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1 Introduction

Three point functions of single trace operators in planar N = 4 SYM describe the scattering
of three closed strings in AdS and are thus given by a pairs of pants. Pairs of pants can be
obtained by stitching two hexagons together. That is how tailors make pants and it is also
how one computes three point functions in this gauge theory using integrability [1, 2]. This
paper is about spinning pair of pants where two or more operators have spin. In this case
the 3pt function is given by a sum of conformal invariant tensor structures and we need to
explain how the hexagons extract the coefficient multiplying each such structure. For three
twist-two operators with spin 2, 4 and 6, for instance, we have the perturbative result [3]
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where 〈ij〉 is a scalar product involving a left spinor parametrizing operator i and a right
spinor parametrizing operator j.1 A main goal of this paper is to develop the formalism to
reproduce such results from integrability.

Not all terms are equally easy to get. The terms in blue, for instance, are the tree level
contributions; we will develop an efficient recursion algorithm which will allow us to deter-
mine them all (and produce a plethora of new predictions for structure constants of larger
twist operators). The boldfaced terms are what we call the abelian terms; these structure
constants are very integrability friendly as they lack a complicated so-called hexagon matrix
part; these abelian terms we can actually compute easily at one loop (in cyan here) or even
at higher loops. The remaining non boldfaced orange terms are non-abelian one loop terms;
we can also get them but it is quite painful to do so specially for operators of larger spin.

At the center of all these integrability based computations is a beautiful partition
function represented in figure 1. We call it the hexagon partition function. The vertex in
this partition function is Beisert’s centrally extended SU(2|2) R-matrix [4] while the open
boundary conditions are given by contracting each boundary with a fixed two dimensional

1These spinor variables render the various conformal invariant tensor structures into simple scalar prod-
ucts, recalled in appendix A.
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spinor. The various possible choices of such spinors parametrize the various tensor struc-
tures described above. (For some choice of boundary conditions this partition function
trivializes — leading to the much simpler abelian contributions described above.) This
hexagon partition function is the building block of all spinning correlators. It is an inter-
esting object on its own right which we want to advertise in this paper. It has a beautiful
very rich integrable structure, the surface of which we are barely starting to scratch.

This paper is naturally split into two main sections.
In section 2 we study the hexagon partition function mentioned above. This section

might be interesting for hardcore integrabilists, even those with no interest in three point
functions in SYM. We will study this partition function at weak coupling when it reduces
to a rational vertex model partition function and at finite coupling where it is richer, of
Hubbard type. Recursion relations, analytic continuations and several other tricks will
play a key role in this analysis.

In section 3 we describe how to introduce polarizations into the hexagon formalism to
compute spinning structure constants. We will do it mostly in the so called asymptotic
regime where mirror particles can be ignored except in section 3.4 where we perform some
checks involving mirror particles at two loops. We will show how the triangle partition
function naturally shows up and the fundamental building block and we will test the
hexagon construction against perturbative data for a few simple examples with low spins.

2 The hexagon partition function

2.1 The partition function

The central object in this paper is dubbed the hexagon partition function or simply the
hexagon. It is defined in figure 1a. The name hexagon becomes clear when we realize it is
given by a simpler partition function depicted in figure 1b.

As usual, the partition function can be thought of as 2d classical statistical mechanical
model where we sum over statistical weights at each vertex (more precisely the vertex is the
Shastry R-matrix of the Hubbard model) and where at the edges we impose appropriate
boundary conditions. For the hexagon partition function there are six different boundary
conditions to impose each parametrized by its own two dimensional spinor.

Alternatively we can think of it as an integrable 1d quantum mechanical model. In
this picture we start with three sets of fermions in an in-state and let them scatter —
in a purely factorized fashion — into a final state also with three sets of fermions. (At
intermediate time steps these fermions can scatter into bosons as well but in the initial and
final states we only consider fermions.) These fermions have an SU(2) flavour index and
we contract each of the six sets of fermions (three in plus three out) with the same spinor;
in other words, we scatter three groups of identical fermions. Because these fermions are
identical scattering among the fermions of the same type will be trivial and this is why
the big partition function in 1a ends up simplifying to the hexagon shape in figure 1b
which gives the name to the partition function. In fact, this simplified shape is far from
unique. Since the underlying model is integrable the order by which the particles scatter
is imaterial so we can alternatively cast this partition function in a myriad of equivalent
ways as illustrated in figure 2.
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v3
<latexit sha1_base64="B4ZUhXAg7vxcJO1+7+ps+RhzpFA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYVo0eiF48Y5ZHAhswOvTBhdnYzM0tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCooeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh3cxvjlBpHssnM07Qj2hf8pAzaqz0OOpedoslt+zOQVaJl5ESZKh1i1+dXszSCKVhgmrd9tzE+BOqDGcCp4VOqjGhbEj72LZU0gi1P5mfOiVnVumRMFa2pCFz9ffEhEZaj6PAdkbUDPSyNxP/89qpCW/8CZdJalCyxaIwFcTEZPY36XGFzIixJZQpbm8lbEAVZcamU7AheMsvr5LGRdmrlK8eKqXqbRZHHk7gFM7Bg2uowj3UoA4M+vAMr/DmCOfFeXc+Fq05J5s5hj9wPn8ADkSNqA==</latexit>

v1<latexit sha1_base64="mbBdPcnL32Ecol33cqW49dqyXwY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REKnosePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsY9r1euuFV3DrJKvJxUIEejV/7q9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUrOrNInYaxsSUPm6u+JjEZaT6LAdkbUDPWyNxP/8zqpCW/8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV8nTZdWrVa/ua5X6RR5HEU7gFM7Bg2uowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8ABJ6NkA==</latexit>

v2<latexit sha1_base64="/1mrOm+vq1uNaagmH+EZ+qAwOFA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgQcJuiOgx4MVjRPOAJITZyWwyZHZ2mekNhCWf4MWDIl79Im/+jZNkD5pY0FBUddPd5cdSGHTdbye3sbm1vZPfLeztHxweFY9PmiZKNOMNFslIt31quBSKN1Cg5O1Ycxr6krf88d3cb024NiJSTziNeS+kQyUCwSha6XHSr/SLJbfsLkDWiZeREmSo94tf3UHEkpArZJIa0/HcGHsp1SiY5LNCNzE8pmxMh7xjqaIhN710ceqMXFhlQIJI21JIFurviZSGxkxD33aGFEdm1ZuL/3mdBIPbXipUnCBXbLkoSCTBiMz/JgOhOUM5tYQyLeythI2opgxtOgUbgrf68jppVspetXz9UC3VrrI48nAG53AJHtxADe6hDg1gMIRneIU3RzovzrvzsWzNOdnMKfyB8/kDBiKNkQ==</latexit>

u1
<latexit sha1_base64="QJrvI09FiXI9MqE3+KwepZ8aV2g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0kPa9frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqlerXt7XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAJto2l</latexit>

u2
<latexit sha1_base64="R6C0Ukt7sATDkS4hL8vGHY+Ihh0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKRY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+7Rf65crbtWdg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKuVb169eKuXmlc53EU4QRO4Rw8uIQG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcLOo2m</latexit>

u3
<latexit sha1_base64="gw7c1OibQjLzS3SWaYCpX5phRzQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0Yo8FLx4rWltoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfjm5nffkKleSwfzCRBP6JDyUPOqLHSfdq/7JcrbtWdg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwrqfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKnm8qHq16tVdrdKo53EU4QRO4Rw8uIYG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcJvI2d</latexit>

R1
<latexit sha1_base64="XkAl6a9tbcTEzi+sIHXlxDYhQnQ=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GpLasV0W3bisjz6gHUomzbShmcyQZIQy9BPcuFDErV/kzr8xfQgqeuDC4Zx7ufeeIBFcG4Q+nNzK6tr6Rn6zsLW9s7tX3D9o6ThVlDVpLGLVCYhmgkvWNNwI1kkUI1EgWDsYX8789j1TmsfyzkwS5kdkKHnIKTFWur3p436xhFzk4XMPQeSeVavlctkShFENexC7aI4SWKLRL773BjFNIyYNFUTrLkaJ8TOiDKeCTQu9VLOE0DEZsq6lkkRM+9n81Ck8scoAhrGyJQ2cq98nMhJpPYkC2xkRM9K/vZn4l9dNTVjzMy6T1DBJF4vCVEATw9nfcMAVo0ZMLCFUcXsrpCOiCDU2nYIN4etT+D9plV1ccb3rSql+sYwjD47AMTgFGFRBHVyBBmgCCobgATyBZ0c4j86L87pozTnLmUPwA87bJyQJjbk=</latexit>

L2
<latexit sha1_base64="3oOyBFfoReB5cQdzLwjnqsmBj94=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiRt6mNXdOPCRUX7gDaUyXTSDp08mJkIJfQT3LhQxK1f5M6/cdJGUNEDFw7n3Mu993gxZ1JZ1odRWFpeWV0rrpc2Nre2d8q7e20ZJYLQFol4JLoelpSzkLYUU5x2Y0Fx4HHa8SaXmd+5p0KyKLxT05i6AR6FzGcEKy3dXg+qg3LFMk9q507dRpZpzZER26lZdWTnSgVyNAfl9/4wIklAQ0U4lrJnW7FyUywUI5zOSv1E0hiTCR7RnqYhDqh00/mpM3SklSHyI6ErVGiufp9IcSDlNPB0Z4DVWP72MvEvr5co/8xNWRgnioZkschPOFIRyv5GQyYoUXyqCSaC6VsRGWOBidLplHQIX5+i/0m7atqOWb9xKo2LPI4iHMAhHIMNp9CAK2hCCwiM4AGe4NngxqPxYrwuWgtGPrMPP2C8fQIIo42m</latexit>

L3
<latexit sha1_base64="tBSDM481fJt2RnJR1iyQtyEoA9I=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchSRttO6Kbly4qGgf0IYymU7aoZNJmJkIpfQT3LhQxK1f5M6/cfoQVPTAhcM593LvPWHKmdKO82EtLa+srq3nNvKbW9s7u4W9/YZKMklonSQ8ka0QK8qZoHXNNKetVFIch5w2w+Hl1G/eU6lYIu70KKVBjPuCRYxgbaTb626pWyg6tuO5Jc9Dju155xX31JCy5/t+Bbm2M0MRFqh1C++dXkKymApNOFaq7TqpDsZYakY4neQ7maIpJkPcp21DBY6pCsazUyfo2Cg9FCXSlNBopn6fGONYqVEcms4Y64H67U3Fv7x2pqNKMGYizTQVZL4oyjjSCZr+jXpMUqL5yBBMJDO3IjLAEhNt0smbEL4+Rf+Thme7Zdu/KRerF4s4cnAIR3ACLpxBFa6gBnUg0IcHeIJni1uP1ov1Om9dshYzB/AD1tsnLniNwQ==</latexit>

L1
<latexit sha1_base64="d8kv+EGIEU4UJsNT2hNgFQydRT4=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GpLasV0W3bhwUdE+oB1KJs20oZnMkGSEMvQT3LhQxK1f5M6/MX0IKnrgwuGce7n3niARXBuEPpzcyura+kZ+s7C1vbO7V9w/aOk4VZQ1aSxi1QmIZoJL1jTcCNZJFCNRIFg7GF/O/PY9U5rH8s5MEuZHZCh5yCkxVrq97uN+sYRc5OFzD0HknlWr5XLZEoRRDXsQu2iOElii0S++9wYxTSMmDRVE6y5GifEzogyngk0LvVSzhNAxGbKupZJETPvZ/NQpPLHKAIaxsiUNnKvfJzISaT2JAtsZETPSv72Z+JfXTU1Y8zMuk9QwSReLwlRAE8PZ33DAFaNGTCwhVHF7K6Qjogg1Np2CDeHrU/g/aZVdXHG9m0qpfrGMIw+OwDE4BRhUQR1cgQZoAgqG4AE8gWdHOI/Oi/O6aM05y5lD8APO2yca5Y2z</latexit>

R2
<latexit sha1_base64="sf3bzsRIFcWdWPPAG0rZnSwmh3c=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GmaSicst6MVjXLJAMoSeTk/SpGehu0cIQz7BiwdFvPpF3vwbe5IRVPRBweO9KqrqeTFnUlnWh1FYWl5ZXSuulzY2t7Z3yrt7bRklgtAWiXgkuh6WlLOQthRTnHZjQXHgcdrxJpeZ37mnQrIovFPTmLoBHoXMZwQrLd3eDKqDcsUyT2rnTt1GlmnNkRHbqVl1ZOdKBXI0B+X3/jAiSUBDRTiWsmdbsXJTLBQjnM5K/UTSGJMJHtGepiEOqHTT+akzdKSVIfIjoStUaK5+n0hxIOU08HRngNVY/vYy8S+vlyj/zE1ZGCeKhmSxyE84UhHK/kZDJihRfKoJJoLpWxEZY4GJ0umUdAhfn6L/Sbtq2o5Zv3YqjYs8jiIcwCEcgw2n0IAraEILCIzgAZ7g2eDGo/FivC5aC0Y+sw8/YLx9AhHHjaw=</latexit>

R3
<latexit sha1_base64="DnRVTDUFfzoTLlmB4p9AhXme4EY=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchSRttO6KblzWRx/QhjKZTtqhk0mYmQil9BPcuFDErV/kzr9x+hBU9MCFwzn3cu89YcqZ0o7zYS0tr6yurec28ptb2zu7hb39hkoySWidJDyRrRArypmgdc00p61UUhyHnDbD4eXUb95TqVgi7vQopUGM+4JFjGBtpNubbqlbKDq247klz0OO7XnnFffUkLLn+34FubYzQxEWqHUL751eQrKYCk04VqrtOqkOxlhqRjid5DuZoikmQ9ynbUMFjqkKxrNTJ+jYKD0UJdKU0Gimfp8Y41ipURyazhjrgfrtTcW/vHamo0owZiLNNBVkvijKONIJmv6NekxSovnIEEwkM7ciMsASE23SyZsQvj5F/5OGZ7tl278uF6sXizhycAhHcAIunEEVrqAGdSDQhwd4gmeLW4/Wi/U6b12yFjMH8APW2yc3nI3H</latexit>

(a)
<latexit sha1_base64="Ac+cs8EQeHY6Uohp+aTWQJMy8+k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXInoMevEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlhzI97xVLbsWdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE177Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNi4pXrVzeV0u1myyOPJzAKZTBgyuowR3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8Ai0ONUg==</latexit>

(b)
<latexit sha1_base64="rxjSKpI2fnS4OezoS9VdqYwPrBU=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBDiJexKRI8BQTxGNA9IljA7mU2GzM4uM71CWAL+gBcPinj1i7z5N04eB00saCiquunuChIpDLrut7Oyura+sZnbym/v7O7tFw4OGyZONeN1FstYtwJquBSK11Gg5K1EcxoFkjeD4fXEbz5ybUSsHnCUcD+ifSVCwSha6b4UnHULRbfsTkGWiTcnRZij1i18dXoxSyOukElqTNtzE/QzqlEwycf5Tmp4QtmQ9nnbUkUjbvxseuqYnFqlR8JY21JIpurviYxGxoyiwHZGFAdm0ZuI/3ntFMMrPxMqSZErNlsUppJgTCZ/k57QnKEcWUKZFvZWwgZUU4Y2nbwNwVt8eZk0zstepXxxVylWb55mceTgGE6gBB5cQhVuoQZ1YNCHZ3iFN0c6L8678zFrXXHmER7BHzifP7P8jdc=</latexit>

L1
<latexit sha1_base64="d8kv+EGIEU4UJsNT2hNgFQydRT4=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GpLasV0W3bhwUdE+oB1KJs20oZnMkGSEMvQT3LhQxK1f5M6/MX0IKnrgwuGce7n3niARXBuEPpzcyura+kZ+s7C1vbO7V9w/aOk4VZQ1aSxi1QmIZoJL1jTcCNZJFCNRIFg7GF/O/PY9U5rH8s5MEuZHZCh5yCkxVrq97uN+sYRc5OFzD0HknlWr5XLZEoRRDXsQu2iOElii0S++9wYxTSMmDRVE6y5GifEzogyngk0LvVSzhNAxGbKupZJETPvZ/NQpPLHKAIaxsiUNnKvfJzISaT2JAtsZETPSv72Z+JfXTU1Y8zMuk9QwSReLwlRAE8PZ33DAFaNGTCwhVHF7K6Qjogg1Np2CDeHrU/g/aZVdXHG9m0qpfrGMIw+OwDE4BRhUQR1cgQZoAgqG4AE8gWdHOI/Oi/O6aM05y5lD8APO2yca5Y2z</latexit>

R2
<latexit sha1_base64="sf3bzsRIFcWdWPPAG0rZnSwmh3c=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GmaSicst6MVjXLJAMoSeTk/SpGehu0cIQz7BiwdFvPpF3vwbe5IRVPRBweO9KqrqeTFnUlnWh1FYWl5ZXSuulzY2t7Z3yrt7bRklgtAWiXgkuh6WlLOQthRTnHZjQXHgcdrxJpeZ37mnQrIovFPTmLoBHoXMZwQrLd3eDKqDcsUyT2rnTt1GlmnNkRHbqVl1ZOdKBXI0B+X3/jAiSUBDRTiWsmdbsXJTLBQjnM5K/UTSGJMJHtGepiEOqHTT+akzdKSVIfIjoStUaK5+n0hxIOU08HRngNVY/vYy8S+vlyj/zE1ZGCeKhmSxyE84UhHK/kZDJihRfKoJJoLpWxEZY4GJ0umUdAhfn6L/Sbtq2o5Zv3YqjYs8jiIcwCEcgw2n0IAraEILCIzgAZ7g2eDGo/FivC5aC0Y+sw8/YLx9AhHHjaw=</latexit>

R3
<latexit sha1_base64="DnRVTDUFfzoTLlmB4p9AhXme4EY=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchSRttO6KblzWRx/QhjKZTtqhk0mYmQil9BPcuFDErV/kzr9x+hBU9MCFwzn3cu89YcqZ0o7zYS0tr6yurec28ptb2zu7hb39hkoySWidJDyRrRArypmgdc00p61UUhyHnDbD4eXUb95TqVgi7vQopUGM+4JFjGBtpNubbqlbKDq247klz0OO7XnnFffUkLLn+34FubYzQxEWqHUL751eQrKYCk04VqrtOqkOxlhqRjid5DuZoikmQ9ynbUMFjqkKxrNTJ+jYKD0UJdKU0Gimfp8Y41ipURyazhjrgfrtTcW/vHamo0owZiLNNBVkvijKONIJmv6NekxSovnIEEwkM7ciMsASE23SyZsQvj5F/5OGZ7tl278uF6sXizhycAhHcAIunEEVrqAGdSDQhwd4gmeLW4/Wi/U6b12yFjMH8APW2yc3nI3H</latexit>

L2
<latexit sha1_base64="3oOyBFfoReB5cQdzLwjnqsmBj94=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiRt6mNXdOPCRUX7gDaUyXTSDp08mJkIJfQT3LhQxK1f5M6/cdJGUNEDFw7n3Mu993gxZ1JZ1odRWFpeWV0rrpc2Nre2d8q7e20ZJYLQFol4JLoelpSzkLYUU5x2Y0Fx4HHa8SaXmd+5p0KyKLxT05i6AR6FzGcEKy3dXg+qg3LFMk9q507dRpZpzZER26lZdWTnSgVyNAfl9/4wIklAQ0U4lrJnW7FyUywUI5zOSv1E0hiTCR7RnqYhDqh00/mpM3SklSHyI6ErVGiufp9IcSDlNPB0Z4DVWP72MvEvr5co/8xNWRgnioZkschPOFIRyv5GQyYoUXyqCSaC6VsRGWOBidLplHQIX5+i/0m7atqOWb9xKo2LPI4iHMAhHIMNp9CAK2hCCwiM4AGe4NngxqPxYrwuWgtGPrMPP2C8fQIIo42m</latexit>

R1
<latexit sha1_base64="XkAl6a9tbcTEzi+sIHXlxDYhQnQ=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GpLasV0W3bisjz6gHUomzbShmcyQZIQy9BPcuFDErV/kzr8xfQgqeuDC4Zx7ufeeIBFcG4Q+nNzK6tr6Rn6zsLW9s7tX3D9o6ThVlDVpLGLVCYhmgkvWNNwI1kkUI1EgWDsYX8789j1TmsfyzkwS5kdkKHnIKTFWur3p436xhFzk4XMPQeSeVavlctkShFENexC7aI4SWKLRL773BjFNIyYNFUTrLkaJ8TOiDKeCTQu9VLOE0DEZsq6lkkRM+9n81Ck8scoAhrGyJQ2cq98nMhJpPYkC2xkRM9K/vZn4l9dNTVjzMy6T1DBJF4vCVEATw9nfcMAVo0ZMLCFUcXsrpCOiCDU2nYIN4etT+D9plV1ccb3rSql+sYwjD47AMTgFGFRBHVyBBmgCCobgATyBZ0c4j86L87pozTnLmUPwA87bJyQJjbk=</latexit>

L3
<latexit sha1_base64="tBSDM481fJt2RnJR1iyQtyEoA9I=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchSRttO6Kbly4qGgf0IYymU7aoZNJmJkIpfQT3LhQxK1f5M6/cfoQVPTAhcM593LvPWHKmdKO82EtLa+srq3nNvKbW9s7u4W9/YZKMklonSQ8ka0QK8qZoHXNNKetVFIch5w2w+Hl1G/eU6lYIu70KKVBjPuCRYxgbaTb626pWyg6tuO5Jc9Dju155xX31JCy5/t+Bbm2M0MRFqh1C++dXkKymApNOFaq7TqpDsZYakY4neQ7maIpJkPcp21DBY6pCsazUyfo2Cg9FCXSlNBopn6fGONYqVEcms4Y64H67U3Fv7x2pqNKMGYizTQVZL4oyjjSCZr+jXpMUqL5yBBMJDO3IjLAEhNt0smbEL4+Rf+Thme7Zdu/KRerF4s4cnAIR3ACLpxBFa6gBnUg0IcHeIJni1uP1ov1Om9dshYzB/AD1tsnLniNwQ==</latexit>

⇥
<latexit sha1_base64="DFN4sfNhBNG+B7awRb3y/Saos6c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqperXp5X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuMOPPA==</latexit>
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Figure 1. (a) The hexagon partition function ZJ1,J2,J3 , illustrated here in the case Z3,3,3, describe
the scattering of three sets of fermions, labelled by their rapidities vi, uj , wk, in the N = 4
SYM spin-chain. Each set starts polarized in a fixed direction labeled by the spinors R2, L1, R3
respectively. The particles then scatter in all possible pairings according to Beisert’s PSU(2|2)
vertex. The final state is then projected into fermions of definite polarization spinors L2, R1, L3.
In the gauge theory, the boundary conditions are set by the spacetime polarizations of spinning
operators whose structure constants are governed by the hexagon partition function. Because the
vertex is proportional to the identity when the incoming or outgoing particles are fermions with
identical polarizations, the outer parts of the graph are trivial and result in a simple abelian factor.
We represent these trivial scattering by the green red and blue colours. They can be factored
out resulting in the equivalent representation (b). The interesting dynamics happens in the pink
region in which particles from different sets interact.

Each particle has a physical momenta which is conserved in each elastic scattering
event; it is thus associated to each line in the figure. We parametrize it by a physical
rapidity. Since we have three sets of momenta we will have three sets of rapidities which
we label as vi, uj , wk. What was before a valance four statistical mechanical weight is in
this picture the two-to-two scattering matrix of two of the 1d particles:

Scdab(z, z′) ≡ a
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where each index can take four values (a fermion doublet and a boson doublet combined into
an SU(2|2) fundamental; for the external states we have fermions only but in intermediate
states we will of course produce everyone in the multiplet.) This S-matrix is Beisert’s
PSU(2|2) S-matrix [4, 5] explicitly given by a simple combination of ten terms

Scdab(z,z′)=h(z,z′)
(
A(z,z′)∆c

a∆d
b+∆d

a∆c
b

2 +B(z,z′)∆c
a∆d

b−∆d
a∆c

b

2 +1
2C(z,z

′)φ−1
Z (z,z′)Eabεcd

+D(z,z′)δ
c
aδ
d
b+δdaδcb

2 +E(z,z′)δ
c
aδ
d
b−δdaδcb

2 +1
2F(z,z′)φZ(z,z′)εabEcd+G(z,z′)δcb∆d

a

+L(z,z′)δda∆c
b+K(z,z′)δdb∆c

a+H(z,z′)δca∆d
b

)
. (2.2)

The Beisert matrix elements A,B, C,D, E ,F ,G,H,L,K as well as the non-local markers
φZ are defined in appendix B and depend on the rapidities z,z′ through the Zhukovsky
variables x± only. These are defined through

z + i/2
g

= x+(z) + 1
x+(z) ,

z − i/2
g

= x−(z) + 1
x−(z) . (2.3)

where g = λ/(4π)2 is the coupling.
The three particle sets are not on equal footing. In our conventions, uj are physical

rapidities while vi and wk are crossed kinematics. We can think of the corresponding exci-
tations as anti-particles. Crossed parameters in the matrix elements are to be understood
as analytically continued. The result of this analytic continuation is simple in this case:
we should pick monodromies around the branch points of the Zhukovsky variables. This
amounts to

x±(v�)→ 1/x±(v), x±(w	)→ 1/x±(w) (2.4)

so that when we write, e.g.,

A(z, z′) ≡ x+(z′)− x−(z)
x−(z′)− x+(z) ,

we are simultaneously defining

A(v,w) = 1/x+(w)−1/x−(v)
1/x−(w)−1/x+(v) , A(v,u) = x+(u)−1/x−(v)

x−(u)−1/x+(v) , A(u,w) = 1/x+(w)−x−(u)
1/x−(w)−x+(u) .

All other factors are treated in the same simple fashion; the exception is the overall factor
h(x, y) given by [1, 2]

h(z, z′) ≡ x−(z)− x−(z′)
x−(z)− x+(z′)

1− 1
x−(z)x+(z′)

1− 1
x+(z)x+(z′)

σ(z, z′)−1, (2.5)

with σ the BES dressing phase [6] and which transforms nontrivial due to the non-trivial
crossing transformation of σ under the v� and w	 monodromies, see appendix C. In any
case, this overall factor will lead to an overall factorized product sitting outside as an overall
normalization; it is irrelevant for most of our discussion.
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Figure 2. The PSU(2|2) vertex satisfies the Yang-Baxter relation illustrated in the first line.
Simply put, the partition function is invariant under translating lines across vertices. These allows
for many possible rewritings of the partition function, as expressed in the second line. The term
on the left-hand side corresponds to the second line of (2.6). The next two terms give alternative
representations whose explicit form we hope is clear from the picture. In particular, the middle
shape relates the hexagon partition function to a Hubbard-type model in a Kagome-type lattice.

As emphasized above, each line segment in the partition function is a PSU(2|2) state
|x〉 parametrized by two component polarizations cα and da as

|x〉 = cα|ψα〉︸ ︷︷ ︸
fermions

+ da|φa〉︸ ︷︷ ︸
bosons

≡ (c1, c2, d1, d2)T .

In this basis, the matrices δ,∆, ε, E act as

δ =


1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

 , ∆ =


0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

 , ε =


0 1 0 0
−1 0 0 0
0 0 0 0
0 0 0 0

 , E =


0 0 0 0
0 0 0 0
0 0 0 1
0 0 −1 0

 .

The boundary conditions are so that initial and final states are purely fermionic. Particles
in the sets u, v, w have, respectively, incoming polarization spinors L1, R2, R3 and outgoing
polarization spinors R1, L2, L3.2 In the bulk of the partition function, coloured in pink in
figure 1, the particles can transmute into scalars and explore the full PSU(2|2) dynamics.

2This weird choice of labels is made to simplify formulas in section 3, in which Li and Ri will correspond
to physical left and right space-time polarization spinors of local operators in N = 4 SYM. Particle sets
vi and wk, being crossed, have their right and left handed spinning components exchanged. It will also
simplify some of the formulas to follow, see e.g. equation (2.15).
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Having defined all these elements, we can translate picture 1 into an equation for
the partition function. This is equation (2.6). Note the vertex simplify dramatically for
identical fermionic outgoing states, the matrix part being reduced to the element D = −1.
This was used to write the last three factors in equation (2.6).

ZJ1,J2,J3≡
J2∏

i=1

J1∏
j=1

J3∏
k=1

L1
b1

jR2
a1

iR3
c1

k︸ ︷︷ ︸
incoming b.c.

×R1b
J2+J3
j

L2a
J1+J3
i

L3c
J1+J2
k︸ ︷︷ ︸

outgoing b.c.

× (−1)J2+J3︸ ︷︷ ︸
crossing factor

(2.6)

×S
aj+1

i
bi+1

j

aj
i
bi

j

(vJ2+1−i,uj)︸ ︷︷ ︸
vi, uj scattering

×Sa
J1+k+1
i

ci+1
k

a
J1+k

i
ci

k

(vJ2+1−i,wk)︸ ︷︷ ︸
vi, wk scattering

×S
b

J2+k+1
j

c
J2+j+1
k

b
J2+k

j
c

J2+j

k

(uJ1+1−j ,wk)︸ ︷︷ ︸
uj , wk scattering

×
∏
i′<i

(−1)J2(J2−1)/2h(vi′ ,vi)︸ ︷︷ ︸
vi′ ,vi scattering

∏
j′<j

(−1)J1(J1−1)/2h(uj′ ,uj)︸ ︷︷ ︸
uj′ ,uj scattering

×
∏

k′<k

(−1)J3(J3−1)/2h(wk′ ,wk)︸ ︷︷ ︸
wk′ ,wk scattering

.

2.2 Properties of the partition function

The PSU(2|2) vertex enjoys four important properties which we will make use in the next
few sections. First, it satisfies the Yang-Baxter relation

Sαβbc (z′, z′′)Sdγaα(z, z′′)Sefγβ(z, z′) = Sβγab (z, z′)Sαfγc (z, z′′)Sdeβα(z′, z′′) (2.7)

which allows for many possible rewritings of the partition formula (2.6) as illustrated in
figure 2. Second, it satisfies the unitarity relation

Sαβab (z, z′)Scdαβ(z′, z) = h(z, z′)h(z′, z), (2.8)

as follows from the unitarity of the Beisert PSU(2|2) S-matrix.
Note that unitarity immediately allows us to show that, up to a trivial overall factor,

the hexagon partition function is an invariant function under swapping of any fermions of
the same type as illustrated in figure 3. More precisely we can decompose any permutation
of fermions within the same group as a sequence of neighbouring swaps, each of which
simply generates an abelian S-matrix factor S0(zi, zi−1) ≡ h(zi, zi−1)/h(zi−1, zi),

ZJ1,J2,J3

∣∣∣
zi↔zi−1

= S0(xi, xi−1)ZJ1,J2,J3 (2.9)

This is the so-called Watson relation.3

The two properties above allow one to move lines around (Yang-Baxter) and collapse
bubbles (Unitarity). The next two properties lead to situations which prepare the lines to
be moved.

3Note that we could have redefined the partition function by a trivial product of h factors so that the
symmetry relation (2.9) would simplify to full invariance under any swap of rapidities. We found it better
not to do so to preserve some nice analytic properties.
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Figure 3. The Watson axiom imply that particles in the same external set can be exchanged
through the action of the SL(2, R) S-matrix S0(x, y) ≡ h(x, y)/h(y, x). This follows explicitly from
the fact that for identical outgoing polarizations the vertex (2.2) projects into the D element. In
equations, R1cR1dS

cd
ab(ui, ui+1) = −R1aR1bh(ui, ui+1) = S0(ui, ui+1)R1cR1dS

cd
ab(ui+1, ui).

First, at equal rapidities, the scattering vertex degenerates. For example, when vi →
wk

4 we have, up to regular terms,

Scdab(vi, wk) ∼
i/µ(wk)
vi − wk

(
−δcaδdb − δca∆d

b −∆c
aδ
d
b −∆c

a∆d
b

)
= a

<latexit sha1_base64="zhStrDX93g61qQ17AeRH7Mp3TyA=">AAAB6HicdVBNS8NAEJ3Ur1q/qh69LBbBU0hibOut6MVjC7YV2lA22027dvPB7kYoob/AiwdFvPqTvPlv3LQVVPTBwOO9GWbm+QlnUlnWh1FYWV1b3yhulra2d3b3yvsHHRmngtA2iXksbn0sKWcRbSumOL1NBMWhz2nXn1zlfveeCsni6EZNE+qFeBSxgBGstNTCg3LFMi/qVcetIsu0rJrt2Dlxau6Zi2yt5KjAEs1B+b0/jEka0kgRjqXs2VaivAwLxQins1I/lTTBZIJHtKdphEMqvWx+6AydaGWIgljoihSaq98nMhxKOQ193RliNZa/vVz8y+ulKqh7GYuSVNGILBYFKUcqRvnXaMgEJYpPNcFEMH0rImMsMFE6m5IO4etT9D/pOKbtmuctt9K4XMZRhCM4hlOwoQYNuIYmtIEAhQd4gmfjzng0XozXRWvBWM4cwg8Yb58mE40v</latexit>

b
<latexit sha1_base64="ftYuAm7J+6tWwE5ncreF26K7hMc=">AAAB6HicdVBNS8NAEJ3Ur1q/qh69LBbBU0hibOut6MVjC7YV2lA22027dvPB7kYoob/AiwdFvPqTvPlv3LQVVPTBwOO9GWbm+QlnUlnWh1FYWV1b3yhulra2d3b3yvsHHRmngtA2iXksbn0sKWcRbSumOL1NBMWhz2nXn1zlfveeCsni6EZNE+qFeBSxgBGstNTyB+WKZV7Uq45bRZZpWTXbsXPi1NwzF9layVGBJZqD8nt/GJM0pJEiHEvZs61EeRkWihFOZ6V+KmmCyQSPaE/TCIdUetn80Bk60coQBbHQFSk0V79PZDiUchr6ujPEaix/e7n4l9dLVVD3MhYlqaIRWSwKUo5UjPKv0ZAJShSfaoKJYPpWRMZYYKJ0NiUdwten6H/ScUzbNc9bbqVxuYyjCEdwDKdgQw0acA1NaAMBCg/wBM/GnfFovBivi9aCsZw5hB8w3j4BJ5eNMA==</latexit>

c
<latexit sha1_base64="RdjuJP/4lW0AOKpiwiV30veAtVM=">AAAB6HicdVBNS8NAEJ3Ur1q/qh69LBbBU0hibOut6MVjC7YV2lA22027dvPB7kYoob/AiwdFvPqTvPlv3LQVVPTBwOO9GWbm+QlnUlnWh1FYWV1b3yhulra2d3b3yvsHHRmngtA2iXksbn0sKWcRbSumOL1NBMWhz2nXn1zlfveeCsni6EZNE+qFeBSxgBGstNQig3LFMi/qVcetIsu0rJrt2Dlxau6Zi2yt5KjAEs1B+b0/jEka0kgRjqXs2VaivAwLxQins1I/lTTBZIJHtKdphEMqvWx+6AydaGWIgljoihSaq98nMhxKOQ193RliNZa/vVz8y+ulKqh7GYuSVNGILBYFKUcqRvnXaMgEJYpPNcFEMH0rImMsMFE6m5IO4etT9D/pOKbtmuctt9K4XMZRhCM4hlOwoQYNuIYmtIEAhQd4gmfjzng0XozXRWvBWM4cwg8Yb58pG40x</latexit>

d
<latexit sha1_base64="lVEe1GFRgE1wnaDhu693V0YZqTY=">AAAB6HicdVBNS8NAEJ3Ur1q/qh69LBbBU0hqbOut6MVjC7YV2lA2m027dvPB7kYoob/AiwdFvPqTvPlv3LQVVPTBwOO9GWbmeQlnUlnWh1FYWV1b3yhulra2d3b3yvsHXRmngtAOiXksbj0sKWcR7SimOL1NBMWhx2nPm1zlfu+eCsni6EZNE+qGeBSxgBGstNT2h+WKZV40alWnhizTsup21c5Jte6cOcjWSo4KLNEalt8HfkzSkEaKcCxl37YS5WZYKEY4nZUGqaQJJhM8on1NIxxS6WbzQ2foRCs+CmKhK1Jorn6fyHAo5TT0dGeI1Vj+9nLxL6+fqqDhZixKUkUjslgUpBypGOVfI58JShSfaoKJYPpWRMZYYKJ0NiUdwten6H/SrZq2Y563nUrzchlHEY7gGE7Bhjo04Rpa0AECFB7gCZ6NO+PReDFeF60FYzlzCD9gvH0CKp+NMg==</latexit>

vi
<latexit sha1_base64="PCa0OT4Qh67tRJG/eUrTzGYvNXA=">AAAB6nicdVDJSgNBEK1xjXGLevTSGARPQ09IYuYW9OIxolkgGUJPpydp0rPQ3RMIQz7BiwdFvPpF3vwbO4ugog8KHu9VUVXPTwRXGuMPa219Y3NrO7eT393bPzgsHB23VJxKypo0FrHs+EQxwSPW1FwL1kkkI6EvWNsfX8/99oRJxePoXk8T5oVkGPGAU6KNdDfp836hiG1crWG3hrBdxqWqUzXEdSvlkoscGy9QhBUa/cJ7bxDTNGSRpoIo1XVwor2MSM2pYLN8L1UsIXRMhqxraERCprxsceoMnRtlgIJYmoo0WqjfJzISKjUNfdMZEj1Sv725+JfXTXVQ8zIeJalmEV0uClKBdIzmf6MBl4xqMTWEUMnNrYiOiCRUm3TyJoSvT9H/pFWynbJduS0X61erOHJwCmdwAQ5cQh1uoAFNoDCEB3iCZ0tYj9aL9bpsXbNWMyfwA9bbJ98njjY=</latexit>

wk
<latexit sha1_base64="qjWaIKNU2qBMavQxZi3KjnpMsUo=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgaZkNm5i9Bb14jGhMIFnC7GQ2GTL7YGZWCSGf4MWDIl79Im/+jZOHoKIFDUVVN91dQSq40hh/WLmV1bX1jfxmYWt7Z3evuH9wq5JMUtakiUhkOyCKCR6zpuZasHYqGYkCwVrB6GLmt+6YVDyJb/Q4ZX5EBjEPOSXaSNf3vVGvWMI2rtawV0PYdnG56lQN8byKW/aQY+M5SrBEo1d87/YTmkUs1lQQpToOTrU/IVJzKti00M0USwkdkQHrGBqTiCl/Mj91ik6M0kdhIk3FGs3V7xMTEik1jgLTGRE9VL+9mfiX18l0WPMnPE4zzWK6WBRmAukEzf5GfS4Z1WJsCKGSm1sRHRJJqDbpFEwIX5+i/8lt2XZcu3LllurnyzjycATHcAoOnEEdLqEBTaAwgAd4gmdLWI/Wi/W6aM1Zy5lD+AHr7RPjtY45</latexit>

. (2.10)

In the limit, the vertex develops a pole proportional to the index permutation operator,
the residue of which defines the measure µ(wk). Physically we can interpret this singularity
as a clustering property (two far away particles disconnect from the rest). As illustrated
in the figure, at this point the two lines meeting at a vertex are now disentangled; they
are thus ready to be moved around with unitarity and Yang-baxter in a sequence of moves
which can dramatically simplify the partition function.

Finally, the vertex also simplifies in the infinite rapidity limit. We have, up to 1/u
corrections

Scdab(v, u) = Sdcba(u,w) ∼
(
−δdaδcb + δda∆c

b + ∆d
aδ
c
b + ∆d

a∆c
b

)
+O(1/u) = a

<latexit sha1_base64="zhStrDX93g61qQ17AeRH7Mp3TyA=">AAAB6HicdVBNS8NAEJ3Ur1q/qh69LBbBU0hibOut6MVjC7YV2lA22027dvPB7kYoob/AiwdFvPqTvPlv3LQVVPTBwOO9GWbm+QlnUlnWh1FYWV1b3yhulra2d3b3yvsHHRmngtA2iXksbn0sKWcRbSumOL1NBMWhz2nXn1zlfveeCsni6EZNE+qFeBSxgBGstNTCg3LFMi/qVcetIsu0rJrt2Dlxau6Zi2yt5KjAEs1B+b0/jEka0kgRjqXs2VaivAwLxQins1I/lTTBZIJHtKdphEMqvWx+6AydaGWIgljoihSaq98nMhxKOQ193RliNZa/vVz8y+ulKqh7GYuSVNGILBYFKUcqRvnXaMgEJYpPNcFEMH0rImMsMFE6m5IO4etT9D/pOKbtmuctt9K4XMZRhCM4hlOwoQYNuIYmtIEAhQd4gmfjzng0XozXRWvBWM4cwg8Yb58mE40v</latexit>

b
<latexit sha1_base64="ftYuAm7J+6tWwE5ncreF26K7hMc=">AAAB6HicdVBNS8NAEJ3Ur1q/qh69LBbBU0hibOut6MVjC7YV2lA22027dvPB7kYoob/AiwdFvPqTvPlv3LQVVPTBwOO9GWbm+QlnUlnWh1FYWV1b3yhulra2d3b3yvsHHRmngtA2iXksbn0sKWcRbSumOL1NBMWhz2nXn1zlfveeCsni6EZNE+qFeBSxgBGstNTyB+WKZV7Uq45bRZZpWTXbsXPi1NwzF9layVGBJZqD8nt/GJM0pJEiHEvZs61EeRkWihFOZ6V+KmmCyQSPaE/TCIdUetn80Bk60coQBbHQFSk0V79PZDiUchr6ujPEaix/e7n4l9dLVVD3MhYlqaIRWSwKUo5UjPKv0ZAJShSfaoKJYPpWRMZYYKJ0NiUdwten6H/ScUzbNc9bbqVxuYyjCEdwDKdgQw0acA1NaAMBCg/wBM/GnfFovBivi9aCsZw5hB8w3j4BJ5eNMA==</latexit>

c
<latexit sha1_base64="RdjuJP/4lW0AOKpiwiV30veAtVM=">AAAB6HicdVBNS8NAEJ3Ur1q/qh69LBbBU0hibOut6MVjC7YV2lA22027dvPB7kYoob/AiwdFvPqTvPlv3LQVVPTBwOO9GWbm+QlnUlnWh1FYWV1b3yhulra2d3b3yvsHHRmngtA2iXksbn0sKWcRbSumOL1NBMWhz2nXn1zlfveeCsni6EZNE+qFeBSxgBGstNQig3LFMi/qVcetIsu0rJrt2Dlxau6Zi2yt5KjAEs1B+b0/jEka0kgRjqXs2VaivAwLxQins1I/lTTBZIJHtKdphEMqvWx+6AydaGWIgljoihSaq98nMhxKOQ193RliNZa/vVz8y+ulKqh7GYuSVNGILBYFKUcqRvnXaMgEJYpPNcFEMH0rImMsMFE6m5IO4etT9D/pOKbtmuctt9K4XMZRhCM4hlOwoQYNuIYmtIEAhQd4gmfjzng0XozXRWvBWM4cwg8Yb58pG40x</latexit>

d
<latexit sha1_base64="lVEe1GFRgE1wnaDhu693V0YZqTY=">AAAB6HicdVBNS8NAEJ3Ur1q/qh69LBbBU0hqbOut6MVjC7YV2lA2m027dvPB7kYoob/AiwdFvPqTvPlv3LQVVPTBwOO9GWbmeQlnUlnWh1FYWV1b3yhulra2d3b3yvsHXRmngtAOiXksbj0sKWcR7SimOL1NBMWhx2nPm1zlfu+eCsni6EZNE+qGeBSxgBGstNT2h+WKZV40alWnhizTsup21c5Jte6cOcjWSo4KLNEalt8HfkzSkEaKcCxl37YS5WZYKEY4nZUGqaQJJhM8on1NIxxS6WbzQ2foRCs+CmKhK1Jorn6fyHAo5TT0dGeI1Vj+9nLxL6+fqqDhZixKUkUjslgUpBypGOVfI58JShSfaoKJYPpWRMZYYKJ0NiUdwten6H/SrZq2Y563nUrzchlHEY7gGE7Bhjo04Rpa0AECFB7gCZ6NO+PReDFeF60FYzlzCD9gvH0CKp+NMg==</latexit>

u
<latexit sha1_base64="L6zcOLWK+EG8le5j70i4nKp8ZSc=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnpCEjO3oBePCZgFkiH0dGqS1p6F7h4hDPkCLx4U8eonefNv7CyCij4oeLxXRVU9PxFcaUI+rNza+sbmVn67sLO7t39QPDzqqDiVDNosFrHs+VSB4BG0NdcCeokEGvoCuv7d1dzv3oNUPI5u9DQBL6TjiAecUW2kVjoslohNanXi1jGxK6Rcc2qGuG61UnaxY5MFSmiF5rD4PhjFLA0h0kxQpfoOSbSXUak5EzArDFIFCWV3dAx9QyMagvKyxaEzfGaUEQ5iaSrSeKF+n8hoqNQ09E1nSPVE/fbm4l9eP9VB3ct4lKQaIrZcFKQC6xjPv8YjLoFpMTWEMsnNrZhNqKRMm2wKJoSvT/H/pFO2nYpdbVVKjctVHHl0gk7ROXLQBWqga9REbcQQoAf0hJ6tW+vRerFel605azVzjH7AevsEY1+NWQ==</latexit>

v or w<latexit sha1_base64="2m7CZcTgYr1tfBitFnPclis5N88=">AAAB9HicdVDJTgJBFOxxRdxQj146EhNPkx4CCDeiF4+YyJLAhPQ0PdChZ7H7DUomfIcXDxrj1Y/x5t/YLCZqtE6Vqvfy6pUXS6GBkA9rZXVtfWMzs5Xd3tnd288dHDZ1lCjGGyySkWp7VHMpQt4AAZK3Y8Vp4Ene8kaXM7815kqLKLyBSczdgA5C4QtGwUjuuAv8HlIcKTy96+XyxCblCqlWMLGLpFB2yoZUq6VioYodm8yRR0vUe7n3bj9iScBDYJJq3XFIDG5KFQgm+TTbTTSPKRvRAe8YGtKAazedh57iU6P0sW8u+1EIeK5+30hpoPUk8MxkQGGof3sz8S+vk4BfcVMRxgnwkC0O+YnEEOFZA7gvFGcgJ4ZQpoTJitmQKsrA9JQ1JXx9iv8nzYLtFO3SdTFfu1jWkUHH6ASdIQedoxq6QnXUQAzdogf0hJ6tsfVovVivi9EVa7lzhH7AevsEXLCSgw==</latexit>

,

(2.11)
the minus sign in the first term corresponding to the trivial scattering of anticommuting
fermions. Physically, when the rapidity is sent to infinity the particle has zero momenta and
became a goldstone excitation which scatters trivially with other particles. After this limit
the two lines also became two disentangled pairs, albeit a different choice of pairs compared
to the decoupling example. In this case the particle whose root is sent to infinity scatters
trivially with all other particles so the simplification of the partition function implies right
away that in the u1 →∞ limit, we simply have

ZJ1,J2,J3 ∼ (−1)J1+J2+J3+1〈L1, R1〉Zu1
J1−1,J2,J3

, u1 →∞ (2.12)
4Here we mean to take wk and vi to be equal after performing the crossing monodromies v�i and w	

k .
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v1
<latexit sha1_base64="mbBdPcnL32Ecol33cqW49dqyXwY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REKnosePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsY9r1euuFV3DrJKvJxUIEejV/7q9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUrOrNInYaxsSUPm6u+JjEZaT6LAdkbUDPWyNxP/8zqpCW/8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV8nTZdWrVa/ua5X6RR5HEU7gFM7Bg2uowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8ABJ6NkA==</latexit>

w2
<latexit sha1_base64="4O69bOit+7fgArNtczr6PlVmCEk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgQcJuiOgx4MVjRPOAZAmzk95kyOzsMjOrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3cz81iMqzWP5YMYJ+hEdSB5yRo2V7p96lV6x5JbdOcgq8TJSggz1XvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifzU6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeG1P+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSrJS9avnyrlqqXWRx5OEETuEcPLiCGtxCHRrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHB6iNkg==</latexit>

R2
<latexit sha1_base64="sf3bzsRIFcWdWPPAG0rZnSwmh3c=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GmaSicst6MVjXLJAMoSeTk/SpGehu0cIQz7BiwdFvPpF3vwbe5IRVPRBweO9KqrqeTFnUlnWh1FYWl5ZXSuulzY2t7Z3yrt7bRklgtAWiXgkuh6WlLOQthRTnHZjQXHgcdrxJpeZ37mnQrIovFPTmLoBHoXMZwQrLd3eDKqDcsUyT2rnTt1GlmnNkRHbqVl1ZOdKBXI0B+X3/jAiSUBDRTiWsmdbsXJTLBQjnM5K/UTSGJMJHtGepiEOqHTT+akzdKSVIfIjoStUaK5+n0hxIOU08HRngNVY/vYy8S+vlyj/zE1ZGCeKhmSxyE84UhHK/kZDJihRfKoJJoLpWxEZY4GJ0umUdAhfn6L/Sbtq2o5Zv3YqjYs8jiIcwCEcgw2n0IAraEILCIzgAZ7g2eDGo/FivC5aC0Y+sw8/YLx9AhHHjaw=</latexit>

w2
<latexit sha1_base64="4O69bOit+7fgArNtczr6PlVmCEk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgQcJuiOgx4MVjRPOAZAmzk95kyOzsMjOrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3cz81iMqzWP5YMYJ+hEdSB5yRo2V7p96lV6x5JbdOcgq8TJSggz1XvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifzU6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeG1P+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSrJS9avnyrlqqXWRx5OEETuEcPLiCGtxCHRrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHB6iNkg==</latexit>

v1
<latexit sha1_base64="mbBdPcnL32Ecol33cqW49dqyXwY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REKnosePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsY9r1euuFV3DrJKvJxUIEejV/7q9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUrOrNInYaxsSUPm6u+JjEZaT6LAdkbUDPWyNxP/8zqpCW/8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV8nTZdWrVa/ua5X6RR5HEU7gFM7Bg2uowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8ABJ6NkA==</latexit>

u1
<latexit sha1_base64="QJrvI09FiXI9MqE3+KwepZ8aV2g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0kPa9frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqlerXt7XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAJto2l</latexit>

u2
<latexit sha1_base64="R6C0Ukt7sATDkS4hL8vGHY+Ihh0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKRY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+7Rf65crbtWdg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKuVb169eKuXmlc53EU4QRO4Rw8uIQG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcLOo2m</latexit>

R1
<latexit sha1_base64="XkAl6a9tbcTEzi+sIHXlxDYhQnQ=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GpLasV0W3bisjz6gHUomzbShmcyQZIQy9BPcuFDErV/kzr8xfQgqeuDC4Zx7ufeeIBFcG4Q+nNzK6tr6Rn6zsLW9s7tX3D9o6ThVlDVpLGLVCYhmgkvWNNwI1kkUI1EgWDsYX8789j1TmsfyzkwS5kdkKHnIKTFWur3p436xhFzk4XMPQeSeVavlctkShFENexC7aI4SWKLRL773BjFNIyYNFUTrLkaJ8TOiDKeCTQu9VLOE0DEZsq6lkkRM+9n81Ck8scoAhrGyJQ2cq98nMhJpPYkC2xkRM9K/vZn4l9dNTVjzMy6T1DBJF4vCVEATw9nfcMAVo0ZMLCFUcXsrpCOiCDU2nYIN4etT+D9plV1ccb3rSql+sYwjD47AMTgFGFRBHVyBBmgCCobgATyBZ0c4j86L87pozTnLmUPwA87bJyQJjbk=</latexit>

u1
<latexit sha1_base64="QJrvI09FiXI9MqE3+KwepZ8aV2g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0kPa9frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqlerXt7XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAJto2l</latexit>

v2
<latexit sha1_base64="/1mrOm+vq1uNaagmH+EZ+qAwOFA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgQcJuiOgx4MVjRPOAJITZyWwyZHZ2mekNhCWf4MWDIl79Im/+jZNkD5pY0FBUddPd5cdSGHTdbye3sbm1vZPfLeztHxweFY9PmiZKNOMNFslIt31quBSKN1Cg5O1Ycxr6krf88d3cb024NiJSTziNeS+kQyUCwSha6XHSr/SLJbfsLkDWiZeREmSo94tf3UHEkpArZJIa0/HcGHsp1SiY5LNCNzE8pmxMh7xjqaIhN710ceqMXFhlQIJI21JIFurviZSGxkxD33aGFEdm1ZuL/3mdBIPbXipUnCBXbLkoSCTBiMz/JgOhOUM5tYQyLeythI2opgxtOgUbgrf68jppVspetXz9UC3VrrI48nAG53AJHtxADe6hDg1gMIRneIU3RzovzrvzsWzNOdnMKfyB8/kDBiKNkQ==</latexit>

w1
<latexit sha1_base64="Js4mahdI1ztZX8RsfyNwZMYwNoo=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4kJJIRY8FLx4r2g9oQ9lsJ+3SzSbsbpQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekSleSwfzDhBP6IDyUPOqLHS/VPP65XKbsWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n81OnZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwms/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0ijYEb/HlZdK8qHjVyuVdtVw7z+MowDGcwBl4cAU1uIU6NIDBAJ7hFd4c4bw4787HvHXFyWeO4A+czx8GJI2R</latexit>

u2
<latexit sha1_base64="R6C0Ukt7sATDkS4hL8vGHY+Ihh0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKRY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+7Rf65crbtWdg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKuVb169eKuXmlc53EU4QRO4Rw8uIQG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcLOo2m</latexit>

L1
<latexit sha1_base64="d8kv+EGIEU4UJsNT2hNgFQydRT4=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GpLasV0W3bhwUdE+oB1KJs20oZnMkGSEMvQT3LhQxK1f5M6/MX0IKnrgwuGce7n3niARXBuEPpzcyura+kZ+s7C1vbO7V9w/aOk4VZQ1aSxi1QmIZoJL1jTcCNZJFCNRIFg7GF/O/PY9U5rH8s5MEuZHZCh5yCkxVrq97uN+sYRc5OFzD0HknlWr5XLZEoRRDXsQu2iOElii0S++9wYxTSMmDRVE6y5GifEzogyngk0LvVSzhNAxGbKupZJETPvZ/NQpPLHKAIaxsiUNnKvfJzISaT2JAtsZETPSv72Z+JfXTU1Y8zMuk9QwSReLwlRAE8PZ33DAFaNGTCwhVHF7K6Qjogg1Np2CDeHrU/g/aZVdXHG9m0qpfrGMIw+OwDE4BRhUQR1cgQZoAgqG4AE8gWdHOI/Oi/O6aM05y5lD8APO2yca5Y2z</latexit>

w1
<latexit sha1_base64="Js4mahdI1ztZX8RsfyNwZMYwNoo=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4kJJIRY8FLx4r2g9oQ9lsJ+3SzSbsbpQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekSleSwfzDhBP6IDyUPOqLHS/VPP65XKbsWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n81OnZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwms/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0ijYEb/HlZdK8qHjVyuVdtVw7z+MowDGcwBl4cAU1uIU6NIDBAJ7hFd4c4bw4787HvHXFyWeO4A+czx8GJI2R</latexit>

v2
<latexit sha1_base64="/1mrOm+vq1uNaagmH+EZ+qAwOFA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgQcJuiOgx4MVjRPOAJITZyWwyZHZ2mekNhCWf4MWDIl79Im/+jZNkD5pY0FBUddPd5cdSGHTdbye3sbm1vZPfLeztHxweFY9PmiZKNOMNFslIt31quBSKN1Cg5O1Ycxr6krf88d3cb024NiJSTziNeS+kQyUCwSha6XHSr/SLJbfsLkDWiZeREmSo94tf3UHEkpArZJIa0/HcGHsp1SiY5LNCNzE8pmxMh7xjqaIhN710ceqMXFhlQIJI21JIFurviZSGxkxD33aGFEdm1ZuL/3mdBIPbXipUnCBXbLkoSCTBiMz/JgOhOUM5tYQyLeythI2opgxtOgUbgrf68jppVspetXz9UC3VrrI48nAG53AJHtxADe6hDg1gMIRneIU3RzovzrvzsWzNOdnMKfyB8/kDBiKNkQ==</latexit> L2

<latexit sha1_base64="3oOyBFfoReB5cQdzLwjnqsmBj94=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiRt6mNXdOPCRUX7gDaUyXTSDp08mJkIJfQT3LhQxK1f5M6/cdJGUNEDFw7n3Mu993gxZ1JZ1odRWFpeWV0rrpc2Nre2d8q7e20ZJYLQFol4JLoelpSzkLYUU5x2Y0Fx4HHa8SaXmd+5p0KyKLxT05i6AR6FzGcEKy3dXg+qg3LFMk9q507dRpZpzZER26lZdWTnSgVyNAfl9/4wIklAQ0U4lrJnW7FyUywUI5zOSv1E0hiTCR7RnqYhDqh00/mpM3SklSHyI6ErVGiufp9IcSDlNPB0Z4DVWP72MvEvr5co/8xNWRgnioZkschPOFIRyv5GQyYoUXyqCSaC6VsRGWOBidLplHQIX5+i/0m7atqOWb9xKo2LPI4iHMAhHIMNp9CAK2hCCwiM4AGe4NngxqPxYrwuWgtGPrMPP2C8fQIIo42m</latexit>

R3
<latexit sha1_base64="DnRVTDUFfzoTLlmB4p9AhXme4EY=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchSRttO6KblzWRx/QhjKZTtqhk0mYmQil9BPcuFDErV/kzr9x+hBU9MCFwzn3cu89YcqZ0o7zYS0tr6yurec28ptb2zu7hb39hkoySWidJDyRrRArypmgdc00p61UUhyHnDbD4eXUb95TqVgi7vQopUGM+4JFjGBtpNubbqlbKDq247klz0OO7XnnFffUkLLn+34FubYzQxEWqHUL751eQrKYCk04VqrtOqkOxlhqRjid5DuZoikmQ9ynbUMFjqkKxrNTJ+jYKD0UJdKU0Gimfp8Y41ipURyazhjrgfrtTcW/vHamo0owZiLNNBVkvijKONIJmv6NekxSovnIEEwkM7ciMsASE23SyZsQvj5F/5OGZ7tl278uF6sXizhycAhHcAIunEEVrqAGdSDQhwd4gmeLW4/Wi/U6b12yFjMH8APW2yc3nI3H</latexit>

L3
<latexit sha1_base64="tBSDM481fJt2RnJR1iyQtyEoA9I=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchSRttO6Kbly4qGgf0IYymU7aoZNJmJkIpfQT3LhQxK1f5M6/cfoQVPTAhcM593LvPWHKmdKO82EtLa+srq3nNvKbW9s7u4W9/YZKMklonSQ8ka0QK8qZoHXNNKetVFIch5w2w+Hl1G/eU6lYIu70KKVBjPuCRYxgbaTb626pWyg6tuO5Jc9Dju155xX31JCy5/t+Bbm2M0MRFqh1C++dXkKymApNOFaq7TqpDsZYakY4neQ7maIpJkPcp21DBY6pCsazUyfo2Cg9FCXSlNBopn6fGONYqVEcms4Y64H67U3Fv7x2pqNKMGYizTQVZL4oyjjSCZr+jXpMUqL5yBBMJDO3IjLAEhNt0smbEL4+Rf+Thme7Zdu/KRerF4s4cnAIR3ACLpxBFa6gBnUg0IcHeIJni1uP1ov1Om9dshYzB/AD1tsnLniNwQ==</latexit>

u1
<latexit sha1_base64="QJrvI09FiXI9MqE3+KwepZ8aV2g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0kPa9frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqlerXt7XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAJto2l</latexit>

u2
<latexit sha1_base64="R6C0Ukt7sATDkS4hL8vGHY+Ihh0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKRY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+7Rf65crbtWdg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKuVb169eKuXmlc53EU4QRO4Rw8uIQG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcLOo2m</latexit>

v1
<latexit sha1_base64="mbBdPcnL32Ecol33cqW49dqyXwY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REKnosePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsY9r1euuFV3DrJKvJxUIEejV/7q9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUrOrNInYaxsSUPm6u+JjEZaT6LAdkbUDPWyNxP/8zqpCW/8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV8nTZdWrVa/ua5X6RR5HEU7gFM7Bg2uowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8ABJ6NkA==</latexit>

v2
<latexit sha1_base64="/1mrOm+vq1uNaagmH+EZ+qAwOFA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgQcJuiOgx4MVjRPOAJITZyWwyZHZ2mekNhCWf4MWDIl79Im/+jZNkD5pY0FBUddPd5cdSGHTdbye3sbm1vZPfLeztHxweFY9PmiZKNOMNFslIt31quBSKN1Cg5O1Ycxr6krf88d3cb024NiJSTziNeS+kQyUCwSha6XHSr/SLJbfsLkDWiZeREmSo94tf3UHEkpArZJIa0/HcGHsp1SiY5LNCNzE8pmxMh7xjqaIhN710ceqMXFhlQIJI21JIFurviZSGxkxD33aGFEdm1ZuL/3mdBIPbXipUnCBXbLkoSCTBiMz/JgOhOUM5tYQyLeythI2opgxtOgUbgrf68jppVspetXz9UC3VrrI48nAG53AJHtxADe6hDg1gMIRneIU3RzovzrvzsWzNOdnMKfyB8/kDBiKNkQ==</latexit>

w2
<latexit sha1_base64="4O69bOit+7fgArNtczr6PlVmCEk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgQcJuiOgx4MVjRPOAZAmzk95kyOzsMjOrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3cz81iMqzWP5YMYJ+hEdSB5yRo2V7p96lV6x5JbdOcgq8TJSggz1XvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifzU6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeG1P+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSrJS9avnyrlqqXWRx5OEETuEcPLiCGtxCHRrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHB6iNkg==</latexit>

w1
<latexit sha1_base64="Js4mahdI1ztZX8RsfyNwZMYwNoo=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4kJJIRY8FLx4r2g9oQ9lsJ+3SzSbsbpQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekSleSwfzDhBP6IDyUPOqLHS/VPP65XKbsWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n81OnZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwms/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0ijYEb/HlZdK8qHjVyuVdtVw7z+MowDGcwBl4cAU1uIU6NIDBAJ7hFd4c4bw4787HvHXFyWeO4A+czx8GJI2R</latexit>

w2
<latexit sha1_base64="4O69bOit+7fgArNtczr6PlVmCEk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgQcJuiOgx4MVjRPOAZAmzk95kyOzsMjOrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3cz81iMqzWP5YMYJ+hEdSB5yRo2V7p96lV6x5JbdOcgq8TJSggz1XvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifzU6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeG1P+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSrJS9avnyrlqqXWRx5OEETuEcPLiCGtxCHRrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHB6iNkg==</latexit> w1

<latexit sha1_base64="Js4mahdI1ztZX8RsfyNwZMYwNoo=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4kJJIRY8FLx4r2g9oQ9lsJ+3SzSbsbpQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekSleSwfzDhBP6IDyUPOqLHS/VPP65XKbsWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n81OnZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwms/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0ijYEb/HlZdK8qHjVyuVdtVw7z+MowDGcwBl4cAU1uIU6NIDBAJ7hFd4c4bw4787HvHXFyWeO4A+czx8GJI2R</latexit>

v1
<latexit sha1_base64="mbBdPcnL32Ecol33cqW49dqyXwY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REKnosePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsY9r1euuFV3DrJKvJxUIEejV/7q9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUrOrNInYaxsSUPm6u+JjEZaT6LAdkbUDPWyNxP/8zqpCW/8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV8nTZdWrVa/ua5X6RR5HEU7gFM7Bg2uowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8ABJ6NkA==</latexit>

v2
<latexit sha1_base64="/1mrOm+vq1uNaagmH+EZ+qAwOFA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgQcJuiOgx4MVjRPOAJITZyWwyZHZ2mekNhCWf4MWDIl79Im/+jZNkD5pY0FBUddPd5cdSGHTdbye3sbm1vZPfLeztHxweFY9PmiZKNOMNFslIt31quBSKN1Cg5O1Ycxr6krf88d3cb024NiJSTziNeS+kQyUCwSha6XHSr/SLJbfsLkDWiZeREmSo94tf3UHEkpArZJIa0/HcGHsp1SiY5LNCNzE8pmxMh7xjqaIhN710ceqMXFhlQIJI21JIFurviZSGxkxD33aGFEdm1ZuL/3mdBIPbXipUnCBXbLkoSCTBiMz/JgOhOUM5tYQyLeythI2opgxtOgUbgrf68jppVspetXz9UC3VrrI48nAG53AJHtxADe6hDg1gMIRneIU3RzovzrvzsWzNOdnMKfyB8/kDBiKNkQ==</latexit>

u1
<latexit sha1_base64="QJrvI09FiXI9MqE3+KwepZ8aV2g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0kPa9frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqlerXt7XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAJto2l</latexit>

u2
<latexit sha1_base64="R6C0Ukt7sATDkS4hL8vGHY+Ihh0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKRY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+7Rf65crbtWdg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKuVb169eKuXmlc53EU4QRO4Rw8uIQG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcLOo2m</latexit>

=<latexit sha1_base64="NULZghUWQqgwnPkqe2W3Rk9z3bU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKRC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUL+uVUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP49ljMk=</latexit>

Yang-Baxter
<latexit sha1_base64="qd/HoOC2jRk2irMKqNvaAmgyo10=">AAAB8nicbVBNSwMxEM36WetX1aOXYBG8WHaLosdSLx4r2A/ZLmU2zbah2WRJsmJZ+jO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhS8tUEdokkkvVCUFTzgRtGmY47SSKQhxy2g5HN1O//UiVZlLcm3FCgxgGgkWMgLGS/wBicF6HJ0NVr1R2K+4MeJl4OSmjHI1e6avblySNqTCEg9a+5yYmyEAZRjidFLuppgmQEQyob6mAmOogm508wadW6eNIKlvC4Jn6eyKDWOtxHNrOGMxQL3pT8T/PT010HWRMJKmhgswXRSnHRuLp/7jPFCWGjy0Bopi9FZMhKCA2Al20IXiLLy+TVrXiXVQu76rlWj2Po4CO0Qk6Qx66QjV0ixqoiQiS6Bm9ojfHOC/Ou/Mxb11x8pkj9AfO5w/7OZEQ</latexit>

Unitarity
<latexit sha1_base64="Kuk9Vlt/hxG7WF1QrkbQsnEB2pI=">AAAB8HicbVBNSwMxFMzWr1q/qh69BIvgqewWRY9FLx4ruG2lXUo2zbahSXZJ3grL0l/hxYMiXv053vw3pu0etHUgMMy8x8tMmAhuwHW/ndLa+sbmVnm7srO7t39QPTxqmzjVlPk0FrHuhsQwwRXzgYNg3UQzIkPBOuHkduZ3npg2PFYPkCUskGSkeMQpASs9+ooD0RyyQbXm1t058CrxClJDBVqD6ld/GNNUMgVUEGN6nptAkBMNnAo2rfRTwxJCJ2TEepYqIpkJ8vmHp/jMKkMcxdo+BXiu/t7IiTQmk6GdlATGZtmbif95vRSi6yDnKkmBKbo4FKUCQ4xn6fGQa0ZBZJYQanNziumYaELBdlSxJXjLkVdJu1H3LuqX941a86aoo4xO0Ck6Rx66Qk10h1rIRxRJ9Ixe0ZujnRfn3flYjJacYucY/YHz+QMlOpCj</latexit> =)

<latexit sha1_base64="2t7pGD6Ry72bC70K8hqO/4G1SPk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8cK9gPaUDbbSbt0dxN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0nGqKDZpzGPVCYlGziQ2DTMcO4lCIkKO7XB8O/PbT6g0i+WDmSQYCDKULGKUGCt1ekzYLaj75YpX9eZwV4mfkwrkaPTLX71BTFOB0lBOtO76XmKCjCjDKMdpqZdqTAgdkyF2LZVEoA6y+b1T98wqAzeKlS1p3Ln6eyIjQuuJCG2nIGakl72Z+J/XTU10HWRMJqlBSReLopS7JnZnz7sDppAaPrGEUMXsrS4dEUWosRGVbAj+8surpHVR9WvVy/tapX6Tx1GEEziFc/DhCupwBw1oAgUOz/AKb86j8+K8Ox+L1oKTzxzDHzifP0TDkCE=</latexit>

L1
<latexit sha1_base64="d8kv+EGIEU4UJsNT2hNgFQydRT4=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GpLasV0W3bhwUdE+oB1KJs20oZnMkGSEMvQT3LhQxK1f5M6/MX0IKnrgwuGce7n3niARXBuEPpzcyura+kZ+s7C1vbO7V9w/aOk4VZQ1aSxi1QmIZoJL1jTcCNZJFCNRIFg7GF/O/PY9U5rH8s5MEuZHZCh5yCkxVrq97uN+sYRc5OFzD0HknlWr5XLZEoRRDXsQu2iOElii0S++9wYxTSMmDRVE6y5GifEzogyngk0LvVSzhNAxGbKupZJETPvZ/NQpPLHKAIaxsiUNnKvfJzISaT2JAtsZETPSv72Z+JfXTU1Y8zMuk9QwSReLwlRAE8PZ33DAFaNGTCwhVHF7K6Qjogg1Np2CDeHrU/g/aZVdXHG9m0qpfrGMIw+OwDE4BRhUQR1cgQZoAgqG4AE8gWdHOI/Oi/O6aM05y5lD8APO2yca5Y2z</latexit>

R3
<latexit sha1_base64="DnRVTDUFfzoTLlmB4p9AhXme4EY=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchSRttO6KblzWRx/QhjKZTtqhk0mYmQil9BPcuFDErV/kzr9x+hBU9MCFwzn3cu89YcqZ0o7zYS0tr6yurec28ptb2zu7hb39hkoySWidJDyRrRArypmgdc00p61UUhyHnDbD4eXUb95TqVgi7vQopUGM+4JFjGBtpNubbqlbKDq247klz0OO7XnnFffUkLLn+34FubYzQxEWqHUL751eQrKYCk04VqrtOqkOxlhqRjid5DuZoikmQ9ynbUMFjqkKxrNTJ+jYKD0UJdKU0Gimfp8Y41ipURyazhjrgfrtTcW/vHamo0owZiLNNBVkvijKONIJmv6NekxSovnIEEwkM7ciMsASE23SyZsQvj5F/5OGZ7tl278uF6sXizhycAhHcAIunEEVrqAGdSDQhwd4gmeLW4/Wi/U6b12yFjMH8APW2yc3nI3H</latexit>

L2
<latexit sha1_base64="3oOyBFfoReB5cQdzLwjnqsmBj94=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiRt6mNXdOPCRUX7gDaUyXTSDp08mJkIJfQT3LhQxK1f5M6/cdJGUNEDFw7n3Mu993gxZ1JZ1odRWFpeWV0rrpc2Nre2d8q7e20ZJYLQFol4JLoelpSzkLYUU5x2Y0Fx4HHa8SaXmd+5p0KyKLxT05i6AR6FzGcEKy3dXg+qg3LFMk9q507dRpZpzZER26lZdWTnSgVyNAfl9/4wIklAQ0U4lrJnW7FyUywUI5zOSv1E0hiTCR7RnqYhDqh00/mpM3SklSHyI6ErVGiufp9IcSDlNPB0Z4DVWP72MvEvr5co/8xNWRgnioZkschPOFIRyv5GQyYoUXyqCSaC6VsRGWOBidLplHQIX5+i/0m7atqOWb9xKo2LPI4iHMAhHIMNp9CAK2hCCwiM4AGe4NngxqPxYrwuWgtGPrMPP2C8fQIIo42m</latexit>

R1
<latexit sha1_base64="XkAl6a9tbcTEzi+sIHXlxDYhQnQ=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GpLasV0W3bisjz6gHUomzbShmcyQZIQy9BPcuFDErV/kzr8xfQgqeuDC4Zx7ufeeIBFcG4Q+nNzK6tr6Rn6zsLW9s7tX3D9o6ThVlDVpLGLVCYhmgkvWNNwI1kkUI1EgWDsYX8789j1TmsfyzkwS5kdkKHnIKTFWur3p436xhFzk4XMPQeSeVavlctkShFENexC7aI4SWKLRL773BjFNIyYNFUTrLkaJ8TOiDKeCTQu9VLOE0DEZsq6lkkRM+9n81Ck8scoAhrGyJQ2cq98nMhJpPYkC2xkRM9K/vZn4l9dNTVjzMy6T1DBJF4vCVEATw9nfcMAVo0ZMLCFUcXsrpCOiCDU2nYIN4etT+D9plV1ccb3rSql+sYwjD47AMTgFGFRBHVyBBmgCCobgATyBZ0c4j86L87pozTnLmUPwA87bJyQJjbk=</latexit>

L3
<latexit sha1_base64="tBSDM481fJt2RnJR1iyQtyEoA9I=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchSRttO6Kbly4qGgf0IYymU7aoZNJmJkIpfQT3LhQxK1f5M6/cfoQVPTAhcM593LvPWHKmdKO82EtLa+srq3nNvKbW9s7u4W9/YZKMklonSQ8ka0QK8qZoHXNNKetVFIch5w2w+Hl1G/eU6lYIu70KKVBjPuCRYxgbaTb626pWyg6tuO5Jc9Dju155xX31JCy5/t+Bbm2M0MRFqh1C++dXkKymApNOFaq7TqpDsZYakY4neQ7maIpJkPcp21DBY6pCsazUyfo2Cg9FCXSlNBopn6fGONYqVEcms4Y64H67U3Fv7x2pqNKMGYizTQVZL4oyjjSCZr+jXpMUqL5yBBMJDO3IjLAEhNt0smbEL4+Rf+Thme7Zdu/KRerF4s4cnAIR3ACLpxBFa6gBnUg0IcHeIJni1uP1ov1Om9dshYzB/AD1tsnLniNwQ==</latexit>

R2
<latexit sha1_base64="sf3bzsRIFcWdWPPAG0rZnSwmh3c=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GmaSicst6MVjXLJAMoSeTk/SpGehu0cIQz7BiwdFvPpF3vwbe5IRVPRBweO9KqrqeTFnUlnWh1FYWl5ZXSuulzY2t7Z3yrt7bRklgtAWiXgkuh6WlLOQthRTnHZjQXHgcdrxJpeZ37mnQrIovFPTmLoBHoXMZwQrLd3eDKqDcsUyT2rnTt1GlmnNkRHbqVl1ZOdKBXI0B+X3/jAiSUBDRTiWsmdbsXJTLBQjnM5K/UTSGJMJHtGepiEOqHTT+akzdKSVIfIjoStUaK5+n0hxIOU08HRngNVY/vYy8S+vlyj/zE1ZGCeKhmSxyE84UhHK/kZDJihRfKoJJoLpWxEZY4GJ0umUdAhfn6L/Sbtq2o5Zv3YqjYs8jiIcwCEcgw2n0IAraEILCIzgAZ7g2eDGo/FivC5aC0Y+sw8/YLx9AhHHjaw=</latexit>

Figure 4. Decoupling limit in the Z2,2,2 case. Top: lines can be disentangled through the basic
Yang-Baxter and Unitarity moves. Bottom: when v1 → w2 the vertex degenerate into the permu-
tation operator, see equation (2.10). One can then use the basic moves (2.7), (2.8) to completely
factorize the depende on v1 and w2, leading to equation (2.13). In doing so one makes use of the
unitarity identities h(v�i , v

�
j )h(v�j , v

	
i ) = h(w	

j , w
	
j )h(w�

i , w
	
j ) = h(v�i , uj)h(uj , v

	
i ) = 1,.

which is depicted in figure 6. Here and below, rapidities in a superscript in a partition
function Z indicates that the rapidities in the superscript are absent from the partition
function.

These four properties can be used to derive recursion formulas for the partition func-
tion. When a vertex degenerates into a permutation operator we can sequentially apply the
Yang-baxter and unitarity properties to completely factorize the two decoupling particles
from the rest of the partition function, as explained in figure 4. The result is that the
singular term in the v1 → wJ3 limit is

ZJ1,J2,J3 ∼ −
i

µ(wJ)
〈L2, R3〉〈L3, R2〉

v1 − wJ3
ZJ1,J2−1,J3−1

∣∣∣
va→va+1

, (2.13)

with 〈La, Rb〉 ≡ LaiRib. This relation was particularly easy to visualize graphically because
we decoupled neighboring particles, namely the last particle of type w with the first particle
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of type v, see kets and bras in figure 1 where that is even more manifest. However, since
we can rearrange any particles within any set using (2.9) we can immediately write down
the decoupling between any v and any w particle,

ZJ1,J2,J3 ∼ −
i

µ(wj)
〈L2, R3〉〈L3, R2〉

vi − wk

i−1∏
i′=1

S0(vi′ , vi)
J3∏

k′=k+1
S0(wk, wk′)ZJ1,J2−1,J3−1

∣∣∣
va→va+1

,

(2.14)
Decouplings for other pairs vi, wk can be obtained by moving the particle vi to the

position of v1, and similar for wk and wJ3 , by means of Watson equation, (2.9) .
Crossing symmetry relates different expressions for the partition function that exchange

the various sets of particles. We illustrate this in figure 5. In particular, the expression (1)
is invariant under u→ v, v → w,w → u with Li → Li+1, Ri,→ Ri+1:

ZJ1,J2,J3 = ZJ2,J3,J1

∣∣∣∣u→v,v→w,w→u
(Li,Ri)→(Li+1,Ri+1)

. (2.15)

Combining permutation invariance (2.15) with the v → w decoupling (2.13) provides
u→ v and u→ w decoupling formulas

ZJ1,J2,J3 ∼−
i

µ(vi)
〈L1,R2〉〈L2,R1〉

uj−vi

j−1∏
j′=1

S0(uj′ ,uj)
J2∏

i′=i+1
S0(vi,vi′)×Z

uj ,vi
J1−1,J2−1,J3

, (2.16)

ZJ1,J2,J3 ∼
i

µ(wk)
〈L1,R3〉〈L3,R1〉

uj−wk

J1∏
j′=j+1

S0(uj ,uj′)
k−1∏
k′=1

S0(wk′ ,wk)×Z
uj ,wk
J1−1,J2,J3−1. (2.17)

Once again we write only the singular terms in the uj → vi and uj → wk limits respectively.
The equations (2.12) and (2.16), (2.17) in boxes are powerful constraints. They relate

partition functions with a certain number of particles (lhs’s) with partition functions with
less particles (rhs’s). An obvious question is whether we can turn them into recursion
relations which completely determine the partition function in terms of trivial tiny partition
functions with a vertex or two. We could not find a way to do it at finite coupling. The
basic obstacle is that the partition function is not a simple rational function of the rapidities
whose residues are simple, but instead a multi-sheeted object since the Zhukosky variables
naturally take values in tori [7]. Before crossing cuts, all poles are of the type described
in (2.12), (2.16), (2.17). However, in the second sheet there are extra poles capturing the
fusion of the fundamental fermions into bound states. Correspondingly, the residues are no
longer simple decoupled partition functions but instead partition functions with external
bound-states. One could hope to bootstrap the complete system of partition functions
including all possible external bound-states in a recursive way, but we did not achieve
that. On the other hand, in perturbation theory the coupling goes to zero and these tori
degenerate and simplify into simple (punctured) spheres. In more pedestrian terms, the
square roots in the Zhukosky variables disappear and these become simply proportional to
the Bethe roots so that the partition function becomes a nice rational function of the Bethe
roots whose poles correspond to simple decouplings.5 In that case we can indeed convert

5Even this is actually not totally trivial because of the non-local φ Z-markers with its own square roots.
It turns out that these square roots can be simplify away.
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ZJ1,J2,J3
<latexit sha1_base64="YTVCqJgkb6tX0hMe1ywfwEpwexA=">AAAB+XicbVBNT8JAEJ3iF+JX1aOXjcTEAyEtYvRI9GI4YSJghKbZLgts2G6b3S0JafgnXjxojFf/iTf/jQv0oOBLJnl5byYz84KYM6Ud59vKra1vbG7ltws7u3v7B/bhUUtFiSS0SSIeyccAK8qZoE3NNKePsaQ4DDhtB6Pbmd8eU6lYJB70JKZeiAeC9RnB2ki+bT/5ad13S6juV0p1/2Lq20Wn7MyBVombkSJkaPj2V7cXkSSkQhOOleq4Tqy9FEvNCKfTQjdRNMZkhAe0Y6jAIVVeOr98is6M0kP9SJoSGs3V3xMpDpWahIHpDLEeqmVvJv7ndRLdv/ZSJuJEU0EWi/oJRzpCsxhQj0lKNJ8Ygolk5lZEhlhiok1YBROCu/zyKmlVym61fHlfLdZusjjycAKncA4uXEEN7qABTSAwhmd4hTcrtV6sd+tj0Zqzsplj+APr8wcj5JIN</latexit>

ZJ2,J3,J1

����u!v,v!w,w!u
(Li,Ri)!(Li+1,Ri+1)

.

<latexit sha1_base64="GD6x/ec+L8GY+OMMo2Itb0scbSo="></latexit>

v�
<latexit sha1_base64="TYTz1yPBjoaD6/EsnGBw3UxzA44=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwVRKp6LLoxmUF+4A2lsl00g6dzISZm0oI9VfcuFDErR/izr9x2mahrQcuHM65d+beE8ScaXDdb6uwtr6xuVXcLu3s7u0f2IdHLS0TRWiTSC5VJ8CaciZoExhw2okVxVHAaTsY38z89oQqzaS4hzSmfoSHgoWMYDBS3y5PHnqEKcIpVko+KjYcQd+uuFV3DmeVeDmpoByNvv3VG0iSRFQA4VjrrufG4GdYATMPT0u9RNMYkzEe0q6hAkdU+9l8+alzapSBE0plSoAzV39PZDjSOo0C0xlhGOllbyb+53UTCK/8jIk4ASrI4qMw4Q5IZ5aEM2CKEuCpIZgoZnZ1yAgrTMDkVTIheMsnr5LWedWrVS/uapX6dR5HER2jE3SGPHSJ6ugWNVATEZSiZ/SK3qwn68V6tz4WrQUrnymjP7A+fwCLf5Vc</latexit>

w 
<latexit sha1_base64="AiHPWOpGenGCICm/KHMc811XrB4=">AAAB+3icbVDLTgIxFL2DL8TXiEs3jcTEFZkxGF0S3bjERB4JjKRTOtDQaSdtRySEX3HjQmPc+iPu/BsLzELBk9zk5Jx723tPmHCmjed9O7m19Y3Nrfx2YWd3b//APSw2tEwVoXUiuVStEGvKmaB1wwynrURRHIecNsPhzcxvPlKlmRT3ZpzQIMZ9wSJGsLFS1y2OHjqEKcIpVkqOOI1M1y15ZW8OtEr8jJQgQ63rfnV6kqQxFYZwrHXb9xITTLAyzL47LXRSTRNMhrhP25YKHFMdTOa7T9GpVXooksqWMGiu/p6Y4FjrcRzazhibgV72ZuJ/Xjs10VUwYSJJDRVk8VGUcmQkmgWBekxRYvjYEkwUs7siMsAKE2PjKtgQ/OWTV0njvOxXyhd3lVL1OosjD8dwAmfgwyVU4RZqUAcCT/AMr/DmTJ0X5935WLTmnGzmCP7A+fwBsgKU4A==</latexit>

w�
<latexit sha1_base64="M2fVGa4Ypc5Yk716x0MoEEbO2ec=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwVRKp6LLoxmUF+4A2lsl00g6dzISZG0sI9VfcuFDErR/izr9x2mahrQcuHM65d+beE8ScaXDdb6uwtr6xuVXcLu3s7u0f2IdHLS0TRWiTSC5VJ8CaciZoExhw2okVxVHAaTsY38z89iNVmklxD2lM/QgPBQsZwWCkvl2ePPQIU4RTrJScKDYcQd+uuFV3DmeVeDmpoByNvv3VG0iSRFQA4VjrrufG4GdYATMPT0u9RNMYkzEe0q6hAkdU+9l8+alzapSBE0plSoAzV39PZDjSOo0C0xlhGOllbyb+53UTCK/8jIk4ASrI4qMw4Q5IZ5aEM2CKEuCpIZgoZnZ1yAgrTMDkVTIheMsnr5LWedWrVS/uapX6dR5HER2jE3SGPHSJ6ugWNVATEZSiZ/SK3qwn68V6tz4WrQUrnymjP7A+fwCNFZVd</latexit>

u 
<latexit sha1_base64="xTXHC1qj96aLrIu/3t4fu/iIEgU=">AAAB+3icbVDLSgMxFL1TX7W+xrp0EyyCqzIjii6LblxWsA9ox5JJM21oJhmSjFqG/oobF4q49Ufc+Tem7Sy09cCFwzn3JveeMOFMG8/7dgorq2vrG8XN0tb2zu6eu19uapkqQhtEcqnaIdaUM0EbhhlO24miOA45bYWj66nfeqBKMynuzDihQYwHgkWMYGOlnltO77uEKcIpVko+chqZnlvxqt4MaJn4OalAjnrP/er2JUljKgzhWOuO7yUmyLAyzL47KXVTTRNMRnhAO5YKHFMdZLPdJ+jYKn0USWVLGDRTf09kONZ6HIe2M8ZmqBe9qfif10lNdBlkTCSpoYLMP4pSjoxE0yBQnylKDB9bgolidldEhlhhYmxcJRuCv3jyMmmeVv2z6vntWaV2lcdRhEM4ghPw4QJqcAN1aACBJ3iGV3hzJs6L8+58zFsLTj5zAH/gfP4ArtiU3g==</latexit>

Figure 5. The N = 4 hexagon form factor [1, 2] from which the hexagon partition function origi-
nates is symmetric in its three physical edges, represented here by solid lines. The expression (2.6)
is obtained by moving all particles from the v and w edges to the top u edge, left picture. Moving
particles to non-adjacent edges of the hexagon correspond to crossing transformations. Alterna-
tively, the hexagon form factor could be evaluated through the prescription of the right figure, in
which v particles remain physical while w is crossed clockwise and u crossed anticlockwise. The
result is equation (2.15). An equivalent statement is that the hexagon form factor is invariant under
crossing all particles in the same direction.

(�1)J1+J2+J3�1⇥
<latexit sha1_base64="wy5YxkN+bouIbTU7I2fL8HsCl+g=">AAACCXicbVDLSgMxFM34rPU16tJNsAgVaZnUii6LbqSrCvYB7Thk0kwbmnmQZIQydOvGX3HjQhG3/oE7/8Z0OgttPZBwOOde7r3HjTiTyrK+jaXlldW19dxGfnNre2fX3NtvyTAWhDZJyEPRcbGknAW0qZjitBMJin2X07Y7up767QcqJAuDOzWOqO3jQcA8RrDSkmPCYgmd3Cd1B8FTWHcq6X8GS2gCe4r5VDpmwSpbKeAiQRkpgAwNx/zq9UMS+zRQhGMpu8iKlJ1goRjhdJLvxZJGmIzwgHY1DbAeYifpJRN4rJU+9EKhX6Bgqv7uSLAv5dh3daWP1VDOe1PxP68bK+/STlgQxYoGZDbIizlUIZzGAvtMUKL4WBNMBNO7QjLEAhOlw8vrEND8yYukVSmjavn8tlqoXWVx5MAhOAJFgMAFqIEb0ABNQMAjeAav4M14Ml6Md+NjVrpkZD0H4A+Mzx+NyJZ7</latexit>=<latexit sha1_base64="NULZghUWQqgwnPkqe2W3Rk9z3bU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKRC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUL+uVUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP49ljMk=</latexit>

v1
<latexit sha1_base64="mbBdPcnL32Ecol33cqW49dqyXwY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REKnosePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsY9r1euuFV3DrJKvJxUIEejV/7q9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUrOrNInYaxsSUPm6u+JjEZaT6LAdkbUDPWyNxP/8zqpCW/8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV8nTZdWrVa/ua5X6RR5HEU7gFM7Bg2uowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8ABJ6NkA==</latexit>

v2
<latexit sha1_base64="/1mrOm+vq1uNaagmH+EZ+qAwOFA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgQcJuiOgx4MVjRPOAJITZyWwyZHZ2mekNhCWf4MWDIl79Im/+jZNkD5pY0FBUddPd5cdSGHTdbye3sbm1vZPfLeztHxweFY9PmiZKNOMNFslIt31quBSKN1Cg5O1Ycxr6krf88d3cb024NiJSTziNeS+kQyUCwSha6XHSr/SLJbfsLkDWiZeREmSo94tf3UHEkpArZJIa0/HcGHsp1SiY5LNCNzE8pmxMh7xjqaIhN710ceqMXFhlQIJI21JIFurviZSGxkxD33aGFEdm1ZuL/3mdBIPbXipUnCBXbLkoSCTBiMz/JgOhOUM5tYQyLeythI2opgxtOgUbgrf68jppVspetXz9UC3VrrI48nAG53AJHtxADe6hDg1gMIRneIU3RzovzrvzsWzNOdnMKfyB8/kDBiKNkQ==</latexit>

u2
<latexit sha1_base64="R6C0Ukt7sATDkS4hL8vGHY+Ihh0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKRY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+7Rf65crbtWdg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKuVb169eKuXmlc53EU4QRO4Rw8uIQG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcLOo2m</latexit>

v1
<latexit sha1_base64="mbBdPcnL32Ecol33cqW49dqyXwY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REKnosePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsY9r1euuFV3DrJKvJxUIEejV/7q9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUrOrNInYaxsSUPm6u+JjEZaT6LAdkbUDPWyNxP/8zqpCW/8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV8nTZdWrVa/ua5X6RR5HEU7gFM7Bg2uowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8ABJ6NkA==</latexit>

v2
<latexit sha1_base64="/1mrOm+vq1uNaagmH+EZ+qAwOFA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgQcJuiOgx4MVjRPOAJITZyWwyZHZ2mekNhCWf4MWDIl79Im/+jZNkD5pY0FBUddPd5cdSGHTdbye3sbm1vZPfLeztHxweFY9PmiZKNOMNFslIt31quBSKN1Cg5O1Ycxr6krf88d3cb024NiJSTziNeS+kQyUCwSha6XHSr/SLJbfsLkDWiZeREmSo94tf3UHEkpArZJIa0/HcGHsp1SiY5LNCNzE8pmxMh7xjqaIhN710ceqMXFhlQIJI21JIFurviZSGxkxD33aGFEdm1ZuL/3mdBIPbXipUnCBXbLkoSCTBiMz/JgOhOUM5tYQyLeythI2opgxtOgUbgrf68jppVspetXz9UC3VrrI48nAG53AJHtxADe6hDg1gMIRneIU3RzovzrvzsWzNOdnMKfyB8/kDBiKNkQ==</latexit>

w1
<latexit sha1_base64="Js4mahdI1ztZX8RsfyNwZMYwNoo=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4kJJIRY8FLx4r2g9oQ9lsJ+3SzSbsbpQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekSleSwfzDhBP6IDyUPOqLHS/VPP65XKbsWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n81OnZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwms/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0ijYEb/HlZdK8qHjVyuVdtVw7z+MowDGcwBl4cAU1uIU6NIDBAJ7hFd4c4bw4787HvHXFyWeO4A+czx8GJI2R</latexit>

w1
<latexit sha1_base64="Js4mahdI1ztZX8RsfyNwZMYwNoo=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4kJJIRY8FLx4r2g9oQ9lsJ+3SzSbsbpQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekSleSwfzDhBP6IDyUPOqLHS/VPP65XKbsWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n81OnZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwms/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0ijYEb/HlZdK8qHjVyuVdtVw7z+MowDGcwBl4cAU1uIU6NIDBAJ7hFd4c4bw4787HvHXFyWeO4A+czx8GJI2R</latexit>

u2
<latexit sha1_base64="R6C0Ukt7sATDkS4hL8vGHY+Ihh0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKRY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+7Rf65crbtWdg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKuVb169eKuXmlc53EU4QRO4Rw8uIQG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcLOo2m</latexit>

u1
<latexit sha1_base64="QJrvI09FiXI9MqE3+KwepZ8aV2g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0kPa9frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqlerXt7XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAJto2l</latexit>

u1
<latexit sha1_base64="QJrvI09FiXI9MqE3+KwepZ8aV2g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0kPa9frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqlerXt7XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAJto2l</latexit>

u1
<latexit sha1_base64="QJrvI09FiXI9MqE3+KwepZ8aV2g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0kPa9frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqlerXt7XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAJto2l</latexit>

u2
<latexit sha1_base64="R6C0Ukt7sATDkS4hL8vGHY+Ihh0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKRY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+7Rf65crbtWdg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKuVb169eKuXmlc53EU4QRO4Rw8uIQG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcLOo2m</latexit>

v1
<latexit sha1_base64="mbBdPcnL32Ecol33cqW49dqyXwY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REKnosePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsY9r1euuFV3DrJKvJxUIEejV/7q9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUrOrNInYaxsSUPm6u+JjEZaT6LAdkbUDPWyNxP/8zqpCW/8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV8nTZdWrVa/ua5X6RR5HEU7gFM7Bg2uowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8ABJ6NkA==</latexit>

v2
<latexit sha1_base64="/1mrOm+vq1uNaagmH+EZ+qAwOFA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgQcJuiOgx4MVjRPOAJITZyWwyZHZ2mekNhCWf4MWDIl79Im/+jZNkD5pY0FBUddPd5cdSGHTdbye3sbm1vZPfLeztHxweFY9PmiZKNOMNFslIt31quBSKN1Cg5O1Ycxr6krf88d3cb024NiJSTziNeS+kQyUCwSha6XHSr/SLJbfsLkDWiZeREmSo94tf3UHEkpArZJIa0/HcGHsp1SiY5LNCNzE8pmxMh7xjqaIhN710ceqMXFhlQIJI21JIFurviZSGxkxD33aGFEdm1ZuL/3mdBIPbXipUnCBXbLkoSCTBiMz/JgOhOUM5tYQyLeythI2opgxtOgUbgrf68jppVspetXz9UC3VrrI48nAG53AJHtxADe6hDg1gMIRneIU3RzovzrvzsWzNOdnMKfyB8/kDBiKNkQ==</latexit>

w1
<latexit sha1_base64="Js4mahdI1ztZX8RsfyNwZMYwNoo=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4kJJIRY8FLx4r2g9oQ9lsJ+3SzSbsbpQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekSleSwfzDhBP6IDyUPOqLHS/VPP65XKbsWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n81OnZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwms/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0ijYEb/HlZdK8qHjVyuVdtVw7z+MowDGcwBl4cAU1uIU6NIDBAJ7hFd4c4bw4787HvHXFyWeO4A+czx8GJI2R</latexit>

w1
<latexit sha1_base64="Js4mahdI1ztZX8RsfyNwZMYwNoo=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4kJJIRY8FLx4r2g9oQ9lsJ+3SzSbsbpQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekSleSwfzDhBP6IDyUPOqLHS/VPP65XKbsWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n81OnZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwms/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0ijYEb/HlZdK8qHjVyuVdtVw7z+MowDGcwBl4cAU1uIU6NIDBAJ7hFd4c4bw4787HvHXFyWeO4A+czx8GJI2R</latexit>

u1
<latexit sha1_base64="QJrvI09FiXI9MqE3+KwepZ8aV2g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0kPa9frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqlerXt7XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAJto2l</latexit>

u2
<latexit sha1_base64="R6C0Ukt7sATDkS4hL8vGHY+Ihh0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKRY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+7Rf65crbtWdg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKuVb169eKuXmlc53EU4QRO4Rw8uIQG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcLOo2m</latexit>

v1
<latexit sha1_base64="mbBdPcnL32Ecol33cqW49dqyXwY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REKnosePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsY9r1euuFV3DrJKvJxUIEejV/7q9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUrOrNInYaxsSUPm6u+JjEZaT6LAdkbUDPWyNxP/8zqpCW/8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV8nTZdWrVa/ua5X6RR5HEU7gFM7Bg2uowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8ABJ6NkA==</latexit>

v2
<latexit sha1_base64="/1mrOm+vq1uNaagmH+EZ+qAwOFA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgQcJuiOgx4MVjRPOAJITZyWwyZHZ2mekNhCWf4MWDIl79Im/+jZNkD5pY0FBUddPd5cdSGHTdbye3sbm1vZPfLeztHxweFY9PmiZKNOMNFslIt31quBSKN1Cg5O1Ycxr6krf88d3cb024NiJSTziNeS+kQyUCwSha6XHSr/SLJbfsLkDWiZeREmSo94tf3UHEkpArZJIa0/HcGHsp1SiY5LNCNzE8pmxMh7xjqaIhN710ceqMXFhlQIJI21JIFurviZSGxkxD33aGFEdm1ZuL/3mdBIPbXipUnCBXbLkoSCTBiMz/JgOhOUM5tYQyLeythI2opgxtOgUbgrf68jppVspetXz9UC3VrrI48nAG53AJHtxADe6hDg1gMIRneIU3RzovzrvzsWzNOdnMKfyB8/kDBiKNkQ==</latexit>

Figure 6. Decoupling when u1 → ∞ for Z2,2,1. When one of the rapidities is sent to infinity the
vertex reduces to the free S-matrix. All scatterings of particle u1 are of the fermion-fermion type,
resulting in the (−1)J1+J2+J3−1 factor of equation (2.12).
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the above relations into powerful recursion relations. It is what we will do in section 2.3.
After that we will consider a particular example where we can evaluate the full hexagon
partition function at any value of the coupling.

2.3 Tree level

When g → 0 the Zhukovsky variables (2.3) become rational functions of the rapidities.
More surprisingly, the full hexagon partition function becomes rational, the various square
roots from the matrix elements (B.2)–(B.3) cancelling out. In this section we use rational-
ity to derive recursion relations that efficiently compute the hexagon partition function for
any Ji.

Rational functions are completely fixed by their singularities and asymptotics. As
a function of u1, Z(J1, J2, J3) has two types of poles both of which with clear physical
meaning. The first are poles corresponding to the fusion of two physical particles, u1 and
uj , into a bound state. These are the singularities contained in the h(u1, uj) factors in (2.6).
All other singularities at tree level6 are decoupling poles (2.16), (2.17). We are immediately
led to the recursion relation

ẐJ1,J2,J3 = (−1)J1+J2+J3+1〈L1,R1〉Ẑu1
J1−1,J2,J3

+ (2.18)

−
J2∑
i=1

i

µ(vi)
〈L1,R2〉〈L2,R1〉

u1−vi

J2∏
i′=i+1

S0(vi,vi′)
J1∏
j=2

ĥ(vi,uj)−1 × Ẑu1,vi
J1−1,J2−1,J3

+
J3∑
k=1

i

µ(wk)
〈L1,R3〉〈L3,R1〉

u1−wk

J1∏
j′=2

S0(u1,uj′)
k−1∏
k′=1

S0(wk′ ,wk)
J1∏
j=2

ĥ(wk,uj)−1× Ẑu1,wk
J1−1,J2,J3−1

with ẐJ1,J2,J3 = ZJ1,J2,J3

∏
j<j′ h(uj , u′j)−1. Here ĥ = h computed without performing

crossing monodromies in the arguments, since in the decoupling limit uj approaches vi and
wk without going around Zhukovsky branch points.7 Explicitly, at tree level

ĥ(x, y) = x− y
x− y − i

, µ(x) = 1, S0(x, y) = x− y + i

x− y − i
. (2.19)

Repeated use of (2.18) reduces the computation of ZJ1,J2,J3 to that of Z0,J2,J3 . One
could then use rationality in vi and wk to write further recursions that reduce the formula
all the way to Z0,0,0 = 1. One can skip this step, in practice, since the recursions for Z0,J2,J3

can be solved explicitly. Through induction one finds the determinant formula

Z0,J2,J3 = (−1)AJ2J3

∏J2
i=1

∏J3
k=1(vi − wk + i)

(∏i<i′ vi′ − vi + i)(∏k<k′ wk − wk′ − i)
detM,

6At g 6= 0 the physical particles may form bound states with the crossed particles, resulting in new
singularities.

7These branch points disappear at tree level, the Zhukovsky variables becoming rational. This is an
important point. The crossing transformations do not commute with the perturbative expansion. Crossing
can only be performed at finite coupling. In a sense, the simplicity of the tree level result encode some of the
finite coupling structure through the many properties derived from crossing and used to bootstrap (2.18).
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where M is a square matrix of size max(J2, J3) whose elements are given by

Mij =



〈23〉〈32〉
vi−wj + 〈22〉〈33〉

vi−wj+i −
〈23〉〈32〉
vi−wj+i , if i ≤ J2 ∧ j ≤ J3

− 〈23〉〈32〉
〈33〉vJ3−j+1

i

− 〈22〉
(vi+i)J3−j+1 + 〈23〉〈32〉

〈33〉(vi+i)J3−j+1 , if j > J3

〈23〉〈32〉
〈22〉wJ2−i+1

j

+ 〈33〉
(wj−i)J2−i+1 − 〈23〉〈32〉

〈22〉(wj−i)J2−i+1 , if i > J2

,

with 〈ij〉 ≡ 〈Li, Rj〉 and

AJ2J3 = (J2 + 1)(J3 + 1) +
3∑
i=2

(Ji − 1)Ji/2 +


(J3−J2)(1+J3−J2)

2 , if J2 < J3

0 , otherwise
.

In section 3.2 the recursive formulas (2.18), (2.3) will be used to produce three point
structures data for operators of arbitrary twist at tree level. For convenience, we attach
a ready to copy-and-paste Mathematica implementation of the tree level recursion. The
SL(2) S-matrix and dynamical factor are

S0[z_, zp_] = (z - zp + I)/(z - zp - I);

h[z_, zp_] = (z - zp)/(z - zp - I);

We then write the recursive formulas for the partition function. As explained above,
when applying the recursion to one of the three particle sets, it is useful to factor out the
dynamical factors. We denote this procedure through “hats" which must be removed to
recover Z. First we do recursions for “v’s" starting with the trivial one-set answer:

Zhathat[0,J3_] := V[3]^J3 Product[(-1) h[w[k], w[kk]], {kk, J3}, {k, kk - 1}];

Zhathat[J2_,J3_]:= Zhathat[J2,J3] = (-1)^(J2+J3+1) V[2] (Zhathat[J2-1,J3] /.v[i_]:>v[i+1])-

Sum[I H[2,3]/(v[1]-w[k])Product[S0[w[k],w[kk]],{kk,k+1,J3}] Product[h[w[k],v[i]]^-1,{i,2,J2}]

(Zhathat[J2-1,J3-1] /.{v[i_]:>v[i+1],w[kkk_]/;kkk>=k:>w[kkk+1]}),{k,J3}];

Zhat[0,J2_,J3_]:=Zhathat[J2, J3]Product[h[v[i], v[ii]],{ii,J2},{i,ii-1}];

Next, we perform recursions for the “u" particles to recover the full partition function,

Zhat[J1_,J2_,J3_]:= Zhat[J1,J2,J3]=(-1)^(J1+J2+J3+1)V[1](Zhat[J1-1,J2,J3] /.u[j_]:>u[j+1])-

Sum[I H[1,2]/(u[1]-v[i])Product[S0[v[i],v[ii]],{ii,i+1,J2}]Product[h[v[i],u[j]]^-1,{j,2,J1}]

(Zhat[J1-1,J2-1,J3]/.{u[j_]:>u[j+1],v[iii_]/;iii>=i:>v[iii+1]}),{i,J2}]+

Sum[I H[3,1]/(u[1]-w[k])Product[S0[u[1],u[jj]],{jj,2,J1}]Product[S0[w[kk],w[k]],

{kk,1,k-1}] Product[h[w[k],u[j]]^-1,{j,2,J1}](Zhat[J1-1, J2,J3-1]/.{u[j_]:>u[j+1],

w[kkk_]/;kkk>=k:>w[kkk+1]}),{k,J3}];

Z[J1_,J2_,J3_]:=Zhat[J1,J2,J3]Product[h[u[j],u[jj]],{jj,J1},{j,jj-1}];

as promised. In the code we denoted V [i] ≡ 〈Li, Ri〉 and H[i, j] ≡ 〈Li, Rj〉〈Ri, Lj〉.
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u1
<latexit sha1_base64="QJrvI09FiXI9MqE3+KwepZ8aV2g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0kPa9frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqlerXt7XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAJto2l</latexit>

u2
<latexit sha1_base64="R6C0Ukt7sATDkS4hL8vGHY+Ihh0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKRY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+7Rf65crbtWdg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKuVb169eKuXmlc53EU4QRO4Rw8uIQG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcLOo2m</latexit>

u3
<latexit sha1_base64="gw7c1OibQjLzS3SWaYCpX5phRzQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0Yo8FLx4rWltoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfjm5nffkKleSwfzCRBP6JDyUPOqLHSfdq/7JcrbtWdg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwrqfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKnm8qHq16tVdrdKo53EU4QRO4Rw8uIYG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcJvI2d</latexit>

v3
<latexit sha1_base64="B4ZUhXAg7vxcJO1+7+ps+RhzpFA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYVo0eiF48Y5ZHAhswOvTBhdnYzM0tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCooeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh3cxvjlBpHssnM07Qj2hf8pAzaqz0OOpedoslt+zOQVaJl5ESZKh1i1+dXszSCKVhgmrd9tzE+BOqDGcCp4VOqjGhbEj72LZU0gi1P5mfOiVnVumRMFa2pCFz9ffEhEZaj6PAdkbUDPSyNxP/89qpCW/8CZdJalCyxaIwFcTEZPY36XGFzIixJZQpbm8lbEAVZcamU7AheMsvr5LGRdmrlK8eKqXqbRZHHk7gFM7Bg2uowj3UoA4M+vAMr/DmCOfFeXc+Fq05J5s5hj9wPn8ADkSNqA==</latexit>

v1
<latexit sha1_base64="mbBdPcnL32Ecol33cqW49dqyXwY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REKnosePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsY9r1euuFV3DrJKvJxUIEejV/7q9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUrOrNInYaxsSUPm6u+JjEZaT6LAdkbUDPWyNxP/8zqpCW/8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV8nTZdWrVa/ua5X6RR5HEU7gFM7Bg2uowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8ABJ6NkA==</latexit>

v2
<latexit sha1_base64="/1mrOm+vq1uNaagmH+EZ+qAwOFA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgQcJuiOgx4MVjRPOAJITZyWwyZHZ2mekNhCWf4MWDIl79Im/+jZNkD5pY0FBUddPd5cdSGHTdbye3sbm1vZPfLeztHxweFY9PmiZKNOMNFslIt31quBSKN1Cg5O1Ycxr6krf88d3cb024NiJSTziNeS+kQyUCwSha6XHSr/SLJbfsLkDWiZeREmSo94tf3UHEkpArZJIa0/HcGHsp1SiY5LNCNzE8pmxMh7xjqaIhN710ceqMXFhlQIJI21JIFurviZSGxkxD33aGFEdm1ZuL/3mdBIPbXipUnCBXbLkoSCTBiMz/JgOhOUM5tYQyLeythI2opgxtOgUbgrf68jppVspetXz9UC3VrrI48nAG53AJHtxADe6hDg1gMIRneIU3RzovzrvzsWzNOdnMKfyB8/kDBiKNkQ==</latexit>

w3
<latexit sha1_base64="L7f55p3w4cWPwKCzkDNNUwapg+s=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgQcKuRvQY8OIxonlAEsLsZDYZMju7zPQqYcknePGgiFe/yJt/4yTZgyYWNBRV3XR3+bEUBl3328mtrK6tb+Q3C1vbO7t7xf2DhokSzXidRTLSLZ8aLoXidRQoeSvWnIa+5E1/dDP1m49cGxGpBxzHvBvSgRKBYBStdP/Uu+gVS27ZnYEsEy8jJchQ6xW/Ov2IJSFXyCQ1pu25MXZTqlEwySeFTmJ4TNmIDnjbUkVDbrrp7NQJObFKnwSRtqWQzNTfEykNjRmHvu0MKQ7NojcV//PaCQbX3VSoOEGu2HxRkEiCEZn+TfpCc4ZybAllWthbCRtSTRnadAo2BG/x5WXSOC97lfLlXaVUPcviyMMRHMMpeHAFVbiFGtSBwQCe4RXeHOm8OO/Ox7w152Qzh/AHzucPCSyNkw==</latexit>

w2
<latexit sha1_base64="4O69bOit+7fgArNtczr6PlVmCEk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgQcJuiOgx4MVjRPOAZAmzk95kyOzsMjOrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3cz81iMqzWP5YMYJ+hEdSB5yRo2V7p96lV6x5JbdOcgq8TJSggz1XvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifzU6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeG1P+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSrJS9avnyrlqqXWRx5OEETuEcPLiCGtxCHRrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHB6iNkg==</latexit>

w1
<latexit sha1_base64="Js4mahdI1ztZX8RsfyNwZMYwNoo=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4kJJIRY8FLx4r2g9oQ9lsJ+3SzSbsbpQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekSleSwfzDhBP6IDyUPOqLHS/VPP65XKbsWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n81OnZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwms/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0ijYEb/HlZdK8qHjVyuVdtVw7z+MowDGcwBl4cAU1uIU6NIDBAJ7hFd4c4bw4787HvHXFyWeO4A+czx8GJI2R</latexit>

w3
<latexit sha1_base64="L7f55p3w4cWPwKCzkDNNUwapg+s=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgQcKuRvQY8OIxonlAEsLsZDYZMju7zPQqYcknePGgiFe/yJt/4yTZgyYWNBRV3XR3+bEUBl3328mtrK6tb+Q3C1vbO7t7xf2DhokSzXidRTLSLZ8aLoXidRQoeSvWnIa+5E1/dDP1m49cGxGpBxzHvBvSgRKBYBStdP/Uu+gVS27ZnYEsEy8jJchQ6xW/Ov2IJSFXyCQ1pu25MXZTqlEwySeFTmJ4TNmIDnjbUkVDbrrp7NQJObFKnwSRtqWQzNTfEykNjRmHvu0MKQ7NojcV//PaCQbX3VSoOEGu2HxRkEiCEZn+TfpCc4ZybAllWthbCRtSTRnadAo2BG/x5WXSOC97lfLlXaVUPcviyMMRHMMpeHAFVbiFGtSBwQCe4RXeHOm8OO/Ox7w152Qzh/AHzucPCSyNkw==</latexit>

w2
<latexit sha1_base64="4O69bOit+7fgArNtczr6PlVmCEk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgQcJuiOgx4MVjRPOAZAmzk95kyOzsMjOrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3cz81iMqzWP5YMYJ+hEdSB5yRo2V7p96lV6x5JbdOcgq8TJSggz1XvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifzU6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeG1P+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSrJS9avnyrlqqXWRx5OEETuEcPLiCGtxCHRrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHB6iNkg==</latexit>

w1
<latexit sha1_base64="Js4mahdI1ztZX8RsfyNwZMYwNoo=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4kJJIRY8FLx4r2g9oQ9lsJ+3SzSbsbpQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekSleSwfzDhBP6IDyUPOqLHS/VPP65XKbsWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n81OnZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwms/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0ijYEb/HlZdK8qHjVyuVdtVw7z+MowDGcwBl4cAU1uIU6NIDBAJ7hFd4c4bw4787HvHXFyWeO4A+czx8GJI2R</latexit>

v3
<latexit sha1_base64="B4ZUhXAg7vxcJO1+7+ps+RhzpFA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYVo0eiF48Y5ZHAhswOvTBhdnYzM0tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCooeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh3cxvjlBpHssnM07Qj2hf8pAzaqz0OOpedoslt+zOQVaJl5ESZKh1i1+dXszSCKVhgmrd9tzE+BOqDGcCp4VOqjGhbEj72LZU0gi1P5mfOiVnVumRMFa2pCFz9ffEhEZaj6PAdkbUDPSyNxP/89qpCW/8CZdJalCyxaIwFcTEZPY36XGFzIixJZQpbm8lbEAVZcamU7AheMsvr5LGRdmrlK8eKqXqbRZHHk7gFM7Bg2uowj3UoA4M+vAMr/DmCOfFeXc+Fq05J5s5hj9wPn8ADkSNqA==</latexit>

v1
<latexit sha1_base64="mbBdPcnL32Ecol33cqW49dqyXwY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REKnosePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsY9r1euuFV3DrJKvJxUIEejV/7q9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUrOrNInYaxsSUPm6u+JjEZaT6LAdkbUDPWyNxP/8zqpCW/8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV8nTZdWrVa/ua5X6RR5HEU7gFM7Bg2uowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8ABJ6NkA==</latexit>

v2
<latexit sha1_base64="/1mrOm+vq1uNaagmH+EZ+qAwOFA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgQcJuiOgx4MVjRPOAJITZyWwyZHZ2mekNhCWf4MWDIl79Im/+jZNkD5pY0FBUddPd5cdSGHTdbye3sbm1vZPfLeztHxweFY9PmiZKNOMNFslIt31quBSKN1Cg5O1Ycxr6krf88d3cb024NiJSTziNeS+kQyUCwSha6XHSr/SLJbfsLkDWiZeREmSo94tf3UHEkpArZJIa0/HcGHsp1SiY5LNCNzE8pmxMh7xjqaIhN710ceqMXFhlQIJI21JIFurviZSGxkxD33aGFEdm1ZuL/3mdBIPbXipUnCBXbLkoSCTBiMz/JgOhOUM5tYQyLeythI2opgxtOgUbgrf68jppVspetXz9UC3VrrI48nAG53AJHtxADe6hDg1gMIRneIU3RzovzrvzsWzNOdnMKfyB8/kDBiKNkQ==</latexit>

u1
<latexit sha1_base64="QJrvI09FiXI9MqE3+KwepZ8aV2g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0kPa9frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqlerXt7XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAJto2l</latexit>

u2
<latexit sha1_base64="R6C0Ukt7sATDkS4hL8vGHY+Ihh0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKRY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+7Rf65crbtWdg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKuVb169eKuXmlc53EU4QRO4Rw8uIQG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcLOo2m</latexit>

u3
<latexit sha1_base64="gw7c1OibQjLzS3SWaYCpX5phRzQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0Yo8FLx4rWltoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfjm5nffkKleSwfzCRBP6JDyUPOqLHSfdq/7JcrbtWdg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwrqfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKnm8qHq16tVdrdKo53EU4QRO4Rw8uIYG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcJvI2d</latexit>

w3
<latexit sha1_base64="L7f55p3w4cWPwKCzkDNNUwapg+s=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgQcKuRvQY8OIxonlAEsLsZDYZMju7zPQqYcknePGgiFe/yJt/4yTZgyYWNBRV3XR3+bEUBl3328mtrK6tb+Q3C1vbO7t7xf2DhokSzXidRTLSLZ8aLoXidRQoeSvWnIa+5E1/dDP1m49cGxGpBxzHvBvSgRKBYBStdP/Uu+gVS27ZnYEsEy8jJchQ6xW/Ov2IJSFXyCQ1pu25MXZTqlEwySeFTmJ4TNmIDnjbUkVDbrrp7NQJObFKnwSRtqWQzNTfEykNjRmHvu0MKQ7NojcV//PaCQbX3VSoOEGu2HxRkEiCEZn+TfpCc4ZybAllWthbCRtSTRnadAo2BG/x5WXSOC97lfLlXaVUPcviyMMRHMMpeHAFVbiFGtSBwQCe4RXeHOm8OO/Ox7w152Qzh/AHzucPCSyNkw==</latexit>

w2
<latexit sha1_base64="4O69bOit+7fgArNtczr6PlVmCEk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgQcJuiOgx4MVjRPOAZAmzk95kyOzsMjOrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3cz81iMqzWP5YMYJ+hEdSB5yRo2V7p96lV6x5JbdOcgq8TJSggz1XvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifzU6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeG1P+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSrJS9avnyrlqqXWRx5OEETuEcPLiCGtxCHRrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHB6iNkg==</latexit>

w1
<latexit sha1_base64="Js4mahdI1ztZX8RsfyNwZMYwNoo=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4kJJIRY8FLx4r2g9oQ9lsJ+3SzSbsbpQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekSleSwfzDhBP6IDyUPOqLHS/VPP65XKbsWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n81OnZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwms/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0ijYEb/HlZdK8qHjVyuVdtVw7z+MowDGcwBl4cAU1uIU6NIDBAJ7hFd4c4bw4787HvHXFyWeO4A+czx8GJI2R</latexit>

w3
<latexit sha1_base64="L7f55p3w4cWPwKCzkDNNUwapg+s=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgQcKuRvQY8OIxonlAEsLsZDYZMju7zPQqYcknePGgiFe/yJt/4yTZgyYWNBRV3XR3+bEUBl3328mtrK6tb+Q3C1vbO7t7xf2DhokSzXidRTLSLZ8aLoXidRQoeSvWnIa+5E1/dDP1m49cGxGpBxzHvBvSgRKBYBStdP/Uu+gVS27ZnYEsEy8jJchQ6xW/Ov2IJSFXyCQ1pu25MXZTqlEwySeFTmJ4TNmIDnjbUkVDbrrp7NQJObFKnwSRtqWQzNTfEykNjRmHvu0MKQ7NojcV//PaCQbX3VSoOEGu2HxRkEiCEZn+TfpCc4ZybAllWthbCRtSTRnadAo2BG/x5WXSOC97lfLlXaVUPcviyMMRHMMpeHAFVbiFGtSBwQCe4RXeHOm8OO/Ox7w152Qzh/AHzucPCSyNkw==</latexit>

w2
<latexit sha1_base64="4O69bOit+7fgArNtczr6PlVmCEk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgQcJuiOgx4MVjRPOAZAmzk95kyOzsMjOrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3cz81iMqzWP5YMYJ+hEdSB5yRo2V7p96lV6x5JbdOcgq8TJSggz1XvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifzU6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeG1P+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSrJS9avnyrlqqXWRx5OEETuEcPLiCGtxCHRrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHB6iNkg==</latexit>

w1
<latexit sha1_base64="Js4mahdI1ztZX8RsfyNwZMYwNoo=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4kJJIRY8FLx4r2g9oQ9lsJ+3SzSbsbpQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekSleSwfzDhBP6IDyUPOqLHS/VPP65XKbsWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n81OnZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwms/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0ijYEb/HlZdK8qHjVyuVdtVw7z+MowDGcwBl4cAU1uIU6NIDBAJ7hFd4c4bw4787HvHXFyWeO4A+czx8GJI2R</latexit>

u1
<latexit sha1_base64="QJrvI09FiXI9MqE3+KwepZ8aV2g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0kPa9frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqlerXt7XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAJto2l</latexit>

u2
<latexit sha1_base64="R6C0Ukt7sATDkS4hL8vGHY+Ihh0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKRY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+7Rf65crbtWdg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKuVb169eKuXmlc53EU4QRO4Rw8uIQG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcLOo2m</latexit>

u3
<latexit sha1_base64="gw7c1OibQjLzS3SWaYCpX5phRzQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0Yo8FLx4rWltoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfjm5nffkKleSwfzCRBP6JDyUPOqLHSfdq/7JcrbtWdg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwrqfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKnm8qHq16tVdrdKo53EU4QRO4Rw8uIYG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcJvI2d</latexit>

u1
<latexit sha1_base64="QJrvI09FiXI9MqE3+KwepZ8aV2g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0kPa9frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqlerXt7XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAJto2l</latexit>

u2
<latexit sha1_base64="R6C0Ukt7sATDkS4hL8vGHY+Ihh0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKRY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+7Rf65crbtWdg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKuVb169eKuXmlc53EU4QRO4Rw8uIQG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcLOo2m</latexit>

u3
<latexit sha1_base64="gw7c1OibQjLzS3SWaYCpX5phRzQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0Yo8FLx4rWltoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfjm5nffkKleSwfzCRBP6JDyUPOqLHSfdq/7JcrbtWdg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwrqfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKnm8qHq16tVdrdKo53EU4QRO4Rw8uIYG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcJvI2d</latexit>

v3
<latexit sha1_base64="B4ZUhXAg7vxcJO1+7+ps+RhzpFA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYVo0eiF48Y5ZHAhswOvTBhdnYzM0tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCooeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh3cxvjlBpHssnM07Qj2hf8pAzaqz0OOpedoslt+zOQVaJl5ESZKh1i1+dXszSCKVhgmrd9tzE+BOqDGcCp4VOqjGhbEj72LZU0gi1P5mfOiVnVumRMFa2pCFz9ffEhEZaj6PAdkbUDPSyNxP/89qpCW/8CZdJalCyxaIwFcTEZPY36XGFzIixJZQpbm8lbEAVZcamU7AheMsvr5LGRdmrlK8eKqXqbRZHHk7gFM7Bg2uowj3UoA4M+vAMr/DmCOfFeXc+Fq05J5s5hj9wPn8ADkSNqA==</latexit>

v1
<latexit sha1_base64="mbBdPcnL32Ecol33cqW49dqyXwY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REKnosePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsY9r1euuFV3DrJKvJxUIEejV/7q9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUrOrNInYaxsSUPm6u+JjEZaT6LAdkbUDPWyNxP/8zqpCW/8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV8nTZdWrVa/ua5X6RR5HEU7gFM7Bg2uowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8ABJ6NkA==</latexit>

v2
<latexit sha1_base64="/1mrOm+vq1uNaagmH+EZ+qAwOFA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgQcJuiOgx4MVjRPOAJITZyWwyZHZ2mekNhCWf4MWDIl79Im/+jZNkD5pY0FBUddPd5cdSGHTdbye3sbm1vZPfLeztHxweFY9PmiZKNOMNFslIt31quBSKN1Cg5O1Ycxr6krf88d3cb024NiJSTziNeS+kQyUCwSha6XHSr/SLJbfsLkDWiZeREmSo94tf3UHEkpArZJIa0/HcGHsp1SiY5LNCNzE8pmxMh7xjqaIhN710ceqMXFhlQIJI21JIFurviZSGxkxD33aGFEdm1ZuL/3mdBIPbXipUnCBXbLkoSCTBiMz/JgOhOUM5tYQyLeythI2opgxtOgUbgrf68jppVspetXz9UC3VrrI48nAG53AJHtxADe6hDg1gMIRneIU3RzovzrvzsWzNOdnMKfyB8/kDBiKNkQ==</latexit>

v3
<latexit sha1_base64="B4ZUhXAg7vxcJO1+7+ps+RhzpFA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYVo0eiF48Y5ZHAhswOvTBhdnYzM0tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCooeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh3cxvjlBpHssnM07Qj2hf8pAzaqz0OOpedoslt+zOQVaJl5ESZKh1i1+dXszSCKVhgmrd9tzE+BOqDGcCp4VOqjGhbEj72LZU0gi1P5mfOiVnVumRMFa2pCFz9ffEhEZaj6PAdkbUDPSyNxP/89qpCW/8CZdJalCyxaIwFcTEZPY36XGFzIixJZQpbm8lbEAVZcamU7AheMsvr5LGRdmrlK8eKqXqbRZHHk7gFM7Bg2uowj3UoA4M+vAMr/DmCOfFeXc+Fq05J5s5hj9wPn8ADkSNqA==</latexit>

v1
<latexit sha1_base64="mbBdPcnL32Ecol33cqW49dqyXwY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REKnosePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsY9r1euuFV3DrJKvJxUIEejV/7q9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUrOrNInYaxsSUPm6u+JjEZaT6LAdkbUDPWyNxP/8zqpCW/8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV8nTZdWrVa/ua5X6RR5HEU7gFM7Bg2uowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8ABJ6NkA==</latexit>

v2
<latexit sha1_base64="/1mrOm+vq1uNaagmH+EZ+qAwOFA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgQcJuiOgx4MVjRPOAJITZyWwyZHZ2mekNhCWf4MWDIl79Im/+jZNkD5pY0FBUddPd5cdSGHTdbye3sbm1vZPfLeztHxweFY9PmiZKNOMNFslIt31quBSKN1Cg5O1Ycxr6krf88d3cb024NiJSTziNeS+kQyUCwSha6XHSr/SLJbfsLkDWiZeREmSo94tf3UHEkpArZJIa0/HcGHsp1SiY5LNCNzE8pmxMh7xjqaIhN710ceqMXFhlQIJI21JIFurviZSGxkxD33aGFEdm1ZuL/3mdBIPbXipUnCBXbLkoSCTBiMz/JgOhOUM5tYQyLeythI2opgxtOgUbgrf68jppVspetXz9UC3VrrI48nAG53AJHtxADe6hDg1gMIRneIU3RzovzrvzsWzNOdnMKfyB8/kDBiKNkQ==</latexit>

⇥
<latexit sha1_base64="DFN4sfNhBNG+B7awRb3y/Saos6c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqperXp5X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuMOPPA==</latexit>

⇥
<latexit sha1_base64="DFN4sfNhBNG+B7awRb3y/Saos6c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqperXp5X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuMOPPA==</latexit>

/
<latexit sha1_base64="/dBEfBhZbJG/KGiqDXG4HdQbu2Q=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RzAOSJcxOZpMhszvDTK8QQj7CiwdFvPo93vwbJ8keNLGgoajqprsr0lJY9P1vr7C2vrG5Vdwu7ezu7R+UD4+aVmWG8QZTUpl2RC2XIuUNFCh5WxtOk0jyVjS6m/mtJ26sUOkjjjUPEzpIRSwYRSe1utoojapXrvhVfw6ySoKcVCBHvVf+6vYVyxKeIpPU2k7gawwn1KBgkk9L3cxyTdmIDnjH0ZQm3IaT+blTcuaUPomVcZUimau/JyY0sXacRK4zoTi0y95M/M/rZBjfhBOR6gx5yhaL4kwSVGT2O+kLwxnKsSOUGeFuJWxIDWXoEiq5EILll1dJ86IaXFavHi4rtds8jiKcwCmcQwDXUIN7qEMDGIzgGV7hzdPei/fufSxaC14+cwx/4H3+AKVzj8g=</latexit>

Figure 7. When the incoming state are fermions with parallel polarizations, the vertex becomes
proportional to the identity, e.g. R2

aL1
bScd

ab(ui, ui+1) = −R2
cL1

dh(v2, u1). This simplification
happens at all vertices if L1 = R2 = R3, the partition function reducing to the product of abelian
factors times the inner product between incoming and outgoing polarizations, equation (2.20). Of
course, the same simplification holds if instead we have R1 = L2 = L3.

2.4 All loop Abelian simplifications

When L1 = R2 = R3 the triangle partition function dramatically simplifies. In that case,
only the terms proportional to the D matrix element in (2.2) survives. As shown in figure 7,
the result is

ZAbelian
J1,J2,J3 = 〈L1, R1〉J1〈L2, R2〉J2〈L3, R3〉J3 × (−1)J2+J3+J(J−1)/2 (2.20)

×
J2∏
i=1

J1∏
j=1

J3∏
k=1

h(vi, uj)h(uj , wk)h(vi, wk)
∏
i′<i
j′<j
k′<k

h(vi′ , vi)h(uj′ , uj)h(wk′ , wk),

with J = J1 + J2 + J3. We emphasize this result holds at finite coupling g.
Of course, from permutation invariance, the result also simplifies for L2 = R1 = R3

and L3 = R1 = R2. This is non-trivial from the expression (2.6) but can be made manifest
through crossing transformations. The vertices are also projected into the D element if
R1 = L2 = L3 or permutations, as can be seen from (2.2). The partition function for these
polarizations also reduces to formula (2.20).

3 Spinning hexagons

3.1 Polarizing the hexagon OPE

Now we shift gears by focusing on the computation of three point functions of primary
operators in the SL(2|R) sector of N = 4 SYM. One important ingredient in our analysis,
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as we shall see below, is the hexagon partition function analysed in the previous section.
Before delving into those details let us define the precise form of the operators that are
being considered and summarize how the hexagon formalism can be used to compute three
point functions.

The primary operators in the SL(2|R) sector are traceless symmetric single traces made
out of covariant derivative excitations Dαα̇ on top of a BPS “vaccum” of fundamental
scalars, Tr(~Y · ~φ)τ . To denote operators of spin Ji we use the index free notation in terms
of polarization spinors

OJi(x) ≡ OJi(x, Li, Ri) =

 Ji∏
j=1

LiαjRiα̇j

Oα1...αJi α̇1... ˙αJi
Ji

(x). (3.1)

These operators are the same type of spinning operators we consider in the conformal
bootstrap [8], being the only difference here that we do not need to consider leading twist,
in fact, here they can have any twist τ , which we leave implicit.

By conformal symmetry, the full three point function can be recovered from its values
in the conformal frame.8 We place operators along the x2 axis at 0, 1 and∞. The rescaled
correlator

C(J1, J2, J3) ≡ lim
L→∞

L2∆3〈OJ1(0)〉OJ2(1)OJ3(L) (3.2)

can then be expressed as a sum over tensor structures invariant under the residual unfixed
symmetry [9, 10]. As defined in appendix A, these tensor structures can be written as
inner products of the polarization spinors Li and Ri, as follows

C(J1, J2, J3) =
∑

`1,`2,`3

CJ1,J2,J3
`1,`2,`3

〈1, 1〉J1−`2−`3〈2, 2〉J2−`1−`3〈3, 3〉J3−`1−`2

〈2, 3〉−`1〈3, 2〉−`1〈1, 3〉−`2〈3, 1〉−`2〈1, 2〉−`3〈2, 1〉−`3 . (3.3)

where 〈i, j〉 = 〈Li, Rj〉. The goal is to reproduce this three point function — which at once
captures all structure constants for any tensor structures — from the hexagon formalism.

The hexagon formalism has already been developed and tested thoroughly for spinless
operators to very high perturbative orders (as well as for spinning correlators without
non-trivial tensor structures) so the main novelty here is how to deal with the various
spinor polarizations leading to the various terms summed in (3.3). Before presenting the
relevant expressions with these spinor boundary conditions accounted for let us recall that
the hexagon formalism entails two main components as illustrated in figure 8:

• One is a sum over partitions of physical rapidities for each external operator. When
we cut the three point function pair of pants into two hexagons the excitations on
each operator can end up on either hexagon so we must sum over ways of partitioning
such excitations. These sums are often referred to as the asymptotic sums.

8More generally, by superconformal symmetry, we can also fix the R-symmetry polarizations Yi to point
at fixed directions in SO(6). The dependence on them is completely fixed by the Ward identities. In practice
we use the twisted translated polarizations of [1, 2]. The R-symmetry factors will not be important in our
discussion and we mostly omit them.
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Figure 8. Each closed spin chain operator is split into two open chain operators. We sum over
all the ways its excitations can end up in either one of the chains. Gluing the hexagons together
amounts to integrating over all possible mirror states.

• The other are integrals over mirror rapidities along the three seams of the pair of
pants. When we glue back the hexagons into a pair of pants we must sum over all
possible quantum states along each edge where we glue. These mirror integrals are
often referred to as wrapping effects.

In this work we completely ignore the second effect. Except for section 3.4.
There are two simple reasons for doing so. The first is that wrapping corrections are

delayed in perturbation theory. At tree level and one loop they do not show up even for the
smallest twist two external operators for instance and for larger twist operators they are
delayed even more in perturbation theory. So we better clean up the asymptotic part first
— where all the subtleties related to the spinors already shows up — before addressing
these finite size mirror corrections. The second reason is that even at loop level, sometimes
we can drop the wrapping corrections altogether if the distances travelled by the mirror
particles are very large. This happens for large operators with lots of R-charge but also
for operators of small R-charge and very large spin. The intuition is that when the spin
is very large the centripetal force effectively opens up the operator making it effectively
very large; in this case sometimes these finite size corrections can be ignored. We thus
suspect this to be the case for the case of three twist two operators with very large spin
and generic polarizations. Evaluating this kind of correlator should beautifully connect to
the remarkable Wilson loop dualities [8, 11, 12]. So if our goal is to eventually prove these
dualities from integrability perhaps we can ignore wrapping for now.

With wrapping out of the window, we can then present our main formula for the
spinning three point function. It is a long formula but fortunately most ingredients are
self-explanatory and have appeared before in several spinless studies. It reads

C(J1,J2,J3) =N (u)N (v)N (w)︸ ︷︷ ︸
normalizations

×
∑

a∪ ā=u
b∪ b̄=v
c∪ c̄=w

ω`13(a, ā)ω`12(b, b̄)ω`23(c, c̄)︸ ︷︷ ︸
splitting factors

×H(a,b,c)×H(ā, c̄, b̄)︸ ︷︷ ︸
hexagons

(3.4)
where the normalization and splitting factors are given by

N (u)2 =

J∏
i=1

µ(ui)

J∏
i 6=j

S(ui, uj) det (∂uiφj)
, ω`(a, ā) =

∏
uj∈ā

(−eip(uj)`)
∏
ui∈a
i>j

S(ui, uj) . (3.5)
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Figure 9. To obtain a correlator with all excitations on top we perform one crossing transformation
in the left (�) and another in the right (	). These monodromies will change the Zhukovsky variables
as well as the indices of the excitations.

These are the same factors arising already in [1, 2]; the notation and physical meaning of
these factors is the same as there.

The most important objects in (3.4) — and where important novelty lies — are the
hexagons form factors H. We can relate either of them to a purely creation amplitude with
all excitations in the top by applying a sequence of crossing transformations, see figure 9.
This leads to a representation of the hexagon as

H(a, b, c) = (−1)
(a+b+c)(a+b+c−1)

2
∏
ui∈a
vj∈b
wk∈c

L1,α1 . . . L2,α2,jL3,α3,kR1,β1,iR2,β2,jR3,β3,k

× 〈h|Dα2,jβ2,j (v�j )Dα1,iβ1,i(ui)Dα3,kβ3,k(w	
k )〉 (3.6)

where the minus factor in front is the grading associated with the fermionic nature of the
excitations.

This creation amplitude describes the scattering of three sets of fermions, labelled by
their rapidities u, v and w in the N = 4 SYM spin-chain. Each set starts polarized in a
fixed direction labeled by their correspondent left-hand spinors. The particles then scatter
in all possible pairings according to Beisert’s PSU(2|2) vertex, with the final state being the
projection into fermions of definite polarization defined by its right-hand spinors. The ob-
ject that accounts for all these scatterings is the hexagon partition function (Z), defined as

H(ua, vb, wc) = (−1)
(a+b+c)(a+b+c−1)

2 Za,b,c . (3.7)

The particles entering this partition function are not on equal footing, since we used
crossing transformations for the rapidities v andw. The first effect of these transformations
is the exchange their left and right PSU(2|2) indices

Dαβ 	−→ −Dβα and Dαβ �−→ −Dβα , (3.8)

this will swap incoming and outgoing indices for particles v and w. More precisely, it will
set L1, R2, R3 to be the incoming boundary conditions and R1, L2, L3 to be the outgoing
boundary conditions for the scattering, see figure 1a.
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Another implication of crossing is the introduction of crossed parameters in the S-
matrix elements. This amounts to analytically continue these matrix elements when con-
sidering the crossed rapidities v and w. The effects of these analytical continuations
are simple: we must pick monodromies around the branch point of the Zhukovsky vari-
ables (2.4) and mind the non-trivial factors introduced by the BES dressing phase, see
appendix C.

In the next sections we use the properties of the hexagon partition function (2.6)
discussed in section 2 to generate spinning three point functions data and compare it with
the perturbative results such as (1.1).

3.2 Perturbative checks

As derived in (2.18) the tree-level hexagon partition function can be written as a recursion
relation. The minus signs introduced by gradding slightly change the expression (3.7), but
the physics behind it is still the same. One can fully determine the tree-level partition
function by considering its decoupling poles and its behavior at infinity.

Both the recursion relation and its sum over partitions can be easily evaluated using for
example Mathematica. Replacing the u, v and w by the Bethe roots for twist-2 operators
with spins J1 = 2, J2 = 4 and J3 = 6 we reproduce all the blue numbers in (1.1).

One nice aspect of the integrability formalism is that, even though the amount of terms
in the recursion relation and in the sum over partitions grows exponentially with the spins
of the operators they do not grow with the twist of these operators.

Therefore, the recursion relation above is a powerful tool to explore the corner of low
spin and large twist three point functions. For example, the data for twist-10 operators
with spins J1 = 2, J2 = 4 and J3 = 6 can be easily evaluated. In particular for equal bridge
lengths (`ij = 5) and Bethe roots

u = {−0.0718891, 0.0718891} ,
v = {0.164766, 0.327921, 0.844103, 1.31232} ,
w = {0.296976, 0.491824, 0.756996, 1.13713, 2.62857, 3.91077} ,

it reads

C(2,4,6) = 〈11〉〈13〉〈22〉3〈23〉〈31〉〈32〉〈33〉4 (−0.0000297465)+〈12〉2〈21〉2〈22〉2〈33〉6
(
1.9812×10−6)

+〈11〉〈13〉〈23〉4〈31〉〈32〉4〈33〉(0.00491993)+〈13〉2〈22〉〈23〉3〈31〉2〈32〉3〈33〉(−0.00216325)

+〈12〉〈13〉〈21〉〈23〉3〈31〉〈32〉3〈33〉2 (0.00999526)+〈13〉2〈22〉4〈31〉2〈33〉4
(
1.1861×10−6)

+〈12〉〈13〉〈21〉〈22〉〈23〉2〈31〉〈32〉2〈33〉3 (−0.00073364)+〈11〉2〈22〉4〈33〉6
(
1.30467×10−7)

+〈11〉〈12〉〈21〉〈22〉2〈23〉〈32〉〈33〉5 (−0.000071986)+〈11〉2〈23〉4〈32〉4〈33〉2 (−0.00144007)

+〈13〉2〈22〉3〈23〉〈31〉2〈32〉〈33〉3 (−0.000092995)+〈11〉2〈22〉2〈23〉2〈32〉2〈33〉4 (0.000522219)

+〈12〉2〈21〉2〈22〉〈23〉〈32〉〈33〉5 (0.0000727415)+〈11〉2〈22〉〈23〉3〈32〉3〈33〉3 (0.000908203)

+〈12〉〈13〉〈21〉〈22〉3〈31〉〈33〉5
(
−2.52289×10−6)+〈11〉〈12〉〈21〉〈22〉3〈33〉6

(
−2.11167×10−6)

+〈11〉〈13〉〈22〉4〈31〉〈33〉5
(
−1.31656×10−6)+〈11〉〈13〉〈22〉〈23〉3〈31〉〈32〉3〈33〉2 (−0.00342357)
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+〈13〉2〈23〉4〈31〉2〈32〉4 (0.000683143)+〈11〉〈12〉〈21〉〈22〉〈23〉2〈32〉2〈33〉4 (−0.00146526)

+〈12〉〈13〉〈21〉〈22〉2〈23〉〈31〉〈32〉〈33〉4 (0.000215642)+〈12〉2〈21〉2〈23〉2〈32〉2〈33〉4 (0.00255232)

+〈13〉2〈22〉2〈23〉2〈31〉2〈32〉2〈33〉2 (0.00212987)+〈11〉〈12〉〈21〉〈23〉3〈32〉3〈33〉3 (0.000540332)

+〈11〉〈13〉〈22〉2〈23〉2〈31〉〈32〉2〈33〉3 (−0.00103067)+〈11〉2〈22〉3〈23〉〈32〉〈33〉5
(
9.51785×10−6)

+
(
〈11〉2〈23〉4〈32〉4〈33〉2−〈11〉〈13〉〈23〉4〈31〉〈32〉4〈33〉

)
(0.0020167)

+
(
〈13〉2〈22〉4〈31〉2〈33〉4−〈13〉2〈22〉3〈23〉〈31〉2〈32〉〈33〉3

)(
4.14448×10−6)

+
(
〈12〉2〈21〉2〈22〉2〈33〉6−〈12〉2〈21〉2〈22〉〈23〉〈32〉〈33〉5

)(
6.5287×10−6)+ . . . , (3.9)

Beyond tree-level, the hexagon partition function is not a simple rational function of
the rapidities. Lack of control over the singularities in other Riemann sheets prevent us
from writing a recursion relation akin to (2.18) at loop order. We are forced to evaluate
the scattering of the hexagon form factor via the explicit form of the hexagon partition
function (2.6).

For general boundary conditions the one-loop evaluation is computationally demand-
ing. One of the problems is that structure constants are given by linear combinations of
multiple hexagons, which can be made explicit by combining (3.3) and (3.4) to write

∑
`1,`2,`3

CJ1,J2,J3
`1,`2,`3

〈1, 1〉J1−`2−`3〈2, 2〉J2−`1−`3〈3, 3〉J3−`1−`2

〈2, 3〉−`1〈3, 2〉−`1〈1, 3〉−`2〈3, 1〉−`2〈1, 2〉−`3〈2, 1〉−`3 =

= N (u)N (v)N (w)×
∑

a∪ ā=u
b∪ b̄=v
c∪ c̄=w

ω`13(a, ā)ω`12(b, b̄)ω`23(c, c̄)×H(a, b, c)×H(ā, c̄, b̄) . (3.10)

When we fix the external polarizations Li and Ri we must evaluate all the scaterrings,
sum over partitions and in the end we obtain that a single glued hexagon is given by a
combination of structure constants CJ1,J2,J3

`1,`2,`3
. By considering several polarizations one can

invert these relations obtaining single structure constants in terms of combinations of glued
hexagons, see appendix E.

For simplicity we will consider a particular polarization where the computation of a
single hexagon gives us a simple combination of structure constants. This is the configura-
tion where all the operators have the same polarizations (i.e all the excitations are chosen
to be the longitudinal modes D12̇). In terms of spinors, these means L1 = L2 = L3 and
R1 = R2 = R3, making the inner products of (3.4) equal. The tensor structure factors out
and we get that

〈1, 1〉J1+J2+J3
∑

`1,`2,`3

CJ1,J2,J3
`1,`2,`3

(3.11)

is given by a single glued hexagon where all the excitations have the same polarization.
Note that, this is not an abelian configuration, once we cross the rapidities v and w to the
top operator we end up with distinct excitations that do not scatter trivially.

– 19 –



J
H
E
P
0
9
(
2
0
2
2
)
2
2
8

For twist-2 operators we were able to evaluate this sum for arbitrary values of spins in
a close formula∑

`1,`2,`3

CJ1,J2,J3
`1,`2,`3

= Γ (1 + J1 + J2) Γ (1 + J1 + J3) Γ (1 + J2 + J3)
Γ (1 + J1) Γ (1 + J2) Γ (1 + J3)

√
Γ (1 + 2J1) Γ (1 + 2J2) Γ (1 + 2J3)

× 4F3

[−J1, − J2, − J3, − 1− J1 − J2 − J3
−J1 − J2, − J1 − J3, − J2 − J3

; 1
]

(3.12)

By computing the equal polarizations hexagon for twist-2 and spin J1 = 2, J2 = 4 and
J3 = 6 we recovered this tree-level value from the hexagon partition function (2.6) and also
obtained the one-loop contribution∑

`1,`2,`3

C2,4,6
`1,`2,`3

= 75√
55
− 59077

4620
√

55
g2 + . . . . (3.13)

which is reproduces the sum over all structure constants (all orange and cyan terms) ap-
pearing in the three point function (1.1).

3.3 Abelian

As advertised in 2.4 there some polarizations which completely trivialize the scattering of
the excitations. Since they are given by the abelian part of the hexagon partition func-
tion (2.6), we denote them by abelian components. They are associated with three-point
functions where one operator has orthogonal polarization to the other two, see figure 10.
By crossing these two operators we are left with three sets of excitations with identical
polarizations in the same physical edge, which in turn scatter trivially.

One of such configurations can be obtained by considering R1 = L2 = L3 and L1 =
R2 = R3, which sets the inner products of (3.3) to zero 〈12〉 = 〈13〉 = 0. Moreover,
〈23〉〈32〉 = 〈22〉〈33〉, so the tensor structure factors out, resulting that the three point
function

〈1, 1〉J1〈2, 2〉J2〈3, 3〉J3
∑

`1,`2,`3

CJ1,J2,J3
`1,0,0 (3.14)

is given by an abelian hexagon. By permutation of the indices 1, 2, 3 we have the other
components

A1 =
∑
`1

CJ1,J2,J3
`1,0,0 , A2 =

∑
`2

CJ1,J2,J3
0,`2,0 , A3 =

∑
`3

CJ1,J2,J3
0,0,`3 (3.15)

which are structure constants given by hexagon form factors with purely abelian factors.
The scattering with these boundary conditions forces a trivial matrix part in (3.4) and

yields the totally factorized contribution for the hexagon partition function shown in (2.20)
and reviewed here

H(ua, vb, wc) = 〈1, 1〉a〈2, 2〉b〈3, 3〉c × (−1)b+c
∏
vi∈b

∏
uj∈a

∏
wk∈c

h(vi, uj)h(uj , wk)h(vi, wk)

×
∏
vl∈b
l<i

∏
um∈a
m<j

∏
wn∈c
n<k

h(vl, vi)h(um, uj)h(wn, wk) , (3.16)

where the h′s above must be crossed according with their arguments, following (2.5).
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Figure 10. The first operator is orthogonal to the other two operators, once we perform crossing
we end up with identical excitations in the physical edge, which scatter trivially. This configuration
corresponds to the abelian configuration A1. By considering the other configurations where the
operators two and three are the ones orthogonal to the other operators we get the abelian structures
A2 and A3, respectively.

These abelian form factors can be easily evaluated at any order in perturbation theory,
in particular at one-loop and for twist-2 operators with spins J1 = 2, J2 = 4 and J3 = 6
their sum over partitions reproduce the one-loop structure constants (colored in cyan) in
expression (1.1).

It turns out that in the abelian case the sum over partitions can be performed ana-
lytically. The result (3.21) is a determinant formula for the three point function in the
asymptotic regime valid for operators with arbitrary twist, which dependence enters only
implicitly through the bridge lengths and the Bethe roots. This vastly reduces the compu-
tational effort required to evaluate the structure constants, and opens avenues to explore
via integrability the large spin limit of the three point functions. In this section we go
over the result and derivation whose details and notation can be found in appendix F. The
result for the case of one spinning operator was obtained in [13]. The key observation was
that the sum over partitions of products of hexagon dynamical factors,

H(uā, uā) ≡
∏
i<j∈ā

h(ui, uj)h(uj , ui),

could be interpreted as the expansion of a Fredholm pfaffian,∑
ā⊂u

(−1)|ā|w′(uā)H(uā, uā) = pf(I −K)2J1×2J1 . (3.17)

We define the matrix K in appendix F. Crucial for our purposes is that this holds for any
factorized function of the rapidities w′(uā) = ∏

i∈āw
′(ui).
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The asymptotic structure constant for three spinning operators (3.10) can be rewritten
in the abelian case as9

A1(J1, J2, J3) = 〈11〉J1〈22〉J2〈33〉J3N (J1)N (J2)N (J3)h(û, û)h(v̂, v̂)h(ŵ, ŵ) (3.18)

×
∑

a∪ā⊂u
b∪b̄⊂v
c∪c̄⊂w

(−1)|ā|+|b̄|+|c̄|euāevb̄e
w
c̄ H(uā, uā)H(vb̄, vb̄)H(wc̄, wc̄)

× h(v�b , ua)h(ua, w	
c )h(w�

c̄ , uā, )h(uā, v	b̄ )h(v�b , w
	
c )h(w�

c̄ , v
	
b̄

),

with h(û, û) ≡ ∏i<j h(ui, uj),

euā ≡
∏
i∈ā

eiP (ui)`13

h(û, ui)
, h(û, ui) ≡

∏
j 6=i

h(uj , ui), h(v�b , ua) ≡
∏
i∈a
j∈b

h(v�j , ui),

and similar for the other terms. The red terms depend explicitly on both sets a, ā. However,
by completing the factors h(v�b , ua)h(ua, w	

c ) to h(v�b , û)h(û, w	
c ) and using the unitarity

relation h(x�, y)h(y, x	) = 1, it can be rewritten as

red = h(v�b , û)h(û, w	
c )

∑
a∪ā⊂u

(−1)|ā|euāH(uā, uā)
h(w�

c̄ , uā)h(uā, v	b̄ )
h(v�b , uā)h(uā, w	

c )

= h(v�b , û)h(û, w	
c )
∑
ā⊂u

(−1)|ā|ω′(uā)H(uā, uā),

with ω′(uā) = euā/ (h(v�, uā)h(uā, w	)), for which the pfaffian identity (3.17) applies.
Physically, from the point of view of O1, the effect of the orthogonal operators O2, O3

is to create an effective background redefining the propagation factor euā but leaving the
interaction term H(uā, uā) untouched. As we will see next, the same is true from the point
of view of O2, O3 provided we interpret it as a larger operator with J2 + J3 excitations.

Plugging this result in (3.18) leaves us with the blue terms,

blue =
∑
b∪b̄⊂v
c∪c̄⊂w

(−1)|b̄|+|c̄|ev
b̄
ewc̄ H(vb̄, vb̄)H(wc̄, wc̄)h(v�b , û)h(û, w	

c )h(v�b , w
	
c )h(w�

c̄ , v
	
b̄

).

(3.19)
Once again completing to the overall factors and using the unitarity identity, we can re-
duce10 the summand to functions of b̄, c̄ only,

blue=h(v̂�,ŵ	)h(v̂�,û)h(û,ŵ	)
∑
b∪b̄⊂v
c∪c̄⊂w

(−1)|b̄|+|c̄|ω′(v�
b̄

)ω′(wc̄)H(v�
b̄
,v�
b̄

)H(wc̄,wc̄)H(v�
b̄
,wc̄),

(3.20)
with ω′(v�

b̄
), ω′(wc̄) defined in appendix F. To conclude, one must reinterpret the double

sum over partition as a single sum over the partition of the set z = v� ∪w. One can then
write

blue = h(v̂�, ŵ	)h(v̂�, û)h(û, ŵ	)
∑
d∪d̄⊂z

(−1)|d̄|ω′(zd̄)H(zd̄, zd̄)

which can be cast as a pfaffian through (3.17).
9For the rest of this section we will be explicit about the crossing kinematics 	, �.

10See appendix F for details.
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The final result is

A1(J1, J2, J3) = 〈11〉J1〈22〉J2〈33〉J3h(v̂�, û)h(û, ŵ	)h(v̂�, ŵ	)h(v̂, v̂)h(ŵ, ŵ)h(û, û) (3.21)
×N (J1)N (J2)N (J3)× pf (I−K)2J1×2J1

pf
(
I−K′

)
2(J2+J3)×2(J2+J3) ,

with the matrices K and K′ defined in appendix F.
As discussed above, these formulas express the abelian three point functions at finite

coupling in the asymptotic regime, that is, ignoring finite volume corrections coming from
excitations wrapping around the seams of the pair of pants. These mirror corrections can be
properly ignored at weak coupling when we consider three point functions of large twist op-
erators so that all bridge numbers `ij are large. Due to the Boltzmann suppression of prop-
agation over large distances `ij , mirror particles only start to contribute at (`ij + 1) loops.

For example, when we consider operators of classical twist τ1 = τ2 = τ3 = 6 and bridge
lengths `ij = 3, equation (3.21) provides exact formulas up to three loops. As an example,
for spins J1 = 6, J2 = 4, J3 = 2 and bethe roots (at tree-level)

u = {−3.34538,−2.2266,−1.45396,−0.894775,−0.500817,−0.22559} ,
v = {−2.18949,−1.24366,−0.66142, 0.163878} ,
w = {−1.03826, 1.03826} ,

we obtain,11

Cabelian(6, 4, 2) = 0.000087168875373411949253081221196521450200295689674319409
− 0.0010941423754946036043705421214308022132833891655992081 g2

+ 0.0024639150636611583478721259566761789123679977153044975 g4

+ (0.15149466528731340172164338220385987881409857001459463
+ 0.0099644970255952430277488412973707304997053789074945953
× ζ(3))g6.

We hope that the novel data generated through this result will be useful in future integra-
bility explorations.

3.4 A two loop check

An important question is if the asymptotic part is sufficient to capture the leading contribu-
tion, in the large spin limit, of three point functions with more than one non-BPS operator.
The goal of this section is to lay out the main ingredients that are necessary to compute the
first correction to the asymptotic part of the OPE coefficient in the Abelian polarization.
Most of the discussion is valid for operators with any spin but we compute explicitly only
the finite size correction of the OPE coefficient of two Konishi operators and one BPS leav-
ing a more general analysis(including the large spin limit mentioned above) to the future.
These new effects are obtained by gluing the two hexagons along the three seams (from now
on referred to as mirror edges) to form a pair of pants. The gluing procedure is achieved
by dressing the mirror edges with multiparticle states and integrating over their rapidities.
The multiparticle states are labeled by boundstate number n as explained [1, 2, 14–16].

11We keep the ζ(3) from the dressing phase explicit.
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Figure 11. Single mirror particle contribution to a three point function with three spinning
operators. The mirror particle would correspond to a bottom contribution (in the notation of [1, 2])
if the operators 2, 3 were BPS and adjacent if the 1 and 2 or 3 were absent.

One crucial but important detail is that the bound state particles live in the mirror
edges. This might seem innocuous but is the reason why their contribution only starts at
two loops. To have a better grasp on this matter let us look at the integrand of just one
boundstate particle in the hexagon formalism

int =
∑

a∪ ā=u
b∪ b̄=v
c∪ c̄=w
X

µ(zγ)eip
γ
zωl13(a, ā)ωl23(c, c̄)ωl12(b, b̄)H(b2γ , a, c−2γ , z−3γ)H(c̄2γ , ā, b̄−2γ , z−3γ)

(3.22)
where X is a particle in the mirror theory with rapidity z and

µ(zγ) = n(x[+n]x[−n])2

g2(x[+n]x[−n] − 1)2((x[+n])2 − 1)(1− (x[−n])2)
, eipuγ = 1

x[n]x[−n] , (3.23)

with n being the boundstate number. Since the boundstate particle lives in the mirror edge
we need to do and off number of γ rotation. In this case the expressions for µ(zγ) and eipuγ
start with g2 at weak coupling. Physically, this is just saying that we pay a coupling for the
mirror particle to travel from the front hexagon to the back. For this reason the finite size
correction for twist two operators only makes an appearance at the two loop level. Fortu-
nately there is perturbative data computed using traditional Feynman integrals that we can
compare against [17]. The rest of this section is devoted to obtain the finite size correction
at two loops and for two spin two operators and match it with the result obtained in [17].

The integrand (3.22) is very similar to the hexagon partition function, as it is the
scattering of three sets of particles in a pairwise fashion, but now with an additional bound
state particle arising from the mirror contributions.

There are several simplifications for the Abelian polarization, for example the scatter-
ing between the three sets of particles u, v and w is simple. If it was not for the boundstate
particles, the whole matrix part would be trivial. However, as depicted in figure 12, in this
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⇥

=

=

X

Figure 12. The sum over the flavour indices of the mirror particle states in the matrix part of
the hexagon form factor is proportional to a transfer matrix. This is precisely the same mechanism
present in the OPE with just one spinning operator.

abelian configuration the boundstate scattering can be recasted as a transfer matrix [1, 2],

Ta(z) =
1∑

n=−1
(3n2 − 2)

n∏
m=0

R(+)(z[2m−a])
R(−)(z[2m−a])

a−2n
2∑

j= 2−a
2

a−2
2∏

k=j+n

R(+)(z[2n−2k])B(+)(z[−2k])
R(−)(z[2n−2k])B(−)(z[−2k])

, (3.24)

where

R(±)(z) =
∏
j

(x(z)− x∓j ) , B(±)(z) =
∏
j

( 1
x(z) − x

∓
j

)
. (3.25)

and the product in j should be taken over all physical particles. Notice that some of these
particles are mirror rotated as can be seen in figure 11 and for this reason the transfer
matrix that shows up in the integrand (3.22) is not exactly (3.24). Instead, the integrand
will be written in term of T�	

n (z) which is defined by

T�	
n (z) = Tn(z)

∣∣∣
x[−a]→ 1

x[−a] , x
±
j →

1
x±
j

j ∈ v ∪w. (3.26)

The integrand (3.22) can then be written in a compact form as

int(z) = T�	
n (z)µ(zγ)eip

γ
z

hn(z−γ ,v)hn(zγ ,u)hn(w, z−γ)
∑

a∪ ā=u
b∪ b̄=v
c∪ c̄=w

ω′l23(c, c̄)ωl13(a, ā)ω′l12(b, b̄)× (3.27)

× h(b2γ , a)h(b4γ , c)h(a, c−2γ)h(c̄2γ , ā)h(c̄4γ , b̄2)h(ā, b̄−2γ)
3∏
i=1

h(wi, wi)h(w̄i, w̄i),
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+ +

(a) (b)

Figure 13. For two non-BPS operators there is one mirror edge that is distinct from the other
two. It turns out that up to two loops only the finite size corrections (a) contribute while the finite
size correction (b) will only starts at three loop order.

with ω′, pn and hn defined by

ω′`23(c, c̄) = ω`23(c, c)pn
(
c̄4γ , z−γ

)
, ω′`12(b, b̄) = ω`12(b, b)pn

(
b̄, z−γ

)
, (3.28)

pn(u, v) = hn(u, v)hn(v, u) =
(u− v)2 + (n−1)2

4

(u− v)2 + (n+1)2

4

1− 1
y−x[+n]

1− 1
y−x[−n]

1− 1
y+x[−n]

1− 1
y+x[+n]

2

, (3.29)

Sn(u, v) = 1
σ2
n(u, v)

(u− v + in−1
2 )(u− v + in+1

2 )
(u− v − in−1

2 )(u− v − in+1
2 )

n−1
2∏

k=−n−1
2

1− 1
y+x[−2k−1]

1− 1
y−x[+2k+1]

2

(3.30)

and σn(u, v) is the (fused) BES dressing phase [6]. Let us remark that these formulas
should be valid for operators with any spin but only in the Abelian polarization.

For simplicity we focus on three point functions with two spinning operators J1 = J2 =
2 and one BPS and compare it with perturbative results obtained in [17]. Obviously, this
choice breaks the symmetry between the mirror edges since one of them will be between
the two non-BPS operators, as can be seen in figure 13. It is straightforward to check by
expanding at weak coupling that we only need to take into consideration the finite size
corrections represented in 13.a.

The building blocks to get this contribution are very explicit and now it is just a
matter of evaluating them at weak coupling after taking the appropriate monodromies.
After doing this we obtain

int(z) = 55296(−1)2/3n2g4(12z2−n2)(3n2+12z2−4)
(n2+4z2)3(216n6(6z2−1)+432n4(18z4−2z2+1)+384n2(54z6+9z4−15z2−1)+81n8+256(9z4+3z2+1)2)

(3.31)
where we used the Konishi Bethe roots for the two spinning operators

u = v =
(
− 1

2
√

3
,

1
2
√

3

)
. (3.32)
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The OPE coefficient12 for two spin two operators is given by at two loops

2∑
`=0

C`2,2,0 = N (2)N (2)
(
asymptotic Abelian + 2

∞∑
n=1

∫
dzint(z)

)
. (3.33)

where asymptotic are the abelian structures given by the hexagon partition function (3.16)
or by the pfaffian (3.21) and the factor of two in front of the integral takes into account
the two possibilities to add mirror particles as shown in figure 13.a.

The integral over the rapidity z, that can be done by picking residues and the sum
over the boundstate n can be evaluated without much effort. After adding everything up
we obtain

2∑
`=0

C`2,2,0 = 1
6
(
1− 12g2 + 147g4) (3.34)

which matches exactly the result obtained in [17].
It should be possible to obtain the finite size correction for other spins (in the Abelian

polarization). The only issue that might occur is that the integral/sum needs to be reg-
ularized. However, we expect that the HPL method of [14] can be used to regularize
efficiently the sums in a similar fashion as in one spinning case. Along these lines it would
be interesting to extend the results of [30] to our setting.

Obtaining finite size corrections for other polarizations is somewhat harder but should
be doable at least at leading order in the coupling and for small spins. The main issue is
that the sum over mirror particles in (3.22) is more involved. It would be interesting to
study this further in the future.

4 Discussion

This paper reduces the computation of asymptotic three point functions of three spinning
operators in N = 4 SYM to the statistical mechanical problem of computing the partition
function of a system of the Hubbard type on a Kagome-like lattice whose boundary condi-
tions are determined by the polarizations and quantum numbers of the spinning operators,
equations (2.6), (3.4), (3.7). The analytic structure of this partition function is inherited
from the vertex, Beisert’s SU(2|2) extended S-matrix [4], and therefore is extremely rich.
Its singularities are determined by the spectrum of the dual world-sheet theory and have
clear physical interpretations: particles decoupling, annihilating, fusing into bound states,
and others.

In the limit of weak coupling the vertex reduces to the rational type and the partition
function can be solved. We do so in this work by exploiting the analyticity of the partition
function. After stripping out overall factors, the partition function in the rational limit is
a meromorphic function of the rapidities with no bound-state poles. It can be then solved
recursively by concatenating the various decoupling poles in each of the rapidities. This is

12One might be worried about the (−1) 2
3 in (3.31) because it can give rise to an imaginary part in the

structure constant. However this does not pose an issue since this factor is removed with the normalization
factor N (2)2 = (−1)−

2
3

54 .
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the result (2.18). From the point of view of the gauge theory, it provides an efficient way
of generating tree-level structure constant data for spinning operators of arbitrary twist.

It would be fascinating to solve this partition function away from weak coupling. From
the point of view of analyticity, we now have functions on a multi-sheeted Riemann surface
with multiple additional fusion poles whose residues should be related to smaller partition
functions involving bound-state lines. From the statistical mechanics viewpoint, similar
integrable systems were solved in a more traditional fashion. For example, in [18] Baxter
solves the thermodynamic partition function of a 8-vertex model defined on the faces of a
Kagome lattice by matching it to the computation in the standard square lattice. His con-
struction is the same behind the integrability of the fishnet model by Zamolodchikov [19].
Exploring solid-on-solids dualities of this type might lead to a direct solution in terms of
the transfer-matrices and functional equations.

Once the statistical mechanics problem is solved, one must still resolve the sum over
partitions (3.4), the complexity of which grows rapidly at large but finite spin.13 Turns out
this problem can be solved, at any value of the coupling, for certain boundary conditions
of the partition function. When two operators are parallel and orthogonal to the third
the hexagon becomes a simple abelian factor, the sum over partitions of which can be
cast in pfaffian form. This is the result (3.21). It provides an efficient way of generating
some high-loop data for structure constants of high twist spinning operators.14 Note: for
each generic three spinning operators, the pfaffian formulas provide three independent
structure constants, one for each choice of orthogonal operator. The three point function
must therefore interpolate between these three highly non-trivial pfaffian formulas involving
matrices of different dimensionality as the polarization vectors vary. It would be great
to identify non-trivial objects linear in the tensors structures (3.3) that performs such
interpolation, as they might be relevant for describing the full three point function of
spinning operators in N = 4 SYM.

At large spin the asymptotic structure constant should provide the exact three point
function of the gauge theory, finite size corrections being power-law suppressed in spin.
In [8] we considered the null-hexagon limit of six point functions of 20′ operators and its
respective snowflake OPE decomposition in terms of three large spin operators to derive
a map between the expectation value of null hexagonal Wilson loops (WL) and the large
spin limit of the three point functions considered in this paper. Combining [8] and this
work, we can write a sharp formula expressing the expectation value of the null WL in any
geometrical configuration to the hexagons expansion:

W(U1,U2,U3)= lim
Ji,`i→∞

NλNuNvNw(
C`1,`2,`3J1,J2,J3

)
tree

×
3∏
i=1

(
Ji`i

2`i+1`i−1

)− γi2
×
∑

a∪ā=u
b∪b̄=v
c∪c̄=w

ω`13ω`12ω`23×Ha,b,cHā,c̄,b̄

(4.1)
13In the strict large spin limit we hope to have alternative techniques, see discussion below.
14Some corners of the cross ratios space parametrized by the null snowflake OPE limit of the 6-pt function

should be controlled by the abelian structure constants. Having complete control over those, we could
therefore generalize [13] to the higher point case and provide valuable boundary data for an eventual
bootstrap approach to fix these correlators [20–22].
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Figure 14. Top arrow: this work, decomposition of the spinning three point functions into polarized
hexagons. Left arrow: large spin three-point functions duality with null Wilson loops [3]. Bottom
arrow: decomposition of null Wilson loops into integrable pentagons [23]. Right arrow: future work,
how the integrable hexagons and integrable pentagons are related in the large spin limit.

where the ratios of `i and Ji are kept fixed and determined in terms of the null hexagon cross
ratios Ui through (10) of [8]; the boundary conditions of the hexagon partition function H
are fixed in terms of Ui through (37) of [8]. Above, γi are the anomalous dimensions of
operator Oi, while Nλ is a spin independent normalization constant to be determined.

Null WL can be decomposed as an expansion around the collinear limit by the Pen-
tagon OPE, higher energy excitations of the GKP vacuum controlling the geometric ex-
pansion [23]. Equation (4.1) can therefore be understood as a map between hexagons and
pentagons, see figure 14. Since the adjoint Wilson loop W is the square of the fundamental
Wilson loop in the large N limit and since the latter is obtained gluing two pentagons P
together we can cast the sharp equation (4.1) as the simplified slogan [8, 31](∑

P × P
)2

= lim
large spin

∑
H×H . (4.2)

Explicitly uncovering this relation is a problem for the future which could lead to a more
universal integrability framework for N = 4 SYM. More generally, one should ask if (4.1)
could lead to an alternative effective way of computing WL physics and their dual gluon
scattering amplitudes [24, 25]. The answer to this question depends on understanding
how to simplify the large spin limit of the computations discussed in this work. The
thermodynamic limit of the hexagon partition function is therefore of special importance.
The matrix-models inspired methods of [26–28] should also be useful.

It is also possible that instead of simplifying the building blocks arising in the summand
in (4.1) we should discard all these partition functions and look for new tricks to compute
directly the full sum over partitions. That would be bitter sweet.15

15Even if that turns out to be the case, these (sums over) hexagon partition functions will always be
useful to produce important data to test such scenario specially in perturbation theory.
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A Spinors

In section 3 we parametrize spinning operators through their left- and right-handed polar-
ization spinors Liα and Riα̇. These are related to the polarization vectors by

εµi = Riβ̇ (σ̄µ)β̇α Liα. (A.1)

In our conventions the sigma matrices σµαα̇, σ̄µα̇α are given by

σ0 = −
(

1 0
0 1

)
, σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
, (A.2)

σ̄ = (σ0,−σ1,−σ2,−σ3). Indices are raised and lowered with

εαβ = εα̇β̇ = −εαβ = −εα̇β̇ =
(

0 1
−1 0

)
. (A.3)

The structures 〈i, j〉 ≡ iRj α̇(σ̄2)α̇αLiα are preserved by the residual symmetry of the
conformal frame chosen along the x2 direction. Due to this it is useful to define, when
working in the conformal frame, left-handed spinors Rα = iRα̇(σ̄2)α̇α = εαα̇Rα̇. These can
now be straightforwardly contracted with the Li spinors to form invariants, as is used in
section 2 to define the hexagon partition function (2.6).

The 〈i, j〉 structures are related to the canonical covariant Vi, Hij structures used in
the literature [9] through

〈i, j〉〈j, i〉 ≡ Hij , 〈i, i〉 ≡ Vi. (A.4)
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B Frames, vertex, and markers

The integrability description of N = 4 SYM requires a choice of a frame, i.e. a repre-
sentation for the single-trace operators in terms of magnons on top of a spin chain. Two
choices are common: the string and spin-chain frame [1, 2]. For most of this paper we use
the spin-chain frame, in which a single trace operator made out of L fundamental fields
is assigned to a spin chain of length L. Clearly the number of fields composing an opera-
tor is not a non-perturbative notion. Moreover, it is not preserved by the dynamics: the
scattering between excitations on top of the vacuum can change the chain length, deleting
or introducing additional sites Z in the chain. These are represented by the Z∓ markers.
The spin-chain frame is nevertheless useful to compare with previous weak coupling results
available in the literature.

The S-matrix for excitations in the spin chain frame is given by

S|φa(x)φb(y)〉 = A(x, y)|φ{a(y)φb}(x)〉+ B(x, y)|φ[a(y)φb](x)〉

+ 1
2C(x, y)Σabεcd|Z−ψc(y)ψd(x)〉

S|ψa(x)ψb(y)〉 = D(x, y)|ψ{a(y)ψb}(x)〉+ E(x, y)|ψ[a(y)ψb](x)〉

+ 1
2F(x, y)εabΣcd|Z+φc(y)φd(x)〉

S|φa(x)ψb(y)〉 = G(x, y)|ψb(y)φa(x)〉+H(x, y)|φa(y)ψb(x)〉
S|ψa(x)φb(y)〉 = K(x, y)|ψa(y)φb(x)〉+ L(x, y)|φb(y)ψa(x)〉. (B.1)

The S-matrix elements are expressed in terms of the Zhukovsky variables as [4, 5]

A(x, y) = x+(y)− x−(x)
x−(y)− x+(x) , (B.2)

B(x, y) = −1 +
(
x+(x)− x+(y)

) (
x−(x)

(
x−(y)− 2x+(y)

)
+ x+(x)x+(y)

)
(−1 + x−(x)x−(y)) (x−(y)− x+(x))x+(x)x+(y) ,

C(x, y) = 2γ(x)γ(y)
(
x+(x)− x+(y)

)
(1− x−(x)x−(y)) (x−(y)− x+(x)) ,

D(x, y) = −1,

E(x, y) = x+(y)− x−(x)
x−(y)− x+(x) +

(
x+(x)− x+(y)

) (
x−(x)x−(y) + x+(x)

(
x+(y)− 2x−(y)

))
(1− x−(x)x−(y)) (x−(y)− x+(x))x+(x)x+(y) ,

F(x, y) = 2x−(x)x−(y)
(
x−(x)− x+(x)

) (
x−(y)− x+(y)

) (
x+(x)− x+(y)

)
γ(x)γ(y) (−1 + x−(x)x−(y)) (x−(y)− x+(x))x+(x)x+(y) ,

G(x, y) = x+(y)− x+(x)
x−(y)− x+(x) ,

H(x, y) = γ(x)
(
x+(y)− x−(y)

)
γ(y) (x−(y)− x+(x)) ,

L(x, y) = x−(y)− x−(x)
x−(y)− x+(x) ,

K(x, y) = γ(y)
(
x+(x)− x−(x)

)
γ(x) (x−(y)− x+(x)) , (B.3)
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where
γ(x) =

√
x−(x)− x+(x).

In computing the hexagon form factors we cross all Dαα̇ excitations to the u edge,
figure 9, break them into left- and right- fermions, and then scatter all left components with
the PSU(2|2) S-matrix described above. Finally we project the scattering result into the
final state of right-fermions. When fermions scatter they may produce markers according
to the C and F elements in (B.1). Our computation scheme is then to, as soon as a Z
marker is created in this chain of scatterings, move it immediately to the extreme left side
of the spin chain. This amounts to a translation by unit on the asymptotic wavefunctions
of the excitations [4, 5]

|ψ(u)Z〉 = χ+(u)
χ−(u) |Zψ(u)〉. (B.4)

Once on the left side of the chain, it can be ignored for the rest of the computation. The
result is an extra factor in the matrix elements corresponding to the product of momentas
x+(z)
x−(z) for all fermions to the left of those being scattered. The result are the cumulative Z
marker factors

φZ(vi,uj) =
i−1∏
a=1

J1∏
b=j+1

x+(va)
x−(va)

x−(ub)
x+(ub)

, φZ(vi,wj) =
i−1∏
a=1

J3∏
b=k+1

x+(va)
x−(va)

x+(wb)
x−(wb)

,

φZ(uj ,wk) =
J1∏

a=j+1

J2∏
b=1

J3∏
c=k+1

x−(ua)
x+(ua)

x+(vb)
x−(vb)

x+(wc)
x−(wc)

.

in equation (2.2).
Once the Z marker is removed in this way, we proceed with the remaining scatterings.

Note that the x(v), x(w) factors are inverted with respect to the χ(u) factors due to the
crossed kinematics, equation (2.4).

In the string frame the length of the spin-chain is well defined non-perturbatively,
corresponding to the R-charge of the dual single-trace operator. As a consequence, the
S-matrix in the string frame does not produce Z markers and non-perturbative crossing
transformations are simple. For a PSU(2|2)2 bifundamental magnon excitation ηAḂ(z)
crossing in the string frame simply amounts to

ηAḂ(z) �−→ −ηBȦ(z�), ηAḂ(z) 	−→ −ηBȦ(z	). (B.5)

Crossing in the spin-chain frame is in general complicated, requiring one to map the spin-
chain frame magnons to the string frame, use (B.5), and convert back. For our purposes the
procedure is trivial, since in the SL(2,R) sector we just need to cross covariant derivatives
and Dαα̇spin-chain = Dαα̇string.

C σ crossing

The crossing transformations are implemented through analytic continuation on the ra-
pidities around the u = ± i

2 + 2g branch points. The S-matrix elements (B.2)–(B.3) have
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simple transformation rules under these monodromies, as follows from (2.3). Clockwise z�
and anti-clockwise z	 crossings are equivalent for these factors.

The dynamical factor h(z, z′), on the other hand, transforms non-trivially [1, 2]. The
necessary formulae can be derived as a consequence of the crossing equation for the BES
factor,

σ(z�, z′)σ(z, z′) = (1− 1/x+y+)(1− x−/y+)
(1− x−/y−)(1− 1/x+y−) (C.1)

combined with unitarity, σ(z, z′)σ(z′, z) = 1. We use x and y to denote the Zhukovsky
variable associated to z and z′ respectively. Some of the most useful equations are

h(z�, z′) = h(z, z′	) = 1− 1/x+y−

1− 1/x−y+σ(z, z′) (C.2)

h(z�, z′	) = y− − x+

y− − x−
1− 1/y+x+

1− 1/y−x+
1

σ(z, z′) (C.3)

which in particular imply the simplified unitarity equations referred to in figure 4.

D Equal spins operators

When two or more operators have the same spin the hexagon form factors can have off-shell
singularities which display an order of limits issue when going on-shell [29].

For two spinning operators (consider J1 = J2 = J and J3 = 0), this can be easily
avoided via two operations. First we cross the v rapidities twice v → v±4γ , which makes
the matrix part of the hexagon form factor invariant and makes the kinematic pole of the
diagonal limit appear only in the dynamical part. Second we use Bethe equations in the
splitting factors of the u particles

ω`13(a, ā) = (−1)ā
∏
uj∈ā

e−ip(uj)`12
∏
ui∈a
i<j

S−1(uj , ui) (D.1)

which eliminates `13 for `12. As worked out in [29], after summing over partitions the
diagonal poles cancel resulting in the well-defined off-shell object.

Turning on the third operator, provided that it is not equal to the other two, does
not introduce new poles, so again we have well-defined off-shell object. However, for three
spinning operators of equal spins (J1 = J2 = J3 = J) we cannot choose crossing and
splitting factors in such a way that all the sets of particles satisfy the two criteria above.
In other words, there is no choice of crossing and weights for the excitations w that make
the glued hexagon free of off-shell poles. However when going on-shell these poles must
cancel with zeros coming from the matrix part and yield the physical three-point function.

We were not able to come with a correct prescription for the glued hexagons that deals
with the order of limit issue, therefore we avoided equal three spinning operators such as
the seemingly harmless J1 = J2 = J3 = 2 case. We believe that understanding the correct
prescription is another interesting question for the hexagon formalism.
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E From C to H’s

In this section we explain how to express the structure constant in terms of hexagon
components. Our starting point is (3.10), which we rewrite here as

∑
`1,`2,`3

CJ1,J2,J3
`1,`2,`3

(
〈1, 1〉J1−`2−`3〈2, 2〉J2−`1−`3〈3, 3〉J3−`1−`2

〈2, 3〉−`1〈3, 2〉−`1〈1, 3〉−`2〈3, 1〉−`2〈1, 2〉−`3〈2, 1〉−`3

)
=

= L1,~α1L2,~α2L3,~α3R1,~β1
R2,~β2

R3,~β3
H~α1~β1;~α2~β2;~α3~β3
G (u,v,w) (E.1)

where HG are the glued hexagons.
By expanding in components and taking derivatives with respect to the spinors in both

sides of the expression above we can construct a matrix M that writes the polarized glued
hexagons in terms of structure constants

H(~α1~β1);(~α2~β2);(~α3~β3)
G = M

(~α1~β1);(~α2~β2);(~α3~β3)
`1,`2,`3

CJ1,J2,J3
`1,`2,`3

, (E.2)

where we emphasize that the indices of HG are completely symmetrized, in accordance
with the symmetric traceless nature of the operators we are considering.

Notice that the rectangular matrixM has linearly independent columns, so thatMTM

is invertible (since it is a grammiam matrix of linearly independent vectors). Therefore we
can act on the l.h.s. of equation (E.2) with the left inverse M+ = (MTM)−1MT and find
the inverted relation

C`1,`2,`3J1,J2,J3
=
(
M `1,`2,`3

(~α1~β1);(~α2~β2);(~α3~β3)

)+
H(~α1~β1);(~α2~β2);(~α3~β3)
G (E.3)

which writes the structure constants as combinations of hexagons. Note also that the O(3)
invariance implies several identities between the hexagon components. These identities are
simply the vanishing of the null vectors of M+.

F Abelian C••• and Pfaffians

In section 3.3 we presented a determinant formula for structure constants of three non
protected spinning operators polarized so that two are parallel and orthogonal to the third.
Here we make explicit some of the formulas and detail some steps.

First we discuss the pfaffian identity. As derived in [13],∑
ā⊂u

(−1)|ā|w′(uā)H(uā, uā) = pf(I −K)2J1×2J1 .

where the matrix K is defined as

K =
(
K11(u, u) K12(u, u)
K21(u, u) K22(u, u)

)
(F.1)

with

K11(a,b)ij ≡ gai /k(x+(ai),x−(bj)), K12(a,b)ij ≡−gai k(x+(ai),x+(bj))/(x+(ai)x+(bj))2,

K21(a,b)ij ≡ gai k(x−(ai),x−(bj))/(x−(ai)x−(bj))2, K22(a,b)ij ≡−gai /k(x−(ai),x+(bj)),
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and where
gui = k(x+(ui), x−(ui))ω′(ui), k(x, y) = x− y

1− 1/xy . (F.2)

As previously emphasized, this formula holds for any factorized function of the rapidities
w′(uā) = ∏

i∈āw
′(ui).

The next point we would like to clarify in this appendix is the sequence of manipulations
leading to the pfaffian representation of the blue terms. The starting point is equation (3.19)
which reads

blue =
∑
b∪b̄⊂v
c∪c̄⊂w

(−1)|b̄|+|c̄|ev
b̄
ewc̄ H(vb̄, vb̄)H(wc̄, wc̄)h(v�b , û)h(û, w	

c )h(v�b , w
	
c )h(w�

c̄ , v
	
b̄

).

We then write

h(v�b , w
	
c ) =

h(v̂�, ŵ	)h(v�
b̄
, w	

c̄ )
h(v�

b̄
, w	

c̄ )h(v�
b̄
, w	

c )h(v�b , w
	
c̄ )h(v�

b̄
, w	

c̄ ) ,

h(v�b , û) = h(v̂�, û)
h(v�

b̄
, û) , h(û, w	

c ) = h(û, ŵ	)
h(û, w	

c̄ )

to end up with

blue=h(v̂�,ŵ	)h(v̂�,û)h(û,ŵ	)
∑
b∪b̄⊂v
c∪c̄⊂w

(−1)|b̄|+|c̄|
(

ev
b̄

h(v�
b̄
,ŵ	)h(v�

b̄
,û)

)
︸ ︷︷ ︸

≡ω′(v�
b̄

)

(
ewc̄

h(û,w	
c̄ )h(v̂�,w	

c̄ )

)
︸ ︷︷ ︸

≡ω′(wc̄)

×H(vb̄,vb̄)H(wc̄,wc̄)h(v�
b̄
,w	
c̄ )h(w�

c̄ ,v
	
b̄

).

Here, as before, we interpret the effect of O1 on operators O2 and O3 as a background that
corrects their propagation but does not affect their interactions. Next, we use the identity
h(v�

b̄
, w	

c̄ )h(w�
c̄ , v

	
b̄

) = h(v�
b̄
, wc̄)h(wc̄, v	b̄ ) to obtain the result from the main text (3.20),

blue=h(v̂�,ŵ	)h(v̂�,û)h(û,ŵ	)
∑
b∪b̄⊂v
c∪c̄⊂w

(−1)|b̄|+|c̄|ω′(v�
b̄

)ω′(wc̄)H(v�
b̄
,v�
b̄

)H(wc̄,wc̄)H(v�
b̄
,wc̄).

The next step is to recognize the sum over partitions for the effective operator O2∪O3
as a pfaffian, ∑

d∪d̄⊂z

(−1)|d̄|ω′(zd̄)H(zd̄, zd̄) = pf(I −K′)2(J2+J3)×2(J2+J3).

Comparing with the definition (F.1), K′ is defined in terms of the functions Kx,y(a, b) as

K′ = −


K11(v�, v�) K12(v�, v�) K11(v�, w) K12(v�, w)
K21(v�, v�) K22(v�, v�) K21(v�, w) K22(v�, w)
K11(w, v�) K12(w, v�) K11(w,w) K12(w,w)
K21(w, v�) K22(w, v�) K21(w,w) K22(w,w)

 .

where gv�i = k(x+(v�i ), x−(v�i ))ω′(v�i ) and gwi = k(x+(wi), x−(wi))ω′(wi).
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A last comment regards the choice of splitting factors in (3.18). There we chose to cross
all three sets of magnons from the front to the back hexagon through the right boundary
of the cut chain. Alternative pfaffian representations can be obtained in an analogous
manner for all other possible choices16 of splitting factor provided one replaces (3.18) by
the appropriate expression. The only difference is the final result is the replacement of the
original splitting factors eax̄ by their left alternatives in the pfaffian formula. As usual, the
expressions differ off-shell but reproduce the same structure constants.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited. SCOAP3 supports
the goals of the International Year of Basic Sciences for Sustainable Development.
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