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Abstract

The Compact Linear Collider (CLIC) is a proposed electron-positron collider at

the energy frontier. Achieving the required design luminosity requires the creation

and preservation of beams of unprecedented low horizontal and vertical emittance.

These beams will be provided by damping rings, which are storage ring accelerators

designed to damp beam emittances by the emission of synchrotron radiation.

This thesis describes contributions to the simulation of low emittance beams

in the CLIC main damping rings, and measurements of beams at the Australian

Synchrotron (AS) and SPEAR3 electron storage rings to demonstrate feasibility of

lowest emittance beams.

The equilibrium horizontal emittance of a storage ring lattice is a design param-

eter critical for brightest beams, and will be minimised for the CLIC damping ring

lattice by the inclusion of a defocussing gradient in the main bending magnets. Mea-

surements of the electron beam in the SPEAR3 storage ring are presented, using

the highest precision beam energy measurement technique available. These mea-

surements demonstrated that numerical modelling of gradient magnets was better

than the usual hyperbolic cosine trajectory approximation.

The equilibrium vertical emittance in storage rings is governed principally by

the vertical alignment of accelerator magnets. Using simulation, a sensitivity anal-

ysis of the CLIC main damping ring lattice to magnet misalignments is presented.

Misalignments considered included quadrupole vertical offsets and rolls, sextupole

vertical offsets, and main dipole rolls. The vertical emittance was found to be most

sensitive to betatron coupling induced by vertical misalignment of sextupole mag-

nets.

The world-record low vertical emittance of the AS storage ring makes the facility

an important test bed for future collider damping rings. A new vertical emittance

measurement technique was developed, utilising diffraction-limited radiation from

a vertical undulator. This counter-intuitive technique has been used to observe

picometre vertical electron beam emittances at the AS storage ring. Future im-

provements to the technique are discussed.

Finally, opportunities of low vertical emittance beams are summarised in the

contexts of storage ring particle physics experiments and user light sources.
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Preface

“Tapestries are made by many artisans working together. The contribu-

tions of separate workers cannot be discerned in the completed work, and

the loose and false threads have been covered over. So it is in our picture

of particle physics.” – Prof. S. L. Glashow, Harvard, Nobel Lecture, 8th

December, 1979.

The principal original contribution of this work is the development of a new

technique for the measurement of vertical emittance in a storage ring, using a vertical

undulator.

Chapter 5 on the calibration of straight rectangular gradient bending magnets

presents measurements of beam energy and momentum compaction factor at the

SPEAR3 storage ring, which are all entirely the work of the author. The mea-

surement of momentum compaction factor at the Australian Synchrotron was made

by Harris P. Panopoulos (The University of Melbourne, now at Austin Hospital,

Heidelberg, VIC, Australia), and presented as the subject of his Masters thesis in

November 2010. The author offers interpretation of experimental results, using the

combination of datasets.

The modelling of the trajectory through bending magnets was undertaken by

Y.–R. Eugene Tan (Australian Synchrotron) who constructed the model of the AS

storage ring, and Xiaobiao Huang (SLAC National Accelerator Laboratory) who

constructed the lattice model of the SPEAR3 storage ring. The modelling ap-

proaches are included for reference in Appendix D.
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Chapter 1

Introduction

The realm of particle physics is the very small, seeking to explain the fundamental

composition and interactions of matter. One of the biggest unanswered questions in

the fields of cosmology and particle physics is “What is the universe made of?”

Our present model of fundamental particles and their interactions is called the

Standard Model. At times, this model has been developed by theoretical predictions

of new particles, and at times by the discovery of new particles using collider exper-

iments. Recently discovered Standard Model particles include the top quark [1, 2]

and Higgs boson.

On the 4th of July 2012, experiments at the Large Hadron Collider (LHC) at

the European Organization for Nuclear Research (CERN) announced the discovery

of a new standard model Higgs boson of mass 125 GeV [3, 4]. The Nobel Prize in

Physics in 2013 was awarded for the theory predicting this massive boson [5,6]. The

recent discovery of a Standard Model Higgs boson is a strong motivation for the

construction of a new electron-positron collider at the energy frontier.

In spite of the successes of the Standard Model, luminous matter accounts for a

mere 4.9% of energy in the universe: the remaining 95% is composed of 26.8% dark

matter, and 68.3% the more mysterious dark energy [7]. New physics is required to

explain the composition and interactions of both. At present, little is known about

either dark matter or dark energy, except that their interaction with luminous matter

must be very weak.

Various experiments have been used in dark matter and dark energy searches [8].

Cosmological surveys demonstrate that the distribution of dark matter throughout

the universe is uneven [9]. One experiment claims discovery of a dark matter candi-

date through direct detection of dark matter particles travelling through laboratory

scintillator detectors [10]. However, this result has not been observed at other similar

1
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experiments [11,12]. The small exclusion limits of cross-sections between dark mat-

ter and ordinary matter set by these experiments of the order 10−44 cm2 are evident

of the very low event statistics expected of such cosmological experiments [13].

High energy particle collider experiments seek to directly create new particles in

the laboratory, in sufficient numbers to measure their properties [14]. In addition

to the LHC, future colliders are proposed for the discovery of new physics, and also

to investigate the known Standard Model particles.

1.1 Statement of Problem

The Compact Linear Collider (CLIC) is a proposed electron-positron collider for

high energy particle physics experiments. Achieving a design luminosity exceeding

1034 cm−2 s−1 at a centre of mass energy up to 3 TeV requires the creation and

preservation of electron and positron beams of unprecedented low horizontal and

vertical emittance.

Conventional electron and positron sources are unable to provide beams of suf-

ficiently low emittance. Instead, low emittance beams will be produced and then

damped in electron and positron storage rings called damping rings. Although con-

structed with a different purpose, modern electron storage ring light sources can be

used to test the physics of electron and positron beams in damping rings1.

1.2 Contention

Through experiments using ultralow vertical emittance beams in electron storage

rings – in particular the Australian Synchrotron (AS) storage ring – the contention

of this thesis is to demonstrate the feasibility of the single-particle vertical emittance

for the main electron and positron damping rings of CLIC.

1.3 Outline of this Thesis

This thesis presents new diagnostic techniques for the calibration of electron storage

rings optimised for low horizontal emittance, and direct measurement of ultralow

vertical emittance.

1The single-particle motion of electrons and positrons in storage rings is identical except for the
sign of the charge. Unless explicitly stated, in this thesis, beams of electron and positron species
in storage rings are treated identically and referred to only as electron beams.
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Chapter 2 presents the motivation of this thesis: linear colliders as future energy

frontier electron-positron colliders.

The physics of electron storage rings is presented in Chapter 3. This chapter

emphasises beam physics concepts critical to the optimisation of storage ring lattices

for low horizontal and vertical emittance.

Chapter 4 introduces the AS and Stanford Positron Electron Accelerating Ring

(SPEAR)3 electron storage rings, used in these studies as test accelerators for the

proposed CLIC damping ring. Common properties of proposed collider damping

rings and electron storage ring light sources are summarised.

The equilibrium horizontal emittance of a storage ring lattice is a design param-

eter critical for brightest beams, and would be minimised for the CLIC damping

ring lattice by the inclusion of a defocussing gradient in the main bending magnets.

In spite of the high precision fabrication of rectangular gradient bending magnets,

these magnets are seldom used in storage rings because of the additional difficulty

in modelling the beam trajectory. Measurements are presented in Chapter 5 of

the SPEAR3 storage ring, using the highest precision beam energy measurement

technique available.

The equilibrium vertical emittance in storage rings is governed principally by the

vertical alignment of accelerator magnets. Using simulation, a sensitivity analysis

of the CLIC main damping ring lattice to magnet misalignments is presented in

Chapter 6. Misalignments considered included quadrupole vertical offsets and

rolls, sextupole vertical offsets, and main dipole rolls.

The world-record low vertical emittance of the AS storage ring makes the facility

an important test accelerator for future linear collider damping rings. A new verti-

cal emittance measurement technique was developed, utilising a diffraction-limited

vertical undulator. This counter-intuitive technique described in Chapter 7 has

been used at the AS storage ring to observe picometre vertical electron beam emit-

tances. These first measurements are presented in Chapter 8. Potential future

improvements to the technique are outlined.

Finally, opportunities of low vertical emittance beams are summarised in Chap-

ter 9 in the contexts of storage ring particle physics experiments and user light

sources.
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Chapter 2

Motivating Linear Colliders

To understand the need for electron-positron linear colliders in future high energy

physics experiments, it helps to understand the history of colliders. Important

historical accelerator developments motivating linear electron-positron colliders are

summarised.

2.1 Particle Accelerators for High Energy Physics

Our everyday experience is with matter composed principally of protons, neutrons

and electrons. These are some of the low energy states of matter. High energy

particles with rest mass m can be created by exploiting Einstein’s principle of mass-

energy equivalence [15],

E = mc2, (2.1)

where E is energy, and c the speed of light in a vacuum.

To make high mass particles, an amount of energy equal to or greater than the

mass of the products needs to be supplied. One way of supplying this energy is to

accelerate a stable particle such as an electron to high energy. In a collision with

another particle, the kinetic energy can be converted into massive particles. The

total energy E of an accelerated particle is expressed by [16],

E =

√
(mc2)2 + ~p2c2, (2.2)

where ~p is the momentum of the particle.

5
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2.1.1 Fixed-Target Experiments

Fixed-target experiments collide a beam of energetic, moving particles with station-

ary particles (an example of this is Rutherford scattering [17]). Firing a beam of

positrons in collision with target electrons at rest, the energy available for particle

production E∗ in the centre of mass frame is given by [18],

E∗ =
√

2E1mec2, (2.3)

where E1 is the energy of the incoming positron (given by Equation 2.2), and me

the rest mass of electrons and positrons. Equation 2.3 demonstrates that the energy

available for particle production in fixed-target experiments is proportional to the

square root of the beam energy. These beams can come from radioactive sources or

cosmic rays, but particle accelerators are used to achieve high flux beams.

Circular accelerators – in particular the synchrotron – are useful sources of high

flux, high energy beams. Historically, to achieve increased beam energy, circular

machines of increasing circumference have been constructed [19]. In jest, Enrico

Fermi proffered that this approach would eventually necessitate the construction of

an accelerator encircling the world [20, 21]. A more sustainable collision technique

was needed to affordably continue high energy physics experiments.

2.1.2 Synchrotron and Storage Ring Colliders

The revolution came with colliding beam storage rings [22]. For colliding beams of

positrons and electrons of equal energy E, the energy available for particle produc-

tion E∗ is given by [18],

E∗ = 2E, (2.4)

that is, the full beam energy is available for particle production. The construction

of energy frontier electron and proton colliders is summarised in Figure 2.1.

Apparatus for colliding beams were first patented by Wideröe [25], and indepen-

dently published in scientific literature [26, 27]. The first collider was the electron-

positron storage ring Anello di Accumulazione (AdA) [24, 28, 29]. At present, the

LHC is the highest energy proton-proton collider. At 8 TeV centre of mass energy,

the energy reach is significantly above the previous highest energy proton-antiproton

collider – the Tevatron at Fermilab, at 1.96 TeV [30].
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Figure 2.1: Livingston plot of proton and electron colliders: progression of centre of
mass energy with calendar year [23, 24]. For proton colliders, the maximum centre
of mass-energy of the colliding partons is shown. The proposed CLIC and ILC
electron-positron colliders are indicated.

2.1.3 Electron-Positron Circular Colliders

As outlined in Figure 2.1, the construction of electron-positron colliders of increasing

energy reach is complementary to hadron colliders. With hadron colliders such as the

LHC as discovery machines, lepton colliders are required for precision measurements.

With the notable exception of the SLAC Linear Collider (SLC) [31], previous

electron-positron colliders have been rings. In order to increase the beam energy

of electron-positron circular colliders, rings of increasing circumference were con-

structed. This was to overcome the beam energy loss to synchrotron radiation,

which is proportional to the fourth power of the beam energy, and inversely pro-

portional to the circumference [32]. The largest electron-positron ring constructed

was the Large Electron Positron Collider (LEP), of 27 km circumference reaching

centre of mass energies of 207 GeV [33]. Construction of a circular electron-positron
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collider of higher energy than LEP would necessitate the construction of a ring of

significantly greater circumference.

2.1.4 Electron-Positron Linear Colliders

To keep future high energy colliders to an acceptable civil engineering footprint of

approximately 50 km tunnel length, linear colliders are proposed. At present, two

major projects are in design.

The International Linear Collider (ILC) is an electron-positron linear collider

designed for a centre of mass energy of 500 GeV, with an option to upgrade to 1 TeV.

The proposed ILC accelerator complex is illustrated schematically in Figure 2.2.

Superconducting radio frequency (rf) cavities are used for the main linacs, with

rf power supplied from klystrons. Using this technology, accelerating gradients of

35 MV m−1 are expected. With the publication of a Reference Design Report

(RDR) in 2007 [34] and Technical Design Report (TDR) in 2013 [35], this is a

mature accelerator and detector design.

Figure 2.2: Schematic of International Linear Collider accelerator complex [35].

CLIC is the other proposal for an energy frontier electron-positron linear collider.

The proposed accelerator complex is illustrated schematically in Figure 2.3. With

a design centre of mass energy of 3 TeV, CLIC has a higher energy reach than the

ILC. The project aims to achieve an accelerating gradient of 100 MV m−1, using high

frequency X-band (12 GHz) normal conducting accelerating cavities. Effectively, the

project calls for two accelerator complexes: for the acceleration of the main beam,

by the novel deceleration of the drive beam. The efficient provision of high-frequency

rf power is possible with the centralised production of high-current, low-energy drive
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Figure 2.3: Schematic of Compact Linear Collider accelerator complex [36].

beams. The Conceptual Design Report (CDR) was published in 2013 [36–38].

Both the ILC and CLIC accelerator complexes follow a similar sequence of com-

ponents. High brightness beams are created at electron and positron sources, the

emittance phase-space volume is damped in damping rings, and the beams are ac-

celerated to the centre of mass energy in the main linacs. Both projects incorporate

damping rings to define the minimum emittance of the accelerated beams. The

emission of synchrotron radiation serves to damp the six-dimensional emittance of

stored electron and positron beams towards a minimum equilibrium value.

2.2 Summary

For future high energy particle physics experiments, linear colliders are proposed

as more cost effective than storage rings of equivalent energy. For such colliders,

low horizontal and vertical emittance beams will be essential. It is the physics and

measurement of electron beams in low emittance storage and damping rings that is

considered in this thesis.
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Chapter 3

Electron Storage Ring Accelerator

Physics

3.1 Motivation

This chapter presents a review of physics pertinent to the design of electron beams in

circular particle accelerators. Particle accelerators are designed to provide a narrow

beam of high-energy charged particles. This implies particles with high longitudinal

momentum, and a narrow spread of momentum and position in longitudinal and

transverse directions. This concept is quantified by emittance, and the physics of

electron rings providing low emittance beams is the subject of this chapter.

The design of electron storage rings of increasingly low emittance is motivated by

two communities, with similar figures of merit. In particle physics, the study of rare

particle decays calls for colliders with the maximum affordable design luminosity.

The luminosity L is given by Equation 3.1 [39],

L = f
n2

4π
√
εxβ∗xεyβ

∗
y

, (3.1)

where f is the collision frequency, and n the number of colliding particles in each

bunch. The minimisation of the horizontal and vertical emittances εx, εy, and the

betatron functions at the interaction point β∗x, β
∗
y , maximises the collider luminosity.

The equilibrium emittance and betatron functions of storage ring particle accelera-

tors will be defined in this chapter.

The second application of low emittance beams are synchrotron radiation sources,

11
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optimised for maximum brilliance described by Equation 3.2 [40],

B (ω) =
Ṅph (ω)

4π2σxσx′σyσy′ (dω/ω)

≡ Ṅph (ω)

4π2εxεy (dω/ω)
, (3.2)

where for the photon angular frequency of interest ω and within the spectral range

(dω/ω), the brilliance B is given in terms of the number of photons per second

Ṅph (ω), and beam sizes and divergences σi, σi′ respectively.

One approach to maximise the luminosity or brilliance of a storage ring is to

minimise the transverse emittance of a beam.

3.2 Charged Particle Motion in Electromagnetic

Fields

The motion of individual charged particles in electromagnetic fields is governed by

the Lorentz force. For a particle with electric charge q and velocity ~v, the force ~F

on the particle is given by [41,42]

~F = q
(
~E + ~v × ~B

)
, (3.3)

where electric and magnetic fields are denoted respectively by ~E and ~B.

Inspection of Equation 3.3 succinctly elucidates the design philosophy of high-

energy accelerators. To increase the energy of a charged particle, an electric field is

applied in the particles’ direction of motion, denoted as the longitudinal direction.

Transverse acceleration of particles can be achieved either by electric or magnetic

fields, but at high energy (|~v| ≈ c) is efficiently accomplished using magnetic fields.

Hence, rings are designed using rf cavities (electric fields) for acceleration, and

magnetic fields for deflection of charged particle beams.

3.2.1 Notation for Relativistic Beams

High energy particle beams are accelerated to velocities ~v approaching the speed of

light c, with the relativistic velocity ~β given by,

~β =
~v

c
. (3.4)
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Particles accelerated to a total energy E can be described equivalently by the Lorentz

factor γ,

γ =
E

m0c2
, (3.5)

E = m0c
2 + Ek,

E =
√

(m2
0c

2)2 + (~pc)2. (3.6)

where m0 is the rest mass of the particle, Ek the kinetic energy and ~p = γm0
~βc is

the momentum of the particle. For high energy electron accelerators, γ � 1 and
~β ≈ 1. Hence, the total energy is dominated by the momentum.

As described by Equation 3.3, high-energy charged particles are efficiently de-

flected by magnetic fields. Charged particles in a homogeneous magnetic field are

deflected in a circular orbit of radius ρ. This radius can be determined by equating

the Lorentz force (Equation 3.3), with the centripetal force,

q
(
~E + ~v × ~B

)
=
γm0~v

2

ρ
,

~Bρ =
~p

q
.

The product ( ~Bρ) is the magnetic rigidity of the beam. For singly charged electrons

(q = 1),

~B [T]ρ [m] =
109

2.998× 108
~p [GeV c−1],

~B [T]ρ [m] = 3.336 ~p [GeV c−1]. (3.7)

For example, an electron beam with momentum ~p = 3 GeV c−1 has a beam rigidity

Bρ = 10 T m.

3.2.2 Coordinate System

The conventional coordinate system in accelerator design is a right-handed Frenet-

Serret curvilinear system [43,44]. This is illustrated in Figure 3.1.

Magnetic fields are defined with respect to the curvilinear trajectory s. This

curvilinear system is convenient when describing deviations of beams from a design

orbit. In some sections of this thesis, the trajectory of beams will be expressed in a

local Cartesian coordinate system, with z as the longitudinal coordinate.
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x

ys

Figure 3.1: Frenet-Serret curvilinear coordinate system. The x−y coordinates follow
the curvilinear design trajectory s.

3.2.3 Charged Particle Optics

The focussing strength of magnetic multipole elements can be usefully defined in

terms of the beam rigidity. Multipoles of increasing order are illustrated in Fig-

ure 3.2.

Figure 3.2: Laminations of magnetic multipoles, showing magnetic field lines. (a)
Dipole; (b) Quadrupole; (c) Sextupole.

Solenoid magnets (with magnetic field in the longitudinal direction s) are com-

monly included in accelerators for particle physics, but seldom in storage ring light

sources. As indicated in Equation 3.3, the focussing force provided is very weak

because (~v × ~B) ≈ 0, even for |~v| ≈ c. The storage rings used in simulations and

experiments in the present work do not include solenoid magnets.

Dipole magnets are used to bend charged particle beams in a circular trajectory.

The strength of a dipole magnet G is denoted by

G =
1

ρ
=

1

Bρ
By. (3.8)

Quadrupole magnets act as focussing lenses – focussing in one plane while si-

multaneously defocussing in the other. The gradient of a quadrupole magnet k1 is

denoted by

k1 =
1

Bρ

∂By

∂x
. (3.9)
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Hence particles travelling through the centreline of a quadrupole (x = 0) experience

zero magnetic field.

Sextupole magnets can be used to provide the correct focussing strength to off-

energy particles. The gradient of a sextupole magnet k2 is denoted by

k2 =
1

Bρ

∂2By

∂x2
. (3.10)

As for a quadrupole, particles travelling through the centreline of a sextupole magnet

(x = 0) experience zero magnetic field.

Multipoles of arbitrary higher order can be defined with gradients kn [45],

kn =
1

Bρ

∂nBy

∂xn
. (3.11)

For reference, a description of these definitions is included in Appendix C.

3.3 Machine Functions

A storage ring lattice is an arrangement of multipole magnets to store a circulating

beam of a given energy. Storage ring accelerators composed of separated function

dipoles and quadrupoles described in Section 3.2.3 are defined as strong-focussing

machines [46]. This section describes the linear motion of charged particles in cir-

cular storage rings, which is defined from the dipoles and quadrupoles.

3.3.1 Hill’s Equations

Particle motion about the equilibrium orbit may be written in a form very similar

to expressions for simple harmonic motion. In terms of the curvilinear coordinate

s, the particle motion is given by the Hill’s equations [47],

d2x

ds2
= −1− n(s)

ρ2(s)
x, (3.12)

d2y

ds2
= − n(s)

ρ2(s)
y, (3.13)

where ρ(s) is the bending radius, and

n(s) = −ρ(s)2

(Bρ)

∂By

∂x
≡ −ρ(s)2k1(s). (3.14)
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Equation 3.12 and 3.13 have solutions uniquely determined from the position y and

angle y′ = dy/ds of a particle at the position s0, given in the form [47],

y(s) = ay(s0) + by′(s0), (3.15)

y′(s) = cy(s0) + dy′(s0), (3.16)

which can be expressed in matrix notation by,

(
y (s)

y′ (s)

)
=

[
a b

c d

](
y (s0)

y′ (s0)

)
= M

(
y (s0)

y′ (s0)

)
. (3.17)

This transfer matrix notation is convenient for accelerators. Individual elements

such as drift lengths, dipoles, and quadrupoles can be described mathematically by

transfer matrices [39]. The motion of a particle through a sequence of elements can

be expressed by the product of individual transfer matrices.

3.3.2 Betatron Functions and Tunes

Beams in storage ring accelerators need to be stored for many revolutions, usually

much greater than 109 turns. For this reason, stable solutions must exist for the

equations describing particle motion in a ring: the amplitude must not continue to

grow with subsequent turns [47]. Hence solving for the eigenvalues of the one-turn

transfer matrix M(s) [47],

|M− λI| = 0, (3.18)

where I is the identity matrix. Choosing a phase advance µ,

cosµ = 1
2
Trace(M) = 1

2
(a+ d), (3.19)

the eigenvalues of Equation 3.18 can be expressed as [47]

λ = cosµ± i sinµ = e±iµ. (3.20)

The phase advance µ is a constant of the ring lattice, and hence independent of s [47].

However the machine parameters α (s), β (s) and γ (s) (often called the Twiss [48]

or Courant-Snyder [47,49] parameters) do in general vary around the machine, and
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can be defined as [47],

a(s)− d(s) = 2α(s) sinµ, (3.21)

b = β(s) sinµ, (3.22)

c = −γ(s) sinµ, (3.23)

The transfer matrix M of Equation 3.17 can be expressed in terms of these param-

eters by [47]

M =

[
cosµ+ α(s) sinµ β(s) sinµ

−γ(s) sinµ cosµ− α(s) sinµ

]
(3.24)

For detailed derivations of these functions, the reader is referred to recent literature

[18, 39, 45]. The betatron function (sometimes abbreviated to beta function) β (s)

defines the amplitude function of the beam [18]. In each of the horizontal and

vertical planes, the betatron tunes are defined as

νx =
µx
2π

=
1

2π

∮
ds

βx(s)
, (3.25)

νy =
µy
2π

=
1

2π

∮
ds

βy(s)
. (3.26)

It is unfortunate that literature uses the Greek symbols α(s), β(s) and γ(s) to

denote the machine functions. This can cause confusion with the momentum com-

paction factor αc and the relativistic velocity ~β = ~v/c and Lorentz factor γ. Often

in this thesis, these symbols are unavoidably used even within the same equation,

and where necessary the distinction will be made in words.

3.3.3 Dispersion Function

An ensemble of particles in an accelerator has some finite energy spread about the

energy of the nominal particle. As a result of this energy spread, electrons of higher

(lower) energy will be deflected by bending magnets through a smaller (greater)

bending angle than the design particle. The position of an off-energy particle with

energy (E + δE) is given by [50],

xE(s) = ηx(s)
δE

E
, (3.27)

where ηx(s) is the dispersion function, and represents a chromatic aberration of

the magnetic elements of the lattice [45]. Storage rings are usually defined with
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deflection in a single horizontal plane (no vertical bends), leading to ηy(s) = 0 for

most storage ring designs.

3.3.4 Phase Stability

The dispersion function ηx(s) couples horizontal oscillations with energy oscillations.

Stability of the beam energy in a storage ring is defined as phase stability, with

respect to the rf accelerating potential. The term ‘phase stability’ was first defined

by McMillan [51], but the concept was independently co-discovered [51–56].

In the same manner that quadrupole magnetic field gradients provide transverse

focussing to beams, the sinusoidal rf gradient provides energy focussing to bunches

in storage rings. The important parameters are the beam energy loss per turn U0

and the rf cavity accelerating potential V . This is illustrated in Figure 3.3.

Figure 3.3: Principle of phase stability. Particles with energy greater than E arrive
later, and receive a lower accelerating potential V than the synchronous particle,
and vice versa for lower energy particles.

Electron storage rings at energies above transition energy1 are considered in

this thesis [46]. Above transition, the velocity of the electron beam in the storage

ring is effectively constant, asymptotically close to the speed of light. Consider

that an electron on the design energy makes one revolution of the machine on the

synchronous orbit. Hence according to the beam rigidity (Bρ), an electron with

greater energy is deflected less by bending magnets and traverses an orbit of greater

circumference, arriving some time later at the rf cavity. By the same argument,

electrons of energy less than the synchronous particle arrive earlier, and so receive

a greater accelerating potential.

1The transition energy γtr = 1/
√
αc, where the momentum compaction factor is

αc = (∆C/C)/(∆p/p) [47]. For the AS storage ring, γ = 5871 is much greater than γtr = 22, and
the storage ring is above transition.
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This design results in phase stable acceleration of particle beams in discrete

bunches.

3.3.5 Emittance

The ensemble of particles in a beam occupies a volume of position-momentum phase

space. The phase space can be described conveniently in terms of the horizontal,

vertical and longitudinal spatial dimensions. Conventions differ, but in this work

the axes are defined in a right-handed coordinate system with horizontal (x,∆~px),

vertical (y,∆~py) and longitudinal (s,∆~ps) dimensions and momenta. The transverse

phase space occupied by a beam is illustrated in Figure 3.4.

x

x'
√εγ

√ε/β

√εβ

√ε/γ

Figure 3.4: Horizontal emittance phase ellipse in terms of the machine parameters
α, β and γ [45].

The area in phase space πε of the electron bunch is defined as the emittance.

Beam emittances are typically approximated as Gaussian with tails of diminish-

ing electron density, and defined as the beam distribution ellipse at one standard

deviation. The equation for the beam ellipse in phase space is given by [47]

εx = γx(s)x
2 + 2αx(s)xx

′ + βx(s)x
′2. (3.28)

As shown in Equation 3.1 and 3.2, accelerators providing brightest beams are

optimised for lowest transverse emittances.

Liouville’s theorem is applied to particle accelerators to postulate that in the

absence of damping, the six-dimensional emittance volume of a beam is conserved

[45,57]. This is the best case, and any mismatch of the beam phase ellipse with the



20 CHAPTER 3. ELECTRON STORAGE RING ACCELERATOR PHYSICS

machine betatron phase advance results in the dilution of the emittance volume [45].

This is especially important for proton and ion machines, which have no significant

damping mechanism. However this is qualitatively different for electron machines

which have strong damping by synchrotron radiation.

3.4 Synchrotron Radiation

In this section, bending magnet and Insertion Device (ID) synchrotron radiation

sources are described. The action of emission of synchrotron radiation provides a

transverse damping force to electron bunches in a storage ring. Electrons performing

betatron oscillations about a reference orbit emit synchrotron radiation in a cone

tangential to the particle’s direction of motion. Hence the emitted photon carries

away both transverse and longitudinal momentum from the electron, while only

the longitudinal momentum is recovered by the rf cavity [40]. In this way, the

action of synchrotron radiation emission serves to cool the amplitude of transverse

momenta of particles in the bunch. This is illustrated for the transverse dimensions

in Figure 3.5.

s

p0
pγ

p0 - pγ
δpRF

pi

Figure 3.5: Damping of electron beam emittances by synchrotron radiation. An
electron of initial momentum ~p0 emits a synchrotron radiation photon of momentum
~pγ. On passing through an rf cavity, the electron gains δ~pRF in the direction of s only.
Hence the final momentum ~pi has the same longitudinal momentum, but reduced
transverse momentum. [58].
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3.4.1 Bending Magnet Radiation

The emission of radiation by a single electron traversing a bending magnet results

in a large instantaneous energy loss, given by [32,45,59]

Pγ =
c

2π
Cγ
E4

ρ2
, (3.29)

Cγ =
4π

3

re

(mec2)3

≡ 1

4πε0

4π

3

q2
e

(mec2)4 , (3.30)

where re is the classical radius, qe the electric charge and me the mass of an electron.

Following the conventions of electromagnetism rather than accelerator physics, here

ε0 denotes the permittivity of free space (not an emittance). The average energy

loss per turn of an electron in an isomagnetic lattice due to synchrotron radiation

is given by [32,45,59,60]

U0 = Cγ
E4

ρ
. (3.31)

Pessimistically classified as a “radiative energy loss” [32], synchrotron radiation

was so named because of its first observation in an electron synchrotron [61]. A

practical consequence of the emission of synchrotron radiation is that high rf fields

are required each turn to maintain the energy of an electron beam in a storage ring.

3.4.2 Synchrotron Radiation Integrals

The equilibrium properties of an electron beam in a flat storage ring are defined

in terms of five synchrotron radiation integrals, summarised in Equation 3.32 –

3.36 [62–64]. These integrals are made around the closed orbit.

I1x =

∮
ηx(s)

ρx(s)
ds, (3.32)

I2x =

∮
1

ρx(s)2
ds, (3.33)

I3x =

∮
1

|ρx(s)3|ds, (3.34)

I4x =

∮ (
ηx(s)

ρx(s)

)(
1

ρx(s)2
+ 2k1(s)

)
ds, (3.35)

I5x =

∮ Hx(s)

|ρx(s)3|ds, (3.36)
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where ρ is the bending radius, ηx(s) the horizontal dispersion function and η′x(s) =

dηx(s)/ds, k1(s) the quadrupole gradient and Hx(s) defined as [62]

Hx(s) = γx(s)ηx(s)
2 + 2αx(s)ηx(s)η

′
x(s) + γx(s)η

′
x(s)

2 (3.37)

≡ 1

βx(s)

[
ηx(s)

2 +

(
βx(s)η

′
x(s)−

1

2
β′x(s)ηx(s)

)2
]
,

expressed either in terms of the machine functions γx(s) and αx(s), or betatron and

dispersion functions. All lattice and dispersion parameters are defined in terms of

position s around the circumference.

3.4.3 Damping Partition Numbers and the Robinson

Criterion

The equilibrium energy loss per turn of synchrotron radiation serves to damp particle

motion in all three planes, but not necessarily equally. To determine the damping

rates in each plane, damping partition numbers J defined for a planar storage ring

are defined as [39]

Jx = 1− I4

I2

, (3.38)

Jy = 1, (3.39)

Js = 2 +
I4

I2

. (3.40)

These damping partition numbers are distributed within an invariant, the Robinson

criterion [58],

Jx + Jy + Js = 4. (3.41)

Similarly, the damping decrement αx, αy, αs can be defined by [40,58],

αx = Jx
〈Pγ〉
E

, (3.42)

αy = Jy
〈Pγ〉
E

, (3.43)

αs = Js
〈Pγ〉
E

, (3.44)

with Pγ given by Equation 3.29, and E the beam energy.
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3.4.4 Horizontal Emittance

The horizontal emittance is an equilibrium between the transverse cooling of syn-

chrotron radiation, and the heating from the quantised emission of photons [45]. It

can be defined in terms of the synchrotron radiation integrals as [39]

εx = Cqγ
2 I5

I2 − I4

, (3.45)

Cq =
55~

32
√

3mc
, (3.46)

where γ is the Lorentz factor.

The equilibrium horizontal emittance depends upon the lattice design. Impor-

tantly, the horizontal emittance is proportional to the third power of the deflected

angle of the main bending magnet [40]. Hence an important factor in minimising

the horizontal emittance is maximising the number of arc unit cells.

3.4.5 Insertion Device Magnets

IDs (wigglers or undulators) are periodic arrays of magnets of alternating polarity

[65,66]. An electron beam passing through an ID is wiggled periodically, producing

a very bright photon source. An ID is illustrated in Figure 3.6.

N S N S N S N S N S N S N S N S

S N S N S N S N S N S N S N S N

Figure 3.6: Wiggler or undulator insertion device as a synchrotron light source. A
planar insertion device is shown, resulting in transverse oscillations of the charged
particle beam.

The strength of an ID is typically classified by the deflection parameter Ku given

by [45,64],

Ku =
eB0

βm0ckp
≡ 93.4B0[T]λp[m], (3.47)

where B0 is the peak magnetic field, λp the ID period and kp = 2π/λp. Physically,

the deflection parameter Ku represents the amplitude of oscillations with respect

to the 1/γ opening angle of radiation. IDs of low deflection parameter (Ku < 1)
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are typically classified as undulators [67–72], while devices with high deflection pa-

rameter (Ku � 1) are typically classified as wigglers. There are practical, but no

fundamental distinctions between wigglers and undulators.

3.4.6 Influence of Wigglers on the Horizontal Emittance

Wiggler magnets are central to the horizontal emittance reduction strategy of pro-

posed electron colliders [73], damping rings [37,74–76] and storage ring light sources

[77–80].

A planar wiggler ID is a periodic array of short bending magnets of alternating

polarity. With each bend of the beam, synchrotron radiation is emitted, and can

be used as a very intense light source [81,82]. Wigglers can be used to increase the

energy loss per turn to synchrotron radiation, and when positioned in zero-dispersion

insertions, increase the damping rate to reduce the equilibrium horizontal emittance

below that of the bare lattice. Even positioned in zero-dispersion insertions, the

wiggler introduces self-dispersion and hence can increase the emittance [45].

To determine the effect of introducing wigglers to a storage ring lattice, the

increase in emittance arising from a wiggler is considered. Consider a wiggler mag-

netic field oriented vertically, and sinusoidal in amplitude with the wiggler period

λp, kp = 2π/λp and full length Lw = Nuλp, where Nu is the number of wiggler

periods. The radiation integrals for the wiggler are given by [83],

I1w =
Lw

2ρ2
wk

2
p

, (3.48)

I2w =
Lw
2ρ2

w

, (3.49)

I3w =
4Lw
3πρ3

w

, (3.50)

I4w = − Lw
8ρ4

wk
2
p

, (3.51)

I5w ≈
4

15π

〈βx(s)〉Lw
ρ5
wk

2
p

, (3.52)

where in Equation 3.52 it is assumed that Hx ≈ βx(s)η
′
x(s)

2 in the wiggler, and ρw

is the bending radius of the wiggler poles [39]. The equilibrium horizontal emittance
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and energy spread for the ring become [39],

εx = εx0

(
1 +

I5w

I5

)(
1 +

I2w − I4w

I2 − I4

)−1

, (3.53)

σ2
E = σ2

E0

(
1 +

I3w

I3

)(
1 +

2I2w + I4w

2I2 + I4

)−1

, (3.54)

where εx0 is the emittance of the bare lattice defined in Equation 3.45, σE0 the

energy spread of the bare lattice, given by [39],

(σE0

E

)2

= Cqγ
2 I3

2I2 + I4

, (3.55)

with I1−5 defined as per Equation 3.32 – 3.36. The consequence of Equation 3.53 is

that wigglers can reduce the equilibrium horizontal emittance. For a planar wiggler

(I4w = 0), in a dispersion-free insertion (ηx(s) = 0) of a separated function storage

ring (I4 = 0), the condition for emittance increase due to wiggler self dispersion is

given by [83]
4

3π

〈Hw〉Lw
ρ3
w

ρ3

2πρ
>

Lw
2ρ2

w

ρ2

2πρ
. (3.56)

3.4.7 Vertical Emittance

In a fashion similar to the horizontal emittance, synchrotron radiation integrals can

be defined for the vertical emittance.

I1y =

∮
ηy(s)

ρy(s)
ds, (3.57)

I2y =

∮
1

ρy(s)2
ds, (3.58)

I3y =

∮
1

|ρy(s)3|ds, (3.59)

I4y =

∮ (
ηy(s)

ρy(s)

)(
1

ρy(s)2
+ 2k1(s)

)
ds, (3.60)

I5y =

∮ Hy(s)

|ρy(s)3|ds. (3.61)

In the limit of zero lattice alignment errors, and in the absence of skew fields,

the horizontal electron or positron storage ring exhibits a vanishingly small vertical

emittance. This quantum limit of vertical emittance is governed by the stochastic

emission of synchrotron radiation photons, in a narrow cone of opening angle ∼ 1/γ

tangential to the deflected trajectory of the electron. The quantum limit of vertical
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emittance limit is given by [50,84],

εy =
13

55

Cq
Jy

∮
βy(s)|G3(s)|ds∮
|G2(s)|ds . (3.62)

Making use of the average vertical betatron function βy, and the Root Mean

Square (RMS) energy spread σE, this expression can be simplified for the normalised

vertical emittance around the ring [84],

γεy ≈ 0.24Jsβy
σ2
E

γ
. (3.63)

For the CLIC damping ring lattice considered, this limit is,

γεy ≈ 7.5× 10−10[m rad],

εy ≈ 1.3× 10−13[m rad].

The design vertical emittance is only approximately an order of magnitude greater

than this quantum limit. The equilibrium vertical emittance is typically observed

to significantly exceed this quantum limit. The limit of vertical emittance for con-

structed machines is defined by the ability to steer through randomly misaligned

centres of lattice magnetic elements. The increase in emittance arises as a result of

coupling large magnitude betatron oscillations from the horizontal into the vertical

plane, as well as spurious vertical dispersion.

3.5 Transverse Beam Size

To optimise the luminosity of a collider given in Equation 3.1, the beam size at

the interaction point should be minimised. Beam sizes vary with the longitudinal

position s around a storage ring. The beam size at the position s in a storage ring

in either the horizontal or vertical planes is given by [50],

σx(s) =

√
βx(s)εx + ηx(s)2

(σE
E

)2

, (3.64)

σy(s) =

√
βy(s)εy + ηy(s)2

(σE
E

)2

. (3.65)

Typically, storage rings are designed with ηy = 0 for all s, but for ultralow

vertical emittances the spurious dispersion is a non-negligible contribution to the

beam size σy. Hence, direct observation of vertical beam size σy(s) is expected in
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order to conservatively claim observation of ultralow vertical emittance.

3.6 Summary

So as to achieve the design luminosity, the CLIC main damping rings need to operate

routinely at ambitious transverse emittances. The tight design 1 pm rad vertical

emittance is only a factor of 8 larger than the quantum limit of vertical emittance.

The development of techniques to control and measure ultralow vertical emittance

beams can be successfully tested using existing electron storage rings.
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Chapter 4

Storage Ring Light Sources as

Damping Ring Test Accelerators

4.1 Motivation

High energy colliders are not the only use of high energy particle accelerators.

In parallel, high energy accelerators were also developed as synchrotron radiation

sources [85]. The challenges of designing low emittance storage ring synchrotron

radiation sources [86] are very similar to the requirements of electron damping rings

for linear colliders [87].

In order to demonstrate the feasibility of design extracted emittances for the

CLIC main damping rings, the few proposed linear collider projects are keen to

leverage the expertise and experience of the many constructed storage ring light

sources. Illustrated in Figure 4.1 are the horizontal and vertical emittances for a

selection of constructed and proposed electron and positron storage and damping

rings.

The design horizontal emittance for the CLIC main damping rings is ambitious,

but has almost been demonstrated at PETRA III, with the recent reported obser-

vation of a record low horizontal emittance of εx = 160 pm rad [94]. The design

vertical emittance εy ≈ 1 pm rad has been demonstrated at the AS and Swiss Light

Source (SLS) [92,95].

29
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Horizontal emittance εx (pm rad)

V
er

ti
ca

l
em

it
ta

n
ce

ε y
(p

m
ra

d
)

1 10 100 1000 10000

1

10

ALS

APS

AS

CLS

DLS

ELETTRA

ESRF

PETRA IIIPETRA III (3 GeV)

SLS

SPEAR3
SPring8

SSRF
ATF

KEKB−LER

CESR−TA

CLIC DR

ILC DR

PEP−X
SPring8−II

MAX−IV

TeVUSR

NSLS−II

SuperKEKB

AS − Present work

 

 
Measured
Present work
Proposed

Figure 4.1: Geometric emittances of existing and proposed electron-positron rings.
Minimum measured emittances of constructed rings are denoted by ×, and design
emittances of proposed rings denoted by 2 [88–94]. The present work of Chapter 8
measured at the AS is denoted by #.

4.2 Australian Synchrotron Electron Storage

Ring

The AS is a third generation electron storage ring light source of beam energy

E = 3 GeV, serving photon beamlines around the storage ring circumference [96–98].

The accelerator complex is illustrated in Figure 4.2.

Design parameters of the AS ring are summarised in Appendix A. As a modern

storage ring light source, the AS has qualities desirable for testing damping ring

physics. The electron beam energy of E = 3 GeV is comparable to that of proposed

linear collider damping rings. The storage ring is designed to accommodate many

long insertions for synchrotron radiation insertion devices, including superconduct-

ing wigglers. Principally though, the AS storage ring is important to damping rings

because of the ultralow vertical emittance achieved in this ring [95].

4.3 SPEAR3 Electron Storage Ring

The SPEAR laboratory has a rich history in high-energy physics, with Nobel prizes

for the co-discovery of the J/ψ (charmonium meson) [100] and τ lepton [101]. Since

its inception, an important aspect of science at SPEAR has been synchrotron radi-

ation photons [81], initially with the parasitic use of synchrotron radiation X-rays
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Figure 4.2: Schematic of AS accelerator complex [99].
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for photon science experiments [102].

With the removal of the original electron-positron storage ring collider, the new

SPEAR3 storage ring is a third-generation electron storage ring of E = 3 GeV beam

energy dedicated to synchrotron radiation experiments [103]. The SPEAR3 ring is

illustrated in Figure 4.3.

Figure 4.3: Schematic of SPEAR3 storage ring, racetrack lattice.

Because of the heritage of SPEAR as a collider, the SPEAR3 storage ring is a

racetrack lattice with two-fold symmetry. This closely approximates the racetrack

lattice for the CLIC damping rings, with low horizontal emittance arc cells, and

matching cells for the wiggler insertions.

Parameters of the SPEAR3 ring are summarised in Appendix A. Both the

SPEAR3 and AS storage rings incorporate a defocussing gradient in the bending

magnets, as part of a strategy of minimising horizontal emittance through damping

partition number exchange [96, 103, 104]. A defocussing gradient is planned to be

included in bending magnets of the CLIC damping rings for this purpose, in addition

to minimising vertical emittance growth due to Intra-Beam Scattering (IBS) [37].

4.4 CLIC Electron Damping Ring

Since early designs [105], the CLIC main damping ring proposal has called for a

compact racetrack lattice [76,106,107]. The damping ring is illustrated schematically

in Figure 4.4.
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Figure 4.4: Schematic of CLIC damping ring, racetrack lattice.

The emittance is dominated by two wiggler insertions [108]. The acceptance of

the main damping ring is relaxed compared to the ILC damping ring (especially for

the positron ring), by the inclusion of pre-damping rings [109]. A compact lattice was

developed [110–113], and from that non-linear optimisation performed [114]. It was

later deemed that this lattice was too ambitious, and with a larger circumference

the present design considers an arc cell of slightly higher equilibrium horizontal

emittance [37,107].

With the change in main linac rf frequency [106], the ring energy was revised

up from E = 2.42 to 2.86 GeV [115], bringing the lattice closer in energy to many

existing storage ring light sources.

4.5 Summary

The transverse emittances of the proposed CLIC damping rings are ambitious. Using

existing storage ring light sources as test accelerators, it is possible to test and

develop the required emittance optimisation routines and diagnostic techniques.

In particular, the AS storage ring is important as a damping ring test accelerator

because of the low vertical emittance achieved in this ring.
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Chapter 5

Measuring Combined-Function

Magnets used for Low Horizontal

Emittance

5.1 Motivation

The principal optimisation in low emittance storage ring lattice design is horizontal

emittance minimisation. To this end, lattice cells of the AS and SPEAR3 light

source storage rings were designed with defocussing gradient magnets.

Defocussing gradient bending magnets are a design choice that minimises the

horizontal emittance of a lattice. The trajectory through rectangular gradient mag-

nets does not follow a circular arc as in the case of pure dipole magnets, leading

to a crucial point of difference between straight gradient magnets and pure dipole

magnets: how can these magnets be aligned to produce the design bending and

gradient fields?

A familiar description of storage ring accelerators is that particle beams are

deflected according to their electrical charge, mass and energy using electric and

magnetic fields. These fields are arranged such that beams perform stable, oscilla-

tory motion over many thousands of turns, which can be measured to high precision

as a frequency spectrum. Measurement and control of resonances at the revolution

and rf frequencies, betatron and synchrotron tunes, informs the global properties of

the linear lattice [47]. Here, another property of the electron is exploited – its spin

– to inform and calibrate the dipole lattice model of storage rings.

In literature, there are very few measurements of the momentum compaction

factor with straight rectangular gradient bending magnets. The momentum com-

35
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paction factor was measured at the Advanced Light Source (ALS), with only a small

departure from the model [116], however no details of the lattice model used in that

study are available. At the time of measurement, the bending magnets of the ALS

lattice were all rectangular defocussing gradient magnets: the lattice has since been

changed to incorporate superbends [117].

To calibrate the model of horizontal defocussing straight rectangular gradient

bending magnets (presented for reference in Appendix D), here experimental re-

sults are presented in the storage rings of light sources SPEAR3 [103] and AS [98],

which are modern light sources of intermediate-energy with straight rectangular

defocussing gradient dipoles in the Double-Bend Achromat (DBA) lattices [118].

5.2 Bending Magnet Choice for Low Horizontal

Emittance Rings

A reduction in the equilibrium horizontal emittance can be achieved by the inclusion

of a transverse gradient in the bending magnets. As a strategy, horizontal emittance

minimisation using gradient bending magnets is well-established for storage ring

light sources [119]. As given in Section 3.4.4, the equilibrium horizontal emittance

of an electron storage ring is given by [39,62],

εx = Cqγ
2 I5

(I2 − I4)
≡ Cqγ

2 〈Hx/|ρ|3〉
Jx〈1/ρ2〉 (5.1)

Inspection of Equation 5.1 illustrates that one strategy to minimise the horizontal

equilibrium emittance is to maximise the horizontal damping number Jx [119]. This

is achieved through exchange of the horizontal and longitudinal damping numbers

Jx, Js [58]. The horizontal damping partition number Jx is given by [63,64,119],

Jx = 1− I4

I2

≡ 1−
∮

ηx
ρ3

(1 + 2ρ2k1) ds
∮

1
ρ2
ds

, (5.2)

k1 =
1

Bρ

dBy

dx
. (5.3)

For a separated function lattice (pure dipole field bending magnets), the focussing

gradient dBy(s)/dx = 0 at longitudinal positions s where ρ(s) 6= 0. Therefore in

a separated function lattice, the product (2ρ2k) = 0. In general, the horizontal

dispersion function ηx(s) is much smaller than the bending radius ρ, hence I4 � I2

[63], and Jx ≈ 1.
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However for combined-function bending magnets (both dipole field and trans-

verse gradient), the product (2ρ2k) 6= 0. Using a significant defocussing gradient, I4

can be made negative resulting in Jx > 1, Js < 2.

This strategy of exchanging between the horizontal and longitudinal damping

partitions has been demonstrated to give a lower horizontal emittance than the

Theoretical Minimum Emittance (TME) lattice [120, 121], which was calculated

using pure dipole bending magnets [122,123]. This is the motivation for defocussing

gradient bending magnets in many proposed low emittance rings, including the CLIC

damping rings.

5.2.1 Dipole Bending Magnets

The conventional approach in the design of strong focussing lattices is to separate the

functions of magnets into individual multipoles. This gives the greatest flexibility

in lattice tuning. The profile of a dipole bending magnet is presented in Figure 5.1.

Figure 5.1: Profile of dipole bending magnet, C-style laminations [124]. The impor-
tant quality is that the pole faces are parallel, producing a uniform dipole field.

The advantage of dipole magnets as bending magnets is that within the region of

good field [124], the bending field is uniform. This results in a uniform, identically

circular beam trajectory through the magnet, with very large mechanical tolerances

on positioning alignment. There are good reasons to choose sector bending magnets

against straight, principally the minimisation of iron in construction by optimisation

of the region of good field [124].

5.2.2 Curved Rectangular Combined-Function Magnets

Many existing [125–128] and new lattices propose to use curved combined-function

magnets [79,80,129–132]. A curved combined-function magnet is illustrated in Fig-

ure 5.2.

An advantage of this geometry is that the design bending field is equal along the

beam trajectory, resulting in a circular trajectory for the design orbit. In addition,
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Figure 5.2: Curved rectangular bending magnet, with a transverse defocussing gra-
dient. Magnet laminations are typically stacked in a circular arrangement, following
the design curvilinear trajectory of the beam.

the transverse gradient is equal along the beam trajectory. A disadvantage is that it

is more difficult to assemble magnet laminations to the required alignment tolerance.

5.2.3 Straight Rectangular Combined-Function Magnets

Very few rings use straight combined-function magnets [98, 103, 104, 133–135]. The

AS and SPEAR3 storage rings are among these few, and are the subject of this

study. A straight combined-function magnet is illustrated in Figure 5.2.

Figure 5.3: Straight rectangular bending magnet, with a transverse defocussing
gradient. Unlike a curved magnet (Figure 5.3), magnet laminations are stacked
straight.

As opposed to curved combined-function bending magnets, straight magnets are

comparatively easy to fabricate as the laminations are assembled in a straight line

[124]. However as shown in Section D.2, the design bending field changes along the

beam trajectory resulting in a design trajectory significantly different to a circular

trajectory.
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For pure dipole bending magnets, the difference between rectangular and sector

bending magnets is typically assumed to be edge focussing [136]. However straight

gradient magnets feature a longitudinal variation in the main bending field, arising

from the curved trajectory of the electron beam. This is significantly different to a

curved gradient bending magnet, and is expanded upon in Appendix D.

5.3 Beam Energy Measurements using Electron

Spin

Electron beam energy measurements using resonant spin depolarisation have been

performed at storage rings for calibrating many aspects of the machine [116, 137–

142], most notably the absolute beam energy, beam energy stability and momentum

compaction factor. Pioneering work on polarisation was performed on e+–e− collider

rings such as ACO [143,144], VEPP-2M [145,146], SPEAR [147], and LEP [139]. The

technique is used because it is the highest precision energy measurement presently

available, with typical measurement accuracy of order ∆E/E = 10−5 − 10−6.

5.3.1 Radiative Polarisation

A beam of electrons in a storage ring with an initial random distribution of spin

orientations (unpolarised) develops polarisation over time, by the Sokolov-Ternov

effect [148]. A concise summary of the important physics underpinning spin-flip

radiation is given by Jackson [149], with some errata corrected [150]. Under the

action of emission of spin-flip photons, the population of beam electron spins aligns

anti-parallel with the main guide field of the bending magnets. The population of

spin-up and spin-down particles is biased by the asymmetry of transition probabil-

ities of spin-flip radiation [148]. This is illustrated in Figure 5.4 using separately

normalised spectra of synchrotron radiation and spin flip radiation.
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Figure 5.4: Separately normalised synchrotron non-flip (electric charge) and mag-
netic moment spin-flip radiation power spectrum [149].

The equilibrium distribution of spins is determined by considering the transition

probabilities of the up and down spin states. This is given by [149],

dw(ν, θ0)

dν
=

9

10π

ν2

τ0

[
1

2
sin2 θ0

∞∫

ν

K1/3(s)ds

+
1

2

(
1 + cos2 θ0

)
K2/3(ν) + cos θ0K1/3(ν)

]
. (5.4)

This number spectrum is illustrated in Figure 5.5, where flip-down denotes θ0 = 0

and flip-up denotes θ0 = π.
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Figure 5.5: Normalised photon number spectrum of flip-up and flip-down radiation
given by Equation 5.4 [149].

Integrating over all photon energies ν for both the flip-up and flip-down transi-
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tions, the equilibrium Sokolov-Ternov polarisation PST is given by,

PST =

∞∫
0

dw(ν,0)
dν

dν −
∞∫
0

dw(ν,π)
dν

dν

∞∫
0

dw(ν,0)
dν

dν +
∞∫
0

dw(ν,π)
dν

dν

(5.5)

=

(
1 + 8/

(
5
√

3
))
−
(
1− 8/

(
5
√

3
))

(
1 + 8/

(
5
√

3
))

+
(
1− 8/

(
5
√

3
))

=
8

5
√

3
≈ 0.9238.

The polarisation P (t) of the beam develops by [150]

P (t) ≈ PST

(
1− e−t/τST

)
, (5.6)

where time is denoted by t.

Magnetic fields B are considered in the directions perpendicular (B⊥) and par-

allel (B‖) to the curvilinear beam trajectory s. In a storage ring, both vertical

and radial magnetic fields are denoted here by B⊥. To accommodate reverse bends

and wiggler insertion devices, we integrate both B⊥ and its absolute value |B⊥|
around the trajectory s. For a ring with reverse bending magnets or wigglers, the

polarisation P (t) approaches an equilibrium [140],

P0 = PST

∮
B3
⊥ds∮

|B3
⊥|ds

. (5.7)

By inspection of Equation 5.7, P0 approaches a maximum for a storage ring

without reverse bends or wiggler insertion devices. For a beam of electron species

with gyromagnetic factor ge ≈ 2 in an isomagnetic, planar ring, the theoretical

maximum of polarisation is P0 = 0.9238 [148]. The characteristic Sokolov-Ternov

polarisation time τST is given in Système International d’Unités (SI) units by [148],

τ−1
ST =

1

4πε0

5
√

3

8

~q2
eγ

5

m2
ec

2

1

ρ3
, (5.8)

where ρ is the local bending radius, me, qe the electron mass and electric charge, ε0

the permittivity of free space, ~ the reduced Planck’s constant, and γ is the Lorentz

factor of this relativistic electron beam. If the bending radius ρ(s) varies around

the ring circumference, rather than use the average value ρ, the third synchrotron
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radiation integral is substituted [62,150],

1

ρ3
→ I3 =

1

2πR

∮
1

|ρ(s)|3ds, (5.9)

where R denotes the mean storage ring radius. For the SPEAR3 storage ring at a

beam energy of 3 GeV, the Sokolov-Ternov polarisation time is τST = 1003 s.

5.3.2 Resonant Spin Depolarisation

Spin transport is described by the Thomas–BMT equation [151]. The electron spin

precesses about the polarisation axis at the spin precession frequency [139],

~ΩBMT = − qe
γme

[
(1 + aeγ)B⊥ + (1 + ae)B‖ −

(
aeγ +

γ

1 + γ

) ~β × ~E

c

]
, (5.10)

where qe is the electric charge and ae = (ge− 2)/2 the anomalous magnetic moment

of the electron, and c the speed of light in vacuum. As defined for Equation 5.7, the

direction of electric fields ~E are considered with respect to the relativistic velocity

of the electron ~β = ~v/c. Normally the storage rings of light sources do not include

any significant solenoid magnetic fields nor transverse electric fields, that is B‖ = 0,
~β × ~E = 0. Hence the simplifying assumption can be made that the electron

spin precesses about a polarisation axis which is anti-parallel to B⊥. For bending

magnets of a ring, B⊥ is a vertical magnetic field. The precession frequency given

by Equation 5.10 can be simplified to the spin tune νspin [139],

νspin = aeγ ≡
(
ge − 2

2

)
E

mec2
, (5.11)

where E is the beam energy. If the beam is excited by a radial magnetic field fkick

resonant at any harmonic to the spin tune, the polarisation axis of the beam can

be coherently rotated away from its equilibrium vertical orientation. The beam is

hence resonantly depolarised at the frequency fkick = fdep [137],

fdep = frev (|νspin| ± n) (5.12)

where frev is the revolution frequency of the beam, and n is any integer.

Equation 5.12 highlights the quantities to be measured in a resonant depolarisa-

tion experiment. In order to determine the spin tune νspin and corresponding beam

energy, both the depolarisation frequency fdep and revolution frequency frev are
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measured. The uncertainty in the measurement of the spin tune is then dependent

upon the uncertainty in the measurement of frev, fdep.

5.3.3 Present Fundamental and Experimental Uncertainties

The gyromagnetic factor ge for electrons has been measured to precision within the

12th significant figure [152]. The NIST CODATA accepted values for the electron

anomalous magnetic moment and mass are used [153],

ae = 0.001 159 652 180 76 (27), (5.13)

me = 0.510 998 928 (11) MeV. (5.14)

As a point of interest, with a relative uncertainty of ∆ae/ae = 2.3 × 10−10,

∆me/me = 2.2× 10−8, the uncertainty in the accepted value of the electron mass

has improved by almost an order of magnitude since the LEP energy measurements

in 1994 [139]. Hence the theoretical fundamental limit of uncertainty in the res-

onant depolarisation technique is reduced to approximately ∆E/E = 2.2 × 10−8.

In practice, this limit remains orders of magnitude lower than other experimental

uncertainties, as detailed for these experiments in Table 5.1.

Table 5.1: Relative experimental uncertainties for SPEAR3 experiments

Parameter Relative uncertainty
ae 2.3× 10−10

me 2.2× 10−8

fRF 1× 10−10

fkick 1× 10−7

fdep 1× 10−6

As outlined in Table 5.1, the rf frequency fRF is calibrated to high precision and

the excitation frequency fkick can be calibrated against a reference clock. Hence from

Equation 5.11, measurement of the spin tune νspin gives a direct measurement of the

beam energy, with experimental uncertainty dominated by uncertainty in fitting the

depolarising frequency fdep.

5.3.4 Depolarising Effects

The effective polarisation time τeff is given by [64,154],

1

τeff

=
1

τST

+
1

τdep

, (5.15)



44 CHAPTER 5. MEASURING COMBINED-FUNCTION MAGNETS

where τST represents the Sokolov-Ternov polarisation time (Equation 5.8), and τdep

a depolarisation time governed by radial magnetic field errors [154]. Storage rings of

several GeV achieve Sokolov-Ternov polarisation times on the order of 15-20 minutes,

with depolarisation times exceeding several hours [155]. Because the depolarisation

effects have a much longer characteristic time, the effective polarisation time is

dominated by the Sokolov-Ternov polarisation time.

A strong depolarising resonance to be avoided is the choice of stored beam energy

corresponding to integer spin tune (Equation 5.11) [144]. Also depolarising is the

overlap of the spin tune with betatron or synchrotron tunes. The vertical betatron

tune has been usefully employed for resonant spin depolarisation [147]. In that

experiment, the vertical betatron tune was swept as the depolariser. The width

of the vertical betatron tune resonance limited the uncertainty in the beam energy

measurement to approximately ∆E/E = 10−4. In this experiment at the AS and

SPEAR3, a feedback kicker is excited with a sinusoidal oscillation, because it can

have a narrower frequency spread than the betatron tune.

5.3.5 Møller Scattering Polarimetry

Møller scattering is electron-electron scattering and occurs within a bunch in the

storage ring. The polarimetry observable is the Møller scattering cross-section of

Touschek scattered electrons [156–159]: the intra-bunch cross-section resulting from

betatron oscillations. The particle loss rate dN/dt is described in terms of the

polarisation P (t) by [145,150,155],

dN

dt
= − N(t)2c√

2γ2σxσx′σyσy′σz

(
f1 + f2P (t)2

)
, (5.16)

where N(t) is the number of electrons per bunch at a time t. For a stored beam of

current I(t) with equal current in several bunches, the bunch populationN(t) ∝ I(t).

The horizontal, vertical and longitudinal beam dimensions are denoted by σx, σy, σz,

and divergences denoted σx′ , σy′ in the horizontal and vertical directions respectively.

The functions f1 and f2 have very complicated dependencies upon beam properties

[145, 155], but can be treated for a given measurement as constants. Importantly,

because N(t) ∝ I(t), an instantaneous normalised loss rate Rnorm can be defined as

Rnorm =
1

I(t)2

dN

dt
∝ f1 + f2P (t)2. (5.17)

The normalised loss rate is the figure of merit used to evaluate changes in the
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level of beam polarisation.

5.4 Apparatus

For these experiments, the method selected for polarising and depolarising an elec-

tron beam follows the technique used at BESSY I [138], BESSY II [140, 160, 161],

ALS [116], SLS [141], and ANKA [142]. Independent recent measurements at Di-

amond [162] and SOLEIL [154, 163] use the same technique, and achieve the same

high precision. However, of the above storage rings, the ALS alone employs straight

rectangular gradient bending magnets.

5.4.1 Storage Ring Setup

The SPEAR3 lattice was configured for maximum equilibrium polarisation. The

pertinent design parameters of the SPEAR3 ring are summarised in Table 5.2.

Table 5.2: SPEAR3 storage ring design parameters [164].

Parameter Value Units
Beam energy E 3.00 GeV
Lattice periodicity . . . 18 . . .
Lorentz factor γ 5871 . . .
Spin tune νspin 6.8081 . . .
Betatron tunes νx 14.130 . . .

νy 6.194 . . .
Bending radius ρ 7.86 m
Circumference C 234.144 m
RF frequency fRF 476.300 MHz
Harmonic number h 372 . . .
Polarisation time τST 1003 s

Using Equation 5.11, the spin tune of a 3 GeV electron beam was calculated

as νspin = 6.8081, corresponding to a Lorentz factor γ = 5871. A significant spin

tune depolarising resonance is the vertical betatron tune. To avoid this resonance,

lattice quadrupole strengths were changed to reduce the fractional vertical tune to

νy ≈ 0.1.

5.4.2 Depolarisation Kicker

Resonant depolarisation of the beam is achieved with a magnetic field which is

radial in orientation (perpendicular to both the beam trajectory and main bending
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field), and oscillating sinusoidally in time. The transverse kick field is provided by

rf striplines, which are illustrated in Figure 5.6.

Figure 5.6: Radiofrequency kickers.

Exciting the beam at a betatron resonance results in a decreased loss rate (in-

creased electron beam lifetime) since the bunch vertical size increases, hence the

Touschek scattering rate decreases. Crossing a spin resonance, the count rate in-

creases since the Møller scattering cross section increases when the polarisation is

reduced.

The excitation frequency fkick was swept at a rate of 10 Hz s−1. Depolarisation

is a resonant effect – it is particularly important to scan slowly [140].

5.4.3 Polarimeter

Exploiting the polarisation asymmetry of the Møller scattering cross section (Sec-

tion 5.3.5), the electron beam polarimeter was a beam loss monitor. Doped sodium

iodide crystals are efficient scintillators of gamma ray fluxes [165]. A 50 mm diam-

eter NaI scintillator and photomultiplier tube were used. Touschek scattered beam

electrons are detected after striking the storage ring vacuum chamber at a glanc-

ing angle of incidence, producing an electromagnetic cascade in the many radiation

lengths of iron [166, 167]. The detector is used to observe bremsstrahlung of the

order 1-10 MeV [168]. The scintillator was installed in the orbit plane of the ring,

on the inner side of the vacuum chamber.

To maximise the normalised count rate, the detector was installed adjacent to

the scraper defining the minimum energy aperture of the SPEAR3 storage ring.

This is immediately downstream of the central focussing quadrupole, which is the

point of maximum horizontal dispersion in one of the DBA arc cells.
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5.4.4 Detector Choice

The change in beam polarisation is observed in the normalised loss rate Rnorm, given

by Equation 5.17. To measure this quantity, two main approaches are considered

in literature: evaluation of the Touschek lifetime from the Direct-Current Current

Transformer (DCCT), and detection of the electromagnetic shower from Touschek

scattered beam particles striking the vacuum chamber when lost [138, 169]. Fig-

ure 5.7 presents measurements of a depolarisation using each of these techniques.
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Figure 5.7: Choice of resonant depolarisation detector for SPEAR3. (a) Measured
using NaI scintillator and DCCT, increasing the excitation frequency in time. The
lifetime is calculated from 30 samples of the DCCT, comparing both 30 seconds
before and after the scan frequency. (b) Comparison in resonance width using NaI
scintillator, and (∆Lifetime). [K.P. Wootton, et al., Phys. Rev. ST – Accel. Beams,
16, 074001 (2013). Published by the American Physical Society under the terms of
the Creative Commons Attribution 3.0 License.]

Figure 5.7 shows that both approaches can be used to identify depolarisation
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of an electron beam. The measured NaI loss monitor count rate responds to the

resonant depolarisation within 1 s, while calculation of the lifetime with small un-

certainty requires approximately 30 s of measurements of the stored beam current

and the drop in lifetime is observed approximately 30 s after the depolarisation.

The beam lifetime is calculated from the time derivative of the stored beam current,

while the loss monitor measures the absolute loss rate, which is the derivative of the

beam current with respect to time.

Here two lifetime calculations are presented, evaluating the lifetime using the

previous 30 s of DCCT measurements (t − 30), and using the following 30 s of

DCCT measurements (t− 30). This ∆Lifetime is presented in Figure 5.7 (b). The

change in polarisation needs to be quite large to observe the depolarisation using

the beam lifetime. From a beam physics perspective, large changes of polarisation

are not necessary to measure the beam energy: one is interested in the precession

frequency at which depolarisation occurs. The time delay of 20-30 s observed in the

beam lifetime measurement compromises the precision measurement of depolarisa-

tion frequency.

5.5 Experimental Results

Results of experiments performed at SPEAR3 are presented and analysed in this

section.

5.5.1 Polarisation Time

As described in Section 5.3.1, the development of electron beam polarisation was

observed through the Touschek cross-section. The development of polarisation of the

stored electron beam was measured using the Touschek polarimeter, and presented

in Figure 5.8.

The normalised loss rate was observed to be dependent upon the beam polarisa-

tion. As the polarisation developed, the normalised loss rate decreased, in agreement

with the Sokolov-Ternov theory described in Section 5.3.1. Fitting Equation 5.17 to

this data, the effective polarisation time was measured to be 840± 19 s.

As given in Section 5.3.1, the theoretical Sokolov-Ternov polarisation time was

calculated for the SPEAR3 storage ring. Assuming a beam energy of 3 GeV and

using Equation 5.8 with the substitution for the third synchrotron radiation integral

given by Equation 5.9, gave a polarisation time of 1003 s.
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Figure 5.8: Development of electron beam radiative polarisation measured for the
SPEAR3 storage ring. A polarisation time of τeff = 840 ± 19 s was fitted. [K.P.
Wootton, et al., Phys. Rev. ST – Accel. Beams, 16, 074001 (2013). Published by the
American Physical Society under the terms of the Creative Commons Attribution
3.0 License.]

For the purposes of resonant spin depolarisation experiments, it is not impor-

tant that there is a difference between the measured and theoretical Sokolov-Ternov

polarisation time. It is not necessary to use fully-polarised beams – it is sufficient

to observe a change in polarisation.

Why is the measured polarisation time less than the theoretical Sokolov-Ternov

polarisation time? The measured rate of polarisation – the effective polarisation

time – is an equilibrium between polarising and depolarising effects, and given by

Equation 5.15. One of the strongest depolarising resonances is the vertical betatron

tune, and as outlined in Section 5.4.1 the vertical betatron tune was deliberately

moved away from the spin tune for this experiment.

However, in spite of the high periodicity of the SPEAR3 lattice of 18 DBA cells,

the racetrack lattice has superperiodicity of only 2 (and with the undulator chicane,

this is reduced to mirror symmetry). Higher-order betatron resonances are cancelled

by high lattice superperiodicity [45], which the SPEAR3 lattice does not exhibit.

The original SPEAR lattice had many narrow depolarising spin resonances in tune

space [147, 170]. It is possible that for these experiments with the SPEAR3 lattice

the spin tune overlapped with one such resonance, reducing both the equilibrium

polarisation and the effective polarisation time [171].
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5.5.2 Electron Beam Energy

A sinusoidal radial magnetic field was applied to the electron beam through rf

stripline kickers. The excitation frequency fkick was swept around a value estimated

by Equation 5.12 for a beam energy corresponding to 3 GeV. Resonant depolar-

isation of the electron beam spins was observed at the frequency fdep, and this

measurement is presented in Figure 5.9 for the SPEAR3 storage ring.
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Figure 5.9: Resonant depolarisation at spin tune of the SPEAR3 storage ring [172].

The beam energy can be determined for any single resonant spin depolarisation

measurement. For an rf frequency of frf = 476, 310, 497 Hz and harmonic number

372, the resonant depolarisation shown in Figure 5.9 (iii) had a fitted mean depolar-

ising frequency fdep = 253,620±20 Hz. Using Equation 5.12, this corresponded to a

spin tune of νspin = 6.801,92±0.000,02, a beam energy of E = 2,997,251±7 eV [164].

During the measurement presented in Figure 5.9, the fast-orbit feedback system

was operating. Changes in the sum of horizontal corrector magnets resulted in

the real changes in beam energy between Figure 5.9 (i-iii) [172]. With fast-orbit

feedback running, the beam energy was observed to fluctuate within the range E =

2.9972− 2.9973 GeV during these measurements [172].

The measured beam energy agreed with the beam energy predicted in previous

modelling of the bending magnet magnetic field [173]. In that work, using a numer-

ical model for the bending magnet described in Section D.2, the beam energy was

predicted to be 0.1% lower than the design E = 3.0 GeV.

5.5.3 Synchrotron Tune Sidebands

Resonant depolarisation of an electron beam is possible at excitation frequencies

which are synchrotron sidebands to the spin tune. In locating the spin tune by
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scanning the excitation frequency fkick, the electron beam can be depolarised at

synchrotron sidebands to the spin tune, fdep = fspin ± fs. This depolarising reso-

nance can be mistaken for the spin tune νspin. This is quite common in resonant

depolarisation experiments – indeed, the initial resonant depolarisation in these ex-

periments at SPEAR3 was observed to be a synchrotron sideband to the spin tune

νspin.

To test whether the spin resonance corresponded to the spin tune or a syn-

chrotron sideband, the beam energy was measured at SPEAR3 for different gap

voltages Vgap, as illustrated in Figure 5.10.
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Figure 5.10: Resonant depolarisation for SPEAR3, at various RF gap voltages [172].

Illustrated in Figure 5.10 are excitation sweeps across the real spin tune at gap

voltages between 2.45 and 2.85 MV. For these different gap voltages, there is a

corresponding change in the synchrotron frequency. The synchrotron frequency fs

is given by [47],

fs = frev

√
−ηxheVgap

2πE
cosφs, (5.18)

where ηx is the slip factor, h is the harmonic number, (eVgap) is the cavity gap

voltage, E is the beam energy, φs is the synchronous phase and frev is the revolution

frequency. For gap voltages between 2.45 and 2.85 MV, the synchrotron frequency

fs was calculated for the SPEAR3 ring, using the parameters in Table 5.3 and

Table 5.4.

This reduction in gap voltage reduces the synchrotron frequency from 11.3 kHz

to 10.4 kHz. As the measured depolarisation frequency does not change by 900 Hz

with the change in gap voltage, this is a depolarisation of the spin tune and not

a synchrotron sideband. As with measurements of the beam energy presented in

Section 5.5.2, the change in depolarisation frequency observed in Figure 5.10 is
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Table 5.3: Calculation of synchrotron frequency – SPEAR3 model values.

Parameter SPEAR3 model value Units

Revolution frequency frev 1.280 MHz
Slip factor ηx −0.00146 . . .
Harmonic number h 372 . . .
Energy loss per turn U0 0.8812 MeV (turn)−1

Beam energy E 3000.0 MeV

Table 5.4: Synchrotron tune for gap voltages corresponding to Fig. 5.10.

Gap voltage Synchronous phase Synchrotron frequency
Vgap (MV) φs (rad) fs (kHz)

2.85 2.83 11.3
2.65 2.80 10.9
2.45 2.77 10.4

interpreted as a real change in beam energy arising from the operation of the fast

global orbit feedback during this measurement.

5.5.4 Momentum Compaction Factor

Resonant spin depolarisation is one of very few methods for measurement of the mo-

mentum compaction factor of an electron storage ring. The momentum compaction

factor can be calculated from measurements of the synchrotron frequency [174], to

limited accuracy. The momentum compaction factor αc of a storage ring lattice can

be calculated by integrating around the curvilinear trajectory s as [45]

αc =
1

C

∮ C

0

ηx(s)

ρ(s)
ds, (5.19)

where C is the circumference, ηx(s) the horizontal dispersion and ρ(s) the local

bending radius. The meaning of the momentum compaction factor expressed in

Equation 5.19 is the fractional change in the orbit circumference for a given change

in beam energy. Hence the strategy adopted in the measurement of the momentum

compaction factor is to measure [46],

αc =
∆C/C

∆E/E
. (5.20)

In principle, one could change the beam energy and measure the change in orbit
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circumference. In practice, changing the frequency of the rf cavities forces a change

in the revolution frequency of the electron beam. This forces the stored beam onto

a dispersive orbit (∆C) of different energy (∆E).

The momentum compaction factor of the SPEAR3 lattice was measured. Small

changes to the rf frequency resulted in small changes to the beam energy, which were

measurable using the resonant depolarisation technique. The measured momentum

compaction factor is presented in Figure 5.11.
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Figure 5.11: Measurement of the momentum compaction factor of the SPEAR3
storage ring [172].

The momentum compaction factor for the SPEAR3 storage ring lattice was mea-

sured as αc = 0.00164± 0.00001 [164].

5.6 Discussion

The main result of this experiment was the direct measurement of the momentum

compaction factor of the SPEAR3 storage ring. This measurement was used to

evaluate various models of the bending magnets of the AS and SPEAR3 storage

rings.

Several models of the trajectory of an electron beam through straight rectan-

gular defocussing gradient bending magnets are given in Appendix D. Defocussing

gradient bending magnets are used in both the AS and SPEAR3 storage rings: the

AS bending magnet is scaled from the SPEAR3 bending magnet [124]. Similar

modelling was undertaken for the SPEAR3 bending magnet [173].

To evaluate these different modelling approaches, the measured and modelled

values of the momentum compaction factor were compared for the AS and SPEAR3
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bending magnets. As defined in Equation 5.19, the momentum compaction factor

depends upon both the bending radius ρ(s) and the horizontal dispersion ηx(s). In

relation to the momentum compaction factor, both of these are discussed.

5.6.1 Bending Radius

The bending field B0(z) of the gradient bending magnet is described by a vir-

tual quadrupole of transverse quadrupole gradient B1. This is basically a thick

quadrupole model, where the transverse position of the electron beam changes along

the magnet length. Hence the dipole field varies in the longitudinal coordinate z by

B0(z) = B1x(z). As a result, the local bending radius ρ(z) is given by,

ρ(z) = p/(qeB0) = p/(qeB1x(z)), (5.21)

where p is the magnitude of the beam electron momentum. The local bending radii

of each of the four models described in Section D.2 are plotted in Figure 5.12.
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Figure 5.12: Bending radius ρ as a function of the longitudinal coordinate z, for each
of the four models described in Section D.2 for the AS bending magnet. (a) Bending
radius ρ(z) with longitudinal position z, highlighting the longitudinal extent of the
fringe field in the numerical model. (b) Magnification of (a), highlighting variation
of bending radius within the iron length of the magnet. [K.P. Wootton, et al., Phys.
Rev. ST – Accel. Beams, 16, 074001 (2013). Published by the American Physical
Society under the terms of the Creative Commons Attribution 3.0 License.]



5.6. DISCUSSION 55

The bending radius ρ(z) varies longitudinally within the bending magnet. The

highest bending fields correspond to lower bending radii at large z, as highlighted in

Figure 5.12 (b). This results in a trajectory with greatest bending near the extrema

of the bending magnet (the entrance and exit), and less bending in the centre.

5.6.2 Dispersion Function

The storage ring linear lattice parameters (Section 3.3) can also be compared for

lattices with bending magnets modelled by the linear hyperbolic and numerical tra-

jectories. The AS storage ring was simulated using the Accelerator Toolbox (AT)

code [175] for both the analytical linear model given by Equation D.4, and numer-

ically evaluated bending magnet fields given by Equation D.9. Linear hyperbolic

cosine and numerical models of the trajectory were specifically compared, as the lin-

ear method is commonly implemented in accelerator tracking codes, and elements

commonly included in accelerator tracking codes (sector bending magnets with mul-

tipole components) can be used to construct the magnetic field profile along the

numerically evaluated trajectory.

For each modelling technique, the three families of storage ring quadrupoles were

matched to give the same betatron tunes and horizontal dispersion in the straights.

Figure 5.13 shows the betatron and dispersion functions for the AS lattice, and the

difference between these solutions for the linear hyperbolic and numerical models of

the bending magnet.
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Figure 5.13: (a) Lattice functions evaluated using numerical model for trajectory,
fitting quadrupoles for the 0.1 m dispersion lattice of the AS [98]. (b) Difference
between lattice functions of numerical and linear hyperbolic cosine trajectory. [K.P.
Wootton, et al., Phys. Rev. ST – Accel. Beams, 16, 074001 (2013). Published by the
American Physical Society under the terms of the Creative Commons Attribution
3.0 License.]

Figure 5.13 (b) demonstrates that the solution of quadrupole strengths for matched

tunes and dispersion in the centre of the straights yields a significant difference in

the dispersion and betatron functions across the arc cell. The horizontal dispersion

ηx(s) is an input to the momentum compaction factor. At the Beam Position Moni-

tor (BPM) in the centre of the arc, the peak difference between the model dispersion

functions is ηxNUM − ηxL = 4.8 mm. The measured dispersion function ηxMEAS is

compared to numerical and linear models in Figure 5.14.
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Figure 5.14: Measurement and modelling of AS storage ring dispersion. (a) Mea-
sured (with uncertainties), linear hyperbolic, and numerical models of horizontal
dispersion; (b) Difference between measured and modelled dispersion for both mod-
els at all BPMs of the storage ring. The numerical model better fits the measured
horizontal dispersion of the AS storage ring. [K.P. Wootton, et al., Phys. Rev. ST
– Accel. Beams, 16, 074001 (2013). Published by the American Physical Society
under the terms of the Creative Commons Attribution 3.0 License.]

For the horizontal dispersion shown in Figure 5.14, the mean and standard de-

viation of the difference between the measured and model dispersion of the BPMs

in the centre of the arcs is for the linear model ηxMEAS − ηxL = 5.8 ± 1.4 mm, and

for the numerical model ηxMEAS − ηxNUM = −0.6± 1.4 mm.

Hence, the measured dispersion function agrees with the numerical model to

within the limits of this lattice calibration, that is ηxMEAS ≡ ηxNUM. The difference

between the measured dispersion and linear model is attributed to the difference

between the linear and numerical models, that is ηxMEAS − ηxL ≡ ηxNUM − ηxL.
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5.6.3 Momentum Compaction Factor

To evaluate which is a more accurate representation of the beam trajectory within

the bending magnet, the momentum compaction factor was measured to high pre-

cision using resonant spin depolarisation. Measured and modelled values of the

momentum compaction factors of both the AS and SPEAR3 lattices are compared

in Table 5.5.

Table 5.5: Momentum compaction factor – measured and modelled [164].

AS SPEAR3
Linear hyperbolic cosine model 0.00205 0.00162
Numerical model 0.00211 0.00165
Measured 0.00211± 0.00005 0.00164± 0.00001

Within the uncertainty of the measurement, the measured momentum com-

paction factor agreed with the numerical model of the trajectory within the bending

magnet, and disagreed with the usual linear hyperbolic cosine approximation. The

accuracy of the numerical model comes from using the correct distribution of the

dipole field component as illustrated in Figure 5.12 (see also Figure D.3).

5.6.4 Numerical Modelling of Trajectory

The principal advantage of the numerical modelling technique employed is the gen-

erality of the solution, which is given for reference in Appendix D. In this work,

numerical modelling of the electron beam trajectory through a field map has been

applied to a straight, rectangular defocussing gradient bending magnet. However,

this modelling technique can just as easily be applied to other non-conventional mag-

net assemblies for various proposed accelerators, including low-emittance electron

lattices.

Present and future third-generation storage ring light source lattices already con-

sider defocussing magnets and damping partition exchange as part of a low emittance

strategy [128,176]. Ultimate Storage Ring (USR) light sources [79,80,129–131] plan

to employ transverse and longitudinal gradient dipole magnets as part of a strategy

to reduce the equilibrium horizontal emittance.

Fixed-Field, Alternating Gradient (FFAG) accelerators have enjoyed a recent

resurgence in interest [177]. In particular, scaling lattices employing gradient dipoles

[178, 179] could realise benefits to trajectory and focusing modelling using these

numerical techniques. The modelling technique could also be useful for non-scaling

lattices with real quadrupoles at large transverse offsets [180,181]. Also, with beams
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of antiproton species, this modelling approach could prove useful to the Recycler ring

at Fermilab [135].

Blending both FFAG and low emittance electron lattices, reverse-bend lattices

have been proposed for storage rings [182], using curved magnets present in usual

accelerator tracking codes [183]. The fabrication of straight magnets could be signifi-

cantly simpler, with models for arbitrary beam trajectories obtained using numerical

integration.

5.7 Summary

The aim of this chapter was the characterisation of a straight rectangular defocussing

gradient bending magnet. Defocussing gradient bending magnets are commonly

used as part of a strategy to minimise horizontal emittance, and will be used for

this purpose in the CLIC damping rings. In spite of the easy fabrication of straight

magnets, at present these are employed at very few storage rings because of the

concomitant difficulty in modelling the beam trajectory.

Measurements were made at the SPEAR3 storage ring which employs gradient

bending magnets, using the high-precision technique of resonant spin depolarisation.

To measure the momentum compaction factor, the rf frequency provided an accurate

constraint on the circumference of the closed orbit, and resonant spin depolarisation

an accurate measurement of stored beam energy. The momentum compaction factor

of the SPEAR3 storage ring was measured as ηc = 0.00164± 0.00001.

Within the uncertainty of the measurement, the momentum compaction factor

was shown to agree with the numerical model of the trajectory within the bending

magnet, and disagree with the hyperbolic cosine approximation. Linear and nu-

merical models of the trajectory were specifically compared, as the linear method is

commonly implemented in accelerator tracking codes, and elements commonly in-

cluded in accelerator tracking codes can be used to yield the numerically evaluated

trajectory.
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Chapter 6

Modelling Ultralow Vertical

Emittance Damping Rings

6.1 Motivation

Historically, the principal goal of low-emittance storage ring design has been the

minimisation of horizontal beam emittance. For constructed rings, the equilibrium

horizontal emittance can be sensibly varied by a factor of approximately two. How-

ever the equilibrium vertical emittance can be varied by several orders of magnitude,

offering the opportunity to maximise design luminosities by minimising damping ring

equilibrium vertical emittance – designing damping rings for flat beams.

Storage ring accelerators are typically designed for a beam orbit in a single,

horizontal plane. At the in silico design stage of accelerators, lattice magnetic el-

ements (dipoles, quadrupoles, sextupoles) are aligned perfectly with respect to the

design beam orbit – in particular neither vertically into nor out of this horizon-

tal plane. Hence with no bending and no dispersion in the vertical direction, the

vertical emittance evaluated from synchrotron radiation integrals (Equation 3.57 –

Equation 3.61) is identically zero, as stated in Section 3.4.7. Notwithstanding the

contribution from the quantum limit of vertical emittance, this ideal scenario is

never achieved in practice.

At the time of construction, real storage ring accelerator magnets depart from

this ideal alignment. The aim of this work was to determine the sensitivity of the

achievable electron beam vertical emittance to magnet alignment tolerances for the

CLIC damping rings. The lattice used was the CLIC damping ring lattice for the

CLIC CDR [37], simulated in Methodical Accelerator Design (version 10) (MAD-X)

with alignment offsets. A theoretical expectation value for the vertical emittance is

61
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also given [84].

6.2 The CLIC Damping Rings: A Challenge

The goal of this work was to investigate of the sensitivity of the vertical emittance

to magnet misalignments for the CLIC main damping rings. Table 6.1 presents a

summary of beam parameters at extraction from the CLIC main damping rings [37].

Table 6.1: Main damping ring extracted beam requirements [37].

Parameter Value units

Energy E 2.86 GeV
Bunch population N 4.1 109

Normalised emittance, horizontal γεx 480 nm rad
Normalised emittance, vertical γεy 4.5 nm rad

The design extracted beam emittances include growth due to collective effects,

particularly IBS. It has been demonstrated that a zero-population equilibrium verti-

cal emittance, γεy = 3.7 nm rad will be required to allow for growth due to IBS [184].

Constraining the vertical emittance to only a factor of five larger than the quantum

limit of vertical emittance of γεyQLOVE = 0.7 nm rad is demanding.

A similar analysis was made for an earlier CLIC damping ring lattice [113].

A similar analysis was also made for this lattice using the resonant driving terms

formalism [185].

6.3 Sources of Vertical Emittance

The equilibrium vertical emittance of beams in present storage rings is governed by

residual vertical dispersion, and betatron coupling resulting from magnet alignment

offsets. Magnet misalignments considered included:

• Quadrupole vertical offsets;

• Quadrupole transverse rolls;

• Sextupole vertical offsets;

• Dipole transverse rolls.
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Expectation values for the vertical emittance resulting from various magnet mis-

alignments were calculated [84,186]. Analytical estimates of vertical emittance aris-

ing from misalignments typically assume the machine (either storage or damping

ring) is an approximately circular lattice composed of many equivalent lattice cells,

with errors distributed randomly around the machine. The horizontal emittance is

assumed to be dominated by main dipole radiation. Damping rings of future elec-

tron linear colliders (ILC, CLIC, KEK Accelerator Test Facility (KEK-ATF)) are

proposed as wiggler-dominated racetrack lattices. An example is the CLIC main

damping ring lattice, as shown in Figure 4.4. The racetrack lattice is composed

of many TME arc cells arranged in two arcs, connected by two Focussing–Open–

Defocussing–Open (FODO) cell wiggler straights.

The entire lattice is very compact, with minimum spacings between adjacent

magnets. This is especially evident in the arc cells, where some elements are lon-

gitudinally separated by only ds = 0.08 m. The FODO wiggler cells are tighter

still, requiring space for a transition between the superconducting wiggler within

a cryochamber vessel, to room-temperature synchrotron radiation absorbers and

quadrupoles.

6.4 Vertical Emittance Arising from Vertical

Dispersion

In the absence of orbit correction, much of the vertical emittance growth can be

attributed to the closed orbit error, giving rise to vertical dispersion. In a storage ring

with sextupoles as the highest order multipole elements, the mean square vertical

dispersion arises from five main contributions [84],

• Quadrupole transverse rolls (ΘQ);

• Sextupole vertical offsets (YS);

• Vertical dipole kicks (∆G);

– Main dipole rolls (ΘB);

– Quadrupole vertical offsets (YQ);

• Function of the errors giving rise to a non-zero closed orbit;

• Dependence upon the orbit correlation function.



64 CHAPTER 6. ULTRALOW VERTICAL EMITTANCE DAMPING RINGS

Each of these five items will be addressed in the sections that follow. The expected

value of the emittance arising from the mean vertical dispersion can be expressed in

the form [84],

〈εy〉 = 2Js
〈η2
y〉
βy

σ2
E. (6.1)

Hence, in the subsections that follow, the individual contributions to

〈η2
y〉
βy

(6.2)

are evaluated. These analytical estimates for the vertical emittance arising from

vertical dispersion assume a ring before correcting orbit, betatron functions and

chromaticity. It is envisaged that the constructed lattice arc cells will necessarily

include orbit corrector windings, as well as skew quadrupole correctors.

6.4.1 Quadrupole Roll Misalignment

The contribution to vertical dispersion from an RMS roll misalignment of main

quadrupoles is given by [84],

(〈η2
y〉∆ΘQ

βy

)

1

=
1

8 sin2 πνy

∑

quads

(k1L)2 4Θ2
Qβy(s)ηx(s)

2, (6.3)

where ΘQ is the RMS roll of the main quadrupoles.

In the roll misalignment of the combined-function bending magnets of the CLIC

damping ring lattice, Equation 6.3 is used to account for the roll of the k1 quadrupole

gradient. The dispersion generated is small when compared to the roll of the corre-

sponding main dipole field.

6.4.2 Sextupole Vertical Misalignment

The contribution to vertical dispersion from an RMS vertical misalignment of main

sextupoles is given by [84],

(〈η2
y〉∆YS
βy

)

2

=
1

8 sin2 πνy

∑

sexts

(k2L)2 Y 2
S βy(s)ηx(s)

2, (6.4)

where YS is the RMS vertical misalignment of the main sextupoles.
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6.4.3 Dipole Kicks

The contribution to vertical dispersion from dipole kicks distributed around the

circumference is given by [84],

(〈η2
y〉∆G
βy

)

3

=
〈y2
c 〉
βy

, (6.5)

where 〈y2
c 〉 is the RMS vertical closed orbit. The RMS magnitude of the Closed Orbit

Distortion (COD) for Gaussian distributed, random dipole errors is given by [84],

〈y2
c 〉
βy

=
1

8 sin2 πνy

∑

kicks

〈G(s)2L(s)2〉βy(s), (6.6)

where G(s) = Gyc + GΘB + k1YQ, Gyc the kick from a vertical corrector, G ≡ 1/ρ

the main dipole gradient, ΘB the RMS rotational misalignment of main dipoles,

k1 the main quadrupole gradient, YQ the RMS vertical misalignment of the main

quadrupoles, and L(s) the magnet length. For a corrected orbit, the vertical align-

ment YQ could be approximated by the BPM resolution.

The uncorrected orbit arising from the dipoles introduces dispersion in two mech-

anisms. The first is given by Equation 6.6. For main dipole rolls this gives [84],

〈y2
c 〉
βy

=
1

8 sin2 πνy

∑

all dip

〈G(s)2Θ2
BL(s)2〉βy(s)

≡ 1

8 sin2 πνy

∑

all dip

(
L

ρ

)2

Θ2
Bβy(s), (6.7)

with G the main dipole gradient, and ΘB the rotation about the longitudinal axis.

The sum is taken over all the arc dipoles.

The dispersion generated by the vertical misalignment of quadrupoles is treated

in a similar fashion to dipole rolls. For quadrupoles offset by RMS offsets YQ [84],

〈y2
c 〉
βy

=
1

8 sin2 πνy

∑

all quads

(k1L)2 Y 2
Qβy(s). (6.8)

The sum is taken over all main quadrupoles.
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6.4.4 Closed Orbit

Considering a lattice without (or prior to) orbit correction, misalignments of the

main magnets result in uncorrected vertical orbits. The closed orbit function hence

gives a large contribution to the vertical dispersion. The contribution to the vertical

dispersion is given by [84],

(〈η2
y〉
βy

)

4

= 2ξy
〈y2
c 〉
βy

∞∑

n=1

∑

±

cn
νy ± n

, (6.9)

where the overbar denotes evaluation of the mean dispersion around the ring. The

coefficients of the closed orbit cn are given by [84],

cn =

(
n2 + ν2

y

)
(1− cos 2πνy)

π2
(
n2 − ν2

y

)2 . (6.10)

It can be seen that cn is large only for integer values just above and below the

vertical tune. The sum may be approximated with only these terms, though this

approximation is not made in this work. The local vertical chromaticity ξy is given

by [187],

ξy ≡
dνy
dp/p0

= − 1

4π

∮
(k1 + k2ηx) βy(s)ds. (6.11)

6.4.5 Orbit Correlation Function

Solving again for an uncorrected vertical closed orbit and assuming the vertical

fractional tune ∆νy to be small, the term pertaining to the closed orbit correlation

function can be approximated by [84],

(〈η2
y〉
βy

)

5

≈ 1

16 sin2 π∆νy

〈y2
c 〉
βy

sinc4π∆νy
[
(4πξy)

2 + (4π∆SB)2] , (6.12)

∆SB =
1

4π

∣∣∣∣
∫ C

0

f(z)βy(z)ei2φ(z)dz

∣∣∣∣ ,

f = k1 + k2ηx,

φ(z) ≡
∫ z

0

ds

βy(s)νy
.

The phase advance φ is defined such that φ(C)− φ(0) = 2π, and f is proportional

to the local chromaticity given by Equation 6.11 [187].
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6.5 Betatron Coupling

Vertical emittance arising from the coupling of betatron oscillations is calculated

from several main misalignments,

• Main quadrupole rolls;

• Main sextupole vertical displacements;

• Orbit errors.

These misalignments introduce spurious skew quadrupole gradients, coupling

betatron oscillations from the horizontal into the vertical plane. In this analysis,

only terms linear in coupling have been considered.

6.5.1 Quadrupole Roll Misalignment

The roll misalignment of a main normal (upright) quadrupole field k1 by an angle

of ΘQ can be described as a small skew quadrupole field,

k1S = k1ΘQ. (6.13)

The emittance growth from this misalignment is given by [84],

〈εy〉 =
εx
4

αx
αy

(1− cos 2πνx cos 2πνy)

(cos 2πνx − cos 2πνy)
2

∑

all quads

(k1L)2 4Θ2
Qβx(s)βy(s), (6.14)

where αx, αy are the horizontal and vertical damping decrements of the lattice,

defined in Equation 3.42 – Equation 3.43.

6.5.2 Sextupole Vertical Misalignment

The misalignment of a main normal (upright) sextupole field k2 by a vertical dis-

placement of YS can be described as a small skew quadrupole field,

k1S = k2YS. (6.15)

The emittance growth from this misalignment is given by [84],

〈εy〉 =
εx
4

αx
αy

(1− cos 2πνx cos 2πνy)

(cos 2πνx − cos 2πνy)
2

∑

all sexts

(k2L)2 Y 2
S βx(s)βy(s), (6.16)
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where αx, αy are the horizontal and vertical damping decrements of the lattice,

defined in Equation 3.42 and 3.43.

6.5.3 Orbit Errors

The magnitude of the vertical closed orbit error resulting from quadrupole rolls and

sextupole vertical offsets is considered negligible. However for dipole kick errors

(quadrupole vertical offsets and main dipole rolls), the coupling introduced by the

closed orbit resulting from misalignment errors is significant.

The betatron coupling described here arises from the orbit error in the sextupoles

giving rise to a net skew quadrupole field. The emittance growth is given by [84],

〈εy〉 ≈
∑

n

∑

∆ν

∑

ψn

εx
32 sin2 π∆ν

〈y2
c 〉
βy

cn

∣∣∣∣
∫ s+C

s

k2(z)βy(z)
√
βx(z)eiψn(z)dz

∣∣∣∣
2

, (6.17)

where

cn =

(
n2 + ν2

y

)
(1− cos 2πνy)

π2
(
n2 − ν2

y

) , (6.18)

n = 1, 2, 3, . . . , (6.19)

∆ν = νx ± νy, (6.20)

ψn(z) = ψx +





(
1 + n

νy

)
ψy and

(
1− n

νy

)
ψy, ∆ν = νx + νy

−
(

1 + n
νy

)
ψy and −

(
1− n

νy

)
ψy, ∆ν = νx − νy

(6.21)

6.6 Simulations

To evaluate the deleterious effect of misalignments on vertical emittance in the CLIC

damping ring lattice, beam dynamics simulations were made.

6.6.1 Lattice

The lattice used was the CLIC damping ring lattice for the CDR [37]. The lattice

was composed of combined-function bending magnets, quadrupoles, sextupoles and

damping wigglers with a wiggling field oriented in the normal vertical orientation.

This racetrack lattice includes 100 TME-like arc cells, and 26 zero-dispersion, FODO

wiggler cells. The TME-like arc cell is illustrated in Figure 6.1.

A scheme of orbit correction magnets and beam position monitors was selected.

The compact lattice design necessitates the use of extra windings as orbit correctors.
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Figure 6.1: CLIC damping ring arc cell, proposed correctors and BPMs [188]. Lat-
tice elements are indicated schematically on the lower axis. BPMs are indicated
at positions marked by ×. Bending magnets are indicated by yellow rectangles,
quadrupoles by red rectangles above and below the axis, and sextupoles indicated
by green irregular pentagons. Orbit correctors are considered at the sextupole mag-
nets.

The most conservative corrector pattern was considered: horizontal and vertical or-

bit correctors on each arc sextupole (three per TME cell), as well as alternating

horizontal and vertical steering correctors adjacent to wiggler straight quadrupoles

(two per FODO cell). To preserve the compact lattice, these correctors were consid-

ered as additional windings on the sextupole magnets. These steering (dipole) and

skew quadrupole fields are identically orthogonal to the sextupole field, and so can

be superimposed [124].

BPMs were positioned in arc cells at points of alternating high and low dispersion,

as well as high and low beta functions. Button BPMs with both horizontal and

vertical position measurement were assumed.

6.6.2 Misalignments Considered

Misalignments were made for all main quadrupoles, sextupoles and bending magnets.

Misalignments were not considered for the damping wigglers. Magnet misalignments

considered included:

• Quadrupole vertical offsets;

• Quadrupole transverse rolls;

• Sextupole vertical offsets;



70 CHAPTER 6. ULTRALOW VERTICAL EMITTANCE DAMPING RINGS

• Dipole transverse rolls.

6.6.3 Description of Code

Random misalignments of magnet families were defined from Gaussian distributions

of an RMS offset, truncated at 2.5 standard deviations. For each misalignment

magnitude considered, 200 machines were seeded. Simulations were conducted using

MAD-X, version 4.01.00.

6.6.4 Lattice Corrections

Orbit correction was undertaken using the MAD-X module. The correction algo-

rithm used was singular value decomposition (SVD) [189]. All singular values were

included in the correction.

Global corrections of tunes, chromaticity and energy were made. Beta-beating

was uncorrected.

6.6.5 Emittance Estimates with Subdivided Magnet

Elements

The main arc bending magnets were each subdivided into ten equal segments. The

MAD-X EMIT module calculates the emittances based upon the method of Chao

[190], and gives a more accurate evaluation of the curly-H function (Hx,Hy) given

by Equation 3.37 with the bending magnets subdivided [191].

The expectation value of dispersion given by dipole rolls is given by Equation 6.7.

Consider the dispersion introduced from the roll of a single dipole of length L:

〈y2
c 〉
βy
∝

∑

single dipole

(
L

ρ

)2

Θ2
Bβy. (6.22)

=

(
L

ρ

)2

Θ2
Bβy.
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For the same single dipole, subdivided into n segments of equal length Li = L/n,

〈y2
c 〉
βy
∝

n∑

i=1

(
Li
ρ

)2

Θ2
Bβy (6.23)

=
n∑

i=1

(
L

nρ

)2

Θ2
Bβy

= n
1

n2

(
L

ρ

)2

Θ2
Bβy =

1

n

(
L

ρ

)2

Θ2
Bβy.

Hence, for calculation of the expectation value of dispersion in misaligned, subdi-

vided magnets, taking the sum over the subdivided lattice elements the dispersion

introduced should be multiplied by the number of subdivisions, n.

6.7 Results

Emittances were calculated using the method of Chao [190]. Vertical emittance

growth was considered for both the uncorrected and corrected lattice. Results from

the uncorrected lattice can represent the lattice sensitivity to misalignments.

6.7.1 Analytical Estimates

The expectation value for the vertical emittance from each RMS misalignment was

calculated for each of the sources in Section 6.3, using the theory of Section 6.4

and Section 6.5. In the limit of flat beams, the calculated vertical emittance scales

with the square of the RMS misalignment. A summary of the sources of vertical

emittance for the uncorrected lattice is given in Table 6.2.
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Table 6.2 highlights the dominant sources of geometric vertical emittance for each

of the misalignment categories. In the uncorrected lattice, the vertical emittance

produced by quadrupole vertical and dipole roll misalignments is dominated by

orbit errors. Quadrupole roll and sextupole vertical misalignments introduce vertical

emittance through betatron coupling from skew quadrupoles.

These sources and the effectiveness of proposed correction schemes are considered

in the following sections.

6.7.2 Closed Orbit Error

Figure 6.2 shows the RMS vertical COD resulting from the four families of misalign-

ments considered.

Figure 6.2 demonstrates that orbit correction is effective for minimising the COD

for quadrupole vertical and dipole roll misalignments, which represent vertical dipole

kicks. The closed orbit from quadrupole vertical misalignments is seen to be orders

of magnitude greater than the next leading contribution of dipole roll misalign-

ments. The uncorrected orbit amplification factor of 50 as shown in Figure 6.2 for

quadrupole vertical misalignments, reduces to approximately 1 on orbit correction,

as illustrated in Figure 6.3.

The quadrupole vertical misalignments illustrated in Figure 6.3 are not repre-

sentative of the target storage ring magnet alignment – it is not deemed feasible to

mechanically align quadrupoles to within YQ = 10 µm, RMS. However it is not nec-

essary to achieve this using mechanical alignment techniques, due to the availability

of algorithms for beam-based alignment of quadrupole centres [192–194].

Orbit correction is ineffective for reducing the COD arising from quadrupole roll

and sextupole vertical misalignments. Fortunately, the COD is orders of magnitude

smaller for these misalignments.

6.7.3 Emittance Simulations Before and After Corrections

The vertical emittance for RMS misalignments was evaluated analytically and using

simulations in MAD-X, both before and after lattice corrections. Figure 6.4 shows

the vertical emittance growth for misalignments of the main magnets, as well as the

analytical expectation value. Figure 6.5 additionally shows the vertical emittance

after corrections. For each RMS misalignment amplitude, the emittance was calcu-

lated for 200 seeded random misalignments of the accelerator magnets. The results

of these simulations are represented in Figure 6.4 – 6.5 by the mean (µ) vertical
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Figure 6.2: Vertical closed orbit distortion arising from magnet misalignments, be-
fore and after corrections [188].
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Figure 6.3: Vertical closed orbit distortion for quadrupole vertical displacements,
after corrections [188].

emittance, as well as the 5th and 95th percentile vertical emittances, approximately

(µ± 2σ). For comparison, all four misalignments are plotted all on the same axes

in Figure 6.6.
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Figure 6.4: Geometric vertical emittance for magnet family misalignments. The
vertical emittance is given for the uncorrected lattice in blue, and the analytical
expectation value of the uncorrected lattice given by a black dashed line [188].
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Figure 6.5: Geometric vertical emittance for magnet family misalignments. In ad-
dition to uncorrected vertical emittance of Figure 6.4, vertical emittance following
lattice correction is plotted in red [188].
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Figure 6.6: Comparison of all sources of geometric vertical emittance for magnet
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6.8 Discussion

The proposed usual orbit, tune and chromaticity corrections are insufficient for the

design of an ultralow vertical emittance damping ring. As presented in Section 6.7.2

and illustrated in Figure 6.6, these corrections are sufficient for quadrupole vertical,

quadrupole roll and bending magnet roll misalignments. However, they are not sat-

isfactory for sextupole vertical misalignments. In the absence of a skew quadrupole

corrector scheme, a vertical emittance of εy = 0.9 pm rad was achieved with an

RMS sextupole vertical misalignment of YS = 6 µm.

For comparison, using beam-based alignment and individual shimming of the

vertical offsets of sextupole magnets, sextupoles of the AS storage ring were aligned

within tolerances of YS = 25 µm [195]. To allow realistic mechanical prealignment

tolerances of approximately σy = 50 µm, skew quadrupole correctors and an indi-

vidual correction scheme will be required.

6.8.1 Skew Quadrupole Correction

Only relatively recently has low vertical emittance become a design specification of

damping and storage rings. Whilst many beam dynamics codes provide analysis

of emittance growth arising from lattice imperfections, few codes provide a tool

suitable for low vertical emittance correction. The MAD-X code features many

useful modules for ring design and analysis, but as yet lacks a module for correction

of linear optics or betatron coupling.

The Courant-Snyder optical functions are the closed orbit solutions to the equa-

tion of motion in a storage ring. These functions can be determined by measure-

ment of orbit response matrices, which represent the change in orbit for a change in

magnet strengths [196]. This is presently the highest precision technique for mea-

suring and calibrating the linear lattice of a storage ring [197]. The benchmark code

for storage ring light source lattice correction is Linear Optics from Closed Orbits

(LOCO) [198–200], fitting orbit response matrices using a multi-parameter model

of the storage ring lattice. A measured orbit response matrix of the AS is presented

in Figure 6.7.

The principal advantage of fitting orbit response matrices such as Figure 6.7 is

the large number of data points sampled during the measurement. Hence, an over-

constrained model of the storage ring multipole elements can be fitted. Beta-beating

can be corrected by fitting for upright quadrupole gradients [199, 201], and vertical

emittance can be minimised by fitting skew quadrupole gradients at quadrupole and
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Figure 6.7: Measured orbit response matrix for minimum transverse emittance ratio
for AS storage ring.

sextupole magnets [202,203].

There was not time in the thesis to re-write the LOCO code as a module for

MAD-X. Rather than performing simulations, it was decided to test this vertical

emittance minimisation on an existing machine. As an ultralow vertical emittance

storage ring, the AS storage ring was used to test ultralow vertical emittance opti-

misation and measurement.

6.9 Summary

The aim of this work was to determine the influence of magnet alignment on the

single-particle vertical emittance of the electron beam in the CLIC main damping

rings.

The expectation value for the vertical emittance was calculated. This analytical

estimate demonstrated that the simulations of uncorrected lattices with magnet

misalignments were reasonable. For the quadrupole vertical and bending magnet

roll offsets, the vertical emittance growth was dominated by the vertical closed
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orbit. The quadrupole roll and sextupole vertical offsets had equal contributions

from dispersion resulting from dipole kicks, and betatron coupling arising from skew

quadrupole terms.

The correction of orbit, tune and chromaticity is sufficient for quadrupole ver-

tical, quadrupole roll and bending magnet roll misalignments. However these cor-

rections are not satisfactory for sextupole vertical misalignments. In the absence of

a skew quadrupole corrector scheme, a vertical emittance of εy = 0.9 pm rad was

achieved with an RMS sextupole vertical misalignment of YS = 6 µm.

For comparison, using beam-based alignment and individual shimming of the

vertical offsets of sextupole magnets, sextupoles of the AS storage ring were aligned

within tolerances of YS = 25 µm [195]. To allow realistic mechanical prealignment

tolerances of approximately σy = 50 µm, skew quadrupole correctors and an indi-

vidual correction scheme would be required. Such a correction scheme can be tested

at existing ultralow vertical emittance electron storage rings.
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Chapter 7

Techniques to Measure Vertical

Emittance of Beams in Storage

Rings

7.1 Motivation

Beams of unprecedented small size are demanded for energy [204] and intensity

frontier [205] electron-positron colliders. In order to achieve their design luminosi-

ties, next generation storage and damping rings are designed for vertical emittances

in the range εy = 0.5 to 2.0 pm rad. In recent years, storage ring light sources

and damping rings have produced electron beams achieving these ambitious vertical

emittance targets [92, 206]. For the period 2011-2012 the AS storage ring held the

world-record for lowest vertical emittance in a storage ring [95], currently held by

SLS [92]. Hence electron storage ring light sources are important testbeds for linear

collider damping rings.

Of the longitudinal, horizontal and vertical dimensions of electron beams, the

vertical beam size (given by Equation 3.65) is the smallest – by orders of magnitude

– and hence most difficult to measure. With dimensions of only several µm, the

direct measurement of electron beam vertical size is made impossible by diffraction

limits of visible light and hard X-ray diagnostics [207]. Ultimate proof of low vertical

emittance is only demonstrated by direct observation of the vertical electron beam

size.

This chapter presents a summary of techniques used to measure vertical emit-

tance in storage rings. With particular emphasis on the AS storage ring, existing

and new techniques are presented.

83
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7.2 Existing Techniques

Vertical emittance measurements can be classified as belonging to one of two cate-

gories: indirect and direct. Direct measurement techniques observe the transverse

size of the electron beam. Indirect techniques infer beam size from measurements

of global properties of the beam or ring lattice.

7.2.1 Indirect Techniques

Several techniques exist for determining global properties of the electron beam in a

storage ring. As presented in Section 6.8.1, orbit response matrices and in particular

the LOCO algorithm are a high precision technique for measuring and correcting a

storage ring linear lattice.

As an alternative to measurement of the equilibrium closed-orbit, strengths of

multipole lattice elements can be measured using fast turn-by-turn measurements

of an oscillating electron beam [197, 208]. By fitting the betatron phase advance,

the storage ring lattice functions can be determined. With the lattice parameters

fitted at every element of a ring, the emittance can be evaluated from synchrotron

radiation integrals (Equation 3.57 – 3.61), and the beam size evaluated using Equa-

tion 3.65. At present, the precision of the technique is limited by the decoherence

of betatron tunes at the high positive chromaticities at which many storage rings

routinely operate. This includes the AS storage ring, which operates at high positive

chromaticities of (ξx, ξy) = (3.5, 13).

The charge density of an electron bunch can be inferred from the rate of intra-

beam scattering. In strong-focussing storage rings, beam electrons perform betatron

oscillations (high transverse momentum), and synchrotron oscillations (low longitu-

dinal momentum). Elastic scattering of beam electrons within a bunch resulting

from large transverse momentum scattering is called Touschek scattering [159]. It is

a single scattering event with a large change in transverse momentum leading to the

direct loss of two scattering beam particles [209], and is an important contribution

to the beam lifetime for modern low emittance rings. Touschek scattering has been

used to fit for ultralow vertical emittance beam size in the AS storage ring [95].

7.2.2 Direct Techniques

Direct measurement techniques observe the transverse size of the electron beam.

These include techniques which interact directly with the beam such as wire scan-

ners, or observe products of the beam such as synchrotron light.
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Wire scanners are used as profile monitors of proton beams, but such devices

are not feasible for electron machines due to melting by rf wakefields [210] and the

large wire diameter compared to the small electron beam size [211]. Instead, a nar-

row laser-wire has been used as an emittance monitor at electron rings [211–213].

With a low-emittance tuning method, the technique has been used to success-

fully measure emittance ratios of order 1% [214]. The laser-wire technique is lim-

ited by the transverse size of the laser waist, and to measure smallest beam sizes

one can instead use an interferogram of two beams. This Shintake monitor tech-

nique [215–217] has demonstrated measurement of beams with transverse dimensions

σy < 100 nm [218]. This particular measurement was of beam size demagnified in

a transfer line, not stored in a ring.

The measurement of beam emittance using synchrotron light is desirable because

it is a non-destructive and minimally perturbing method of observation: a stored

electron beam emits synchrotron radiation whether or not the physicist chooses

to measure it. A typical synchrotron radiation diagnostic device is a hard X-ray

pinhole camera, to image the profile of an electron beam passing through a bending

magnet [219,220]. Hard X-ray Fresnel zone plates have also been used as the imaging

optic instead of a pinhole [221]. As an alternative to imaging, the angular profile

of bending magnet radiation has been measured using hard X-ray, in-air profile

monitors [222], which is an especially cost-efficient vertical emittance monitor.

Working in the visible light part of the synchrotron radiation spectrum is conve-

nient for the construction and operation of diagnostic equipment. Pioneered at the

SLS, the π-polarisation technique was used to demonstrate record low vertical emit-

tance in 2008 and again in 2012 [92,223]. Observing the π (vertical) polarisation of

bending magnet radiation, there is a phase shift of π radians between the wavefronts

above and below the orbit plane [223]. Forming an image results in a null radiation

field on-axis (phase shift of π radians), and any light observed is from the convolution

of this radiation null with the electron beam vertical size. This technique cannot be

implemented with the AS Optical Diagnostic Beamline (ODB) because it requires

light from above and below the orbit plane, and the present configuration accepts

light only above the orbit plane. The SLS diagnostic beamline is presently being

upgraded to additionally enable synchrotron radiation interferometry [224,225].

A standard visible light technique is synchrotron radiation optical interferometry

[226–228]. The technique is based on Michelson’s stellar interferometer, which was

used to measure the angular diameter and separation of stars [229]. The angular

size of objects is resolved by measuring the partial degree of spatial coherence,

which is quantified by van Cittert-Zernike theory [230–232]. Synchrotron radiation
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interferometry has been used for measurement of record low vertical emittance at

KEK-ATF in 2004 [91]. The intensity imbalance technique has been demonstrated

to improve the measurement sensitivity to smallest emittance beams, where the

beam size approaches the diffraction-limited size of σy ≈ 1µm [233–236].

7.3 Direct Measurement Techniques at the

Australian Synchrotron

The synchrotron light emittance diagnostics available at the AS storage ring include

a hard X-ray Diagnostic Beamline (XDB), and an ODB [237]. Both beamlines image

the stored electron beam passing through a bending magnet.

7.3.1 X-ray Pinhole Camera

The XDB is a hard X-ray pinhole camera, which forms an image of the electron

beam in the AS storage ring. To serve the user beamlines, the principal purpose of

the XDB was the direct measurement of horizontal emittance. For the usual 0.1 m

dispersion user lattice of the AS storage ring [98], the equilibrium horizontal beam

size at the bending magnet source is σx = 87 µm [238].

With the beginning of experiments to minimise vertical emittance, the XDB

was characterised as a vertical emittance monitor. The image formed by the pinhole

camera was a convolution of the electron beam transverse size with the Point-Spread

Function (PSF) of the imaging apparatus with a 20 µm pinhole mask.

Analysis of the XDB geometry demonstrated the sensitivity to imaging beams of

vertical emittance down to several picometre radians [239]. Due to the uncertainty

in deconvolving the PSF, the X-ray pinhole camera was unable to resolve vertical

emittances smaller than this value. This frustrated the direct measurement of low

vertical emittance beams created at the AS storage ring [95].

While the direct imaging of picometre electron beam vertical emittance using

the XDB was frustrated, the apparatus was used in an indirect measurement of

vertical emittance. Instead of the direct measurement of the vertical beam size,

the XDB was used to measure the local transverse (x, y) tilt of the beam profile.

As the betatron coupling of the lattice was lowered, the tilt of the beam ellipse

at the pinhole camera was observed to minimise. This supported other indirect

measurements of low vertical emittance in the AS storage ring [95], but was not

direct proof of low vertical emittance.
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7.3.2 Visible Light Synchrotron Radiation Interferometry

The ODB is a beamline dedicated to visible light diagnostics of the electron beam in

the storage ring. It was designed to serve a suite of optical diagnostics, to measure

the intensity, transverse and longitudinal dimensions of the electron beam in the

storage ring [237].

An optical synchrotron radiation interferometer is one technique for direct obser-

vation of vertical emittance. Construction and commissioning of an interferometer

at the AS storage ring can be found in Refs. [240,241]. Wavefronts from the electron

beam source passing through an aperture of finite dimensions can be focussed using

either a lens or diffracting optic. It was identified in that work that the vertical

angular aperture of the present ODB was not large enough to pass highest spatial

frequencies needed to resolve smallest vertical emittance electron beams. The beam-

line front end has several apertures, with an opening in the crotch absorber being

the limiting (smallest) vertical angular aperture. The aperture is 5 mm (2.8 mrad)

in the vertical direction and 10 mm (5.6 mrad) in the horizontal. This crotch ab-

sorber was designed for AS bending magnet X-ray beamlines. For reasons of cost

and simplicity, this aperture was also used for the ODB – a visible light beamline.

Even at the Vacuum Ultra-Violet (VUV) limit of photon wavelength λ = 200 nm,

this vertical opening is too narrow to pass the entire vertical fan of optical syn-

chrotron radiation. Simulations in Synchrotron Radiation Workshop (SRW) [242]

demonstrated that passing the full vertical distribution of bending magnet radia-

tion (3σ, 99.8% power) at a wavelength of λ = 532 nm required a vertical opening

aperture of 15 mm (8.4 mrad), three times larger than the present 2.8 mrad [241].

For synchrotron radiation interferometry a much larger vertical opening angle of

synchrotron radiation was required.

The infrared beamline at the AS has a much larger vertical opening angle than

the ODB. Bending magnet and edge radiation are extracted using a slotted mirror

of transverse dimensions 17.3 mrad (vertical) × 60.2 mrad (horizontal) [243]. A cen-

trally positioned slot of 2.3 mrad (3 mm) passed the central X-ray fan, to minimise

the thermal load and subsequent distortion of the planar mirror surface.

The greatest experimental limitation was that the infrared beamline was designed

for transmittance and reflectance of infrared rather than visible light. In particular,

many of the infrared-transparent vacuum windows in the beamline were not opti-

cally flat surfaces, which significantly distorted visible-light synchrotron radiation

wavefronts.

Using optical synchrotron radiation interferometry at this beamline, the smallest
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vertical beam size measured at the bending magnet leading edge was σy = 47+13
−3 µm.

This corresponded to an emittance ratio of εy/εx = 0.0067 +0.004
−0.0007 [241].

Subsequently, the smallest electron beam size measured using intensity imbalance

optical interferometry on the ODB at the AS was σy = 40 µm [235, 236]. This

measured vertical electron beam size is much larger than the beam size expected at

the dipole centre of σy = 6 µm for a vertical emittance of εy = 1 pm rad.

7.4 Undulator Radiation and Emittance

Third-generation storage ring light sources were designed with long insertions, specif-

ically for wiggler and undulator ID magnets. Present synchrotron light experiments

principally use undulators as their photon sources, exploiting the low horizontal

emittance lattices optimised for such insertion devices. As the spectral and spatial

profile of undulator radiation is especially sensitive to the transverse emittance [244],

undulators have been used as emittance monitors at electron storage rings.

Projections of the spatial profile of undulator harmonics can be used to charac-

terise the beam emittance. This has been demonstrated using a soft X-ray undu-

lator producing a vertical field [245], referred to as a horizontal undulator because

the beam is deflected in that transverse direction.

At high energy electron rings, undulator radiation has been used to image elec-

tron beams [246, 247]. The absolute brilliance of the undulator radiation spectrum

has also been fitted to determine electron beam emittances [248]. In all of these

attempts, relatively large vertical emittances were measured using horizontal undu-

lators.

7.4.1 Spontaneous Undulator Radiation

To characterise the sensitivity of undulator radiation to electron beam emittance,

a description is given of the single electron angular distribution of undulator radi-

ation. The angular distribution of spontaneous radiation from a planar undulator

is theoretically described [45, 70, 249]. Following the prescription employed in the

SPECTRA program [250], the calculation of undulator radiation is given following

the prescription of Alferov, et al. [251].

Radiation produced by an ID arises from the transverse oscillation of beam

electrons by a periodic magnetic field. A planar device is considered, with a magnetic
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field oscillating sinusoidally in the vertical direction y given by [45,64],

~B(z) = Bx(z)̂i+By(z)ĵ +Bz(z)k̂, (7.1)

Bx(z) = 0,

By(z) = B0 cosh(kpy) cos(kpz),

Bz(z) = −B0 sinh(kpy) sin(kpz),

where the undulator period is given by λp = 2π/kp. A usual horizontal ID is a mag-

netic field oscillating in the vertical orientation, resulting in horizontal oscillations

of an electron beam passing through. The strength of IDs is typically classified by

the deflection parameter Ku given by Equation 3.47 [45,64],

Ku =
eB0

βm0ckp
≡ 93.4B0[T]λp[m]. (7.2)

For an undulator of ideal sinusoidal field distribution, the spectral and spatial

distribution of flux is given in terms of linear polarisations σ(̂i) and π(ĵ) at the

photon frequency ω for the nth harmonic by [45,64]

dṄph (ω)

dΩ
= αγ2N2

p

∆ω

ω

I

qe

∞∑

n=1

n2

(
sin (πNp∆ωn/ω1)

πNp∆ωn/ω1

)2 (
F 2
σ î+ F 2

π ĵ
)
, (7.3)

Fσ =
2γθΣ1(n) cosφ−KuΣ2(n)

1 + 1
2
K2
u + γ2θ2

, (7.4)

Fπ =
2γθΣ1(n) sinφ

1 + 1
2
K2
u + γ2θ2

, (7.5)

where α is the fine-structure constant, Np is the number of undulator periods, I

the stored electron beam current, qe the electronic charge, ωn the photon frequency

of the nth undulator harmonic (ω1 for the fundamental), and ∆ωn = ω − ωn. The

distributions are expressed in the polar angle θ and azimuthal angle φ. The sums

Σ1(n) and Σ2(n) are given by

Σ1(n) =
∞∑

m=−∞

J−m(u)Jn−2m(v), (7.6)

Σ2(n) =
∞∑

m=−∞

J−m(u)[Jn−2m−1(v) + Jn−2m+1(v)], (7.7)
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where J are Bessel functions of the first-kind, with arguments of

u =
ω

ω1

~βK2
u

4
(
1 + 1

2
K2
u + γ2θ2

) , (7.8)

v =
ω

ω1

2~βKuγθ cosφ

1 + 1
2
K2
u + γ2θ2

. (7.9)

This single-electron angular distribution of undulator radiation is illustrated in

Figure 7.1. Consider undulator radiation from a high deflection parameter undulator

(Ku = 5), at high harmonics of the undulator fundamental (n = 14, 15). These

are unusual parameter choices. Figure 7.1 highlights that at these unusually high

deflection parameters and high harmonics, the angular distribution of undulator

radiation resembles an interference pattern significantly narrower than the usual

1/γ cone of undulator radiation. The convolution of this single-electron distribution

with the electron beam becomes a probe sensitive to the electron beam size.
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Figure 7.1: Single-electron angular distribution of undulator radiation, for an elec-
tron in a horizontal, planar undulator. The angular distribution is plotted in terms
of horizontal and vertical opening angles θx, θy, for linear polarisation modes σ and π.
Plot of analytical Equation 7.4, Equation 7.5 for undulator harmonics n = 1, 14, 15.
For high undulator harmonics, the undulator radiation distribution resembles a nar-
row interference pattern [45].
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7.4.2 Vertical Undulator Technique

The idea to use a vertical undulator to measure vertical emittance came out of

a conversation about the on-axis radiation spectrum of horizontal undulators. To

investigate this, simulations of an electron beam passing through an undulator were

performed with the synchrotron radiation code SPECTRA [250], as illustrated in

Figure 7.2.
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Figure 7.2: Undulator brilliance spectra for various vertical emittances εy, simulated
in SPECTRA [250]. The photon energy of the undulator fundamental is 138 eV.
(a) Horizontal undulator with peak field By = 0.55 T. (b) Vertical undulator with
peak field Bx = 0.55 T. With a vertical undulator, the different vertical emittances
can be resolved in the undulator spectrum [252].

The spectrum of undulator radiation in Figure 7.2 (a) from a horizontal undu-

lator departs significantly from the single electron spectrum of undulator radiation.

The finite horizontal emittance of εx = 10 nm rad contributes intensity to the even

harmonics, in addition to changing the width and shape of the odd and even har-

monics. So if the horizontal emittance appeared in the radiation spectrum of a

horizontal undulator, could the same hold for a vertical undulator?

For the same electron beam and undulator strength parameters, the undulator

spectrum was evaluated for an undulator oscillating the beam up and down – a

vertical undulator. Simulation results are presented in Figure 7.2 (b), for various

vertical emittances. This spectrum closely approximates the single-electron undula-

tor radiation spectrum, with bright odd harmonics and suppressed even harmonics.

It can be seen that the high, even undulator harmonics are sensitive to picometre
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vertical emittances. Hence the brilliance of high undulator harmonics from a high

deflection parameter undulator could be used as a vertical emittance diagnostic.

7.4.3 Vertical Undulator Theory

The theory of the technique is built upon two main ideas: vertical (as opposed to

horizontal) undulators, and the measurement of ratios of photon beam brilliance

rather than absolute values.

The orientation of insertion devices at storage ring light sources is governed

by the need for a large momentum aperture at injection. Typically, storage rings

are constructed with the orbit in the horizontal plane. To facilitate this aperture,

the beam stay-clear in insertion straights of the AS storage ring was designed with

|x| ≥ 15 mm, |y| ≥ 5 mm [97]. This stay-clear accommodates usual horizontal

wiggler and undulator insertion devices, with arrays of magnetic poles above and

below the orbit plane of the ring.

Horizontal undulators – undulators that deflect the electron beam in the orbit

plane of the ring – have been proposed [253–257] and demonstrated [258–260] to give

excellent measurement of the horizontal beam size and energy spread. Where the

electron beam transverse emittance is close to fully-coupled (εy ≈ εx), the brilliance

of horizontal undulators exhibits some sensitivity to the vertical emittance [259].

Electron storage rings typically design for transverse emittance ratios less than

a few percent (εy � εx), with damping ring designs aiming for minimum vertical

emittance. In this low vertical emittance limit, horizontal undulators are insensi-

tive to vertical emittance, limited by the single-electron opening angle of undulator

radiation [258].

In contrast to horizontal undulators being largely insensitive to picometre vertical

emittance, vertical undulators become especially sensitive. This was first identified

by Shiro Takano [261,262]1.

The second element of this technique is the evaluation of ratios of brilliance as

opposed to the absolute photon beam brilliance, which is difficult to measure quanti-

tatively. Previous analytical descriptions and modelling of horizontal undulator bril-

liance focussed on determination of the absolute photon beam brilliance [244, 264],

and identified the brilliance of even harmonics as especially sensitive to the trans-

verse emittance [265]. Instead, here the ratio of intensities of adjacent odd and even

1At the time of publication of K.P. Wootton’s Refs. [252, 263], S. Takano’s previous presenta-
tion of Ref. [261] was unknown. Ref. [261] was communicated by S. Takano [262] following K.P.
Wootton’s presentation at the International Beams Instrumentation Conference, 2012 [252].
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undulator harmonics are measured and compared with simulations of photon bril-

liance. This approach was proposed for vertical undulator measurement of vertical

emittance [261], and for measurement of horizontal emittance of electron beams ac-

celerated by plasma wakefield accelerators [253–256]. In both of these studies, the

first and second harmonics of the undulator spectrum were evaluated.

Modelled in SPECTRA [250], the sensitivity of horizontal and vertical undulators

of equal deflection parameter to vertical emittance is illustrated in Figure 7.2. Over

a range of operational vertical emittances there is no measurable change in brilliance

for a horizontal undulator. However, for a vertical undulator, at high even undulator

harmonics the photon beam brilliance changes by orders of magnitude. Hence,

measurements of the photon beam brilliance at the even harmonics exhibit a strong

dependence upon the electron beam emittance [265]. Greatest sensitivity to the

lowest vertical emittance is observed at high undulator harmonics.

This technique shares similarities with another projection measurement of ver-

tical emittance (the π-polarisation technique of Section 7.2.2) [92, 223], but differs

by passing, as opposed to masking, the on-axis null radiation field. Illustrated in

Figure 7.3 are simulated transverse profiles of the undulator radiation intensity. In-

stead of trying to measure the absolute photon flux of the on-axis null-field of the

even harmonics, Fn−1, this low flux is calibrated against the high-flux peaks of the

odd harmonics passing the same aperture, Fn. The ratio of fluxes of adjacent undu-

lator harmonics Fn−1/Fn is evaluated. For Figure 7.3, the ratio of flux passing for

the even 14th to odd 15th harmonics is Fn−1/Fn = 0.42 for a beam of 100 pm rad

geometric vertical emittance shown in Figure 7.3 (e) & (g), and 0.17 for 1 pm rad

shown in Figure 7.3 (f) & (h).

The ratio of fluxes is optimised by minimising the vertical offset of the pinhole.

This is achieved experimentally by scanning the pinhole vertically through the in-

terference pattern for the unambiguous intensity maximum of an odd undulator

harmonic, as illustrated in Figure 7.3 (h).
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Figure 7.3: SPECTRA [250] simulation of profile of undulator radiation 15 m from
the undulator centre, with 250×250 µm rectangular pinhole aperture outline marked
in red. (a)-(d) Horizontal undulator. (a) Harmonic 14, εy = 100 pm. (b) Harmonic
14, εy = 1 pm. (c) Harmonic 15, εy = 100 pm. (d) Harmonic 15, εy = 1 pm. (e)-(g)
Vertical undulator. (e) Harmonic 14, εy = 100 pm. (f) Harmonic 14, εy = 1 pm.
(g) Harmonic 15, εy = 100 pm. (h) Harmonic 15, εy = 1 pm. [K.P. Wootton, et al.,
Phys. Rev. Lett., 109 (19), 194801 (2012). c© 2012 American Physical Society.]
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7.5 Soft X-ray Beamline at the Australian

Synchrotron

Vertical undulators are rare [264, 266–268] – typically beams are deflected in the

horizontal plane. As outlined in Section 7.4.3, for reasons of maintaining a large

injection aperture, vertical undulators are only selected when there is a compelling

technical need. In this work, an elliptically polarised undulator was phased as a

vertical undulator. Experiments in this chapter were performed on the AS storage

ring. The Advanced Planar Polarised Light Emitter–II (APPLE-II) undulator serves

the soft X-ray user beamline of the AS [269]. Components of this apparatus are

illustrated in Figure 7.4.

(a) (b) (c) (d)

Figure 7.4: Schematic of vertical undulator emittance measurement apparatus.
(a) APPLE-II undulator in storage ring; (b) Pinhole aperture formed to spatially
filter undulator radiation; (c) Grating monochromator to bandpass photon energy;
(d) Silicon photodiode to measure photon beam intensity.

The central components of this apparatus are an electron beam passing through

a vertical undulator. This creates undulator radiation propagating in the forward

direction of the electron beam. Undulator radiation was measured by closing four

blades of the white-beam slits to form a narrow pinhole. Intensity at different

energies was measured using a diffraction grating monochromator and photodiode.

This section outlines how these components were configured for the measure-

ment and simulation of photon flux. The pinhole photon flux was calculated and

presented on an absolute scale, however arbitrary units would suffice. This is be-

cause as outlined in Section 7.4.3, one of the benefits of this approach is that the

relative rather than absolute spectral brilliance is used to determine the vertical

beam emittance.
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7.5.1 Advanced Planar Polarised Light Emitter–II

Undulator

The undulator used was an APPLE-II type undulator [270, 271]. A render of the

APPLE-II undulator is presented in Figure 7.5.

Properties of the electron beam and undulator are summarised in Table 7.1

below. The magnet arrays of the undulator were phased to produce a horizontal

field, deflecting the electron beam in the vertical plane. A gap of 17.1 mm was

selected – close to the minimum gap of 17.0 mm – producing a peak horizontal field

of 0.55 T. Magnetic measurements of the undulator during manufacture demonstrate

that in the configuration for vertical polarisation at minimum gap, the axis of the

undulator field is within −6± 30 mrad of the nominal horizontal orientation [271].

Figure 7.5: Render of the APPLE-II undulator for the AS [271].

Table 7.1: Electron beam and undulator properties used in simulation.

Parameter Value Units

Beam
Energy E0 3.0 GeV
Energy spread σE 0.11 %
Horizontal emittance εx 10 nm rad
Undulator
Period length λu 75 mm
Peak field Bu 0.55 T
Deflection parameter Ku 3.8 . . .
Number of full periods Nu 25 . . .
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7.5.2 White-Beam Slits as a Pinhole Aperture

The beamline used for these experiments does not have a pinhole to characterise the

spatial profile of radiation [269]. Beamlines at other facilities do, for this specific

purpose [272]. Instead, four blades of the white-beam slits were closed to form a

rectangular pinhole aperture. The upper and lower blades which define the vertical

height of the pinhole are illustrated schematically in Figure 7.6.

Figure 7.6: Upper and lower white beam slits, with an illustration of the photon
beam passing. A similar pair of slits also were also closed in the horizontal direction,
to define a rectangular pinhole.

This aperture was the first optical element of the photon beamline. The monochro-

mator spectrometer and all focussing mirrors are positioned downstream of the slits.

7.5.3 Beamline Optical Elements

The existing soft X-ray beamline optics were used for the photon beam spectrometer.

The beamline optics are illustrated in Figure 7.7.

Figure 7.7: Soft X-ray beamline optical elements [269].
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The beamline employs a linear grating for the monochromator, and several gold-

coated toroidal mirrors to focus the beam. The calculated net reflectivity of these

beamline elements is presented in Figure 7.8 [269, 273]. The M absorption edges of

the gold coatings restrict our experiments to photon energies below 2200 eV.
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Figure 7.8: Absolute reflectivity of soft X-ray beamline optical elements with photon
energy [269, 273]. There is a dramatic decrease in photon flux for photon energies
above the M-absorption edges of Au at approximately 2150 eV.

7.5.4 Photodiode Detector

The intensity of light was measured using a single pixel photodiode. Two photo-

diodes are installed on the beamline as standard diagnostics of photon flux. Both

photodiodes are square and approximately 10 mm × 10 mm in transverse extent.

This large dimension was used to intercept the full photon beam. The spectral

responsivity s (~ω) of a diode can be modelled by [274],

s (~ω) =
qe
Ee−h

exp [−µd (~ω) td]

(
1− exp [−µs (~ω) ts]

µs (~ω)Ldiff + 1

)
, (7.10)

where, qe is the electronic charge, Ee−h is the electron-hole pair creation energy of the

active material, µd(~ω) the dead layer absorption length, td the dead layer thickness,

µs(~ω) the active layer absorption length, ts the active layer thickness, and Ldiff the

diffusion length. Accepted values of the absorption lengths µd(~ω), µs(~ω) were

used, corresponding to the different diode materials [275]. Using the properties in

Table 7.2, the responsivities of the two photodiodes were calculated over the relevant

range of photon energies [274]. This is presented in Figure 7.9.
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Table 7.2: GaP and Si photodiode properties.

Parameter Symbol GaP/Au Ref. Si/SiO2 Ref. Units

Dead layer material . . . Au . . . SiO2 . . . . . .
Dead layer thickness td 9 [274] 7 [276] nm
Active layer material . . . GaP . . . Si . . . . . .
Pair creation energy Ee−h 5.4 [274] 3.65 [276] eV
Space charge thickness ts 0.5 [274] 10 [274] µm
Diffusion length Ldiff 2.7 [274] 100 [276] µm

0 500 1000 1500 2000 2500
0

0.05

0.1

0.15

0.2

0.25

0.3

Photon energy (eV)

D
io

d
e

re
sp

o
n
si

v
it
y

(A
W

−
1
)

 

 

GaP/Au

Si/SiO2

Figure 7.9: Responsivity of GaP/Au and Si/SiO2 photodiodes, calculated using
Equation 7.10 and data in Table 7.2 [274]. Over the photon energy range of interest
Eγ = 800− 2000 eV, the Si/SIO2 is linear to within ±2% [274,277]. Over the same
photon energy range, the responsivity of the GaP/Au diode has a linearity of ±14%.
The silicon K absorption edge is at Eγ = 1839 eV [275].
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Preliminary measurements were made using a Hamamatsu G1963 GaP/Au Schot-

tky photodiode [172,278]. The photodiode is designed and optimised for detection of

ultraviolet radiation; it is not manufactured as an X-ray detector. Over the desired

photon energy range of Eγ = 800− 2000 eV, the responsivity of the GaP/Au diode

has a linearity of ±14%, with large discontinuities at absorption edges. Crucially,

the measurement of emittance in this technique depends on the ratio of photon flux

at different photon energies. To simplify interpretation of photon fluxes at different

photon energies, an International Radiation Detectors AXUV100 silicon photodi-

ode was used for experimental results presented in this thesis [276, 279]. Within an

uncertainty of ±2%, these silicon photodiodes have been demonstrated to exhibit a

linear responsivity over the photon energy range of interest; 800–2000 eV [274,277].

7.5.5 Simulation of Apparatus

The measured profile of undulator radiation was compared to simulations. Initially,

the magnetic model of the undulator assumed an ideal sinusoidal vertical electron

beam trajectory though the magnet. An improved model is presented which ac-

counts for the effect of undulator phase errors on the electron beam trajectory,

using the measured magnetic field of the insertion device.

At the time of manufacture of this APPLE-II insertion device, the magnetic field

profile was measured at the design magnetic gap of 16.0 mm [271]. The magnetic

field was measured along the device centreline with a three-axis Hall probe. Direct

measurement of the ID magnetic field was impossible, because the only priority of

this ID is as the photon source for the soft X-ray user beamline [269].

As outlined in Section 7.5.1, for the purposes of safe clearance of the electron

beam vacuum chamber, the minimum operating insertion device gap was limited to

17.0 mm. These experiments were conducted with a gap of 17.1 mm. To compensate

for this in our model, the magnitude of the magnetic field components measured at a

gap of 16.0 mm were scaled down. The field was scaled down until the measured and

simulated photon energies of the on-axis undulator spectrum agreed. This scaled

field is presented for the horizontal (Bx) and vertical (By) components in Figure 7.10.

Using the magnetic field illustrated in Figure 7.10, the trajectory of a 3 GeV

electron was calculated and is shown in Figure 7.11.

Figure 7.11 shows the trajectory of a single electron through the ID. This single-

electron trajectory is convolved with the beam ensemble passing through the ID.

The Courant-Snyder optical functions are plotted in Figure 7.12, for the insertion

in which this ID is installed at the AS storage ring. Ideally, insertion devices are
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Figure 7.10: Magnetic field of APPLE-II insertion device in vertical polarisation
mode, scaled from Hall probe measurements [271]. Undulators usually have the
main field in the vertical (y) plane, but in this case the main field is in the horizontal
(x) plane.
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Figure 7.11: Horizontal and vertical trajectory of a 3 GeV electron beam through
measured magnetic field map of Figure 7.10 [271], calculated using SPECTRA [250].
The horizontal field Bx (vertical field By) of Figure 7.10 results in a vertical (hori-
zontal) electron beam trajectory.
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centred in the insertion straight. However, the soft X-ray insertion device (ID14) is

positioned asymmetrically in sector 14 of the storage ring, to accommodate one of

the four storage ring injection kickers.
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Figure 7.12: Optical functions through APPLE-II insertion device. It can be seen
that the optical functions are asymmetric about the centre of the insertion device
in z. For clarity, the horizontal dispersion ηx is multiplied by a factor of 10.

The synchrotron radiation code SPECTRA was used to simulate light produced

by the insertion device [250]. At a longitudinal distance of z = 15 m from the

centre of the insertion device, the radiation field is sampled in the (x, y) plane.

This distance corresponds to the distance of the white beam slits from the insertion

device.

As outlined in Section 7.5.3, all other beamline optical elements (toroidal and

spheroidal mirrors, monochromator) are downstream of the white-beam slits, and

serve to deliver a monochromatic photon beam to the photodiode detector. These

elements are not simulated. The photodiode responsivity and beamline reflectivities

presented in Section 7.5.3–7.5.4 are used to correct the photon fluxes measured at

the photodiode. Hence the measured and simulated photon fluxes can be compared

at the pinhole formed by the white-beam slits.

7.6 Discussion

The major finding of this work was that the pinhole photon flux from a vertical

undulator is an appropriate vertical emittance diagnostic of ultralow vertical emit-

tance storage rings. Several factors are identified as to why vertical undulators have

not been previously used to measure vertical electron beam emittance.
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7.6.1 Diffraction-Limited Insertion Device Radiation

As outlined in Section 7.4, undulators have been used in the measurement of hori-

zontal electron beam emittance. However, the horizontal emittances of nm rad are

orders of magnitude greater than the pm rad vertical emittances produced in current

storage rings.

Working at these ultralow vertical emittances is qualitatively different to previous

undulator measurements of beam emittance. For spontaneous undulator sources of

length L and photon wavelength λ, the diffraction-limited source size σr is given

by [40],

σr =
1

2π

√
λL. (7.11)

The vertical electron beam size σy is given by Equation 3.65, and in the limit

ηy(s) = 0 [40],

σy =
√
βy (s) εy. (7.12)

For the parameters given in Table 7.3, Equation 7.11 gives a diffraction-limited

source size of σr = 5.0 µm. Using Equation 7.12, the beam size of an electron beam

of ultralow vertical emittance εy = 1 pm rad is σy = 1.7 µm.

Table 7.3: Diffraction limited source parameters

Parameter Value Units

Photon energy Eγ 2500 eV
Photon wavelength λ 0.5 nm
Undulator length L 2 m

Vertical beta function βy(s) 3 m
Vertical emittance εy 1 pm rad

This comparison highlights a particular point of difference with previous undula-

tor measurements of emittance: this work is with beams of significantly lower emit-

tance than the insertion device diffraction limit. As highlighted in Section 7.4.1, the

usual ‘Gaussian’ experimental approximations for the angular distribution of undu-

lator radiation break down at these small electron beam emittances, and particularly

these high undulator harmonics.

7.6.2 High Deflection Parameter Vertical Undulators

It was proposed in literature that radiation from a vertical undulator could be used

to measure electron beam vertical emittance [261]. As stated in Section 7.5, vertical
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undulators are exceptionally rare in laboratories around the world. High deflection

parameter vertical undulators (Ku > 1) are rarer still.

Emittance measurements based on undulator radiation typically assume the weak

undulator limit (Ku ≤ 1), with undulators producing photon beams within a central

cone of radius θmax ≈ 0.3 (Ku/γ) [265]. In the strong undulator limit (Ku > 1), the

cone approximation breaks down, giving rise to a narrow angular interference pattern

as illustrated in Figure 7.1. With odd harmonic number n > 3 and n ≥ (Nu/3),

where Nu is the number of undulator periods, the half angle of the first interference

minima is given by [280,281]

θmax =
Ku

γ

π

2n

(1 +K2
u/2)

(1 + 2K2
u)
. (7.13)

For horizontal undulators at existing storage ring light sources, this pattern of in-

terference fringes is normally convolved with a Gaussian electron beam distribution

of large horizontal emittance. Hence for beamlines at present third-generation light-

sources using horizontal undulators, this pattern is not normally observed. However

with vertical emittances of the order of 103 smaller than the horizontal, the diffrac-

tion limit is reached with vertical undulators.

This narrow interference pattern imposes practical limits on the pinhole size

for this measurement. Using Equation 7.13 for n = 15 and parameters presented

in Table 7.1, an upper limit is placed on the pinhole half angle radius of θmax =

0.029 (Ku/γ). This corresponds in Figure 7.13 to the maximum in ratio F14/F15

for pinhole offset. Pinhole half-apertures greater than this exhibit no sensitivity

to vertical emittance, because a large pinhole has the effect of spatially averaging

across the interference pattern.

7.6.3 Counter-intuitive introduction of vertical dispersion

It is well-known that the vertical dispersion of a lattice increases the equilibrium ver-

tical emittance. Vertical emittance optimisation routines seek to minimise coupling

and dispersion terms simultaneously. The inclusion of a vertical insertion device in

a lattice has the well-known effect of increasing vertical emittance, which several

lattice designs have exploited with the intent of creating round beams [73]. This

suggests that designs for ultralow vertical emittance must avoid introducing vertical

dispersion.

Vertical emittance growth due to undulator self-dispersion was calculated ac-

cording to the method of Ref. [73], for the APPLE-II undulator and the normal AS
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Figure 7.13: Flux ratio dependence for vertical emittance 0 pm rad, harmonics 14
and 15, and beam parameters of Table 7.1. A centered pinhole of half-height is
illustrated in blue, and vertical offset of a pinhole of 50 µm in red. An angle of
0.10 (Ku/γ) ≡ 1.0 mm vertical position at 15 m, c.f. Figure 7.3 (g) & (h). [K.P.
Wootton, et al., Phys. Rev. Lett., 109 (19), 194801 (2012). c© 2012 American
Physical Society.]

user lattice with 0.1 m distributed horizontal dispersion in the insertion straights.

A similar approach is presented in Ref. [282]. The vertical emittance growth in a

ring from self-dispersion in a vertical wiggler is given by [73],

∆εy
εx0

=

5π

6

βy(s)

〈H0〉
ρ0

R

(
ρ0

ρw

)2

Nwθ
3
w

1 +
2

π

ρ0

ρw
Nwθw

. (7.14)

For a ring, the curly-H function is given by Equation 3.37 and its mean can be

approximated by [73],

〈H0〉 =
εx0ρ0

CaE2

ρ0

R
Jx. (7.15)

Using the parameters in Table 7.4 for this experiment at the AS, the curly-H
function was evaluated as 〈H0〉 = 0.0027 m rad. Evaluating the curly-H function

using the numerical model of Section D.2 gives 〈H0〉 = 0.0023 m rad.

For the parameters of the storage ring and undulator at the AS given in Table 7.4,

the vertical emittance increase due to self-dispersion of Equation 7.14 is presented

in Figure 7.14 for an increasing number of vertical undulator poles.

The APPLE-II undulator used at the AS has a total of 50 poles, giving a cal-

culated increase in vertical emittance due to self-dispersion of ∆εy = 0.012 pm rad.
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Table 7.4: Parameters used in the calculation of vertical undulator self-dispersion.

Parameter Value Units

Beam
Energy E0 3.0 GeV
Energy spread σE 0.11 %
Horizontal emittance εx 10 nm rad
Undulator
Period length λu 75 mm
Peak field Bu 0.55 T
Deflection parameter Ku 3.8 . . .
Number of full periods Nu 25 . . .
Number of poles Nw 50 . . .
Wiggler deflection angle θw 6.5× 10−4 rad
Wiggler bending radius ρw 29.0 m
Storage ring
Damping decrement – horizontal Jx 1.37 . . .
Bending radius ρ0 8.5 m
Ring radius R 34.4 m
Curly-H function 〈H0〉 2.3× 10−3 m rad
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Figure 7.14: Increase in vertical emittance due to vertical undulator self-dispersion
for an undulator of Nw poles. Calculated using Equation 7.14, and the parameters
of Table 7.4. The APPLE-II undulator at the AS has 50 poles.
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This is well below achievable vertical emittances of εy ≈ 1 − 2 pm rad [95], and

indeed below the quantum limit of vertical emittance2.

It is possible that magnetic multipole errors of the insertion device introduce an

additional skew quadrupole term, resulting in betatron coupling of the horizontal

and vertical emittances. As will be outlined in Section 8.2, the vertical emittance

optimisation including betatron coupling was performed on the storage lattice mea-

sured with the insertion device closed. Skew quadrupoles distributed around the

ring were then optimised to compensate for the betatron coupling introduced by the

undulator and other coupling sources.

7.7 Summary

As part of the low vertical emittance studies at the AS, a technique for direct mea-

surement of ultralow vertical emittances was needed. Simulations demonstrated that

undulator radiation from a vertical undulator was especially sensitive to ultralow

vertical emittances.

A particular point of difference between this work and previous undulator mea-

surements of emittance was that this work was with beams of lower emittance than

the insertion device diffraction limit. The usual experimental assumptions about the

angular distribution of undulator radiation break down at these ultralow electron

beam emittances.

It was demonstrated that the counter-intuitive inclusion of a single vertical un-

dulator in the lattice to measure the vertical emittance does not measurably increase

the equilibrium ultralow vertical emittance due to vertical dispersion.

With this apparatus immediately available at most existing electron storage ring

light sources, this novel technique can be used to observe ultralow vertical emittance.

2As presented in Figure 7.14, increasing the vertical emittance to εy ≈ 1 pm rad by self-
dispersion requires approximately 6500 undulator poles. At a total undulator length of 240 m, this
exceeds the AS storage ring circumference of 216 m.



Chapter 8

Measurement of Ultralow Vertical

Emittance Beams using a Vertical

Undulator

8.1 Motivation

The world-record low vertical emittance of the AS storage ring makes the facility

an important test bed for future collider damping rings. The aim of this work is

to directly observe the minimum achievable vertical emittance in the AS storage

ring, when an vertical emittance minimisation algorithm is employed [95]. Using

the vertical undulator technique described in Chapter 7, direct measurements of

vertical emittance are presented for the AS storage ring.

Based on the results of these measurements, the ideal apparatus to measure

vertical emittance using this vertical undulator technique is discussed.

8.2 Results of Different Approaches

Various experimental approaches were investigated to measure vertical electron

beam emittance from vertical undulator radiation. This process identified variables

of the accelerator and beamline which were the most difficult to reproducibly control

or quantify. Variables of interest in these measurements were the monochromator

(photon energy), the size and position of the pinhole aperture formed by the white

beam slits, and the electron beam orbit (position and pointing stability).

The goal of this work was to identify the experimental technique with greatest

sensitivity to ultralow electron beam vertical emittance. To test this, the vertical

109
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emittance of the electron beam was varied. After closing the undulator to its operat-

ing gap, the storage ring skew quadrupole lattice was measured using orbit response

matrices and fitted using the LOCO algorithm [199]. Storage ring skew quadrupole

magnets were optimised for a range of vertical emittances using a least-squares min-

imisation procedure [95].

8.2.1 Photon Energy Spectrum

As outlined in Section 7.4.2, the initial experimental approach was to evaluate ver-

tical emittance from measurements of the on-axis undulator radiation spectrum.

The photon flux was measured passing an on-axis pinhole. The pinhole used was

four blades of the white-beam slits, closed to form a rectangular pinhole aperture

of approximately 250× 250 µm. The aperture was small in both the horizontal and

vertical dimensions, to minimise any contribution from the horizontal emittance.

At a longitudinal distance of 15.0 m from the undulator centre, the pinhole passes

undulator radiation within an opening angle of θ = 1.7× 10−5 rad.

The measured undulator spectra are presented in Figure 8.1 for vertical emit-

tances from εy = 2.6± 1.1 pm rad in blue up to εy = 1750± 330 pm rad in red.
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Figure 8.1: Measured undulator spectra for vertical emittances calibrated with
LOCO [199], from minimum in blue up to maximum in red. Shown are undula-
tor harmonics 6 – 15. [K.P. Wootton, et al., Phys. Rev. Lett., 109 (19), 194801
(2012). c© 2012 American Physical Society.]

Using the SPECTRA code [250], the flux of monochromated undulator radiation

passing a pinhole was simulated. The simulated on-axis undulator radiation spectra

are presented in Figure 8.2.

The greatest uncertainty in this technique was the size and vertical position of

the pinhole. As outlined in Section 7.4.3, a pinhole of finite size or offset limits
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Figure 8.2: SPECTRA [250] simulation of pinhole undulator radiation, for the pa-
rameters of Figure 8.1. This simulation assumed an ideal sinusoidal undulator mag-
netic field, and a fitted on-axis pinhole of dimensions 261× 261 µm.

the observation of smallest flux ratios. The uncertainty in the size of the pinhole

arose from mechanical tolerances of linear stages used to actuate the white-beam slit

positions. The white beam slits were intended as a coarse spatial filter of undulator

radiation, to reduce the heat load incident upon beamline optical elements. Hence,

the linear stage position resolution is approximately 10-20 µm. In addition, backlash

of the linear stages meant that the linear stage motion was better when pushing

the blades towards the photon beam, as opposed to retracting them. Hence, the

dimension of the pinhole used in this spectral measurement was not assumed to be

available, due to uncertainty in the positions of the four blades of the white-beam

slits.

To extract the pinhole dimension from experimental data, the vertical dimension

of the pinhole was fitted as a single free parameter using all datasets of Figure 8.1 si-

multaneously. Envelopes of beam emittance corresponding to LOCO measurements

were fitted to the measured peak ratios, minimising the χ2 test statistic. These peak

ratios of Fn−1/Fn harmonics are presented in Figure 8.3.

The χ2 test statistic was minimised for a pinhole of 261×261 µm. It was chosen to

fit emittance contours based on the global emittance calculated from orbit response

matrices fitted with LOCO, however this emittance monitor is intrinsically local to

one point in the ring. Hence the apparent emittance measured may vary from the

global projected emittance [283], for some contours of Figure 8.3.

Uncertainties are presented in Figure 8.3 corresponding to both the measured

undulator spectra of Figure 8.1 and fitted emittance envelopes of Figure 8.2. The

fitted envelopes and uncertainties correspond to the beam emittance evaluated us-
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Figure 8.3: Model 261×261 µm pinhole spectrum of Figure 8.2 fitted to experimental
data of Figure 8.1. Measured undulator peaks marked as squares, fitted SPECTRA
[250] simulations denoted by dashed contours increasing from minimum in blue to
maximum in red. The simulated contour of a beam with zero vertical emittance is
shown in black. Uncertainties of measured ratios shown as error bars, and dotted
contours for fitted model. [K.P. Wootton, et al., Phys. Rev. Lett., 109 (19), 194801
(2012). c© 2012 American Physical Society.]
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ing LOCO. Uncertainties in measured ratios were evaluated from measurements of

the photon flux with the undulator open to its maximum gap, nominally bending

magnet edge radiation. This background was measured to be more than an order of

magnitude lower than the minimum undulator flux.

8.2.2 Blade Profile Scans – Profile in One Dimension

The spatial profile of radiation was characterised in the vertical direction using blade

scans. This is illustrated in Figure 8.4.

Figure 8.4: Schematic of blade scan through insertion device radiation, at a single
photon energy corresponding to an odd undulator harmonic. The electron beam
orbit is fixed through vertical positions denoted by ◦, and the lower vertical blade of
the white-beam slits is stepped vertically upwards through the undulator radiation
distribution.

With a horizontal aperture of 0.5 mm, the lower blade of the white beam slits

was stepped vertically upwards through the radiation distribution. The photon flux

measured through the aperture with blade position is plotted in Figure 8.5 (a–c).

The derivative of this distribution with respect to the vertical position y of the blade

recovers the intensity distribution of undulator radiation. The vertical distribution

of undulator radiation is plotted in Figure 8.5 (d–f).

This measured undulator radiation profile confirms the non-Gaussian distribu-

tion of simulations presented in Figure 7.3. At this unusual parameter choice of

low emittance, high deflection parameter and high undulator harmonic, the verti-

cal distribution of undulator radiation is described by an inteferogram rather than

usual approximations of the convolution of Gaussian electron beam and radiation

distributions.

The sensitivity of blade scans to the vertical emittance was evaluated by varying

the vertical emittance, as presented in Figure 8.6. Figure 8.6 demonstrates that

blade scans are not sufficiently sensitive to measure smallest emittance beams.
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Figure 8.5: Photon flux measured from vertical blade scan, for three different un-
dulator harmonics

(
6th = 808 eV, 7th = 941 eV, 12th = 1610 eV

)
. (a–c) The blade is

pushed upwards in the positive direction of y through the photon beam, progres-
sively extinguishing the number of photons passed. (d–f) The measured intensity
distribution of undulator radiation is found by taking the derivative of photon flux
with respect to blade position y. The measured radiation distribution is fitted by
SPECTRA simulations [250] of the undulator radiation [284].
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Figure 8.6: Blade scan sensitivity to vertical emittance. Measured and modelled un-
dulator radiation profiles are shown for an emittance ratio of 1% (εy ≈ 100 pm rad)
and minimised vertical emittance (εy ≈ 1 pm rad), at a photon energy of 808 eV
(6th harmonic).

8.2.3 Profile in Two Dimensions

To measure the spatial profile of undulator radiation, a pinhole aperture can be

rastered across the distribution. This was demonstrated with a single, fixed pinhole

in experiments at other laboratories [272]. In lieu of a pinhole of fixed size, the four

blades of the white-beam slits were closed to form a rectangular pinhole aperture

of size approximately 100 µm× 100 µm, which together were rastered horizontally

and vertically to measure the spatial profile of undulator radiation. The measured

and simulated profiles are presented in Figure 8.7.

The important features of Figure 8.7 are the central upper and lower lobes of

the 6th harmonic, and the outer ring of the 7th harmonic. This narrow interference

pattern is characteristic of undulator radiation, but is seldom observed. Storage ring

light sources typically operate with very large horizontal emittances of order nm rad,

convolving the narrow angular distribution of undulator radiation with the broad

horizontal beam emittance. The interference pattern is observed here specifically

because of the vertical deflection by the undulator and the low vertical emittance of

order pm rad.

Integrating over the central 3 mm width of the distribution in Figure 8.7, the

measured and simulated vertical profile of undulator radiation at 808 eV is presented

in Figure 8.8. Figure 8.8 highlights that the measured vertical asymmetry in the

distribution of undulator radiation is partially accounted for by using the scaled,



116 CHAPTER 8. ULTRALOW VERTICAL EMITTANCE MEASUREMENT

x (mm)

y
(m

m
)

(a)

−3 −2 −1 0 1 2 3
−3

−2

−1

0

1

2

3

x (mm)
y

(m
m

)

(b)

−3 −2 −1 0 1 2 3
−3

−2

−1

0

1

2

3

Figure 8.7: Spatial profile of undulator radiation 15 m downstream of a vertical un-
dulator [284]. (a) Measured spatial profile of 6th undulator harmonic, at 808 eV. (b)
SPECTRA [250] simulation of spatial profile of 6th undulator harmonic, at 808 eV.
The measured magnetic field map of Figure 7.10 is used to represent the undulator
in simulation [284].

measured magnetic field distribution in simulations.

Unfortunately, as stated in Section 7.5.5, at present the AS possesses no equip-

ment with which to characterise insertion devices. In the absence of direct mea-

surement of the magnetic field distribution at the operating insertion device gap

and phase, this was the limit of applicability of the scaled, measured magnetic field

model. An improved model of the radiation distribution would use the magnetic

field distribution measured at the operating gap and phase of the insertion device.

8.2.4 Electron Beam Orbit Bumps

As outlined in Section 7.6.2, a significant systematic uncertainty in this flux mea-

surement is the sensitivity to the size and transverse position of the pinhole mask. In

particular, the technique is sensitive to vertical transverse offsets of the pinhole [263].

The photon energy scan technique employed in Section 8.2.1 aimed to simulta-

neously minimise the size and centring of the pinhole formed by closing four white

beam blades. As an alternative, the pinhole size alone was minimised. The blades

of the white-beam slits were closed to the minimum possible aperture. The photon

energies of the desired odd and even undulator harmonics were determined from

energy scans of the monochromator, as outlined in Section 8.2.1. At these pho-

ton energies, the centring of the pinhole on the undulator radiation distribution was
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Figure 8.8: Vertical profile of undulator radiation in Figure 8.7, plotted on an ar-
bitrary vertical intensity scale [284]. The intensity is integrated over x = −1.5 mm
to 1.5 mm. Simulations of the insertion device are presented assuming an ideal
sinusoidal field, and the measured field map of Figure 7.10.

achieved by vertical, angular electron beam closed orbit bumps through the insertion

device straight. This is illustrated in Figure 8.9.

Figure 8.9: Schematic of vertical electron beam orbit bumps through an insertion
device, illustrating an orbit bump at a single photon energy corresponding to an
odd undulator harmonic. From an initial orbit through vertical positions denoted
by #, orbit correctors change the electron beam trajectory measured as positions
at BPMs to × and +. This varies the angle of insertion device radiation measured
passing the fixed pinhole aperture.

Closed orbit bumps were calculated using the AT code [285], and measured using

storage ring electron beam position monitors adjacent to the insertion device. The

pinhole flux measured in vertical angular bumps through the insertion device is

illustrated in Figure 8.10, and for small amplitude bumps around the diffraction

pattern central lobe in Figure 8.11.

The angle of the electron beam through the insertion device can be varied to

recover the angular distribution of undulator radiation, illustrated for small angles

in Figure 8.11.
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Figure 8.10: Pinhole photon flux measured and fitted for orbit bumps through the
insertion device. Photon energies correspond to undulator harmonics 13, 14 and
15 [286].
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Figure 8.11: Pinhole photon flux measured and fitted for orbit bumps through the
insertion device. These bumps are small bumps about the central lobe of the radia-
tion distribution in Figure 8.10. Photon energies correspond to undulator harmonics
13, 14 and 15 [286].
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The fitted distribution of undulator radiation plotted in Figure 8.11 was used to

determine the maximum flux ratio between adjacent even and odd harmonics.

8.2.5 Time-Varying Magnetic Fields

A problem for many emittance monitors is the influence of time-varying magnetic

fields on the measured electron beam distribution. This is addressed in Appendix E.

8.3 Measurements of Ultralow Vertical Emittance

As stated in Section 8.1, the goal of this work was the ability to directly measure

picometre electron beam vertical emittance beams at the AS storage ring. Experi-

ments conducted in 2010 using the AS storage ring demonstrated through indirect

measurements a world-record low vertical emittance of εy = 1.2+0.3
−0.2 pm rad [95].

In 2012, a new record low vertical emittance of εy = 0.9±0.4 pm rad was observed

using the direct π-polarisation technique (Section 7.2.2) and the SLS storage ring

[92].

With the goal of optimising the AS storage ring for even lower vertical emittance,

a beam-based survey of storage ring magnets was undertaken in 2012 [287], culmi-

nating in the mechanical alignment of individual sextupole magnets within vertical

tolerances of ∆y = ± 25 µm [195]. Indirect measurements of the bunch volume by

the Touschek lifetime demonstrated vertical emittances below 1 pm rad [195].

In this work, the new technique for vertical emittance measurement using a

undulator was exploited for direct measurement of electron beam vertical emittances

approaching the quantum limit in the AS storage ring.

8.3.1 Experimental Setup

The ID was closed to the nominal gap of 17.1 mm (close to minimum), and moved

to a row phase of 37.5 mm corresponding to half an undulator period. Storage

ring orbit response matrices were measured. Using the orbit response matrices

fitted by LOCO [199], the skew quadrupole magnets of the AS storage ring were

optimised for a range of vertical emittances, including the minimum emittance fitted

by the routine [95]. To combat random bunch centroid motion, a bunch-by-bunch

transverse feedback system was operated [288,289].

The flux ratio of the 14th to 15th harmonics was measured using the approaches

of energy scans, time-averaging and orbit bumps as described in Section 8.2. These
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harmonics were selected as the highest harmonics (greatest sensitivity to vertical

emittance) which were still lower in photon energy than the Au absorption edge

cutoff of 2150 eV for the beamline.

8.3.2 Insertion Device Model

The magnetic field of the ID was modelled following the prescription of Section 7.5.5.

This best model was based on magnetic measurements of the ID at a gap of 16.0 mm,

the magnetic field was scaled to correspond to a magnetic gap of 17.1 mm.

Using this model, the flux in undulator harmonics 14 and 15 was calculated to

determine the flux ratio of the adjacent harmonics. Estimates of uncertainty in the

model correspond to uncertainty in setting the monochromator for the undulator

harmonic of ∆Eγ = ±1 eV.

8.3.3 Results

For vertical emittances εy ≤ 100 pm rad, the flux ratio was measured using the

techniques described in Section 8.2. Using each of those techniques, the measured

and modelled flux ratio of the 14th and 15th harmonics are presented in Figure 8.12.
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Figure 8.12: Measurement of low vertical emittances using the AS storage ring,
and vertical undulator techniques of Section 8.2. This figure can be compared with
undulator harmonic n = 15 of Figure 8.3.

Of the three measurement techniques used, the flux ratio measured using or-

bit bumps (Section 8.2.4) is in best agreement with the model. The orbit bumps

technique minimises systematic uncertainties in the positioning of the pinhole: by

scanning the beam, the maxima and minima are located and the flux ratio is min-
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imised. Photon energy scans and time averaging did not have this minimisation

goal.

Of particular interest are beams of lowest vertical emittance. Figure 8.13 shows

a magnification of Figure 8.12 for smallest vertical emittances, εy ≤ 15 pm rad.
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Figure 8.13: Magnification of Figure 8.12, for small vertical emittances. Measure-
ment of lowest vertical emittances using the AS storage ring, and vertical undulator
techniques of Section 8.2.

8.4 Analysis

8.4.1 The Quantum Limit of Vertical Emittance

Various contributions to electron beam equilibrium vertical emittance were con-

sidered in Section 3.4.7 and Chapter 6. The important contributions are typically

vertical dispersion and vertical coupling, which typically produce vertical emittances

orders of magnitude greater than the quantum limit of vertical emittance.

In this work, the vertical emittance is approaching the quantum limit of vertical

emittance. For the AS storage ring, the quantum limit of vertical emittance given

by Equation 3.62 is εy = 0.35 pm rad.

8.4.2 Comparison with Measured Orbit Response Matrices

Using the best-fitted model of Section 8.3.2, the vertical emittance was calculated

from the measured flux ratio. For the setpoints of vertical emittance, the corre-

sponding vertical emittance measured using orbit response matrices and vertical

undulator orbit bumps through a vertical undulator are presented in Figure 8.14,

and numerical values are presented in Table 8.1.
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Figure 8.14: Measurement of vertical emittance. Orbit bumps and orbit response
matrix fitting with LOCO [199]. The vertical emittance measured with orbit re-
sponse matrices is also shown in quadrature with the quantum limit of vertical
emittance, see Table 8.1. A dashed line −− is used to indicate measured vertical
emittance equal to the setpoint.

The vertical emittances presented in Figure 8.14 were measured using different

techniques. The vertical emittance measured using the vertical undulator technique

measures directly the electron beam size, and so includes a contribution from the

quantum limit of vertical emittance.

The vertical emittance fitted from measured orbit response matrices includes con-

tributions from vertical dispersion and betatron coupling, but not from the quantum

limit. Hence, the quantum limit of vertical emittance was added in quadrature to

vertical emittances measured using orbit response matrices. This is presented in

Table 8.1.

The smallest vertical emittance measured using the vertical undulator was εy =

0.9 ± 0.3 pm rad. This is the smallest vertical emittance observed at the AS using

a direct measurement technique, and is within a factor of π of the quantum limit

for this ring of εy = 0.35 pm rad. This is equal to the present world-record for

vertical emittance of the SLS [92]. This observed vertical emittance meets the

design requirement of the CLIC damping rings.
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8.4.3 Ideal Insertion Device Model

The utility of the magnetic model of this APPLE-II insertion device is reached.

The model could be improved by measuring the ID field components ~B(x, y, z) at

the operating magnetic gap of these experiments of 17.1 mm, in the phase used for

vertical photon beam polarisation.

8.5 Discussion

The major finding of this work was that the ratios of undulator pinhole flux can be

used to measure vertical emittance.

Advantages of the undulator technique and apparatus are the ability to exploit

the linearity in detector response over a photon energy range spanning keV, and

decades of intensity in photon flux. The measurement of a ratio – as opposed to

absolute photon beam brilliance – absolves of the need for measurement of photon

flux on an absolute scale, which is difficult to quantify.

These measurements confirm that the spatial and angular distribution of undu-

lator radiation presented in Section 7.4.1 is sensitive to electron beam vertical emit-

tance. The angular distribution of undulator radiation departs from usual Gaussian

approximations, and at such low emittances resembles a narrow interference diffrac-

tion pattern. This is observed because the vertical emittance is so small relative to

the transverse deflection of the undulator in the vertical direction.

Informed by results presented in Section 8.3.3, the ideal insertion device beamline

for vertical emittance measurement is considered in terms of several contributing

factors.

8.5.1 Electron Beam Energy Spread

The effect of energy spread on peak width has previously been quantified [254,290].

In simulation we consider the effect of energy spread on peak height. Increasing the

relative energy spread by 25%, we find that the measured peak height ratio does not

exceed uncertainties in the measured peak ratios for beams with vertical emittance

less than 200 pm rad (approximately 2% emittance ratio). The energy spread can be

constrained within an uncertainty of 11% from measurements of the bunch length
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σl which can be expressed by [64],

σl =
c

2πfs
|η|σE
E0

, (8.1)

η = γ−2 − αc.

The momentum compaction factor αc and synchrotron frequency fs can both be

measured within 2% uncertainty using resonant spin depolarisation (Refs. [164,263,

291], Chapter 5) and a spectrum analyser, respectively. The bunch length can be

measured within 7% uncertainty using a calibrated streak camera and removing

chromatic effects [292] with a band pass filter. Hence uncertainty in electron beam

energy spread should not limit the application of this technique.

Interestingly, measurements of the spectrum of undulator radiation have been re-

ported for an electron beam with very high energy spread (σE ≈ 5%) accelerated by

a laser-plasma accelerator [257]. No features are discernible in the spectra presented.

8.5.2 Photon Beam Polarimetry to Extend Technique

Sensitivity

One approach to minimise systematic uncertainties is by selective observation of

the polarisation components of the photon beam flux. This was first outlined for a

proposed SPring-8 vertical undulator measurement of vertical emittance [261]. For

a photon beam, the intensities of horizontal Ix and vertical Iy linear polarised light

can be described in terms of the Stokes parameters by [293]

Ix = 1× S0 + 1× S1 + 0× S2 + 0× S3, (8.2)

Iy = 1× S0 − 1× S1 + 0× S2 + 0× S3, (8.3)

where the Stokes parameters are defined in terms of the intensity of light with respect

to polarisation orientations. S1 denotes linear polarisation, S2 linear at 45◦, and S3

circular polarisation [294],

S0 = 2I0, (8.4)

S1 = 2I1 − 2I0, (8.5)

S2 = 2I2 − 2I0, (8.6)

S3 = 2I3 − 2I0. (8.7)
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The brilliance of radiation from a vertical undulator was evaluated using the SPEC-

TRA code [250]. This simulation is presented in Figure 8.15 in terms of the photon

beam intensities Ix and Iy corresponding to horizontal and vertical linear polari-

sations, for an undulator with an ideal sinusoidal magnetic field and beam with

parameters matching the experimental conditions given in Table 7.1.

0 500 1000 1500 2000
10

10

10
12

10
14

10
16

10
18

Eγ (eV)

B
ri

ll
ia

n
ce

( p
h

m
m

−
2

m
ra

d
−

2
s−

1
p
er

0.
1%

)

 

 

Vertical
Horizontal
Total

Figure 8.15: Undulator spectrum polarisation, assuming an ideal undulator trajec-
tory and εy = 1 pm rad [286].

In this simulation of an ideal insertion device, it is seen that a significant contri-

bution to the on-axis brilliance of even harmonics arises from horizontally polarised

light Ix. The ratio of fluxes for the 14th and 15th undulator harmonics with varying

emittance is presented in Figure 8.16.
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Figure 8.16: Undulator flux ratio I14/I15, for varying vertical emittance. Simulation
assumes an ideal sinusoidal trajectory [286].

These results are in agreement with those in literature for an insertion device with

an ideal sinusoidal magnetic field [261], and subsequent simulations using the SRW
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simulation code for I05 and I06 at Diamond Light Source (DLS) [295]. Figure 8.16 in

particular suggests that the rejection of horizontally polarised undulator radiation

can extend the sensitivity of the vertical undulator technique to lowest vertical

emittances by almost an order of magnitude. The linearity of the flux ratio is

extended below 1 pm rad.

This simulation was extended to consider the potential benefit for a real emit-

tance measurement. The simulation was repeated using the scaled, measured field

map of Figure 7.10. The on-axis brilliance of the horizontal and vertical polarisations

are plotted in Figure 7.10.
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Figure 8.17: Undulator spectrum polarisation, assuming measured undulator mag-
netic field map and εy = 1 pm rad.

The corresponding brilliance ratio of high harmonics 14 and 15 is plotted for

varying vertical emittance in Figure 8.18.
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Figure 8.18: Undulator flux ratio I14/I15, for varying vertical emittance. Simulation
assumes measured ID magnetic field map.
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Unlike Figure 8.16 for an ideal undulator trajectory, Figure 8.18 demonstrates

that using a measured magnetic field of a real insertion device that there is no

significant benefit in rejecting the horizontal polarisation component in such a mea-

surement. As illustrated in Figure 8.17, the brilliance of horizontal polarisation in

high even harmonics is more than an order of magnitude lower than the brilliance

of the vertical polarisation component.

8.5.3 Ideal Vertical Insertion Device

At the time of construction, the APPLE-II ID used was shimmed to correct multipole

field errors while operating in the horizontal polarisation mode: operation as a usual

horizontal undulator [271]. For operation principally as a vertical undulator, it would

be beneficial to shim the ID for use in the vertical polarisation mode.

8.5.4 Ideal X-ray Detector for Undulator Measurement

As outlined in Section 7.6.2, the principal uncertainty in the vertical undulator

technique is the uncertainty in the pinhole vertical dimension and position. For

future experiments to measure vertical emittance, there are two complementary

directions for an ideal detector – either a single pinhole of fixed dimensions, or

a pixel detector for profile measurements of the undulator photon beam. Future

experiments to measure vertical emittance should consider using a pinhole of known

diameter, as in other work to characterise a tandem APPLE-II undulator [272].

Pixel detectors for direct observation of the diffraction pattern would also be

very convenient. A candidate detector that would be particularly appropriate to this

photon energy range would be the DiagOn device developed at SOLEIL. Recently,

direct projections of undulator harmonics have been measured at SOLEIL [245].

Designed as a beam diagnostic for APPLE-II IDs, the reported device measures the

distribution of horizontally-polarised undulator radiation at a fixed photon energy.

As vertical undulators produce vertically-polarised radiation, the device would need

to be rotated around the beam axis to pass photons of vertical polarisation. In much

the same way as the orbit bump technique of Section 8.2.4, the interference pattern

at a fixed photon energy could be observed to measure the vertical emittance.
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8.6 Summary

Ultralow pm rad vertical emittance electron beams have been observed using a

vertical undulator. Several variables were tested to optimise the sensitivity of the

apparatus to electron beam vertical emittance. The variables tested included the

X-ray monochromator, the electron beam orbit and the blades of the white beam

slits. Comparison of the three techniques demonstrated that orbit bumps of the

electron beam through the ID was the most robust technique.

The difference between pm rad ultralow vertical emittance electron beams was

resolvable using this technique. Exploiting an existing photon beamline, the mea-

sured ratios of on-axis pinhole flux agree closely with a numerical model of radiation

from the ID.

For a range of ultralow vertical emittances εy < 15 pm rad, the vertical emittance

measured using a vertical undulator correlated with the vertical emittance measured

using orbit response matrices, including a contribution from the quantum limit of

vertical emittance.

Using a best-fitted model for the flux ratio of undulator radiation, the smallest

vertical emittance measured was εy = 0.9+0.3
−0.3 pm rad. This is the smallest vertical

emittance observed at the AS using a direct measurement technique, is within a

factor of π of the quantum limit for this ring of εy = 0.35 pm rad. This is equal

to the present world-record for vertical emittance of the SLS [92]. This observed

vertical emittance meets the design requirement of the CLIC damping rings.
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Chapter 9

Opportunities of Low Vertical

Emittance Beams

9.1 Motivation

Briefly, several speculative opportunities for experiments with polarised, low vertical

emittance beams in electron storage rings are discussed.

9.2 Storage Ring Light Source Insertion Devices

As an aside to emittance measurement, vertical undulators may be used with existing

storage rings to provide a more brilliant X-ray photon source. As shown in Figure 7.2

the brilliance of high, odd undulator harmonics is a factor of two greater for the

undulator in the vertical rather than horizontal configuration, at vertical emittances

of several pm rad. These small vertical emittances are achievable at many present

and proposed storage ring light sources and could usefully improve photon beam

brilliance of user beamlines when compared to horizontal insertion devices.

9.3 Ultimate Storage Ring Light Sources

As future ultimate storage rings and damping rings target lower horizontal emit-

tances, it is likely that present techniques for the measurement of pm rad vertical

emittances will be required even for the measurement of horizontal emittance. The

vertical undulator emittance measurement technique presented in Chapter 7 was

used in this work as a diagnostic for pm rad vertical emittances, and could be useful
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for future pm rad horizontal emittances. It could similarly be used to measure the

transverse emittance of free-electron laser beams.

Low emittance light sources are beginning to produce undulator radiation of in-

teresting spatial distributions [272]. As electron beam light sources approach trans-

verse diffraction limits, the spatial distribution of radiation may become a topic of

interest. Diffraction-limited ultimate storage rings are currently proposed with hor-

izontal emittance of order 100 pm rad [296–298]. Such proposals should be aware

of the diffraction-limited spatial distribution of undulator radiation, and its depar-

ture from usual Gaussian-approximated, emittance dominated photon beams, as

presented in Chapter 8.

9.4 Compton Backscattering of Undulator

Virtual Photons

Accelerators providing polarised electron beams are envisaged for the proposed

electron-ion colliders electron Relativistic Heavy Ion Collider (eRHIC) [299] and

Large Hadron electron Collider (LHeC) [300, 301]. For the proposed machines, a

rapid electron beam polarimeter could be provided using an elliptical insertion de-

vice.

Polarimetry in Chapter 5 was accomplished using Møller (electron-electron) scat-

tering [155]. To similar effect, electron beam polarisation has been observed by mea-

suring synchrotron radiation intensity [302]. Compton (electron-photon) scattering

has often been used for absolute polarimetry of relativistic electron beams [303].

Using the Klein-Nishina formula [304, 305], the Compton cross-section was calcu-

lated [306] for combinations of incoming and outgoing electron and photon polar-

isation. Since the first proposal for Compton polarimetry of high energy electron

beams [303], laser Compton scattering has been designed [169, 307] and used at

SPEAR [147,308] and LEP [309] among other rings.

One limitation of laser Compton backscattering experiments has been the angu-

lar resolution of the detector. Compton backscattered photons have very high ener-

gies (MeV), and the detectors used have no energy discrimination beyond threshold-

ing. Undulator radiation polarimetry of proton beams was proposed using a planar

undulator [310–312].

Instead, it is proposed to use a high deflection parameter circular undulator in

place of a low deflection parameter laser beam with circular polarisation. Undulator

radiation is qualitatively identical to laser Compton or Thomson scattering [82,313,
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314], scattering electrons with virtual rather than real photons. Using an undulator

of moderate period (∼ 30 mm) with beams of GeV energy, photon energies in the

range of several keV are obtained. Such photon beams could be manipulated using

existing light source photon beamlines.

This proposed insertion device polarimeter could be tested at existing storage

ring lightsources.

9.5 Circular Unruh Effect

Since the seminal work of Sokolov and Ternov in 1963 [148], the maximum polari-

sation of electron beams in storage rings has remained with a stubborn upper limit

of PST = 8/
(
5
√

3
)
≈ 0.924. The goal of this work would be to grapple “with the

minotaur, the mysterious and peculiar 8/
(
5
√

3
)
” [149].

To serve the linear collider community, electron storage ring vertical emittances

have advanced towards the quantum limit. At such low emittances, the Bell-Leinaas

effect – the electromagnetic analogue of acceleration near a black hole – is predicted

to yield electron beams of unprecedented high polarisation of PBL = 0.992, beating

the Sokolov-Ternov equilibrium of PST = 0.924 [150,315–317].

Low vertical emittance electron rings offer the opportunity to observe the Bell-

Leinaas effect. The effect has not been observed to date, owing to the very small

transverse recoil of beam electrons due to spin flip photons. At such low vertical

emittances, the equilibrium polarisation could exceed the Sokolov-Ternov equilib-

rium [318], as illustrated in Figure 9.1.
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Figure 9.1: Predicted equilibrium polarisation in the vicinity of a spin tune of νspin,
corresponding to a depolarisation by the vertical tune νy [150,318].

The peak value in Bell-Leinaas polarisation is P (1.001) = 0.992. The Full Width
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at Half Maximum (FWHM) of the peak is approximately 5×10−4 in tune space. For

the AS storage ring, the FWHM of vertical betatron tune is approximately 5× 10−4

in tune space [319]. For this reason, the vertical betatron tune is a poor probe

for these studies. Instead, using a transverse kicker with field strength oscillating

sinusoidally in time, it is possible to create an artificial resonance at that excitation

frequency. Exciting the beam with a vertical kicker at frequencies around the spin

tune, this effect would be observed if the maximum polarisation was observed above

the Sokolov-Ternov limit.

The effect is expected to enhance the equilibrium polarisation in strong focussing

electron rings [320,321].

9.6 Summary

Briefly, several speculative opportunities for beam physics experiments exploiting

polarised low vertical emittance beams in storage rings have been outlined.

Experiments with insertion devices operating with low emittance beams have

highlighted features of undulator radiation that could be useful for the design of

future light sources, and associated diagnostics.

Elliptically polarised insertion devices could be useful diagnostics of electron

beam polarisation.

With beams of high transverse polarisation and ultralow vertical emittance, the

opportunity exists to test the Bell-Leinaas theory of polarisation in electron storage

rings. This may enable unprecedented high polarisation of electron beams in storage

rings.



Chapter 10

Conclusions

The major findings of this thesis are:

• Within the uncertainty of the measurement, the momentum compaction factor

measured at SPEAR3 and the AS was shown to agree with the numerical model

of the trajectory within the bending magnet, and disagree with the hyperbolic

cosine approximation.

• Simulations of the equilibrium vertical emittance in the proposed CLIC damp-

ing rings agree with analytical expectation values for the vertical emittance

before correction of the linear lattice.

• For the proposed CLIC damping rings, the correction of orbit, tune and chro-

maticity is sufficient for quadrupole vertical, quadrupole roll and bending mag-

net roll misalignments. These lattice corrections are not satisfactory for sex-

tupole vertical misalignments. In the absence of a skew quadrupole corrector

scheme, a vertical emittance of εy = 0.9 pm rad was achieved with an RMS

sextupole vertical misalignment of YS = 6 µm. For comparison, using beam-

based alignment and individual shimming of the vertical offsets of sextupole

magnets, sextupoles of the AS storage ring were aligned within tolerances of

YS = 25 µm [195].

• A new vertical emittance measurement technique was developed, utilising a

diffraction-limited vertical undulator.

• It was shown that the increase in vertical emittance due to self-dispersion from

a vertical undulator is negligible for an ultralow vertical emittance measure-

ment.
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• Using the vertical undulator technique, several variables were tested to opti-

mise experimental sensitivity to the vertical emittance. Comparing scans of

the photon energy, orbit bumps through the ID and transverse blade scans

demonstrated that orbit bumps of the electron beam through the ID reliably

minimised the flux ratio for ultralow emittance beams.

• For a range of ultralow vertical emittances εy < 15 pm rad, the vertical emit-

tance measured using a vertical undulator agreed within uncertainties with

measurements of vertical emittance using orbit response matrices, including a

contribution from the quantum limit of vertical emittance.

• Ultralow pm rad vertical emittance electron beams have been observed using

a vertical undulator in a storage ring. Using a best-fitted model for the flux

ratio of undulator radiation, the smallest vertical emittance measured was

εy = 0.9+0.3
−0.3 pm rad. This is the smallest direct measurement of vertical

emittance at the AS storage ring. This is equal to the present world-record

for vertical emittance of the SLS [92]. This observed vertical emittance meets

the design requirement of the CLIC damping rings.

The most novel result in this thesis was that the self-dispersion introduced by a

vertical undulator to an ultralow vertical emittance storage ring did not measurably

increase the vertical emittance. This is counter-intuitive, because at pm rad vertical

emittances in storage rings, spurious vertical dispersion is a significant contribution

to the equilibrium vertical emittance.

Gradient Bending Magnet Measurements

There is very little published literature concerning the trajectory of beams through

straight rectangular defocussing gradient bending magnets. Defocussing magnets

are commonly used as part of a strategy to minimise horizontal emittance, and will

be used for this purpose in the CLIC damping rings. This thesis contributes mea-

surements to literature, and confirms the numerical modelling strategy of Ref. [104]

as more accurate than analytical approximations of solutions for the equation of

motion.

The characterisation of the gradient dipole using resonant spin depolarisation

requires polarised beams in circular accelerators. This criterion is easily satisfied for

ultrarelativistic electron beams, because of radiative polarisation by the Sokolov-

Ternov effect. Beams of other species such as protons, ions or muons do not exhibit
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significant radiative polarisation, and as such require dedicated spin-polarised accel-

eration and injection of beams. For many existing machines, such injection schemes

are not available.

The implication of these measurements of defocussing gradient magnets is that

numerical modelling of arbitrary magnetic fields is appropriate for novel bending

magnet designs. This could be very relevant for the design of future low horizontal

emittance storage ring light sources, employing longitudinal and transverse gradient

bending magnets. It could also be useful in the design of fixed-field, alternating gra-

dient accelerators, storage rings with large transverse gradients in bending magnets.

Unlike the measurement technique which was applied to electron storage rings, the

numerical trajectory modelling could be used for accelerators of other species such

as protons.

Vertical Emittance Measurements

Using a best-fitted model for the flux ratio of undulator radiation, the smallest

vertical emittance measured was εy = 0.9+0.3
−0.3 pm rad. This is the smallest direct

measurement of vertical emittance at the AS storage ring, and is within a factor

of π of the quantum limit for this ring of εy = 0.35 pm rad. This is equal to the

present world-record for vertical emittance of the SLS [92]. This observed vertical

emittance meets the design requirement of the CLIC damping rings.

Presently the most common ultralow vertical emittance monitors are visible light

diagnostics. As future electron beam sizes approach the visible light diffraction limit,

soft and hard X-ray diagnostics will be required. For proposed ultimate storage rings,

this undulator measurement of emittance may be required for the measurement of

ultralow horizontal emittance beams.

The main limitation of the vertical undulator technique is the simulation of

undulator radiation from the insertion device. A measured magnetic field map of

the insertion device was the best input to modelling. A significant uncertainty was

the size of the pinhole mask, formed by closing four white beam slits. Measurement

of ultralow vertical emittances using a vertical undulator would significantly benefit

from either a pinhole of fixed size, or an imaging detector.

Conclusion

In conclusion, this thesis describes the calibration of magnetic fields in a storage

ring for low horizontal and ultralow vertical emittance. Measurements of beams of



138 CHAPTER 10. CONCLUSIONS

the AS and SPEAR3 electron storage rings are used to demonstrate the feasibility

of lowest emittance beams in damping rings.

Magnets used to minimise horizontal emittance have been calibrated using pre-

cision measurements of beams in electron storage rings. These measurements allow

storage and damping ring design to confidently incorporate numerical modelling of

combined function magnets in lattice designs for ultralow horizontal emittance.

Vertical emittance in storage rings depends primarily on the vertical alignment

of multipole magnets. Using a calibrated electron storage ring, first measurements of

ultralow vertical emittance using a new vertical emittance diagnostic are presented.

The measured vertical emittance of εy = 0.9+0.3
−0.3 pm rad satisfies the design vertical

emittance of the CLIC damping rings.



Appendices

139





Appendix A

Parameter Reference Table

Parameters of the AS, SPEAR3 and CLIC storage and damping rings are sum-
marised in Table A.1.
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Appendix B

Physical Constants

Table B.1: Physical constants and derived quantities

Parameter Value units

Ca
cCq
CD

1.463× 10−6 m GeV−2

Cq
55~

32
√

3mc
3.84× 10−13 m

Cγe−
4π

3

r0

(mc2)3 8.846× 10−5 m GeV−3
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Appendix C

Multipole Coefficient Definitions

Different definitions for the multipole coefficients are commonly used. Here, the
different expansions are defined. The multipole coefficient kn can be defined by [45],

kn =
e

~p0

∂nBy

∂xn
. (C.1)

The multipole coefficient Kn is sometimes also defined including a factor of n! [175,
322],

Kn =
1

n!

e

~p0

∂nBy

∂xn

≡ 1

n!

1

Bρ

∂nBy

∂xn

=
1

n!
kn. (C.2)
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Appendix D

Models of Electron Beam
Trajectory Through Straight
Defocussing Bending Magnets

D.1 Motivation

The modelling of straight gradient bending magnets is considered. These magnets
have been used at surprisingly few rings: the ALS [133, 134], SPEAR3 [103, 104],
AS [98] and Fermilab Recycler ring [135].

Using the methods outlined for the SPEAR3 bending magnets [104], these models
of the electron beam trajectory were first recorded for an AS bending magnet in an
AS technical note [323]. These models were subsequently presented in Ref. [164].

D.2 Modelling Straight Rectangular

Combined-Function Bending Magnets

In previous work, several analytical models as well as a numerical model were used
to describe the trajectory of an electron beam through a straight rectangular gra-
dient bending magnet [104]. Trajectories described by circular, analytical linear,
analytical nonlinear and numerical models are quoted.

D.2.1 Coordinates and Parameters

In order to compare different modelling approaches, the coordinates of the beam
trajectory are given with reference to the straight, rectangular gradient bending
magnet as illustrated in Figure D.1 for the AS storage ring [164,323].

This Cartesian coordinate system is right-handed in (x, y, z), with x pointing
radially outward from the storage ring centre, y vertically upwards and z parallel to
the gradient magnet centreline. The trajectory through a gradient bending magnet
can be modelled as a beam travelling off-centre through a quadrupole magnet of
very large aperture. A coordinate system is adopted [104], with (x, y, z) = (0, 0, z)
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Figure D.1: Coordinate system used for modelling trajectory through a bending
magnet. [K.P. Wootton, et al., Phys. Rev. ST – Accel. Beams, 16, 074001 (2013).
Published by the American Physical Society under the terms of the Creative Com-
mons Attribution 3.0 License.]

defined as the straight line along the centre of this quadrupole magnet, with z = 0 at
the longitudinal centre of the quadrupole as shown in Figure D.1. The real bending
magnet will be considered to be centred at (x, y, z) = (−xQ, 0, 0), where xQ = B0/B1

and,

Bn(x, 0, z) =
∂nB(x, z)

∂xn
, (D.1)

and n is the order of the transverse derivative of the magnetic field. In this definition,
B0 represents the design upright dipole field, B1 the design quadrupole gradient, and
higher order fields can also be defined. This transverse offset xQ is further illustrated
in Figure D.2. Corresponding design parameters of the AS and SPEAR3 bending
magnets are summarised in Table D.1.

Figure D.2: Cross-section of AS gradient bending magnet, considered as a
quadrupole magnet [104]. [K.P. Wootton, et al., Phys. Rev. ST – Accel. Beams,
16, 074001 (2013). Published by the American Physical Society under the terms of
the Creative Commons Attribution 3.0 License.]

D.2.2 Dipole Bending Magnet

At a lowest order approximation, the horizontal defocussing gradient is ignored,
yielding a trajectory approximated by a circular arc [323]. This approximates the
pole profile by a pure dipole as defined in Section 5.2.1.



D.2. MODELLING STRAIGHT DEFOCUSSING BENDING MAGNETS 149

Table D.1: Storage ring bending magnet parameters

Parameter Symbol AS SPEAR3 units
Beam rigidity Bρ 10 10 T m
Bending angle θ 2π/28 2π/34 rad
Defocussing gradient ∂B/∂x 3.35 3.63 T m−1

Iron length Liron 1.700 1.450 m
Effective length Leff 1.726 1.505 m

For the beam rigidity Bρ, bending angle θ and effective length Leff given in
Table D.1, the mean dipole field and bending radius are presented in Table D.2.
Unless otherwise specified, only the vertical component (By) of the magnetic field
on the mid-plane (B) is used in the following analysis and discussion, that is
B(x, z) ≡ By(x, 0, z).

Table D.2: Circular radius approximation

Parameter Symbol AS SPEAR3 units
Effective field B0 1.300 1.228 T
Bending radius ρ 7.692 8.144 m

In the coordinate system given, the circular trajectory xcirc(z) within the magnet
is expressed by

xcirc(z) = ρ

√
1− (z/ρ)2 − xQ. (D.2)

Outside the effective length of the dipole Leff, the trajectory is straight.

D.2.3 Linear Hyperbolic Cosine Approximation

The field profile of a straight gradient bending magnet (Section 5.2.3) can be consid-
ered as the field of a quadrupole of very large bore, laterally offset from the centreline
of the bending magnet with a transverse gradient k = B1/(Bρ). The equation of
motion of the beam through this quadrupole is given by [104,323],

d2x(z)

dz2
=
B(x, z)

Bρ

(
1 +

(
dx(z)

dz

)2
)3/2

. (D.3)

A linear solution to Eq. D.3 can be obtained in the approximation dx(z)/dz ≈ 0.
Using this linear approximation, the beam trajectory xL(z) from magnet centre to
exit (and symmetrically, entrance) is expressed by [104,323]

xL(z) = xL(0) cosh(
√
kz), (D.4)

xL(0) =
tan(θ/2)√

k sinh(
√
kLeff/2)

. (D.5)
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D.2.4 Nonlinear Hyperbolic Cosine Approximation

A nonlinear analytic solution describing the horizontal trajectory of the electron
through the bending magnet can be obtained on substitution of the linear solution
given by Eq. D.4 into the equation of motion, Eq. D.3. This nonlinear analytic
solution is given by [104,323],

xNL(z) = xNL(0)

− 1√
k

[
sin−1

(
cosh(

√
kz)√

1 + 1/[kxNL(0)2)]

)
− sin−1

(
1√

1 + 1/[kxNL(0)2]

)]
,

(D.6)

where

xNL(0) =
tan(θ/2)√

k sinh(
√
kLeff/2)

√
1 + tan2(θ/2)

. (D.7)

D.2.5 Numerically Integrated Trajectory using Measured
Magnetic Field

The difficulty in modelling the magnetic field of a straight rectangular bending
magnet arises because the multipole components of the magnetic field change along
the trajectory s. Hence to construct a numerical model of the bending magnet, a
sequence of short magnetic elements are simulated with multipole components from
dipole up to octupole in order. This modelling approach was implemented for both
the AS and SPEAR3 bending magnets [104,173,323].

The distribution of the bending magnet magnetic field was measured using a
three-axis Hall probe on the magnet mid-plane, Bx,y,z(x, 0, z). The vertical compo-
nent of the measured magnetic field By(x, 0, z) is presented in Figure D.3 [323]. The
trajectory of a 3 GeV electron beam through this field map (evaluated using this
numerical approximation) is superimposed over the measured magnetic field.
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Figure D.3: Measured magnetic field map By(x, 0, z) of AS defocussing gradient
bending magnet. The trajectory of a 3 GeV model electron beam is superimposed
over the map. The colour scale shows the magnitude of the magnetic field in units
of Tesla [323]. [K.P. Wootton, et al., Phys. Rev. ST – Accel. Beams, 16, 074001
(2013). Published by the American Physical Society under the terms of the Creative
Commons Attribution 3.0 License.]
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The electron beam trajectory was calculated by making Taylor expansions of
the local vertical magnetic field [104,323]. The magnetic field map was measured in
the (x, 0, z) plane, but components of the numerically integrated magnetic field are
specified in a curvilinear coordinate system (u, v, s) [323]. The curvilinear system
is right-handed with s tangential to the trajectory of the beam, u perpendicular
and radially outwards, and v perpendicular and vertically upwards. Using this
curvilinear system, magnetic field components are evaluated as,

Bn(u, s) =
∂nB(u, s)

∂un
. (D.8)

The n = 0, 1, 2, 3 order coefficients are correspondingly referred to as the dipole,
quadrupole, sextupole and octupole components of the magnetic field.

Solving for the trajectory and field is an iterative process. For a desired beam
energy with corresponding rigidity (Bρ) and nominated bending angle θ, the trajec-
tory is solved for a deflection

∫
B0(s)ds = (Bρ) θ. The integration was performed

using a fourth-order Runge-Kutta integrator [104, 323]. These field components
given by Equation D.8 are then discretised into i slices along the trajectory s, with
field components for the ith slice given by [164],

mi
n =

1

si+1 − si

∫ si+1

si

∂nB(0, s)

∂un
∂s. (D.9)

For increasing multipole order, the field components mn are plotted along the curvi-
linear trajectory s in Figure D.4 for the AS bending magnet.

D.3 Comparison of all Trajectories

Figure D.5 shows the trajectory of a beam through the AS bending magnet, for the
models considered in Section D.2.

D.4 Summary

Gradient bending magnets have been identified as useful in strategies to minimise
the horizontal emittance of a storage ring lattice. In this appendix, various ap-
proximations to the modelling of trajectory through a straight rectangular gradient
magnet are given for reference.
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Figure D.4: Magnetic field components Bn(u, s) along the evaluated trajectory [323].
[K.P. Wootton, et al., Phys. Rev. ST – Accel. Beams, 16, 074001 (2013). Pub-
lished by the American Physical Society under the terms of the Creative Commons
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Appendix E

Statistical Uncertainty

A problem for many emittance monitors is the influence of time-varying magnetic
fields on the measured electron beam distribution. Time-varying beam motion can
be classified either as random motion (noise or other instabilities) or coherent motion
(periodic). To correct random bunch centroid motion, a bunch-by-bunch transverse
feedback system was operated [288]. The coherent oscillation of electron beam
position at known powerline frequencies of f = 50 Hz and harmonics was suspected
to contribute to the measured electron beam size.

Statistical uncertainty in a measurement can be minimised by making repeated
independent measurements of a single quantity [324]. The aim was to measure the
photon flux passing through a pinhole, for a given stored electron beam current. To
compensate for a decaying electron beam current, the photon flux measured from
the photodiode drain current was normalised by the measured DCCT current to a
nominal 200 mA stored beam current – the nominal stored electron beam current
of the AS storage ring. For n repeat measurements of the photon flux Gaussian-
distributed about some mean value µ, the standard uncertainty in the estimate of
the mean δµ is given by [324]

δµ =
σ√
n
, (E.1)

where σ is the standard deviation of measured values. The interpretation of this
statement is that as the number of samples n is increased, the mean of the sample
(measured photon flux) converges toward the population mean (true photon flux).
For comparison, in Figure E.1 and E.2 the measured relative standard deviation is
shown for 12 and 80 acquisitions, over various acquisition ranges and times.

Figure E.1 and E.2 highlight that over appropriate choices of acquisition range,
statistical uncertainty in the measured pinhole flux can be an insignificant contri-
bution to the uncertainty in measured pinhole flux.
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Figure E.1: Measured standard uncertainty δµ in 12 acquisitions, for various acqui-
sition times and ranges [286].
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This paper presents measurements of the GeV-scale electron beam energy for the storage rings at the

synchrotron light source facilities Australian Synchrotron (AS) and SPEAR3 at SLAC. Resonant spin

depolarization was employed in the beam energy measurement, since it is presently the highest precision

technique and an uncertainty of order 10�6 was achieved at SPEAR3 and AS. Using the resonant depolar-

ization technique, the beam energy was measured at various rf frequencies to measure the linear momentum

compaction factor. This measured linear momentum compaction factor was used to evaluate models of the

beam trajectory through combined-function bending magnets. The main bending magnets of both lattices are

rectangular, horizontally defocusing gradient bending magnets. Four modeling approaches are compared for

the beam trajectory through the bending magnet: a circular trajectory, linear and nonlinear hyperbolic cosine

trajectories, and numerical evaluation of the trajectory through the measured magnetic field map. Within the

uncertainty of themeasurement themomentum compaction factor is shown to agreewith the numericalmodel

of the trajectory within the bending magnet, and disagree with the hyperbolic cosine approximation.

DOI: 10.1103/PhysRevSTAB.16.074001 PACS numbers: 29.27.Hj, 29.40.Mc, 41.75.Ht

I. INTRODUCTION

This paper presents measurements of the momentum
compaction factor using resonant spin depolarization, to
calibrate the model of horizontal defocusing rectangular
gradient bending magnets. We present experimental results
in the storage rings of light sources SPEAR3 [1] and the
Australian Synchrotron (AS) [2], which are modern light
sources of intermediate energy with rectangular defocusing
gradient dipoles in the double-bend achromat lattices [3].
In literature, there are very few measurements of the mo-
mentum compaction factor with rectangular gradient
bending magnets. The momentum compaction factor was
measured at ALS, with only a small departure from the
model [4], however no details of the lattice model used in
that study are available. At the time of that measurement,
the bending magnets of the ALS lattice were all rectangular
defocusing gradient magnets.

Electron beam energy measurements using resonant
spin depolarization have been performed at storage rings
for calibrating many aspects of the machine [4–8], most
notably the absolute beam energy, beam energy stability,

and momentum compaction factor. The technique is used
because it is the highest precision energy measurement
presently available, and the typical measurement accuracy
is of order 10�5–10�6. This is one of very few methods for
measurement of the momentum compaction factor, which
can be calculated from measurements of the synchrotron
frequency [9]. Pioneering work on polarization was per-
formed on eþ–e� collider rings such as ACO [10,11],
VEPP-2M [12,13], SPEAR [14], and LEP [15]. Our
method of polarizing and depolarizing the beam follows
the technique used at BESSY I [5], BESSY II [6], ALS [4],
SLS [7], and ANKA [8]. Independent recent measurements
at Diamond [16] and SOLEIL [17,18] achieve the same
high precision. However, of the above storage rings, the
ALS alone employs rectangular gradient bending magnets.
Many existing [1,19–22], upgrading [23] and planned

rings [24–28] incorporate defocusing gradients into the
main bending magnets, as part of a strategy to reduce the
horizontal equilibrium emittance. The trajectory through
rectangular gradient magnets does not follow a circular arc
as in the case of pure dipole magnets, and the modeling of
gradient bending magnets is challenging. In this work, the
electron trajectory through the gradient dipoles is modeled
using trajectories that are circular, linear hyperbolic cosine,
nonlinear hyperbolic cosine, or numerical integration of
the measured magnetic field [21].

II. POLARIZATION THEORY

A familiar description of storage ring accelerators is that
particles are deflected according to their electrical charge,
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mass, and energy using electric and magnetic fields. These
fields are arranged such that beams perform stable, oscil-
latory motion over many thousands of turns, which can be
measured to great precision as a frequency spectrum.
Measurement and control of resonances at the revolution
and rf frequencies, betatron and synchrotron tunes, informs
the global properties of the linear lattice [29]. Here, we
exploit another property of the electron—its spin—to in-
form and calibrate our model of the dipole lattice of storage
rings.

A thorough review of theory and experiments with
polarized beams of protons, electrons, and muons was
undertaken by Mane [30]. We will revisit the main theories
of radiative polarization of electron beams, adiabatic reso-
nant spin depolarization, and Møller scattering cross-
section polarimetry in the following sections.

A. Radiative polarization

A beam of electrons in a storage ring with an initial
random distribution of spin orientations (unpolarized)
develops polarization over time, by the Sokolov-Ternov
effect [31]. Under the action of emission of spin-flip pho-
tons, the population of beam electron spins aligns parallel
or antiparallel with the main guide field of the bending
magnets. The population of spin-up and spin-down parti-
cles is biased by the asymmetry of transition probabilities
of spin-flip radiation [31], and the polarization PðtÞ of the
beam develops by [30]

PðtÞ � P0ð1� e�t=�STÞ; (1)

where time is denoted by t. The polarization PðtÞ
approaches an equilibrium [6]

P0 ¼ 8

5
ffiffiffi
3

p
H
B3
?dsH jB3
?jds

: (2)

Magnetic fields are considered in the directions perpen-
dicular (B?) and parallel (Bk) to the curvilinear trajectory

of the beam, s. In a storage ring, both vertical and radial
magnetic fields are denoted here by B?. To accommodate
reverse bends and wiggler insertion devices, we integrate
both B? and its absolute value jB?j around the trajectory s.
By inspection, P0 approaches a maximum for a storage
ring without reverse bends or wiggler insertion devices,
and for a beam of electron species with gyromagnetic
factor ge � 2, the theoretical maximum of polarization is
P0 ¼ 0:9238 in an isomagnetic, planar ring [31]. The
characteristic Sokolov-Ternov polarization time �ST is
given by [31]

��1
ST ¼ 1

4��0

5
ffiffiffi
3

p
8

@�5re
me

1

�3
; (3)

where � is the local bending radius, me, re the classical
electron mass and radius, �0 the permittivity of free space,
@ the reduced Planck’s constant, and � is the Lorentz factor

of this relativistic electron beam. If the bending radius �ðsÞ
varies around the ring circumference, rather than use the
average value � we make the substitution of the third
synchrotron radiation integral [30,32],

1

�3 ! I3 ¼ 1

2�R

I 1

j�ðsÞj3 ds; (4)

where R denotes the mean ring radius.

B. Resonant spin depolarization

Spin transport is described by the Thomas–Bargmann-
Michel-Telegdi equation [33]. The electron spin pre-
cesses about the polarization axis at the spin precession
frequency [15]

~�BMT ¼ � qe
�me

�
ð1þ ae�ÞB? þ ð1þ aeÞBk

�
�
ae�þ �

1þ �

� ~�� ~E

c

�
; (5)

where qe is the electric charge and ae ¼ ðge � 2Þ=2
the anomalous magnetic moment of the electron, and c
the speed of light in vacuum. As defined for Eq. (2), the

direction of electric fields ~E are considered with respect to

the relativistic velocity of the electron ~� ¼ ~v=c. Normally
the storage rings of light sources do not include any sig-
nificant solenoid magnetic fields nor transverse electric

fields, that is Bk ¼ 0, ~�� ~E ¼ 0. Hence, we can make

the simplifying assumption that the electron spin precesses
about a polarization axis which is antiparallel to B? (for
bending magnets of a ring, a vertical magnetic field), at a
frequency given by Eq. (5) which can be simplified to the
spin tune �spin [15]:

�spin ¼ ae� �
�
ge � 2

2

�
E

mec
2
; (6)

where E is the beam energy. If the beam is excited by a
radial magnetic field fkick resonant at any harmonic to the
spin tune, the polarization axis of the beam can be coher-
ently rotated away from its equilibrium vertical orienta-
tion. The beam is hence resonantly depolarized at the
frequency fkick ¼ fdep.

C. Current fundamental and experimental
uncertainties

The gyromagnetic factor ge for electrons has been mea-
sured to precision within the 12th significant figure [34].
We use the NIST CODATA values [35] for ae¼
0:00115965218076ð27Þ and me¼0:510998928ð11ÞMeV.
As a point of interest, with a relative uncertainty of
�ae=ae ¼ 2:3� 10�10, �me=me ¼ 2:2� 10�8, the un-
certainty in the electron mass has improved by almost an
order of magnitude since 1994 [15], and hence the theo-
retical fundamental limit of uncertainty in the resonant
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depolarization technique is reduced to approximately
�E=E ¼ 2:2� 10�8. In practice, this limit remains orders
of magnitude lower than other experimental uncertainties,
as detailed for these experiments in Table I.

As outlined in Table I, the rf frequency frf is calibrated
to high precision and the excitation frequency fkick can be
calibrated against a reference clock. Hence from Eq. (6),
measurement of the spin tune �spin gives a direct measure-

ment of the beam energy, with experimental uncertainty
dominated by uncertainty in fitting the depolarizing
frequency fdep.

D. Depolarizing effects

The effective polarization time �eff is given by [17,36]

1

�eff
¼ 1

�ST
þ 1

�dep
; (7)

where �ST represents the Sokolov-Ternov polarization time
[Eq. (3)], and �dep a depolarization time governed by radial

magnetic field errors [17]. Storage rings of several GeV
achieve Sokolov-Ternov polarization times on the order of
15–20 minutes, with depolarization times exceeding sev-
eral hours [37]. Because the depolarization effects have a
much longer characteristic time, the effective polarization
time is dominated by the Sokolov-Ternov polarization
time.

A strong depolarizing resonance to be avoided is the
choice of stored beam energy corresponding to integer spin
tune [Eq. (6)] [11]. Also depolarizing is the overlap of the
spin tune with betatron or synchrotron tunes. The vertical
betatron tune has been usefully employed for resonant
spin depolarization [14]. In that experiment, the vertical
betatron tune was swept as the depolarizer. The width of
the vertical betatron tune resonance limited the uncertainty
in the beam energy measurement to approximately
�E=E ¼ 10�4. In this experiment at the AS and
SPEAR3, a feedback kicker is excited with a sinusoidal
oscillation, because it can have a narrower frequency
spread than the betatron tune.

E. Møller scattering polarimetry

Møller scattering is electron-electron scattering and
occurs within a bunch in the storage ring. The polarimetry
observable is the Møller scattering cross section of

Touschek scattered electrons [38–40]: the intrabunch cross
section resulting from betatron oscillations. The particle
loss rate dN=dt is described in terms of the polarization
PðtÞ by [12,30,37]

dN

dt
¼ � NðtÞ2cffiffiffi

2
p

�2�x�x0�y�y0�z

½f1 þ f2PðtÞ2�; (8)

where the number of electrons per bunch is NðtÞ. For a
stored beam of current IðtÞ with equal current in several
bunches, the bunch population NðtÞ / IðtÞ. The horizontal,
vertical, and longitudinal beam dimensions are denoted by
�x, �y, �z, and divergences denoted �x0 , �y0 in the hori-

zontal and vertical directions, respectively. The functions
f1 and f2 can be treated for a given measurement as
constants. Importantly, because NðtÞ / IðtÞ, an instanta-
neous normalized loss rate Rnorm can be defined as

Rnorm ¼ 1

IðtÞ2
dN

dt
/ f1 þ f2PðtÞ2: (9)

The normalized loss rate is the figure of merit used to
evaluate changes in the level of beam polarization.

III. DEPOLARIZATION EXPERIMENTS

A. Lattice and beam parameters

Depolarization experiments were conducted at both
the AS and SPEAR3 storage rings [41,42]. The pertinent
design parameters of the two rings are summarized in
Table II.
Using Eq. (6), the spin tune of a 3 GeV electron beam

was calculated as �spin ¼ 6:8081, as presented in Table II.

As outlined in Sec. II D, betatron tunes are depolarizing if
overlapping with the spin tune. For the initial measurement
of both rings, quadrupole strengths were changed to reduce
the fractional vertical tune to approximately 0.1.

B. Polarization time

For both the AS and SPEAR3 storage rings, an unpolar-
ized beam of electrons was injected into the storage ring,
which was observed to polarize over time. The measured

TABLE I. Relative experimental uncertainties for AS and
SPEAR3 experiments.

Parameter Relative uncertainty

ae 2:3� 10�10

me 2:2� 10�8

frf 1� 10�10

fkick 1� 10�7

fdep 1� 10�6

TABLE II. Storage ring design parameters.

Parameter AS SPEAR3

Beam energy E 3.00 3.00 GeV

Lattice periodicity � � � 14 18 � � �
Lorentz factor � 5871 5871 � � �
Spin tune �spin 6.8081 6.8081 � � �
Betatron tunes �x 13.290 14.130 � � �

�y 5.216 6.194 � � �
Bending radius � 7.69 7.86 m

Circumference C 216.000 234.144 m

rf frequency frf 499.671 476.300 MHz

Polarization time �ST 807 1003 s
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normalized loss rate Rnorm was fitted by Eqs. (1) and (9) to
determine the polarization time. This is shown for the AS
in Fig. 1, and for SPEAR3 in Fig. 2.

Using Eq. (3) and design parameters in Table II the
Sokolov-Ternov polarization time was calculated. The
measured �eff and theoretical �ST are compared in
Table III.

Importantly, for both rings a change in Rnorm is observed,
which can be sensibly attributed to a change in polarization
PðtÞ by the Sokolov-Ternov effect. Hence, with this appa-
ratus we will be able to observe the depolarization of the
beam at the spin tune. Additional detail about the detector
apparatus is given in Appendix A.

C. Spin tune and beam energy measurement

With the stored electron beam polarized, a time-varying
radial magnetic field was applied to the beam through a fast

kicker magnet and the oscillating frequency was scanned
close to the predicted spin tune. Additional detail concern-
ing the depolarizing kicker is given in Appendix B. As the
magnetic field frequency crosses the spin tune the normal-
ized loss rate increases indicating the beam is depolarized.
Figure 3 shows a depolarizing event at AS where the
change in the rate is clearly observable over and above
the fluctuations due to counting statistics.
The uncertainty in the central frequency of the spin tune

is not the same as the width of the spin tune resonance. The
width of the spin tune resonance �f=fdep � 5� 10�6 was

observed to be much larger than the uncertainty in the
central frequency of the spin tune resonance �fdep=fdep �
2� 10�6. In addition, the width of the spin tune resonance
is much narrower than the energy spread of the beam,
which for this lattice is �E=E � 1� 10�3 [2].
The beam energy for AS and SPEAR3 were extracted

from spin tune frequency measurements, and the results are
presented in Table IV. The high precision which was
achieved with this energy measurement technique is ex-
ploited to measure the momentum compaction factor of the
storage rings.

D. Momentum compaction factor

The momentum compaction factor is the change in
circumference with change in energy [29,43]. For a set of
rf frequencies, the beam energy was measured using the
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FIG. 1. Measurement of polarization time (AS). Fit to
normalized count rate gives �eff ¼ 806� 21 s.
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1.9
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2.1

2.15

2.2

FIG. 2. Measurement of polarization time (SPEAR3). Fit to
normalized count rate gives �eff ¼ 840� 12 s.

TABLE III. Polarization time in AS and SPEAR3.

Machine Measured �eff (s) �ST (s)

AS 806� 21 807

SPEAR3 840� 17 1003

17.818 17.819 17.82 17.821 17.822
1.02

1.03

1.04

1.05

1.06

1.07

1.08

1.09

FIG. 3. Resonant spin depolarization (AS). A central fre-
quency of fdep ¼ 17819790� 30 Hz is fitted with a width of

�f ¼ 110� 40 Hz. An error function is fitted, allowing for the

subsequent repolarization of the beam.
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resonant spin depolarization technique. The rf frequency
provides an accurate constraint on the circumference of the
closed orbit, and resonant spin depolarization an accurate
measurement of stored beam energy. In order to keep the
beam energy stable, rf frequency feedback and fast-orbit
feedback were turned off. The rf frequency was varied by
small changes of 500 and 1000 Hz from the nominal
frequency given in Table II, resulting in small changes to
the stored beam energy. The corresponding change in beam
energy was measured, as illustrated in Fig. 4 for AS. A
similar measurement was implemented for SPEAR3. The
measured momentum compaction factors of each ring are
summarized in Table V. These values are later compared
with calculated momentum compaction factor for the dif-
ferent models of the gradient dipoles in the rings as de-
scribed in Sec. IV F.

IV. GRADIENT BENDING MAGNET MODELING

As demonstrated in Sec. III D, we can exploit resonant
depolarization to measure the momentum compaction fac-
tor of a storage ring. The momentum compaction factor 	c

of a lattice can be calculated by integrating around the
curvilinear trajectory s as [44]

	c ¼ 1

C

I C

0


xðsÞ
�ðsÞ ds; (10)

where C is the circumference, 
xðsÞ the horizontal disper-
sion, and �ðsÞ the local bending radius. In previous work,
several analytical models as well as a numerical model

were used to describe the trajectory of an electron beam
through a rectangular gradient bending magnet [21], as
used in the present experiments. Without a rigorous deri-
vation, we quote the results of trajectories described by
circular, analytical linear, analytical nonlinear, and numeri-
cal models. The model lattice optical functions and
momentum compaction factor are analyzed and compared
to measured values.

A. Coordinates and parameters

In this section of the paper, the coordinates of the beam
trajectory will be given with reference to the straight,
rectangular gradient bending magnet as illustrated in
Fig. 5 for the AS storage ring.
This Cartesian coordinate system is right handed in

ðx; y; zÞ, with x pointing radially outward from the storage
ring center, y vertically upwards, and z parallel to the
center line of the gradient magnet. The trajectory through
a gradient bending magnet can be modeled as a beam
traveling off center through a large quadrupole. We adopt
a coordinate system [21], and define ðx; y; zÞ ¼ ð0; 0; zÞ as
the straight line along the center of this quadrupole, with
z ¼ 0 at the longitudinal center of the quadrupole as shown
in Fig. 5. The bending magnet will be considered to be
centered at ðx; y; zÞ ¼ ð�xQ; 0; 0Þ, where xQ ¼ B0=B1 and

Bnðx; 0; zÞ ¼ @nBðx; zÞ
@xn

; (11)

and n is the order of the transverse derivative of the
magnetic field. This is further illustrated in Fig. 6.
The numerically evaluated trajectory will be evaluated

in terms of a magnetic field map measured in the ðx; 0; zÞ
plane, but components of the numerically integrated mag-
netic field will subsequently be specified in a curvilinear
coordinate system ðu; v; sÞ. The curvilinear system is right
handed with s tangential to the trajectory of the beam, u
perpendicular and radially outwards, and v perpendicular
and vertically upwards. The curvilinear system is selected
for the numerical trajectory because it is easy to implement
curvilinear magnetic elements in existing accelerator
tracking codes.
Parameters of the bending magnet are summarized in

Table VI.

B. Circular arc trajectory

We make the simplifying assumption that the trajectory
is approximated by a circular arc, as a base against which

−3 −2 −1 0 1 2 3
−1

−0.5

0

0.5

1

FIG. 4. Momentum compaction factor measurement (AS).

TABLE V. Momentum compaction factor measured using
resonant spin depolarization.

Machine 	c

AS 0:00211� 0:00005
SPEAR3 0:00164� 0:00001

TABLE IV. Measured spin tune and beam energy.

Machine fdep (Hz) �spin ¼ ae� E (eV)

AS 17819790� 30 6:83859� 0:00002 3013416� 9
SPEAR3 253620� 20 6:80192� 0:00002 2997251� 7
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to make comparisons. Ignoring the horizontal defocusing
gradient, we approximate the pole profile as a pure dipole.

For the beam rigidity B�, bending angle �, and effective
length Leff given in Table VI, the mean dipole field and
bending radius are presented in Table VII. Unless other-
wise specified only the vertical component of the magnetic
field on the midplane will be used in the following analysis
and discussion, i.e., Bðx; zÞ ¼ Byðx; 0; zÞ.

In the coordinate system given, the circular trajectory
xcircðzÞ within the magnet is expressed by

xcircðzÞ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ðz=�Þ2

q
� xQ: (12)

Outside the effective length of the dipole Leff , the trajec-
tory is straight.

C. Linear hyperbolic cosine trajectory

The field profile of a gradient bending magnet can be
considered to be the field of a quadrupole of very large bore,
laterally offset from the center line of the bending magnet.
This quadrupole is considered to have a strength, k, which is
defined in terms of the defocusing gradient B1 and beam
rigidity (B�) by k ¼ B1=ðB�Þ. The equation of motion of
the beam through this quadrupole is given by [21]

x00ðzÞ ¼ Bðx; zÞ
B�

½1þ x0ðzÞ2�3=2; (13)

where the prime denotes the derivative along z. A
linear solution to Eq. (13) can be obtained by making the

approximation x0ðzÞ ¼ 0. We quote the trajectory evaluated
using this linear approximation, and direct the interested
reader to its derivation [21]. The beam trajectory xLðzÞ from
magnet center to exit (and symmetrically, entrance) is
expressed by

xLðzÞ ¼ xLð0Þ coshð
ffiffiffi
k

p
zÞ; (14)

xLð0Þ ¼ tanð�=2Þffiffiffi
k

p
sinhð ffiffiffi

k
p

Leff=2Þ
: (15)

The deflection of the beam is chosen to be symmetric
longitudinally about the magnet center z ¼ 0 so that the
magnet deflects the beam through a bending angle �=2
within the length Leff=2, with maximum orbit amplitude at
the magnet center.

D. Nonlinear hyperbolic cosine trajectory

A nonlinear analytic solution describing the horizontal
trajectory of the electron through the bending magnet can
be obtained on substitution of the linear solution given by
Eq. (14) into the equation of motion, Eq. (13). This non-
linear analytic solution is given by [21]

FIG. 6. Description of gradient bending magnet field by the
field of a single quadrupole of radius rQ, laterally offset from the

nominal center line of the bending magnet by a distance xQ [21].

TABLE VI. Storage ring bending magnet parameters.

Parameter Symbol AS SPEAR3 units

Beam rigidity B� 10 10 Tm

Bending angle � 2�=28 2�=34 rad

Defocusing gradient @B=@x 3.35 3.63 Tm�1

Iron length Liron 1.700 1.450 m

Effective length Leff 1.726 1.505 m

FIG. 5. Half sector of the AS storage ring [2]. The rectangular gradient bending magnet is shown in yellow, quadrupoles in red, and
sextupoles in green.

TABLE VII. Circular radius approximation.

Parameter Symbol AS SPEAR3

Effective field B0 1.300 1.228 T

Bending radius � 7.692 8.144 m
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xNLðzÞ ¼ xNLð0Þ � 1ffiffiffi
k

p
�
sin�1

�
coshð ffiffiffi

k
p

zÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 1=½kxNLð0Þ2�

p
�

� sin�1

�
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 1=½kxNLð0Þ2�
p

��
; (16)

where

xNLð0Þ ¼ tanð�=2Þffiffiffi
k

p
sinhð ffiffiffi

k
p

Leff=2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ tan2ð�=2Þp : (17)

E. Numerically integrated trajectory using
measured magnetic field data

A model of the AS bending magnet can be created by
using a group of sector dipole elements with higher order
multipole field components (quadrupole, sextupole, and
octupole). This method has also been implemented for
modeling the SPEAR3 ring [45], and has the benefit of
ensuring that particle tracking is symplectic.

The magnetic field map of the defocusing gradient bend-
ing magnet was measured by a three-axis Hall probe on the
horizontal midplane to give Bx;y;zðx; 0; zÞ. The vertical

component of the magnetic field Byðx; 0; zÞ is presented

in Fig. 7. Superimposed on the map is the trajectory of a
3 GeV electron passing through the magnet as calculated
using the numerical integration method.

The vertical magnetic fields experienced by the electron
while traversing the gradient magnet can be approximated
by calculating the coefficients of the Taylor expansion of
the local magnetic field relative to the trajectory. As out-
lined in Sec. IVA, this curvilinear system is selected for the
numerical trajectory because it is easy to implement a
sequence of curvilinear magnetic elements in existing
accelerator tracking codes.

The first step in the calculation is a coordinate trans-
formation from the Cartesian ðx; y; zÞ coordinates to a
curvilinear coordinate system ðu; y; sÞ, where s is tangen-
tial and u perpendicular to the reference trajectory.
Therefore, all field components are evaluated as

Bnðu; sÞ ¼ @nBðu; sÞ
@un

: (18)

The n ¼ 0; 1; 2; 3 order coefficients are correspondingly
referred to as the dipole, quadrupole, sextupole, and
octupole components of the magnetic field. The field
components for the AS bending magnet are shown in
Fig. 8.
The horizontal trajectory of the particle through the

measured magnetic field (blue curve in Fig. 7) is calculated
by numerically solving Eq. (13) with a fourth order Runge-
Kutta integrator (with no variable step size). The trajectory
is constrained to longitudinal symmetry, i.e. xð�Leff=2Þ ¼
xðLeff=2Þ, x0ð�Leff=2Þ ¼ x0ðLeff=2Þ, and a deflection ofR
B0ðsÞds ¼ ðB�Þ�.
The numerical trajectory is modeled with field compo-

nents given by Eq. (18). The bending magnet model is
constructed by performing piecewise integration of the
field map along the trajectory s at points si. For the ith
slice, the integrated multipole component is given by

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
−0.45
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−0.8
−0.6
−0.4
−0.2

FIG. 7. Vertical component of magnetic field of AS horizontally defocusing gradient bending magnet, measured with a Hall probe.
The x-z axes corresponds to the coordinate system of Fig. 5. The numerically evaluated trajectory is represented by a solid blue line.
The color scale shows the vertical component of the magnetic field Byðx; 0; zÞ in units of Tesla.
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FIG. 8. Field components Bnðu; sÞ, along the curvilinear tra-
jectory plotted in Fig. 7. (a) Dipole component. (b) Quadrupole
component. The peaks at the ends of the bending magnet are due
to edge focusing. (c) Sextupole component. (d) Octupole
component.
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mi
n ¼ 1

siþ1 � si

Z siþ1

si

@nBð0; sÞ
@un

@s; (19)

evaluated about the center of the trajectory u ¼ 0. This
sequence of sector elements describing the bending magnet
model can readily be incorporated in an accelerator lattice
model. Because the edge effects are encapsulated by the
modeling approach, the individual segments are modeled
with higher order multipole components mi

n.

F. Evaluation of modeling approaches

In the preceding subsections, different analytical ap-
proaches were presented for the modeling of a straight,
rectangular gradient bending magnet. We propose to com-
pare the measured and modeled momentum compaction
factor as an evaluation of these models. As defined in
Eq. (10), the momentum compaction factor depends upon

both the bending radius �ðsÞ and the horizontal dispersion

xðsÞ. In this section, we will determine and evaluate both
of these.
The trajectories of each of the four models are plotted

in Fig. 9. As illustrated in Figs. 9(b) and 9(c), we compare
the four trajectories relative to the initial position
xðz ¼ �1:234Þ. The circular trajectory approximation
gives the greatest deviation from the numerically evaluated
trajectory.
It is easier to see the local changes of the trajectory by

inspecting the local bending radius of these four modeling
approaches. The bending field B0ðzÞ of the gradient bend-
ing magnet is described by a virtual quadrupole of trans-
verse quadrupole gradient B1, and hence the dipole field
varies in the longitudinal coordinate z by B0ðzÞ ¼ B1xðzÞ.
As a result, the local bending radius �ðzÞ is given by

�ðzÞ ¼ p=ðqeB0Þ ¼ p=½qeB1xðzÞ�; (20)

where p is the momentum of the beam electron. The local
bending radii of each of the four models are plotted in
Fig. 10. There is longitudinal variation in the bending radius
�ðzÞ, with the highest bending fields corresponding to lower
bending radii at large z, as highlighted in Fig. 10(b). This
results in a trajectory with greatest bending near the ex-
trema of the bendingmagnet, and less bending in the center.
We can also compare the lattice parameters [29,43] with

bending magnets modeled by the linear hyperbolic and
−1 −0.5 0 0.5 1
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FIG. 9. (a) Electron beam trajectories in coordinates ðx; zÞ for
each of the four models described in Sec. IV, with equal entrance
and exit angles. (b) Translation in x of trajectories in (a) by
xðzÞ � xð�1:234Þ, to give equal entrance and exit positions and
angles for each model. (c) Magnification of trajectories in (b).
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FIG. 10. Bending radius � as a function of the longitudinal
coordinate z, for each of the four models described in Sec. IV.
(a) Bending radius �ðzÞ with longitudinal position z, highlighting
the longitudinal extent of the fringe field in the numerical model.
(b) Magnification of (a), highlighting variation of bending radius
within the iron length of the magnet.
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numerical trajectories. The storage ring is simulated using
the ACCELERATOR TOOLBOX (AT) code [46] for each of the
analytical linear model given by Eq. (14), and numerically
evaluated bending magnet fields given by Eq. (19). The
equation for the path length of the trajectory using these
models is given explicitly in Ref. [21]. Linear and numeri-
cal models of the trajectory are specifically compared, as
the linear method is commonly implemented in accelerator
tracking codes, and elements commonly included in accel-
erator tracking codes can be used to yield the numerically
evaluated trajectory. For each model, the three families of
storage ring quadrupoles are matched to give the same
betatron tunes and horizontal dispersion in the straights.
Figure 11 shows the difference between the betatron and
dispersion functions for the AS lattice.

We observe in Fig. 11(b) that the solution of quadrupole
strengths for matched tunes and dispersion in the center of
the straights yields a significant difference in the dispersion
and betatron functions. As an input to the momentum
compaction factor, we focus on the change in the differ-
ence between the dispersion functions, which at the beam
position monitor (BPM) in the center of the arc is a peak
difference of 
xNUM � 
xL ¼ 4:8 mm. The measured

dispersion function 
xMEAS is compared to numerical and
linear models in Fig. 12.
For the horizontal dispersion shown in Fig. 12, the

mean and standard deviation of the difference between
the measured and model dispersion of the BPMs in the
center of the arcs is for the linear model 
xMEAS � 
xL ¼
5:8� 1:4 mm, and for the numerical model 
xMEAS �

xNUM ¼ �0:6� 1:4 mm. Hence, the measured disper-
sion function agrees with the numerical model to within
the limits of this lattice calibration. The difference between
the measured dispersion and linear model is attributable to
the difference between the linear and numerical models.
As presented in Sec. III D, to evaluate which is a more

accurate model of the bending magnet, we have measured
the momentum compaction factor to high precision using
resonant spin depolarization. Measured and modeled val-
ues of the momentum compaction factors of both lattices
are compared in Table VIII.
Within the uncertainty of the measurement the momen-

tum compaction factor is shown to agree with the numeri-
cal model of the trajectory within the bending magnet, and
disagree with the linear hyperbolic cosine approximation.
The accuracy of the numerical model comes from using the
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FIG. 11. (a) Lattice functions evaluated using numerical model
for trajectory, fitting quadrupoles for the 0.1 m dispersion lattice
of the AS [2]. (b) Difference between lattice functions of
numerical and linear hyperbolic cosine trajectory.
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FIG. 12. (a) Measured and model dispersion functions for the
AS. (b) Difference between measured dispersion, and dispersion
evaluated using linear hyperbolic and numerical trajectory.
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correct distribution of the dipole field component as illus-
trated in Figs. 8 and 10, subsequently giving a better model
for the horizontal dispersion as illustrated in Fig. 12.

V. DISCUSSION

Resonant spin depolarization has been usefully em-
ployed previously at rings to confirm effects principally
related to beam energy stability. In the present work, we
benefit from the precision of the technique in the calibra-
tion of lattice models of gradient dipole magnets. We have
compared the momentum compaction factor for analytic
linear and numerically evaluated models, and measure-
ments of storage ring lattices incorporating rectangular
gradient bending magnets.

As a modeling technique, the numerical evaluation of
trajectory could find potential application with various
proposed accelerators. The design of present and future
third-generation storage ring light sources already consider
this approach [22,47]. Ultimate storage ring light sources
[24–28] plan to employ gradient dipole magnets as part of
a strategy to reduce the equilibrium horizontal emittance.

Fixed-field, alternating gradient accelerators are enjoy-
ing a recent resurgence in interest [48]. In particular, scal-
ing lattices employing gradient dipoles [49,50] could find
benefits to trajectory and focusing from numerical model-
ing, as well as nonscaling lattices with real quadrupoles at
large transverse offsets [51]. Also, with beams of antipro-
ton species, this modeling approach could prove useful to
the Recycler ring at Fermilab [52]. For proton accelerators,
this numerical evaluation of trajectory has been demon-
strated to natively account for modeling of magnet fringe
fields [53].

CONCLUSION

The beam energy was measured for two electron storage
rings AS and SPEAR 3 with defocusing gradient bending
magnets. Resonant spin depolarization was employed,
achieving an uncertainty of order 10�6 in the beam energy.
To measure the momentum compaction factor, the rf fre-
quency provided an accurate constraint on the circumference
of the closed orbit, and resonant spin depolarization an accu-
rate measurement of stored beam energy. Measurements and
models of the momentum compaction factor were compared
to evaluate analytical and numerical models of the beam
trajectory through a defocusing gradient dipole magnet.

Armed with precision measurements, we made a critical
evaluation of the suitability of different modeling ap-

proaches of the electron beam trajectory. The trajectory
through the gradient dipoles is modeled using circular,
linear hyperbolic cosine, nonlinear hyperbolic cosine
approximations, and numerical integration of the measured
magnetic field. Within the uncertainty of the measurement
the momentum compaction factor is shown to agree with
the numerical model of the trajectory within the bending
magnet, and disagree with the hyperbolic cosine approxi-
mation. Linear and numerical models of the trajectory are
specifically compared, as the linear method is commonly
implemented in accelerator tracking codes, and elements
commonly included in accelerator tracking codes can be
used to yield the numerically evaluated trajectory.
This is an extended article of measurements presented at

recent International Particle Accelerator Conferences
[41,42].
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APPENDIX A: DETECTOR CHOICE

The change in beam polarization is observed in the
normalized loss rate Rnorm, given by Eq. (9). Two main
approaches are considered in literature: evaluation of
the Touschek lifetime from the storage ring DC current
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FIG. 13. Resonant depolarization measured for SPEAR3 using
NaI scintillator and DCCT, increasing the excitation frequency
in time. The lifetime is calculated from 30 samples of the DCCT.

TABLE VIII. Momentum compaction factor.

AS SPEAR3

Linear hyperbolic cosine 0.00205 0.00162

Numerical 0.00211 0.00165

Measured 0:00211� 0:00005 0:00164� 0:00001
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transformer (DCCT), and detection of the electromagnetic
shower from Touschek scattered beam particles striking the
vacuum chamber when lost [5,54]. Figure 13 presents
measurements of a depolarization using each of these
techniques.

Figure 13 shows that both approaches could work in the
identification of a depolarization. The measured NaI loss
monitor count rate responds to the resonant depolarization
within 1 s, while calculation of the lifetime with small
uncertainty requires approximately 30 s of measurements
of the stored beam current and the drop in lifetime is
observed approximately 30 s after the depolarization.
The beam lifetime is calculated from the time derivative
of the stored beam current, while the loss monitor mea-
sures the absolute loss rate, which is the derivative of the
beam current with respect to time.

For the technique of resonant spin depolarization it is
best to have a beam lifetime dominated by Touschek
scattering. One of the simplest ways to control this is to
alter the fill pattern in the storage ring to maximize the
single bunch current.

The beam loss monitor was a 75 mm diameter NaI
scintillator and photomultiplier tube at AS, and 50 mm
diameter at SPEAR3. For both experiments, the scintillator
was installed in the orbit plane of the ring, on the inner side
of the vacuum chamber. At SPEAR3, the detector was
installed adjacent to the scraper defining the minimum
energy aperture of the SPEAR3 storage ring, to maximize
the count rate. This is immediately downstream of the
central focusing quadrupole, which is the point of maxi-
mum horizontal dispersion in one of the double-bend
achromat arc cells. At AS, the detector was installed at
the upstream end of an insertion straight, where the hori-
zontal dispersion is 0.1 m.

In summary, the change in polarization needs to be quite
large to observe the depolarization using the beam lifetime.
From a beam physics perspective, large changes of polar-
ization are not necessary to measure the beam energy: one
is interested in the precession frequency at which depolar-
ization occurs. The time delay of 20–30 s observed in the
beam lifetime measurement compromises this precision
measurement of depolarization frequency.

APPENDIX B: DEPOLARIZATION KICKER

Resonant depolarization of the beam is achieved with a
magnetic field which is radial in orientation (perpendicular
to both the beam trajectory and main bending field), and
oscillating sinusoidally in time. Presented in Fig. 14 is the
measured loss rate while scanning the excitation frequency.
Exciting the beam at a betatron resonance results in a
decreased loss rate (increased lifetime) since the bunch
vertical size increases, hence the scattering rate decreases.
Crossing a spin resonance the count rate increases since the
Møller scattering cross section increases when the polar-
ization is reduced.

For both rings, the excitation frequency was swept at a
rate of 10 Hz s�1. Depolarization is a resonant effect—it is
particularly important to scan slowly [6].
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Rossmanith, in Proceedings of the European Particle
Accelerator Conference 2004 (JACoW, Lucerne,
Switzerland, 2004), p. THPKF022.

17.76 17.78 17.8 17.82

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1.1

FIG. 14. Measured normalized loss rate resulting from excita-
tion of the beam with a horizontal magnetic field, oscillating
sinusoidally in time at the excitation frequency, using the AS
storage ring. Large drops in counts correspond to exciting the
beam at synchrotron sidebands of the vertical betatron tune. The
spin tune was measured as a step increase in normalized loss rate
at 17.82 MHz. The vertical axis Rnorm is normalized according to
Eq. (9): the value Rnorm ¼ 1 has no special significance.

STORAGE RING LATTICE CALIBRATION USING . . . Phys. Rev. ST Accel. Beams 16, 074001 (2013)

074001-11



[9] M. Attal, P. Brunelle, A. Loulergue, A. Nadji, L. Nadolski,
and M.-A. Tordeux, Phys. Rev. ST Accel. Beams 16,
054001 (2013).
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Using a vertical undulator, picometer vertical electron beam emittances have been observed at the

Australian Synchrotron storage ring. An APPLE-II type undulator was phased to produce a horizontal

magnetic field, which creates a synchrotron radiation field that is very sensitive to the vertical electron

beam emittance. The measured ratios of undulator spectral peak heights are evaluated by fitting to

simulations of the apparatus. With this apparatus immediately available at most existing electron and

positron storage rings, we find this to be an appropriate and novel vertical emittance diagnostic.

DOI: 10.1103/PhysRevLett.109.194801 PACS numbers: 29.27.�a, 41.60.�m, 41.75.Ht, 41.85.Lc

In recent years, storage ring light sources and damping
rings have produced electron and positron beams of
diminishing vertical size [1–3]. Beams of unprecedented
small size are demanded particularly for electron-positron
colliders at both the energy [4] and intensity frontiers [5].
With vertical dimensions of several �m, direct measure-
ment of beam size is approaching diffraction limits of
visible light and hard x-ray diagnostics [6]. We report on
the development of a new vertical electron beam size
measurement technique which utilizes a vertical undulator.
Vertical undulators are rare [7]—typically beams are
deflected in the horizontal plane. In this work, an ellipti-
cally polarized undulator was phased as a vertical undu-
lator. We present direct observation of �m vertical beam
sizes corresponding to picometer radian (pm rad) vertical
beam emittances, and remark that this technique is imme-
diately achievable using existing photon beam lines of
electron storage ring light sources.

The spectral and angular profile of undulator radiation is
especially sensitive to the transverse emittance [8], defined
as an envelope in position-angle phase space of the elec-
tron beam ensemble. Projections of the angular profile of
undulator harmonics can be used to characterize the beam
emittance. This has been demonstrated using a soft x-ray
undulator producing a vertical field [9], referred to as a
horizontal undulator because the beam is deflected in that
transverse direction.

Previous analytical descriptions and modeling of undu-
lator brilliance focused on determination of the absolute
photon beam brilliance [8], and identified the brilliance of
even harmonics as especially sensitive to the transverse
emittance [10], using a horizontal undulator. The absolute
photon beam brilliance is a difficult quantity to measure. A
novel technique has been previously proposed, measuring
the ratio of intensities of the first and second undulator
harmonics and comparing with simulations of photon
brilliance [11,12]. We present measurements of the stored

electron beam size by expanding this idea and taking the
ratios of many adjacent pairs of odd and even harmonics.
This technique shares similarities with another projec-

tion measurement of vertical emittance [1,13] but differs
by passing, as opposed to masking, the on-axis null radia-
tion field. Illustrated in Fig. 1 are simulated transverse
profiles of the intensity of undulator radiation. Instead of
trying to measure the absolute photon flux of the on-axis
null field of the even harmonics, Fn�1, we calibrate this
low flux against the high-flux peaks of the odd harmonics
passing the same aperture, Fn. The ratio of fluxes of

FIG. 1 (color online). SPECTRA [22] simulation of profile of
undulator radiation 15 m from the undulator center, with the
250� 250 �m rectangular pinhole aperture outline marked in
red. (a) Harmonic 14, 100 pm emittance. (b) Harmonic 14, 1 pm
emittance. (c) Harmonic 15, 100 pm emittance. (d) Harmonic 15,
1 pm emittance.
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adjacent undulator harmonics Fn�1=Fn is evaluated. For
Fig. 1, the ratio of flux passing for the even 14th to odd 15th
harmonics is Fn�1=Fn ¼ 0:42 for a beam of 100 pm rad
geometric vertical emittance shown in (a) and (c), and
0.17 for 1 pm rad shown in (b) and (d).

The undulator used was an Advanced Planar Polarized
Light Emitter (APPLE-II) type undulator [14,15]. Properties
of the electron beam and undulator are summarized in
Table I below. The magnetic arrays of the undulator were
phased to produce a horizontal field, deflecting the electron
beam in the vertical plane. A gap of 17.1 mmwas selected—
close to the minimum gap—producing a peak horizontal
field of 0.55 T. Magnetic measurements of the undulator
during acceptance demonstrate that in the configuration for
vertical polarization at minimum gap, the axis of the undu-
lator field is within�6� 30 mrad of the nominal horizontal
orientation [15].

Vertical emittance growth due to undulator self-
dispersion was calculated [16], for the stated undulator
and the normal Australian Synchrotron user lattice with
0.1 m distributed horizontal dispersion in the insertion
straights. For a device of 2 m length, we calculate an
emittance increase due to vertical self-dispersion of��y ¼
0:012 pm rad, which is well below the lowest achieved

vertical emittance in this ring of �y � 1–2 pm rad [2],

and indeed below the quantum limit of vertical emittance.
The APPLE-II undulator serves the soft x-ray user beam

line of the Australian Synchrotron [17]. After closing the
undulator to its operating gap, the storage ring skew quad-
rupoles were optimized for a range of emittance configu-
rations using the linear optics from closed orbits (LOCO)
routine [18]. The measured undulator spectra are presented
in Fig. 2 for vertical emittances from 2:6� 1:1 pm rad in
blue up to 1750� 330 pm rad in red.
We measure the photon flux passing an on-axis pinhole.

The pinhole used is four blades of the white-beam slits,
closed to form a rectangular pinhole aperture of approxi-
mately 250� 250 �m. We choose an aperture which is
small in both the horizontal and vertical dimensions, to
minimize any contribution from the horizontal emittance.
At a distance of 15.0 m from the undulator center, it
passes undulator radiation within an opening angle of
� ¼ 1:7� 10�5 rad.
Undulator measures of emittance typically assume the

weak undulator limit Ku � 1, producing beams within
a central cone of radius �max � 0:3ðKu=�Þ [10]. In the
strong undulator limit Ku > 1, the cone approximation
breaks down. With odd harmonic number n > 3 and n �
ðNu=3Þ, the half angle of the first interference minima is
given by [19,20]

�max ¼ Ku

�

�

2n

ð1þ K2
u=2Þ

ð1þ 2K2
uÞ

: (1)

Using Eq. (1) for n ¼ 15 and parameters of Table I, we
place an upper limit on the pinhole half angle radius of
�max ¼ 0:029ðKu=�Þ. This corresponds in Fig. 3 to the
maximum in ratio F14=F15 for pinhole offset, and pinhole
half-apertures greater than this exhibiting no sensitivity
to vertical emittance. The ratio of fluxes is optimized by
minimizing the vertical offset of the pinhole. This is
achieved experimentally by scanning the pinhole vertically
through the interference pattern for the unambiguous

TABLE I. Electron beam and undulator properties used in
simulation.

Parameter Value Units

Beam

E0 Energy 3.0 GeV

�E Energy spread 0.11 %

"x Horizontal emittance 10 nm rad

Undulator

�u Period length 75 mm

Bu Peak field 0.55 T

Ku Deflection parameter 3.8 � � �
Nu Number of full periods 25 � � �

FIG. 2 (color online). Measured undulator spectra for vertical emittances calibrated with LOCO, from minimum in blue up to
maximum in red. Shown in order of increasing photon energy are undulator harmonics 6–15. Small vertical emittances (blue) exhibit
lowest intensity at even harmonics and highest intensity at odd harmonics. High vertical emittances (red) exhibit equal intensities at
both even and odd harmonics.
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intensity maximum of an odd undulator harmonic, as
illustrated in Fig. 1(d).

The existing beam line optics were used for the spec-
trometer. The beam line employs a linear grating for the
monochromator, and several gold-coated toroidal mirrors
to focus the beam. The M absorption edges of the gold
coatings restrict our studies to photon energies below
2200 eV. The spectrometer grating and all focussing mir-
rors are positioned downstream of the aperture. A second
aperture was used to select a single grating diffraction
order. Background was subtracted by measuring the photon
flux with the undulator open to its maximum gap. The drain
current of a silicon photodiode was detected, from which
photon flux was calculated [21]. We calculate and present
the photon flux on an absolute scale in Fig. 2; however, in
the evaluation of the ratio arbitrary units would suffice.

Using the SPECTRA code [22], the flux of monochro-
mated undulator radiation passing a pinhole was simulated.
The dimensions of the pinhole used in measurements were
not available due to inaccuracies in motor lash. To extract
these dimensions from our data, we fit a single free
parameter using all data sets simultaneously—the vertical
dimension of the pinhole. Envelopes of beam emittance
corresponding to LOCO measurements were fitted to the
measured peak ratios, minimizing the �2 test statistic.
These ratios of Fn�1=Fn harmonics are presented in Fig. 4.
The �2 test statistic is minimized for a pinhole of 261�
261 �m. We have chosen to fit emittance contours based
on global LOCO emittances; however, this emittance
monitor is intrinsically local to one point in the ring. Hence
the apparent emittance measured may vary from the global
projected emittance [23], for some contours of Fig. 4.

Uncertainties are presented in Fig. 4 corresponding to
both the measured undulator spectra and fitted emittance
envelopes. The fitted envelopes and uncertainties corre-
spond to the beam emittance evaluated using LOCO.
Uncertainties in measured ratios were evaluated from scans

of the background flux with the undulator open to its
maximum gap, nominally bending magnet edge radiation.
This was measured more than an order of magnitude lower
than the minimum undulator flux.
The major finding of this work is that the ratios of

undulator pinhole flux can be used to measure vertical
emittance. A vertical undulator appears to be an appropri-
ate vertical emittance diagnostic in storage rings attempt-
ing to achieve lowest vertical emittance.
It is suggested in literature that such a technique should

be possible for the measurement of horizontal emittance
[11], but no published measurements have been found. It
is also suggested that Fn�1=Fn should tend to zero for
beams of zero transverse emittance [11]. Shown in Fig. 4
are envelopes of measured and simulated emittance ratios,
including the envelope for zero vertical electron beam emit-
tance. This envelope highlights the distinction between
electron beam size and the size of the photon source, which
in the limit of zero electron beam size is defined by the
amplitude of undulator oscillations. The photon beam
source size measured using this ratio technique is the con-
volution of the rms undulator deflection with the electron
beam transverse dimension [24].
Advantages of the technique are the ability to exploit

the linearity in detector response over a photon energy
range spanning keV, and decades of intensity. The mea-
surement of a ratio—as opposed to absolute photon beam

FIG. 3 (color online). Flux ratio dependence for vertical emit-
tance 0 pm rad, harmonics 14 and 15, and beam parameters
of Table I. A centered pinhole of half-height is illustrated in
blue, and vertical offset of a pinhole of 50 �m in red. An
angle of 0:10ðKu=�Þ � 1:0 mm vertical position at 15 m,
cf. Figs. 1(b) and 1(d).

FIG. 4 (color online). Model 261� 261 �m pinhole fitted
to experimental data. Measured undulator peaks marked as
squares, fitted SPECTRA simulations denoted by dashed contours
increasing from lower flux ratios corresponding to lower emit-
tances in blue, up to higher flux ratios in red. The simulated
contour of a beam with zero vertical emittance is shown in black.
Uncertainties of measured ratios shown as error bars, and dotted
contours for fitted model.
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brilliance—absolves of the need for measurement of pho-
ton flux on an absolute scale.

The major uncertainty in the technique is the pinhole
dimension. Future experiments to measure the vertical
emittance should consider using a pinhole of known
diameter. We fitted all spectra with a single free parameter
being the pinhole dimension; however, with this fixed the
free parameter becomes the electron beam size. The de-
pendence of the flux ratio upon pinhole vertical offset and
size is illustrated in Fig. 3 for a beam of 0 pm rad vertical
emittance.

The effect of energy spread on peak width has previ-
ously been quantified [11,25]. In simulation, we consider
the effect of energy spread on peak height. Increasing the
relative energy spread by 25%, we find that the measured
peak height ratio does not exceed uncertainties in the
measured peak ratios for beams with vertical emittance
less than 200 pm rad (approximately 2% emittance ratio).
The energy spread can be constrained within an uncer-
tainty of 11% from measurements of the bunch length �t,

�t ¼ 2�fsj��2 � 	cj�E: (2)

The momentum compaction factor 	c and synchrotron
frequency fs can both be measured within 2% uncertainty
using resonant spin depolarization [26] and a spectrum
analyzer, respectively. The bunch length can be measured
within 7% uncertainty using a calibrated streak camera and
removing chromatic effects [27] with a band pass filter.
Hence uncertainty in electron beam energy spread should
not limit the application of this technique.

Closing an undulator in the vertical direction has the
effect of increasing the vertical dispersion of the electron
beam. Our calculations, following [16], show that the
increase is orders of magnitude lower than the quantum
limit. It would be interesting to consider using the vertical
undulator as a vertical emittance damping wiggler.

In conclusion, the observation of pm rad vertical
emittance electron beams has been demonstrated using a
vertical undulator. The difference between pm rad vertical
emittance beams is resolvable using this technique.
Exploiting a precision photon beam line, the measured
ratios of on-axis pinhole flux agree closely with simula-
tions. With a pinhole of fixed diameter, this technique
should yield quantitative measurements of the electron
beam vertical emittance.

This research was undertaken using the soft x-ray beam
line and storage ring at the Australian Synchrotron,
Victoria, Australia.
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VERTICAL UNDULATOR EMITTANCE MEASUREMENT:

A STATISTICAL APPROACH

K.P. Wootton∗, R.P. Rassool, School of Physics, University of Melbourne, VIC, Australia

M.J. Boland, B.C.C. Cowie, R. Dowd, Australian Synchrotron, Clayton, VIC, Australia

Abstract

Direct measurement of low vertical emittance in storage

rings is typically achieved via interferometric techniques.

Proof of low vertical emittance is demonstrated by the mea-

surement of a null radiation field, which is also the crux

of the vertical undulator emittance measurement. Here we

present strategies to improve the sensitivity to low verti-

cal emittance beams. We move away from photon spec-

trum analysis to a statistical analysis of undulator radiation,

showing the measured increase in signal-to-background.

Reproducing simulations of previous work, we demon-

strate that photon beam polarisation extends the linearity

of the technique by several decades in emittance. These

statistical and polarisation improvements to the signal-to-

background allow realistic measurement of smallest verti-

cal emittance.

INTRODUCTION

Measurements and simulations of vertical emittance us-

ing a vertical undulator are presented. In previous work,

vertical undulators were observed as highly sensitive to the

electron beam vertical emittance [1,2]. In order to measure

beams of smallest vertical emittance, a concerted effort has

been made to understand and minimise systematic and sta-

tistical uncertainties.

ORBIT BUMPS

One of the most significant systematic uncertainties in

this flux measurement is the size and transverse position of

the pinhole mask. In particular, the technique is sensitive

to vertical transverse offsets of the pinhole [1].

The technique employed previously aimed to simultane-

ously minimise the size and centring of the pinhole formed

by closing four white beam blades. Instead in this work the

blades are closed to the minimum possible aperture, and

transverse orbit bumps are performed of the electron beam

through the insertion device to optimise centring. The pin-

hole flux measured in vertical angular bumps through the

insertion device is illustrated in Fig. 1, and for small am-

plitude bumps around the diffraction pattern central lobe

in Fig. 2. The small angular bumps through the insertion

device are used to recover the angular distribution of undu-

lator radiation. As an approximation, the angular distribu-

tion of undulator radiation can be fitted by the double-slit

∗k.wootton@student.unimelb.edu.au
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Figure 1: Insertion device photon flux measured and fitted

for orbit bumps through the insertion device. Photon ener-

gies correspond to undulator harmonics 13, 14 and 15.

diffraction distribution [3]

I(θy) = I(0) sinc2
(

2πσyθy
λR1

)

×

[

1 + γ cos

(

2πσrθy
λR1

+ φ

)]

, (1)

where λ is the photon beam wavelength, R1 the distance

between the undulator and pinhole, σy is the electron beam

vertical size, σr the transverse deflected amplitude of the

electron beam in the undulator, γ the magnitude of the com-

plex degree of spatial coherence, θy the angle of the orbit

bump (or angle of observation of the photon beam) and φ
an arbitrary phase offset (odd harmonic, φ ≈ 0, even har-

monic, φ ≈ π). The transverse oscillation amplitude of the

electron beam in the undulator is approximated by a double

slit.

Fitting for the undulator radiation distribution, the an-

gle of the electron beam through the insertion device can

be varied to recover the angular distribution of undulator

radiation, illustrated for small angles in Fig. 2.

REPEATED ACQUISITIONS

Statistical uncertainty in a measurement can be min-

imised by making repeated independent measurements of

a single quantity [4]. We aim to measure the photon flux

passing through a pinhole, for a given stored electron beam

current. To compensate for the decaying electron beam cur-

rent, the quantity measured here is photodiode drain cur-
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Figure 2: Measured and fitted vertical profile of undulator

radiation through orbit bump. Photon energies correspond

to undulator harmonics 13, 14 and 15.

rent, normalised to a nominal 200 mA stored beam current

by the measured DCCT current. For n repeat measure-

ments Gaussian-distributed about some mean value µ, the

standard uncertainty in the estimate of the mean δµ is given

by [4]

δµ =
σ
√
n
, (2)

where σ is the standard deviation of measured values. The

interpretation of this statement is that as the number of sam-

ples n is increased, the measured mean converges toward

the true mean of the distribution. For comparison, in Figs. 3

and 4 the measured relative standard deviation is shown for

12 and 80 acquisitions, over various acquisition ranges and

times. Figures 3 and 4 highlight that over appropriate
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Figure 3: Relative standard uncertainty in diode current

measured using a picoammeter over 12 acquisitions, for

various acquisition times and current ranges. The mean

diode current measured was approximately 1.1 × 10−7 A.

The highest current range shown is the auto range. Colour

scale shows measured (δµ/µ).
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Figure 4: Relative standard uncertainty in diode current

measured using a picoammeter over 80 acquisitions, for

various acquisition times and current ranges. The mean

diode current measured was approximately 1.1 × 10−7 A.

The highest current range shown is the auto range. Colour

scale shows measured (δµ/µ).

choices of acquisition range, statistical uncertainty in the

measured pinhole flux can be an insignificant contribution

to the uncertainty in measured pinhole flux.

PHOTON POLARISATION

One approach in the minimisation of systematic uncer-

tainties is by selective observation of the polarisation com-

ponents of the photon beam flux. This was first outlined

for a proposed SPring-8 vertical undulator measurement of

vertical emittance [5]. The intensity of horizontal Ix and

vertical Iy linear polarised light is described in terms of the

Stokes parameters by [6]

Ix = 1× S0 + 1× S1 + 0× S2 + 0× S3, (3)

Iy = 1× S0 − 1× S1 + 0× S2 + 0× S3, (4)

where the Stokes parameters are defined in terms of the in-

tensity of light with respect to polarisation orientations S1

denotes linear polarisation, S2 linear at 45◦, and S3 circular

polarisation [7],

S0 = 2I0, (5)

S1 = 2I1 − 2I0, (6)

S2 = 2I2 − 2I0, (7)

S3 = 2I3 − 2I0. (8)

We have undertaken simulations of the undulator brilliance

using the SPECTRA code [8]. The code returns several

polarisation parameters in the form,

I0 = S0, (9)

PL = S1/S0, (10)

PL45 = S2/S0, (11)

PC = S3/S0. (12)
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Hence, we can calculate the intensities of horizontally and

vertically polarised light as given by Eq. 3, 4 by

Ix = I0(1 + S1/S0), (13)

Iy = I0(1− S1/S0). (14)

This simulation is presented in Fig. 5 for an ideal sinusoidal

undulator and beam with parameters matching our experi-

mental conditions [1]. It is seen that a significant contri-
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Figure 5: SPECTRA simulation [8] of spectral brilliance

assuming an ideal undulator magnetic field, for horizontal

and vertical photon polarisations. Vertical emittance εy =
1 pm rad.

bution to the on-axis brilliance of even harmonics arises

from horizontally polarised light. The ratio of fluxes for the

14th and 15th undulator harmonics with varying emittance

is presented in Fig. 6. It can be seen that the measurement
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Figure 6: SPECTRA simulation [8] of the flux ratio of ad-

jacent undulator harmonics, for total flux and vertical po-

larisation alone.

of the vertically polarised component of undulator radia-

tion extends the linearity of the measurement technique to

lowest vertical emittances. The next stage of investigation

will be to repeat these brilliance calculations with measured

magnetic fields of the insertion device, to account for phase

errors of a real device.

CONCLUSION

The measurement of a null radiation field is the crux of

this vertical emittance measurement. Techniques are pre-

sented to minimise sources of statistical and systematic un-

certainty. To reconstruct the angular distribution of undu-

lator radiation, transverse orbit bumps of the electron beam

are promising, as is the rejection of horizontal polarised

photons for the measurement of lowest vertical emittance.
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APPLE-II UNDULATOR MAGNETIC FIELDS CHARACTERISED FROM
UNDULATOR RADIATION

K.P. Wootton , R.P. Rassool, School of Physics, University of Melbourne, VIC, Australia∗

M.J. Boland, B.C.C. Cowie, Australian Synchrotron, Clayton, VIC, Australia

Abstract
The spatial profile of APPLE-II undulator radiation has

been measured at high undulator deflection parameter, high

harmonic and very small emittance. Undulators are typi-

cally designed to operate with small deflection parameter to

push the fundamental mode to high photon energies. This

unusual choice of parameters is desirable for measurement

of vertical emittance with a vertical undulator.

We present 1-D and 2-D measured profiles of undula-

tor radiation and show that this is reproduced in numerical

models using the measured magnetic field of the insertion

device. Importantly these measurements confirm that for

these parameters, the spatial intensity distribution departs

significantly from usual Gaussian approximations, instead

resembling a double-slit diffraction pattern. This could be

an important consideration for photon beamlines of ulti-

mate storage ring light sources.

INTRODUCTION
Crucial to the vertical undulator emittance measurement

technique we have developed is the availability of a high

deflection parameter vertical undulator [1, 2]. At the Aus-

tralian Synchrotron, we use an APPLE-II elliptically polar-

ising undulator in a magnet phase configuration for verti-

cally polarised light [3, 4]. The parameters of these experi-

ments are summarised in Table 1.

Table 1: Undulator and Electron Beam Parameters for Ex-

periment and Simulation

Parameter Value

Electron beam energy 3.033 GeV

Beam energy spread 0.0011

Horizontal emittance 10 nm rad

Vertical emittance (nominal) 100 pm rad

Undulator K 3.85

Undulator period length 75 mm

Number of full periods 25

First harmonic photon energy 134.7 eV

UNDULATOR MAGNETIC FIELD
The model used in our previous analyses of the emit-

tance measurements assumed an ideal horizontal, sinu-

soidal electron beam trajectory though the undulator. An

∗k.wootton@student.unimelb.edu.au
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Figure 1: Magnetic field of APPLE-II insertion device in

vertical polarisation mode, scaled from Hall probe mea-

surements [4].
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Figure 2: Trajectory of a 3 GeV electron beam through

measured magnetic field map of Fig. 1 [4], calculated using

SPECTRA [5].

improved model is presented which accounts for the dele-

terious effects of phase errors on the electron beam tra-

jectory, using the measured magnetic field of the inser-

tion device. The magnetic field profile of this APPLE-II

insertion device was measured at the time of acceptance,

at the design magnetic gap of 16.0 mm [4]. The mag-

netic field was measured along the device centreline with

a three-axis Hall probe. Lamentably, at the time of writ-

ing we possess no equipment at the Australian Synchrotron

with which to measure insertion device magnetic fields our-

selves. For the purposes of safe clearance of the electron

TUPF19 Proceedings of IBIC2013, Oxford, UK
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Figure 3: Spatial profile of undulator radiation from a vertical undulator, 15 m downstream of the insertion device. (a)

Measured spatial profile of 6th undulator harmonic, at 808 eV. (b) SPECTRA [5] simulation of spatial profile of 6th

undulator harmonic, at 808 eV. The magnetic field profile of Fig. 1 was used for the simulation of the insertion device.

beam vacuum chamber, we limit the minimum operating

gap to 17.0 mm, and these experiments are conducted with

a gap of 17.1 mm. To compensate for this in our model,

the magnitude of the measured magnetic field components

at a gap of 16.0 mm have been scaled down. The field was

scaled down until the simulated on-axis peaks of the un-

dulator harmonics were at the same photon energies as the

measured spectrum. This scaled field is presented for the

horizontal Bx and By components in Fig. 1.

The synchrotron radiation code SPECTRA was used to

simulate light produced by the insertion device [5]. Using

the field illustrated in Fig. 1, the trajectory of a 3 GeV elec-

tron was calculated and is shown in Fig. 2.

PINHOLE SCANS (2-D)
The angular distribution of spontaneous radiation from

an undulator is theoretically described [6–8]. Devices of

interest to storage ring lightsources typically employ undu-

lators of small deflection parameter (K ≈ 1), and prefer to

use low undulator harmonics to achieve high photon beam

brilliance. Figure 3 presents measurements and simulations

of the projection of undulator radiation from this APPLE-II

undulator.

The beamline used for these experiments does not have

a pinhole for characterising the spatial profile of radia-

tion [9]. Several other beamlines do, for this specific

purpose [10]. Instead, we close four blades of the white-

beam slits to form a rectangular pinhole aperture, which

are scanned to measure the profile of Fig. 3. A photodi-

ode which captures the full beam passed by the white-beam

slits was used for this measurement.

The important features of Fig. 3 are the central two lobes

of the 6th harmonic, and the outer ring of the 7th harmonic.

This narrow interference pattern is characteristic of undu-

lator radiation, but is seldom observed. Storage ring light

sources typically operate with very large horizontal emit-

tances of order nm rad, convolving the narrow angular dis-

tribution of undulator radiation with the broad horizontal

beam emittance. The interference pattern is observed here

specifically because of the vertical deflection by the undu-

lator and the low vertical emittance of order pm rad.

Integrating over the central 3 mm width of the distribu-

tion in Fig. 3, the vertical profile of undulator radiation at

808 eV is presented in Fig. 4.

Figure 4 highlights that the measured vertical asymme-

try in the distribution of undulator radiation is partially ac-

counted for by using the measured magnetic field distribu-

tion in simulations. The central on-axis null at y = 0 mm

is similarly well-described.
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Figure 4: Vertical profile of undulator radiation in Fig. 3.

The intensity is integrated over x = −1.5 mm to 1.5 mm.
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Figure 5: Measured undulator radiation intensity blade

scans at different undulator harmonics. The lower white-

beam slit is scanned vertically upwards from y < 0 to

y > 0.
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Figure 6: Gradient of Fig. 5 with respect to vertical blade

scan direction. The vertical profile of undulator radiation

is recovered and is compared to simulation. Compare also

with Fig. 4.

BLADE SCANS (1-D)
The spatial profile of radiation was characterised in the

vertical direction alone using blade scans. With a horizon-

tal aperture of 0.5 mm, the lower blade of the white beam

slits was stepped vertically upwards through the radiation

distribution. The change in measured photon flux through

the aperture with blade position is plotted in Fig. 5. Taking

the derivative of this distribution with respect to the vertical

position of the blade, the intensity distribution of undulator

radiation is recovered. This is plotted in Fig. 6.

DISCUSSION
These measurements confirm assumptions regarding the

spatial distribution of undulator radiation, which is sensi-

tive to vertical emittance. The angular distribution of un-

dulator radiation departs from usual Gaussian approxima-

tions, and at such low emittances resembles a narrow in-

terference diffraction pattern. This is observed because the

vertical emittance is so small relative to the transverse de-

flection of the undulator in the vertical direction.

Low emittance light sources are beginning to produce

undulator radiation of interesting spatial distributions [10].

As electron beam light sources approach diffraction lim-

its, the spatial distribution of radiation may become a

topic of interest. Diffraction-limited ultimate storage rings

are currently proposed with horizontal emittance of order

100 pm rad [11–13]. Such proposals should be aware of the

diffraction-limited spatial distribution of undulator radia-

tion, and its departure from usual Gaussian-approximated,

emittance dominated photon beams.

CONCLUSION
The spatial distribution of radiation from a vertical in-

sertion device has been characterised at very low vertical

emittance. Both 2-D and 1-D spatial distributions of radi-

ation have been measured, using a combination of blade

scans. Simulations of the insertion device radiation are

given, using a magnetic field distribution scaled from the

measured field. It is shown that these simulations accu-

rately reproduce the measured photon beam distribution.

This close agreement between simulation and experiment

is important both for the vertical emittance undulator tech-

nique, and potentially also for insertion devices at proposed

ultimate storage ring light sources.
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Abstract

We have reported on initial work to measure vertical

emittance using a vertical undulator. Using simulations, we

motivate the important experimental subtleties in the ap-

plication of this technique. Preliminary measurements of

undulator spectra are presented that demonstrate the high

sensitivity of vertical undulators to picometre vertical emit-

tances. Finally, possible future applications of this tech-

nique are explored.

INTRODUCTION

Electron storage ring light sources and damping rings

continue to produce beams of increasingly small vertical

emittance. With the recent report of the minimum observed

vertical emittance of εy = 0.9± 0.4 pm rad at the SLS [1],

we require techniques sensitive to sub-micrometre electron

beam sizes. At the Australian Synchrotron, we have de-

veloped a technique for measuring the vertical emittance

of electron beams that we call vertical undulator emittance

measurement [2].

In these proceedings, we assess undulators as a beam di-

agnostic. In contrast to horizontal undulators being largely

insensitive to picometre vertical emittance, we highlight

the sensitivity of vertical undulators to the vertical emit-

tance. We present preliminary results and simulations, as

well as ideas for future vertical emittance diagnostics.

THEORY

Undulators have been used as diagnostics of storage ring

emittance. Horizontal undulators – undulators that deflect

the electron beam in the orbit plane of the ring – have

been demonstrated to give excellent measurement of the

horizontal beam size and energy spread [3–7]. Where the

electron beam emittance is close to fully-coupled, the bril-

liance of horizontal undulators exhibits some sensitivity to

the vertical emittance [4]. Electron storage and rings typi-

cally design for transverse emittance ratios less than a few

percent, with damping ring designs aiming for minimum

vertical emittance. In this low vertical emittance limit hor-

izontal undulators are identified as particularly insensitive

to vertical emittance, limited by the single-electron open-

ing angle of undulator radiation [3].

∗k.wootton@student.unimelb.edu.au

Photon Beam Brilliance

Modelled in SPECTRA [8], the sensitivity of horizontal

and vertical undulators to vertical emittance is illustrated in

Figure 1 below.
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Brilliance, vertical undulator B
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Figure 1: Photon beam brilliance, for horizontal undulator

and vertical undulator of deflection parameter K = 3.85,

for ASLS user lattice with ηx = 0.1 m in the insertion [9].
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Figure 1 illustrates the photon beam brilliance for hori-

zontal and vertical undulators of equal deflection parame-

ter. Over a range of operational vertical emittances there

is no measurable change in brilliance for a horizontal un-

dulator. However we see that for a vertical undulator, at

high even undulator harmonics, the photon beam brilliance

changes by orders of magnitude. Hence, measurements of

the photon beam brilliance at the even harmonics exhibit a

strong dependence upon the electron beam emittance [10].

To measure the brilliance of these harmonics, we con-

sider the angular distribution of undulator radiation. In Fig-

ure 2 we present simulations [8] of the vertical profile of a

horizontal undulator, and a vertical undulator in Figure 3.
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Figure 2: Simulated vertical profile of undulator harmon-

ics, horizontal undulator. Vertical emittance εy = 1 pm rad.

For a fixed, low vertical emittance of εy = 1 pm rad

and horizontal emittance εx = 10 nm rad, Figures 2–3 ex-

emplify the difference between the horizontal and vertical

direction of undulation. With undulations in the horizon-

tal direction in Figure 2, we see the incoherent superposi-

tion of spontaneous undulator radiation from a beam with

a comparatively large horizontal emittance.

In Figure 3 however, the small simulated vertical emit-

tance of εy = 1 pm rad is indicative of the single-electron

distribution of undulator radiation. The narrow spatial dis-

tribution of the interference pattern created at each undu-

lator harmonic is of sin2 θ distribution for odd harmonics,

and cos2 θ distribution for even harmonics. Hence an on-

axis pinhole aperture passing a narrow angular distribution

above and below the orbit plane of the undulator passes a

maximum flux for odd undulator harmonics, and minimum

for even harmonics, as illustrated in Figure 1.

The beam emittance is evaluated as a ratio of peak flux

in the even harmonic to that of the adjacent odd harmonic.
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Figure 3: Simulated vertical profile of undulator harmon-

ics, vertical undulator. Vertical emittance εy = 1 pm rad.

Around θy ≈ 0, the narrow interference peaks of the even

and odd harmonics are well-separated in amplitude.

This idea has also been proposed for measurement of hor-

izontal beam emittance in plasma wakefield accelerated

electron beams [6, 7].

METHOD

We measure the undulator flux passing an on-axis pin-

hole. The pinhole is formed by closing white-beam slits on

the beamline. As a spectrometer, we utilise the soft x-ray

user beamline [11, 12].

Vertical Emittance

A calibrated model of the storage ring lattice was mea-

sured using orbit response matrix analysis, and fitted using

the LOCO technique [13]. The electron beam vertical emit-

tance was adjusted by optimising skew quadrupole magnets

in the lattice model [14].

Photodiode

The preliminary measurements presented in Figures 4 –

5 were made using a Hamamatsu G1963 GaP/Au Schot-

tky photodiode. The diode was selected as it is installed

on the beamline as a standard diagnostic of photon flux.

The responsivity of the photodiode was calculated over the

relevant range of photon energies [15]. Over the desired

photon energy range, the responsivity for this type of diode

exhibits large discontinuities at absorption edges. To avoid

this, use of a doped silicon photodiode should be consid-

ered.
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Figure 4: Measured vertical undulator flux passing an on-axis pinhole.

RESULTS

Measured Undulator Spectra

The measured undulator spectra are plotted in Figure 4

above. Four vertical emittance lattice configurations were

considered, with the undulator closed to a gap of 17.1 mm,

close to the minimum gap. This corresponds to an undu-

lator deflection parameter of K = 3.85. The sensitivity of

this technique to small vertical emittances is illustrated in

Figure 5 below. The even undulator harmonics 6 – 14 are

shown on an expanded vertical scale, to highlight the mea-

surable separation in intensity of undulator spectra between

beams of several picometre vertical emittance.

Background Flux

The background was estimated by measuring the photon

flux with the undulator open to 100 mm, close to the max-

imum gap. This is shown in black on Figures 4 – 5. With

the undulator open to 100 mm, the first undulator harmonic

is shown in the measured spectrum at 1140 eV, and is not a

background feature.

Measured Flux Ratio

The ratio of fluxes of adjacent harmonics is evaluated for

10 and 11. The results are summarised in Table 1 below.

The vertical emittance and corresponding uncertainty was

evaluated using orbit response matrix analysis. Uncertainty

in the corresponding ratio of fluxes is estimated from sys-

tematics in measurement of the background flux, as well as

statistical uncertainties. This measured ratio can be com-

pared with simulation of the apparatus, however to extract

a meaningful measurement of the emittance, the vertical di-

mension of the pinhole must be known. It can be seen that

for this unknown pinhole dimension, that picometre beam

emittances are resolvable at the level of a factor of two.

Table 1: Measured Flux Ratio F10/F11

εy [pm rad] F10/F11

84± 13 0.204± 0.006
9.2± 2.5 0.083± 0.005
5.5± 1.7 0.078± 0.005
2.6± 1.0 0.074± 0.005

DISCUSSION

Future diagnostics and applications of vertical undula-

tors to synchrotron light source storage rings are sum-

marised.

SOLEIL DiagOn

Recently, direct of projections of undulator harmonics

have been measured at SOLEIL [16]. Designed as a beam

diagnostic for APPLE-II insertion devices, the reported

DiagOn device measures the distribution of horizontally-

polarised undulator radiation at a fixed photon energy. By

rotating the device around the beam axis to pass photons of

vertical polarisation, the inteference pattern at fixed energy

could be measured to observe the vertical emittance.

Vertical Undulator

As an aside to emittance measurement, vertical undula-

tors may be used with existing storage rings to provide a

more brilliant photon source. As shown in Figure 1 the

brilliance of high, odd undulator harmonics is a factor of

two greater for the undulator in the vertical rather than

horizontal configuration, at vertical emittances of several

pm rad. These small vertical emittances are achievable at

many storage ring light sources.
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Figure 5: Even harmonics shown on expanded vertical scale, with background subtracted. The even harmonics 6 – 14 are

illustrated for vertical emittances of 2.5, 5.2, 9.2 and 84 pm rad. Also shown in black is the undulator spectrum measured

with the EPU open to 100 mm, for which the photon energy of the first harmonic is Eph = 1140 eV.

CONCLUSION
We have reported on initial work to measure vertical

emittance using a vertical undulator. Using simulations, we

demonstrate the usefulness of vertical undulators as a diag-

nostic for vertical emittance. Preliminary measurements of

undulator spectra are presented that demonstrate the high

sensitivity of vertical undulators to picometre vertical emit-

tances. Future applications of this technique are explored,

notably the possibility of imaging the interference pattern

at a fixed photon energy.
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Abstract

Accurate electron beam energy measurements are valu-

able for precision lattice modelling of high-brightness light

sources. At SPEAR3 the beam energy was measured using

the resonant spin depolarisation method with striplines to

resonantly excite the spin tune and a sensitive NaI scintil-

lator beam loss monitor to detect resulting changes in Tou-

schek lifetime. Using the combined apparatus an electron

beam energy of 2.997251 (7) GeV was measured, a relative

uncertainty of 3× 10−6.

The measured momentum compaction factor was found

to be in close agreement with the numerical model value

using rectangular defocussing gradient dipoles with mea-

sured magnetic field map profiles. In this paper we outline

the chosen experimental technique, with emphasis on its

applicability to electron storage rings in general.

INTRODUCTION

Experimental verification of storage ring lattice models

requires a very sensitive technique for beam energy mea-

surement. As the highest available precision technique,

resonant spin depolarisation was successfully employed

for the beam energy measurement of the Australian Syn-

chrotron storage ring [2]. We apply this measurement ap-

paratus and technique to the SPEAR3 electron storage ring

at SLAC.

THEORY

With specific reference to the literature review of Mane

[1], much of the relevant theory for this resonant spin de-

polarisation experiment at SPEAR3 is the same as for the

experiment at the Australian Synchrotron [2].

Serendipitously, the polarisation of electron beams in

storage rings is a diagnostic tool we get for free. A beam of

electrons with spins of random orientations develops polar-

isation under the Sokolov-Ternov effect [3]. The polarisa-

tion of the ensemble of spins develops with time, in addi-

tion to precession about the polarisation axis - normally in

the direction of the main dipole field.

The polarisation time of electrons in an isomagnetic lat-

tice is described in SI-units by [3]

(τST )
−1 =

5
√
3

8

1

4πǫ0

e2h̄

m2
ec

2

γ5

ρ3
, (1)

∗ k.wootton@student.unimelb.edu.au

where ρ is the bending radius, γ the relativistic gamma,

me the electron rest mass, and all other symbols have their

usual electromagnetic meanings [4]. The SPEAR3 race-

track lattice is configured with bending magnets of differ-

ent bending radii, as well as reverse bends in a long canted-

undulator straight. Integrating all bending fields over one

turn of the non-isomagnetic ring [1],

1

ρ3
=

1

2πR

∮

1

|ρ(s)3|ds. (2)

This is equivalent to the third synchrotron radiation integral

divided by the circumference of the ring.

METHOD

Storage Ring Lattice and Beam

The SPEAR3 storage ring is a 3 GeV storage ring light

source, with DBA lattice cells. The racetrack lattice is com-

posed of 14 main arc cells, and 4 matching cells. Several

important design parameters are summarised in Table 1. A

Table 1: SPEAR3 Storage Ring Design Parameters

Parameter Value Units

Beam energy E 3.00 GeV

Relativistic γ γ 5871 -

Bending radius - arc ρ 8.14 m

- match ρ 8.25 m

Circumference C 234.143 m

RF frequency fRF 476.30 MHz

normal user beam fill pattern was used, and all insertion

devices were open for this measurement of the bare lattice.

Depolarisation Kicker and Polarimeter

Vertical betatron tune striplines were used to excite the

spin tune resonance. Scanning over the baseband spin tune

resonance, the excitation frequency was approximately 250

kHz.

The beam loss monitor was a 50 mm NaI scintillator

and photomultiplier tube. The detector was installed ad-

jacent to the scraper defining the minimum energy aperture

of the SPEAR3 storage ring, to maximise the count rate.

This is immediately downstream of the central focussing

quadrupole, which is the point of maximum horizontal dis-

persion in one of the double-bend achromat arc cells. The
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scintillator was installed in the orbit plane of the ring, on

the inner side of the vacuum chamber.

Data Acquisition System

The data acquisition system used at the Australian Syn-

chrotron [2] was employed for this measurement. Using

EPICS, the frequency of time-stamped data acquisition was

approximately 1 record per second.

A Struck 3820 scaler was used to count the excitation

frequency, as well as the counts from the beam loss moni-

tor. The scaler features a 50 MHz internal reference clock,

for accurate determination of the integration period (typi-

cally 1 s). The revolution frequency was determined from

the RF frequency, and the stored beam current from the

DCCT readback.

RESULTS

Polarisation Time

The beam loss apparatus was used to measure the polar-

isation time. The injected beam was initially unpolarised.

The measured normalised loss rate illustrated in Figure 1

was fitted for the Sokolov-Ternov polarisation time given

in Equation 1. Using Equation 1 and parameters in Table

1 we also calculated the model value. The results are sum-

marised in Table 2 below.

0 1000 2000 3000 4000 5000
1.9

1.95

2

2.05

2.1

2.15

2.2

2.25

Experiment time [s]

N
o

rm
al

is
ed

 c
o

u
n

t 
ra

te
 [

co
u

n
ts

 s
−

1
 m

A
−

2
]

 

 

Data

Fit

Figure 1: Measurement of polarisation time. Fit to nor-

malised count rate gives τpol = 840± 16 s.

Table 2: Polarisation Time

Parameter Value Units

Measured τST 840 (16) s

Model τST 1005 s

The 20% difference between the measured and model

polarisation time has not yet been resolved.

Beam Energy

Resonant spin depolarisation of a stored, polarised elec-

tron beam can be achieved with excitation at any fractional

spin tune sideband to the revolution harmonic. Designed

for baseband tune excitation, the ampilifier and kicker were

excited at frequencies of approximately 240-260 kHz. A

radial field was used for the depolarisation.

Illustrated in Figure 2 below are resonant spin depolar-

isations of the measured beam energy. The real changes

in beam energy during this measurement correspond to

changes in the sum of horizontal corrector magnets, as fast-

orbit feedback was operating. A change in the corrector

sum of less than 2 A corresponded to a change in deflec-

tion angle of 0.1 mrad, and in depolarisation frequency of

approximately 100 Hz.
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Figure 2: Three separate resonant spin depolarisations.

Fast-orbit feedback was on during these measurements.

We can determine the beam energy from any single

resonant spin depolarisation. For an RF frequency of

476,310,497 Hz and harmonic number 372, the resonant

depolarisation shown in Figure 2 (iii) had a fitted mean

depolarising frequency of 253.618 (7) kHz. This corre-

sponded to a spin tune of 6.801923 (6), a beam energy of

2.997251 (7) GeV.

The measured beam energy was predicted in previous

modelling [5]. Modelling the storage ring using field maps

for the dipole and quadrupole magnets, it was postulated

that the energy was 0.1 % lower than the design 3 GeV.

Adding the contribution of the sum of horizontal corrector

magnets as a net kick of -0.54 mrad at the time of mea-

surement, the predicted energy at the time of measurement

was 2.9971 GeV. The beam energy was measured to fluctu-

ate within the range 2.9972-2.9973 GeV with the fast orbit

feedback, during the time of measurement.

Spin Tune Synchrotron Sidebands

In locating the spin tune by scanning the excitation fre-

quency, one can excite at the synchrotron sidebands to the

spin tune and mistake this depolarisation for the spin tune.

MOPPR001 Proceedings of IPAC2012, New Orleans, Louisiana, USA

ISBN 978-3-95450-115-1

772C
op

yr
ig

ht
c ○

20
12

by
IE

E
E

–
cc

C
re

at
iv

e
C

om
m

on
sA

tt
ri

bu
tio

n
3.

0
(C

C
B

Y
3.

0)
—

cc
C

re
at

iv
e

C
om

m
on

sA
tt

ri
bu

tio
n

3.
0

(C
C

B
Y

3.
0)

06 Instrumentation, Controls, Feedback and Operational Aspects

T03 Beam Diagnostics and Instrumentation



The amplitude of synchrotron sidebands was observed to

be lower than the central spin tune. Illustrated in Figure

3 are two excitation sweeps across the real spin tune har-

monic at gap voltages of 2.65 and 2.45 MV. This reduc-

tion in gap voltage reduces the synchrotron frequency from

11.5 kHz to 11.0 kHz. As the measured depolarisation fre-

quency does not change by 500 Hz with the change in gap

voltage, this is a depolarisation of the spin tune and not a

synchrotron sideband.
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Figure 3: Resonant spin depolarisation at various gap volt-

ages.

Momentum Compaction Factor

The momentum compaction factor – the change in cir-

cumference wchange in energy – was measured. The RF

frequency provides an accurate constraint on the orbit cir-

cumference, and the spin tune an accurate measurement of

beam energy. RF frequency feedback and fast-orbit feed-

back were turned off. Small changes in the RF frequency

of 500 and 1000 Hz resulted in small changes to the stored

beam energy. The corresponding change in spin tune was

measured, as illustrated in Figure 4 below.

DISCUSSION

Measurement of the momentum compaction factor pro-

vides a precision calibration of the lattice dispersion. The

momentum compaction factor fitted in Figure 4 was com-

pared with different models of the SPEAR3 storage ring.

Results are summarised in Table 3 below. This measure-

ment of the momentum compaction factor demonstrates

Table 3: Momentum Compaction Factor

Momentum compaction factor, αc Value

Measured 0.001637(3)
Field-map model [5] 0.001650
Single-bend AT model 0.001621
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Figure 4: Measured momentum compaction factor.

that the more appropriate choice of model for the lattice

dispersion is the numerical integration of simulated field

maps.

CONCLUSION

Spin resonant depolarisation has been successfully used

at the SPEAR3 electron storage ring. The beam energy has

been measured as 2.997251 (7) GeV, representing a relative

uncertainty of 3×10−6. Beam energy and momentum com-

paction factor predictions from the field-map model are in

excellent agreement with these measurements of the ring.
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ALIGNMENT TOLERANCES FOR VERTICAL EMITTANCE
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G.S. LeBlanc2, G. Taylor1
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Abstract

A sensitivity analysis of the CLIC main damping ring
lattice to magnet misalignments is presented. Misalign-
ments considered included quadrupole vertical offsets and
rolls, sextupole vertical offsets, and main dipole rolls.

Expectation values for the vertical emittance were calcu-
lated from theory.

Simulations of magnet misalignments were made in
MAD-X, for 200 machines at each RMS misalignment.
The lattice was found to be sensitive to betatron coupling
as a result of sextupole vertical offsets in the arcs.

INTRODUCTION

The design of the linear collider damping rings calls for
design horizontal emittances more than an order of mag-
nitude lower than measured in existing storage rings. The
few new collider projects are keen to leverage the opera-
tional experience of the many constructed storage ring light
sources. The design pm rad vertical emittance has been
achieved at only a single accelerator; the Australian Syn-
chrotron storage ring [1]. This measurement is not at the
IBS bunch density required of the CLIC damping rings -
further investigation will be required to achieve this.

The goal of this research is to demonstrate the feasibil-
ity of design extracted transverse emittances for the CLIC
main damping rings. Table 1 presents a summary of ex-
tracted beam parameters.

Table 1: Main damping ring extracted beam requirements

Parameter Value Units

Energy Eb 2.86 GeV
Bunch population N 4.1 109

Emittance, horizontal (norm) γεx 480 nm rad
Emittance, vertical (norm) γεy 4.5 nm rad

The required emittances include growth due to intra-
beam scattering (IBS). It has been demonstrated that a zero-
population equilibrium vertical emittance, γεy = 3.7 nm
rad will be required to allow for growth due to IBS [2].
With the quantum limit of vertical emittance for such a ring
approximately 0.7 nm rad, the specification is demanding.

A sensitivity analysis of the CLIC main damping ring
lattice to magnet misalignments is presented. Misalign-
ments considered included quadrupole vertical offsets and
rolls, sextupole vertical offsets, and main dipole rolls.

∗ k.wootton@student.unimelb.edu.au

LATTICE

The CLIC main damping ring lattice is a wiggler-
dominated racetrack lattice [3], with two-fold superperiod-
icity. The lattice design has matured significantly since the
last estimate of alignment tolerances for vertical emittance
[4]. The arc TME cell has been optimised for IBS [5], with
FODO wiggler straights to achieve the design horizontal
emittance.

The compact lattice design necessitates the use of extra
windings as orbit and skew quadrupole correctors. We con-
sider first the most conservative corrector pattern: horizon-
tal and vertical orbit correctors on each arc sextupole (three
per TME cell), as well as alternating horizontal and vertical
steering correctors adjacent to wiggler straight quadrupoles
(two per FODO cell). Additional steering is included in the
matching sections.

Beam position monitors (BPMs) are positioned in arc
cells at points of alternating high and low dispersion, as
well as high and low beta functions. We consider BPM
buttons with both horizontal and vertical position measure-
ment. A summary of correctors and BPMs introduced in
this study is presented in Table 2 below.

Table 2: Correctors and position monitors considered

Component Plane Total number

BPM H&V 358
Corr H&V 282
Corr H 28
Corr V 30

The corrector and BPM pattern used in this study for the
arc cells is illustrated in Figure 1 below. Skew quadrupole
correctors will be required for local correction of skew
quadrupole components. These will be implemented as
additional windings on sextupole assemblies. The advan-
tage of including steering and skew quadrupole correctors
in this arrangement is the orthogonality to the main sex-
tupole field.

ANALYTICAL EMITTANCE ESTIMATE

The formalism for estimation of flat-beam vertical emit-
tance follows closely the work of Raubenheimer [6]. The
mean square vertical dispersion arises from five main con-
tributions:

• Vertical dipole kicks;
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Figure 1: BPMs and correctors considered for TME arc
cell. Steering correctors are shown in purple as addi-
tional windings on sextupoles, and BPMs indicated as blue
crosses.

– Main dipole rolls;
– Quadrupole vertical offsets;

• Quadrupole transverse rolls;
• Sextupole vertical offsets;
• Function of the errors giving rise to a non-zero closed

orbit;
• Orbit amplification factor (correlation function).

Contributions to the vertical emittance arising from be-
tatron coupling are also considered.

• Quadrupole transverse rolls;
• Sextupole vertical offsets;
• Closed orbit.

The reader is referred to Raubenheimer’s work for de-
tails of calculation of individual emittance contributions.
In this work, the relevant individual contributions are eval-
uated, as presented in Figure 2. The sum of individual com-
ponents is presented in Figure 5 as an analytical estimate of
vertical emittance growth.

MISALIGNMENTS

Simulations of vertical emittance growth in the CLIC
damping rings were made in MAD-X [7]. Lattice elements
were seeded for RMS misalignments, in a Gaussian distri-
bution truncated at 2.5 σ. For each misalignment magni-
tude considered, 200 machines were seeded. Vertical off-
sets were applied to quadrupoles and sextupoles, and lon-
gitudinal rolls were considered for quadrupoles and main
dipoles. Misalignments were not considered for the damp-
ing wigglers.

Emittances were calculated using the method of Chao
[8]. Vertical emittance growth was considered for both the
uncorrected and corrected lattice. Results from the uncor-
rected lattice can represent the lattice sensitivity to mis-
alignments.
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Figure 2: Contributions to vertical emittance. Uncorrected
lattice, 100 μm, 100 μrad RMS misalignments.

CLOSED ORBIT

Figure 3 shows the RMS vertical closed orbit resulting
from the four families of misalignments considered.

Orbit correction was undertaken using the MAD-X mod-
ule. The correction algorithm used was singular value de-
composition (SVD). All singular values were included in
the correction.

Global corrections of tunes, chromaticity and energy
were made. Beta-beating was uncorrected.
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Figure 3: Closed orbit distortion under random misalign-
ments. Uncorrected orbits shown in blue, corrected in red.

The closed orbit from quadrupole vertical displacements
is seen to be orders of magnitude greater than the next lead-
ing contribution of dipole rolls. The uncorrected orbit am-
plification factor of 50 as shown in Figure 3 for quadrupole
vertical misalignments, reduces to approximately 1 on orbit
correction, as illustrated in Figure 4.

Orbit correction is seen to be effective in reducing emit-
tance from quadrupole vertical displacements and dipole
rolls, which represent vertical dipole kicks. Orbit correc-
tion is seen to be mildly detrimental for coupling from skew
quadrupole terms.
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Figure 4: Closed orbit distortion (corrected), for
quadrupole vertical displacements. Uncorrected (large) or-
bits shown in blue, corrected in red.

VERTICAL EMITTANCE

The equilibrium vertical emittance is summarised in Fig-
ure 5 below.

Orbit correction reduces the emittance contribution from
random dipole kicks to acceptable levels. In the absence
of a skew quadrupole corrector scheme, a vertical emit-
tance of 5 nm rad is achieved with an RMS sextupole ver-
tical misalignment of 6 μm. To allow realistic mechani-
cal prealignment tolerances of approximately 50 μm, skew
quadrupole correctors and an individual correction scheme
will be required.
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Figure 5: Normalised vertical emittance under random mis-
alignments. Emittances of uncorrected orbits shown in
blue, corrected in red, black curve shows analytical esti-
mate of uncorrected emittance (not a quadratic fit).

DISCUSSION

Only relatively recently has low vertical emittance be-
come a design specification of storage rings. The design

emittance ratio of the Australian Synchrotron storage ring
is and will remain 1%. Whilst many beam dynamics codes
provide analysis of emittance growth arising from lattice
imperfections, few codes provide a tool suitable for low
vertical emittance correction requirements.

The benchmark code for storage ring lattice correction is
LOCO [9] using orbit response matrices. MATLAB-based
LOCO provides a convenient interface for iterative correc-
tion of a single ring. MAD-X features many useful mod-
ules for ring design and analysis, but as yet lacks a module
for correction of coupling.

The author proposes to the community the inherent use-
fulness in implementing the LOCO algorithm as a MAD-X
module, permitting analysis of many parallel seeded jobs.

CONCLUSION

In the absence of a skew quadrupole corrector scheme,
a vertical emittance of 5 nm rad is achieved with an RMS
sextupole vertical misalignment of 6 μm. This is not realis-
tic, and an achievable sextupole distribution will require a
skew quadrupole correction scheme. Large misalignments
from dipole and quadrupole rolls of 100 μm are tolerable,
and quadrupole misalignment of 50 μm acceptable.
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ELECTRON BEAM ENERGY MEASUREMENT AT THE AUSTRALIAN
SYNCHROTRON STORAGE RING
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1 University of Melbourne, VIC, Australia Australian Synchrotron, Clayton, VIC, Australia2

Abstract

The technique of resonant spin depolarisation was used
to precisely measure the electron beam energy in the stor-
age ring at the Australian Synchrotron. A detector and data
acquisition system dedicated to the measurement were de-
veloped. Using the system, the long term energy stability of
the storage ring was monitored and a mechanical realign-
ment of the ring was clearly seen in the energy measure-
ment. Details of the parameters used to optimise the mea-
surement are also discussed.

INTRODUCTION

The highest precision technique available for the mea-
surement of the stored electron beam energy is that of res-
onant spin depolarisation. The technique was used to cali-
brate beam energy measurements for LEP [1]. Our method
of polarising and observing the depolarisation follows the
technique used at BESSY I [2], BESSY II [3], ALS [4],
SLS [5], and ANKA [6].

THEORY

A thorough review of theory and experiments with po-
larised beams of protons, electrons and muons was under-
taken by Mane [7]. We will consider the development of
radiative polarisation of electron beams, adiabatic resonant
spin depolarisation, and Møller scattering cross-section po-
larimetry.

Radiative Polarisation

Radiative polarisation develops in an initially unpo-
larised electron beam by the Sokolov-Ternov effect [8].
While travelling through a uniform magnetic field, such as
a bending magnet of a storage ring, the spins of electrons
will undergo both polarisation in the direction of the field,
and precession about the polarisation axis. The polarisation
of the beam develops with time approximately by [7],

P (t) = P0

(
1 − exp

(
t

τST

))
(1)

τST =
8

5
√

3
meρ

2R

h̄γ5re
(2)

where ρ is the mean bending radius, R the mean ring ra-
dius and me, re the classical electron mass and radius. The

∗ harris.panopoulos@petnm.unimelb.edu.au
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polarisation P (t) approaches an equilibrium polarisation
P0 [3]:

P0 =
8

5
√

3

∮
B3ds∮
|B3|ds

(3)

which approaches a maximum for a storage ring without
reverse bends or wiggler insertion devices.

Resonant Spin Depolarisation

The number of spin precessions per revolution of the
storage ring, the spin tune νspin, is given by [1],

νspin =
(

g − 2
2

)
E

mec2
≡ aγ (4)

where E is the beam energy, me the mass and g the gyro-
magnetic factor of the electron. The gyromagnetic factor
g for electrons has been measured to precision within the
12th significant figure [9]. Hence measurement of the spin
tune νspin gives a direct measurement of the beam energy,
with uncertainty corresponding to uncertainty in the mea-
surement of the spin tune.

Spin transport and precession is described by the
Thomas-BMT equation [7]. We remark that the spins ini-
tially polarised normal to the plane of the ring can be ro-
tated away to random orientations, by a series of transverse
magnetic kicks resonant at the spin tune.

Møller Scattering Polarimetry

Polarimetry is performed by investigation of the Møller
scattering cross-section. The particle loss rate dN/dt is
described in terms of the polarisation P (t) by [7]:

dN

dt
= − N2c√

2γ2σx′σy′

(
f1 + f2P (t)2

)
(5)

where f1, f2 are functions, which can be treated for this
measurement as constants. Importantly, a normalised loss
rate can be defined as:

Rnorm =
1

I(t)2
dN

dt
∝ f1 + f2P (t)2 (6)

where I(t) is the stored beam current at time t.

METHOD

Storage Ring Lattice and Beam

The Australian Synchrotron is a 3 GeV storage ring
light source, composed of modified Chasman-Green lattice
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cells. Several important design parameters are summarised
in Table 1. All results presented are for the bare storage ring
lattice, with 0.1 m distributed dispersion, and high trans-
verse chromaticities of ξx = 3, ξy = 13. The storage ring

Table 1: AS Storage Ring Design Parameters

Parameter Value Units

Beam energy E 3.00 GeV
Relativistic gamma γ 5871 -
Bending radius ρ 7.69 m
Circumference C 216.00 m
RF frequency fRF 499.67 MHz

was configured such that the Touschek lifetime dominated
the beam lifetime. Skew quadrupoles normally used to in-
crease betatron coupling (and accordingly lifetime) were
unpowered, to give a beam with transverse emittance ratio
of about 0.1% [10]. The fill pattern was reduced from a user
fill of 300 bunches, to about 75 bunches in 360 buckets.

These optimisations improved the signal to noise ratio
in the initial observation of the resonance. Once identi-
fied, the resonance was observable under normal user fill
settings, with insertion devices closed.

Depolarisation Kicker and Polarimeter

Vertical betatron tune striplines were used to excite the
resonance.

The beam loss monitor was a 75 mm NaI scintillator and
photomultiplier tube. Various locations around the storage
ring circumference were tested, but the observation of the
depolarisation signal was largely insensitive to the circum-
ferential positioning of the detector. The scintillator was
installed in the orbit plane of the ring, on the inner side of
the vacuum chamber.

Data Acquisition System

As Equation 4 highlights, the important parameter in this
measurement is the accurate determination of the spin tune.
Hence, the measurement of the depolarising excitation fre-
quency and revolution frequency are the two important pa-
rameters.

A Struck 3820 scaler was used to count the excitation
frequency, as well as the counts from the beam loss moni-
tor. The scaler features a 50 MHz internal reference clock,
for accurate determination of the integration period (typi-
cally 1 s). The revolution frequency was determined from
the RF frequency, and the stored beam current from the
DCCT readback records.

RESULTS

Polarisation Time

The polarisation time was measured. The beam was ini-
tially fully depolarised by resonant excitation at the spin

tune. With the excitation switched off, the beam was al-
lowed to develop radiative polarisation. The measured nor-
malised loss rate was fitted by Equations 1 and 6. Us-
ing Equation 2 and parameters in Table 1 we calculate the
model value. The results are summarised in Table 2 below.

Table 2: Polarisation Time

Parameter Value Units

Measured τST 806 (21) s
Model τST 807 s
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Figure 1: Measurement of polarisation time. Fit to nor-
malised count rate gives τpol = 806 ± 21 s.

Beam Energy

A spin-polarised electron beam can be resonantly depo-
larised at any spin tune sideband to the orbit harmonic. The
choice of sideband was determined by the bandwidth of
the excitation system, particularly the amplifier and kick-
ers. The resonance was excited at 17.81977(4) MHz. This
corresponded to a beam energy of 3.013408(8) GeV.

Illustrated in Figure 2 are two excitation sweeps across
the spin tune harmonic. Scanning from both above and be-
low the spin tune places tight constraints on the uncertainty
in beam energy fitted.

Spin Tune Synchrotron Sidebands

Resonant spin depolarisation is observed by exciting
synchrotron tune sidebands of the spin tune. The ampli-
tude of synchrotron sidebands was observed to be lower
than the central spin tune. During this measurement, the
cavity voltage was 2.873 MV.
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Figure 2: Resonant spin depolarisation at spin tune.

Table 3: Synchrotron Tune for VG = 2.873 MV

Parameter Value Units

Measured fs 14.54(10) kHz
Model fs 14.51 kHz

Momentum Compaction Factor

The momentum compaction factor was measured. Small
changes in the RF frequency of 500 and 1000 Hz in 500
MHz resulted in small changes to the stored beam energy.
The corresponding change in spin tune was measured. Re-
sults are summarised in Table 4 below.

Table 4: Momentum Compaction Factor

Parameter Value

Measured αc 0.00211(5)
Model αc 0.00211

Energy Stability

Over the period of a shift, the beam energy was mea-
sured repeatedly. For a polarisation time of approximately
15 minutes, an interval of 30 minutes was appropriate for
the radiative development of polarisation. Results are pre-
sented in Figure 3 below.

Long term energy stability is presented in Table 5 below.

DISCUSSION

The measurement of the beam energy has been a useful
confirmation of the storage ring parameters. Several pho-
ton beamlines desire an online measurement of the beam

0 50 100 150 200 250 300 350
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0.5

1
x 10
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Time [min]

Δ
E

/
E

Figure 3: Energy drift with time.

Table 5: Long Term Energy Stability

Date (2010) Mean energy [GeV]

20th June 3.013418(4)
21st June 3.013379(3)
28th June 3.013171(3)
4th July 3.013188(4)
18th July 3.012996(5)
29th August 3.012974(4)
17th September 3.013332(5)
20th September 3.013270(5)

energy, for calibration of absolute photon flux. We plan to
provide this online measurement in anticipation of top-up
operation.

CONCLUSION

Spin resonant depolarisation has been successfully used
at the Australian Synchrotron storage ring. The beam en-
ergy has been measured within an uncertainty of 10−5.
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A NOVEL SYNCHROTRON RADIATION INTERFEROMETER FOR THE 
AUSTRALIAN SYNCHROTRON* 

K.P. Wootton#, School of Physics, Monash University, Clayton 3800, VIC, Australia 
M.J. Boland, Australian Synchrotron, Clayton 3168, VIC, Australia

Abstract 
A new arrangement for the synchrotron radiation 

interferometer was proposed. The Young's-type 
interferometer is composed of two independent and 
optically identical paths, each with a single slit on a 
motorised translating stage. This arrangement permits 
rapid scanning of the profile of fringe visibility as a 
function of slit separation. The interferometer was used 
on two beamlines at the Australian Synchrotron, the 
optical diagnostic and infrared beamlines, to measure the 
coherence of the photon beam created by the electron 
beam source, for normal and low emittance couplings. A 
large change in fringe visibility was observed, proving the 
experimental arrangement. The interferometer was 
validated in the measurement of the width of a range of 
hard-edged single slits, ranging over an order of 
magnitude in diameter. 

INTRODUCTION 
The synchrotron radiation interferometer is an 

established optical diagnostic of many modern electron 
storage rings [1]. The technique leverages the partial 
spatial coherence of synchrotron radiation to determine 
the maximum size of the electron beam. The shape and 
size of the photon source produce a complementary 
profile (Fourier transform) of interference fringe 
visibilities. 

The measured quantity of visibility of interference 
fringes with slit separation is typically determined by 
interchanging a series of double slits, at various 
separations. Thereafter, a single slit separation is fixed 
and the fringe visibility changes over time with electron 
beam size. 

This work introduces an arrangement whereby two 
independent single slits – mounted on motorised 
translation stages – can be readily scanned transversely 
across the synchrotron radiation profile. 

THEORY 
Theory governing synchrotron radiation interferometers 

is well-documented, and will be outlined here briefly. 
The experimental apparatus is essentially Young’s 

double slit interferometer. Two singles slits are used, each 
of half-width a. The slits are at a transverse separation d, 
corresponding to a very large angular separation requiring 
a lens to form an image of the diffraction pattern at a 
distance of R1 beyond the slits. The intensity distribution 
of the diffracted pattern I(y) is described by the 
relationship [2]:  
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where the photon beam is assumed quasi-monochromatic 
about some central wavelength ߣҧ. 

The magnitude of the complex degree of coherence |ߛሺߥሻ| is a function of the spatial frequency ߥ൫݀,  .ҧ൯ [2]ߣ
The slit separation d alone will be varied. For slits 
illuminated with light of equal intensity, |ߛሺ݀ሻ| is 
equivalent to the measured fringe visibility. 

For a thermal Gaussian photon source, |ߛሺ݀ሻ| is given 
by [3]: 

|ሺ݀ሻߛ|  ൌ ݁ି ௗమଶఙ೏మ 
, (2)

where ߪௗ denotes one standard deviation width of the 
measured profile of |ߛሺ݀ሻ| with slit separation. The size 
of the photon source ߪ௬ is then given by [3]: 

௬ߪ  ൌ ௗ, (3)ߪߨҧܴ଴2ߣ

where R0 is the propagation distance from the source to 
the double slit. 

A hard-edged pinhole aperture was also imaged. The 
profile of visibility |ߛሺ݀ሻ| for such a source imaged by a 
double slit interferometer is described by [4]: 

|ሺ݀ሻߛ|  ൌ |sin ߦ|ߦ ߦ      , ൌ ҧܴ଴ߣߩߨ   ݀, (4)

where the pinhole source is of diameter ρ. 

INTERFEROMETER CONSTRUCTION 
As far as is known, the interferometer as constructed is 

unique in the world. Theoretically, it measures the 
coherence of the photon beam in an identical manner to 
other SR interferometers. The feature of this arrangement 
is that with mechanisation, each of the single slits can be 
independently scanned across the photon beam to map the 
fringe visibility with increasing slit separation. Hence, 
this interferometer should be sensitive over a much larger 
range of electron beam size than interferometers with a 
fixed slit separation. The interferometer is illustrated 
schematically in Fig. 1 below. 

The premise of this layout is to exert independent 
control over the two independent single slits, converging 
the two single slit diffraction patterns to form the image 
of a double slit pattern. 

Two configurations for the lenses were explored. 
Initially, a lens was placed on each path, immediately 
following the single slit. 

 ___________________________________________  
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Figure 1: SR interferometer, illustrating two separate 
single slits, each offset by distance d / 2 from the central 
axis. 

It was found to be more effective, and much simpler to 
position a lens before and after the beamsplitter 
arrangement, as illustrated in Fig. 1. The operation of the 
interferometer was largely insensitive to the centres or 
tilts of the lenses. The positioning of the two lenses 
resembles Thompson and Wolf’s diffractometer [5]. 

Components 
The beam is split and recombined equally in power 

using an unpolarised beamsplitter cube. Two planar 
mirrors of surface roughness λ/10 are used in steering the 
beam. Planoconvex lenses of diameter 25.4 mm and 
effective focal length 300 mm were selected. Variable 
aperture single slits were selected, with a typical aperture 
used between 200-300 µm. 

A laser line bandpass filter of ߣҧ = 532 nm, 10 nm 
FWHM bandpass is optimised for the broadband visible 
antireflection coatings. Retrospectively, this is deemed 
too tight – a filter of up to 60 nm may not appreciably 
degrade the visibility of the central fringes [6]. A 
polarised beamsplitter cube was used for rejection of the 
π-mode polarisation of synchrotron radiation as it has a 
phase difference of π with the σ-mode, which would 
diminish the observed fringe visibility [1]. 

Linear translation stages were matched with actuators 
of a travel range of 12mm. The APT motor controllers 
feature USB connections and ActiveX control software, 
which was incorporated directly into MATLAB scripts. 

Image acquisition was accomplished using a greyscale 
CCD flea camera, interfaced to EPICS. 

The most difficult aspect of construction is alignment, 
especially minimising the path length difference to within 
the coherence length of the bandpass filter of only 28 µm. 
A streak camera could be very beneficial. 

Beamlines 
The optical diagnostic beamline (ODB) at the 

Australian Synchrotron is designed to cater principally to 
the longitudinal profile of the photon beam. It serves a 
suite of instruments, including a streak camera, bunch 
purity monitor and fill pattern monitor [7]. To deliver 
light to these instruments, a biconvex lens forms an image 
of the photon beam source over the optical table [8]. The 
distance between this virtual source and interferometer, R0 
is limited to at most 2-3 metres. Most SR interferometers 
have R0 ≈ 10 m. 

The beamline front end has several apertures, with the 
crotch absorber the limiting aperture: 5 mm (2.8 mrad) 
vertical × 10 mm (5.6 mrad) horizontal. This is a standard 
crotch absorber used for bending magnet x-ray beamlines, 
but is too narrow to pass the vertical fan of optical 
synchrotron radiation, even at the VUV limit. Simulations 
made in Synchrotron Radiation Workshop demonstrate 
that passing the full vertical fan (3σ, 99.8% power) at 532 
nm requires a vertical aperture of 15 mm (8.4 mrad). 

The infrared beamline at the Australian Synchrotron 
has a much larger angular acceptance than the optical 
beamline. Bending magnet and edge radiation are 
extracted using a slotted mirror of 17.3 mrad vertical × 
60.2 mrad horizontal [9]. A centrally positioned slot of 
2.3 mrad (3 mm) passes the hot x-ray fan. 

MEASUREMENTS 
A goal of this interferometer is to directly confirm the 

vertical beam size, and hence the emittance coupling ratio 
of the storage ring beam. Indirect measurements using the 
Touschek lifetime have been made, giving a minimal 
emittance coupling of 0.009% [10]. 

Fringe visibilities were assigned for each slit separation 
by fitting Equation (1) to the measured visibility 
distribution, using a Levenberg-Marquhart technique. 
This is illustrated in Fig. 2 below. 

 
Figure 2: Fitting to determine fringe visibility. Blue: slice 
of measured interferogram, black: Equation (1), fitted for 
a visibility of 0.25. 

Pinhole verification 
The interferometer was arranged to image a selection of 

circular pinholes, the results of which are presented in 
Fig. 5. The propagation distance R0 and separation of 
camera and objective R1 were both 300 mm. The source 
pinhole was illuminated by a 600 µm diameter multimode 
optical fibre, positioned immediately behind the pinhole. 
To increase the measured intensity the integration time of 
the CCD was set as high as 1500 ms for pinhole 1. 

Once aligned, each scan of approximately 20 slit 
separations was taken in less than five minutes. 

The diameters of the pinholes were calibrated by single 
slit diffraction. A summary of the results is shown in 
Table 1 below. 

Table 1: Measurement of Pinhole Diameter ρ 
Pinhole Single Slit Diffraction SR Interferometer 

- [µm] [µm] 
1 15 ± 2 15 ± 2 
2 42 ± 3 38 ± 2 
3 174 ± 10 171 ± 5 
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Figure 3: Measured profiles of fringe visibility for three 
pinhole sources. For uncertainties refer to Table 1. 

Infrared Beamline 
As the ODB mirror accepts light only above the orbit 

plane of the ring, measurements of the profile of 
synchrotron radiation were undertaken on the infrared 
microspectroscopy beamline. The beam emittance 
coupling was varied from nominal user coupling of 1% to 
a minimum coupling. The interferometer was at an 
effective distance R0 of 1.00 m. At a single fixed slit 
separation of 3 mrad, the fringe visibility was seen to 
increase as the coupling was reduced. This is illustrated in 
Fig. 4 below. 

 
Figure 4: Observed increase in visibility with reduction of 
coupling. |ߛሺ3ሻଵ%| ൌ 0.05, |ሺ3ሻ௠௜௡ߛ| ൌ 0.35. 

Figure 5 below shows the profile of visibility with slit 
separation. 

 
Figure 5: Fringe visibility profiles with variation in 
emittance coupling. (red: minimal, blue: 1% coupling). 

DISCUSSION 
The results of the pinhole measurement in Fig. 3 

demonstrate the high dynamic range of the setup to 
measure source size, over at least an order of magnitude. 
A source size of 15 µm can be determined to ± 2 µm. 

The results presented in Figs. 4 and 5 demonstrate 
qualitatively that the interferometer can image a 
synchrotron radiation bending magnet source. The 
couplings quoted in Fig. 5 compare poorly with other 
measurements. It is believed that the fringe visibility is 
degraded by the three infrared-transparent windows in the 
optical path, that are not optically flat at visible 
wavelengths. 

The interferometer installed on the optical table is 
compact, with a footprint of approximately 0.2 m × 0.7 m. 
The dimensions would be scalable to suit larger 
transverse size, or greater propagation distance. Once 
aligned, scans require no user intervention to change slit 
separation. As such, a permanent diagnostic could be 
mounted near the photon source, within the accelerator 
tunnels. 

CONCLUSION 
The new arrangement for the synchrotron radiation 

interferometer has been demonstrated to give accurate 
measurements of three pinholes ranging in size over an 
order of magnitude. We have demonstrated a 
measurement of a pinhole source 15 ± 2 µm. 

A measurement of the vertical size of the storage ring 
electron beam was made on the infrared beamline. The 
observed fringe visibility defined a source much larger 
than determined by other direct measurements.  

We aim to implement the interferometer as a diagnostic 
in the future, on an accommodating beamline. 
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Acronyms

AdA Anello di Accumulazione.

ALS Advanced Light Source.

APPLE-II Advanced Planar Polarised Light Emitter–II.

AS Australian Synchrotron.

AT Accelerator Toolbox.

BPM Beam Position Monitor.

CDR Conceptual Design Report.

CERN European Organization for Nuclear Research.

CLIC Compact Linear Collider.

COD Closed Orbit Distortion.

DBA Double-Bend Achromat.

DCCT Direct-Current Current Transformer.

DLS Diamond Light Source.

eRHIC electron Relativistic Heavy Ion Collider.

FFAG Fixed-Field, Alternating Gradient.

FODO Focussing–Open–Defocussing–Open.

FWHM Full Width at Half Maximum.

IBS Intra-Beam Scattering.

ID Insertion Device.

ILC International Linear Collider.
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204 Acronyms

KEK-ATF KEK Accelerator Test Facility.

LEP Large Electron Positron Collider.

LHC Large Hadron Collider.

LHeC Large Hadron electron Collider.

LOCO Linear Optics from Closed Orbits.

MAD-X Methodical Accelerator Design (version 10).

ODB Optical Diagnostic Beamline.

PSF Point-Spread Function.

RDR Reference Design Report.

rf radio frequency.

RMS Root Mean Square.

SI Système International d’Unités.

SLC SLAC Linear Collider.

SLS Swiss Light Source.

SPEAR Stanford Positron Electron Accelerating Ring.

SRW Synchrotron Radiation Workshop.

SVD singular value decomposition.

TDR Technical Design Report.

TME Theoretical Minimum Emittance.

USR Ultimate Storage Ring.

VUV Vacuum Ultra-Violet.

XDB X-ray Diagnostic Beamline.
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