dimensional manifold
has a covering space that corresponds to a direct product of a circle with the
Calabi-Yau 3-fold. The essential difference with the construction in this paper
is that the covering space is a non-trivial fibre bundle of a SU(3)-structure
manifold over a circle, with the twists that defines the fibration encoded in the
06 and D6 sources. In the case of the CY orientifold the net twist vanishes
since the net charges in the sources cancel out. In the case at hand this is
not true since the RR tadpole is satisfied by non-trivial flux such that there
is a non-trivial twist of the circle over the base. It then turns out that with a
non-trivial twist of the circle a G2 space can still be defined on the condition
that the SU(3) holonomy gets relaxed into a more general SU(3) structure.

9.3.2 Moduli spaces

In general it is a difficult problem to count the moduli of a warped flux
compactification since the torsion (or non-closure of € and J) complicates
the search for fluctuations that leave the pure spinor equations invariant. On
top of that the metric on moduli space is not well understood. The “on-shell”
expression for this metric contains the warp factor, which itself depends on the
moduli in a complicated way. The study of these issues is known as warped
effective field theory, see for instance [267-269,281]. For now we observe that our
11d picture at least bypasses the warping issue at first sight. It also facilitates
the counting of the moduli since the moduli of G2 compactifications are counted
by the third homology class of the G2 space.

The reduction of the C5 potential over the 3-cycles completes the real moduli
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into complex fields. The complex moduli are then constructed by expanding ®
and C3 in basis of harmonic 3-forms «;

bS
O +iCs =) i’ (9.3.5)

i=1

The moduli space metric, determining the kinetic term for the ¢%’s is then
derivable from the following Kahler potential (see for instance [282]):

1

It is instructive to write the Kéahler potential in terms of IIA data

1 30 =
K = -3log (127r2> — log (/X e4¢/3J3) —2log <41/5(64WBQAQ) ,

(9.3.7)
where we used (E.0.3) in the last step (see also [237]). Using (9.2.3), it is possible
to trade the dilaton ¢ for the warped factor W and obtain an expression for the
Kéhler potential which is consistent with the ones suggested in warped effective
field theory, that is ©

—4/3 .
s _ 3 _ =
K =-3log (9127r2> —1og</Xe 4WJ3> — 2log (42/)26 4WQ/\Q>.

(9.3.8)

Closed string sector

We first ignore the presence of D6 branes and their associated moduli. This
can be achieved by solving the tadpole condition purely with fluxes canceling
orientifold charges. We will discuss the effect of D6 branes in the next section.

Using the fibre bundle structure, the most general Ansatz for o can be written
as
o' =L+ 2L (dz + Ay), (9.3.9)

where Y5 and X3 are forms on the 6D base X. Note that the «; must be even
under the Zy action present in the 7d construction (9.1.2). Since dz + A4; is odd

9For instance, by redefining ® — g§/3¢’ we find that (9.3.8) matches 3.38 in [237], where
Z ~ e'@e’ for a generic phase a. We do not care about numerical factors here, since they can
be further accommodated by redefinitions of ® here or Z there. Moreover, in the unwarped
limit W — 0, (9.3.8) matches (again, up to some numerical factors) eq. 3.48 in [283], which
has to be slightly modified by assuming our normalisation (E.0.3).



148 COMPACT G2 HOLONOMY SPACES FROM SU(3) STRUCTURES

we have that X% is even and X} is odd. Closure of o' implies
d¥i =-S5 AFy, and d¥i=0. (9.3.10)

For practical purposes it is easier to phrase the moduli problem in terms
of cohomology. The equivalence relation that defines equivalence classes in
cohomology consistent with (9.3.10) are

YE~Xi4dN, - XA R, and Xh ~ X4 4 dAE, (9.3.11)

for any pair of one- and two-forms A; and Ay. From (9.3.10) we see in particular
that all even harmonic 3-forms on X provide moduli of the G2 space. It is not
difficult to see that in case a mirror IIB flux solutions exists, the Kdhler moduli
of the IIB (conformal) Calabi-Yau space map to the moduli defined by these
harmonic 3-forms on the SU(3)-structure base.

We interpret the first equation in (9.3.10) as a differential equation for X3: If
for a given X5 we can integrate equation (9.3.10) to find a X3 then we have
found a G2 modulus. For generic F» flux one expects this not to be possible.'?
This is of course a manifestation of moduli-stabilisation due to fluxes and this
lift of moduli is T-dual to the lift of complex structure moduli. Similar to the
IIB solution it is of course possible that not all such moduli are lifted.

Aside the chiral field moduli that are counted by bs3(Y'), there can be vector
multiplet moduli and they are counted by by(Y). To compute by(Y) in terms of
data coming from the SU(3)-structure base and data from the fibration (encoded
in Fy) is completely analogues to the method we used for computing bs(Y).

Any even two-form v* can be decomposed as
Y =0G +TUFA(dz + 4y), (9.3.12)

with ¥§ an even two-form on the base and ¥{" an odd one-form on the base. Any
even W§ € H?(X) will lift to an element of H2(Y), but any odd ¥¢ € H'(X)
can only lift to an element of H?(Y) if there exists an even two-form ¥§ such
that

dv§ =V A Fy, and d¥Y =0. (9.3.13)

These forms again satisfy the equivalence relationships
Vs ~ U +drf —k“Fy and ¥ ~ 0¥ 4 dk”, (9.3.14)

for any one-form x¢ and function £*.

190ne can integrate (9.3.10) over a closed 4-surface C4 that contains a closed 2-surface Ca
encapsulating an O6/D6 source, such as C4 = C2 X D3 then fc4 d¥3 =0=—-Qos/Ds fD2 Yo,
if we take Do the cycle Poincaré dual to X2 then the integral on the RHS can be normalised
to +1 such that one indeed finds an obstacle to define 3.
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To summarise, we have found that the moduli space of chiral multiplets of Y
is given by Hz(X) and possibly a subset of Hy(X) if equation (9.3.10) can be
solved. For the sake of phenomenology one is interested in F5 fluxes that do not
allow a solution to (9.?1.10). Analogously, the vector multiplets of the moduli

space is given by Hs(X) and possibly a subset of Hy(X) if equation (9.3.13)
can be solved.

Open string sector

The discussion so far allows us to neatly identify the geometric moduli of type ITA
models. However this cannot be the whole story for in generic compactifications
there will be additional moduli coming from the open string sector, specifically
from D6-branes. Since the fibre becomes singular at the position of D6 sources,
we cannot simply use the formalism above to count open string moduli and one
should be more careful. We have decided not to present a detailed analysis of
this since it would obscure the main point of this paper. Furthermore, once
fluxes are present one can eliminate open string modes by tuning the amount
of flux appropriately. We therefore settle with a brief qualitative discussion.

Two kind of sources will play a role in the following: the first is the Atiyah-Hitchin
manifold and the second is the Taub-NUT manifold. It is well known that these
two manifolds are uplifts of sources appearing in type ITA, specifically at weak
coupling the former becomes an O6-plane and the latter a D6-brane [276-280].
The presence of these objects will distort the six-dimensional geometry and
have an impact on the cohomology of the 7-manifold that we are considering.

In type ITA the open string moduli can still be accommodated for in a simple
way as long as we only deal with non-intersecting D6 branes, as is the case
here. To preserve supersymmetry all sources need to wrap calibrated cycles,
and the calibration condition for 3-cycles in Calabi-Yau threefolds gives special
Lagrangian cycles [284]. The Lagrangian condition amounts to asking that the
pullback of the symplectic two form J is zero on the cycles, that is

*(J) =0, (9.3.15)

where 1 is the embedding of the brane locus S into X, and ¢* is the corresponding
pullback to S. While in principle for generic sources this condition might lead
to stabilisation of some of the Kahler moduli [285] it is always automatically
satisfied if all sources are parallel because of the parity of J under the orientifold
involution. The degrees of freedom on the brane are deformations of S, given
by sections in the normal bundle of S, and the worldvolume gauge field A;.
On special-Lagrangian cycles J defines a map from the normal bundle to the
cotangent bundle, mapping a vector field £ to +*(J(&,-)) [284]. This one-form
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combines with A; into a complex field that describes the open string moduli.
This completes the story for open string moduli if all sources are parallel because
further stabilisation mechanism [285] are absent for the same reason as above.
While we recalled the calibration condition for the case of branes in Calabi-Yau
manifolds it is actually possible to generalise this discussion to the case of
manifolds with SU(3) structure that are our case of study. In particular in a
supersymmetric background the forms J and e~ Qp are still closed and can be
used to calibrate the cycle similarly to the Calabi-Yau case [286-288]. Finally
one may additionally study the supersymmetric deformations of the calibrated
cycles and find that the picture described above does not change when the
background geometry is not Calabi-Yau [289].

Now let us understand the counting of open string moduli for Y. The locus S
will be the location of Taub-NUT centres in Y, i.e. the locus where the fibre
circle degenerates. We can see that (9.3.9) only remains well-defined in the
presence of D6-branes if 35 vanishes on S. With parallel sources all forms ¥,
odd under the orientifold involution satisfy this criterion and therefore lift to
well defined 3-forms in Y. Let us now discuss one-cycles on S. If that one-cycle
is trivial in X, it is the boundary of a two-chain in the orientifold. The M-theory
circle just pinches off at the position of the D6 so that the two-chain times the
circle fibration gives a closed three-cycle. The size of this cycle controls the
position of the D6 in M-theory. The Wilson line of C5 on this cycle gives the
Wilson line degree of freedom on the brane. Thus, it gives a complex modulus
of the G2 compactification. If the one-cycle on S is not trivial in X, it won’t
give rise to a two-chain in X, and it does not lead to a non-trivial three-cycle
in Y, therefore not adding moduli. Thus, we find that

H3(Y)=H¥X); ® HE (X)_, (9.3.16)
where R ~
H} (X) = {2y € H*(X) | 82 A F, is exact} . (9.3.17)

We therefore find agreement between the type IIA and M-theory counting of
moduli.

9.4 Examples

In what follows we provide explicit examples. We start by treating one example
in detail, including a study of its moduli space, and then we describe a
generalisation of this example as a proof of principle that various examples
can be found. However, in our generalisation we simply content ourselves
with demonstrating the existence, rather than providing a full discussion about



EXAMPLES 151

features of the models, like moduli spaces, tadpoles et cetera. We proceed by
working in the ITA frame and give explicit examples of the supersymmetric
Minkowski vacua with just F, flux and parallel O6/D6 sources since the lift to
the G2 manifold was described in detail above.

9.4.1 A simple example without flux

Consider a 6-torus with Cartesian coordinates z¢, taking values in the interval
[0, 1[. We assume the following orientifold action:

U(:C) = (*Il,*I2,7I3,I4,‘T5’I6), (941)

We have 8 O6 planes along directions xz%, a = 4,5,6, and localised in the
xt, 2% 23, In order to find genuine N = 1 supersymmetry (off-shell) we need
to further orbifold. The difficulty of adding orbifold involutions is that one
typically creates multiple intersecting images of the O6 planes. But as we
argued, we do not have a full supergravity description of those and we therefore
should make sure the orbifold images create no further intersecting O6 planes.

The following Z3 actions
01(z) = (—at, =22 2 2* +1/2, —2°, —2% + 1/2), (9.4.2)
Oy(x) = (xt, —2?, —a3, —a*, —2® +1/2,25 +1/2), (9.4.3)

do the job since each O6 plane is mapped into itself. The resulting space is
not an actual orbifold since the discrete symmetries have no fixed points. As a
consequence one can show that the holonomy group is not the full SU(3) but a
restricted Z3 subgroup.

We now follow the method of Kachru-McGreevy to uplift the CY orientifold
without fluxes [256] and find the moduli spectrum. This means we add 16 D6
branes to cancel the tadpole. We can straightforwardly uplift this setup to a
Joyce manifold of type T7/Z3, where the Z3 orbifold is generated by

a(z) = (01(2),27), B(z) = (©2(x),27), v(z) = (o(x), —2z"). (9.4.4)

with 27 the coordinate on the M-theory circle. Note that the resulting 7d space
does not have full G2 holonomy but rather a restricted SU(2) x Z3. This is
a consequence of the freely-acting Z3 involutions (9.4.2, 9.4.3). If we lift the
6-torus with the O6 involution (9.4.1) and blow up the resulting 7d orbifold we
obtain K3 x T3. If we then add the first Zy involution (9.4.2) it is freely acting
on T? and is Enriques involution on K3. This effectively lifts to the Enriques
CY xS* [290]. The second Zs involution (9.4.3) then ensures one ends up with
a G2 manifold in 11d but with restricted holonomy SU(2) x Z3.
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We now compute the spectrum from a 10d and an 11d viewpoint. In 10d,
we have to compute the untwisted cohomology first. Then, additional two-
/three-forms may appear from resolution of singularities. In this case, however,
the orbifold has no fixed points, so there are no singularities and therefore no
additional forms. Finally, we have to consider the open string spectrum given
by D6’s.

Out of all forms on T, there are no one-forms that are invariant under (91, ©5).
The invariant forms are 3 two-forms (dz'®,dz?, dz*), and 8 three-forms!!.
Therefore, we have h*! = 3, h1! = 3, corresponding respectively to 4 (h*! + 1)
N = 2 hypermultiplets (considering the dilaton), and 3 N' = 2 vector multiplets.
By taking into account the orientifold action, we get a &' = 1 theory, and all
4 hypermultiplets become chiral multiplets, while the vector multiplets split
following the behaviour of the (1,1)-forms under . We only have untwisted 2-
forms, and these are o-odd, giving thus other 3 chiral multiplets. The (untwisted)
cohomology therefore accounts for 7 chiral multiplets. The 16 D6 branes needed
for tadpole cancellation provide 16 vector multiplets and 48 chiral multiplets.
Summing up, the final spectrum is given by 16 vector multiplets and 55 chiral
multiplets.

In 11d, we expect to find the same A = 1 spectrum solely from untwisted
and twisted cohomology of T7/Z3. There are no one- nor two-forms of T7
which are invariant under («,,v). The only invariant forms are 7 three-
forms (dz'?4, do!3% d2*%6, do?63 d2'%7, do?°7, d2?47). Therefore, the untwisted
cohomology yields to 7 chiral multiplets, as in 10d. The spectrum from
singularity resolution must then match the open string spectrum found in 10d.
For that we have to count the 2-/3-forms from singularity resolution. Elements
a, B, ab, avy, By, afvy have no fixed points, and the only element having fixed
points is 7. Its fixed points are 16 T3’s, parallel and along 456, and these are
all distinct from each other under the action of the remaining elements of the
orbifold. The local form of the singularities at the fixed T3’s is R*/Zy x T3,
and resolving each of these as in [256,291] yields a two-form and 3 three-forms.

Eventually, we have bs = 16 vector multiplets and b3 = 55 chiral multiplets, as
in 10d.

9.4.2 With fluxes

We expect that the presence of fluxes stabilises some moduli, so that the
spectrum gets reduced. A way of thinking is via mirror symmetry: we know
that the (supersymmetric) IIB dual model is of DRS (GKP) type [183] ( [184]),
where fluxes stabilise complex structure moduli. Since complex structure moduli

HThese three-forms are: dz!23, dz124,dz13%, da145, da356 dz456, 42236, 42246,
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are dual to ITA Kéhler moduli, we expect some of the latter to be lifted by Fs.
Also, due to fluxes, the tadpole cancellation is now satisfied with fewer D6’s
than in the fluxless case, so that the open string spectrum is reduced too.

We operate the moduli counting following the generic discussion developed
above, see (9.3.10). For simplicity we assume F5 is such that the tadpole
cancellation is satisfied in absence of D6’s. We twist the torus using the
following Maurer-Cartan forms, i.e. with'2

e* = da* + Nz'da?, (9.4.5)
e’ =da® + Nz'da?, (9.4.6)
e = da® + Na2da?, (9.4.7)

and e = dz? with ¢ = 1,2,3. The geometric flux N is quantised as N € Z since
our coordinates run from 0 to 1. One can check that this nilmanifold algebra is
consistent under the orbifold and orientifold actions, since

O1(e) = (—e!, —e? e’ ¢!, =€, —¢%), (9.4.8)
92(6) = (615 762a 7637 7647 765, 66) ) (949)
0(6) = (_ela_e27_635647e5766) 5 (9410)

consistent with the Maurer—Cartan relations. Again, we have 8 O6’s, along
directions a = 4,5, 6, each one mapped into itself by the orbifold action. On a
nilmanifold the cohomology can be computed by restricting to the left-invariant
cohomology and one can then verify that the only non-trivial cohomology groups
are [273]

H*(T%/7%,72) =72, (9.4.11)

H3(T%/72,2) =75 x Zy , (9.4.12)

with Zx representing the torsion piece. More explicitly, the closed and non-
exact 2-forms surviving the orbifolding are v; = ' 4 €2° and vy = €6 — €34,
while the closed and non-exact 3-forms are e!24, €135 145 236 246 356 (and
the torsion factor is given by €23, since Ne'?? is exact). A solution to the
supersymmetry equations, consistent with the orbifolding, is given by:

J=e'% — e —2e3 = 2y — vy, (9.4.13)
gsFy = N[ — &' &% —46%] (9.4.14)
g F5 = eV xgde W, (9.4.15)

12Notice here e correspond to &2 in [176].
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where the warp factor is sourced by O6’s only. We have split the F5 field strength
into a background and a sourced part as discussed around equation (9.2.9).
As we discussed, given the Kihler deformations 6.J = t*w,, with w, € H?(X)
(a = 1,2), the Kéhler modulus t* remains massless if there exists a 7, € 2%(X)
such that

dve = we A Fs . (9.4.16)

Otherwise, the modulus is lifted. Let us take only F2, since one can show
that vy A Fy ~ dle™3" (€923 + 1)), vg A FY ~ d[e™3W (€523 — *12)]. In other
words, the backreaction has no effect on stabilising closed string moduli. We
find that only w; = 2vs — v; = J does satisfy the equation, with trivial 3-
form, ;1 = 0. The corresponding modulus, t7, is not stabilised by F5. Not
surprisingly, this follows directly from primitivity condition J A F? = 0. On
the other hand, we cannot find any other 3-form satisfying the equation for any
choice of wy € H? (5( ), meaning to is lifted. Without loss of generality, we take
wg = vy. One can check that this is indeed the correct scenario by computing
the superpotential (off-shell quantity, here J = t%w,):

WE/ JQAFQBthf wi ANFP ~ 12 (9.4.17)
X X

where, due to primitivity wy A Ff = 0, t; disappeared. So in total we find
7 chiral multiplets in our moduli space. Concerning the vector multiplets we
potentially pick up a multiplet from the first cohomology class of the base X.
But the way we orbifolded the twisted torus base, does not allow non-trivial
one-cycles and we therefore remain with two vector multiplets.

9.4.3 A class of examples

We now describe a generalisation of the previous example but not in the same
amount of detail. We do not discuss the moduli spaces, flux quantisation or the
tadpole condition, but it can be done following the steps outlined in the above
example.

We start again from groupmanifold covering spaces which are further orbifolded
and orientifolded such that we obtain N' = 1 (off-shell) supersymmetry. In the
covering space we can then rely on the existence of a global co-frame build from
the Maurer-Cartan forms e’ with i = 1,...,6, obeying

de’ = =3 f' el Ne, (9.4.18)

with f traceless Lie algebra structure constants. To classify solutions that
cannot be related by simple relabelling, or coordinate transformations, one
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needs to fix a basis for the structure constants. For that we follow the strategy
outlined in [292]: one first fixes the Zy orientifold and the orbifold group and
then consider the possible Lie algebras consistent with the orientifold and
orbifold group. Like in our previous example the O6 plane involution R is fixed
as follows:

R: (et e? e et ed ef) — (—el, —627—63,64765,€6> , (9.4.19)
and the Zy X Zs orbifold action ©1,©4 are:

O1: (el e?,e3 e e, e%) — (—el, —e?,e3,et, —e®, —eb), (9.4.20)

Oy : (er,e?,e? e e, e%) — (ef, —e?, —e3, —e*, —e® ef), (9.4.21)

Both sides of (9.4.18) must transform in the same way under the orbifold and
orientifold. Demanding this sets all structure constants to zero except those
gathered in the matrix

5:311 fz46 —ficss —f§41
r= _f612 f162 _Ji 56 _g 510 - (9.4.22)
—f%2 faz [fas o [ha

To obtain an interesting solution, at least one of the structure constants must
be nonzero. Imposing f%; # 0 and demanding that the structure constants
obey the Jacobi identities restricts them to one of three possible classes '3

[ o 5f 549; —4f 26?2, " 2%1
JAPTYIST VSTV o f
Class A: 7= |2 4653]612 . }25%163 ?531122 , (9.4.23)
7f6 f546f 32 f 63f 32 7f632f 41
- 32 f531 f531 f531
[ 5 00 —f%
Class B: r= |—f%, 0 0 —f%, |,
0 0 0 0

[f% 0 0 0
ClassC: r=| 0 0 0 —f3%
0 0 fhi 0

We can now look at the way the conditions on J and €2 constrain our
groupmanifold. To perform the classification of possible groupmanifolds, we

13 This classification corrects a mistake in [292] where an extra class was found, labeled C,
because a number of additional structure constants were erroneously not set to zero for that
class C. Doing so makes that class equal to class B of this paper, after relabelling.
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work in the smeared limit where the warp factors are set to constant. They can
eventually be inserted for the case one wishes to study more closely after the
classification has been completed. Because J and 2 must be odd under the
orientifold and invariant under the orbifold, their form is restricted to

J = k'eP? 4 k%e? + k3eb (9.4.24)
O = F1e32 + Fpe®®? 4 Fye®0 4 Frett, (9.4.25)

One sees that (9.2.5) is immediately satisfied and 2z imposes no constraints on
the algebra of our groupmanifold. It is still possible that 2; imposes constraints
on the groupmanifold algebra via (9.2.6). However, rather than seeing this
equation as a constraint on the groupmanifold, we can see it as telling us to
which background value we should set F» to realise the groupmanifold we choose.
This still leaves us with the constraints on the structure constants imposed by
J via (9.2.4). For class A, we find

546 [k1f531 - k2f412 + k3f632] =0,

ki f% 4 kafhy — ks f% =0,

(9.4.26)
263 [k1f531 - k2f412 - k3f632] =0,
o [k1f531 + ka4 + k3f632] =0,
must be satisfied, while for class B we get
kifos +kafh =0,
(9.4.27)

k1f241 - k‘2f351 =0,

with all structure constants not appearing in these equations being required to
be zero. The constraints on class C do not allow nontrivial solutions. In the
end we find four possible types of group manifolds covering spaces, shown in
table 9.1, and manifolds obtained from these by the simultaneous exchange of
the axes 4 <> 6 and 1 < 3

Relationships between the structure constants and the factors k% of .J are
determined by either (9.4.26) or (9.4.27). All these algebras can be implemented
by compact manifolds as discussed for instance in in the classification of [176],
where they are referred to as n4.6, n3.5, s3.3 and s2.5 respectively'4.

If we wish to make sure that no intersecting O-planes appear, we must make
sure that ©; and ©5 do not create any additional O-planes. So far, we have

14 Strictly, our solvmanifolds are of a larger class that contain s3.3 and s2.5 within them
and compactness has only been fully established for s3.3 and a subset of 2.5 [176].
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Type Nonzero {’s
Nilmanifold f 513a f 412
Nilmanifold f 51 3, f 412, / 632
Solvmanifold 513, f 2637 f 632
Solvmanifold f513, f3517 f4127 f241

Table 9.1: Groupmanifolds satisfying the constraints imposed on our class of
examples.

only discussed how ©; and ©, act on the Maurer-Cartan forms and we still
have some freedom in choosing how they act on the coordinates, so long as
this does not alter how they act on the Mauer-Cartan forms. By making sure
01, ©2 and all other involutions except for R are freely acting on at least one
direction by making them act as x; — x; + 1/2, we ensure they do not create
additional O-planes. This is straightforward to implement for the nilmanifolds
as demonstrated for a specific case in section 9.4.1. However, we were unable to
do this for the solvmanifolds. The problem is that if e.g.

e’ = da® + 23dxt (9.4.28)
then a shift of 3 does not leave €° invariant; making it disallowed. Due to
restrictions like this, it is impossible to implement enough shifts to make all the
required involutions freely acting.

In conclusion, we find two types of nilmanifolds and two types of solvmanifolds
that are compatible with our demands, which can be seen in table 9.1. However,
we could not find a way to avoid the appearance of intersecting O-planes for
the solvmanifolds. The presence of intersecting O-planes may be problematic.
The remaining set of examples is a handful since one has some freedom to take
an integer choice of metric flux and F» flux to cancel the RR tadpole for 8 O6
planes. Allowing D6 branes as well, the size of this set enlarges from order 10
to roughly order 100.

9.5 Comments on supersymmetry breaking

9.5.1 SUSY-breaking fluxes and G2 structures

There is a rather straightforward way to break supersymmetry of the ITA flux
backgrounds and maintain reasonable control. The inspiration comes from the
supersymmetry-breaking on the mirror IIB side that occurs whenever fluxes are
imaginary self-dual (ISD) but with certain components that are not (2,1) and
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primitive [184]. There exist simple solutions of that kind that can be T-dualised
to ITA Minkowski solutions with just F5 flux. The simplest example is perhaps
the following.

Consider (an orbifold of) the 6-torus with coordinates y!,...,y%. Assume the
following form of the ISD flux:
Fy= fdy* Ady® Ady®, Hs = e® % F. (9.5.1)

This solution is such that the ISD three-form flux on the six torus has a
(0,3) component [293] and hence breaks SUSY. If we now T-dualise 3 times
along y!,4°,y® we obtain the following ITA twisted torus background (ignoring
warping)

ds® = dsi + (dy®)* + (dy°)? + (e')® + (dy*)* + (dy°)* + (dy")?,  (9.5.2)

Fy = —fdy* nel, (9.5.3)
where the one-form e! is twisted as follows:
et = dy' + fyge®dy®. (9.5.4)

The O6 stretches along the T-duality directions e',4® and y% such that its
Zs involution on the internal space works as y>3*4 — —y?34. Depending on
the choice of lattice on the resulting Nilmanifold this action has a number of
invariant 3-dimensional subspaces such that the number of O6 planes is fixed
and so is the total tension Tg. The number f can be called metric flux and
relates to the O6 tension Tg as follows

Ts = f2e % . (9.5.5)

If this solution is lifted to 11d, one obtains again a solution to the 11D Einstein
equations with an unwarped 4D Minkowski piece and a flat compact 7d internal
manifold. Since supersymmetry is not preserved it cannot have G2 holonomy.
Instead it is not difficult to argue one obtains a Ricci-flat G2 structure. So
the IIB method for breaking supersymmetry and lifting some moduli by fluxes
has turned into a purely geometric picture in which G2 holonomy manifolds
are altered into Ricci-flat G2 structures that break supersymmetry and with
typically less moduli than their G2 holonomy counterparts'®.

9.5.2 A non-homogenous extension of the Scherk-Schwarz
mechanism

We want to emphasise that this is a very close cousin of the mechanism found
by Scherk and Schwarz (SS) to stabilise part of the torus moduli in 10- or 11-

15This is not unrelated to the ideas presented in [294,295].
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dimensional supergravity and break supersymmetry [296,297]. This is achieved
by dimensionally reducing over a twisted torus with a flat metric. The deviations
away from the flat metric are massive and together with the massless moduli
the degrees of freedom are captured by a gauged supergravity of the no-scale
type that has a Minkowski vacuum with all supersymmetry broken. To be more
precise, the breaking of supersymmetry and the lifting of torus moduli depends
in a subtle way on the quantisation rules for the structure constants [294, 298]
invisible in the gauged supergravity description. The gauged supergravity itself
has the same amount of supersymmetry as the higher-dimensional theory one
starts off with.

If one compares the SS mechanism with the more modern approach to moduli
stabilisation and supersymmetry-breaking that uses fluxes and orientifolds there
are some advantages and disadvantages. An advantage is that we do not have to
rely on singular objects that source warping effects whose effective field theory
description is more challenging to work out. One is furthermore not constrained
by tadpole conditions that bound the size of fluxes since the ‘metric fluxes’ in
SS compactifications can be taken to be arbitrarily large (aside the quantisation
subtleties previously mentioned). A disadvantage is that SS compactifications
of 10/11-dimensional supergravity lead to maximal or half-maximal gauged
supergravity descriptions where supersymmetry is broken spontaneously. This is
related to the fact that twisted tori are locally homogeneous, which furthermore
also strongly restricts the number of examples or ‘metric fluxes’ that can lead to
flat metrics. In fact they can easily be classified into a handful of examples [298].

Our picture connects the SS mechanism for moduli stabilisation with that of
orientifolds and fluxes by demonstrating that there exists a T-duality frame
(ITA with O6 planes and F; fluxes) in which the orientifold lifts to a generalised
Scherk—Schwarz space, which differs from the twisted tori by being locally
non-homogeneous in 11d. The breaking of supersymmetry in the ITA side can
be understood as a T-dual of supersymmetry breaking ISD three-form fluxes in
IIB. This demonstrates that there exists a class of supersymmetry-breaking flat
manifolds that lead to classical Minkowski vacua beyond the purely homogenous
examples of Scherk and Schwarz.

9.5.3 Non-perturbative quantum effects and uplifting?

Finally we want to comment further on moduli-stabilisation. The mirror (and
11D lift) of the Kéhler moduli in IIB remain massless at the classical level.
Hence one could speculate on (quantum)-corrections to the 11D supergravity
action that can further stabilise those. In the ITA frame some mechanism has
been suggested in [299] that is supposed to mirror the Large Volume Scenario
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(LVS) [213] in IIB. Here we briefly discuss possible ITA mirror of KKLT [189]
and its M-theory lift. We hope that the geometric picture in M-theory could
potentially elucidate some of the questions raised about the consistency of
moduli stabilisation [194].

The natural quantum effects to consider are Fuclidean D2 branes wrapping
calibrated cycles in the ITA frame or gaugino condensation on the reduced 7D
YM theory living on wrapped D6 branes. These quantum effects can potentially
lift the massless modes and turn the non-SUSY Minkowski vacuum into a SUSY
AdS vacuum. We expect that, in the 11D picture, these two effects are either
corresponding to Euclidean M2 branes or to localised gravitino condensation in
the Ricci-flat G2 structure. It would be interesting to study this in some depth.

Then one can further speculate about possible uplift sources that break
supersymmetry of the resulting AdS vacuum. The natural candidates are
the mirrors to anti-D3 branes, which are anti-D6 branes [299]. For them to be
consistent one should be able to redshift their tensions through local throats
which should be mirrors to the Klebanov-Strassler throats. They have been
reported to exist in [263]. This uplift method, from a 11d viewpoint is entirely
geometrical since the anti-D6 branes lift to local anti-Taub-NUT spaces. We
therefore suspect that the consistency of anti-D3 uplifting to dS [203,210] can
be more easily analysed in this framework since most of the complicated flux
terms in these computations can all be reshuffled into the 11d curvature term.
We hope to come back to this in the future.

9.6 Discussion

In this paper we have argued that a class of supersymmetric IIA flux compacti-
fications to 4d N' = 1 Minkowski vacua are in one-to-one correspondence with
compactifications of 11-dimensional supergravity on new G2 spaces. The ITA
flux compactifications for which this works are constrained by demanding that
the only sources are O6 planes and D6 branes and the only fluxes are RR Fb
fluxes. Under these conditions the uplift to 11 dimensions is guaranteed to
be completely geometrical, in other words ITA vacua then lift to unwarped 4d
Minkowski space times a 7d Ricci flat geometry. The requirement of minimal
supersymmetry then further constrains the 7d geometries to have G2 holonomy.

It was well-known that in the fluxless limit the ITA orientifolds lift to G2 spaces
and in the case of toroidal orientifolds there seems to be a nice connection
with the Joyce class [256]. Here we point out that the general structure of
the supersymmetric compactifications of ITA with the specified restrictions
are sufficiently well-understood in general terms [174,176] in order to analyse
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the uplift to 11d. Especially in the case where the sources are all parallel to
each other, the resulting geometries are under control since it is known how
to describe the sources in a localised manner. The geometries are specific
SU(3)-structure manifolds which we denoted X. The non-Calabi-Yau nature of
X is a consequence of the Fy flux backreaction. The F, flux has furthermore a
non-trivial interplay with the topology such that the RR tadpole can be satisfied
without having to cancel all O6 charges with D6 charges [273]. The uplifted
geometry, denoted Y, is then a twisted circle fibration of X modded out by the
Zs action of the O6 planes (9.1.2):

- X xSt

Y=——. 9.6.1
- (0:6.1)

The CY limit (obtained by cancelling all O6 charges with D6 charges) leaves no

room for non-trivial F5 fluxes and we obtain an untwisted circle fibration.

We have given a general discussion of moduli counting both in ITA and in
11-dimensional supergravity and argued that the moduli counting matches. For
the sake of being explicit and as a proof of existence we have presented a handful
of examples by finding explicit SU(3)-structures based on orbifolds of twisted
tori. The minor drawback of that approach is that the resulting holonomy is not
the full G2 group but a non-trivial subgroup thereof. We expect that the recent
developments in constructing non-trivial SU(3)-structures [300,301] should be
very relevant in this context. So if more progress on the construction of explicit
SU(3)-structures is to occur, then our construction implies immediately a new
class of G2 spaces.

Our main interest, however, was not only to enlarge the class of G2
spaces. Instead we consider it very interesting that a class of warped flux
compactifications in ITA, which are mirrors of IIB flux compactifications with
3-form fluxes, are completely geometrised. As a consequence the moduli space
of a warped compactification, which is the topic of warped effective field
theory (WEFT), can be rephrased in terms of ordinary Kaluza-Klein theory
of 11d supergravity on G2 spaces. We hope this will elucidate some of the
difficulties in understanding WEFT, which would be interesting to address in the
future. Finally, we argued that this geometrisation of ITA flux compactifications
should be useful in investigating recent concerns'® about non-perturbative
moduli-stabilisation [194] and the supersymmetry-breaking dS uplifts on top of
it [203,210], which we consider interesting directions for future research.

163ee references [302,303] for complementary viewpoints that refute the concerns.
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Chapter 10

The Landscape and the
Swampland

10.1 The landscape

And since Space is divisible in
infinitum, and Matter is not
necessarily in all places, it may be
also allow’d that God is able to
create Particles of Matter of
several Sizes and Figures, and in
several Proportions to Space, and
perhaps of different Densities and
Forces, and thereby to vary the
Laws of Nature, and make Worlds
of several sorts in several Parts of
the Universe. At least, I see
nothing of Contradiction in all
this.

Isaac Newton, Opticks

The previous part of this thesis provides a nice example of how it is clearly
possible to find a large number of vacua in string theory. It then looks like string
theory does not produce an unique prediction for low energy physics [304-307].
This cornucopia of vacua is known as the landscape of string theory [308].
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To find a low energy EFT that resembles the real world, one must then scan
through the different vacua in the landscape.

This general idea is nicely illustrated in a toy model by Bousso and Polchinski
[306] which we will sketch. Consider a four-dimensional theory with Einstein
gravity and a four-form gauge field. One could imagine this coming for instance
from M-theory. There could also be a bare cosmological constant A which
might be very negative if one starts from an AdS vacuum. The four-dimensional
action is then

S = /d‘*xFLGG <R—2AB)—428F42],(10.1.1)

where Z is a normalization constant. The four-form equation of motion is
0, (v/=gF;""?) = 0, which is is solved by F{"*? = ce"”P? with ¢ a constant
and e*”P? the totally antisymmetric tensor. The F) term in the action then
effectively contributes as a cosmological constant. Once the theory and charges
are quantized, the allowed values of Fy are quantized, Fy = nb with n a natural
number and b the smallest quantum. The cosmological constant A for a solution
to the theory is then

Z°n%p?

5
Now imagine that n is initially very large such that A > Agpserved universe >
0. The universe is then initially in a de Sitter phase and membranes can
spontaneously nucleate through the Brown-Bunster mechanism [309,310]. In
string/M-theory there will be from the four-dimensional perspective 2-branes
charged under the F; flux. The branes are domain walls that fill two of the
three spatial dimensions and the cosmological constant will decrease in the
region between a nucleated brane-antibrane pair'. Such regions will grow in size
due to the de Sitter expansion. Different regions of space will then populate all
different values of A(n) > 0. Most of these values of the cosmological constant
will not viably produce a universe with a large amount of structure and the
possibility for human-like life that comes with this [16]. One needs the spacing
between different cosmological constants |[A(n) —A(n—1)| to be fine enough such
that at least some vacua will have a cosmological constant in the anthropically
viable range.

A(n) = Ap + (10.1.2)

In reality, there are many more properties of the low energy EFT that have
to be fixed besides the cosmological constant, such as the groups and coupling
constants of the gauge theories present. But full string theory also has many
more elements than just an Fy flux. If one element scans the possible EFTs
with a spacing A for some parameter in the EFT and another string theory

IThe nucleation of a region with an increased cosmological constant is also possible, but
its rate is highly suppressed and we will neglect this.



THE SWAMPLAND 167

element scans with a spacing B then combining the two one can scan with
spacing roughly |A — B|. The more elements one introduces, the finer the scan.
One then needs this scan to be fine enough that one expects a few string theory
solutions take the right values for low energy EFT parameters to match what
we measure in the real world. If the KKLT construction that we discussed in
section 7.6 works, it provides the landscape framework with a more detailed
proposed string theory framework to obtain a positive cosmological constant.

One should be careful in interpreting the wavefunction of the universe, especially
in the kind of multiverse that the landscape of string theory produces. Were
one able to compute the true ground state wavefunction of string theory, its
predictions very likely place the universe somewhere deeply inhospitable to
life. But one should not directly query this wavefunction, one should be asking
given all my current knowledge of the world around me as a prior, what is the
probability that we observe X?

The picture we paint here is only a very crude cartoon of the work to scan
the possible string theory vacua. A great deal of work has gone into trying to
understand the landscape of possible string vacua e.g. [311-316].

After the preceding discussion, the reader may be left with the impression that
in string theory anything goes for the low energy EFT. This is not the case,
string theory is constrained in what low energy theories can emerge. Some
constraints are natural already from the low energy EFT perspective. Couplings
and masses in the EFT should be such that the EFT is unitary for energy scales
where the EFT is to be trusted. Other constraints only become clear from a
string theory perspective. We saw in part III that it is not at all straightforward
to achieve scale-separation between the external and compact dimension. It is
then unclear how many genuinely lower-dimensional string theory vacua there
are compared to string vacua that are really ten-dimensional. The possibility of
achieving a positive cosmological constant is even less clear.

10.2 The swampland

If they can get you asking the
wrong questions, they don’t have
to worry about answers.

Thomas Pynchon, Gravity’s
Rainbow

If one wants to understand what low energy EFTs are permitted in string theory,
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an approach one could take would be to scan the entire landscape of string
theory. This task would be gargantuan. More worrying, as we saw in part III
elements involved in constructing phenomenologically interesting string vacua
are not always completely understood. It is unclear how long it will take to
fully grasp them and what the final conclusion on the (non)-existence of some
string vacua will be.

A different route to understanding what low energy EFTs are allowed is to
ask if there exist certain general principles of quantum gravity that forbid a
theory of quantum gravity from being coupled to certain kinds of EFTs. This
approach is known as the swampland program. Low energy EFTs that cannot
be consistently extended to UV complete theory of quantum gravity are said to
lie in the swampland as opposed to the landscape of consistent string vacua.
A great deal of this is reviewed in [317], to which we also refer for refinements
and variants of conjectures discussed here, and extensive bibliography.

Two paths present themselves for finding such a principle of quantum gravity.
One is to look at string vacua one believes to be reliable and search for some
common pattern in the low energy theories of these vacua. The other is to come
up with a heuristic argument why certain EFTs might become inconsistent when
coupled to quantum gravity. One can then conjecture or speculate that some
principle places a certain class of EFTs in the swampland. After this, one can
start looking for string vacua that serve as (counter)examples to the conjecture
or start sharpening the heuristic argument into something approaching a proof.
In this process the conjecture may need to be modified in some way or dropped
entirely. Several swampland conjectures exist. Some have reached a point where
many consider them essentially proven, while others remain very speculative.

Holography provides a great arena to study swampland conjectures as holography
gives access to genuine quantum gravity and allows quantum gravity questions to
be mapped to quantum field theory questions where a greater level of rigor can
be used. The no global symmetries in quantum gravity swampland conjecture
has received what may even be considered a holographic proof [318,319] in the
context of theories to which AdS/CFT applies.

Black holes are natural objects to study in the swampland program. Large black
holes have a small curvature near their horizon and so one expects a low energy
effective description to be valid. Despite this, black holes are quantum objects,
even when considering only their horizon and forgetting about their interior.
The evaporation of black holes is for instance driven by quantum effects.

As an example (and because they will be useful later), let us present two such
conjectures here without argument.

Conjecture 1. FElectric weak gravity conjecture (WGC) [320, 321]
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In a theory of gravity coupled to a U(1) gauge field F in an asymptotically flat
space

d—2 Ra 1 2

S:/d%\/fg [(Mpd) 5 4—ng + .0, (10.2.1)

there must exist a particle with mass m and charge q such that

d—2 .
m<y )5 39(1(Mpd)% , (10.2.2)

The bound eq. (10.2.2) by itself does not constrain low energy EFTs as the
particle obeying it could be very heavy. The strong WGC demands that the
lightest charged particle in the theory obeys eq. (10.2.2) and does constrain low
energy EFTs. As the WGC bound demands that there are particles for which
the gauge field interacts more strongly than gravity, one can think of the WGC
as roughly stating that gravity is the weakest force. This is clearly true when
comparing gravity and electromagnetism in our world.

This bounds is equivalent to demanding that black holes in asymptotically flat
space are able to decay. The metric of an electrically charged nonrotating black
hole in four-dimensional flat space is

ds* = —U(r)dt® + U~ (r)dr? + r2dQ3 (10.2.3)
with

2GN M GnQ?
— + 3
T T

Ur)y=1 , (10.2.4)
where M is the black hole mass and Q2 = ¢g2Q?/4n with @, the physical black
hole charge measured in the gauge theory.

Black holes with GyM? > @Q? are subextremal. They have an outer event
horizon r; and inner event horizon r_. For extremal black holes with
GnM? = Q? the two event horizons coincide. Black holes with G yM? < Q?
are superextremal. They have a naked singularity not screened by an event
horizon and are generally considered unphysical unless it is understood how to
resolve the singularity in a full quantum gravity theory. This is overviewed in
fig. 10.1.

The decay of charged black holes can be thought of as a combination of two
processes. First, there is Hawking radiation, familiar from neutral black holes,
which is has a neutral net charge current and has a thermal spectrum with
with the black hole temperature Tpy = TLT_T%’ . Second, there is the Schwinger
process. As the black hole is electrically charged, it produces an electric field.
An electric field in QFT will produce pairs of oppositely charged particles
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Figure 10.1: The possible charged black holes in flat space.

and send these in opposite directions to discharge itself, this is the Schwinger
process [322]. As a result, the black hole will discharge [323].

Extremal black holes have Ty = 0 and can only decay through Schwinger
radiation. The near-horizon geometry of an extremal black hole is AdSy x S?
as can be seen by specifying our discussion in sections 3.2 and 3.3 to the black
hole case. While de Sitter space causes particle production, AdS can be thought
of as inhibiting particle production inside it. As a result, the Schwinger process
can only take place for particles that obey eq. (10.2.2) in the higher dimensional
Minkowski theory [324]. Demanding that extremal black holes decay then
produces conjecture 1.

In chapter 11 we will develop a swampland conjecture of our own from studying
the decay of charged black holes in de Sitter space.

Conjecture 2. Swampland distance conjecture [325]
Consider a theory of gravity with a moduli space M parametrized by the
expectation values of fields ¢*.

e Starting from any point P in M, there exists an infinite distance direction
in the moduli space such that if we send Q@ € M in this direction, d(P, Q) —
oo. Here d is the distance between two points in the moduli space measured
using the metric G;; on the moduli fields. Meaning that the moduli fields
appear in the action with kinetic term g, G;;0*¢'0" ¢’ .

o There exists an infinite tower of massive states with associated mass scale
M such that
M(Q) ~ M(P)e=dPQ) (10.2.5)
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with a a positive constant.

This conjecture implies that when one moves an infinite distance in moduli
space an infinite tower of fields becomes arbitrarily light.

A nice example illustrating this conjecture is the Kaluza-Klein reduction of
section 7.1.1. In this case, the modulus field is the one associated to the radius
of the fifth dimension R. The field ® ~ log(R) appears in the action with a
canonical kinetic term as we saw in section 7.1.1 . Distances are then measured
as d ~ |[A®|. When sending & — co = R — oo an infinite tower of states
becomes light, the KK-modes of the five-dimensional fields. Their masses go as
m % and so decrease exponentially in terms of ® as desired.

The limit & - —co 2 R — 0 is also an infinite distance limit, but in our
Kaluza-Klein analysis we do not see an infinite tower of states becoming light.
The point is that the conjecture stems from quantum gravity and we should
do our analysis in full string theory. In this case, it is possible to wrap strings
around the S' of the fifth dimension. There is an energy needed to stretch the
tensionful strings to the length of the S' when wrapping. This results in such
wrapped strings producing massive states in an EFT description. When R — 0
the mass of these states goes down with the behavior desired for the distance
conjectured.

This example illustrates that the goal of the swampland program is to bound
low energy EFTs from quantum gravity.

Since the focus of this thesis on de Sitter space, let us focus on the specific
conjecture that claims string theory has no de Sitter vacua [161, 163,164, 326].
The refined form of this conjecture is

Conjecture 3 (Refined no de Sitter conjecture). A potential V(¢) for a scalar
field in a low-energy EFT of a theory of quantum gravity must satisfy either

c
> — 2.
VVIZ 5V (10.2.6)

or ,
c

1% (10.2.7)

with ¢, > 0 universal constants presumed of order one.

One argument for this conjecture is the difficulty involved in constructing explicit
examples in string theory. We studied this in some detail in part III. Here, we
will present a heuristic argument for this conjecture from [164].
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As we discussed in section 2.2, there is an entropy associated to an observer’s
cosmological horizon with radius R in de Sitter space,

S o R%. (10.2.8)

More generally, a universe that is accelerating fast enough will have an apparent
horizon, which one could argue should have an entropy associated to it if the
period of expansion is long-lasting. Specifically, so long as

IVV|/V < V2, (10.2.9)

for the potential V' (¢) of the scalar field driving the expansion, (and V > 0)
there will be an apparent horizon at

R=1/VV. (10.2.10)

The picture we sketch above only makes sense if we have a stable de Sitter
vacuum or a slow enough rolling evolution of ¢. If there are tachyonic modes
whose fluctuations destabilize the vacuum , none of this is sensible and so we
must also demand the absence of such modes, or at least that they are negligible
compared to scale set by the apparent horizon,

min(V,;V,;V) > - /R* = -V, (10.2.11)

with ¢’ some positive constant, presumed order one until some hoped-for future
argument informs us of its exact value.

To continue, we will use the swampland distance conjecure. When there is
a large displacement A¢ of the scalar field, there should be a tower of fields
that become light. As these fields become light enough, they enter into the
low-energy EFT. We will quantify the number of fields that enter into the EFT
as

N(A¢) o« n(Ag)e???. (10.2.12)

Here, 2% is the rate at which the leading towers are becoming light with
exponent b > 0. Also, n(A¢) counts the number of towers becoming light at
this rate. It is reasonable that the number of towers that become light can only
go up, not down, with increased A¢, and so dn/d¢ > 0.

As these states become light, they contribute to the entropy of the low-energy
theory. One assumes that contribution in an Hubble volume can be parametrized
as

Siower < NYR? . (10.2.13)

With « and ¢ positive. Of course, this entropy should be no larger than the
total entropy in this Hubble volume,

Stower o8 N’YR(S S R2 . (10214)
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Once N is at least order one, this bound only makes sense if § < 2.

In the weak coupling regime, light modes dominate the entropy. One then
assumes that this bound is saturated in the weak coupling regime. Using
eq. (10.2.10), this then implies

V x R™2 o N~27/(2=9) (10.2.15)
Using eq. (10.2.12), this then implies

IVV| 2by

v >c= 5 5" (10.2.16)
And so, we have given an heuristic argument for the no-dS conjecture. Clearly
this argument only makes sense in approximately Einstein gravity where S oc R2.
It does not apply to the higher spin theories discussed in part II. The concept of
a finite-dimensional Hilbert space for a hubble volume and entropy associated
to it seem quite reasonable (though unproven) for an eternally stable de Sitter
space. However, the more rapidly the metastable (approximate) de Sitter space
decays, the less clear it is that these concepts make sense. A de Sitter space
with an average lifetime of a few Hubble times then might not be excluded
by such arguments. In chapter 12 we look at cosmologies that do not have a
cosmological constant but instead a scalar field rolling down a potential. We
show that such theories can for a range of parameters have lower-dimensional
de Sitter solutions. If the refined no de Sitter conjecture is true it will bound
the parameter space of such cosmologies.

If the refined no de Sitter conjecture is strictly true, there is no point in trying
to understand quantum gravity in de Sitter space, only in trying to rigorously
prove its inconsistency. A conjecture related to but distinct from the no de
Sitter conjecture that is mindful of the caveats we presented in the previous
paragraphs is the trans-Planckian censorship conjecture.

Conjecture 4. Trans-Planckian censorship (TCC) [327, 328]
Sub-Planckian quantum fluctuations should remain quantum.

As de Sitter space expands, the wavelength of the modes of fields in de Sitter
space will redshift. Once a fluctuation grows larger than the hubble radius,
it will freeze out and become a classical fluctuation. An eternal de Sitter
space is then always in contradiction with the TCC. A metastable de Sitter
space is permitted by the TCC so long as its lifetime T is short enough that
transplanckian modes cannot classicalize. This is true when

1 Mp
< — —_—= . 2.
T_Hlog< H) (10.2.17)
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For measured values of H one finds that T" is bounded from above by two trillion
years. Our universe with a lifetime of the order ten billion years is well within
this bound.

In the asymptotic regions of field space the TCC reduces to no de Sitter
conjecture with a specific value for c,

2

The idea of the TCC that high energy fluctuations should be screened from the
low energy EF'T seems remiscent of section 2.2 where we discussed the possibility
that the backreaction of quantum fluctuations of matter could destroy de Sitter
space.

(10.2.18)

In fact [24] which we mentioned there proposed that the QFT vacuum of an
expanding four-dimensional spacetime should be prepared such that modes with
an energy above a scale Ayy do not appear. In this vacuum the cosmological
constant is screened and sent to zero over time. From this, [24] found

2 Ayv
=4/-—, 10.2.19
¢ 3 My ( )
for the no de Sitter conjecture to be in agreement with their vacuum choice.
This reproduces the value of ¢ from the TCC when one sends Ayy — M)y,

10.3 The unity of opposites

We wish to emphasize that What is the landscape of string theory solutions? and
What is the swampland of situations forbidden by string theory? are essentially
the same question, but posed in the opposite manner. As such, the landscape
program and the swampland program are really the same program pursued
through different means.

Throughout this thesis, we have often used the terms quantum gravity and
string theory in a way that appears interchangeable. Of course, most people
who work on string theory labor in the assumption that string theory is the
correct theory of quantum gravity. We saw in section 3.2 that all superstring
theories are connected through duality. Let us end this chapter with one final
swampland conjecture. In [329] it was conjectured that all consistent quantum
gravity are connected. There is then only one theory of quantum gravity, string
theory.



Chapter 11

Festina Lente

This chapter is a reprint of [5]. We study charged black hole evaporation in de
Sitter space. We establish how the black hole mass and charge change over time
due to both Hawking radiation and Schwinger pair production as a function of
the masses and charges of the elementary particles in the theory. We find a lower
bound on the mass of charged particles by demanding that large charged black
holes evaporate back to empty de Sitter space, in accordance with the thermal
picture of the de Sitter static patch. This bound is satisfied by the charged
spectrum of the Standard Model. We discuss phenomenological implications for
the cosmological hierarchy problem and inflation. Enforcing the thermal picture
also leads to a heuristic remnant argument for the Weak Gravity Conjecture
in de Sitter space, where the usual kinematic arguments do not work. All in
all, charged black holes in de Sitter should make haste to evaporate, but they
should not rush it. In addition to the preceding discussion in chapter 10, the
discussion in section 7.1 and especially the Freund-Rubin solutions constructed
in section 7.1.2 play a major role in this chapter.

11.1 Introduction

In section 10.2 we overviewed the swampland program [157,160,161,163,194,
210, 317-320, 325-327, 330-397]. The ample evidence for some swampland
constraints in string theory gives us confidence they are probably correct, but
it is equally important that at least in some cases we seem to have identified
a physical principle underlying the conjecture. For instance, the conjecture
that there are no global symmetries, which has been shown to hold in detail

175
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in AdS/CFT [318,319], was originally motivated by UV-insensitive arguments
about black holes and remnants. The fact that the conjecture seems to hold
in every example could be taken as evidence that the original heuristics was
probably correct. If the principle is correct, we can consider applying it in
situations where it is not firmly established. For instance, consider (B — L).
This is a global symmetry of the SM lagrangian, and based on the above one
would imagine that is gauged or broken in the real world, even if nobody has
been able to get the SM or even positive vacuum energy in string theory or
other would-be UV-complete framework. This is because we do have black holes
and the original argument [331,336,398] which relies on getting stable remnants
by throwing baryons into black holes seems to apply.

A similar story applies to the Weak Gravity Conjecture, weakgravityconjecture-
conjecture. In a very handwavy way, the principle underlying WGC is that
something bad happens if large extremal black holes cannot decay into slightly
smaller (sub-)extremal black holes'. So the principle seems to be something
like demanding that black holes should decay while remaining sub-extremal;
this connection is made more precise in [399-401], which show that adding
WGC particles to a particular theory in AdS is enough to comply with another
physical principle, Weak Cosmic Censorship.

If we got the principle right, again we can hope to apply it in situations where
we cannot validate it independently. In this paper we take the first steps towards
generalizing WGC-like arguments to spacetimes with positive vacuum energy.
Our arguments will take place in de Sitter, since this is the simplest example,
but we imagine (and have checked in some cases) that they hold more generally,
like in slow-roll quintessence models. We first encountered black holes in de
Sitter space in section 2.1.

The first step is to understand black hole evaporation in de Sitter. This is more
complicated than in flat space since there is both a black hole and a cosmological
horizon, and they exchange charge and mass. The problem was worked out
early on for neutral black holes [402-405] and charged ones in the absence of
charged particles [406,407]. While there are some works that discuss emission
of charged particles by black holes in de Sitter [408-412], we were unable to find
a reference that described in detail how the mass and charge of the black hole
deplete. We do this in the present paper, following an approach similar to [413],
although the details are more complicated due to the lack of an asymptotically
flat region.

In the supersymmetric case, this can happen only marginally, and whether the decay
actually takes place or not depends on the detailed dynamics (e.g. walls of marginal stability).
What seems to matter is that the decay is kinematically allowed (a large BPS object can
fragment into smaller ones).
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What we will find is that, as long as the charged carrier is heavy enough in the
sense that,
m? > qgMpH,

(but still satisfying the WGC inequality) black holes in dS always evaporate
all the way to empty de Sitter space. Here, m, g are the mass and charge of
the elementary particle that is discharging the black hole, g is the U(1) gauge
coupling, Mp is Planck’s mass and H is the Hubble scale. This does not come
as a surprise [414], since unlike in flat space a charged particle inside the black
hole can always tunnel close to or behind the cosmological horizon, therefore
discharging the black hole. This result fits right in with another principle that
seems to hold in de Sitter, namely that physics in the static patch behaves very
much like a finite-dimensional thermal system at an equilibrium temperature of
H/(27) [19]. Any state different from the vacuum in the static patch corresponds
to taking the system out of equilibrium, and the system responds by eventually
re-equilibrating. This is the case for small perturbations, small black holes, and
even neutral and charged black holes in the absence of charged particles? [407].
We establish that this holds in the presence of heavy enough charged particles
as well. This bound does not become trivial in the Mp — oo limit. We will
comment further on this in the conclusions.

However, something funny happens in the opposite limit of a very light charged
particle (in the sense that m? < qgMpH). In this case, we find that very large
charged black holes (so large that the black hole and cosmological horizons
coincide; these are called Nariai black holes [417,418]) discharge essentially
instantaneously and, due to the fact that charged Nariai solutions are more
massive than neutral Nariai solutions (see Figure 11.1), they collapse into a
Big Crunch, rather than returning to empty de Sitter space. Due to the quick
discharge, the discharging charged Nariai solutions resemble “superextremal”
Nariai solutions.

Thus, if there is at least one light charged particle in the theory, the
thermodynamic picture of de Sitter in the static patch cannot hold, large
charged black holes never re-equilibrate, and one gets outside of the sub-
extremal region of allowed black holes in Figure 11.1. This might be a bad
thing and so we entertain the possibility that m? > ggMpH might be an
actual constraint on the EFT. We emphasize that due to the lack of stringy
examples this extrapolation is in shakier grounds than other constraints such
as WGC or absence of global symmetries, since we cannot check it; all we can
say is that the principles we extrapolate (thermality of the dS static patch, no

2We note in passing the recent interest on the Schottky anomaly [415,416], a feature
typically seen in the heat capacity of finite dimensional thermal systems which has an avatar
in black holes in de Sitter space as well. This provides further evidence for the consistency of
the thermal picture in dS.
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superextremal black hole solutions) seem a reasonable extrapolation of what
quantum mechanics and gravity in de Sitter might look like. Nonetheless the
findings and computations carried out in this paper are interesting from a GR
and QFT viewpoint, regardless of whether these principles survive eternally or
not.

It turns out that avoiding fast discharge of Nariai solutions also leads to WGC.
There are two ways to trigger a quick black hole discharge, either by having
a few light particles in the above sense, or by having a huge number of heavy
ones, so that the black hole discharges via their combined effect. In a theory in
which the usual WGC is not satisfied, small black holes are very long-lived and
play exactly this role in the limit of small weak coupling. Thus, one recovers a
form of the original WGC heuristics that works in dS space.

A constraint like m? > qgMpH can be checked against the real world, since
it looks like de Sitter. Taking the U(1) to be electromagnetism, we find it is
satisfied by every charged particle in the Standard Model. One could take
this as evidence for the thermal picture of the dS static patch. Since in the
SM the fermions get their masses from coupling to the Higgs, the inequality
alleviates (but does not solve) the cosmological hierarchy problem. It leads
to no new constraints on models of milli-charged dark matter. There is an
interesting interplay with inflation, where the constraint is satisfied by only
some inflationary models. Possibilities include small field inflation, direct gauge
kinetic term-inflaton coupling, or (tuned) models of Higgs inflation.

The paper is organized as follows:

e Section 11.2 reviews the charged black hole solutions of the Einstein-
Maxwell-deSitter theory and the relevant near-horizon limits.

e Section 11.3 is the core of the paper. We analyze black hole discharge via
Schwinger pair production of charged particles, both in the adiabatic and
quasistatic regimes.

e Section 11.4 discusses the failure of thermality/detailed balance in the
static patch in the adiabatic discharge regime. We suggest that this is
evidence that the adiabatic regime could be pathological and should be
avoided, discussing the phenomenological implications. We also explain
how this is connected with WGC and discuss how the connection could
be sharpened.

e Section 11.5 present our conclusions and afterthoughts.

Finally, some Appendices contain details of the calculations and some
elaborations on the arguments we present.
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11.2 Charged black holes in de Sitter space

In this Section we review the black hole solutions we will be interested in. We
consider a (3 4 1)-dimensional Einstein-Maxwell-de Sitter system, with action
(in — + ++ signature)

= 4 — — uv

This theory admits charged black hole solutions, the RN-dS metric, (see e.g.
[418]):

dr?
2 _ 2 240 11.2.2
ds U(r)dt® + i) + r2dQ, ( )
with o (60 )2 )
2G M, 9@ T
=1- - —. 11.2.
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This metric is supported by an electric field or magnetic field. In the electric
case we have )
_ 9@

A=®dt, @
’ A7 r

(11.2.4)

The two parameters M, and @, can be interpreted as a “mass” (more about
this in Section 11.3) and the charge. In de Sitter space the notion of mass is
ambiguous but, language wise we will refrain from these subtleties and will
name M, the mass from here onwards. In this normalization, a particle of
charge ¢, couples to the electrostatic potential via

qr/A. (11.2.5)

If we choose g such that the particle of lowest charge in the spectrum has ¢, = 1,
then charges are integer-quantized.

From now on we will work in Hubble units, £ = 1. Then the metric above takes
the form

_ 2M Q2 9
with the dimensionless parameters
GM, ,  Gg*Q?
M= — = L. 11.2.7
@ e ( )

The RN-dS metric (11.2.3) contains two horizons accessible to an observer
outside the black hole?: one is the usual event horizon of the charged black

3In addition to these, the black hole has an inner horizon _ when subextremally charged.
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Ch. Nariai
(dSs x S%)

(7) M

Figure 11.1: Phase diagram of Reissner-Nordstrom-de Sitter black holes, the “shark
fin”. Outside of the curve of extremal solutions, the metric becomes superextremal and
has a naked singularity. The boundary has two branches: Extremal RN-dS black holes
with an AdSs x S§? horizon topology and charged Nariai black holes for which the
black hole and cosmological horizons coincide, with a dS2 x S? near-horizon geometry.
The orange dashed line is the “lukewarm line” Q = M, where the temperatures of the
black hole and cosmological horizons are identical.

hole, and the other is the cosmological horizon. In general, the black hole and
the cosmological horizons will have different temperatures, and so they won’t
be in thermal equilibrium. When the black hole is large enough, the system will
slowly drift towards equilibrium. This will always increase the entropy, whose
leading contribution comes from the two horizons,

iy
S = el (rBu +rew), (11.2.8)

but how this happens exactly depends on the particular details of the dynamics
of the system. The solution (11.2.3) has two parameters M and @, and the
phase diagram as a function of M and @ (which we will call the “shark fin”) is
depicted in Figure 11.1. There is a boundary defined by the discriminant locus
A = 0 of the quartic equation U(r) = 0,where

A=M?—Q%—27TM* + 36 M%Q? — 8Q* — 16Q°. (11.2.9)

This boundary comprises extremal black hole solutions, which in turn split into
two different branches [418]:
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e The upper branch of the curve in Figure 11.1 is called the extremal branch,
and parametrizes extremal black hole at zero temperature with horizons
smaller than the cosmic horizon. The inner and outer black hole horizon
coincide, ry = r_. The near-horizon geometry is AdS, x S2.

e The lower branch of the curve in Figure 11.1 is the charged Nariai branch,
and it contains subextremal charged black holes with the same area as the
cosmological horizon. The outer black hole horizon and cosmic horizon
are in thermal equilibrium and appear to coincide, ry = r., though a
coordinate reparametrization will show this not to be the case. The
near-horizon geometry is dSs x S2 and the temperature increases as one
moves down the branch. We will be especially interested in this branch
and discuss it in greater detail below.

These two branches meet at a point, dubbed the “ultracold” black hole [418]
since semiclassically it describes an equilibrium configuration at vanishingly
small temperature. Here, r_ = . = r.. The near horizon geometry is My x S2,
exactly interpolating between the two branches. Outside of the extremal A =0
curve in the diagram one always has naked singularities, except on the Q =0
axis of neutral black holes, where one has a Big Crunch singularity instead.

We want to study black holes for any values of M, @ in the shark fin. It would
be convenient to have some coordinate-independent description which works
smoothly even near the boundaries of the diagram. An interesting possibility is
what we will call the “geodesic observer”, sitting at a particular value of the
radius ry. This is the radius between the black hole and the cosmic horizon
such that the pull of the black hole and cosmic expansion cancel, U’(ry) = 0.
An observer at r = r, can follow an orbit of the timelike Killing vector field
which is at the same time a geodesic. Stuff closer to the black hole than the
geodesic observer will eventually fall in, while stuff further out will keep on
receding from the observer towards the cosmological horizon.

11.2.1 The charged Nariai branch

As black hole mass increases and a black hole approaches the Nariai branch,
r4 — r.. This is a near horizon limit, in which U(r) develops a double zero, so
as usual to properly understand this Nariai limit, we need a change of coordinate.
Let

r—ry

7= /|Ur)lt. (11.2.10)
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The RNdS metric in terms of these radial and time coordinates is given by

u(r) U(ry)|

ds* = — dr? + dp? + r?dQ?, (11.2.11)
U(rg)] U(r)
The constant electric field has the same magnitude in these coordinates,
9> Q
F=Fydrndt =Fydpndr, Fy="-=". (11.2.12)
47 r2

On this coordinate chart, the transition from subextremal to extremal black
is completely smooth, and the horizons never overlap. Even though in the
coordinates (11.2.2) the Nariai branch corresponds to the limit r = r., we see
that from the point of view of the geodesic observer the two horizons do not
actually collide, although they do get closer as we approach the charged Nariai
branch. Exactly on this branch, the metric components in (11.2.11) simplify to

U 2
(T)—>1——§ , r2—>r(2:,
Ulrg) lis,

(11.2.13)

which (as is well-known [19]) is exactly the dSz x S? metric with a dSs radius

o=t L) (e D) e
Uy 6\ T 1207 i) =

The radius of the S? on the charged Nariai branch is given by

ro(Q) = \/é (1 + m) (11.2.15)

Physically, as we approach extremality, the usual behavior of near-horizon limits
sets up, where the geometry is approximately dSy x S2. The geodesic observer
happens to fall right in the middle of this tube, and the coordinates (11.2.10)
are just local coordinates adapted to her.

11.3 Semiclassical evolution of black hole solutions

Classically, the black hole solutions we have just discussed are stable?, but
quantum mechanically, there is backreaction on both the metric and gauge field.

4Classical stability is controlled by the spectrum of quasi-normal modes on the classical
solution. These have been the subject of recent study [419] in connection with variants of
Strong Cosmic Censorship. The takeaway message for us is that for 4-dimensional black holes
there are no instabilities, except for scalar fields of very low mass and nonvanishing charge. In
this case, the instabilities only appear in a region of the (M, Q) plane far from the extremality
curves, so it is not of direct relevance to us.
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This is because there is Schwinger and Hawking radiation coming out of each
horizon.

Let us ignore for a moment Schwinger radiation and focus on the dynamics
as dictated solely by Hawking radiation. Since for generic values of M and @
the two horizons have different temperature, we expect the system to slowly
drift towards equilibrium; in other words, the “mass” M will evolve towards
its equilibrium value slowly [404]. Just like in flat space, the backreaction of
Hawking radiation is only significant for a Planckian black hole.

Unlike in flat space, however, there is Hawking radiation coming out of both
horizons, and generically, it is at different temperatures. The dashed orange line
M = @ in Figure 11.1 describes the line of “lukewarm” black holes [418], where
the Hawking radiation coming from the black hole and cosmological horizons
are at the same temperature. If we neglect charged particles, any point on this
line is at thermodynamic equilibrium; we expect black holes to slowly evolve
along lines of constant charge towards the lukewarm solution.

When one includes the effects of charged particles, which feel the electric field
stretching between the two horizons, even this line becomes unstable. One can
understand this by describing the horizons as reservoirs in the grand canonical
ensemble [323]; to reach equilibrium, both the temperatures and electrostatic
potentials of the two horizons must be identical. On the lukewarm line, this
only happens at the lower left corner, that is, empty dS space.

The physical process by which a black hole loses charge is Schwinger radiation
[322,323,413]. The black hole spacetime contains an electric field, and at
any point, charged carriers are pair produced from the vacuum at some rate
dependent on the local strength of the electric field. In flat space, this transition
rate has an exponential suppression,

2

D~e 47, (11.3.1)

controlled by the mass of the charged particle and the electric field. Our task
is to understand how the black hole charge, @), changes as a function of the
Schwinger current. Unlike Hawking radiation, whose energy flux represents a
small fraction of the black hole mass for any but the smallest black holes, the
Schwinger current can be huge or tiny compared to the background electric
field, and this is controlled roughly speaking by (11.3.1). Thus, there are two
regimes, depending on whether m? < ¢F, which we will discuss separately.
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11.3.1 Quasistatic discharge: m? > ¢F

We will start with the regime in which the pair production (11.3.1) is very much
suppressed. In this regime, Schwinger radiation behaves just like Hawking — the
outgoing charge flux is small compared to the background charge. A similar
analysis was carried out in [413] for charged black holes in flat space. We will
reproduce their equations of motion in the appropriate limit.

A significant difference between the flat space and the dS cases is that in
flat space one has conserved charges at infinity (total charge and mass). The
problem is therefore just a matter of computing these fluxes at infinity. In de
Sitter, on the other hand, there is no spatial asymptotia, and we must instead
work with Einstein’s equations directly. We will show that, under quasistatic
evolution, the metric is very well approximated by (11.2.2) and (11.2.3) with
slowly-varying (M, Q) as a function of time, just like in the flat space case.

Let us describe the slow drift of the solutions on the (M, @) plane in more
detail. This can be traced to the usual nonzero vevs (T,p) and (j,) for quantum
field theory in curved spacetimes. We want to understand the dynamics of
this system in the quasi-static regime. To do so, we will solve the equations of
motion perturbatively,

0Gap = 87G 6Ty, d*6F = %(07), (11.3.2)

to first order in the perturbations
STy = (Tp) — TClassical §f = (j) — jelassical (11.3.3)
For the RN-dS solutions, jelassical — (0 while TSassical js due to the

background electromagnetic field.To ease bookkeeping, we will introduce a
small dimensionless parameter e

€= G\ /STLSTy (11.3.4)

of the order of the largest matrix element in 07, (in the coordinate system
(11.2.3)). So for instance, for thermal radiation, e ~ T%/(MpH)?. We will also
assume that the current is of order e or smaller.

Then, we will solve (11.3.2) in a quasi-static approximation, using the method of
separation of scales (see e.g. [420]); since there is a whole two-parameter family
of solutions (11.2.3) to the unperturbed equations of motion, the perturbation
will lead to slow motion in this parameter space, similarly to the computation
of the perihilion precession in GR. More technically, one could work in the
e expansion of (11.3.2). Since the metric is ¢-independent, it is possible to
separate variables,

5g ~ e“tg(r), (11.3.5)
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and then solve the linearized problems order by order to any desired accuracy
in e. If the spectrum of w’s is gapped, then the perturbation becomes a Fourier
transform and under reasonable conditions it remains bounded (order by order
in €) at all times. However, if there are zero modes (secular perturbations),
then they will grow linearly (as €t at order n), spoiling agreement between
the unperturbed and perturbed problems at a time e~". The mass and charge
parameters in (11.2.3) are examples of these zero modes.

The method of separation of scales removes the secular dependence of zero
modes and works as follows. We introduce a “slow scale”

1 =e€t (11.3.6)
on which the parameters of the background metric may depend,
M — M(t1),
Q — Q(t). (11.3.7)
We also introduce an order € perturbation®,
e 1ods® = §A(r, ty)dr? + 6 B(r, t1)dt?, (11.3.8)
and a similar perturbation to the electric field,
F — F + egtVGSF(r,ty)dr A dt. (11.3.9)

A perturbation like (11.3.7) and (11.3.8) on the metric results in a first-order
perturbation to the Einstein tensor G, which is covariantly conserved with
respect to the background metric, is time independent, and respects the
symmetries of the background. The most general such tensor is of the form

8Gap — T = 61 €48y + 02 a0y + 63 E(a V) + 64 Gabs (11.3.10)

where & = 8, is the future-directed time-like Killing vector field, T© is the
background stress-energy tensor of the RN-dS solution, and

1
v="=0, n=VUv, (11.3.11)

r2
is a harmonic vector field which satisfies V*v, = 0 and which points in the
outgoing radial direction. n, is the corresponding unit spacelike vector. The
expansion of the left hand side of (11.3.2) to first order in € can be found in
Appendix 1.

5This is not the most general perturbation possible, but it will be enough to solve the
equations of motion.
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The quantum perturbation to the stress-energy tensor also has an expression in
the form (11.3.10),

0Tap = 01 &ap + M2 VoV + 13 §(aVs) + M4 Gab, (11.3.12)

with

1 /TU+ 3€ 4
771—2<U2 7‘5),

1
N2 = §7~4 (3r'SU? —TU - €),
N3 = —27'47—,
I
m=5 (5 triOUHT). (11.3.13)

where we have introduced the quantities
T = 6Tp8%0, € = 6Tp8%°, S = 6T v 0l. (11.3.14)

Stress-energy conservation imposes constraints on these quantities. The
linearized Einstein equations amount to §; = 8wGn;. For ¢ = 1,2, 4, these are a
system of three coupled second-order ODE’s in the radial variable that determine
0A,0B,dF to first order in the perturbation. Crucially, these equations do not
involve time-derivatives; see Appendix I. We are more interested in the equation
for (537

4r(rM — QQ)
—2Mr + Q2 — r* 4 r2
Here, we have introduced the order ¢ parameters

M{(et) Q(et)
d |,_,’ dt

t=0

= —167r*GT. (11.3.15)

M=

Q= (11.3.16)

t=0

Equation (11.3.15) is a first-order equation of motion for (Q, M). We need a
second equation to fully determine the dynamics. This is obtained by a similar
perturbation of the second equation in (11.3.2); we take the right hand side to
be first-order in € as well. One obtains from the two components of (11.3.2) a
first-order ODE relating 6 F'(r) to the time-component of the current which is
satisfied automatically due to energy-momentum conservation, and an equation
of motion involving Q,

Q=—4nJ, J=Ur""%,. (11.3.17)
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Here, J is independent of the radial variable, due to current conservation®. We
finally have the first order equations of motion for M and @,

5
O=—drg, M=_2T (r UG;T+ Q7). (11.3.18)

Here, U(r) is evaluated on the background solution. The method of separation
of scales provides a solution to (11.3.2) which is valid to first order in € and
depends on the variable ¢; only. There might be secular perturbations for this
variable, so the approximation we just carried out is only valid for et; < 1, or
1
t< . (11.3.19)
€
Hamiltonian and momentum constraints are satisfied to first order in € in our
solution. In fact, (11.3.18) is one of the momentum constraints; see Appendix I
for the other components.

One can also write (11.3.18) in terms of parameters measured on a local inertial
reference frame. Then, 7 and J are replaced by quantities that depend on the
microphysics, M, and @, the local charge and momentum fluxes #,7. We
will do this at the location of the geodesic observer 7,4, but again, physics is
independent of this choice:

1
J = \/U(rg)rgj“na = U(rg)rgj, T= r—QTabuanb = (11.3.20)
9

g
NOR
g
where u® is a unit future-directed vector field in the same direction as £°.

Finally, it is convenient to change the time variable in (11.3.18) to use the local
time coordinate time coordinate ¢, of the geodesic observer at some particular
value of the radial coordinate, r,. This is related to the global time coordinate

in [402] simply as
dt, [

As a result, (11.3.18) become (from now on the dot now indicates time derivative
with respect to ¢,)

Q=—4mr} 7, M =—4mr? (G\ [U(ry) T + 2/) : (11.3.22)

Of course, physics should be independent of our choice of r,.

60ne could imagine using a similar argument to conclude that 73 is constant. However,
this does not work because there is an extra term coming from the first-order covariant
derivative of the background stress-energy tensor, which is not present for the current since
jelassical —  ip the background.
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A quantity of interest which is independent of the time coordinate is the rate of
change of charge versus mass,

aM M N

dQ Q Sy
This quantity determines the direction the black hole evolves in the (M, Q)
plane of Figure 11.1. The left-hand side is manifestly independent of r,, while
the right hand side is not. The way this works out is because stress-energy
conservation relates _# and 7. We will illustrate this for the particular case of
a free scalar field ® of mass m and charge ¢; the story generalizes to free fields
of any spin in a straightforward manner. For a free field, the vector 67,,&? is
proportional to the current j,. A solution to the wave equation with frequency
w (with respect to the global time coordinate t) satisfies,

= G,\/U(r,) (11.3.23)

T = (2’ + @(r)) s (11.3.24)

where ®(r) = —Q/r is the electrostatic potential (11.2.4). This can be checked
explicitly via the expression for the Klein-Gordon conserved current. The
contribution to . is

AT (11.3.25)

1 w
o= (S i) o
NG (£ +000)ar
The second term in (11.3.25) cancels the r4-dependence in (11.3.23), as it should.

We now turn to understanding the detailed expressions for ¢ and 7. We will
start with the former.

In de Sitter space the expansion of spacetime dilutes the particles produced by
the Schwinger effect. This allows the system to have a steady current regime.
This unlike Minkowski space, where current can build up ad infinitum. The
current one-form

. Ir
I= 1,2 dr + pdt, (11.3.26)
is conserved,
dxj=0, (11.3.27)

and is nonvanishing in the charged black hole background since the black hole
electric field pair produces charged carriers via the Schwinger effect. In a
semiclassical treatment, the Schwinger effect implies the pair production of
charged carriers in the vacuum,

dj = 20dr A dt, (11.3.28)
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where T is the “Schwinger pair production rate”, which can be computed via
instantonic methods [324,421] and whose value depends on the background
electric field and geometry. The factor of two accounts for the fact that particles
are produced in pairs. A mean field description such as (11.3.28) is good as long
as the electric field varies slowly along space and time (by this we mean that the
spatial gradients of the field are much smaller than the length scale associated
to the field itself); we will relax this assumption later on on the Nariai branch.
As long as the local electric field is much larger than the background curvature,
the pair production process happens essentially in flat space; the electrons in the
pair are produced at a distance much smaller than the characteristic curvature,
and just accelerate from there on. As a result, we will use the flat space I'
originally computed by Schwinger [322,421,422],

qF _=z 2

m

Fﬂat_space72d(m) = o € x, X = qu (11329)

Notice that, for m = 0, equations (11.3.29) and (11.3.28) lead to dj = 1F,
which is precisely the chiral anomaly [423,424].

Equation (11.3.29) is only the two-dimensional result. In the present situation
we must take into account the flux on the 2-sphere, by summing over the KK
modes:

s(s+1 2ER\B| _
rzz(Qerl)Fﬂat-spaceQd( m2+(r2)>%4w2,q | |6 )

G|

83
(11.3.30)
where we have replaced the sum by an integral; this will be a good approximation
as long as ¢Er? > 1. The result (11.3.30) is the well-known four-dimensional
Schwinger pair production rate” [421], multiplied by the area of the 2-sphere.

Following [413], we will also impose that the current is purely ingoing along
the future black hole horizon, and purely outgoing on the cosmological horizon.
An outgoing component of the current at the horizon would describe particles
moving “against” the electric field, i.e. emission of particles with opposite
charge to the black hole overcoming the huge potential barrier and escaping to
the cosmological horizon, or same charge particles beating the electric field and
managing to cross the black hole horizon. For a superextremal particle, these
rare processes will have an additional, huge tunneling barrier (we will come back
to this in Section 11.4), but they are actually important in some circumstances;
for instance, any sub-extremal particle emitted by a flat-space black hole is
bound to fall back. In situations like this, there will be a significant ingoing
component, and the actual current will be smaller than our expressions below.

"The factor of two discrepancy with the classical result of Schwinger is due to the spin of
a Dirac fermion as opposed to a scalar particle that we are considering here.
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Mostly everywhere on the shark fin, our expressions actually constitute an
upper bound on the current, which will be close to saturation for superextremal
particles. However, as we will explain below, on the Nariai limit due to the
additional symmetries of the problem, there is no ingoing component even
for very massive particles. We should also notice that, even when there is an
ingoing component, the current never vanishes, since that would conflict with
(11.3.27)8.

Neglecting their contribution, it follows that the current j must be orthogonal to

the null generator of the horizon, ny = —% + dt, close to the future horizon.

Current conservation (11.3.27) now implies 7, is independent of position. These
two properties together imply that

Tr=12p(ry) = —r2p(re). (11.3.31)
Finally, (11.3.26) becomes a first-order equation for p
p/(r) = 2T, (11.3.32)

which we can integrate together with the boundary condition in (11.3.31) to
obtain the expression for the current?,

g*G T? T—Qi- /TC ’ /
= —2 dr'T . 11.3.33
J 4% r2 4 r3 - () ( )

Using equation (11.3.20), we can write down the expression for the local current
measured by an inertial observed #,

g2G 2 r? 1"3_ /” , ,
.= dr' T(r"). 11.3.34
anl o+t ), ) ( )

Equation (11.3.34), together with (11.3.30), gives a quasistatic current to use
in (11.3.51) entirely as a function of M and Q. It reduces to the expression
in [413] for small black holes (again, modulo a factor of two due to the electron
spin degeneracy).

It is important to understand the regime of validity of (11.3.34). This is set by
backreaction on the geometry. The charge density p(r) screens the electric field

8In the flat space case, the statement is that anywhere around black hole even a sub-
extremal particle has a (highly suppressed) chance of popping out of the vacuum. Thus, at any
finite separation, the expectation value of the current is nonzero. The nucleation probability
however decreases exponentially with the distance from the black hole, and therefore so does
the current. There is no current flux at infinity, in accordance with the fact that a flat-space
black hole cannot emit sub-extremal particles. In dS, however, this effect is cut off at the
cosmological horizon, so there is always some current flowing.

9The prefactor accounts for the definition of @ (11.2.7) in terms of the actual integer-valued
current.
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of the black hole. Its overall effect should be small. From Maxwell’s equation
d* F = g% % j, we obtain

' (r)2p(r)

Q) = Q) v [ ar I,
ry+A-1 U(TJ)

The integral in (11.3.35) has a logarithmic divergence at the horizon, which we

have regularized by introducing a regularized horizon at r = r 4+ A~!, where
A~ is some UV cutoff. For the approximation to be trustworthy, we need

r N2 (! Az 2
Ar ar TP . 11.3.36
[ﬁAl () 2C (11.3.36)

(11.3.35)

This will be automatically true in the quasistatic regime due to (11.3.32) and
the exponential Schwinger suppression in (11.3.29).

Notice that in this approximation, the contribution of the Schwinger current to
7 vanishes, since the same amount of left and right-moving charge carriers are
produced. Thus, we can take .7 to come entirely from Hawking radiation. At
the location of the geodesic observer, this is just the associated mass flux from
the two horizons taking into account the redshift factors [402,404,425],

~ (@)

[r2U"(re) = r3U'(ry)] (11.3.37)

where 74, 7. are the black hole and cosmological horizons, and o is the Stefan-
Botlzmann constant. Equations (11.3.34) and (11.3.37), when plugged back in
(11.3.51), completely specify the dynamics of the system as a function of the
mass m and charge ¢ of the charged particle.

In equation (11.3.34) we have assumed the electric field is large compared to
the background curvature, and this is a good approximation everywhere on the
shark fin, except close to the neutral line, where the electric field becomes small.
It turns one can work out the exact dynamics on the Nariai branch, even taking
into account the curvature effects that were neglected when writing (11.3.34).
The reason is the dS» x S? geometry, which allows one to translate the problem
to the Schwinger effect in dS,. This problem was solved exactly in [426]; details
can be found in Appendix K. The end result is that one can write an inequality

for 7,

92G S %G ¢*r?E|E)| qF _=x
ariai — r tanh | 2 X 11.3.38
AN 1727 AN G i, P\ 2T | e (11.3.38)

dSs

which becomes tight in the large electric field limit ¢E > H 552. We can compare
with (11.3.34) in the Nariai limit, which is also easily computed since the two
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integration limits coincide and the integral collapses. One obtains

9°G g*G 1 s ¢CE|E|
T2, = Anr? .
472 (re) 47l Hys, e gy

jNariai, large E — 2 €7§, (11339)

which is exactly the same expression as (11.3.38) in the limit ¢F > H§S2. It is
also important to notice that, on the extremal curve, the expression (11.3.38)
is valid for any value of M, and it smoothly interpolates between the Hawking
result for neutral particles and the Schwinger one.

An important question we should address is whether the flow (11.3.18) allows
for an initially sub-extremal black hole becoming superextremal. Let us derive
a simple criterion on the flow such that this is satisfied. In other words, we
want to understand under which conditions the flow (11.3.18) maps the region
inside the curve in Figure 11.1 to itself. Since the allowed region is defined by
A >0 in (11.2.9), we require that the (M, Q) vector along the boundary A =0
points towards the gradient of A(M,Q), i.e.

Q(9A)a=0 + M (O A)a=o > 0. (11.3.40)

Now, all over the subextremal region (M, Q) plane except on the = 0 axis,
we expect () < 0 in a theory with charged particles, since the black hole horizon
always tends to discharge and this only stops at @ = 0.

We separately discuss constraint (11.3.40) near the extremal branch and near
the Nariai branch. A useful relation, valid all over the edge of the sharkfin

(A=0)is
(;‘ﬁ)A = —g (11.3.41)

with r the horizon radius. On the Nariai branch one exactly saturates inequality
(11.3.40). For that we use the vanishing of the VU, term in (11.3.23) together
with the relation between 74 and @) as given in (11.2.15). For the extremal branch,
Figure 11.1 shows that (0gA)a=o < 0 whereas (OpA)a=o > 0. Equation
(11.3.40) is satisfied because .7 < 0 at the horizon. This is because the black
hole is colder than the cosmological horizon, resulting in a net mass gain which
dominates over Schwinger radiation in the quasi-static regime.

Figure 11.2 shows a schematic plot of the flow generated by the solutions in
the shark fin, where we have taken J and T to be constant!®. Our results
are of course not exact; the detailed expressions are obtained by performing
the integral in (11.3.34), which can be evaluated explicitly in terms of error
functions [413]. Still, Figure 11.2 gives a roughly correct schematic picture of
the flow of black hole solutions on the shark fin: Solutions flow to either the

10Gimilar plots can be found for the Kerr case in [427].
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Q

M

Figure 11.2: Schematic representation of the quasistatic flow on the shark fin generated
by the combination of the Schwinger effect and Hawking radiation. Black hole solutions
evolve towards the lukewarm or charged Nariai lines, losing charge very slowly in
the meantime. Eventually, they evaporate completely. The flow stays completely
within the shark fin, the black holes never turning superextremal. The flow follows
exactly the charged Nariai line, so ignoring quantum fluctuations charged Nariai black
holes remain Nariai while slowly discharging to the neutral solution. For illustration
purposes, we took # ~ 1 and 7 ~ M — @ to draw the plot.

lukewarm line or the Nariai branch, and then the neutral line. All solutions
evaporate completely, eventually. Notice that this conclusion is insensitive to
the precise values of (m,¢q), as long as the Schwinger effect is exponentially
suppressed. This has consequences for the WGC in dS, which we discuss in
Section 11.4.

Finally, a couple comments. It is worth emphasizing that we have assumed
steady-state current. This is a physical assumption, which can be relaxed. One
could for instance start with a black hole with no current present at all initially.
But then the current will grow and, over the period of a Hubble time, such a
state will develop into the steady current state.

We are looking at a quantum effects in a black hole background; we should
make sure that there are no classical instabilities present. For instance, the
Schwinger effect for near-extremal black holes in AdS actually takes the form
of a classical instability [400], and a charged scalar field on the RN-dS is known
to have classical instabilities for some values of M, @, m, q [419]. The instability
discussed in these references only takes place for very light fields, away from the
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quasistatic regime, and for small values of the charge. As illustrated in Figure 1
of [419], the instability seems not to be relevant near the charged Nariai branch.

We should also point out!! that the quasistatic computation we just described
fixes the black hole at the center of the static patch — in other words, it “follows’
the black hole along its worldline. This worldline is not a geodesic. The black
hole receives radiation from the cosmological horizon and emits some itself,
exchanging energy and momentum, so there will be some sort of Brownian
motion [428,429]. We can estimate the time that it takes for the geodesic
observer to be kicked out when the black hole is much smaller than the Nariai
limit'2. Consider a small black hole on the lukewarm line. Its center of mass
degrees of freedom will have thermalized and so it will have a mean kinetic
energy of 3/2T. In empty dS space, a free particle of mass M and energy E
takes a time

Y

2
E2 - M2
to reach » = 1 — € the cosmological horizon. Taking T'= H/2w to be the de
Sitter temperature, one gets a timescale suppressed as t. ~ /M /H. This is a
long time since black holes are heavier than a Planck mass, but not exponentially
suppressed, and so deep into the quasistatic regime a true geodesic observer
will thus see the black hole kicked out of her static patch by the radiation, and
will never see the evaporation come to an end. One could try to fix this by
always sticking to the black hole center of mass, although this will no longer
be described by the usual static patch Hamiltonian. In any case, we think
these subtleties are not likely to affect our subsequent discussion, since most
of our arguments in Section 11.4 will be about large black holes (close to the
Nariai limit), for which the simple picture above does not hold, and also in the
adiabatic regime, where the black hole discharges quickly.

te = arctan(1l — €) (11.3.42)

We must also discuss Bousso’s beading process [405-407]. These references
describe a family of classical instabilities for the full four-dimensional charged
Nariai geometry, coming from inhomogeneous fluctuations of size of the S?
on the Nariai geometry. Where the radius of the S? becomes smaller than
the Nariai value, the geometry collapses to a black hole; where it is slightly
larger, it behaves like the exterior of a dS, geometry, with the spheres becoming
asymptotically large in the asymptotic future. In short, these are fluctuations
that drive the black hole towards sub-extremality. On the exact Nariai geometry,
a perturbation in the n-th spherical harmonic leads to the formation of “beads”,
spacetimes containing n near-extremal RN-dS black holes.

1'We thank T. Banks for bringing this up.
12To carry out a similar analysis for a very large black hole is beyond the scope of this

paper.
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Interestingly, the dynamics of this process is very different below or above the
intersection of the lukewarm line with the charged Nariai line; above, the positive
heat capacity of the black hole makes the Nariai geometry stable locally, so
quantum fluctuations lead to an endless beading process and a fractal structure
in the asymptotic future. Below the lukewarm line, at most a finite number
of beads can be produced (how many exactly depends on the particular mode
that dominates the perturbation), and the geometry in any given static patch
goes back to a slightly sub-extremal black hole picture.

These predictions were computed with a one-loop quantum effective action
which so far has always agreed with the thermodynamic results whenever
available [405-407,430]. For instance, while it seemed that neutral Nariai
black holes could sometimes initially anti-evaporate [404], in the long run their
behavior was always dictated by the semiclassical model. Effectively, what this
means is that, below the lukewarm line, one should expect quantum effects
to push the solution slightly off the Nariai branch, towards sub-extremality,
where Hawking radiation drives evolution towards the lukewarm branch which
then discharges quasi-statically, as in Figure 11.2. Above the lukewarm line
one really stays in the Nariai branch for a long time, slowly discharging (and
beading along the way) until crossing the lukewarm threshold.

11.3.2 Adiabatic discharge: m? < ¢F

We are also interested in quantifying how quickly the relaxation of the system
happens when the mass of the charged carriers is below gFE. Working again in
the limit ¢F > H?, the discharge effectively takes place in flat space, and on
very short times compared to the Hubble scale. The electric field is so strong
that it is immediately screened out locally by the pair-produced charge carriers,
which subsequently annihilate each other, leading to radiation. As a result, one
can model this kind of evaporation by replacing the electric field and charge
matter at ¢ = 0 by pure radiation with the same energy density.

We will only work out the detailed dynamics on the charged Nariai branch. Since
the geometry is dS» x S2, one can work in the effective two-dimensional theory,
which greatly simplifies the problem. We will start with the 4d Einstein-Maxwell
action

S = /d%ﬁ[m G[ R+€62}+L]. (11.3.43)

and set £ = 1. £ describes the matter (electromagnetic fields + charged matter)
we must add to the system. We will now work out the dynamics . To do this,
we will work on a S? x R? ansatz. We will also follow [426] and resort to a
FRWL open slicing which is smooth beyond the horizon, with coordinates x, 7
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such that the four-dimensional metric is
ds? = e~ (—dr* 4 a*(7)dz?) + e*?dQ>. (11.3.44)

Plugging this back into (11.3.43), the kinetic term for ¢ becomes a total
derivative and drops out, as usual in two-dimensional gravity models. The
resulting effective action is

1 1.
S = e /dQde2 {e¢(£ +3) — 5 [2e7? + ** Ry, | } . (11.3.45)
where g is the two-dimensional metric d§? = —dr? + a(7)%d2?. Using dVp =

a(7)dr A dz, and )
Ry, = 2%, (11.3.46)

one gets, after integration by parts,

871G S = / dQsdrdz {(e%)a —eba+t 3e¢a} + 871G / AVadSar/—gL.
(11.3.47)
The 4d stress-energy tensor is
o 2 0SSy
~ V=989’

and so, the variation of the matter part of the action (the last term in (11.3.47))
is

Ty (11.3.48)

871G Smar, = 47G / drdz ae®T,,,5g"", (11.3.49)
in terms of the four-dimensional stress-energy tensor 7),,. Since
¢
5gh = —252 516 Sa + 56 [3e?gh” — 2g™] (11.3.50)
a
the equations of motion are
() =3r— 2 _g o (11.3.51)
r2)=3r— — = 8nG—T,s, 3.
T a?
!
2r¢— = — + 3r + 47Gr [3T, — 2T, (11.3.52)
a T

where we have introduced the two-dimensional trace Th = e‘bTng Y. Finally, in
the problem under consideration, the evolution is governed by electromagnetic
stress-energy, which is traceless. We will decompose the traceless stress energy
tensor of radiation as

Tyw = puptiy + PryuYo + P2gp s (11.3.53)
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where u# is a time-like future-pointing unit norm vector , vy, is the same thing
on the z direction, and g,, is just the angular part of the metric (11.3.44).
Tracelessness implies p = p1 + 2p2. In terms of these quantities, (11.3.51) and
(11.3.52) become

. 1
(r?) =3r — o 87Grpy, (11.3.54)

o B
2% _ 2 g 13y [&er1 p] . (11.3.55)
a T 2

Different electromagnetic fields correspond to different p, p1, po. For instance,
in the quasistatic regime discussed in the previous subsection, the electric field
is constant, which means p = —p; = py. Also, in this regime we can neglect the
backreaction of the matter, the time derivatives of ¢ are small, and those of a
are basically constant, so that rd/a = H?. Then, taking

1
L= 47]2FWFW (11.3.56)

as in Section 11.2, together with the electric field

2
P9 gunar, (11.3.57)

one obtains (after using (11.2.7)) that

_ 2
— 87Gp = 87Gp; = 871G L . P —Q—4. (11.3.58)
T
Plugging back in (11.3.54) and (11.3.55), one obtains
.. 1 Q2

by g, 1 @ 11.3.59
" =sr- 1+ % (11359
ol Ly g(1- @ (11.3.60)

== T 3.

Upon replacing ri/a by H?, and # by 0, (11.3.59) and (11.3.60) become two
algebraic equations,

1
3rt—r?+Q*=0, 2H?= 72+3<1— ?4) (11.3.61)

These are the same evolution equations which one obtains from the quasistatic
evolution for the full 4d geometry, particularized to the Nariai branch. In
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particular, the solution to the first equation is (11.2.15) and then substituting
in the second one gets (11.2.14). Then, the slow time evolution dictated by the
slow Schwinger discharge as described by the first equation in (11.3.22).

As mentioned above, we will model the adiabatic regime by replacing the electric
field and charge matter at ¢ = 0 by pure radiation with the same energy. That
is, one still takes p as in (11.3.58), but p; and py are no longer related as for a
constant electric field. We will parametrize

p1=ap,p2 =PBp, a+28=1. (11.3.62)

« and [ are both positive, since we are now working with radiation, and not
with electrostatic fields as before. The precise relation between these two is
dictated by the physics of the annihilation process and immediately after. The
nucleated pairs are produced and then accelerated for a mean free path, after
which they annihilate. Since the charge carrier is massless, and the electric
field is very string, it mediates very efficient interactions and it is perhaps
reasonable to assume that the system thermalizes locally. In that case, it seems
reasonable to take 8 = a = 1/3, corresponding to the stress-energy tensor of
a four-dimensional CFT in the thermal state . We will focus on this case
from now on, although the precise values of «, § won’t affect our conclusions.
Conservation of stress-energy then fixes

. 4 a
p+p (2¢+ a) -0, (11.3.63)
3a
which integrates to

p = poe 2Pa""3. (11.3.64)

We also have (in Planck units already)
_ &%

po = (11.3.65)
0

due to energy conservation, where @, 7 are the initial charge and radius (related
to Qo as in (11.2.7)). Introducing the convenient variable s = 72, the equations

13In the opposite limit, where no thermalization occurs, one could compute «, by
integrating the angular distribution of photons produced during the scattering fo charged
carriers. The perturbative QED cross section for ete™ — ~v is heavily peaked as usual in the
forward direction, when the t-channel goes on-shell. Hence it would seem reasonable to take
the radiation to be forward-pointing, 8 = 0, but we will keep the analysis general. Both «, 8
are constants during time evolution if one neglects scattering of photons with the background
curvature or with each other.
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of motion (11.3.54), (11.3.55) become, after using (11.3.64),

. 1 po
§=3v5- (1+ W) : (11.3.66)

a 1( Po

with the initial condition ag = 1.

Since po < 1 (this is equivalent, due to (11.3.65), to Q3/r¢ < 1, which is true
everywhere on the Nariai branch) the second equation of motion tells us that
the expansion is always accelerated. In fact, it is Friedmann’s equation in two
dimensions. The first tells us that § < 0, so that the size of the two-sphere
decreases. After a while, one can ignore the pg term in (11.3.66) and (11.3.67),
since the redshift has diluted the radiation away. Equation (11.3.66) can then
be integrated to yield an effective potential for s,

%sQ +2Vs(1—s)=F (11.3.68)
The potential is depicted in Figure 11.3. The maximum happens at s = 1/3,
which is the size of the 2-sphere for a neutral Nariai black hole. The initial
condition is therefore to the left of this point, and moving to the left. As one
approaches s ~ 0, the scale factor blows up; the horizon size becomes tiny, and
the curvatures become Planckian. Thus, this is a Big Crunch. In fact, it is a
crunch of a very similar nature to the one encountered as one approaches the
spacelike singularity inside a Schwarzschild-dS black hole; the 2-spheres go to
zero size, and the resulting 2d cosmological constant obtained after dimensional
reduction from the 4d cosmological constant becomes huge as well.

What is happening is that, by having all the electric field discharge
instantaneously, we find ourselves in a situation with no charge, but a mass
above that of a neutral Nariai black hole. Effectively, we have made a transition
to a “superextremal” Nariai solution, as illustrated in Figure 11.4. These
solutions are cosmological, describing either a Big Bang or a Big Crunch where
the 2-spheres go to zero size. These correspond to the left or right branches of
the potential in Figure 11.3. As we go from slightly sub-extremal to slightly
super-extremal mass, the conformal diagram of the spacetime first looks like
dSs x S?%, and at super-extremality it disconnects into two pieces. The one
describing what used to be the original static patch has been devoured by the
black hole and in a sense describes the “black hole interior”, with a crunch
singularity in the future. The other one describes what used to be the region
of global dS outside of the static patch of the black hole, and the two-spheres
grow asymptotically to empty dS.



200 FESTINA LENTE

Figure 11.3: Plot of the effective potential V(s) = 24/s(1 — s). The maximum at
s = 1/3 corresponds to the neutral Nariai value. Since the value of s of the neutral
Nariai black hole is higher than that of any of its charged counterparts, we are left
with an initial condition to the left of s = 1/3 after the electric field discharges
instantaneously. The equation of motion (11.3.66) then implies one is pushed even
further to the left, towards s = 0.

Q

Figure 11.4: Nariai black hole evaporation in the adiabatic limit of a massless charge
carrier. The electric field is screened very quickly, getting replaced by radiation,
and so the black hole loses its charge without losing mass. As a result, we end in a
“superextremal” neutral Nariai geometry (plus radiation), which ends in a big crunch.

Starting with an extremal charged Nariai black hole whose electric field
disappears adiabatically, we find a configuration that asymptotes to the same
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crunch that the super-extremal Nariai geometry. After the transition, we find
ourselves in the crunching portion of the superextremal Nariai spacetime, plus
some radiation that quickly redshifts. Although we have not proven this, one
would expect the time for the beading process or other quantum effects to
be irrelevant in this context, as the dominant source of stress-energy is the
radiation, and the crunch happens quickly, within a Hubble time (see Appendix
J.2).

Since this crunch will be crucial for our argument below, we must make sure it
is not an artifact of the Nariai approximation'*. Is the crunch somehow avoided
if there are small inhomogeneities (that could collapse into black holes and then
leave the static patch), or if we start slightly off the Nariai branch, so that
the size of the two-spheres is not exactly constant? What about the choice
of initial hypersurface? The choice of quantum state is also important, see
e.g. [29]. Following [426], we chose an open FRW slicing, in which the dynamics
is homogeneous in the Nariai limit. This is convenient for our calculations but
it is important to check that the crunch is actually independent of this choice.
We could have picked any other spacelike surface, like the ¢ = 0 hypersurface in
the static patch. This would map to inhomogeneous radiation initial data for
some later 7 = const. hypersurface in the FRW ansatz (11.3.44).

These concerns are averted by the fact that the crunch is somehow “local” — it
happens for each observer and it is not very much affected by energy inflows or
outflows, as long as these are small enough—. The precise way to state this is
that the crunch is guaranteed by GR singularity theorems!®, as we explain in
Appendix L.

11.4 Black hole decay in dS and an EFT constraint

We have now finished presenting the technical results in this paper. The
formalism developed in these previous Sections provides a means to understand
how black holes evaporate in de Sitter space. This is a calculation within in
General Relativity which, to our knowledge, has not appeared in the literature
before.

By contrast, in the present Section we will indulge in hopefully interesting
speculation. We wish to emulate some of the logic that leads to WGC in flat
space or AdS, to hopefully learn something about the properties of effective
field theories in (quasi-)de Sitter spaces.

14We thank Grant Remmen and J. L. F. Barbén for discussions on these points.
15We thank Raphael Bousso for pointing us in the right direction here.
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11.4.1 Strong gravity in de Sitter space

In Section 11.3, we have seen that all black holes evaporate and decay back
to empty de Sitter space, which is consistent with the interpretation of de
Sitter as a thermal equilibration process. There is just one exception: Black
holes close to the Nariai branch, whenever there is at least one particle in the
adiabatic regime m? < ¢E. In this case, the geometry evolves towards a crunch,
and never returns to empty de Sitter space. The adiabatic evolution forces a
black hole outside of the shark fin; since the Nariai branch tilts to the right in
the (M, Q) plane, losing the charge without losing the mass leads to a neutral
solution with a mass higher than that of the neutral Nariai black hole.

This is also problematic because once we land in a point outside the shark fin,
we are free to deform the solution (say on a fixed Cauchy slice) away from
this, towards positive charge or arbitrarily large mass. The latter is hard to
reconcile with the picture of de Sitter space as having a finite-dimensional
Hilbert space [18,21,431,432]. Furthermore, charged superextremal solutions
are continuously connected to neutral ones, since one can go around the tip of
the shark fin in Figure 11.1.

These are the superextremal black holes with naked singularities that are usually
forbidden by Cosmic Censorship!®, in its loose original meaning [435] that
Einstein’s theory should not develop arbitrarily large curvatures which are not
shielded by a horizon. In flat space, existence of a weak gravity particle ensures
that large extremal black holes can decay without becoming superextremal. As
usual, this connection can be made far more precise in AdS, where a series of
papers [399-401] have established that certain violations of Cosmic Censorship
are avoided if a version of the WGC is satisfied.

There is also a lot of evidence that physics in the static patch of dS looks very
much like that of an ordinary thermal system [17,21,431]: There is a thermal
bath coming from the horizon at a temperature (27¢)~!, and whatever initial
perturbation one considers, it tends to be “smoothed out” by inflation, i.e.
features fall behind the cosmological horizon and disappear. In these processes
the generalized second law of thermodynamics is always satisfied [19]. So it
is not unreasonable to regard dynamics in de Sitter in general as describing
thermal relaxation, where perturbations equilibrate and disappear after a certain
time. This picture is exactly what one gets in the quasistatic regime, where

16 Cosmic Censorship is no fundamental principle. Solutions with unbounded curvature but
with a consistent UV description are familiar in String Theory, e.g. orbifolds, KK monopoles,
or all sorts of branes [433]. Gubser’s criterion [434] explains that admissible singular solutions
with vanishing temperature must always be cloaked behind a horizon when an arbitrarily
small temperature is turned on. Superextremal RN black holes would not satisfy this.



BLACK HOLE DECAY IN DS AND AN EFT CONSTRAINT 203

black holes decay slowly back to empty dS; it fails spectacularly in the adiabatic
regime.

So, a theory with charged extremal black holes and particles in the adiabatic
regime is hard to reconcile with a self-contained description of the physics in
the static patch in terms of a finite-dimensional Hilbert space. If one wants to
make both compatible, we only see three possibilities:

e The Big Crunch at the end of the black hole collapse transitions back to
empty dS space via some magical quantum gravity process.

e Charged black hole solutions are not allowed in a theory with particles in
the adiabatic regime.

e Particles in the adiabatic regime are not allowed, and this constitutes a
swampland-type constraint.

We can say little about the first possibility. The second seems difficult at least
in the semiclassical regime, because again, we can smoothly deform empty de
Sitter space into any other solution in the charged Nariai branch'”. So we will
entertain the third possibility.

If indeed the weird properties of the adiabatic regime — lack of thermalization,
failure of detailed balance, seemingly huge Hilbert space — are a problem,
perhaps we should avoid it altogether. That means m? > ¢F for every particle
and on every point on the charged Nariai branch. The electric field is largest at
the ultracold point, where E = v/6MpgH and we have used M3 = (87G)~L.
Thus, avoiding the adiabatic regime is equivalent to imposing!'®

m? > qgMpH, for every particle in the spectrum. (11.4.1)

We consider (11.4.1) a potential candidate for a swampland constraint in de
Sitter. As we tried to emphasize, it is derived via similar heuristics to the
ones that lead WGC in flat space. Unlike WGC, however, we lack any stringy
examples to check against (11.4.1), so this result is definitely on shakier ground.

17In absence of charged particles, one can construct gravitational instantons that mediate
transitions between empty de Sitter space and the Nariai or lukewarm, and which furthermore
enforce detailed balance [407,436,437]. However, it is unclear whether these tunneling
transitions are destabilized by the presence of light charged modes. In any case, the argument
that the Nariai solutions are smoothly connected to the vacuum in configuration space still
stands.

18We write > because we have only analyzed the two extreme regimes where m? is very small
or very large compared to ¢F. Due to the exponential prefactor in (11.3.1) the quasi-static
regime is reached after m2/qE is of order 10. The precise threshold can be computed by
demanding that the excess charge (11.3.35) is small (say 10~°) compared to the background.
We write this footnote thinking of all our friends that dislike symbols like “>”.

2
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Equation (11.4.1) is just a consistency condition so that the thermal picture of
de Sitter can hold.

In fact, there are good reasons to at least entertain the possibility that there are
no metastable de Sitter vacua in string theory [161,163,326]. If supersymmetric
string theory as we know it today really describes the real world, the logical
conclusion would be we are in some sort of quintessence scenario, so it makes
sense to ask what would happen to (11.4.1) in such a case. This analysis is
carried out in Appendix J.2; one finds that quintessence does not change the
conclusion, and that violating (11.4.1) still leads to a crunching spacetime.

We now make a couple of comments before crudely discussing the phenomeno-
logical implications. First, the constraint becomes trivial as H — 0, as it should
since it is a pure de Sitter phenomenon. On the other hand it is nontrivial and
in particular forbids all charged particles if we take Mp — oo at constant H
and g. This suggests that it might not be possible to consistently decouple
gravity in dS'°. In a more holographic language, this means that Einstein?® dS
holographic models, if they exist, should not fall in large IV families where the
low-energy sector “stabilizes” and we can make gravity as weak as we want by
taking large N. Rather, they should be “sporadic” or isolated theories. This
point of view was also advocated in [18]. Second, we emphasize the statement
holds for every particle in the theory, since just one violating the bound would
be enough to cause an adiabatic discharge. This is unlike Weak Gravity, where
just a single particle is enough. This difference reflects that Weak Gravity is
about ensuring that black holes decay, while (11.4.1) is about ensuring they
don’t do it in a particular way. Extremal black holes satisfy (11.4.1) as well.
Third, one should only apply this constraint in situations where a Nariai black
hole makes sense. In particular it does not apply to Higgsed or confined gauge
fields.

There is also an interesting interplay between (11.4.1) and magnetic/sublattice
versions of the WGC which predict an upper bound on the cutoff scale of
quantum gravity [378]. Given a mass for a charge carrier, (11.4.1) predicts an
upper bound on the gauge coupling in terms of the mass of the lightest charged
carrier,

m2

<2 11.4.2
95 ApH ( )

19We do not claim that QFT makes no sense in a dS background; it does, at least
perturbatively. We just mean that, given a gravitational model with finite Mp, there might
be no way to “deform” it, either continuously or by small discrete steps, to one where gravity
is absent.

20In particular, higher-spin theories are not Einstein gravity and the discussion in this paper
does not apply to them. Higher-spin theories in de Sitter are conjectured to have holographic
duals [68] which do possess a large N limit.
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which translates to an upper bound on the cutoff of the EFT.

Throughout this work, we focus on the case with a single species of charged
particle. Of course, if one has multiple species of charged particles, they will
all contribute to the black hole decay. This allows one to trigger the adiabatic
regime, even if the individual particle species of particles are massive. However,
the annihilation of the produced particles into neutral radiation may be slower
than in the massless case. For instance, if one has order exp(m?/qFE) particle
species of mass m and charge ¢, this compensates for the exponential suppression
of Schwinger pair production. Demanding the adiabatic regime does not occur
then bounds the number of charged particle species at certain mass in such
cases. This has in fact interesting implications, which we discuss in Subsection
11.4.2.

Phenomenological implications

The nice thing about making Swamp-like statements in Sitter space is that one
may compare them to the real world. Taking the U(1) to be electromagnetism,
the scale on the right hand side of (11.4.1) is

VgMpH ~ 1073 eV, (11.4.3)

or around the vacuum energy density scale/neutrino mass scale. The Standard
Model satisfies our constraint (11.4.1), since the lightest electrically charged
particle is the electron, eight orders of magnitude above (11.4.3).

While at first sight it seems that (11.4.1) is satisfied with room to spare, one
should remember the immense hierarchy between Planck and Hubble scales, of
sixty orders of magnitude. (11.4.1) predicts a new scale which is the geometric
mean of these two, and the eight orders of magnitude in the electron should
be compared with these sixty, as illustrated in Figure 11.5. By contrast, the
electron saturates the WGC by 19 orders of magnitude?.

Since in the SM the fermions receive mass from their coupling to the Higgs,
(11.4.1) also has implications for the cosmological hierarchy problem [438-440]
(see also [360,441] for some other proposed connections between the swampland
and the EW hierarchy problem). In particular, suppose one has a fermion with

21'While as remarked above it makes no sense to apply this constraint to massive gauge
fields, we notice that the lightest fermions we know of, the neutrinos, have a mass close
to (11.4.3). This could perhaps be a sign they are coupled to a hidden massless U(1) with
not so small gauge coupling. Since the only anomaly-free U(1) with generation-independent
couplings in the SM with right-handed neutrinos is B — L, this would suggest the presence of
extra particles charged under this U(1) as well.
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Figure 11.5: Logarithmic scale of energies displaying the Hubble and Planck scales
on both ends, the masses of some SM electrically charged particles, the Higgs vev
scale, and the new scale \/gMpH in (11.4.3). The constraint (11.4.1) implies that all
charged particles should lie to the right of this scale, which is satisfied.

mass m = yv/v/2, which in turn satisfies (11.4.1). Then

Y2
Z 2> gMpH =

5 (11.4.4)

9 p
V3
where p is the gravitating vacuum energy density and we have used 3M2 H? = p?.
Rearranging,

p< (11.4.5)

Py
\/g )
that is, no matter what the Higgs vev v is, the gravitating vacuum energy (the
one that actually enters in Einstein’s equations) must be below the electroweak
scale, by a factor of at least the smallest Yukawa of any charged fermion. There
is a nice interplay with the arguments in [360], which introduced an additional
gauge field to explain electroweak hierarchy. In this language, the electroweak
hierarchy problem gets mapped to the question of why is the new gauge coupling
small; (11.4.1) could be part of the reason for this.

Equation (11.4.1) does not lead to constraints on models of milli-charged dark
matter, since the window excluded by the constraint has long been excluded
experimentally [442].

One could also apply (11.4.1) to (B — L). This is an anomaly-free global
symmetry of the SM Lagrangian, which is expected to be gauged or broken in
quantum gravity. For instance, in GUT models, (B — L) is often a spontaneously
broken global symmetry, but it is not excluded that it could be massless, as
long as the gauge coupling is small enough (around g < 10724 [339,360]). Our
bound would mean that the lightest neutrino species cannot be massless.
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Another topic we must address is inflation. During the inflationary phase the
universe was approximately de Sitter, so it would be reasonable to apply (11.4.1)
there. Furthermore, as explained before, replacing the cosmological constant by
a slowly-rolling scalar does not change our conclusions. We do not know much
about the spectrum of massless U(1)’s and charged particles during inflation,
but a naive expectation is that if inflation happens before EWSB, we have an
su(3) @ su(2) @ u(1)’s worth of massless gauge fields to analyze??. The charged
spectrum of the SM remains massless at tree level (getting a mass of order
Hubble scale via radiative corrections [445]), which violates (11.4.1). We now
discuss some possible ways out of this conundrum?3:

e One can take inflation to only last N, ~ 60 e-folds [446]. Even if (11.4.1)
is violated, we could conceivably avoid the Big Crunch if the time that
it takes for the black hole to discharge adiabatically is much higher than
N./H. For a massless carrier, this time is set by the electric field only,
tdisch. ~ (qE)’l/z. Rearranging, this becomes a bound on the gauge
coupling,

< H
9= N2y

Thus, we can avoid trouble, even with a large field inflation Hubble scale,
by introducing a coupling between the inflaton and the gauge kinetic
function of the gauge fields, in such a way that they remain small during
inflation. This ensures that the gauge couplings become even more weakly
coupled in the UV, while preserving gauge coupling unification as long
as the coupling is taken to be same for every gauge field in the SM. This
coupling would break any perturbative shift symmetry the inflaton field
would have, so it is again fine-tuned unless it can be generated by non-
perturbative effects. It would also lead to production of gauge fields during
inflation and so, nongaussianity in the curvature or possibly curvature-
magnetic field spectrum [447-449]. These effects would be suppressed by
at least a factor of (11.4.6) squared, so they would be small.

(11.4.6)

e Another alternative is models of Higgs inflation [450], where electroweak
symmetry is still broken even at a high scale, and the fermions are massive.
In vanilla models of Higgs inflation, the Higgs vev is comparable to H2M 3.
This means that the fermions are still massive due to their Higgs coupling,
but their masses are several orders of magnitude smaller due to the
small Yukawa couplings, so (11.4.1) is not satisfied. By contrast, in a
more convoluted model with a complicated Higgs potential allowing for a

22The same analysis would apply to GUT’s, although inflation is usually taken to happen
after GUT breaking to avoid a monopole problem [443,444].
23We thank Prateek Agrawal for illuminating discussions.
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hierarchy between fermion masses and the vacuum energy, this tension
could disappear.

In this scenario, one still has to think about SU(3). The quarks are
massive due to their coupling to the Higgs and thus pose no problem,
but the gluons not commuting with the chosen U(1) are charged, and
naively massless. However, as long as the Hubble scale during inflation is
below Agep, equation (11.4.1) is satisfied in the same way as it is today.
This corresponds to a vacuum energy density of ~ 10°GeV. Thus, a
simple way out is a small field inflationary model. The price one pays for
this is an extremely fine-tuned scalar potential, violating any reasonable
form of the original no dS conjecture [163,326]. It is worth noticing
however that this is the same inflationary scale predicted by the recent
TCC conjecture of [327] (the terminology “transplanckian censorship” was
originally introduced in [451] to refer to a different but possibly related
phenomenon).

Before wrapping up, we note that the non-abelian interaction terms
in the presence of a background gauge field seem to give these gluons
an extra contribution to the effective mass proportional to \/gMpH,
when reduced to two dimensions to carry out the Schwinger calculation
(see [452]). Still, this is at best just marginally satisfying (11.4.1), so
without further analysis it is unclear whether the crunch is really avoided.
Having Agecp < H is a sure way to avoid the trouble caused by the
gluons.

11.4.2 Weak gravity in de Sitter space

We have a constraint on the EFT from black hole decay, but it would be nice
if we could recover WGC as well. There are immediate obstacles to this. The
usual motivation for the (mild form of the) WGC in flat space or AdS is that
otherwise all extremal black holes are exactly stable or marginally unstable (as
is the case for BPS black holes in a theory with BPS particles), and this is
somehow undesirable. In flat space it is still unclear what precisely goes wrong
if this does not happen, but in AdS a violation of the mild form of the WGC
conflicts with properties of entanglement entropy in the dual CFT [397].

By contrast, we have seen in the previous Section that, the moment there is
any charged particle in the spectrum, RN-dS black holes follow the fate of
their uncharged flat space counterparts — they eventually evaporate completely—.
This is easy to understand intuitively. In flat space or AdS , a subextremal
charged particle that tunnels out of a black hole has no choice but to fall back
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in, because it just does not have enough energy to escape to infinity?*. In
dS however, even a very massive particle will sometimes tunnel so far away
from the black hole that it is pulled away by the cosmological expansion, being
eventually eaten up by the cosmological horizon.

In fact, black holes discharge even in the absence of charged particles. In
that case, they move towards the lukewarm line in Figure 11.1, or towards
the charged Nariai branch if the initial charge happens to be higher than the
intersection point of the charged Nariai branch with the lukewarm line. Both
on the lukewarm line and on the charged Nariai branch there are gravitational
instantons [407,436] that mediate transitions from these black holes to and from
empty de Sitter space. But the point of our analysis is that, even if one demands
that extremal black holes must be unstable, this leads to no constraints on the
spectrum of Einstein quantum gravity in dS space (or situations close to it, like
slow-roll quintessence), since black holes decay automatically anyway. This was
already foreseen in [414].

Although we have just argued that no charged black holes are stable in dS,
small black holes have very large lifetimes if WGC is not satisfied. Charged
particles must traverse an incredibly wide potential barrier, from the black hole
horizon to the cosmological one, if the black hole is to discharge. The current
associated to this effect is therefore exponentially exponentially suppressed in /;
one can see this in the exact expression for the Nariai current (11.3.38).

To sum up, in a dS-like theory which contains no WGC particles, small black
holes do evaporate, but their lifetime is exponentially long in ¢£. There are
so long-lived that it makes sense to include them in the computation of the
Schwinger current for a large Nariai black hole. As mentioned in Subsection
11.4.1, there are two ways to trigger the adiabatic regime. One way is to have
one or a few particles violating (11.4.1). Another is to have so many particles
satisfying (11.4.1) that their combined current beats the Schwinger exponential
suppression, resulting in an unsuppressed current. The contribution from black
holes to the current is?®

Qmax. e H H2A2 A
o~ dQ, e @ ~ [ —— | — e V2R 11.4.
s [0 e (G P e

\/EQMP

24In the AdS case the analysis is more subtle, since even massive superextremal particles
cannot escape to infinity. Instead, they form a charged cloud which completely discharges the
black hole in the extremal case [453].

25We have only included extremal black holes and replaced the sum over integer-quantized
charges @, by an integral. We have neglected the S term and then taken the upper integration
limit to be oo since the integral is dominated by small black holes as we take Qmax. much
smaller than a cosmological size black hole. For the same reason, we have also used the
flat-space extremality expression. We have taken E = gMpH to be a typical electric field in
the upper part of the Nariai branch.
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Here, A is some EFT cutoff, which cuts off the sum when black holes become
so small than the semiclassical description breaks down. S is the black hole
entropy counting the number of black hole states with the given charge and
mass. The upper bound on the charge Qmax. is there because here we just want
to consider small black holes — the entropy contribution is then subleading and
the result is dominated by the lower integration limit. Equation (11.4.7) grows
without bound as ¢ — 0 which means that, as long as this limit is allowed (and
it might very well not be; this is just a heuristic argument), we will enter the
adiabatic regime. Thus, we obtain an argument for ordinary WGC in de Sitter,
that small black holes should be allowed to decay, with a similar flavor to the
original heuristics in [320]. One might also conclude that g — 0 is not allowed;
this is in fact the conclusion when one follows the same argument in AdS [454].

This argument is heuristic and it relies on a very unclear limit. We also tried to
do better, and in the remainder of the Section we report what we got. Since
WGC guarantees that black holes evaporate quickly enough, it is reasonable
to imagine it is related to (an upper bound on) evaporation times of black
holes. Interestingly, one can argue something like this — an upper bound on the
equilibration time of a black hole—. The equilibration time ¢, of a particular
quantum state is the time that it takes for the state to become close to the
thermal state to any desired accuracy e.

In our context, and as mentioned above, we should regard black hole evaporation
as (part of) an equilibration process towards the thermal state, represented
by empty dS. Once a black hole evaporates, the decay products fly away and
eventually fall behind the cosmological horizon. When this happens, to any
desired degree of accuracy, one can say the state has finally equilibrated.

We refer the reader to the excellent review [455] for a precise definition and
more details. Interestingly, it is possible to derive a universal upper bound on
the equilibration time of a generic quantum state®® (see Theorem 1 of [455]),
which grows exponentially with the system size?”. Notice that this is still better
than the quantum Poincaré recurrence time e’ | Thus, we might want to
demand that the total evaporation time of a black hole is shorter than e%4s¢.
The evaporation time for a charged b}ack hole is controlled by the exponential
factor of the Schwinger current, e~™ /(4E). So a very naive realization of this
bound could be to demand that m?/(qFE) < Sas, which leads to a lower bound
on the charge-to-mass ratio of the particle that mediates black hole decay,

99Mp _ Hm

. 11.4.

26 Assuming it thermalizes eventually.
27This kind of scaling is achieved by relaxation times in glassy systems.
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While this bound goes on the same direction as the WGC, it is parametrically
weaker and so uninteresting. It becomes trivial as H — 0, so it is clearly not
capturing the actual physics of WGC. We just want to illustrate that upper
bounds on equlilibration times lead to lower bounds on the charge-to-mass ratio;
and while the universal result in [455] does not lead to an interesting result, a
stronger lower bound derived using the particular properties of the system under
study might be behind the rationale for WGC in quasi-de Sitter spacetimes.

11.5 Conclusions

In flat space and AdS, the Weak Gravity Conjecture is intimately related to
Cosmic Censorship and the stability of extremal black holes. In this note, we
have tried to understand to what extent this kind of reasoning works in de
Sitter, and more generally to spacetimes with positive vacuum energy, and to
figure out if there are any new candidates for swampland constraints.

To do so, first one needs to understand how black holes evaporate in de Sitter
space. Unlike their flat space counterparts, whose mass for a given charge
is bounded below by the extremality curve but unbounded from above, de
Sitter black holes have a largest mass for a given value of () — the so-called
Nariai solution. This is a genuinely de Sitter effect, and one can connect
it to the idea that the Hilbert space in the static patch should be finite-
dimensional [18,21,431,432], from which it follows that there is a maximum
value of any reasonably well-defined observable like the mass or the charge.

Previous studies of black hole evaporation in de Sitter [402,404,406,408-412,430]
have not examined how the mass and charge of a black hole evolves in time in
a theory with charged particles. We have worked out how large de Sitter black
holes evaporate, depending on the spectrum of charged particles in the theory.
For a single scalar particle of mass m and charge ¢, we find two very different
regimes, controlled by the parameter x = m?/(ggMpH):

e When x > 1, the Schwinger pair production that allows black holes
to lose charge is exponentially suppressed. They therefore evaporate
slowly, schematically following the curves illustrated in Figure 11.2. All
black holes evaporate eventually, never leaving the “shark fin” region of
nice sub-extremal solutions. This is consistent with the thermodynamic
interpretation of de Sitter as a thermal system at finite temperature [19,
432]. According to this idea, perturbations in de Sitter should eventually
evolve back to empty de Sitter space, and this process corresponds to
equilibration with the thermal bath. Field theory modes and small black
holes all agree with this picture, and it was known that large neutral black
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holes do so as well [404]. We have shown that this is the case for charged
black holes as well, as long as y > 1.

e If ¥ < 1 instead, a charged Nariai black hole sees its electric field
immediately screened out by the very light charged carriers produced via
Schwinger; the electric field is replaced by radiation, which cannot support
the solution and collapses to a Big Crunch. This Big Crunch is of the
same kind that the one which appears in the future of a superextremal,
neutral Schwarzschild-de Sitter solution with mass above the Nariai value.
Morally, the black hole loses all the charge instantaneously, while keeping
its mass constant, as illustrated in Figure 11.4.

The first noteworthy (if unsurprising) consequence of these results is that, as
advanced in [414], there is no kinematic barrier to black hole decay. This is
unlike in flat space, where at least one particle must satisfy WGC if extremal
black holes are to decay. In flat space, a subextremal charged particle can
tunnel out of an extremal black hole, but it inevitably falls back because for it
gravity is not the weakest force. By contrast, the same particle in dS can always
tunnel far away enough that the cosmological force overcomes the gravitational
attraction from the black hole. Gravity may not be the weakest force, but in
any case it is always weaker than the cosmological one.

This is however not the end of the story. In the second scenario, where the black
hole discharges quickly, there is a failure of the thermalization picture; there
are black holes that become superextremal, crunch, and never thermalize back
to de Sitter space. We lack a complete, UV description of Einstein quantum
gravity in long-lived de Sitter space (if it exists at all), so we do not know
if this is really an inconsistency. However, we cannot help to point out that
the superextremal region in Figure 11.1 is connected, so one can continuously
deform any superextremal solution into any other. A neutral superextremal
black hole can be connected to a small superextremal one, which we ordinarily
like to avoid based on cosmic censorship or more sophisticated ideas (like the
fact that these solutions do not have any known embedding in string theory
and it would be difficult to give a thermodynamic interpretation).

In any case, if one wants the thermal picture of the dS static patch to hold,
then our results suggest that one should impose x = 1 as well. This becomes a
constraint on the effective field theory, that

m® 2 qgMpH,

for every particle in the theory. This is a constraint on the effective field
theory coming from gravitational arguments, and since we do not know of any
field theory arguments that would lead to it, it has the flavor of a swampland
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constraint. However, since we cannot check against stringy examples and it
relies on the thermal picture of the dS static patch and its finite-dimensional
Hilbert space, it is on shakier ground than actual swampland constraints. It is
just a consistency condition we need to enforce so that the thermal picture of
dS can hold at all.

Interestingly, avoiding the adiabatic regime also leads to a new heuristic
argument for the WGC from black hole decay in dS, circumventing the
aforementioned lack of kinematical constraints. In a WGC-violating theory,
small extremal black holes would be very long-lived, and would contribute to
the discharge of Nariai ones. In the limit of small gauge coupling, there is
so many of them that they can trigger the onset of the adiabatic regime by
themselves. A natural way to avoid this is then the WGC.

This argument is very similar to the original WGC heuristic, and suffers from
the same weaknesses. For instance, it only works in the limit ¢ — 0, and we
have no idea whether this limit makes any sense in any way. Trying to address
this, we have speculated that WGC might be related to an upper bound in
evaporation times of black holes. In the thermal picture of dS, this would
correspond to an upper bound to equilibration times; while there are universal
results in this direction which lead to WGC-like bounds, they are much weaker.

Since the real world looks like de Sitter at least for now, it is reasonable to
compare this constraint with it. Taking the U(1) to be electromagnetism, the
constraint turns out to be satisfied by every charged particle we know of. Again,
this is a UV constraint, since there is nothing obviously wrong from the EFT
point of view with a world where the electron was lighter than neutrinos or the
cosmological constant was a few orders of magnitude higher?®.

Since the constraint ties charged fermion masses to the Hubble scale, it alleviates
to some extent the cosmological hierarchy problem. It also constrains models of
mili-charged dark matter, but the window where the constraint is nontrivial
has been long excluded by experimental data.

The constraint has an interesting interplay with inflation. Since during inflation
the universe was basically de Sitter for 60 efolds, our arguments apply, not just to
electromagnetism but to whichever massless unconfined gauge fields are present
during the inflationary era. This puts constraints on inflationary models. We
have sketched a couple ways to comply with these constraints: Direct inflaton-
gauge kinetic term couplings (which would lead to small nongaussianities), or
models of Higgs inflation with a plateau potential and an inflationary scale
below AQC D-

28We wouldn’t exist, but it is unclear that this signals an actual inconsistency of the theory.
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A number of interesting research directions remain. Tracing out the boundary of
Figure 11.1 by starting with an infinitesimally small extremal black hole, moving
up along the extremal branch up to the ultracold point and then moving back
down along the charged Nariai branch, one finds a remarkable situation. There
is a continuous interpolation between AdSy x 52, Minks x S2, and dSs x S2. It
would interesting to understand this as a continuum of two-dimensional theories,
especially in the context of the recent surge of interest in two-dimensional
quantum gravity [456-461].

A natural extension of our work would be to higher dimensions. One could
study both higher dimensional de Sitter spaces and black branes rather than
black holes. It would be interesting to see if this produces bounds on brane
tensions analogous to the bounds on particle masses obtained here. Since in
the Nariai branch we get a dSy x S? geometry for black holes, it is natural to
guess that by looking at black branes one could get higher-dimensional de Sitter
solutions supported by flux which discharge slowly, and it would possible to
study their decay in a UV-regulated way.



Chapter 12

A dS obstruction and its
phenomenological
consequences

This chapter is a reprint of [6]. We observe that positive runaway potentials
can generically be stabilized by abelian p-form fluxes, leading to parametrically
controlled de Sitter solutions after compactification to a lower dimension. When
compactifying from 4d to 2d the dS solutions are metastable, whereas all higher
dimensional cases are unstable. The existence of these dS solutions require that
a certain inequality involving the derivatives of the potential and p-form gauge
coupling is satisfied. This inequality is not satisfied in simple stringy examples
(outside of the scope of Maldacena-Nufiez), which unsurprisingly avoid this
route to dS solutions. We can apply our techniques to construct dS; solutions
in the Standard Model plus an additional runaway scalar such as quintessence.
Demanding that these are avoided leads to (weak) phenomenological constraints
on the time variation of the fine structure constant and QCD axion-photon
coupling. As in the preceding chapter, the Freund-Rubin constructions of
section 7.1.2 play an important role in this chapter.

12.1 Introduction

One of the most important open questions in string theory is the quest for a de
Sitter solution. There is a vast literature on precise and concrete strategies to
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construct a dS solution in string theory, which we discussed in some detail in
part ITI. Our own point of view is that de Sitter constructions in string theory
have never been fully explicit and trustworthy. One could therefore entertain
the logical possibility that there is something about string theory that makes it
incompatible with meta-stable de Sitter vacua [161,462]. This has been turned
into a conjecture, see conjecture 3 in section 10.2 which furthermore constraints
the effective potential that any EFT derived from string theory should obey.
There is no rigorous argument for the conjecture so far (see however [164]
and [245] for connections to the Swampland Distance Conjecture [325]). As
stressed in [463,464] such a general argument might be the reason behind the
failure of finding weakly coupled tree-level dS vacua in [292,465,466].

The inspiration for this conjecture comes from the general scaling properties of
tree-level flux compactifications derived earlier in [462,467,468] which in turn
took inspiration from [469,470]. This does not constitute real evidence since
there is no immediate reason why de Sitter vacua should hide in the classical
corner of the landscape. However there is no obvious theorem forbidding vacua
in that corner either (see [471] for recent progress in this direction). The fact
that tree-level solutions, regardless of whether they are free of tachyons, have
only been found at strong coupling (see [292,465,466] for a scan and overview of
such solutions) might be suggestive of a deeper reason. Especially the arguments
of [464] seem to hold quite generally and are discouraging to find weakly coupled
solutions®.

Of course, from these observations one cannot jump to conclusions about the
non-existence of de Sitter vacua in the intermediate regime. At the same
time one cannot claim that from a “potpourri” of quantum corrections to 10d
supergravity one arrives at flux vacua which can be trusted sufficiently to carry
the burden of proving a landscape/multiverse charachter of string theory. Even
more, there are also non-trivial dS no-go’s in string theory that go well beyond
10d tree-level: various papers have studied the effect of an infinite tower of
higher derivative corrections, either from the worldsheet or in genuine top down
effective field theory, still coming to a no-dS result [474-477]. So it seems that in
all corners where reliable computations can be done de Sitter escapes existence.

In any case, a no-dS viewpoint leads one to naturally focus on runaway potentials
[326] in string theory and to quintessence models in phenomenology [478,479]
(see [480] for a review). Embedding quintessence in string theory is also difficult
and we will not go into any detail of this, but instead refer to [303,481,482].

The simple point we make on this note is that runaway potentials together with

L Although there is a recent revival of this discussion since classical vacua could be around
at weak coupling once we allow certain singularities [472], which however have been questioned
to be physical [473].
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abelian p — 1-form gauge fields (ubiquitous in string compactifications) naturally
lead again to (lower-dimensional) de Sitter solutions. Flux compactifications
can stabilize the runaway potential, leading to dSp_, x S? solutions. These
solutions are under parametric control by taking the flux threading the S? to
be large. Hence they would be an example of explicit, controlled, simple dS
saddle points, similar to the usual flux compactifications leading to AdS vacua.
We will find that for D — p > 2 the solutions are generically unstable, but for
D — p = 2, the instability in the homogeneous mode disappears. In fact, in
the two-dimensional case, this solution arises as a near-horizon limit of charged
solutions in the higher-dimensional theory, just like their AdS counterparts. In
fact this work first arose as an attempt to extend charged Nariai black hole
solutions which are dSs x S? describing the near-horizon geometry of large black
holes in de Sitter space, to slow-roll quintessence spacetimes.

In this paper we just work out the details, and find that, in order for a dSp_, x .S
saddle point to exist, it is necessary and sufficient that a simple certain inequality
involving the gauge kinetic function of the p — 1-form field and the potential is
satisfied. More concretely, if f is the inverse gauge coupling of the (p — 1)-form
field, dS saddle points exist provided that

(p—1) ‘V/ < ‘J; : (12.1.1)

|4

We then check against simple controlled examples, including the O(16) x O(16)
nonsupersymmetric string, and find that the inequality is not satisfied. If
someone ever comes up with a worldsheet de Sitter vacuum, our techniques
could have been used in principle be used to stabilize the dilaton, thereby
turning these constructions into actual quantum gravitational dS saddle points?.
We check explicitly that this doesn’t work, either. The inequality we have is
marginally violated, the amount of the violation is parametrically small and
goes as gs.

As emphasized above, for the 2-dimensional case we get stable dS, solutions®.
The instabilities are frozen via the Hamiltonian constraint. If the no dS or any
similar conjecture on the string potential (such as TCC [327]) are true, then the
opposite of (12.1.1) is a logical consequence. Absence of dS solutions implies
constraints on the couplings in a different, runaway solution.

2Again, by “dS saddle points” we mean that our higher dimensional dS solutions are
unstable, while the 2-dimensional ones are not.

3 As we discuss below, there is a “Bousso beading process” inhomogeneous instability, which
we interpret as nucleation of two-dimensional black holes by the expanding dS2 background.
This instability can never destroy the dS2 completely (at any given time, we expect most of
the spatial volume is in a dS3 patch).
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It turns out that simple extensions of the Standard Model with scalars, such as
for instance quintessence or a QCD axion, fall into our framework, and therefore
the no dS conjecture constrains® these sectors via (the opposite of) (12.1.1). In
particular, the time-variation of the fine structure constant is upper-bounded
by the quintessence slow-roll parameter |V’/V|. Current experimental upper
bounds on this, coming from the Oklo natural nuclear reactor [483], ensure
that this constraint is satisfied in the real world, for |[V//V| as small as 107°.
We find it interesting that the no-dS conjecture, favoring quintessence, is only
consistent with a weak time-variation of the fine-structure constant, which
otherwise plagues quintessence models.

Another interesting consequence comes from analyzing the photon-axion
coupling, which is the subject of active experimental searches [484]. In this
case, avoiding lower-dimensional de Sitter solutions requires the product of
the axion-photon coupling and the axion decay constant to be a not-too-large
number. While this constraint is of no practical phenomenological interest, we
find it interesting that it exists. It may point out the way to further, more
interesting constraints.

The contents of chapter 11 and especially that chapter’s discussion of the
basic properties of charged black holes in de Sitter space will be relevant for
what follows.. The note is organized as follows. In Section 12.2 we present
our construction in any dimension, illustrating the details in the four-to-two
dimensional case, write down the constraints that must be satisfied for the
solution to exist, and compare to stringy wisdom. The phenomenological
implications of our results + the no-dS conjecture are then analysed in Section
12.3. We conclude and discuss our assumptions in Section 12.4, leaving the rest
of the technical details to Appendices.

12.2 Constructing de Sitter from runaway poten-
tials

One can wonder whether a phase diagram similar to charged black holes in dSy
exists for black hole solutions in quintessence spacetimes. This is much more
involved questions since we are not aware of exact solutions for black holes.
But for the purpose of this note we care about the boundary of the would-be

4We would constrain by demanding absence of dSs x S? solutions, which is fishy due to the
peculiarities of low-dimensional quantum gravity. For instance, [459] proposes a version of the
SYK model which is dual to a patch of a (non-Einstein) dS2 quantum gravity. On the other
hand, the kind of arguments ruling out tree-level higher-dimensional dS compactifications in
string theory seem to apply equally well to 2d.
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phase diagram only, and more concretely the dSs branch. Hence our approach
consists of only looking for flux compactification solutions of the form My x S?
with Ms being maximally symmetric. For related work see [403].

From here onward we work in units where 16mG = 1 and consider the following
action for the quintessence and electromagnetism coupled to gravity
0

5= [ V(R - 4067 ~ 1@ FuF™ ~V(9) + o FAF. (122
Here V is the quintessence potential and f the coupling to electromagnetism.
We have also allowed for a 6 angle which can depend on ¢; this allows us to
cover the case 0 = ﬁqﬁ when the quintessence field ¢ is itself an axion, but for
the time being we keep the coupling general.

We search for solutions with a product spacetime My x S? endowed with the
metric

ds] = h(t)[—dt* + dr?] + R*dQ3 . (12.2.2)
We now check whether we can recover the horizon geometries that exist without
quintessence. For that consider the scalar equation of motion:

9, (/190" '
ulV1919"0) _ i\ 1o o 89 R E, . (12.23)
N ™ 4/l

where a prime denotes a derivative wrt to the scalar and ¢ is the anti-symmetric
symbol (not tensor). Let us next address Maxwell’s equations

1

Writing F' = E(r)dr A dt + B(r)R2dS), one gets from the above, assuming the
scalar has been stabilised,
h _ Qm

0
E:<Qe+4ﬂ'2Qm)fR,27 B = R2

Where charges were defined, via conserved currents, using the following
normalisation:
1 0 1
e = — *F——F m = — F. 12.2.6
@ 47 /52 (f 472 ) @ A Jgo ( )

The charge Q. is integer quantized and @, is quantized in multiples of 27. For
convenience we introduce the following two quantities:

- 0
Qe =Qc + QO (12.2.7)

(12.2.5)

32
Q%= 7 + fQ3? . (12.2.8)
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The equations of motion for a constant scalar ¢ and radius R take then a simple
form

1
V't 5@ =0, (12.2.9)
1
0=VR'-2R? + 5Q2 , (12.2.10)
1 2

Where R is the 2d curvature®. A derivation of these equations can be found
in Appendix M.

Equation (12.2.9) stabilises the scalar field for a given Q. and @, and V. If
that equation has a solution then the functions f and V obtain specific fixed
values. One would then be tempted to think that the remaining two equations
are then similar to the Einstein-Maxwell-deSitter case upon the identification:
V =6(? and f = g2 (recall we work in Planckian units for which 167G = 1).
But this turns out not to be the case, probably due to the fact that the the
stabilised scalar value still depends on R.

In any case, the existence of solutions depends on the value of Q% and V at the
stabilised value of the scalar (if any). From equation (12.2.10) it is clear that a
real solution for R implies that

Vor<2 (12.2.12)
Using (12.2.9), (12.2.11) becomes

/ 2
Rgzv(l Vo )

V(e
If the potential V is positive, then using (12.2.9) again to show that V’/V and
(Q%)’/Q? have opposite signs, we will have a dSs solution only if

(12.2.13)

V/

()
— | < . 12.2.14
V)]s ‘ Q2 ( )
The right hand side becomes a sum of two terms
2\/ 122 _ N2 2 A ’
(@ _ f Q=@ | 2/QQum 0 (122.15)

Q?  fQZ+f2Q% Q2+ f2Q2, 4ntf

5Ro = —h—2h + h—3h2.
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Since the dependence on the charges is homogeneous, the function above only
depends on one parameter, and by explicit computation one can show that

£\ 2 9 \?2
< = — 12.2.16
: \/< 7) ) (12210
with the inequality always being achieved® for some value of Q., Q. So without
loss of generality, to have a dSs solution in this way we need to satisfy the

constraint
N 2 ;N2
() () 2217

We can immediately generalize the picture to higher dimensions. One can
consider a general D-dimensional solution with an abelian p-form fieldstrength
and a scalar with an action of the form

‘(QQ)’
02

V/
V

! 10 1 9 9
5= zﬁgo/d ‘""\/@ [RE = 5(09)" = F(OIEI° ~ V(¢)] . (12.2.18)

Consistent, truncations of this kind often show up in string compactifications
after supersymmetry is broken and some of the moduli develop a potential.
In this case f and V are often exponentials. The detailed analysis, which
can be found in Appendix N, leads to the conclusion that there will be a
(D — p)-dimensional d.S solution obtained from flux compactification if and only
if

(12.2.19)

12.2.1 Classical limit

We need to check that the dS solutions obtained in this way are in the
semiclassical approximation. In the two-dimensional case, this means that R
has to be large, Ro small, and the charges large enough such that quantization
is not a worry. The detailed analysis can be found in Appendices M and N,
with the conclusion being that there is always a large charge regime where the
solution is trustworthy.

Quantum corrections will appear in general Casimir energy contributions to the
lower-dimensional potential. Again, the Nariai solution gives an intuition as to

6In the large charge limit, that is, ignoring (12.2.12).
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why these are small: the S? of a Nariai black hole is as big as the parent universe,
and such backgrounds are essentially classical if the parent de Sitter solution is
classical as well. More concretely, a Casimir energy in lower dimensions will
go as HP~P, to be compared with the classical contribution to the potential,
which is of order V,/HP?. Here we are assuming the energy density is of order
Vo, since we want to stabilize the scalar at the same value that it has in the
parent solution, and we are integrating over the SP. But H? ~ V; due to the
higher dimensional Einstein’s equations, and so

Veasimir ~ HP P < H*P (12.2.20)
for small H as long as D > 2.

We also point out that, in contrast to the two-dimensional case, for higher
dimensions our solutions are controlled against any higher-derivative corrections
since we can make the charge parameter arbitrarily large, so that the solutions
can be arbitrarily weakly curved.

12.2.2  Stability

Finally we address concerns about stability. Clearly stability depends on the
particular form of f and V. When f and V are exponentials, with f = f,e?
and V = Vpe™7?, the solution is always a minimum in the two-dimensional case,
but tachyonic in the higher-dimensional case. We expect tachyonic instabilities
to be rather generic in the higher-dimensional case. Hence one can contemplate
to what extend the dS Swampland conjectures forbid such backgrounds. In here
we take the viewpoint that is stronger than what is expressed in [164]; as long
as there are no explicit examples of unstable dS solutions at the classical level
that are under parametric control there might be a good reason to suspect that
such backgrounds are equally forbidden. Note that all examples constructed so
far of classical tachyonic dS solutions from fluxes and orientifolds [292,464,466]
are either at strong string coupling or at strong curvature, meaning they are
not even approximate solutions to string theory”. If string theory describes
the real world then one could consider the maximum of the Higgs potential as
a counterexample [486], but perhaps this solution does not live at parametric
weak coupling.

Wether a dS, solution obtained from a flux compactification is unstable is a
subtle question. As we discuss in Appendix M, stability of 4d scalars, such as ¢,
is studied via positivity of the Hessian as usual. However, stability of the scalar
R?, which parametrizes the size of the S?, is more subtle. As explained in [487],

7 Although these solutions have been used in [485] to argue for a no-dS conjecture that
takes into account perturbative stability as in the refined no-dS conjecture of [164].



CONSTRUCTING DE SITTER FROM RUNAWAY POTENTIALS 223

and analyzed in detail in [488], there are no instabilities in the homogeneous
mode, where R? is perturbed in a position-dependent way on a a t = 0 slice of
global dS5 coordinates. This is because the Hamiltonian constraint of GR fixes
R? as a function of the other parameters of the theory, so it cannot fluctuate

on its own®.

However, as first explained in [405] (see also [407,430] and especially [406], which
discusses the charged case), at the classical level the Hamiltonian constraint
allows for inhomogeneous perturbations which are unstable. These perturbations
then grow and settle in a different configuration where patches of the dSy crunch,
while others keep on expanding. Thus, the spacetime forms a series of “beads”,
which is why this is called the “Bousso beading process”. In the charged case,
the expanding patches between beads go back to the original dS, solution. The
conformal diagram of the whole situation can be seen in [406] and looks like a
chain of two-dimensional black holes (the crunching regions) with dS, patches
in between (when the charge is large enough, which is the case we are interested
in). The process repeats endlessly, with a proliferation of crunching regions
among an ever increasing number of disconnected d.S; patches.

The Bousso beading process is an universal instability of dSs models of quantum
gravity coming from higher-dimensional compactifications. The question is
whether it “counts” as an instability for Swampland purposes. That is, would
we expect to have dS; solutions in string theory, since this instability will be
generically present? Most of the no-go results we are familiar with are concerned
only with stability in the homogeneous mode, and so would apply in this setup
as well. But more importantly, in the beading instability, there are always
ever-expanding patches of dSs, so the original vacuum still survives (in the
same sense that in eternal inflation almost every patch is in the false vacuum).
Finally, to the extent that we refer to the crunching regions as black holes, a
natural interpretation of Bousso beading is that it is describing pair production
of 2d black holes in the background dSs vacuum. An expanding universe pair-
produces particles of any mass due to the expansion of the universe; we should
expect it to pair-produce black holes as well. If this interpretation is correct,
Bousso beading is not a vacuum instability any more than particle production
in any de Sitter background (also higher-dimensional ones) is.

12.2.3 Checking against string theory

The main point of this note, explained above, is that one can generically get
de-Sitter solutions under parametric control in a flux compactification of an

8This can be happening at a maximum of the potential, which is why [487] talks about
“top-of-the hill” but stable dSs models.
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effective model with a runaway potential. These solutions are akin to the flux
compactifications that give rise to AdS solutions in string compactifications,
and would similarly correspond to the near-horizon limit of extended charged
objects in the higher-dimensional solution with the runaway potential. In one
particular case, where p = D — 2, the solutions we are constructing are actually
Nariai-like limits of charged black hole solutions, so this picture is realized
exactly.

For this construction to work, however, (12.2.17) or (12.2.19) must be satisfied.
So the question is whether one can do this in controlled string compactifications.

Since the solutions we construct are classical flux compactifications, (12.2.17),
or the assumptions leading to it, must be violated whenever the Maldacena-
Nutiez theorem [185] (and its extensions) hold, if the single-scalar truncation is
consistent. For instance, massive ITA supergravity seems to have all ingredients
already in 10D; a runaway exponential potential for the dilaton and a dilaton
coupling to the U(1)-field:

S10 D /\/|glo|(R — 1(9¢)* — Le3/2Ff — m265¢/2) . (12.2.21)

We could look for magnetic solutions of the form dS, x S8, with @ units of Fg
flux threading the S®. However, it turns out that (12.2.19) is not satisfied, since
7-5/2 is not smaller than 3/2. On top of this, the equation of motion for Hs

d(e=? x H3) = mFyx (12.2.22)
means we could not truncate Hs.

As explained above, when we try to run our argument in higher-dimensional
fieldstrenghts we actually find perturbatively unstable de Sitter solutions. These
are not too interesting anyway (in spite of the observation in the literature that
mildly tachyonic dS solutions are not found in the perturbative corners of string
theory, or TCC [164,327,489,490]), but it is fun to observe that (12.2.19) is
not satisfied in this case either. As a simple example, consider the consistent
truncation of the non-SUSY O(16) x O(16) heterotic string [491] with the By
field as abelian p — 1-form fieldstrength. The 10d action in the Einstein frame
reads (we have normalized the dilaton so that the string coupling is e~ %)

1 1
Sg = 272 /dlox \/@ |:RE — 7(8¢)2 _ €¢|H3|2 _ ‘/Oe_%¢ , (12223)
KTo 2
where [491]

Vo = 0.03(a)?. (12.2.24)

The right hand side of (12.2.19) is 1, and the left hand side is 5, so no de Sitter
solutions are possible. The cosmological constant in ten dimensions only arises
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as a one-loop effect, which means that the usual e=2? factor in the string frame
gets cancelled out, and we get the above result. Notice that the fact that there
is no dS solution in this case lies out of the scope of the usual Maldacena-Nufiez
result. While the non-supersymmetric O(16) x O(16) string can be connected
to a non-supersymmetric compactification of M theory in nine dimensions,
Maldacena-Nuiez refers to classical M-theory compactifications.

One generically expects runaway potentials whenever supersymmetry is broken,
even in situations where Maldacena-Nufiez does not apply. Our point is that
in such situation, whenever abelian p-form fields are present too, there is an
easy way to potentially obtain de Sitter solutions. It would be interesting to
check whether our constraint applies in more general setups, such as e.g. those
discussed in [471].

We can elaborate a little bit on this case. The O(16) x O(16) example above
failed to produce a (n unstable) de Sitter, but it came quite close. The vacuum
energy was generated at one loop, but suppose one was somehow able to
produce a model with a tree level contribution to the vacuum energy as well.
The potential in (12.2.23) then gets replaced as

Voe 3% = Voe 3% 4+ Vipee 2. (12.2.25)
and now, for large charge,
V' (5/2)Voe 3¢ + (1/2)Vireee™ ¥ _ 1
’:(/)06 0+ (1/DVireee™2 1 (12.2.26)
4 V06_§¢ + ‘/treee_§ 2

so the inequality (12.2.19) is not satisfied. In fact, the violation is proportional
to e~ 2?, so it can be made arbitrarily small, but it is always positive.

A tree-level (worldsheet) de Sitter in string theory? would still not be a de
Sitter compactification of quantum gravity, since at any finite value of the
coupling there would be a runaway potential for the dilaton. Even so, one could
have tried to stabilize it with our techniques to turn this tree-level de Sitter
into a different, exact dS solution, via a flux compactification. This would
be an example of a parametrically controlled dS saddle point in string theory.
Equation (12.2.26) shows that even this cannot happen.

It therefore seems that our statement (12.2.19) is verified in string theory, even
though when violations would only lead to a tachyonic dS, which doesn’t seem
too bad. One possibility is that even mildly tachyonic dS solutions are not
allowed in string theory [164,489,490]. Another possible explanation is that
it might be possible to further compactify the higher-dimensional solutions to

9Even this already faces serious obstacles in heterotic string theory [476].
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produce dSs solutions, where the instability is absent [492]. We leave exploration
of this to future work.

We also need to address the Swampland Distance Conjecture [325], since
generically our dS solutions sit at a certain value of ¢ that depends on Q.
For us to be able to trust the analysis for abitrarily large @, the lagrangian
descriptions (12.2.1) or (12.2.18) should be valid in the deep IR for large values
of ¢. This is the case in some examples, like the O(16) x O(16) perturbative
heterotic string discussed above, where the only light fields are the dilaton,
metric, NSNS field, gauge fields (which can be consistently truncated to zero)
and fermions. Everything else is at least string-scale heavy. While the tower of
states coming from stringy modes comes down in Planck units as ¢ — oo, the
solutions we look at are always within the validity of the EFT.

12.2.4 The web of conjectures is self-consistent

There is one last thing we need to check. Our claim is that (12.2.17) holds
for scalars with an arbitrary potential V(¢). So what about any of the very
massive string or KK modes that are ubiquitous in string compactifications?
When V = 1/2m?¢?, we will get a dS solution only if

2(p—1)
11/ £
That is, the dS solution is at a displaced value of the scalar. If this is a stringy or
KK mode, we expect coupling to additional modes to spoil the analysis anyway,
but it is interesting that for f//f of order one the value of ¢ is Planckian. This

is a significant distance away and it is very unclear one should trust the effective
field theory in this case.

¢ > (12.2.27)

In the above simple analysis we assumed that the vacuum energy at ¢ = 0
vanishes. It is also interesting to see what happens in the AdS case. For that
consider an action of the form (12.2.1) with a potential that has a non-tachyonic
AdS,; minimum:

V(g)=—m—+ m2p? + O(4%). (12.2.28)

AdS
Now if f’/f is order one we can try to construct a dSs by stabilizing ¢ away
from its AdS,; minimum using electromagnetic fluxes in such a way that the
4d potential in that part of moduli space is positive. Then we will have a d.Ss.

Interestingly, for that to happen the scalar needs to travel at least

1
Ad > — . 12.2.2
¢> 7 ( 9)
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The distance conjecture [325] however tells us that this should not be super-
Planckian since otherwise the EFT is not to be trusted [493]. So we have that
we get a de Sitter vacuum in 2d if

Lm>1, (12.2.30)

but this violates the AdS-moduli scale separation conjecture [210], which is a
weaker form of the AdS-KK scale separation conjecture of [392] (see also [494]).
Note that satisfying (12.2.30) was conjectured to be impossible exactly because
it would lead to dS vacua in 4D after SUSY breaking, quasi-independent of
the details of that breaking [210]. Here we arrive at the same condition from
demanding the absence of de Sitter vacua after an S? compactification.

So the assumption of both the distance conjecture and the more speculative
no-dS conjecture implies the AdS scale separation condition. The only thing
we assumed is that f//f is order 1, which seems true for the dilaton or volume
modulus in string theory.

12.3 Phenomenological implications

In the previous Section, we have explained how one can generically construct
de Sitter solutions from flux compactifications where there is a scalar with a
runaway potential, and how this technique resists application to string theory.
Our analysis has been completely rigorous up to this point, but we now switch
to conjecture mode. Reference [163] (see also [161]) raised the possibility of no
de Sitter solutions in String Theory. Coupled to our observations above, this
can only be possible if in any string compactification, the converse of (12.2.19)
is satisfied. In other words, whenever a string compactification leads to a
low-energy effective field theory such that (12.2.18) is a consistent truncation,
one must have

>|%).

7 (12.3.1)

(pl)“‘///

So this is a concrete prediction of the no dS conjecture for string compatifications,
but there is more to say. If the real world is indeed described by string theory,
and the conjecture is correct, it follows that the presently observed positive
dark energy must be in some form of quintessence. But then, our construction
in the previous Section works and gives us a two-dimensional dS solution. As
explained above, this should be thought of as the near-horizon limit of a charged
Nariai black hole. There are two possibilities:
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e The no dS conjecture or its variants do not apply in two dimensions.
Gravity in two-dimensions is qualitatively different and some Swampland
constraints can be absent (e.g. there are global symmetries in the string
worldsheet).

e The conjecture should also apply. After all, the kind of arguments we
have nowadays to rule out dS solutions in corners of moduli space come
essentially from dimensional reduction of 10d string theory, and do not
treat the two-dimensional case differently in any obvious way.

Modulo subtleties about stability in 2D and the Bousso beading process, we
will now explore the consequences of the second possibility. We will go back
to the scenario described in Section 12.2, but take the gauge field to be the
electromagnetic U(1) we see in the real world. ¢ will be the quintessence
field. Some references which look at two-dimensional compactifications of the
Standard Model are [441,487,488,495]. We just add a slowly rolling scalar to
the mix. In particular, [495] describes the cousin AdSs x S? compactifications
describing the near-horizon limit of an extremal but large RN black hole in dSy.
To avoid a dSs solution, we must violate either (12.2.12) or (12.2.17). Equation
(12.2.12) depends only on the current-day values of the vacuum energy and f
(fine structure constant), and allow for solutions with huge values of Q2. So the
only possiblity is to violate (12.2.17), that is, to have

f! 2 9’ 2 V!
J(5) (%) <[]

Thus, we cannot have a large dependence on the quintessence field on either the
QED axion decay constant, or the gauge coupling itself. Since the quintessence
field is rolling, this translates to a constraint on the time dependence of the fine
structure constant as well as well as that of the would-be axion decay constant
(we emphasize however that 6 has not even been measured to be nonzero).

(12.3.2)

Ignoring the 6 dependence, we get the following result for the time variation of
the axion decay constant, where we have introduced ¢ = |[V'/V| and used the
slow-roll estimate ¢ ~ H as well as f = 1/a:

&

<cH. (12.3.3)
«

Using that H ~ 10~710(yrs)~!, we get'®

< ¢ (12.3.4)

(67

~ 1010 years’

0For 1/H = 14.4 * 10° yrs, one has H = 6.94 x 10711 (yrs)~1.
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and since experimentally we know that ¢ < 1 [496], this is an upper bound
for the time variation of a. Currently, the best experimental upper bound for
the time variation of the fine structure constant comes from the Oklo natural
nuclear reactor [483], which constraints

g <1071 (yrs)~! (12.3.5)

Therefore, our constraint is satisfied experimentally. We would need ¢ ~ 107°
to provide new meaningful bounds on &/a.

We can also put bounds on any axion that couples to the QED axion [484].
This is a periodic scalar field x with a standard kinetic term that couples to
the electromagnetic U(1) field via a coupling

G FAF (12.3.6)

82
in the Lagrangian. We will also assume The has a periodic potential, of the
form

Vx) = qVe [1 ~ cos (;)] . (12.3.7)

Here, ¢ is a dimensionless parameter, and f, is the axion decay constant.

We will consider a situation where there is a rolling quintessence field, such as
the one we considered so far, and also an axion x coupling to electromagnetism.
In principle, both ¢ and f, could depend on ¢ as well, but we will assume they
do not for simplicity. As we will see, avoiding dSs minima leads to bounds on
the axion mass and axion decay constant. Our formalism, and in particular
equations (12.2.9), (12.2.10) and (12.2.11) work in the same way in situations
with more than one scalar. We just need to include equations like (12.2.9)
for all the scalar directions we take into consideration. So in a scenario with
quintessence and an additional axion field the constraint (12.3.5) gets modified
to involve the axion mass and coupling g, in a nontrivial way. We just need to
apply (12.3.2) to the axionic direction too. Explicitly, we obtain!! a constraint
in terms of « = 1/(4xf)

p= (12.3.8)

2m <. T
o P = g

When the axion y is the QCD axion, the parameter p is directly related to the
electromagnetic and color anomalies of the axial current associated with the

11n obtaining this constraint we have used that ¢ > 1, worked out the location of the
minimum for any value of x, ¢, and evaluated at x = m/2f,. We have also checked stability
of the minimum with respect to ¢ and x, and that the resulting electric and magnetic charges
are real and positive. On top of this, the constraint (12.2.12) that ensures that the radius is
positive must be enforced as well.
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axion, F and N [484]'2

m (E
=—|=-192]). 12.3.9
=2 (5-19) (1239)
Equation (12.3.8) then puts a bound on E/N, that it should be lower than
~ 9400. This is way above what any reasonable model attains [484], so it is not
a very interesting constraint.

Our constraints also apply to models of axion quintessence [497], but they are
trivially satisfied, since the axion decay constant must be transplanckian. Of
course, this kind of models is in trouble anyway with the axion version of the
WGC (see e.g. the review [317]).

12.4 Discussion

In this note we have pointed out that a simple flux compactification ansatz
can lead to stable, parametrically controlled de Sitter solutions starting from a
theory with a runaway scalar potential and abelian p-form gauge fields, provided
the simple constraint (12.2.19) involving the slope of the potential and gauge
kinetic functions is satisfied. The dS,, solutions we get are perturbatively
unstable for n > 2, but perturbatively stable for n = 2 This corresponds to the
interesting case of compactifications of a four-dimensional theory.

We then check in three simple stringy examples, not covered by usual Maldacena-
Nunez arguments, how this constraint fails to be satisfied. Indeed, if any version
of the no-dS conjecture actually holds in string theory, then the converse of
(12.2.19) must follow as well. We find that (12.2.19) is satisfied even in the
higher-dimensional cases where our construction would produce an unstable
de Sitter solution anyway. Perhaps, as [164,489,490] suggests, even mildly
tachyonic de Sitter is problematic string theory, at least close to perturbative
corners. It could also be that the constraint is satisfied because we might be
able to further compactify our solutions to dSs solutions. We leave this to
future work.

Applying our constraint to a quadratic potential for a canonically normalized
field (such as any stabilized modulus or KK mode in a string compactification)
leads to interesting consequences. If the vacuum is Minkowski, then the dS
minimum is at a Planckian distance, so one would not trust it anyway. If the
vacuum is AdS, then one can have a de Sitter minimum at a subplanckian

12To compare to [484], one must use that the normalization in that reference is that
fFPDG =27 \/}n (see Sec. 116, review on magnetic monopoles), where n is an integer. So

Fppg = %, and our 6 term becomes g’;ix pr A Fp, so that G4y, = %
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distance only if the lightest scalar has a mass that is parametric above the
AdS scale (and the consistent truncation we work in is valid). This goes agains
the AdS moduli separation and AdS-KK scale separation conjectures [210,392],
and so we also do not know of stringy examples where this works. If one
finds a parametric scale-separated AdS with a light p — 1-form gauge field, or
more generally any AdS solution where our truncation (with a value of the
mass above the AdS scale) is valid, and our techniques automatically provide a
(perturbatively unstable, except in two dimensions) dS solution.

In the second part of our note, we have explored the phenomenological
consequences of the no dS conjecture coupled to our result. We have been
able to constrain both the time-variation of the fine structure constant in a
quintessence scenario, as well as any axion-photon coupling (including the QCD
axion). The no dS conjecture implies ¢/ < 10~ %year—!c, where c is the
slope of the quintessence potential, while current experimental bounds are at
&/a < 10~ Pyear~!. We consider this very interesting since it demonstrates
the self-consistency of the no-dS conjecture; the problematic running of the
fine-structure constant in generic quintessence models is strongly constrained
by the conjecture. We have also explored constraints for the coupling of any
axion to electromagnetism. In particular, for the QCD axion, we obtain weak
constraints that are easily accommodated by any reasonable GUT.

The first part of our note is just a general way of constructing de Sitter solutions,
and is independent of the validity of the no dS conjecture or any of its variants.
But the phenomenological implications really depend on the validity of the
statement [160,161,163,164,462]. If this conjecture is wrong so are all conclusions
drawn from this, including the simple observation made in this note.'?

We have also discussed the subtleties of the classical stability analysis of a dS
solution. Although perturbations in the homogeneous mode are stable, there are
inhomogeneous perturbations that are classically unstable, leading to “Bousso
beading”. These inhomogeneities clump and collapse, leading to a crunch, while
away from the inhomogeneities the solution is still dSs. We interpret these as
pair production of 2d black holes by the expanding dS5 background, and thus
not an actual vacuum instability, although of course we cannot be sure this is
correct. Finally, we also have to address quantum mechanical instabilities. Since
the dSy x S? solutions can be seen as the boundary of the space of black hole

13Strictly speaking we demanded something more than the specific “no-dS” conjecture
as stated in [160,161,163,164], we extend it to the non-existence of meta-stable dS vacua
in D < 4. Even if higher-dimensional de Sitter is somehow pathological, it may be that
lower-dimensional solutions are OK. Indeed, [459] studies a version of the SYK model which
is holographically dual to JT gravity in a dS2 spacetime (although it is unclear whether
the theory is Einstein). However if we consider the lack of trustworthy dS constructions
from string compactifications as a reason for the conjecture as in [161,462], then the no-dS
conjecture in two dimensions is as not obviously wrong as the four-dimensional case.
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solutions in 4D it should not come as a surprise that these solutions are quantum
mechanically unstable with respect to Hawking radiation and Schwinger pair
production. Unlike the classical instability described before, this can happen
even in the homogeneous sector. An in-depth study of this was recently carried
out by us in [5], where it was found that the lifetime of the two-dimensional
de Sitter solution is always finite, and we argued that avoidance of a certain
crunch singularity leads to the dSs being metastable (in the sense that it gets
a lifetime that grows exponentially as the gauge coupling of the gauge theory
goes to zero).

In the allowed regime, these quantum instabilities are essentially bubble
nucleation instabilities of 4D meta-stable dS vacua with the role of the Brown—
Teitelboim bubbles replaced by electron-positron pairs. So our instabilities in
2d are still such that we can think of the dSs solutions (away from the clumps
of the beading process) as metastable.

The take-home message of this note is that one can often get controlled lower-
dimensional de Sitter solutions from runaway potentials. One may regard this
as a simple setup where one can explicitly construct de Sitter solutions in string
theory, or as a way to place certain runaway potentials in the Swampland. It
will be important to figure out which attitude is correct, if either.
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Chapter 13

Conclusions and outlook

13.1 String vacua - quantum or classical?

After reading part III, the reader may have felt some disappointment. Did
we not promise them quantum gravity at the start of the thesis? What then
did we end up doing to construct a four-dimensional vacuum in our theory of
quantum gravity? We used ten-dimensional supergravity, a low energy EFT,
to find vacua. Is this not precisely what we rallied against in the discussion
surrounding eq. (1.1.11), arguing that an EFT discussion cannot predict the
cosmological constant?

Most of our work was done in a supersymmetric context. Here, one can
hope that supersymmetry provides the necessary cancellations to make
higher-order corrections to the classical solutions irrelevant for at least some
sources of corrections. But this is clearly not a satisfactory response as we
will need to dynamically break supersymmetry at low energies to obtain
a phenomenologically relevant vacuum. In fact, we did mention that our
compactification should be in a reliable regime. If g5 < 1, field gradients are
small such that higher-derivate corrections are small, this means that higher
order corrections are small compared to the classical result [161]. In the language
of eq. (1.1.11), this means Y .0, ¢; < co.

This makes our string compactifications strange beasts, driven into a small
corner of the landscape of string vacua.

On the one hand, this may mean that these vacua are wise beyond what their
classical nature lets on. If for instance particle production backreaction were

235
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to always destroy de Sitter space, these vacua should already know about
this at leading order. The difficulty of constructing de Sitter vacua in this
controlled corner might then indicate what in a generic situation might only
be understood from a difficult and ambiguous quantum analysis. While there
exist string theory vacua that are understood at a worldsheet level, these are
far from phenomenologically relevant. The string vacuum arguments for the
more phenomenologically relevant swampland conjectures are inspired by this
particular group of controlled string vacua with small corrections.

On the other hand, it could well be that there exist string vacua far from
the regimes that we control which behave vastly different from the vacua we
understand. In the end, one does for now what one can. We can only hope that
as time goes on new tools are developed that allow us to cast light on parts of
the landscape still in the dark.

13.2 de Sitter holography and the swampland

In part II we studied de Sitter space holographically and in part IV from a
swampland perspective. Both should inform us of what a consistent theory of
quantum gravity in de Sitter should look like. But do these perspectives line
up? In this section, we will argue that they do.

A first concern is that using dS/CFT, we have really only been able to study
higher spin theory. Meanwhile, the swampland program deals with low energy
EFTs that are approximately Einstein gravity 4+ matter. Clearly Einstein
gravity is the phenomenologically more interesting case. But are these two
cases deeply different, or can higher spin theory effectively act as a mimic for
an EFT? We have seen evidence that higher spin theory can act as such a
mimic. A great example can be found in chapter 6, where one can use a massless
spinor and a background scalar field to effectively produce a massive spinor field
and reproduce the occupation level expected from a massive spinor in Einstein
gravity.

If higher spin theory does act as a mimic, one expects that the relevant
swampland constraints should show up in some form. Indeed, the ban on
transplanckian excursions of fields does manifest in dS/CFT.

Throughout part II, we argued that the correct measure for evaluating the
Hartle-Hawking wavefunction involved setting the measure to zero beyond a
certain field range. In Hubble units, we always found the restriction to be to
a range of O(v/N), the rank of the U(N) global symmetry on the CFT side.
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Since
1

NA’
this means that one restricts these fields to a range of order the Planck mass
M,, O(M,), very much in line with the distance conjecture, conjecture 2.

Gy = (13.2.1)

Black holes played a major role in our analysis in part IV. In chapter 11 we
considered the evaporation of charged black holes in de Sitter space. We saw
that there exists a class of “largest possible” black holes in de Sitter space, the
charged Nariai black holes. We argued that for for charged Nariai black to be
able to evaporate sensibly, particles with mass m and charge ¢ charged under a
U(1) gauge theory with coupling g must obey

m? > qgMpH , (13.2.2)

with H the Hubble rate. We saw that empty de Sitter space has a future
conformal boundary with S® topology. Eternal charged Nariai black holes have
a future conformal boundary with topology S' x S2. It would be interesting to
see if by extending our supersymmetric dS/CFT model to a boundary theory on
S! x S? we can use holography to say something about black holes in de Sitter
space. If such a boundary exists, it would seem that one is studying an eternal
rather than an evaporating black hole. The difference between Vasiliev theory
and Einstein gravity might also pose a problem in using such a holographic
analysis to say something about de Sitter black holes in Einstein gravity +
matter.

13.3 Open issues in supersymmetric de Sitter space

In part II, we studied a supersymmetric higher spin theory in de Sitter
space holographically and argued that its ground state is stable. We believe
our analysis gave convincing evidence for stability, but some issues remain
unaddressed. By focusing on a CFT analysis of the ground state wavefunction,
the unusual fermion reality conditions of the bulk fields disappear into the
background.

In fact, [498] argued that states with such reality conditions either have an
imaginary energy spectrum or obey H|¥) = 0. The Wheeler-deWitt equation
guarantees that H|¥) = 0. We have argued that quantum gravity in de
Sitter space is deeply different from quantum field theory on a fixed de Sitter
background. The bound eq. (13.2.2) which does not trivialize in the gravity
decoupling limit is an example of this. However, to merely invoke the Wheeler-
deWitt equation to evade this issue is perhaps a rather weak excuse.
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Several ways forward to better understand this issue are open to us.

We do not known how to perform a direct bulk computation of the no-boundary
wavefunction in higher-spin theory. A bulk minisuperspace computation of the
wavefunction could be done in N' = 1 supergravity, with the unusual fermion
reality conditions assigned to the gravitino. If done carefully, such an analysis
might be partly informative for the higher-spin case.

A different approach would be to extend our boundary theory to capture a
Hilbert space rather than a single state, possibly along the lines of [70]. One can
then look at state with fermions excited, where the appearance of negative-norm
states would be indicative of possible issues.

We have argued in section 5.4 that supersymmetric higher spin theories in de
Sitter space should be related to a limit of a class of exotic string string theories.
See also [499] for more recent work on such exotic string theories. Perhaps the
best way to understand matters in a UV-complete theory of quantum gravity
would be to fully develop the worldsheet formalism for exotic superstring theories.
In the best case, one might even hope to use these exotic string theories for a
stringy derivation of dS/CFT.

We intend to report on these matters in future work.



Appendix A

Quantization fermions in de
Sitter space

In this appendix we provide some additional details on the quantization of a
free massless spinor in four-dimensional de Sitter space and the definition of @/uj
None of these results are new, we merely summarize some results of [121,135]
without derivation, specialized to the case of a massless two-component spinor
and add to this some comments related to higher spin theory. The interested
reader can find a more complete treatment in those texts, including also the
extension to a massive dirac spinor and the inclusion of dynamical metric and
scalar fields. We will consider the metric for a spacetime whose spatial slices
are three-spheres,

ds? = —dt* + e**Md0? (A.0.1)

with dQ% the metric on the unit three-sphere. We will denote the metric on a
spatial slice by h;;(t). When e®® ~ [ cosh(t/l), one is approximately in a de
Sitter regime, with de Sitter radius [. One could demand this behaviour for the
entire spacetime or asymptotically at late times as desired. Our discussion will
be valid for generic metrics of the form eq. (A.0.1).

The standard action for a two-component massless spinor # in tertad e, and
bispinor for tangent vector a — AA’ notation has the volume term

Iy = —% /d4wezzA/e’2A,D#¢A. (A.0.2)

[ fA’
Here )4 is ordinarily the Dirac adjoint ¢y~ = (1))" of 1)* (but read on!). We
follow [121,135] in introducing a seperate notation to indicate that for, e.g.,
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240 QUANTIZATION FERMIONS IN DE SITTER SPACE

the purpose of varying the action, computing conjugate momenta, canonically
quantizing in an Hamiltinioan approach, one treats ¢4 and @ZvJA, as if they were
independent. This is the standard textbook approach, though the notation is
nonstandard.

Following this breve notation provides one further advantage in our case. In the
supersymmetric de Sitter higher spin theory of [86], which forms the bulk side
of the specific dS/CFT duality treated in this paper, there appears a conjugate,
which we will denote with ¢, which acts as the hermitian conjugate  on bosonic
quantities. On fermionic quantities, however, it has the special property that
(1)) = —pA. Conjugate spinors in the higher spin theory are defined using
this ¢ conjugate rather than the hermitian conjugate. Because we treat 14
and &A' as if they were independent, we can treat the cases &A' = ()" and
PA = (44)¢ at the same time and the need to distinguish the two will not come
up in this appendix or section 6.2. We can thus discuss the general framework
for including fermions in dS/CFT in both ordinary gravity + matter theories
and higher spin theories at the same time.

In the presence of an initial ¥; and/or final ¥ boundary surface, the action
also requires boundary terms'

Iy =~ </ +/ > BPahV? A g a0t (A.0.3)
2 X7 YXr

with n44" the unit timelike vector normal to the surface. The conjugate
momentum to ¥4 is given by

A = —%hl/znAAll/u)Al . (AO4)
Using this identity, we can and will take the fundamental dynamical variables

of the theory to be 14 and QZJA rather than 4 and 74.

One finds the classical Dirac bracket
{h A (@), W4 (2 }p = —2in Y 6(x, ) (A.0.5)

and all other Dirac brackets zero. One quantizes by the usual procedure, turning
the Dirac brackets into anticommutators with factor of if inserted. One can
expand spinor-valued functions in the background of eq. (A.0.1) in spatial three-
sphere harmonics. We denote the positive frequency three-sphere harmonics by
p and o'{; the negative frequency harmonics by p'f) and o’. The indices

1When computing the Hartle-Hawking state, there would be only a final surface but no
initial one. Further, the metric would also be dynamical and allowed to take complex values.
Here, we discuss the free fermion generically.



QUANTIZATION FERMIONS IN DE SITTER SPACE 241

run over n = 0,1,2, ... and p = 1,2, .., (n + 1)(n +2). The expansions of 1)* and
A" are then given by?

67301/2 . 5 .
Ya = o Z Z (S"P(t)pAp + tnp(t)JAp) ) (A.0.6a)
n o p
o 673&/2 . .
bar = 5= DD GupOB + tap(o?) (A.0.6b)
n o p

The dynamical coeffecients s, (t), fnp(t), 3np(t), tnp(t) are Grassmann-valued
for anticommuting spinors, as is the case here. The prefactors in front of these
expansions could equally well have been absorbed into the dynamical coefficients.
This choice of prefactors is convenient as they counteract the factors of h!/4
appearing in eq. (A.0.5). This ensures that upon quantization one obtains
eq. (6.2.2b) without any further factors or metric dependence.

2This expansion is completely general and valid. However, in practical bulk computations
it is more convenient to expand e.g. as ah?spq Py 4 instead of snpp"?, with the an? constant
matrices auspiciously chosen to ensure there are no couplings between different terms with
the same value of n when filling these expansions back into the action. These issues related
to the degeneracy are not relevant in our context as we focus only on one of the two n =0
modes.






Appendix B

Conventions for 10d view on
KKLT

The type IIB supergravity action (in units where 27¢; = 1) is

S 2271'/*10 (R10 — gZSdT . d7_'2(1m7')2 — (ng . G732(Im7') — ¢14|F5|2)
(B.0.1)
- ¢W2i/¢04 AGs AGslmT

where Rig is the ten-dimensional Ricci scalar calculated using the metric garn
with determinant gip. The axion-dilaton is denoted by 7 = Cy + ie~? and the
NSNS and RR 3-form field strengths have been combined into a single complex
3-form

G3=F3 —ie YH=dCy —7dBy, H=dBy, F;=dCy— HC,. (B.0.2)

Throughout the paper we use short-hand notation to denote form contractions,
let w, and v, denote two p-forms, then

*10wp A p = wp =Py *101,

Wp - '(/}p = (Z)lp!w]wlMz...]wp’(/JMljwzmMp R (B03)

The complex-conjugation in the last expression is to allow for the possibility
that wy, is a complex p-form.

243






Appendix C

Variation of the action for
10d view on KKLT

In this appendix we derive eq. (8.4.10) step-by-step. We also fill in some of
the gaps of the subsequent calculations in section 8.4. First we show that we
can obtain equation (8.4.3) directly by varying the ten-dimensional type 1IB
supergravity action with respect to the warp factor A, as defined in (F.0.7).
After establishing this, we include the D7-branes and redo the same computation.

The ten-dimensional action for the Ansatz (F.0.7, 8.4.2) can be found to be:

St = 27r/d10x\/fg4 gee AT, (C.0.1)
where
_ drl? |G3|2  _aldal?
T = 2AR 2AR QAA—SdA2 _2A | 6 _ _6A 6 6A 6.
¢ Rae™ (o o 2864 = 8AALG)) — g s = e T
(C.0.2)
The |---|% denote metric contractions using purely the six-dimensional metric

ds? without the warp factor. We now compute a variation with respect to A.
We find:

24]Csl*

—6A 2
S e dal. (C.0.3)

0= Ry — Nge* + e84 de? 2 + e

This is simply the trace-reversed ten-dimensional Einstein-equation traced over
the four-dimensional indices. Adding the Bianchi identity, we recover equation
(8.4.3):

|G

—12
Ngd™ = Ry + e“% + e 54qp~ 2. (C.0.4)
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We did not include any sources, but including O7/03 planes does not modify
the final result. Now we would now like to add D7-branes to the configuration.
As explained in the main text, the inclusion of the D7-brane implies that we
should perform the replacement (8.4.8) and vary that with respect to the warp
factor. We have two crucial remarks. The careful reader will notice that I
as defined in (8.4.6) contains a warp factor dependence of e~%4. This factor
should not be varied when deriving the equivalent to (C.0.3), since it does not
arise from a metric in the action. On the other hand, the delta function and the
holomorphic three-form do have a warp factor dependence. The holomorphic
three-form goes like e =34 and the delta function like e?4. We can therefore
write the perfect square action as

€4A A ~ =12
ST |Gs — e A (Im7)P(I), , (C.0.5)

53 = 727(/(110%\/794\/9»6

where we have made the warp-factor dependence explicit by momentarily writing
P(I) = e=4P(I). Using this we find

oAA 555 e24 712
S 04~y |00 (TP ©08)
62A —
+ = Re [(Gs = (Im7)P(D)) - P(1)]
2
_2A (ﬁir _ zRe (G- P(I)) + ITIP(I)I2> :
(C.0.7)

We should replace the |G3|?-term in (C.0.3) by (C.0.7). This modifies (C.0.4)
to exactly (8.4.10) which reads:

Ng®™ = Ry+e 54dd~ |44 (¢|G5 [PImT — ¢34Re (G5 - P(I)) + olm74|P(I)[?) .

If one now writes P(I) = I8+ [ as in (8.4.13) and substitutes the solution to
the equation of motion G3 = (Im7)I5"¢ + G (while making the approximation
that &~ = 0 and warping, Cy-potential and axion-dilaton are constant) into
(C.0.6), one finds together with the other terms in the IIB action and the
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Bianchi identity the following equation:

024
0= R4 + |G0 Im’T Ireg|
. 0 — .
T e {(GB — (lm7)T%8) - (Im7) (I°78 + Ireg)]
gy (082 (68 - T7e=) — G2 — 2Re (G5 F - Tome )
2ImT 3 3 3 g

(C.0.8)

The substitution already took into account that the Bianchi identity does not
contribute §2 singularities, which is discussed in appendix D. Recall that I°"&
is by definition exact, so its inner product with a harmonic form (GY or I78) is
therefore zero when the expression is integrated over (the (A)ISD-parts vanish
in the same fashion). In this way, we arrive at

0= R + \GO’|2 B R (G0 1% 4 ©0 (178 ?
= 4 4 € ( 3 ) + 4 ( mT)‘ | N
(C.0.9)






Appendix D

(Non)renormalisation of the
Chern-Simons action

The effective bulk action of IIB string theory contains a Chern-Simons term,

T C4/\G3/\G73
— - [T D.0.1
Sos Qi/ Im (D-0.1)

T

This term is topological and does not affect the Einstein equation directly.
Still one can be concerned and wonder whether we should renormalise the
Chern-Simons action or not. If we should, the renormalisation could introduce
metric dependence and affect our results.

Under the assumptions of constant C; and axion-dilaton made in the main
body of the text, we should not renormalise the Chern-Simons term. Not
renormalising produces no disasters and thus there is perhaps no obvious need
for renormalisation. Let us check this.

At first, it may appear that filling the solution for G3 into the Chern-Simons
action will produce a badly divergent action. However, this is not the case.
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Filling the on-shell value of G5 into the Chern-Simons action yields

SCS,on—shell = - 71—295 {04 AN Gg A\ G7g + (Im’r)C4 A Gg A Ising
+ (Im7)Cy A T598 A Gg} (D.0.2)

_ ’/T;]s / (|Isingf‘2 o ‘Ising+|2) (Im7‘)204 A Fgl ,
where we introduced the symbols I8+ = 1 (xg & i)I*™&. The last two terms
in this expression seem divergent while all other terms are clearly finite upon
evaluation of the integral. Interestingly the two divergent terms exactly cancel
against each other and the on-shell action is well-behaved. To see this, note that
near a D7-brane we can locally write the internal manifold as M = 35 x Y4,
with 35 transverse and Y4 parallel to the D7-brane. We then have

— oG -
sing ~, el
I d(az>AQQ

%G - 0*G =
= dz N\ Q) dz N\ ) D.0.
<8z82> ah 2+<8z8z) FA% (D-0:3)
with G the Green’s function, which varies transverse to the D7-brane, and

dz and dz are defined on ¥,. It is clear that the first of these terms is (1,2)
while the second is (0,3). First we notice that the two terms have the same

magnitude:
0?°G foale
(aa>dz/\92 :/ ( )dz/\Qg

/ 020%

which follows from integration by parts and the reality of G. Then we use that
the first term in (D.0.3) corresponds to the TASD part of I*i"&, while the second
term corresponds to the ISD part. It is immediate that the (0,3) term is ISD
as the unique (0, 3) form at our disposal is Q and this is ISD in our convention.
That the (1,2) form is IASD follows from the fact that it is primitive and
primitive (1,2) forms are TASD in our convention. The primitivity can be seen
by decomposing J as

2 2

: (D.0.4)

J = ng + Jz;4 R (D05)

with the two terms defined in the obvious way. Using this, evaluation yields

092G _
<azaz> dzAQu AT =0. (D.0.6)
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We thus see that I8+ and I3~ have the same magnitude. Therefore, the
two problematic terms in (D.0.2) cancel against each other and the on-shell
Chern-Simons action is finite without the introduction of any renormalisation
counterterms.






Appendix E

Conventions for G2 holonomy
from SU(3) structure

Our form conventions are:

1
O = Stmny 02, (B0.1)

mi...m m ..m
wq_IOép: w™ qOéml...’m,q...nL,,d:C a+1 P, (E02)

q(p —q)!

Concerning SU(3)-structures we follow the notation and conventions of [176].
A summary of the most relevant equations for SU(3) structures, that fix our
conventions are:

%QAﬂzJi (E.0.3)
*6 2 = Q) (E.0.4)
x6J =3JNJ, (E.0.5)
JAJAJ=6dVol, (E.0.6)
*6 Wo = —J AWy (E.0.7)
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254 CONVENTIONS FOR G2 HOLONOMY FROM SU(3) STRUCTURE

The convention for the Hodge-* is the one in footnote 13 of [176]. This means
that, given a 2-form wy = w9 + (02 4 (1),

g w20 = J A w20 (E.0.8)
w0 O = J A w©®2) (E.0.9)
xow) = —J AwY (E.0.10)

where the last identity is valid only for the primitive part (if any) of w(Ll)’ ie.
such that J™mw G P ™ = 0 (or J AT AwhD).

prim



Appendix F

Localised 06 solution

The solution with localised sources is straightforward to obtain by dressing forms
with the appropriate warping as explained in [176,500]. A factor of eV (e=")
is added in J,Q for every coordinate one-form e (e®) parallel (transverse) to
0O6’s (we use a tilde to refer to solutions in the smeared case):

el = ewéﬁ‘_ , et =e Vel . (F.0.1)
This method only works for localising sources that are all parallel.

We can now compute Fy from (9.2.6) and this requires ;. The anti-holomorphic
O6 involution o is supposed to act on the pure spinors as [176]:

o(J)=-J, () = -Q. (F.0.2)

From this fact we find that J has a foot along and the other transverse to the
06’s. Qg can have either a foot transverse and 2 feet parallel to O6’s or all
3 feet transverse. On the other hand, €2; can have either a foot parallel and
2 transverse or all parallel. In our case, Q; = —2e'?* 4 €135 4 230 4 92456 —
7267W6124 + €7W6135 + 67Wé236 + 263wé456, and then

d(e"V Q) = d(—28"2 4 &135 4 £236 4 24 §156) (F.0.3)

_ [2d64W A é456 + 264W(él256 o 61346 + é2345)] ) (FO4)
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256 LOCALISED O6 SOLUTION

In order to compute Fy one needs to compute the Hodge-*x¢ with respect to the
(warped) metric g:

*6 abcd \/>gaa . eefa/ d/éef (F05)
1 -~ ' -
= 5\/590”1 e 'gdd Eefa’...d’eef s (F06)
where gaal = ejF?WgW' if a,a are directions parallel or transverse to O6’s
respectively. The unvvarped metric g, can be extracted from the expression
for .J, since J = J = iGizZ° A Z7. One finds §;; = (5”, which in real coordinates
means
g = diag(1,1,1,4,1,1). (F.0.7)
Therefore
*g € 1256 _ 2~34 *651346 2625 ) *662345 ;élﬁ . (FOS)

We can finally compute Fb:

gsFo = —e W s d(e Q) (F.0.9)
1 1

= 2eMW xg (de W A &196) — 2(2¢34 — 2é25 + 5516) (F.0.10)

=W w3 de™ W — 4831 4 6% — 10 (F.0.11)

—3W
where we have used the fact that x4 decomposes as *3*” and *H g456 — "T

As we pointed out below (9.2.9), F5 splits into the background component, plus
a component sourced by local objects. By taking the exterior derivative:

gsdFy = d(e" x5 de™ W) 4 6¢'23 (F.0.12)
= (VZe W 1 6)¢123 (F.0.13)
and the Bianchi identity becomes an equation for the warp factor:

(VZe W 16)e' = g,Q06. (F.0.14)



Appendix G

SU(3) torsion classes

The deviation of an SU(3)-structure manifold from having SU(3) holonomy is
measured by the torsion (classes), which expresses the non-closure of 2 and J
via

dJ = %IIH (ng) +WiNJT+Ws, (GO].)

dQ=W1J? + Wo AT+ W5 AQ. (G.0.2)

To gain more understanding of the flux solutions in ITA supergravity we compute
the torsion classes. The closure of J implies

Wy =Ws=W,=0. (G.0.3)

Since dQ2 = (dQ)3* + (d2)%? (this follows from the fact that € is a complex
(3,0)-form), and xFy = (x6F2)31 + (x6F2) %2 + (%6 F2) 13, we can rewrite (9.2.5),
(9.2.6) as

(dQ)>' = (@) AQ = —ie? T A F?0, (G.0.4)
(d)P? = (AW)POAQ = ie? T A FO2, (G.0.5)
(d0)%2 = —(dQ)?? = —ie?(x6F)?2. (G.0.6)
By matching these equations with (G.0.2), which can be decomposed in
(dQ)*? = Wa AJ = — x¢ Wa, (G.0.7)
(dQ)* = W5 A Q, (G.0.8)
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one can extract Wa and Ws. From the first one and (G.0.6), one can immediately

read Wo:
Wy = ie? Fb!

(G.0.9)

which means that F™!' has to be primitive. Indeed, one can check it from
J A (dQ)?2 = J2 AWy = 0, which is also J A (dQ)>? = —ie®J A xgFD ~

Jm”Fﬁllﬁl). Hence, Jm”ng,},’Ll) =0.
Let us compute Ws. By contracting (G.0.2) with with Q:

Q.dQ = Q_l(dﬂ)s’l = QJ(WE) AN Q)

1_ _ _
= ngnp (3W5anpq - WSqunp) dﬂ?q

= f%QijkaQW dz*
|2V
Upon using the supersymmetry equation (G.0.4), one finds
Q.(dQ)>! = —ie?Qu(J A F20)
ie® ..
= —ﬁm’“((} AF?0),5dz"
and finally, since in our conventions |Q|? = 8:

= 1. .= ie? .. ~
Ws = §16¢QJ(J A F20) = 1 (T AF?0), 5 dZ”

For future reference, notice that (G.0.5) implies (by expressing (d©)"

of torsion structures): ~
dW = W5 + Ws.

(G.0.10)

(G.0.11)

(G.0.12)

3 in terms

(G.0.13)



Appendix H

(Co-)Closure of ¢

Here, we show that the G2-form
D =e%Q; —JA(dz + A) (H.0.1)

is closed and co-closed, iff supersymmetric equations are satisfied. Closure,
d® = 0, is achieved first by observing that, due to the supersymmetric condition
dJ =0,

d® =d(e ?Q;) — J A Fy, (H.0.2)

Then, by using (9.2.6), (G.0.5),(G.0.4), (G.0.13), (9.2.3), it is possible to show
that the RHS vanishes. In fact:

4
d(e™%Qy) = —gﬂdgﬁ A —H6(FEO 4 FOD 4 plLDy (H.0.3)
= 2ie P (W5 AQ— W5 AQ) — J A (FEO 4 FO2 gLl
(H.0.4)
= 2(J AFEO £ J AFO2) — g A (FEO 4 02 _ plb)
(H.0.5)
= JAF,. (H.0.6)

In order to prove co-closure, d x; ® = 0, we have to compute x;® first. In
order to act with the Hodge-x7, we have to recast ® in terms of 7d quantities.

2 4
We will use sicbenbeins. Since the metric is ds?, = e~ 3%ds?, + e3?(dz + A)2,
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seibenbeins are defined as e4 = (efr),e”) = (e=?/3e% €29/3(dz + A)) (while
sechsbeins are e® with @ = 1...6). We can now compute the x7® by defining
€abedef7 = €abedef- Lhe first terms yields

wrle 0] = %6_‘75 w7 €2 ( Q) apee ] (F.0.7)
() wemca, fhee=/3¢def A (dz + A) (H.0.8)
31 31
= —e By QA (dz + A) (H.0.9)
= —e ?PQp A (dz + A), (H.0.10)

where we used the definition of xg and the property xs2; = Qg. The second
term is

*7[J A (dz + A)] = *7[J7y A €] (H.0.11)
1 ab _—4¢/3 scde

= m:}abGCde‘f e ¢/ e f (H012)

=e 13,6 T (H.0.13)

= %e_4¢/3J AT, (H.0.14)

where we used *gJ = %J 2 in the last step. We can show now that
*r® = —e 3 A (dz + A) — %e*‘*‘f’/i”ﬂ (H.0.15)
is closed:
dx7 ® = e 3Qp N Fy — %de—‘*‘ﬁ/i“’ ANINT=0, (H.0.16)
where we used the supersymmetry equations (9.2.4)-(9.2.5) in the first step and

1 2
—§de_4¢/3 ANINT = ge—4¢/3d¢ ANINT=—e*BR,AQr  (HO.17)
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in the final step. The relation (H.0.17) can be proven by using (as one may
check from (G.0.13), (G.0.12) and some little algebra !)

dp AT AT =3 (Ws+Ws)AJAJ (H.0.18)
= %aﬁ (F?2AQ+ F*° Q) (H.0.19)

3 ¢
= —56 FQ/\QR. (HOQO)

IExplicitly, ~Ws A J2 ieRQik (] A F@O) L dk A 2 =

o = 5 & T, ¢ . 133 ¢ =
— 5 fema9” 0 Fikgimgpne™™dz123 A A2 = L = —SGfdB AR = —SLQ AP,

where we used 2 = %feijkdzijk, and J = igijdzij.






Appendix |

Details about the festina
lente quasistatic equations of
motion

Here we provide some details about the semiclassical equations of motion
(11.3.18) quoted in the main text. To first order in ¢, the coefficients of the
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Einstein tensor expansion are

5o L[24 (3BM?%r%2 = 5MQ%*r — 3Mr® + Mr® +2Q* + (2Q* — 1) r* + 2r°)
T2 4 (2Mr — Q2 + 14 — 12)
+26B(M27‘2+MQ27“+7M1"5—Mr3—Q4—4Q2r4+7"8—27"6)
(2M7’*QQ+7’477’2)3
N r26B" LT (=3Mr +2Q* +r?) 0B’ 8QOF
—2Mr 4+ Q* —rt 72 (2Mr4 Q2 —rt42)?  —2Mr 4 Q% —rt 412
—3Mr +2Q% +1r?) 5A
LB 9 r)oATy. (L0.1)
r
5 1 20A (1 (=M? — Mr3 + 3Mr +2r5 —r?) + Q* (M + 2r3 — 2r))
) 7’3(2M7’7Q2+7’4—7’2)_1
+25B (r2 (—5M2 — 5M7r3 +3Mr + 7’6) + Q% (5M + 43 — 2r) — Q4)
2Mr — Q2% + 1t — 12
+r? (2M7° - Q%+t - 7‘2) dB" +8QJ0F (—2Mr +Q%—rt+ 7"2)
M +2r% —7) (=2Mr + Q2 — r* 4 12)* 5.4’
_( +ar T)( 2+Q r +T) +r2(_M_2r3+r)5B/>7
T
(1.0.2)
G 4r (TM—QQ) (1.0.3)
ST oMr+ Q2 —rt 42 o

1= ( 20A (r (=M? +5M7% + Mr + 5° —4r%) — Q* (-M +1° +7))
Tl 5
.

20B (r (M2 +TMr3 — Mr+15 — 2r4) +Q? (—M—5r3 —1—7’))
r(=2Mr + Q2 — 1t +12)?

(=3Mr +2Q*+1%)6B" (M +2r3—r) (2Mr — Q*+1r* —r?)6A"  4Q0F

_r(2M7’7Q2+T4—7’2) rd 72

+6B"). (1.0.4)
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To first order in €, Einstein’s equations are simply §; = 8wGn;. The d3 component
gives (11.3.18) in the main text; here we focus on the remaining components, that
give the equations of motion for A, § B, F. We have omitted the dependence
on the slow time scale ¢;, since there are no time-derivatives anywhere in
these expressions. The perturbation JF' also shows up in Maxwell’s equations,
but these are redundant, as Einstein’s equations imply energy-momentum
conservation V,T% = (0 which is in turn equivalent to Maxwell’s equations
(this is the case because we only have one field; in the quintessence discussion
in Appendix J, one needs to introduce an additional function and impose the
equation of motion for the radial perturbation by hand, as we do in the main
text).

Since there are no time derivatives, the time dependence on the §; is fixed by
the time dependence of the 7;. For the cases under consideration, where 7);
comes from Hawking or Swchinger effects, these only depend on t¢1, since the
stress-energy for these depend on time only through M and Q.

To sum up, we have a system of three coupled second-order ODE’s for the
perturbations with non-singular coefficients outside the horizons. Working in
first-order formalism, §B”(r) = C’(r), the equations §; = 8wGn; together with
C = 0B'(r) can be written as a matrix ODE

My + My = 7, (L0.5)

where § = (§4,0B,0F,C), 7] = 87G(n1,m2,Mm4,0), and My, My are coefficient
matrices. Crucially,

Q (r (—2M —rd 4 r) + Q2)2
3

det(M;) = # 0, (1.0.6)
so M, is invertible. Then, as long as there are no singularities in the 7; between
the two horizons, existence of the solution given boundary conditions is then
guaranteed by the general theory of ODE’s e.g. Caratheodory’s theorem [501].

Since we have solved all of Einstein’s equations, our solutions satisfy the
Hamiltonian and momentum constraints, to first order in e. Again, we can
generically expect violation of the Hamiltonian constraints to take place at
second order in €.






Appendix J

Generalization to
quintessence

In this Appendix, we describe the generalization of the quasistatic and adiabatic
equations of motion (11.3.18) when one introduces a very slowly rolling scalar
field . This will be relevant for us because the conjecture in [163,326] suggests
that exactly stable Einsteinian de Sitter solutions do not exist; hence, we need
to know to what extent are our results robust against a small slow-roll.

J.1 Quasistatic

We will parametrize the rolling of ¢ by a time-dependent Hubble radius £(¢),
on top of M(t) and Q(t). So in this Appendix we will restore ¢. The scalar will
couple via a Lagrangian

1

L,=—
ks 2€

(09)? = V() (J.1.1)
where € is a small parameter. The method of separation of scales requires
an unperturbed problem and a parametric family of solutions for it. We will
choose the unperturbed problem to be the € — 0 limit of (J.1.1). The family
of solutions are the RN-dS solutions with the three parameters (Q, M, ¢(y)),
where the Hubble radius is a function of the scalar potential given by

3 j—
Up)?

V(o). (J.1.2)
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To fully specify the family of solutions, we also need to specify the profile for
the quintessence field. Equation (J.1.2) implies that it is a constant. This is
consistent with the equations of motion of the system, which are

G = 87G(TEN + V()guv), V,VFe =0. (J.1.3)
Now, we work to first order in ¢, and introduce a small time dependence,

3
V(polet))

On top of this, we introduce order € but time-independent perturbations to the
metric, gauge field and quintessence. The metric and gauge field components
work out in the same way as above, so in order not to clutter the equations we
will not re-discuss them. For quintessence, we have

M{(et), Qet), £(et) = (J.1.4)

o(r,t) = @olet) + eu(r), (J.1.5)

with an equation of motion V,V*y = eV'(yp). To first order in €, we get

9"¢+ %287« (97 (r) = V'(0(0)), (J.1.6)

which fixes ¢ = 0 (familiar from slow roll approximation) and ODE which
uniquely determines u(r), given boundary conditions. Einstein’s equations
become as before give equations of motion for the time-independent metric
perturbations, and the off-diagonal components as before give the equation of
motion for M?, _

dM AT ¢

— = Gl UT — == +r2 1.

i Q '®
The extra last term is the contribution from quintessence. The equation of
motion for @) remains the same. Out of the J; component of the Einsteins
equations we also get

(J.1.7)

— & = V/(0(0)0(0), (1.1.)

which is consistent with (J.1.2).

So now that we have the modified equations of motion, we just need to check
what motion do they enforce on the (M, Q,¥¢) space. To check whether we
leave the Nariai branch, again, we just need to compute A, where A is the
discriminant of the quadratic equation U(r) = 0. We cannot neglect the ¢
dependence in the discriminant now,

A =0M? - 00Q* — 2702 M* + 3602 M2Q? — 802°Q* — 16Q°, (J.1.9)

! Notice that the equations are written in terms of 7, J instead of 7, #.
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and becoming superextremal is equivalent to A > 0 on the Nariai branch. Using
(J.1.7), one gets '

A =0, (J.1.10)
so that again one moves along the charged Nariai branch, without changing the
charge. This is precisely what [402] found for the extremal case. Their analysis
is in fact general for classical effects on the charged Nariai branch, and suggests
that other modifications such as e.g. introducing a coupling of ¢ to the gauge
field cannot change the picture; we have checked explicitly that this is indeed
the case.

J.2 Adiabatic

We will only analyze the Nariai branch, as in the main text. The 2d effective
action is now

: 1
8rG S = /ngdex {(62¢)d —e %a+ <V(<p) - 2<,b2) e¢a}+87rG/dV2dQQ\/—g£,

(J.2.1)
where the quintessence potential and kinetic term replace the +3 cosmological
constant term in (J.2.1). We will assume no coupling to the electromagnetic
field. Defining again s = e2? and assuming isotropic radiation stress-energy, as
in the main text, the equations of motion are

¢ = Vi;;f) - [2 + j @, (J.2.2)
= V(p)/s — sp? — % (1+ %) : (J.2.3)
% - 25%/2 (1 - % +V(p) s) — 2 (J.2.4)

where pg is again the energy density of the electromagnetic field just before
decay, and we have assumed that V(pg) = 3, so that we can use expressions
like (11.2.6).

The question is whether the addition of quintessence can alleviate or even make
the crunch disappear. We will limit ourselves to a numerical analysis illustrating
these qualitative features in the particular case of an exponential potential
V = 3e~%. Results are presented in Figure J.1. Quintessence causes a slight
delay of the crunch for negative values of «, but this effect is small unless
|a] > 1, in which case the model does not make sense anyway.
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Figure J.1: Numerical solution for s(¢) of the system of equations (J.2.2)-(J.2.4) for
an initial charge Q@ = 0.99 - 127'/2 and different values of a from —1/3 to +1/3 in
1/6 increments. Central value corresponds to ow = 0. This illustrates that reasonable
quintessence potentials are not enough to avoid the Big Crunch on the charged Nariai
branch.



Appendix K

Exact Schwinger pair
production on the charged
Nariai branch

Here we compute the exact evolution equation on the Nariai branch, using the
results in [426]. The steady current for a particle of two dimensional mass maq
and charge ¢ is

_ qu82

” = ——  sinh(2wrqE/H? K.0.1
/ng, (deaQ) = sinh(27ra) Sin ( ™q / ng)? ( )

where!
1 m2 ¢2E? 1 gq QP
—y/ - 1= E=4—2= K.0.2
7 \/4 B HY TN ama e 2 (K.0.2)
and
r2:£<1+ 1-12@2) M ro—6( — 2 1. (K.0.3)
97 T 1+4/1—12Q2
It is convenient to introduce parameters
E E
=& _ = (K.0.4)

X=m2 T m2—H2/4

2 2 Qr
1Under dimensional reduction we have that l/ggd = 49”{ and Eqq = gﬁg = g%erq =

id

FEs4, so both the product ¢FF and m can be computed in 4d and then one can use the 2d
formula directly. The normalization factor in the scalar accounts for integration over the
sphere.
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and
Y= mQ/HQ. (K.0.5)

In terms of these, equation (K.0.1) becomes

2,2
+ .
Fas,r(Mag,q) = ngSQ - m sinh(2myy). (K.0.6)
m sinh(2m/y2x% + v)

Notice that

qF

= 12
Hig,

Xy > 0. (K.0.7)

If one takes y > 0, which amounts to having a field more massive than H 352 /4,
it is possible to write down a simple lower bound on the current. For any

a > 0,b> 0 we have
sinh(a) S tanh(a)

, K.0.8
sinh(va? +b) — e ( )
where c=+va2 +b—a < % Due to this, one can write
inh

_ sinhfa) > tanh(a)(f%. (K.0.9)

sinh(va? + b)
Now taking a = 27y, b = 42y, one can bound

2,2
Y + .
Hass (M2d, q) 2 T Hys, - X 7Y sinh(2myy)
™ sinh(2my/y2x% + y)
(K.0.10)

Y%

) E =
4 tanh 27qu e x.
’/TI‘IdS2 Hng

The bound becomes tighter and tighter the higher the hierarchy between m
and ¢E. The factor e x is precisely the Schwinger space prefactor (11.3.1);
the bound becomes tight when y > 1, which means that the curvature effects
become unimportant and the pair-production happens essentially in flat space.

2

As in the main text, a 4d field of mass m and charge ¢ decomposes into a tower
of 2d fields with masses
s(s+1
maq(s)? =m? + % (K.0.11)
g
Here, s = 0,1,2,... and there is a multiplicity 2s 4+ 1 for the sth mass. Note
that depending on the spectrum of the four-dimensional theory, it may well be
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possible that m2 1q > s(sfjl) and the KK modes are densely packed compared

to the lowest mass. It is then important to sum over the KK modes when
computing the Schwinger current. This is reflecting that the physics of the
problem is intrinsically four-dimensional, but simple enough that it can be
analyzed in 2d terms.

Then the current equation of motion in (11.3.51) becomes a sum over KK
modes, which we can evaluate explicitly using (K.0.10), since only the last
factor depends on m. In this way, (K.0.10) becomes

2,.2 [22
m sinh(2m/y2x% + ¥)

2r2E|E E x
> Cre Bl (o 12 o2
T Hd32 Hng

The electric field on the Nariai branch is given by (K.0.2). Using this, equation
(11.3.51) then becomes?

[g2G [9*G ¢*r2E|E)| ) .
- tanh | 2mr—— | e™ x K.0.1
j 47T€2f ~ 47T€2 7T2Hds an ,/THGZISZ € ( 0 3)

This is equation (11.3.38) of the main text.

sinh(27xy)

(K.0.12)

2The prefactor accounts for the definition of @ (11.2.7) in terms of the actual integer-valued
current. The factor of 47rr§ in (11.3.22) is already taken into account in the expression for
Jds,, since this is a two-dimensional calculation.






Appendix L

Big Crunch and singularity
theorems

In this Appendix we show that the Big Crunch in the adiabatic approximation
discussed in the main text is actually independent of the details of the model
and is in fact guaranteed by a singularity theorem. The starting point of our
discussion will be the dimensionally reduced Lagrangian to two dimensions of the
Einstein-Maxwell system, (11.3.45) of the main text. However, we will now have
a general two-dimensional metric go, and in the two-dimensional Lagrangian £
we will include a sum over all the KK modes of metric components and any
matter fields we include. By working high up the Nariai branch, we can have a
parametric hierarchy between the size of the two-spheres on which we reduce
the theory and the non-compact space, so we mostly are thinking of the regime
where a honest KK reduction is possible, but our discussion is general.

We will apply one of the original singularity theorems [502]. In the main text, we
picked a particular spacelike hypersurface in the Nariai geometry, declared that
this was the “starting point” of the evolution, and then let the electric field be
screened out. We want to prove a crunch exists too for an arbitrary initial data
hypersurface C, even one that crosses the cosmological or black hole horizons.
We also want to work (slightly) outside of the Nariai limit. Thus, we need to
consider the maximal analytic extension of the RN-dS black hole, a spacetime
described in [405]. Removing singularities, it has topology S? x S! x R. In
particular, any global Cauchy slice C is compact. The singularity theorems
have a loophole precisely in this case [503]. One can lift this problem however
by working in the universal cover of the RN-dS black hole, which describes an
infinite sequence of “Bousso beads”. This is the spacetime we will work in.
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For a particular Cauchy surface C, the singularity theorem guarantees that
every geodesic is not future-extendible provided that

1. The expansion of a congruence of null geodesics at any point on C is
negative, and

2. Rapk®k? > 0 for any null vector k®.

The second condition is equivalent, by Einstein’s equations, to the null energy
condition, which we take to hold (notice that unlike e.g. the strong energy
condition, the null energy condition is marginally satisfied by a positive
cosmological constant).

The first point can be established by noting that locally in a small neighbourhood
of any point in C, the situation is the one described in the main text: The
electric field decays locally to radiation, and immediately afterwards we have a
FRWL metric. Using the ansatz (11.3.44) (allowing for angular dependence as
well), a null radially affinely parametrized congruence of ingoing/outgoing null
geodesics is given by (see [504])

a(7)

The corresponding expansions 0+ = V,K{ are

K% = ——(1,+a(r),0,0). (L.0.1)

6, — - (( 2) 4 31(7‘2a)) . (L.0.2)
ra
Exactly on the Nariai branch, the second term vanishes, and the first does as well
if there are no charged particles. In the adiabatic approximation, however, (12)
becomes negative at any time > 0, leading to contraction for both congruences
as long as the gradients 0, (r2a) are small enough (i.e. close enough to the
Nariai branch).

Since these arguments work for any point of the initial surface, every null
geodesic must be incomplete — no one is escaping to a hypothetical de Sitter
region. The crunch is unavoidable.

It is also interesting to consider why the singularity theorem does not lead to the
same conclusion in the quasistatic case. The null energy condition is famously
not satisfied by Hawking radiation [505], and perhaps this is the case for the
Schwinger radiation as well (we have not checked). It is also not straightforward
to argue that any null congruence of geodesics has negative expansion in the
same way as above; up in the Nariai branch, the stress-energy of the produced
pairs is localized on the angular S2.



Appendix M

A dS obstruction equations of
motion

Here we derive the equations of motion (12.2.9)-(12.2.11) in the main text.
Using the ansatz (12.2.2), and only allowing time dependence of the fields, the
action becomes (after integration by parts)

d(h ., hR%*., fR? [E?
_ P2 e 2 2 2
S/dt(?h Rdt<h)+2R + - - (h Bh)

0
—VhR? 4+ —FEBR?|,
472

(M.0.1)

where FE is the electric field, and B is the magnetic field. It has the value
E = %}; The magnetic field is quantized, B = Q,,/R?. These two conditions
are enforced off-shell in two dimensions since the gauge field has no dynamical

degrees of freedom. The resulting action is

d(h .,  hR?, h
S = /dt (2h — R2$ (h> +2R? + qu? - Q—RQQQ - VhR2> . (M.0.2)

Setting R = 0 and (b = 0 since we are looking for static solutions, the equation
of motion for R? is just

1d/h Q?
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In the above, the left hand side is precisely the curvature of the two-dimensional
manifold, R4, so we recover the main text. The equation of motion for h, which
one obtains by first integrating by parts the second term in (M.0.2), is

2 Q7
or, multiplying by —R*,
VR' - 2R? + % =0, (M.0.5)

which is the equation in the main text. Finally, the equation of motion for ¢ is

(%)
2RI

0=V'+ (M.0.6)
In case we deal with a truncation to several scalars, as we do in the axion case
in the main text, (M.0.6) becomes a vector equation where the prime denotes
derivative with respect to every scalar. We do not expect to find a solution in
situations with more than two scalars.

As for the stability analysis, we can just refer to Appendix C.3 of [488]. We just
need to ensure that the second derivative of the scalar potential with respect to
the quintessence field is positive. One obtains

o V()
fr

which for exponential dependence f = e’?, V = Vye~7? become

Vv >0 (M.0.7)

YR*Vy(y 4+ 28)e™? > 0 (M.0.8)

and so are satisfied for any positive values of v and 4.



Appendix N

Higher dimensions

The main idea in this note is that, when compactifying to two dimensions a
higher-dimensional solution with a runaway potential and a nontrivial gauge
kinetic function satisfying certain constraints, de Sitter solutions are unavoidable.
Here we generalize the picture to higher dimensions. One can consider a general
D-dimensional solution with an abelian p-form fieldstrength and a scalar with
an action of the form

5= 5o [dvayfiapl [RE 5002~ JOIBR V)|, (N0

where without loss of generality we can take v > 0 and § > 0 (if J is negative
for a certain F,, it will be positive for its electromagnetic dual).

Following [506], we can now reduce on a product manifold X x Y, of dimensions
dy,dy, dy +dy, = D and dx > 2, and with metric

ds?h = e**Pds’ + e*Prdsy, (N.0.2)
where d d 9
2 _ y T
= = _ N.0.3

This ansatz ensures that the scalar p has a canonical kinetic term after
dimensional reduction, and that the lower-dimensional theory is in the Einstein
frame. The kinetic term of both scalars is

ckin _ % [(9p)* + €2 (09)] . (N.0.4)

scalars

We will consider the particular case where Y = SP is a sphere threaded by
p—form flux, and only look at a magnetic solution; the electric one can be
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obtained by electric-magnetic duality. The resulting d,-dimensional effective
action has two scalars ¢ and p, and a potential

2
Vx = —dy(d, — 1)e2@=9r 4 %ez(d*_l)a"f(@ + V(g)e?er. (N.0.5)

There is only one critical point, where V' takes the value:

dyp
(ds =TT ((d, = IV +V )

Vmin. —
X (dm + dy - Q)f/

. (N.0.6)

Demanding that this is positive leads to (12.2.19) in the main text. The charge
is determined by ;
26—2(1 z—lpvl

Q* = BT (N.0.7)
In this case there is no obstruction akin to (12.2.12); in other words, there is
no bound on the charge the solutions can attain. In the d, = 2 case, the upper
bound (12.2.12) can be interpreted as the condition for an “ultracold black
hole” [418], and it is related to the maximum charge that can one can fit on
a static patch. For d, > 2 there is no such interpretation since the would-be
brane whose near horizon geometry we are computing has to stretch out of the
static patch anyway.

Just as in the two-dimensional case, we need to study stability of the solution.
As before, we will compute one diagonal element and the determinant of the
Hessian H. We work in the specific case of V = Vye™7? and f = e°%.

1 _
RV = S0Q%(y + §)eH 1,

S(ds — Q5+ 9(ds ~ D)(3(1 — dy) + )e25¢+2 1
4ryd,

det(H) = — . (N.0.8)

Taking into account (12.2.19), we see that the determinant is always negative.
Thus, the solution is always unstable. Presumably, we also get similar
instabilities for more general f and V. Note that, as discussed earlier, this
conclusion does not apply to the dS5 case, as here the sphere radius is fixed by
the Hamiltonian condition.

We can compute explicitly the mass of the tachyonic direction, to then compare
to the refined no dS conjecture [164,489,490]. The general expression is not
illuminating, so we will not write it down here, but at the threshold (12.2.19) it
is
m%| __ 0*(de +dy —2)?
v (de —2)3(dy — 1)2 4 62d2°

(N.0.9)
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This is an O(1) quantity, for § of order 1. So whether or not this satisfies [164]
depends on the precise value of the parameter ¢’ that one takes.
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